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PREFAVN 

IN the present edition a vast numbe1· of exercises have. 
been added, that no rule, however trifling, might be left 
without so many illustrations as should serve to make it 
sufficiently familiar to the pupil. And when it was feared 
that the application of any rule to -a particular class of ca.see 
might not at once suggest itself, some question calculated 
to remove, or diminish the difficulty has be.en introduced 
among the examples. 

A considerable space is devoted to the "nature of num 
hers," and "the principles of notation and numeration :1

' 

for the teacher may rest assured, that the facility, and eve1. 
the success, with which subsequent parts of his instructiot, 
will be ionveyed to the mind of the learner, depends, in a 
great degree, upon an adequate acquaintance with them. 
Hence, to proceed without securing a perfect and practical 
knowledge of this part of the subject, is to retard, rather 
than to accelerate improvement. 

The pupil, frqm the very commencement, must be made 
pe1fectly familiar with the terms and signs which are intro­
duced. Of the great utility of iechnical language ( accu­
rately understood) it is almost superfluous to say anything 
here : we cannot, however, forbear, upon this occasion, rl!­
calling to rem,embranoe what is so admh·ably and so effeo­
tively inculcated in the "Easy Lessons on Reasoning." 

Even in the common mechanical arts, S(lmething of a 
technical language is found needful for thoaa who a.re learn• 
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ing or exerc1smg them. It would be n. very great m 
convenience, even to a common carpenter, not to have a 
precise, well understood name for each of the several opera­
tions he performs, such as chiselling, sawing, planing, &c., 
nnd for the several tools [or instruments] he works with. 
And if we had not such words as addition, subtraction, 
multiplication, division, &.c., employed in an exactly defined 
sense, and also :fixed rules for conducting these and other 
arithmetical processes, it would be a tedious and uncertain 
work to go through even such simple calculations as a child 
very soon learns to perform with perfect ease. And after 
all there would be a fresh difficulty in making other per­
sons understand clearly the correctness of the calculations 
made. 

" You are to observe, however, that technical language 
and rules, if you would make them really useful, must be not 
only distinctly understood, but also learned and remembered as 
familiarly as the alphabet, and employed constantly, and. 
with scrupulous exactness; otherwise, technical language will 
prove an encumbrance instead of an advantage, just as a 
suit of clothes would be if, instead of putting them on and 
wearing them, you were to carry them about in your hand." 
Page 11. 

What is said of technical language is, at least, equally true 
of the signs and characters by which we still further facilitate 
the conveyance of our ideas on such matters as fo1·m the 
subject of the present work. It is much more simple to put 
down a character which expresses a process, than to write 
the name, or description of the latter, in full. Besides, in 
glancing over a mathematical investigation, the mind is 
able, with greater ease, to connect, and understand its dif­
ferent portions when they are briefly expressed by familiar 
signs, than when they are indicated by words which have 
nothing particularly calculated to catch tlte "Ye, and which 
cannot even be clearly understood without considerable 
attention. But i~ must be borne in mind, that, while such 
a treatise as the present, will . seem easy and intelligible 
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enough if the signs, which it contains in almost every page, 
are as familiar as they should be, it must nece&,M1.rily appear 
more or less obscure to those who have not been habituated 
to the use of them. They are, however, so few and so simple, 
that there is no excuse for their not being perfectly under­
stood-particularly by the teacher of arithmetic. 

Should peculiar circumstances render a different arrange­
ment of the rules preferable, or make the omission of any 
of them, for the present a.t foal-1t, advisable, the judicious 
master will never be at los1o1 ;1ow to act-there may be 
instances in which the shortness of the time, or the limited 
intelligence of the pupil, will render it necessary to confine 
his instruction to the more important branches. The teacher 
should, if possible, make it an inviolable rule to receive 
no answer unless accompanied by its explanation, and its 
reason. The references which have been suhj()ined to the 
different questions, and which indicate the paragraphs where 
the answers are chiefly to be obtained, and also those refer­
ences which are scattered through the work, will, be found 
of considerable assistance; for, as the most intelligent pupil 
will occasionally forget something he has learned, he may 
not at once see that a certain principle is applicable to a. 
particular case, nor even remember where he has seen it 
explained. 

Decimal,s have been treated of at the same time as integers, 
because, since both of them follow precisely the same laws, 
when the rules relating to integers are fully understood,. 
tl1ere is mthing new to be learned on the subject-particu­
larly if what has been said with reference to numeration and 
notation is carefully borne in mind. Should_ it, however, in 
any case, be preferred, what relates to them can be omitted 
until the learner shall have made some further advance. 

The most useful portions of mental arithmetic have been 
introduced into " Practice" and the other rules with which 
they seemed more immediately connected. 

The different rules should be very carefully impres!ed on 
the mind of the learner, and when he ia found to have been 



guilty or any inaccuracy, he should be made to correct Mm· 
ielf by repeating each part of the appropriate rtlle, and 
c1xemplifying it, until he perceives his error. It should be 
t1ontinually kept in view that, in a work on such a subject 
as arithmetic, any portion must seem difficult and obscure 
without a knowledge of what precedes it. 

The table of logarithms and article on the subject, alw 
the table of squares aQd cubes, square roots and cube rOQti, 
of numbers, which have been introduced at the end of the 
work, will, it is expected. prove very acceptable to the more 
advanced a1·ithmetician,. 
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.SIGNS USE!? IN THIS TREATISE. 

+ the sign of addition ; as 5 + 7, or 5 to be added 
to 7. 

- the sign of subtraction; as 4-3, or 3 to be sub-
tracted from 4. 

x the sign of multiplication ; as 8 X 9, or 8 to be 
multiplied by 9. . . . . . 

+ the sign of division; as 18+6, or 18 to be divided 
by 6. 
-- the vinoulum, which is used to show that all 

the quantities united by it are to be considered as but 
one. Thus 4+3-7X6 means 4 to be added to 3, 7 
to be ~ke11 from the sum, and 6 to be multiplied into 
the -'remainder-the latter. is equivalent to the. wkok 
quantity under the vinculum. 

= the sign of equality; as 5+6=11, or 5 added to 
6, is equal to 1 I. 

¾>½,and t< ¾, mean that ¾ is greater than ½, and 
that½ is less than J. 

: is the sign of ratio or relation; thus 5: 6, means 
the ratio of 5 to 6, and is read 5 is to 6. 

: : indicates the equality of ratios ; thus, 5 : 6 : : 7 : 8, 
means that there is the same relation between 5 and 6 
as between 7 and 8 ; and is read 5 is to 6 as '7 is to 8. 
✓ the radical sign. :By itself, it is the sign of the 

square root; as ✓ 5, which is the same as 5½, the square 
root of 5. ~ 6, is the cube root of 3, or 3t. ,d 4, is 
the 7th root of 4, or 4t, &c. 

ExAMPLE,-✓ 8-3+7x4+6+31 x~9+10½ x5'= 
641·31, &c. may be read thus: take 3 from 8, add 7 to the 
difference, multiply the sum by 4, divide the product by 6 
take the square root of the quotient and to it add 31, then 
multiply the sum by the cube root of 9, divide the product 
by the square root of 10, multiply the quotient -by the 
square of 5, and the product will be equal to 641·31, &c. 

These sips are fully explained in their proper places. 



ARITHMETIC. 

PART I. 

TABLES. 
MULTIPLICATION TABLE, 

Twice 8 times 4 times 6 times· 6 times 7 times 
lare 2 1 are 3 1 are 4 111,re 5 1 a.re 6 1 are 7 
2 .;_- 4 2- 6 2 - .s 2 -10 2 - i2 2-14 
3- 6 8- 9 8 - 12 . 8 -15 s - is 3 - 21 
4- 8 4 -12 4 - 16 i- 20 4- 24 4 _;_ 28 
6 --10 6.-15 5 - .20 5 - 25 5 - 30 5 - 35 
6 -12 6 -18 6 - 24 . 6 - 30 6 - 36 6 - 42 
7 --14 7 - 21 7 - 28 7 - 85 7 - 42 7 - 49 
8 -16 8 -:- 24 8·- 32 8 - 40 8-48 8 - 56 
9. - 18 0-,- 27 9 --- 86 ·9 - 45 9-54 9 - 63 

10 .;._ 20 10 - 80 10 -40 10 -50 10 - 60 10 - 70 
11 - 22 11 - 33 11 - 44 11 - 55 11 - 66 11 - 77 
12 - 24 12 - 86 12 - 48 12 - 60 12 - 72 12 - 84 

8 times 9 times 10 times 11.times -12 times 
1 a.re 8 1 are 9 1 a.re 10 1 a.re 11 1 are 12 
2 -16 2- 18 2- 20 2 ~- 22 2- 24 
3-24 3- 27 3- 80 3- 83 8- 86 j 
4- 82 4- 86 4- 40 4- 44 4- 48 
6 -40 6- 45 6- 60 6 ~ 56 6 - 60 ! 
6 - 48 6- 54 6- 60 6- 66 6- 721 
7 -66 7- 68 7- 70 1- 77 7- 84 I 

8- 64 8- 72 8- 80 8- 88 8- 96 \ 
9 - 72 9- 81 9- 90 9- 99 9 - 108: 

10 - 80 10- 90 10 - 100 10-110 10.- 120 i 
11 - 88 11- 90 11-110 11 - 121 11 - 1321 
12 - 9fi 12 - 108 12 - 120 12 - 132 12 - 144 

It appears from this table, that the multiplication of the 
same two numbers, in whatever order taken, produces tho 



2 MULTIPLICATION TABLE. 

sn.me result; thus 5 times 6, and 6 times 5 are 30 :-the 
reason will be explained when we treat of multiplication. 
There are, therefore, several repetitions, which, although 
many persons conceive them unnecessary, are not, perhaps, 
quite unprofitable. The (ollowing js fr~ from such an 
objection :-

Twice 2 are 4 5 times 7 are 35 10 times 8 a.re 80 
,, 3 - 6 " 8 -40 " 9 - 90 

" 4 - 8 ,. 9 -46 " 10 -100 
,, 5 -10 ,, 11 -110 

" 6 -12 6 times 6 -36 

" 7 -14 
" 7 -42 11 times 2 - 22 

" 8 -16 
" 

8 -48 ,. 3 - 83 

" 9 -18 
" 9 -54 ,. 4 - 4.4 --- " 6 - 55" 

3 times 8 - 9 
7 times 7 -49 ,. 6 - 66 

" 4 -12 
8 -56 " 1 - 77 

6 -15 " " 9 -63 tt 8 - 88 
6 -18 " ,, 

» 9 - 99 
" 7 -·21 

" 8 -24 8 times 8 - 64 12 times 2 24 9 -27 " 9 -72 -H 8 86 " -
4 times 4 -16 9 times 9 81 " 4 - 48 

,, 5 -20 ,, 6 -- 60 

" 6 -24 " 6 - 72 

" 7 -28 10 tim~s 2 are 20 
" 7 - 84 ,, 8 -82 " 8 -80 ,, 8 - 96 

N 9 -86 " 4 -40 " 9 -108 

" 5 -50 
" 10 -120 

5 times 5 - 25 
" 6 -- 60 ,, 11 -132 

" 6 -80 ,, 7 -70 ,, 12 -144 

"Ten," or "eleven times," in the above, scarcely requirn1' 
to be committed to memory; . since we perceive, tliat to 
multiply a number by 10, we have merely to add a. ·cypher to 
the right ha.nd side of it :-thus, 10 times 8 are 80 · and to 
mul?ply it by 11 we have only to set it down twice' :-thus, 
11 times 2 are 22. 



TABLE OF MONEY. 3 

The following tables are required for reduction, the 
compound rules, &c., and may be committed to memory 
as convenience suggests. 

TABLE OF MONEY. 

A farthing is the smallest coin generally used in this 
S11111.bols. 

.l 
4, country, it is represented by 

Farthings 
2 make 1 halfpenny, ! 

halfpence 
4 or 2 1 penny, d. 

48 24 or 
pence 

12 l shilling, 
shillings 

960 480 240 or 20 1 pound, £, 
1,008 504 252 or 21 I.guinea, g. 

The symbols of po~ds, shillings, and pence, are placed 
£ s. d 

over the numbers which express them. Thus, 3,, 14,, 6, 
mcn.ns, three pounds, fourteen shillings, and sixpence. Some­
times only the symbol for pounds is used, and is placed 

"· d. 
before the whole quantity; thus, £3,, 14,, 6. 3 9½ means 
three shillings and ninepence halfpenny. 2s. 6Jd. means two 
shillings and sixpence three farthings, &c. 

When learning the above and following tables, the pupil 
should be required, at first, to commit to memory only those 
portions which are over the thick angular lines; thus, in the 
one just given :-2 farthings make one halfpenny; 2 half­
pence one penny ; 12 pence one shilling ; 20 shillings one 
pound ; and 21 shillings one guinea. 

¾, ½, ¾, really mean the quarter, half, and three quarters 
of a penny. d. is used as a symbol, because it is the first 
letter of "denarius," the Latin word signifying a penny; s. 
was adopted for a similar reason-" solidus," -meaning, in 
the same language, a. shilling; and£, also-" Libra," signify­
ing a pound. 

a. d 
2 6 make one half Crown. 
6 0 one Crown. 

13 4: one Mark.. 



4 WEIGHTS. 

AVOIRDUPOISE WEIGHT. 

Its name is derived from French-and ultimately 
from Latin words signifying " to have weight." It is 
nsed in weighing heavy articles 

Symbuls 
Drams 
16 make 1 ounce, oz. 

ounces 

256 or 16 1 pound, lb. 

pounds 

7,168 448 or 28 1 quarter, q. 
quarters 

28,5i2 1,792 112 or 4 1 hundred,cwt. 
hundred• 

6i3,440 85,840 2,240 80 or 20 • 1 ton, t. 
14 lbs., nnd in some cases 16 lbs., make 1 stone. 
20 stones 1 barrel. 

TROY WEIGHT. 

It is so called from Troyes, a city in France, where 
it was first employed ; it is used iu philosophy, in 
weighing gold, &c. 

Grains 

24 

480 or 
pennyweights 

20 
ounces 

Symboh. 
• • . grs. 
make 1 pennyweighta ~wt. 

1 ounce, O').. 

5,760 240 or 12 • 1 pound, • lb. 
A grain was originally the weight of a grain of corn, 

taken from the middle of the ear ; a pennyweight, that of 
the silver penny formerly in use. 

APOTHECARIES WEIG HT. 

In. mixing medicines, apothecaries use Troy weight, 
but subdivide it as follows:-
Grains Svmbols 

20 mo.ke 1 scruplia, i} 
seruples 

60 or 3 1 dram, z 
drama 

480 24 or 8 1 ounce, 3 

I ounces 

6,760 288 96 ol' 12 1 pound, lb. 

~he. "Ca~at," which is equal to four _grains, is used in 
'We~gh1~g diamonds. The term carat 1s also- applied in 
est1matmg the fineness of gold; the latter, when perfoctjy 
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pure, is said to be "24 carats fine." If there are 23 parts 
gold, and one part some other material, the mixture is s.aid 
to be '-23 carats fine ; " if 22 parts out of the 24 are gold, 
it is "22 carats fine," &c. ;-the whole mass is, in all cases, 
supposed to he divided into 24 parts, of which the number 
consisting Qf gold is specified. Our gold coin is 22 carat!! 
fine ; pure gold being very soft would too soon wear out. 
The degree of fineness of gold articles is marked upon them 
at the Goldsmith's Hall; thus we generally perceive" 18" on 
the cases of gold watches; this indicates that they are "18 
carats fine "-the lowest degree of purity which is stamped. 

g8rso. 
A Troy ounce contains 4 
An avoirdupoise ounce 437¾ 
A Troy pound . • 5, 760~ 
An avoirdupoise poundi . 7,000 

A Troy pound is equal to 372·965 French grammes. 
175 Troy pounds are equal to 144 avoirdupoise; 

175 Troy are equal to 192 ,avoirdupoise ounces. 

CLOTH MEASURE. 
Inches 

2.1 make 1 nail. 
nails 

9 or 4 1 quarter. 
quarter• 

36 16 or 4 1 yA.rd. 
27 12 or 8 l Flemish ell 
45 20 or 5 1 English ell. 
64 24 or 6 1 French ell 

LONG MEASURE. 
(It is used to measure Length.) 

Li11es 
1~ ' inches. 
144 or 12 

feet 

432 36 or 3 
yards 

2,876 198 16½or 5½ 
8,024 252 21 or 7 

95,040 7,920 660 
120,960 10,080 840 

760,820 63,360 6,280 
967,680 80,640 6,720 

perches 
220 or 40 
280 or 40 

make 1 inch. 

1 foot. 

1 yard. 

1 English perch 
1 Irish perch. 

1 English furlong 
1 Irish furlong. 

furlongs 
8 1 English mile. 
8 1 Irish mile. 

B 
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Three miles make one league. 69/3" English miles make 
60 nautical or geographical miles ; which are equal to o?le 
dagree, or the three hundred and sixtieth part of the cir­
cumference of the globe-as measured on the equator. 

4 inches make 1 hn.nd (used in measuring horses). 
3 inches 1 palm. 
3 palms 1 span. 

18 inches 1 cubit 
5 feet 1 pace. 
6 feet 1 fathom. 

120 fathoms 1 cable's lenith. 

100 links, 4 English perches. ( or pol~s ), ~2 yards, 66 fee_t, 
or 792 inches, make one cham. Each lmk, therefore, 1s 
equal to _7/lo i~ches. . 11 Irish are equal to _14 ~nglish 
miles. 'Ihe Paris foot 1s equal to 12·792 English mcbes; 
the Roman foot to 11·604; and the French metre to 39·383. 

MEASURE OF SURF ACES. 

A surface is called a square when it has four equal 
sides and four equal angles. A square inch, therefore, 
is a surface one inch long arld one inch wide ; a square 
foot, a surface one foot long and one foot wide, &c. 
Square inches 
144 

square feet 
or 9 

39,204 
63,504 

272¼ 
441 

1,568,160 10,890 
2,540,160 li,640 

sq. yards 
or 30} 
or 49 

•q. puchea. 
1,210 or 40 
1,960 or 40 

• n:-.ake 1 sq. foot. 

I square yard. 

1 sq. Eng. perch; 
I sq. Irish perch. 

l sq. Eng. rood. 
l sq. Irish rood. 

6,272,640 43,560 4,840 J statute acre. 
10,160,640 70,560 7,840, or 1 plantation acre. 

4,014,489,600127,878,400 3,097,600 102,400 12,f>60 orJ ~A~cre,. 1 sq. Eng. mile. 
6,ii02,809,600,25,158,400 5,017,600 102,400 ~,560 or 640 I sq. Irish mile. 

The English, called also the statute acre, consists of 10 
square chains, or 100,000 square links. 

The English acre being 4,840 square yards, and the Irish 
or plantation acre, 7,840; 196 square English are equal t~ 
121 square Irish acres. 

The Eng!ish squ~e mile being 3,?97,600 square yards, 
and the Irish_ 5,01,,600; 196 English square miles are 
equal to 121 Irish :-we have seen, however that 14 English 
are equal to 11 Irish linear milea ' 
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MEASURE OF ~L!D~. 

T.he tea.cMr will explain that a cube is a solid having 
six equal square surfaces ; and will illustrate this by 
models or examples-the more fafl\iii1tr the better. A 
cubic inch is a solid, each of whosf\ ti":'lt sides or faoes is 
a square inch,; a cubic foot a solid. <'1.M. of wl:.ose ·•· 
sides is a square foot, &.c. 
Cubic inches 
1,728 

I eubic feet 
46,65,6 or 27 

Gills or naggins 
4: 

pints 
8 or 2 

quarts 
82 8 or 4 

320 80 40 o;r 
676 144 72 
1,844 336 168 
2,016 504 252 
2,688 672 836 

WINE MEASURE. 

ma.h,, ~11,", 

l. ~11..:,~ 

1 ga.fo.\ 
gallons 
10 1 anker. 
18 1 runlet. 
42 1 tierce. 
63 1 hogsheaf 
84 1 puncheon 

hogsheads 
4,032 1,008 504 126 or 2 1 pipe or butt. 

I l pi
2
res 

8,064 2,016 1,008 252 4 or 1 tun. 

ln some places a gill is equal to half a pint. 
Foreign wines, &c., are of~en sold by measures differing 

f1·om the above. 

ALE MEASURE. 
Gallons 

8 make 1 fir kin. 
firkins 

1G or 2 1 kilderkin. 
kilderkins 

82 4 or 2 1 barrel. 
barrels 

48 6 3 or I! 1 hogshead. 
64 8 4 or 2 1 puncheon. 
96 12 6 or 3 1 butt. 
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BEER MEASURE . 
.Jlons 

ma.ke 1 fi?ldn. 9 
firkins 

18 or 2 1 k.ilderkin 
kilderkins 

86 4 or 2 1 barrel. 
barrels 

54 6 8 or I½ 1 hogshend. 
72 8 4 or 2 1 puncheon. 
108 12 6 or 8 1 butt. 

DRY MEASURE. 

(It is used for wheat, and other dry goods.) 

Pints 

4 or 
quarts 
2 make 1 pottle. 

potties 
8 4 or 2 1 gallon. 

gallons 
16 8 4 or 2 1 peck. 

pecks 
6! 32 16 8 or 4 1 bushel. 

bushels 
192 96 48 24 12or 3 1 sack. 
256 12~'- 64 32 16or 4: 1 coomb. 
6i6 288 144 72 3nor 9 1 vat. 

coombs 
512 256 128 64 32 8 or 2 1 quarter, 

2,048 1,024 512 2l)6 128 32 1 chaldron. 
2,560 1,280 640 1320 160 40 1 wey. 

weys 
5,120 2,560 1,280 640 820 80 2 1 last. 

The pint dry measure contains about 34J cubio inches; 
'2'77} cubic inches was made the standard gallon for both 
liquid and dry goods, by an Act of Parliament which came 
into operation in 1826. 

Coals are now sold by weight; 140 pounds make one bag; 
1G bags one ton. 
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MEASURE OE TIME. 
Thirds 
60 

Svmnola 
make 1 second " 

3600, 

216,000 

6,184,000 

seconds 
or 60 

minutes 
3600 or 60 

86,400 
hours 

l,440or 24 

1 minute, 

1 hour h. 

l day d 
days 

36,288,000 604,800 10,oeo 168 or 7 1 week w. 
145,152,000 2,419,'.?00 40,320 672. or 28 1 lunar month. 
1,892,160,000 31,536,000 525,600 8,760 or 365 l common year 
1,897,344,000 31,622,400 527,040 8,784 or !'166 1 leap year. 

calendar mon.} 
1,892,160,000 31,536,000 525,600 S,760 365 or lunar 1!onths 1 year. 

11 13 

The following will exemJ;>lify the use of the above symbols:-­
The solar year consists of 365 d. 5 h. 48' 45" 30"'; read "three 
hundred and sixty-five days, five hours, forty-eight minute::~ 
forty-five seconds, and thirty thirds. 

The number of days in each of the twelve calendar months 
will be easily remembered by means of the well known lines, 

"Thirty days hath September, 
April, June, and November, 
:February twenty-eight alone 
And all the rest thirty-0ne." 

The following table will enable us to find how many days 
there are from any day in one month to any day in another. 

!5 

FROM ANY DA.Y IN 

__ Jan. F•b. Mac Apdll May Jun, Jnly Aug Sept.~ Nov~ 

Jan. 365 334 306 275 245 214 1S4 153 122 92 61 31 -----
Feb. 31 365 337 306 276 245 215 184 153 123 92 62 

Mar. 59 ~ 365 334 304 273 243 212 181 loi 120 90 

April 90 69 31 365 335 304 274 243 212 182 151 121 
--1,--1---1--1---1---1-----,---,---1--- ----

>- May 120 89 61 30 365 334 304 .273 242 212 181 161 
Q --1--~--'---lf--l---l--1----------
~ I June 15, 120 . 9.2 61 __ 31_

1 
__ 3_6-15_3_3_5

11
_3_0_4

1
_2_1_J_

1
_2_43 _2_12 _1_s2 

~ _J_u1_y_1_s_1_10_0_1_2.2_9~-6~--3~--3-6_5
11

_3_3_4,_3_o_a
1

~_.2_42_2_12 

Aug. 212 181 153 122 92 61 31 365 334 304 273 :243 
------------ ---1---1---1---1---1---1--
Sept. 243 212 184 153 123 92 6.2 31 365 335 304 274 
----------------1--11--1---
Oct. 273 242 214 183 153 122 92 61 30 365 334 304 

"lov. 304 273 245 214 1S4 153 123 92 61 31 365 335 
------------------1--1--11--1--
Dec. .334 303 275 241 214 183 153 122 91 61 30 365 

'-----------...;..-_.;.._....;.. _ _..._....c _ _..:., ___ _,__ • r 
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To find by this table the distance between any two 
days in two different months : 

RuLE.-Look along that vertical row _of figures at 
the head of which stands the first of the given months ; 
and also alon(J' the horizontal row which contains the 
second · the n~mber of days from any day in the one 
month to the same day in the other, will be found where 
these two rows intersect each other. If the given day 
in the latter month is earlier than that in the former, 
find by how much, and subtract the amount from th_e 
number obtained by the table. If, on the contrary, 1t 
ii; la.ter, ascertain by how much, and add the amount. 

When February is included in the given time, and 
it is a leap year, add one day to the result. 

ExAMPLF. 1.-How many days are there between the 
:fifteenth of March and the fourth of October 1 Looking 
down the vertical row of figures, at the head of which March 
is placed, and at the same time, along the horizontal row at 
the left hand side of which is Octobe1·, we perceive in their 
intersection the number 214 :-'-so many days, therefore, in­
tervene between the fifteenth of March and the :fifteenth of 
October. But the fourth of October is eleven days earlier 
th!l,n the :fifteenth; we therefore subtract 11 from 214, and 
obtain 203~ the number required. 

Ex.AMPLE 2.-How many days are there between the 
third of January and the nineteenth of May 1 Looking as 
before in the table, we find that 120 days intervene between 
the third of January and the third of May; but as the nine­
teenth is sixteen days later than the third, we add 16 to 120 
and obtain 136, the number required. 

Since February is in this case included, if it were a leap 
year, as that month would then contain 29 days, we should 
add one to the 136, and 137 would be the answer. 

During the lapse of time, the calendar became inaccu­
rate: it was corrected by Pope Gregory. To understand 
how this became necessary, it must be borne in mind that 
the Julian Calendar, formerly in use, added one day every 
fourth year to the month of February; but this being 
somewhat too much, the days of the months were thrown 
out of their proper places, and to such an extent that 
e:ich had become ten ~ays too_ much in advance. 'Pope 
Gregory, to remedy thIS, ordamed that what accordiu11 , t) 
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to the Julian style, would have been the 5th of October 
1582, should be considered as the 15th ; and to prevent 
the recurrence of such a mistake, he desired that, in 
place of the last year of every century being, as hitherto, 
a leap year, only the last year of every fourth centur3 
should be deemed such. r 

The "New Style," as it is called, was not introduced 
into England until 1752, when th~ error had become 
eleven days. The Gregorian Calendar itself is slightly 
inaccurate. 

To find if any given year be a leap year. If not the 
last year of a century : 

R ULE.-Divide the number which represents the 
given year by 4, and if there be no remainder, it is a 
leap year. If there be a remainder, it expresses how 
Jong the given year is after the preceding leap year. 

EXAMPLE 1.-1840 was a leap year, because 1840 divided 
by 4 leaves no remainder. 

RXAMPLE 2.-1722 was the second year after a leap year, 
because 1722 divided by 4 leaves 2 as remainder. 

If the given year be the last of a century: 
RuLE.-Divide the number expressing the centuries 

by 4, and if there be no remainder, the given one is a leap 
year ; if there be a remainder, it indicates the number 
of centuries between the given ,and preceding last year 
of a century which was a leap year. 

EXAMPLE 1.-1600 was a leap year, because 16, being 
divided by 4, leaves nothing. 

EXAMPLE 2.-1800 was two centuries after that last year 
of a century which was a leap year, because, divided by 4, 
it leaves 2. 

Thirds 
130 

3600 

DIVISION OF THE CIRCLE. 

seconds 
or 60 

mmutes 

Svm6oZ.. 
make 1 second " 

1 minute' 

216,000 3,600 or 60 1 degree 0 

l degrees 
77,760,000 1,296,000 21,600 or 860 1 circumference. 
Every circle is supposed to be divided into the same 

number of degrees, mi1mtes, &c.; the greater or less, there-
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fore, the circle, the greater or less each of these will be. The 
following will exemplify the applications of the ~ymbols :-
600 5' 4" 6"'; which means sixty degrees, :five mmutes, four 
second.;, and six thirds. 

DEFINITIONS. 

1. Aritlimelic may be considered either as a science 
or as an art. As a science, it teaches the properties of 
numbers ; as an art, it enables us to apply this know­
ledrre to practical purposes ; the former may be called 
the~retical, the latter practical arithmetic. 

2. A Unit, or as it is also called, Unity, is one of the 
individuals under consideration, and may include many 
units of another kind or denomination ; thus a unit of 
the order called " tens" consists of ten simple units. Or 
it may consist of one or more parts of a unit of a higher 
denomination; thus five units of the order of " tens" are 
five parts of one of the denomination called "hundreds;" 
three units of the denomination called " tenths" are 
three parts of a unit, which we shall presently term the 
" unit of comparison." 

3. Number is constituted of two or more units; 
strictly speaking, therefore, unity itself cannot be con­
sidered as a number. 

4. Abstract Nu,mbers are those the properties of 
which are contemplated without reference to their appli­
cation to any particular purpose-as five, seven, &c. ; 
abstraction being a process of the mind, by which it sepa­
rately considers those qualities which cannot in reality 
exist by themselves; thus, for example, when we a.ttend 
only to the length of anything, we are said to abstract 
from its breadth, thickness, colour, &c., althou(J'h these 
are nece::;sarily found associa.ted with it. There i; nothinfl' 
inaccurate in this abstraction, since, althou(J'h len(J'th 
can~ot :xist without breadth, thickness, &c., it has p~o­
perties mdependent of them. In the sam<' way five seven 
&c., can be considered only by an abstradtion 'of th~ 
mind, as not applied to indicate some particular things. 

5. Applic,a,te Numbers are exactly the reverse of 
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abstract, being applied to indicate particular objects­
as five men, six houses. 

6. The Unit of Comparison. In every number 
there is some unit or individual which is used as a 
standard : this we shall henceforward call the " unit 
of comparison." It is by no means necessary that it 
should alway8 be the same; for at one time we may 
speak of four objects of one species, at another of four 
objects of another species, at a third, of four dozen, or 
four scores of objects; in all tliese cases four is the 
number contemplated, though in each of them the idea 
conveyed to the mind is different-this difference arising 
from the different standard of comparison, or unity 
assumed. In the first case, the " ;unit of comparison'' 
was a single object; in the second, it was also a single 
object, but not of the same kind; in the third, it became 
a dozen ; and in the fourth, a score of objects. Increas­
ing the " unit of comparison" evidently increases the 
quantity indicated by a given number ; while decreas­
ing it has a contrary effect. It will be necessary to 
bear all this ca1·efully in mind. 

7. Odd Numbers. One, and every succeeding alter­
nate :p.umber, are termed odd; thus, three, five, seven, &c. 

8. Even Numbers. Two, and every succeeding alter­
nate number, are said to be .even; thus, four, six, eight, 
&c. It is scarcely necessary to remark, that after taking 
away the odd numbers, all those which remain -are even, 
and after taking away the even, all t~ose which remain 
are odd. 

We shall introduce many other definitions when treat• 
ing of those matters to which they relate. A clear 
idea of what is proposed for conside~ation is of the 
greatest importance ; this must be derived from the 
definition by which it is explained. 

Since nothing assists both the understanding and the 
memory more than accurately dividing the subject of 
instruction, we shall take this opportunity of remarking 
to both teacher and pupil, that we attach much impor­
tance to the divisions which jn future shall actually be 
madP-, or shall be implied by the order in which the 
different heads will be examined. 

n2 
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SECTION I. 

ON NOTATION .AND NUMERATION. 

I. To avail ourselves of the properties of numbers, 
we must be able both to form an idea of them ourselves, 
and to convey this idea to others by spoken and by written 
language ;-that is, by the voice, and by charac~ers. 

The expression of number by characters, 1s called 
notati011,, the reading of these, numeration. Notation, 
therefore, and numeration, bear the same relation to 
each other as writing and reading, and though often 
confounded, they are in reality perfectly distinct. 

2. It is obvious that, for the purposes of Arithmetic, 
we require the power of designating all possible .num­
bers; it is equally obvious that we cannot give a dif­
ferent name or character to each, as their variety is 
boundless. We must, therefore, by some means or 
another, make a limited system of words and signs 
suffice to express an unlimited amount of numerical 
quantities :-with what beautiful simplicity and clear­
ness this is effected, we shall better understand presently. 

3. Two modes of attaining such an object present 
themselves ; the one, that of combining words or cha­
racters already in use, to indicate new quantities ; the 
other, that of representing a variety of different quan­
tities by a single word or character, the danger of 
mistake at the same time being prevented. The Romans 
simplified their system of notation by adopting the prin­
ciple of CO'lnbination; but the still greater perfection of 
ours is due also to the expression of many numbers by 
the same character. 

4. It will be useful, and not at all difficult, to ex.plain 
to the pupil the mode by which, as we may suppose, an 
idea of co~siderable numbers was originally acquired, 
and of which, mdeed, although unconsciously, we still 
avail ourselves; we shall see, at the same time how 
methods of simplifying both numeration and ndtation 
were naturally suggested. 
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Lo~ us suppose no system of numbers to be as yet con­
structed, and that a heap, for example, of pebbles, is 
placed before us that we may discover their amount. 
If this is considerable, we cannot ascertain it by look­
ing at them all together, nor even by separately in­
specting them; we must, t4erefore, have recourse to 
that contrivance which the mind always uses when it 
desires to grasp what, taken as a whole, is too great for 
its powers. If we examine an extensive landscape, as 
the eye cannot take it all in at one view, we look suc­
cessively at its different portions, and form our judg­
ment upon them in detail. We must act similarly with 
reference to large numbers ; since we cannot compre­
hend them at a single glance, we must divide them into 
a sufficient number of parts, and, examining these in 
succession, acquire. an indirect, but accurate idea of 
the entire. This process becomes by habit so rapid, 
that it seems, if carelessly observed, bu_t one act, though 
it is made up of many : it is indispensable, whenever we 
desire to have a dear idea, of. numbers-which is not, 
however, every time they are mentioned. 

5. Had we, then, to form for ourselves a numerical 
system, we would naturally divide the individuals to be 
reckoned into equal groups, each group consisting of 
some number quite within the limit of our comprehen­
sion ; if the groups were few, our object would be attained 
without any further effort, since we should have acquired 
an accurate knowledge of the number of groups, and of 
the number of individuals in each· group, and therefore 
a satisfactory, although indirect estimate of the whole. 

We ought to remark, that different persons have 
very different limits to their perfect comprehension of 
number; the intelligent can conceive with ease a com­
paratively large one; there are savages so rude as to be 
incapable of forming an idea of one that is extremely 
small; 

6. Let us call the 1n,umber of individuals that we choose 
to constitute a group, the ratio ; it is evident that the 
larger the ratio, the smaller the number of groups, and 
the smaller the ratio, the larger the number of groups-­
but the smaller the number of groups the better. 
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7. If the groups into which we have divided the 
objects to be reckoned exce~d in amount that. number 
of which we have a perfect idea, we must contmue the 
process, and considering the groups themselves as _indi­
viduals, must form with them new groups of a higher 
order. vVe must thus proceed until the number of our 
hirrhest group is sufficiently small. 

0

8. The ratio used for groups of the second and higher 
orders, would naturally, but not necessarily, be the same 
as that adopted for the lowest ; that is, if seven indi­
viduals constitute a group of the first ·order, we would 
probably make seven groups of the first order constitute 
a group of the second also ; and so on. 

9. It might, and very likely would happen, that we 
should not have so many objects as would exactly form 
a certain number of groups of the highest order­
some of the next lower might be left. The same might 
occur in forming one or more of the other gro1!J)S. "\Ve 
might, for example, in reckoning a heap of pebbles, 
have two groups of the fourth order, three of the third, 
none of the second, five of the first, and seven indi­
viduals or "units of comparison." 

10. If we had made each of the first order of groups 
consist of ten pebbles, and each of the second order 
consist of ten of the first, each group of the third of ten 
of the second, and so on with the rest, we had selected 
the decimal system, or that which is not only used at 
present, but which was adopted by the Hebrews, Greeks, 
Romans? ~?· It is_ rem~rkable that the language of 
every civilized nat10n gives names to the different 
groups of this, but not to those of any other numerical 
system ; its very general diffusion, even among rude 
and bar?arous peop!e, has most probably arisen from 
the habit of countmg on the fingers, which is not 
altogether abandoned, even by us. 

11. It was not indispensable that we should have 
used the same ratio for the groups of all the different 
or.ders; we might, for example, have made four pebbles 
form a group of the first order, twelve groups of the 
first order a group of the second, and twenty groups 
of the seoond a group of the third order :-in such & 
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case we had adopted a system exactly like that to be 
found in the table of money (page 3), in which four 
farthings make a group of the order pence, twelve 
pence a group of the order shillings, twenty shillings a 
group of the order pounds. While it must be admitted 
that the use of the s~me system for applicate, as for 
abstract numbers, would greatly simplify our arithmetical 
processes-as will be very evident hereafter, a glance 
at the tables given already, and those set down in treat­
ing of exchange, will show that a great variety of sy5tems 
have actually been constructed. 

12. '"\Vhen we use the same ratio for the groups of all 
the orders, w.e term it a common ratio. There appears to 
have been no particular reason why ten should have been 
selected as a " common ratio" in the system of numbers 
ordinarily used, except that it was suggested, as already 
remarked, by the mode of counting on the fingers ; and 
that it is neither so low as unnecessarily to increase 
the number of orders of groups, nor so high as to exceed 
the . conception of any one for whom the system was 
intended. 

13. A system in which ten is the " common ratio" 
is called decimal, from " decem," which in Latin signifies 
ten :-ours is, therefore, a" decimal system" of numbers. 
If the common ratio were sixty, it would be a sexagesi­
mal system; such a one was formerly used, and is still 
retained-as will be perceived by the tables already 
given for the measurement of arcs and angles, and of 
time. A qu.inary system would have five for its " com­
mon ratio;" a duodecimal, twelve; a vigesimal, twenty, 
&c. 

14. A little reflection will show that it was useless 
to give different names and characters to any numbers 
except to those which are less than that which consti­
tutes the lowest group, and to the different orders of 
groups ; because all possible numbers must consist of 
individuals, or of groups, or of both individuals and 
groups :-in neither case would it be required to specify 
more than the, number of individuals, and the numbr.'r 
of each species of group, noti"e of which numbers-as is 
evident-can be greater than the common ratio. This 
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is just what we have done in our numerical system, 
except that we have formed the names of some of the 
groups by combination of those already used; thus, 
"tens of thousands," the group next higher than thou~ 
sands, is designated by a combination of words already 
applied to express other groups-which tends yet further 
to simplification. 

15. ARABIC SYSTE!II OF NOTATION:-

Units of Comparison, 

First group, or units of the second order, 
Second group, or units of the third order, 
Third group, or units of the fourth order, 
Fourth group, or units of the fifth order, 
Fifth group, or units of the sixth order, 
Sixth group, or units of the seventh order, 

Namu. Chtsrat:tu•. 

!
One l 
Two 2 
Three 3 
Four 4 

• Five 6 
Six,. 6 
Seven 7 
Ei,ht 8 
N1Le g 
Ten 10 
Hundred JOO 
Thousand 1,000 
Ten thousand J 0,000 
Hundred thousand 100,000 
:Million • 1,000,000 

16. The characters which express the nine first num­
Lers are the only ones used; they are called digits, from 
the custom of counting them on the fingers, already 
noticed-" digitus" meaning in Latin a finger; they are 
also called significant figures, to distinguish them from 
the cypher, or O, which is used merely to give the digits 
their proper position with reference to the decimal point. 
The pupil will distinctly remember that the place where 
the "units of comparison" are to be found is that imme­
diately to the left hand of this point, which, if not ex­
pressed, is supposed to stand to the right hand side of 
all the digits-thus, in 468·76 the 8 expresses " units 
of comparison," being to the left of the decimal point ; 
in 49 the 9 expresses " units of comparison,,, the deci­
mal point being understood to the right of it. 

17. We find by the table just given, that after the 
nine first numbers, the same digit is constantly repeated, 
its position with reference to the decimal point being, 
however, changed :-that is, to indicate each succeeding 
group it is moved, by means of a cypher, one place 
farther to the left. Any of the digits may be used to 
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express its respective number of any of the groups:­
thus 8 would be eight "units of comparison;" 80, 
P-ight groups of the first order, or eight " tens" of 
i,imple units ; 800, eight groups of the second, or uuits 
<lf the third order ; . and so on. We might use any of 
the digits with the different groups ; thus, for example, 
5 for groups of the third order, 3 for those of the second, 
7 for those of the first, and 8 for the "units of compll,ri­
son ;" then the whole set down in foll would be 5000, 
300, 70, 8, or for brevity sake, 5378-for we never use 
the cypher when we can supply its place by ~ significant 
figure, and it is evident that in 5378 the 378 keeps the 
5 four places from the decimal point (understood), just as 
well as cyphers would have done ; also the 78 keeps the 
3 in the third, and the 8 keeps the 7 in the second place. 

18. It is important to remember that each digit has 
two values, an absofote and a relative; the absolute 
value is the number of units it expeesses, whatever these 
units m~ty be, aml is unehang:)able ; thus 6 always 
m~ans six: 1 sometimes, indeed1 six tens, at other times 
six: hunJt·cd, &c. The rcla.tive value depends on the 
0J°d31• of units indicated, and on the nature of the " unit, 
of comparison." 

19. What hn.s been sa,id on this very important sub­
jtiet, is intencbd principally fol' the teacher, though an 
ordiury amount of indasti·y and intelligence will be 
qltite sullicicnt for the purpose of explaining it, even to 
a child, pa,rticula.rly if each point is illustrated by an 
a])propria.te example ; the pupil may be made, for in­
stance, to arrange a, number of pebbles in groups, some­
time,: of one, sometimes of another, and sometimes of 
several orders, nncl then be desired to express them by 
figuecs-the " unit of comparison" being occasionally 
changed from individuals, suppose to tens, 01· hundeeds, or 
to scores, or dozens, &c. Indeed the pupils nmst be well 
acqrniinted with these introductory matters, othcrwiso 
they will contract the• habit of answering without any 
very definite ideas of many things they will be called 
upon to explain, and which they should be expected 
pe,fcctly to understand. Any trouble bestowed by the 
teacher at this period will be well repaid by the ease 
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and rapidity with which the seholar will afterward.a 
advance · to be assured of thfai, he has only to recol• 
lect that most of his future reasonings will be derived 
from, and his explanations grounded on the very prin­
ciples we have endeavoured to unfold. It may be taken 
as an important truth, that what a child learns without 
understanding, he will acquii·e with disgust, and will 
soon cease to remember ; for it is with cl~ildren as with 
})Crsons of more advanced years, when we appeal suc­
cessfully to their understanding, the pride and pleasure 
they feel in the attainment of knowledge, cause the 
labour and the weariness which it costs to be under­
valued, or forgotten. 

20. Pebbles will answer well for examples; indeed, 
their use in computing has given rise to the term calcu­
lation, " calculus" being, in Latiii, a pebble : but while 
the teacher illustrates what he says by groups of par­
ticular objects, he must take care to notice that his 
remarks would be equally true of any others. He must 
also point out the difference between a group and its 
equivalent unit, which, from their perfect equality, arn 
generally confounded. Thus he may show, that a penny, 
while equal to, is not identical with four farthings. This 
seemingly unimportant remark will be better appre­
ciated hereafter ; at the same time, without inaccuracy 
of result, we may, if we please, consider any group 
eitlier as a unit of the order to which it belongs, or so 
many of the next lower as are equivalent. 

21. Roman Notation.-Our ordinary numerical cha­
racters have not been always, nor every where used to 
express numbers; the letters of the alphabet naturally 
presented themselves for the purpose, as beino- alreadv 
familiar, and, accordingly, were very generally idopted....:. 
for example, by the Hebrews, Greeks, Romans, &c., 
each, of course, using their own alphabet. The pupil 
should be acquainted with the Roman notation on 
account of its beautiful simplicity, and its being still 
employed in inscriptions, &c. : it is found in the follow­
ing table:-
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ROMAN NOTATION. 

Character11. Num!Jers Expnuetl. 
I. • One. 
II. • Two. 
III. . . Three 

Anticipated change IHI. or IV. • Four. 
Change . • V. • . Five. 

VI. • Six. 
VII. • . Seven. 
VIII. • . Eight. 

Anticipated change IX. . Nine. 
Change • . X. . Ten. 

XI. • Eleven. 
XII. . Twelve. 
XIII. • • Thirteen. 
XIV. • • Fourteen. 
XV. • Fifteen. 
XVI. • . Sixteen. 
XVII. • • Seventeen. 
XVIII . Eighteen. 
XIX. . . Nineteen. 
XX. • . Twenty. 
XXX., &c . Thirty, &c. 

Anticipated change XL. . Forty. 
Change . L. . . Fifty. 

LX., &c. . Sixty, &c. 
Anticipated change XC. . Ninety. 
Change • C. . . One hundred. 

CC., &c. . Two hundred, &o 
Anticipated change CD. . . Four hundred. 
Change . . D. or Io. . Five hundred, &o 
Anticipated change CM. . . Nine hundred. 
Change . M. or Cio. • One thousand, &c. 

V. or lOO· . Five thousand, &c. 
X. or ccroo • Ten thousand, &c. 
lOOO· . Fifty thousand, &o. 

21 

CCCioOO· • One hundred thousand, &c 
22. Thus we find that the Romans used very few 

characters-fewer, indeed, than we do, although our 
system is still more simple and effective, from our apply­
ing the principle of " position," unknown to them. 

They expressed all numbers by the following sy.mbols, 
or combinations of them: I. V. X. L. C. D. or Io. M., 
or CLo. In constructing their system, they evidently 
had a quinary in view; that is, as we have eiaid, one in 
which five would be the common ratio; for we find that 
they changed their charaot.er, not only at ten, ten times 
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ten, &c., but also at five, ten times five, &c. :-a purely 
decimal system would sugg~st a change only at ten? ten 
times ten, &c. ; a purely qumary, only at five, five times 
five &c. As far as notation was concerned, what they 
ado~ted was neither a decimal nor a quinary system, 
nor even a combination of both ; they appear to have 
supposed two primary groups, one of five, the other of 
ten " units of comparison ; " and to have formed all the 
other groups from these, by using ten as the common 
ratio of each resulting series. 

23. They anticipated a change of character; one 
unit before 1t would naturally occur-that is, not one 
"unit of comparison," but one of the units under consi­
deration. In this point of view, four is one unit before 
five; forty, one unit before fifty-tens being now the 
units under consideration ; four hundred, one unit before 
fh·e hundred-hundreds having become the units con­
templated. 

24. When a lower character is placed before a 
higher its value is to be subtracted from, when placed 
after it, to be added to the value of the higher ; thus, 
IV. means one less than five, or four; VI., one more 
than five, or six. 

25. To express a number by the Roman method of 
notation:-

RuLE.-Find the highest number within the given 
one, that is expressed by a single character, or the 
"anticipation" of one [21] ; set down that character, 
or anticipation-as the case may be, and take its value 
from the given number. Find what highest number 
less than the remainder is expressed by a single charac­
ter, or "anticipation;" put that character or "anticipa­
tion" to the right hand of what is already written, ani 
take its value from the last remainder : · proceed thus 
until nothing is left. 

ExAMPLE.-Set down the present year, eighteen hundrecl 
and forty-four, in Roman characters. One thousand ex­
pre~sed by M., is the highest number within the given' one, 
md1cated by one character, or~ an anticipation; we put down 

a.n.d take one thousand frou;t th~ given number, which leaves 
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eight hundred and forty-four. Five hundre ~ the 
highest number within the last remainder ( e J;JIJ O.u.adrcd 
and forty-four) expressed by one character, ut an "antici­
pation;" we set down D to the right hand. of M, 

MD, 
and take its value from eight hundred and forty-four, which 
leaves three hundred and forty-four. In this the highest 
number expressed by a single character, or an "antieipa­
tion," is one hundred, indicated by C ; which we set down; 
and for the same reason two other c~. 

MDCCC. 
This leaves only forty-four, the highest number withi:c 
which, expressed by a single character, ur an "anticipatioIJ} 
is forty, XL-an anticipation; we set this down also, 

MDCCCXL. 
Four, expressed by IV., still remains; which, being alsc 
added, the whole is as follows:-

MDCCCXL!V. 

26. Position.-The sam~ c:haracter may have dif­
ferent values, accbrding to t"i::1e place it holds with refer­
ence to the decimal point, or, perhaps, more strictly, 
to the " unit of comparison." This is the principle of 
position. 

27. The places occupied by the units of the different 
orJers, according to the Arabic, or ordinary notation 
[15], may be described as follows :-units of comparison, 
one place to the left of the decimal point, expressed, 
or understood; tens, two places; hundreds, three places, 
&c. 1'he pupil should be made so familiar with these, 
as to be able, at once, to name the" place" of any order 
of units, or the "units" of any place. 

28. \Vhen, therefore, we are desired to write any 
number, we have merely to put down the digits expres­
sing the amounts of the different units in t.heir proper 
places, according to the order to which each belongs. 
If, in the given number, there is any order of which 
there are no units to be expressed, a cypher must be set 
down in the pla.ce belonging to it ; the object of which 
is, to keep the significant figures in their own posi­
tions. A cypher produces no effect when it is not 
between significant figuret:i and the decimal point ; thus 
0536, 536·0, and 536 would mean the same thing-:--the 
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second is, however, the correct form. 536 and 5360 are 
different ; in the latter case the cypher affects the value1 

because it alters the position of the digits. 

ExAMPLE.-Let it be required to set down six hundred 
and two. The six must be in the third, and the two in the 
first place ; for this purpose we are to put a cypher between 
the 6 and 2--thus, 602: without the cypher, the six would 
b~ in the second place-thus, 62; and would mean not six 
hundreds, but six tens. 

29. In numerating, we begin with the digits of the 
highest order and proceed downwards, stating the num­
ber which belongs to· each order. 

To facilitate notation and numeration, it is usual to 
divide the places occupied by the different orders of 
units into periods; for a certain distance the English and 
French methods of division agree ; the English billion 
is, however, a thousand times greater than the French. 
This discrepancy is not of much importance, since we 
are rarely obliged to use so high a number,-we shall 
prefer the French method. To give some idea of the 
amount of a billion, it is only necessary to remark, that 
according to the English method of notation, there 
lias not been one billion of seconds since the birth of 
Christ. Indeed, to reckon even a million, counting on 
an average three per second for eight hours a d~y, 
would require nearly 12 days. The following are the 
two methods. 

ENGLISH METHOD. 

Trillions. Billions. l\Jillions. Units. 
000·000 000·000 000·000 000·000 

FRENCH METHOD. 

Billions. l\Iillions. Thousands. Units. 
gumlrl'da. Ten■• Unila. HunJ. 'l'ens. Unit■• ldund. Tena. Uuit■ • Hnn<l. 'rrua. Unit.a. 

0 0 0 0 0 0 00 0 0 0 O 

30. Use of Periods.-Let it be required to read off 
the following number, 576934. We put the first point 
to the left of the hundreds' place, and find that there are 
exactly two periods-576,934; this does not always 
OtJnur, as the highest period is often imperfect, consistin(J' 
only of one or two digits. Divirling the number thu~ 
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iuto parts, shows at once that 5 is in the third place of 
the second period, and of course in the sixth place to 
the left hand of the decimal point (understood) ; and, 
therefore, th~t it expresses hundreds of thousands. '.l'hc 
7 being in the fifth place, indicates tens of thousands; 
the 6 in the fourth, thousands ; the 9 in the third, hun­
dreds ; the 3 in the second, tens; and the 4 in the first, 
units (of" comparison"). The whole, therefore, is five 
hundreds of thousands, seven tens of thousands, six 
thousands, nine hundreds, three tens, and four units,­
or nore briefly, five hundred and seventy-six. thousand, 
nine hundred and thirty-four. 

31. To prevent the separating point, or that which 
divides into periods, from being mistaken for the decimal 
point, the former should be a comma (,)-the fatter a 
full stop ( ·) Without this distinction, two numbers 
which are very different might be confounded : thus, 
498·763 and 498,763,-one of which is a thousand 
times greater than the other. After a while, we may 
dispense with the separating point, though it is conve­
nient to use it with considerable numbers, as they are 
then read with greater ease. 

32. It will facilitate the reading of large numbers 
not separated into periods, if we begin with thrl umts of 
comparison, and proceed onwards to the left. saymg at 
the first digit " units," at the second i, tens," at the 
thir-d "hundreds," &c., marking in om mind the deno­
mination of the highest digit, or that at which we stop. 
\Ve then commence with the highest, express its number 
and denomination, and proceed in the same way with 
each, until we come to the last to the right hand. 

EXA.MPLE.-Let it be required. to read off 6402. Looking 
at the 2 ( or pointing to it), we say" units;" at _the 0, "tees t 
at the 4, "hundreds;" and at the 6, "thousands." The 
latter, therefore, being six thousands, the next digit is four 
hundreds, &c. Consequently, six thousands, four hundreds, 
uo tens, and two units; or, briefly, six thousand four hun­
dred and two, is the reading of the given number. 

33. Periods may be used to facilitate notation. The 
pupil will first write down a number of periods of cyphers 
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to represent the places to be occupied by the various 
orders of units. He will then put the digits express­
iu('I' the different denominations of the given number, 
m~der, or instead of those cyphers which are in corres­
ponding positions, with reference to the decimal point-­
beginning with the highest. 

ExAMPLE.-vVrite down three thousand six hundred and 
:fifty-four. The highest denomination being thousands, will 
occupy the fourth place to the left of the decimal point. It 
will Le enouo-h, therefore, to put down four cyphe1·s, and 
under them the corresponding digits-that expressing the 
thousands under the fourth cypher, the hundreds under the 
third, the tens under the second, and the units under the 
first; thus 

0,000 
3,654 

A cypher is to be placed under any de1rnmination in 
which there is no significant figure. 

ExAMPLE.-Set down five hundred and seven thousand, 
and sixty-three. 

000,000 
507,0G3 

After a little practice the periods of cyphers will 
l)ecome unnecessary, and the number may be rapidly 
put down at once. 

34. The units of comparison are, as we have said, 
nlways found in the fast place to the left of the 
decimal point ; the <ligits to the left hand progressively 
increase in a tenfold degree-those occupying the first 
place to the left of the units of comparison bein('I' ten 
times greater than the units of comparison ; thost} ~ccu­
pying the second place, ten times greater than those 
which occupy the first, and one hundred times greater 
than the units of comparison themselves ; and so on. 
l\Ioying a digit one place to the left multiplies it by 
ten, that is, makes it ten times greater ; rnoYin{J' it two 
places . multiplies it· by one hundred, or make; it one 
hundred times greater ; and &c of the rest. If all the 
digits of a quantity be moved one, two &c. places to 
t!te left, the whole is increased ten, vn~ hu~dred, &c., 
tunes-as the case mav be. On the other hand movin,1' 

,J ' 0 
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a digit, or a quantity one place to the right, divides it 
by ten, that is, makes it ten tun"s smaller than before; 
moving it two places, divides it by one hundred, or 
makes it one hundred times smaller, &c. 

35. ,v e possess this power of easily increasing, or 
diminishing any number in a tenfold, &c. degree, whether 
the digits are all at the right, or all at the left of the 
decimal point; or partly at the right, and partly at the 
left. Though we have not hitherto considered quantities 
to the left of the decimal point, their relative value will be 
very easily understood from what we have already said. 
For the pupil is now aware that in the decimal system 
the quantities increase in a tenfold degree to the left, 
and decrease in the same degree to the right ; but 
there is nothing to prevent this decrease to the right 
from proceeding beyond the units of comparison, and 
the decimal point ;-on the contrary, from the very 
nature of notation, we ought to put quantities ten times 
less than units of comparison one place to the right of 
them, just a~ we put those which are ten times less than 
hundreds, &c., one place to the right of hundreds, &c 
"\Ve accordingly do this, and so continue the notation 
not only upwards, but downwards, calling quantities t< 
the left of the decimal point integers, because none of 
the1n is less than a wlwle " unit of comparison ;" ancl 
those to the right of it decimals. ·when there are d~ci­
mals in a given number, the decimal point is actuallJ 
expressed, and is always found at the right hand side, 
of the units of comparison. 

:rn. The quan}ities equally distant from the unit of 
comparison bear a very close relation to each other 
which is indicated even by the similarity of their names ; 
those which are one place to the left of the units of com­
parison are called " tens," being each identical with, or 
equivalent to ten units of comparison ; those which are 
one place to the right of the units of comparison ate 
called "tenths," each being the tenth part of, that is, ten 
times as small as a unit of comparison; quantitie~ twa 
places to the !~ft of the units of comparison are called 
" hundreds," being one hundred times greater ; and 
those two place~ to the rigltt, "hundredths," being one 
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hundred times less than the units of comparison ; and so 
of ti,11 the others to the right and left. This will be more 
evident on inspecting the following table :-

AscPnding Series, or Integers. I Descendin~ Series, or Decimals. 
One Unit . " . J 1 • One Urnt. 

'l'en . . J01 ·l Tenth. 
Hundred . . 100 ·01 Hundredth. 
'l.'housanu . . 1,000 ·001, Thousandth. 
Ten thousand . 10,000 ·000,l Ten-thousandth. 
Hunclrecl thousand 100,000 ·000,01 Hundred-thousandth. 

&c. &c. 

We have seen that when we divide integers into ·periods 
[ 29], the first separating point must be put to the right 
of the thousands; in dividing decimals, the first poin,t 
must be put to the right of the thousandths. 

37. Care must be taken not to confound what we 
now call "decimals," with what we shall hereafter desig~ 
nate "decimal fractions;" for they express equal, but 
not identically the same quantities-the decimals being 
what shall be termed the " quotients" of the corres­
ponding decimal fractions. 1'his remark is made here to 
anticipate any inaccurate idea on the subject, in those 
who already know something of Arithmetic. 

33. There is no reason for treating integers and dcci­
nrnls by different rules, and at different times, since they 
follow prcci"sely the same laws, and constitute parts of 
the very same series of num hers. Besides, any quantity 
may, as fi.w as the decimal point is concerned, be ex­
pressed in different ways ; for this purpose we have 
u1erely to change the unit of comparison. Thus, let it 
be required to set down a number indicating five hun­
dred und seventy-four men. If the "unit of compari­
son" be one man, the quantity would stand as follows, 
574. If a band of ten men, it would become 57·4-for, 
as each man would then constitute only the tenth part 
of the "unit of comparison," fom· men would be only 
four-tenths, or 0·4; and, since ten men would form but 
one unit, seventy men would be merely seven units of 
comparison, or 7; &c. Again, if it were a band of one 
hundred men, the number must be written 5·74 · and 
lastly, if a band of a thousand me-n, it would be ()·574 
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Should the " unit " be a band of a dozen, or a score 
men, the · change would be still more complicated; as, 
not only the position of the decimal point, but the very 
digits also, would be altered. 

39. It is not -necessary .to remark, that moving the 
decimal point so many places to the left, or the digits 
an equal number of pla0es to the right, amount to the· 
same thing. 

Sometimes, in changing the decimal point, one or 
more cyphers are to be added; thus, when we move 42·6 
three places to the left, it becomes 42600 ; when we 
move 27 five places to the right, it is ·00027, &c. 

40. It follows, from what we have said, that a deci­
mal, though less than what constitutes the unit of com­
parison, may itself consist of not only one, but several 
individuals. Of course it will often be necessary to indi­
cate the "unit of comparison,"-as 3 scores, 5 dozen, 6 
men, 7 companies, 8 regiments, &c. ; but its nature docs 
not affect the abstract properties of numbers; for it :s 
true to say that seven and five, when added together, 
make twelve, whatever the unit of comparison may be:­
provided, however, that the same standard be applied to 
both ; thus 7 men and 5 men are 12 men ; but 7 men 
and 5 horses are neither 12 men nor 12 horses; 7 men 
and 5 dozen men are neither 12 men nor 12 dozen men. 
\Vhen, therefore, numbers are compared, &c., they must 
have the same unit of comparison, or-without altering 
their value.-they must be reduced to those which have. 
'.l'hus we may consider 5 tens of men to become 50 
individ1wl men-the unit of comparison being altered 
from ten m.en to one 1man, without the value of the 
quantity being changed. This principle must be kept 
in mind from the very commencement, but its utility 
will become more obvious hereafter. 

EXAMPLES IN NUMERATION AND NOTATION. 

Notation. 

1. Put down one hundred and four 
2. One thousand two liundred and forty . 
3. Twenty thousand, three hundred and forty-five 

C 

.lln.~. 
104 

1,240 
20,345 
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4. Two hundred and thirty-four thousand, five 
2
tz,s

561 hundred and sixty-seven . . • 
5. Three hundred and twenty-nine thousand, 

seven hundred and seventy-nine . . 329,779 
6. Seven hundred and nine thousand, eight hun-

7091812 dred and twelve . . , 
7. Twelve hundred and forty-seven thousand, 

four hundred and fifty-seven . . 1,247,457 
8. One million, three hqndred and ninety-seven .. 

thousand; four hundred and seventy-five . 1,397,415 
9. Put down fifty-four, seven-tenths 54·7 

10. Ninety-one, five hundredths . . 91·05 
11. Two, three-tenths, four thousandths, and four 

hundred-thousandths . 2·30404 
12. Nine thousandths, and three hundred thou-

sandths . • 0·00903 
13. Make 437 ten thousand times greater . 4,370,000 
14. Make 2·7 one hundred times greater 270 
15 . .Make 0·05G ten times greater 0·56 
16. Make 430 ten times less 43 
17. Make 2·75 one thousand times les~1 0·00275 

l\'1imeration 

1. read 132 7. read 85--1-0326 
2. 407 8. 5210007 
3. 27GO 9. 6030405 
4. 50GO 10. 56·0075 
5. 37G5-! 11. 3·000006 
6. 8700002 12. 0·00-!0007 

13. Sound travels at the rate of ahout 1142 feet in a 
second; light moves about 195,000 miles in the same time. 

14. The sun is estimated to be 886,149 miles in diameter; 
its size is 1,377,013 times greater than that of the ea.rth. , 

15. The diameter of the planet mercurv is 3,108 miles, 
and his di:Stance from the sun 30,814,721 miles. 

16. The diameter of Venus is 7,4\)8 miles, and her dis­
tance from the sun G8,791, 752 miles. 

17. The diameter of the earth is about 7,964 miles; it is 
95,000,000 miles from the sun, and travels round the latter 
at the rate of upwards of GS,000 miles an hour. 

18. The diameter of the moon is 2,144 miles, and her dis~ 
tance from the earth 236.8-!7 miles. 

19. The diameter of lViars is 4,218 miles, and his distance 
from the sun l-14,f.J07,G30 miles. 

20. The diameter of Jupiter is 89,0(39 miles and his dis-
tance from the sun 40-!,49V,108 miles. ' 
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21. The diameter of Saturn is 78,730 miles, and his dis­
tance from the sun 907,089,032 miles. 

22. The length of a pendulum which would Yibrate 
E;econds at the equator, is 39·011,684 inches; in the latitude 
of 45 degrees, it is 39· 116,820 inches; and in the la.ti tude of 
HO degrees, 39·221,956 inches. 

23. It has been calculated that the distance from the 
earth to the nearest fixed star is 40,000 times the diameter 
of the earth's orbit, or annual path in the heavens; that is, 
about 7,600,000,000,000 miles. Now suppose a cannon 
ball to fly from the earth to this star, with a uniform velocity 
equal to that with which it first leaves the mouth of the 
gun-say 2,500 feet in a second.,-it would take nearly 
1,000 years to reach its destination. 

24. A piece of gold equal in bulk to an ounce of water, 
would weigh 19·258 ounces; a piece of iron of exactly the 
same size, 7·788 ounces;, of copper, 8·788 ounces; of lead, 
11·352 ounces; and of silver, 10·474 ounces. 

NoTE.-The examples in notation mny be m1tdc to answer 
for numeration; .and the reverse. 

QUESTIONS IN NOTATION .AND NUMERATION. 

[The references at the end of the questions show in what 
paragraphs of the preceding section the respective &nswers 
are principally to be found.] 

1. What is notation ? [ 1 J. 
2. What is numeration ? [1 J. 
3. How are we able to express an infinite variety of 

numbers by a few names and characters? [3]. 
4. How may we suppose ideas of numbers to have 

been originally acquired ? [ 4, &c. J. 
5. What is meant by the cmnrnon ratio of a system 

of numbers ? [12]. 
6. Is any particular number better adapted than 

another for the common ratio? [12]. 
7. Are there systems of numbers without a comm<Jn 

ratio? [11]. 
8. What is meant by quinary, decimal, duodecimal, 

vigesimal, and sexagesimal systems? [ 13]. 
9. Explain the Arabic system of notation? [15]. 
10. What are digits? [16]. 
11. How are they made to express all numbers ? [17]. 
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12. What is meant by their absolute and relative 
,alues? [IS]. 

13. Are a digit of a higher, and the equivalent num­
,er of units of a lower order precisely the same thing? 
20]. 

14. Have the characters we use, always and every 
,vhere been employed to express numbers? [21 J. 

l 5. Explain the Roman method of notation? [ 22, &c.]. 
16. What is the decimal point, and the position of 

the different orders of units with reference to it? [26 
and 27]. 

17. When and how do cyphers affect significant 
figures? [28]. 

18. What is the difference between the English and 
French methods of dividing numbers into periods? [29]. 

19. What is the difference between integers and 
decimals ? [35]. 

20. ·what is meant by the ascending and descending 
series of numbers; :.md how are they related to each 
other? [36]. 

21. Show that in expressing the same quantity, we 
must pln.ce the decimal point differently, according to 
the unit of comparison we adopt ? [38]. 

22. What effect is produced on a digit, or a quantity 
by removing it a number of places to the right, or left. 
or similarly removing the decimal -roint? [34 and 39] 
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SECTION II. 

THE SIMPLE RULES. 

SIMPLE ADDITION, 

l. If numbers are changed by any arithmetical pro­
ceRs, they are either increased or diminished ; if in­
creased, the effect belongs to Addition ; if diminished, 
to Subtraction. Hence all the rules of Arithmetic are 
ultimately resolvable into either of these, or combina­
tions of both. 

2. \Yhen any number of quantities, either different, 
or repetitions of the same, ~re united together so as 
to form but one, we term the process, simply, "Addi­
tion." ,vhen the quantities to be added are the same, 
but we may have as many of them as we please, it is 
called ":Multiplication;" when they are not only the 
same, but their number is indicated by one of tlicm, the 
process belongs to "Involution." That is, addition re­
stricts us neither as to the kinrl, nor the number of the 
quantities to be added ; multiplication restricts us as to 
the kind, but not the number ; involution restricts us 
both as to the kind and number :-all, however, are 
really comprehended nuder the same rule-addition. 

3. Si1nple Addition is the addition of abstract num­
bers ; or of applicate numbers, containing but one deno­
mination. 

The quantities to be added are called the addends ; 
the result of the addition is termed the sum. 

4. The process of addition is expressed by +, called 
the plus, or po8itive sign; thus 8+6, read 8 plus 6, 
means, that 6 is to be added to 8. When no sign. is 
prefixed, the positive is understood. 

The equality of two quantities is indicated by=, 
thus ~+7=16, means that the sum of 9 and 7 is e'lual 
to 16. 
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Quantities connected by the sign of addition, or that of 
equality, may be read in any order; thus if 7 +9=16, it 
is true, also, that 9+7=16, and that 16=7 +9, or 9+:7. 

5. Sometimes a sinO'le horizontal line, called a 1,in­
cuhun, from the Lati~ word signifying a bond or tie, 
is placed over several numbers ; and shows that all the 
quantities under it are to be considered, and treated as 
but one.; thus in 4+7=11, 4+7 is supposed to form 
but a single term. However, a vinculum is of little 
consequence in addition, since putting it over, or remov­
ing it from an additive quantity-that is, one which has 
the sign of addition prefixed, or understood-docs not 
in any way alter its value. Sometimes a parenthesis () is 
used in place of the vinculum; thus 5+6 and (5+6) 
mean the same thing. 

6. The pupil should be made perfectly familiar with 
these symbols, and others which we shall introduce as 
WE. proceed; or, so far from being, as they ought, a 
great advantage, they will serve only to embarrass him. 
There can be no doubt that the expression of quantities 
by characters, and not by words written in full, tend:s 
to brevity and clearness; the same is equally true of the 
processes which are to be performed-the more con­
cisely they are indicated the better. 

7. Arithmetical rules are, naturally, divided into two 
parts; the one relates to the setting down of the quan­
tities, the other to the operations to be described. We 
shall generally distinguish these by a line. 

To add Mimbers. 

RuLE.-1. Set down the addends under each other, 
so tha.t digits of the same order may stand in the same 
vertical column-units, for instance, under units, tens 
under tens, &c. 

II. Draw a line to separate the addends from their 
mm. 

III. Add the units of the same denomination to(J'ether 
beginning at the right hand side. 

0 
' 

IV. If the sum of any column be less than ten set it 
down under that column ; but if it be greater. fo; every 
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ten it contains, carry one to the next column, and put 
down only what remains after deducting the tens; if 
11\othing remains, put down a cypher. 

V. Set down the sum of the last column in full. 
8. ExAMPLE.-Find the sum of 542+375+984-

542 l 375 addends. 
984 

1901 sum. 
We have placed 2, 5, and 4, which belong to the order 

·, units,'' in one column; 4, 7, and 8, which are "tens," in 
a.nother; and 5, 3, and 9, which are "hundreds," in another. 

4 and 5 units are 9 units, and 2 are 11 units-equivalent 
to one ten and one unit; we add, or as it is called, "carry1' 
the ten to the other tens found in the next column, and set 
down the unit, in the units' place of the "sum." 

The pupil, having learned notation, can easily find 
how many tens there are in a given number; since all 
the digits that express it, except one to the right hand 
side, will indicate the number of "tens" it contains ; 
thus in 14 there are 1 ten, and 4 units; in 3~, 3 tens, 
and 2 units; in 143, 14 tens, and 3 units, &c. 

The ten obtained from the sum of the units, along with 8, 
7, and 4 tens, makes 20 tens; this, by the method just men­
tioned, is found to consist of 2 tens ( of tens), that is, two of 
the next denomination, or hundreds, to be carried, and no 
units (of tens) to be set down. We "carry," 2 to the hun­
dreds, and write down a cypher in the tens' place of the 
''sum." 

The two hundreds to be "carried," added to 9, 3, and 5, 
hundreds, make 19 hundreds; which are equal to 1 ten ( of 
hundreds) ; or one of the next denomination, and 9 units ( of 
hundreds) ; the former we "carry" to the tens of hundreds, 
or thousands, and the latter we set down in the hundreds' 
place of the "sum." 

As there are no thousands in the next column-that is, 
nothing to which we can "carry" the thousand obtained 
by adding the hundreds, we put it down in the thousands' 
place of the "suiu ;" in other words, we set down the sum of 
the last column in full. 

9. REAsoN oF I. (the :first part of the rule).-We pu.t 
units of the same denominatio.n in the same vertfoal column, 
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that wo may easily find those qUfmtities which are to be added 
t0gether; and that the value of ea?h ~igit may be mor~ clear from its being of the same denomrnat1on as those which are 
under, and over it. 

Ria.:AsoN oF IL-We use the separating line to prevent the 
sum from being mistaken for an :u1dend. . 

REASON 01t III.-We obtain a correct result only hy addrng units of the same denomination together [Sec. I. 40] :-hun­
dt·eds, for instance, added to tens, would give neither hundreds 
nor tens as their sum. 

We begin at the right hand side to avoid the necessity of more than one addition; for, beginning at the left, the process 
would be as follows-

542 
375 
984 

1,700 
190 

11 

1,000 
800 
100 

1 

1,901 
The first column to the left produces, by addition, 17 hun­

dred, or 1 thousand and 7 hundred ; the next column 19 tens, or 1 hundred and 9 tens; and the next 11 units, or 1 ten and 1 unit. But these quantities are still-to be added :-beginning again, therefore, at the left hand side, we obtain 1000, 800, 100, and 1, as the respective sums. These being added, give 1,901 as the total sum. Beginning at the right hand rendered the successive additions unnecessarv. 
REASON oF IV.-Our object is to obtain the sum, expressed in the highest orders, since these, only, enable us to represent any quantity with the lowest numbers; we therefore consider ten of one denomination as a unit of the next, and add it to those of the next which we already have. 
After taking the " tens" from the sums of the different columns, we must set down the remainders, since they arc parts of the entire sum; and they are to be put under the columns that produced them, since they have not ceased to be-long to the denominations in these columns. 
REASON OF V.-It follows, that the sum of the last column is to be set d~wn in. full; for (in the above example, for in­~tance, )_ there 1s nothing to be added to the tens (of hundreds) 1t contams. 

10. Proof of. Addition.-Cut off the upper addend, 
by a eieparatmg hne ; and add the sum of the quantities 
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under, to what is above this line. If all the additions 
have been correctly performed, the latter sum will be 
equal to the result obtained by the rule: thus-

5,673 

4,632 
8,G97 
2,543 

21,545 sum of :ill the addends. 

15,872 sum of all the addends, but one. 
5,673 upper addend. 

21,545 same as sum to be proved. 
This mode of proof depends on the fact thn.t the whole is 
equal to the sum of its parts, in whatever order they are 
taken; but it is liable to the objection, that any error com­
mitted in the first addition, is not unlikely to be repeated in 
the second, and the two errors would then conceal each other. 

To prove addition, therefore, it is better to go through 
the proce::,s aRain, beginning at the top, and proceeding 
downwards. From the principle on which the last mode ot:.... 
proof is founded, the result of both additions-the direct 
and reversed-ought to be the same. 

It should be remembered that these, and other proofs of 
the same kind, afford merely a high degree of probability1 

tiince it is not in any case quite certain, that two errors cal­
culated to conceal each other, have not been committed. 

11. To add Q11,antities containing Deci11ials.-From 
what has been said on the subject of notation (Sec. I. 
35), it appearf\ that decimals, or quantities to the right 
hand side of the decimal point, are merely the continu­
ation, downwards, of a series of numbers, all of which 
follow the same laws ; and that the decimal point is 
intended, not to show that there is a difference in the 
nature of quantities at opposite sides of it, but to mark 
where the " unit of comparison" is placed. Hence the 
rule for addition, already given, applies at whatever side 
all, or any of the digits in the addends may be found 
It is necessary to remember that the decimal point in 
the sum, should stand precisely under the decimal points 
of the addends ; since the digits of the sum must be1 from 
the very nature of the process [ 9 J, of exactly the same 
values, respectively, as the digits of the addends under 

s2 
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whicl1 they are ; and if set down as they should be, their 
denominations are ascertained, not only by their position 
with reference to their own decimal point, but also by 
their position with reference to the digits of the addends 
above them. 

EXAMPLE. 

263·785 
4t30·502 
637·008 
526·3 

1887·595 
It is not necessary to fill up the columns, by adding 

cyphers to the last adtlend ; for it is sufficiently plain 
that we are not to notice any of its digits, until we come 
to the tliird column. 

12. It follows from the nature of notation [Sec. I. 
40], that however we may alter the decimal points of 
the addends-provided they are all in the same vertical 
column-the digits of the sum will continue unchanged; 
thus in the followin<1 :-
4785 478·5 47·85 ·4785 ·004785 
3257 325·7 32·57 ·3257 ·003257 
6546 654·6 65·46 ·6546 ·006546 

14588 1458·8 145·88 1·4588 ·014588 

EXERCISES. 

(Add the following numbers.) 
Addition. 

(1) 
4 
5 
3 
6 
7 

(10) 
6763 
2341 
5279 

(2) 
8 
4 
7 
6 
2 

(3) 
3 
9 
7 
6 
5 

(11) 
3707 
24135 
5678 

Multiplication. 
(4) 
6 
6 
6 
6 
6 

(12) 
2367 
8246 
1289 

(5) 
4 
4 
4 
4 
4 

(6) (7) 

9 r 9 c:o 3 
9 8 
9 
9 

(13) 
6978 
8767 
1236 

Involution. 

(8) (9) 
(4 ~u IQ 5 {~ 

t14) 
5767 
4579 
1236 

5 
5 

(15) 
7647 
1239 
8789 
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6678 
1237 
2345 

(22) 
76789 
46767 
12476 

(28) 
45697 
3i676 
36767 

(34) 
80071 
45667 
12345 
47676 

(40) 
71284 
12498 
91379 
92456 

(46) 
87676 
12677 
88991 
23478 

(17) 
3i67 
4567 
1234 

(23) 
34567 
89123 
45678 

(29) 
76767 
45677 
76988 

(85) 
45676 
37412 
37373 
45074 

(41) 
19123 
67345 
67777 
88899 

(47) 
78067 
12345 
73767 
12671 

.ADDITJON, 

(18) 
8001 
2783 
4567 

(24) 
78789 
01007 
34657 

(30) 
28456 
78912 
84567 

(86) 
37645 
67456 
12845 
67891 

(42) 
93456 
13767 
37124 
12456 

(48) 
84567 
12345 
77766 
67345 

(19) 
5147 
3745 
6789 

(25) 
34676 
78767 
45679 

(31) 
45678 
91284 
56789 

(37) 
47656 
12345 
67891 
10707 

(43) 
45678 
34567 
12345 
99999 

(49) 
47676 
12345 
67671 
10070 

(20) 
34567 
47891 
41234 

(26) 
73412 
70760 
47076 

(32) 
28745 
67891 
28456 

(88) 
76767 
12345 
37676 
71267 

(44) 
45679 
34567 
12345 
76767 

(50) 
67678 
12345 
67912 
46767 

3') 

(21) 
73456 
45676) 
91281 

(27) 
86707 
46770 
86767 

(33) 
87967 
82785 
64127 

(89) 
45676 
34567 
12345 
67891 

(45) 
76756 
34567 
12345 
67891 

(51) 
67661 
84567 
23466 
76798 
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(52) (53) (li1) (55) (56) (57) 
767139 57507 767346 473894 3i6767 576 
12345 19807 476734 767367 123764 4589 
76775 34076 467007 412345 345678 87 
45u66 13707 123456 671234 912345 84028 

(58) (59) (60) (61) (62) (63) 
74564 5676 76746 67674 42·37 0·87 
7674 1567 71~07 75670 56·84 5·273 
376 63 100 36 27·93 8·127 

6 6767 56 77 62·41 >.5·63 

(64) (65) (66) (67) 
03·785 85·772 ·00007 5471·3 
20·766 6034·82 ·06236 563·47 
00·253 57·8563 •0572 21·502 
10·004 712·52 ·21 0·00007 

(68) (69) (70) (71) 
81·0235 0•0007 8456·5 576·34 

376·03 5000· ·37 4000·005 
4712·5 427· 8456·302 213·5 

6·53712 37·12 ·007 2753· 
---

72. £7654 + £50121 + £100 + £76767 + £675 
£1.35317. 

73. £10 + £7676 + £97674 + £676 + £901'7 
£1.15053. 

74. £971 + £400+£97476+£30+£7000+£76734 
£182611. 

75. 10000 + 76567 + 10 + 76734 + 6763 + 6767 + 1 
=176842. 

76. 1 + 2 + 7676 + 100 + 9 + 7767 + 67=1562.2. 
,7. 76 + 9970 + 33 + 9977 + 100 + 67647 + 676760 

=7645-63.-
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78. •7f> + ·6 + ·756 + ·7254+·345+·5+·005+•01 
=3·7514. 

79. ·4+74·47 +37·007 +75·05+747·077=934·004. 
80. 56·05+4·75+ ·007 +36·14+4·672=101 ·619. 
81. ·76+·0016+76+·5+5+·05.=82·3116. 
82. ·5 + ·05 + ·005 + 5 + 50 + 500=555· 555. 
83. ·367 +56·7 +762+97·6+471=1387·667., 
84. 1+·1+10+·01+160+·001=171·111. 
85. 3·76+44·3+476·1 +5·5=529·66. 
86. 36·77 +4·42+ 1 ·1001+·6_:_42·8901. 
87. A merchant' owes to A. £1500 ; to B. £408 ; to 

C. £1310; to D. £50 ; and to E. £1900; what is the 
sum of all his debts? Ans. £5168. 

88. A merchant has received the following sums:-
£200, £315, £317, £10, £172, £513 and £9; what is 
the amount of all ? Ans. £1536. 

89. A merchant bought 7 casks of merchandize. No. 
1 weighed 310 lb; No. 2, 420 lb; No. 3, 338 lb; No. 
4, 335 lb; No. 5, 400 lb; No. 6, 412 lb; and No. 7 
429 lb : what is the weight of the entire ? 

Ans. 2644 lb. 
90. What is the total weight of 9 casks of goods:­

N os. 1, 2, and 3, weighed each 350 ih ; Nos. 4 and 5, 
each 331 lb; No. 6, 310 lb; Nos. 7, 8, and 9, each 
342 lb ? Ans. 3048 lb. 

91. A. merchant paid the following sums :-£5000, 
£2040, £1320, £1100, and £9070 ; how much was 
the amount of all_the payments? Ans. £~8530. 

92. A linen draper sold 10 pieces of cloth, the first 
o'.)ntained 34 yards; the second, third, fourth, and fifth, 
each 36 yards ; the sixth, seventh, and eighth, each 33 
yards; and the ninth and tenth each 35 yards; how 
many yards were there in all? Ans. 347. 

93. A cashier received six bags of money, the first 
held £1034 ; the second, £1025 ; the third, £2008 ; the 
fourth, £7013; the fifth, £5075; and the sixth, £89: 
how much was the whole sum? Ans. £16244. 

94. A vintner buys 6 pipes of brandy, containing as 
follows :-126, 118, 125, 121, 127, and 119 gallons; 
how many gallons in the whole? Ans. 736 gals. 

95. What "is the total weight of 7 casks, No. -1, con-
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taininl)' 960 lb; No. 2, 725 lb; No. 3, 830 Ih; No. 4, 
798 lli'; No. 5, 697 lb; No. 6, 569 lb; and No. 7, 
987 lb ? Ans. 5566 lb. 

96. A merchant bought 3 tons of butter, at £90 per 
ton; and 7 tons of tallow, at £40 per ton; how much 
is the price of both butter and tallow? Ans. £550. 

97. If a ton of merchandize cost £39, what will 20 
tons come to? A~. £780. 

98. How much are five hundred and seventy-three ; 
eight hundred and ninety-seven ; fo?e thousand six hun­
dred and eighty-two; two thousand seven hundred and 
twenty-one ; fifty-six thousand seven hundred and seventy­
one ? Ans. 66644. 

99. Add eight hundred and fifty-six thousand, nine 
hundred and thirty-three; one million nine hundred and 
seventy-six thousand, eight hundred and fifty-nine ; two 
hundred and three millio11s, eight hundred and ninety­
five thousand, seven hundred and fifty-two. 

Ans. 206729544. 
100. Add three millions and seventy-one thousand; 

four millions and eighty-six thousand ; two millions and 
fifty-one thousand ; one million ; twenty-five millions and 
six; seventeen millions and one; ten millions and two; 
twelve millions and twenty-three; four hundred and 
seventy-two thousand, nine hundred and twenty-three; 
one hundred and forty-three thousand ; one hundred and 
forty-three millions. Ans. 217823955. 

101. Add one hundred and thirty-three thousand; 
seven hundred and seventy thousand ; thirty-seven thou­
sauJ; eight hundred and forty-seven thommnd; thirty­
three thousand; eight hundred and seventy-six thousand; 
four hundred and ninety-one thousand. Ans. 3187000. 

102. Add together one hundred and sixty-seven thou­
sand ; three hundred and sixty-seven thousand ; nine hun­
dred and six thousand ; two hundred and forty-seven 
thousand ; ten thousand ; seven hundred thousand ; nine 
hundred and seventy-six thousand ; one hundred and 
ninety-five thousand; ninety-seven thousand. 

A1tS. 3665000. 
103. Add three ten-~housandths; forty-four, five 

tenths; five hundredths ; six thousandths, eight ten-thou-
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~andth3 ; four thousand and forty .one ; twenty-two, one 
tenth; one ten-thousandth. Ans. 4107·6572. 

104. Add one thousand ; one ten-thousandth ; five hun­
dredths ; fourteen hundred and forty; two tenths, three 
ten-thousandths; five, four tenths, four thousandths. 

Ans. 2445·6544. 
105. The circulation of promissory notes for the four 

weeks ending February 3, 1844, was as follows :-Bank 
of England, about £21,228,000; private banks of Eng­
land and Wales, £4,980,000 ; Joint Stock Banks of 
England and Wales, £3,446,000; all the banks of Scot­
land, £2,791,000; Bank of Ireland, £3,581,000; all the 
other banks of Ireland, £2,429,000: what was the total 
circulation? Ans. £38,455,000. 

106. Chronologers have stated that the creation of 
the world occurred 4004 years before Christ; the deluge, 
2348; the call of Abraham, 1921; the departure of the 
Israelites, from Egypt, 1491 ; the foundation of Solomon's 
temple, 1012; the end of the captivity, 536. This being 
the year 1844, how long is it since each of these events? 
Ans. From the creation, 584S years; from the deluge, 
4192; from the call of Abraham, 3765; from the de­
parture of the Israelites, 3335 ; from the foundation of tho 
temple, 2856 ; and from the end of the captivity, 2380 

107. The deluge, according to this calculation, occur­
red l 656 years after the creation; the call of Abraham 
427 after the deluge ; the departure of the Israelites, 
430 after the call of Abraham; the foundation of the 
temple, 479 after the departure of the Israelites; and 
the end of the captivity, 476 after the foundation of the 
temple. How many years from the first to the last? 

Ans. 3468 years. 
108. Adam lived 930 years; Se~h, 912 ; Enos, 905; 

Cainan, 910; Mahalaleel, 895; Jared, 962; Enoch, 365; 
Methuselah, 969; Lamcch, 777; Noah, 950; Shem, 600; 
Arphaxad, 438; Salah, 433; Heber, 464; Peleg, 239; 
Reu, 239; Serug, 230; Nahor, 148; Terah, 205; Abra­
ham, 175; Isaac, 180; Jacob, 147. What is the sum of 
all their ages? Ans. 12073 years 

13. The pupil should not be allowed to leave addition, 
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until he can, with gr:at rapidity, continually ~d~ any _of 
the nine digits to a given quantity; thus, begmnmg with 
!:l, to add 6, he should say :-9, 15, 21, 27, 3:3, &c., 
without hesitation, or further mention of the numbers. 
:For instance, he should not be allowed to proceed thus : 
9 and 6 are 15 ; 15 and 6 are 21 ; &c. ; nor even 9 and 
6 are 15; and 6 are 21 ; &c. He should be able, ulti­
mately, to add the following-

5638 
4756 
9342 

19736 

in. this manner :-2, 8 ... 16 (the sum of the column; 
oi' which 1 is to be carried, and 6 to be set down) ; 5, 
10 ... 13; 4, 11 ... 17.; 10, 14 ... 19. 

QUESTIONS TO BE ANSWERED BY THE PUPIL. 

1. To how many rules may all those of arithmetic be 
r{:lluceu ? [I J. 

2. What is addition? [3]. 
3. What are the names of the quantities used in addi­

tion? [3]. 
4. What are the signs of additfon, and equality? [ 4]. 
5. ·what is the vinculum ; and what are its effects on 

additive quantities? [5]. 
6. What is the rule for addition ? [7] . 
~. What aye the reasons for its di:ffere~t parts ? [9 J . 
8. Does this rule apply, at whatever side of the deci-

mal point all, or any of the quantities to be added are 
found? [11]. 

9. How is addition proved? [IO]. 
10. What is the reason of this proof? [101. 
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SIMPLE SUBTRACTION. 

14. Simple subtraction is confined to abstract numbers, 
and applicate which consist of but one denomination. 

S1tblracti01i enables us to take one number called the 
mbtrahenrl, from another called the rninuencl. If any­
thing s left, it is called the exass ; in commercial con­
cerns, it is termed the remainder; and in the mathema­
tical sciences, the difference. 

15. Subtraction is indicated by-, called the minus, 
or negative sign. Thus 5-4=1, read five minus four 
equal to one, indicates that if 4 is substracted from 5, 
unity is left. 

Quantities connected by the negative sign cannot be 
taken, indifferently, in any order; because, for example, 
5-4 is not the same as 4-5. In the former case the 
positive quantity is the greater, and 1 (which means 
+ I [ 4] )1 is left; in the latter, the negative quantity 
is the greater, and -1, or one to be subtracted, still 
remains. To illustrate yet further the use and nature 
of the signs, let us suppose that we lt.t,;,;,.e five pounds, 
aud owe four ;-the five pounds we ha.,~ will be repre­
sented by 5, and our debt by -4; taking the 4 from 
the 5, we shall have 1 pound (+I) remaining. Next 
let us suppose that we have only four pounds and owe 
five; if we take the 5 from the 4-that is, if we pay 
as &r as we can-a debt of one pound, represented by 
-1, will still remain ;-consequently 5-4=1; but 
4--5=-1. 

16. A vinculum placed over a subtractive quantity, 
or one having the negative sign prefixed, alters its 
value, unless we change all the signs but the first :-
thus 5-3+2, and 5-3+2, are not the same thing; 
for 5-3+2=4; but 5-3+2 (3+2 being considered 
now as but one quantity) =0; for 3+2=5 ;-thcrefor6 
-3+2 is the same as 5-5, wh3tJ'b leaves nothing; or. 
in other words, it is equal to 0. If, however, we change 
all the signs, except the first, the valu9 cf the quant::ty i11 
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not altered by the vinculum ;-thus 5-3+2=4; and 
f>-3-2, also, is equal to 4. 

Again, 27-4+7-3=27. 
27-4+7-3=19. 

But 27 4 7+3 (chan~ing all the signs of the l 27 
- - original quantities, but the first) S • 

The followin(Y' example will show how the vinculum 
affects numbers~ according as we make it include an 
additive or a subtractive quantity :-

48+ 7 -3-8+ 7 -2=49. 
48+7 _ 3_ 8..J...7 _ 2_ 49 . what .i~ und_er _the vinculum being 

- , additive, 1t 1s not necessary to 
change any signs. 

48+7- 3+S-7+2- 49 . it is. now necessary ~o change all the 
____ - , signs unde1· the vmculum. 

48+7-3-8- 7 +2=40 · it is necessary i~ this case, also, 
-- ' to change the signs. 

48 + 7 - 3-8+ 7 -2=49; it is not necessary in this case. 

In the above, we have sometimes put an additive, and 
sometimes a subtractive quantity, under the vinculum j 
in the former case, we were obliged to change the signs 
of all the terms connected by the vinculum, except the 
first-that is, to change all the signs under the vin­
culum ; in the latter. to preserve the original value of 
the quantity, it was not necessary to change any sign. 

To Subtract Numbers. 
17. RuLE.--I. Place the digits of the subtrahend 

under those of the same denomination in the minuend­
units under units, tens under tens, &c. 

II. Put a line under the subtrahend, to separate it 
from the remainder. 

III. Subtract each digit of the subtrahend from the 
one over it in the minuend, beginning at the right hand 
side. 

IV. If any order of the minuend be smaller than the 
quantity to be subtracted from it, increase it by ten · and 
either consider the next order of the minuend as les;encd 
by unity, or the next order of the subtrahend as in­
creased by it. 

V. After subtracting any denomination of th" sub--
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trabend from the corresponding part of the minuend, 
set down what is left, if any thing, in the place which 
belongs to the same denomination of the " remainder." 

VI. But if there is nothing left, put down a cypher­
provided any digit of the "remainder" will be more dis­
tant from the decimal point, and at the same side of it. 

18. EXAMPLE !.-Subtract 427 from 792. 
792 minuend. 
427 subtrahend. 

365 remainder, difference, or excess. 
We cannot take 7 units from 2 units; but" borrowing," as 

it is called, one of the 9 tens in the minuend, and consider­
ing it as ten units, we add it to the 2 units, and then have 
12 units; taking 7 from 12 units, 5 are left :-we put 5 in 
the units' place of the "remainder." \Ve may oonsider the 
9 tens of the minuend ( one having been taken away, or 
borrowed) as 8 tens; or, which is th~ same thing, may 
suppose the 9 tens to remain as they were, but the 2 tens 
of the subtrahend to have become 3; then, 2 tens from 8 
tens, or 3 tens from 9 tens, and 6 tens are left :-we put 6 
in the tens' piace of the "remainder." 4 hundreds, of the 
subtrahend, taken from the 7 hundreds of the minuend, 
leave 3 hundreds-which we put in the hundreds' place of 
the "remainder." 

RUMPLE 2.-Take 564 from 768. 
768 
564 

204 
When 6 tens are taken from 6 tens, nothing is left ; we 

therefore put a cypher in the tens' place of the "remainder.'' 
KuMPLE 3.-Tak~ 537 from 594. 

. 594 
537 

57 
When 5 hundreds are taken from 5 hundreds, nothing 

remains ; but we do not here set down a cypher, since no 
significant fi.~ure in the remainder is at the same side of, 
and farther trom the decimal point, than the place which 
would be occupied by this cypher. 

10. REASON oF I.-We put digits of the same denomina­
tions in the st.me vertical column, that -the different parts 
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of the subtrahend may be near those of the minuend from 
which they are to be ta.ken; we are then sure that the corres­
ponding portions of tho subtrahend and minueud mn,y be 
easily found. By this arrangement, also, we remove any 
doubt as to t.he denominations to which the digits of the sub­
trahend belong-their values being rendered mor_e certain, by 
their position with reference to the digits of the mmuend. 

REASON OF IL-The separating line, though convenient, is 
not of such importance as in :;i.ddition [9] ; since the "remain­
der" can hardly be mistaken for another quantity. 

REAsoN oF III.-When the numbers are considerable, 
the subtraction cannot be effected at once, from the limited 
powers of the mind; we therefore divide the given quantities 
into parts; and it is clear that the sum of the differences of 
the corresponding parts, is equal to the difference between 
the sums of the parts :-thus, 578-327 is evidently equal 
to 500-300+70-20+8-7, as can be shown to the child by 
pebbles, &c. We begin at the right hand side, because it may 
be necessary to alter some of the digits of the minuend, so as 
to make it possible to subtract from them the corresponding 
ones of the subtrahend; but, unless we begin at the right hand 
side, we cannot know what alterations may be required. 

REAsoN OF IV.-If any digit of the minuend be smaller 
than the corresponding digit of the subtrahend, we can proceed 
in either of two ways. First, we may increase that denomina­
tion of the minuend which is too small, by borrowing one from 
the next_ higher, (considered as ten of the lower denomination, 
or that which is to be increased,) and adding it to those of the 
lower, already in the minuend. In this case we alter the 
form, but not the value of the minuend; which, in the exam­
ple given above, would become-

Hundreds. tens. units. 
7 8 12 = 792, the minuend. 
4 2 7 = 427, the subtrahend. -------------
3 6 5 = 3G5, the difference. 

Or, secondly, we mny add equal quantities to both minuend 
and subtrahend, which will not alter the difference; then we 
would have 
Hu•vlreds. tens. units. 

7 9 2 + 10 = 792 + 10, the minuend + 10. 
4 2 + 1 7 = 427 + 10, the subtrahep.d + 10. 

3 6 5 = 365 + 0, the same difference. 
In this mode of proceeding we do n()t use the given minuend 
and subtrahend, but others which pro<luce the same remainder. 

REA~oN OF V.-?,'he remninders obtained by subtracting, 
su~cess1vely, !he different denominations of the ~mbtrahend 
fro;n thoje which corresp0nd in the minnend are the parts of 
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the total remainder. They are to be set down under the deno­
minations which produced them, since they belong to these 
denominations. 

REASON OF VI.-Unless there is a significant figure at the 
same side of the decimal point, and more distant from it thar. 
the cypher, the latter-not being between the decimal point 
and a significant figure-will be useless [Sec. I. 28], and may 
therefore be omitted. 

20. Proof of Siibtraction.-Add togt'ther the re­
mainder and subtrahend ; and the sum should be equal 
to the minuend. For, the remainder expresses by how 
much the subtrahend is smaller than the minuend; 
adding, therefore, the remainder to the subtrahend, 
should make it equal to the minuend ; thus 

8754 minuend. 
6839 subt.rahend. ~ 
2~115 difference. 5 

Sum of difference and subtrahend, 8754:=minuencl. 
Or ; subtract the remainder from the minuend, and 

what is left should be equal to the subtrahend. For 
the remainder is the excess of the minuend above the 
subtrahend ; therefore, taking away this excess, should 
leave both equal ; thus 

S634 minuend. PaooF : 8634 minuend. 
7985 subtrahend. 649 remaincler. 
649 remainder. New remainder, 7985=subtrahend. 

In practice, it is sufficient to set down the quantities 
once; thus 

8634 minuend. 
7985 subtrahend. 
649 remninder. 

Difference between remainder and minuen.d, 7985=subtrahend. 
21. To Si1,btract, when tile quantities contain Dcci­

mals.-The rule just given is applicable, at whatever 
side of the decimal point all or any of the digits may 
be found ;-this follows, as in addition [11 J, from the 
very nature of notation. . It is necessary t_o put _the 
decimal point of the remamder under the ~ecm}{11 p~1~ti; 
of the minuend and subtrahend ; otherwise the d1g1ts 
of the remainder will not, as they ought, have the same 
value as the digits from which they have been derived. 
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ExAMPLE.-Subtract 427·85 from 5G3·04. 
5{33•04 
4:!i ·85 
135·19 

Since the digit to the right of the decimal point in the 
remainder, indicn.tes what is left after the subtraction of the 
tenths, it expresses so many tenths; and since the digit to 
the left of the decimal point indicates what remains after 
the subtraction of the units, it expresses so many units;­
all this is shown by the position of the decimal point. 

22. It follows, from the principles of notation [Sec. I. 
40], that however we may alter the decimal points of 
the minuend and subtrahend, as long as they stand in 
the same vertical column, the digits of the difference 
are not changed ; thus, in the following examples, the 
same digits are found in all the remainders :-

4362 486·2 43·62 ·4862 ·0004362 
8547 854·7 83·47 ·3547 ·0003547 

815 

From 
Take 

From 
Take 

From 
Take 

(1) 
1969 
1408 

(7) 
86167 
61376 

(13) 
67001 
35690 

81 ·5 8·15 ·0815 ·0000815 

EXERCISES IN SUBTRACTION. 

(2) 
7432 
6711 

(8) 
677i7 
46699 

(14) 
9733376 
4124767 

(8) 
90i6 
4567 

(9) 
71234 
43412 

(15) 
567674 
476476 

(4) 
8116 
4377 

(10) 
900076 
899934 

(16) 
473676 
321799 

(5) 
3176 
2907 

(11) 
876704 
297610 

(17) 
6810756 
3767016 

(6) 
763i7 
45761 

(12) 
745674 
37678!) 

(18) 
376576 
240940 
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(19 (20) (21) (22) (23) (24) 
From 345676 234100 4367676 345673 70101076 67360000 
Take 1799 990 256569 124799 37691734 31237777 

(25) (26) (27) (28) (29) (30) 
From 1970000 7010707 67345001 1674561 14767674 4007070 
Take 1361111 3441216 4il34777 1123640 7476909 3713916 

--- --- --- --- --- ---
--- --- --- -- -- ---

(31) (32) (33) (34) (35) 
From 7045676 87670070 70000000 70040500 50070007 
Take 30i7097 26716,645 

(36) (3i) 
From 11000000 3000001 
'I.'ake 99199\9 21G9077 

---
---

(41) (42) 
From 85·73 865·4 
'l'ake 42·16 73·2 

(46) (47) 
From 0·00063 874·32 
Tttke 0 ·000-18 5 ·63705 

51. 745676-567456=178220. 
52. 566789-75674=501115. 
58. 941000-5007=935993. 
54. 97001-G0077=4GU24. 
53, 76734-077=75757. 
56. 5u400-I00=5o300. 
57. 700000-99=699901. 
58. 5700-500=5200. 
W. Pi"77-89=!.W88. 
CO. 7u000-1=75U99. 
61. 90017-3=90014. 

9999999 5676i767 

(38) (39) 
8000800 8000000 

377776 62358 

(43) (44) 
594·768 4H330 
85·600 0·078 

(48) (49) 
57·004 47632· 
2·3 0·845003 

6~. 97777--4=97773. 
63. 60000-1=59999. 

41234016 

(40) 
4040053 

220202 

(45) 
52·137 
20·006 

(50) 
400·327 

0·0006 

64. 75477-76=75401. 
65. 7·97-1·05=6·92. 
66. 1·75-·074=1·676. 
67. 97·07-4·769=92·301. 
68. 7·05-4·776=2·274. 
69. 10·761-9·001=1·76. 
70. 12·10009__,:_7•121=4·97909 
71. 176·1-·007=176·093. 
72. 15·06-7·863=7·197, 
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73. What number, added to 9709, will make it 10901 
Ans. 1192. 

74. A vintner bought 20 pipes of brandy, containing 
2459 gallons,. and sold 14 pipes, containing 1680 gal­
lons ; how many pipes and gallons had he remaining ? 

Ans. 6 pipes and 779 gallons. 
75. A merchant bought 564 hides, weighing 16800 

:lb, and sold of them 260 hides, weighing 7809 lb ; how 
many hides had he unsold, and what was their weight? 

.Ans. 304 hides, weighing 8991 lb. 
76. A gentleman who had 1756 acres of land, gives 

250 acres to his eldest, and 230 to his second son ; how 
many acres did he retain in his possession ? Ans. 1276. 

77. A merchant owes to A. £800; to B. £90; to C. 
£750; to D. £600. To meet these debts, he has but 
£971; how much is he deficient? Ans. £1269. 

78. Paris is about 225 English miles distant from 
London ; Rome, 950 ; l\ladri<l, 860 ; Vienna, 820 ; 
Copenhagen, 610; Geneva, 460; l\foscow, 1660; Gib­
-raltar, 1160; and Constantinople, 1600. How much 
more distant is Constantinople than Paris ; Rome than 
:!\Iadrid; and Vienna than Copenhagen. And how much 
less distant is Geneva than i\Ioscow ; and Paris than 
1\Iadrid? Ans. Constantinople is 1375 miles more dis­
tant than Paris~ Rome, 90 more than l\Iadrid; and 
Vienna, 210 more than Copenhagen. Geneva is 1200 
mil'iV.i less distant than l\Ioscow ; and Paris, 635 less 
than Madrid. 

79. How much was the Jewish greater than the 
English mile; allowing the former to have been 1 ·3817 
miles English? Ans. 0·3817. 

80. How much is the English greater than the Roman 
mile; allowing the latter to have been 0·915719 of a 
mile English? · Ans. 0·084281 

81. What is the value of 6-3+15-4? Ans. 14 
82. Of 43+7-3-14? Ans. 33 
83. Of 47·6-2+ 1-24_+ 16-·34? Ans. 52·94 
84. What is the difference between 15+ 13-6-81 + 

62, and 15+ 13-6--81 +62? Ans. 38, 

23. Before leaving this rule, the pupil should be ablo 
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to take any of the nine digits continually from a. given 
number, without stopping or hesitating. Thus, sub­
tracting 7 from 94, he should say, 94, 87, 80, &c. ; and 
should proceed, for instance, with the following example 

5376 
4298 

1078 

in this manner :-8, 16 ... 8 (the difference, to be set 
down); IO, 17 ... 7; 3, 3 ... 0; 4, 5 ... 1. 

QUESTIONS TO BE- ANSWERED BY THE PUPIL. 

1. What is subtraction? [14]. 
2. What are the names of the terms used in subtrac­

tion? [14]. 
3. What is the sign of subtraction? [15]. 
4. How is the vinculum used, with a subtractive 

quantity? [16]. 
5. What is the rule for subtraction ? [17]. 
6. What are the reasons of its different parts? [19]. 
7. Does it apply, when there are decimals? [21]. 
8. How is subtraction proved, and why? [20]. 
9. Exemplify a brief mode of performing subtrac­

tion? (23]. 

SIMPLE MULTIPLICATION. 

24. Simple multiplication is confined to abstract 
numbers, and applicate which contain hut one denomi­
nation. 

Multiplication enables us to add a quantity, called the 
r,w,ltiplicand, a number of times indicated by the rnulti­
plier. The multiplicand, therefore, is the number mul­
tiplied ; the multiplier is that by which we multiply : 
the result of the multiplication is called the product. 
It follows, that what, in addition, would be called an 
" addend," in multiplication, is termed the " multipli­
cand;" and what, in the former, would be called the 
" sum," in the latter, is designated the "product." The 
quantities which, when multiplied together, give the 

D 
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product are called also factors, and, when they are 
integers: s1.1,bmultiple,s. There m_ay_ be more ~h8:n two 
factors ; in that case, the multiplicand, mult1plier1 or 
both will consist of more than one of them. Thus, if 5, 
6 a~d 7 be the factors, either 5 times 6 may be con­
sidered ;s the multiplicand, and 7 as the multiplier-or 
5 as the multiplicand, and 6 times 7 as the multiplier. 

25. Quantities not formed by the continued addition 
of any number, but unity-that is, which are not the 
products of any two numbers, unless unity is taken as 
one of them-are called prime numbers : all others are 
termed composite. Thus 3 and 5 are prime, but 9 
and 14 are composite numbers; because, only three, 
multiplied by one, will produce " three," and only jixe, 
multiplied by one, will produce "five,"-but, three 
multiplied by three will produce " nine," and se1.:en mul­
tiplied by two will produce " fourteen." 

26. Any quantity contained in another, some number 
of times, expressed by an integer-or, in other words, 
that can be subtracted from it without leaving a re­
mainder-is said to be a meamre, or aliquot part of 
that other. Thus 5 is a measure of 15, because it is 
contained in it three times e..-ractly-or can be sub­
tracted from it a number of times, expressed by 3, an 
integer, without leaving a remainder; but 5 is not a 
measure of 14, because, taking it as often as possible 
from 14, 4 will still be left ;-th us, 15-5= 1 O, 10-5= 
5, 5-5=0, but 14-5=9, and 9-5=4. Measure, 
submultiple, and aliquot part, are synonymous. 

27. The common measure of two or more quantitieB 
is a number that will measure each of them: it is a 
measure common to them. Numbers which have no 
.common measure but unity, are said to be prime to eacl,, 
other; all others are composite to each, other. Thus 7 
and 5 are prime to each other, for unity alone will 
measure both ; 9 and 12 are cmnposite to each other 
because 3 will measure either. It is evident that tw~ 
prime numbers must be prime to each other ; thus 3 
and 7 ; fo_r 3 cannot _measure seven, nor 7 three, and­
except umty-there is no other number that will mea­
sure either of them. 
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Two numbers may be composite to each, -0tl,,er, and 
yet one of them may be a prime number; thus 5 and 25 
are both measured by 5, still the former is prime. 

Two numbers may be co11iposite, and yet prime to 
each otl,,er; thus 9 and 14 are both composite numbers, 
yet they have no common measure but unity. 

28. The greatest common measure of two or more 
numbers, is the greatest number which is their common 
measure ; thus 30 and 60 are measured by 5, 10, 15, 
and 30 ; therefore each of these is their connnon mea­
sure ;-but 30 is their greatest common measure. "When 
a product is formed by factors which are integers, it is 
measured by each of them. 

29. One number is the 1nnltiple of another, if it 
contain the latter a number of times expressed by an 
Integer. Thus 27 is a multiple of 9, because it con­
lains it a number of times expressed by 3, an integer. 
Any, quantity is the multiple of its measure, and the 
measure of its multiple. 

30. The common nwltiple of two or more quantities, 
is a number that is the multiple of each, by an integer;­
thus 40 is the common multiple of 8 and 5; since it_is a 
multiple of 8 by 5, an integer, and of 5 by 8, an integer. 

Tl:j Zeast cornrnon multiple of two or more quantities, 
is the least number which is their common multiple ;­
thus 30 is a cmnmon multiple of 3 and 5; but 15 is 
their least common multiple; for no number smaller 
than 15 contains each of them exactly. 

31. The equiniultiples of two or more numbers, are 
their products, when multiplied by the same number;­
thus 27, 12. and 18, are equimultiples of 9, 4, and 6; 
because, multiplying 9 by three, gives 27, multiplying 4 
by tliree, gives 12, and multiplying 6 by tltree, gives 18. 

32. l\Iultiplication greatly abbreviates the process of 
addition ;-for example, to add 68965 to itself 7000 times 
by "addition/' would be a work of great labour, and con­
sume much time; but by'' multiplication," as we shall find 
presently, it can be done with ~ase, in less than a minute._ 

33. At first it may seem maccurate, to have stated 
[2] that multiplication is a species of addition; since we 
can know the product of two quantities without having 
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recourse to that rule, if they are found in the multipli­
cation table. But it must not be forgotten that the mul­
tiplication table. is actually the result of a~ditions,. long 
since made · without its assistance, to multiply so simple 
a number a~ 4 by so small a one as'five, we should be 
~bliged to proceed as follows, 

4 
4 
4 
4 
4 

20 

performing the addition, as with any other addends. 
The rnnltiplication table is due to Pythagoras, a cele­

brated Greek philosopher, who was born 590 years 
before Christ. 

34. '\Ye express multiplication by X ; thus 5 X 7= 
35, means that 5 multiplied by 7 are equal to 35, or 
that the product of 5 and 1, or of 5 by 7, is equal to 3t>. 

When a quantity under the vinculum is to be multi­
plied by any number, each of its parts must be multi­
plied-for, to multiply the whole, we must multiply 
each, of its parts :-thns, 3X7+8-3=3X7+3X8-
3 X 3 ; and 4 + 5 X 8 +3-6-, means that each of the 
terms under the latter Yinculum, is to be multiplied by 
ea:.:11 of those under the former. 

35. Quantit~es connected by the sign of multiplication 
may be read m any order ; thus 5 X 6=6 X 5. This 
~vill be evident from the followin~ illustration, by which 
1t appears that the very same number may be considered 
eit~ier as 5 X 6, or 6 X 5, according to the view we take 
of 1t :-

s 6 . . ... . . . . . ... . . . . . . . . 
. . . . . . 
• ¥ • .. • • 

Quantities connected by the sign of multiplication, 
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are multiplied if we multiply one of the factors; thus 
6X7X3 multiplied by 4=6X7 multiplied by 3X4. 

36. To prepare him for m~ltiplication, the pupil 
should be made, on seeing any two digits, to name their 
product, without mentioning the digits themselves. Thus, 
a large number having been set down, he may begin 
with the product of the fu·st and second digits; and 
then proceed with that of the second and third, &c: 
Taking 

587634925867 
for an example, he should say :-40 ( the product of 5 
nnd 8); 56 (the product of 8 and 7) ; 42; 18; &c., as 
rapidly as he could read 5, 8, 7, &c. 

To lVfultiply Nu.,rnbers. 

37. When neither multiplicand, nor multiplier ex­
ceeds 12-

RuLE.-Find the product of the given numbers by 
the multiplication table, page 1. 

The pupil liliould be perfectly familiar with this table. 
ExAMPLE.-What is the product of 5 and 71 The mul­

tiplication table shows that 5x7=35, (5 times 7 are 35). 
38. This rule is applicable, wlrn.tever may be the 

relative values of the multiplicand aml multiplier ; that 
i,;; [Sec. I. 18 and 40] ~ wha,tever may be the kind of 
units expressed-provided their absofote values do not 
exceed 12. 'fhus, for instance, 1200 X 90, would come 
under it, as well as 12 X 9 ; also ·0009 X o·s, as well as 
9 X 8. ,v e shall reserve what is to' be said of the man­
aaement of cyphers, and decimals for the next rule ; it 
will be equally true, however, in all cases of multiplica­
tion. 

39. When the multiplicand. does, but the multiplier 
does not exceed 12-

R uLE.-L Place the multiplier under that denom.i­
uation of the multiplicand to which it belongs. 

II. Put a line under the multiplier, to separate it from 
the product. 

III. l\Iultiply each denomination of the multiplicand 
by the multiplier-beginning at the right hand side. 
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IV. If the product of the multiplier and any digit 
of the multiplicand is leas than ten, set it d?wn un~er 
that digit; but if it be greater, for every ten 1t contams 
carry one to the next product, and :put do~n only w_hat 
remains, after deducting the tens ; 1f nothmg remams, 
put down a cypher. 

V. Set down the last product in full. 
40. EXAMPLE. 1.-What is the product of 897351 X 4 1 

807351 multiplicand. 
4 multiplier. 

358040-! product. 
4 times one unit are 4 units; since 4 is less than ten, it 

gives nothing to be "carried," we, therefore, set it dO\vn in 
the units' place of the product. 4 times 5 are twenty (tens); 
which are equal to 2 tens of tens, or hundreds to be carried; 
and no units of tens to be set down in the tens' place of 
the product-in which, therefore, we put a cypher. 4 
times 3 are 12 (hundreds), which, with the 2 hun<lreds to he 
carried from the tens, make 1-1 hundreds; these are equal 
to one thousand to be carried. and 4 to he set down in the 
thousarnb' place of the prodU:ct. 4 times 7 are 2X ( thou­
sands), und 1 thousand to be carried, are 2\) thous:md~; or 
2 to be e,'crricd to the next product, and 9 to be set down 
4 times U are 36. and 2 are 38: or 3 to be carrried. n.ml ~ to 
be set down. 4' times 8 are 32. and 3 to be carried are 35 ; 
which i;; to be set down, since there is nothing in the next 
denomination of the multiplican<l. 

ExAMPLE 2.-l\1ultiply 80073 by 2. 
800i3 

2 

1G0146 
Twice 3 units are 6 units; 6 being less than ten, gives 

nothing to be carried, hence we put it down in the units' 
place of the quotient. Twice 7 tens are 14 tens; or 1 hundred 
to be carried, and 4 tens to be set down. As there are no 
hundreds in the multiplicnnd, we cnn have none in the pro­
duct, except that which is derived from the multiplication 
of the tens: we accordingly put the 1, to be carried. in the 
hundreds' place of the product. Since there are no thou­
sands i~ the multiplic_and: nor ~ny to be carried, we put a 
c;rpl!er m that denomrnatrnn ot the product, to keep any 
1ugmficant figures that follow, in their proper places. 
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41. REASON OF V--The multiplier is to be placed under that 
denominat.ion of the multiplicand to which it belongs·; since 
there is then no doubt of its value. Sometimes it is necessary 
to add cyphers in putting down the multiplier; thus, 

ExAMPLE 1.-478 multiplied by 2 hundred-
478 multiplicand. 
200 multiplier . 

.£xA11rPLE 2.-509 multiplied by 3 ten-thousandths-
53U • multiplicn.nd. 

0·0003 multiplier. 

REAsoN oF II.-It is similar to that given for the separating 
line in subtraction [19]. 

REASON oF Ill.-When the multiplicn.nd exceeds a certain 
amount, the powers of the mind are too limited to allow us 
to multiply it at once; we therefore multiply its parts, in suc­
cession, ani.l add the results as we proceed. It is clear that 
the sum of the products of the parts by the multiplier, is equal 
to the product of the sum of the pnrts by the same multi­
plier :-thus, 537 X8 is evidently equal to 500X8+30XS+i X8 
For multiplying nJl the parts, is multiplying the whole; since 
the whole is equal to the sum of all its parts. 

We begin at the right hand side to avoid the necessity of 
afterwards adding together the subordinate products. Thus, 
talS,ing the example given above; were we to begin at the left 
hand, the process would be-

897351 
4 

3:200000=800000 X 4 
3G0000= 90000 X 4 
28000= 7000 X 4 
1200= 300X4 
200= 50X~ 

4= 1X4 

3589404=smn of products. 
REASON OF IV.-It is the same as that of the fourth part of 

the rule for nddition [9]; the product of the multiplier and 
uny denomination of the multiplicand, being equivalent to the 
1w111 of a column in addition. It is ensy'i.o change the given 
t'xarnpie to an exercise in addition; for 897351X4, is the same 
tlnug a3 

897351 
897831 
89i351 
897351 

3589404 
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REASON oF V.-It follows, that the last product is to be set 
down fu full; for the tens it contains will .not be increased: 
they may, there.fore, be set down at once. 

'This rule includes all cases in whhh the absolu.te 
value of the digits in the multiplier d0es not exceed 
12. Their relative value is not material; for it is as 
easy to multiply by 2 thousands as by 2 units. 

,12. To prm:e multiplication, when the nnltiplier docs 
not exceed 12. :;.-\Iultiply the multiplicand by the mul­
tiplier, minus one; and add the multiplicand to the pro• 
duct. 'l'he sum should be the same as the p1·oduct of 
the multiplicand and multiplier. 

Ex.D1PLJ:.-llfoltip1_v G-!3:2 hy 7. and prove the 1~ult. 
0--1:3:2 multiplicand. 
__ 6=7 (the rnultiplier)-1 

G.J~~ 3fCj0:2 multiplicand x6. 
__ 7(=6+1) G--B:2 multiplicanclxl. 

4502--1 4502-! multiplicand multiplied by 6 {1=7. 
We 11:n-c multiplied hy 6, and by 1, and added the ,..esults: 

?nt. six times the 1:iultiplicand, p_lu~ once the muitipli~a.nd; 
1c: P.<Jun.l to seven tunes the multiplicand. \Vhat we '1r'tain 
fr,m1 the two processes shuu1(1 .be the same, for we }.w,.ve 
merely used t\vo method{ of doing one thing. 

EXERCISES FOR. THE. PUPIL. 

(J) 
l\Tultip1y 'iui62 
Dy '..! 

(5) 
Multiply 763452 
By 6 

(9) 
Multiply 8G6342 
By 11 

(2) 
6i456 

2 

(o) 

45Gi69 
7 

(10) 
'i38:jj9 

12 

(3) 
78976 

6 

(7) 
354709 

8 

(11) 
4i638'ii­

ll 

(4) 
57346 

6 

(8' 
456i8! 

i 

(12) 
h.129i63 

12 



MULTIPLICATION. 

43. 'f'o JV[ultiply when the Qiiantities contain Cyph-ers, 
or Dewnals.-'l'he rules already given are applicable: 
those which follow are consequences of them. 

,vhen there are cyphers at the end of the multipli­
cand ( cyphers in the rniddle of it, have been already 
noticed [ 40 J )-

R uLE.-l\lultiply as if there were none, and add to the 
product as many cyphers as have been neglected. For 

The gre:1ter the quantity multiplied, the greater ought to 
be the product. 

ExA.lllPLE. -Multiply 5G00O by 4. 
56000 

4 

224000 
4 times 6 units in the fonrth place from the decimal point, 

are evidently 2--:1: units in the same place ;-that h,, 2 in the 
fifth place, to be carried, and 4 in the fourth, to be set down. 
That w-e may leave no doubt of the 4 being in the fourth 
place of the product, we put three cyphers to the right 
hand. 4 times 5 are 20, and the 2 to be carried, make 22. 

44. If the multiplier contains ,cyphers-
RuLE.-M ultiply as if there were none, and add to 

the product as many cyphel'S as have been neglected. 
The greater the multiplier, the greater the number of times 

the multiplica.ud is added to itself; and, therefore, the grea.tcr 
the product. 

ExM,1PLE.-Multip1y 567 by 200. 
5G7 
200 

113:100 
From ·what we have said [35], it follows that 200x7 is 

the same as 7x200; but 7 times 2 hundred 11re 14 hundred; 
and, consequently, 200 times 7 are 14 hundred ;--that is, 1 
in the fourth place, to be carried, nnd 4 in the third, to be set 
down. \Ve add two cyphers, to show that the 4 is in the 
third place. 

45. If both .. multiplicand and multiplier contain 
cyphers-

RuLE.-1\Iultiply as if there were none in either, and 
add to the product as many cyphers as are found in 
both. 

D2 
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Each of the quantities to be multiplied adds cyphers to the 
product [43 and 44). 

ExAMPLE.-Multiply 46000 by 800. 
46000 

800 

36800000 

8 times G thousand would be 48 thousand; but 8 hundred 
times six thousand ought to produce a number 100 times 
greater-or 48 hundred thousand ;-that is, 4 in the seventh 
place from the decimal point, to be carried, and 8 in_ the 
sixtlt place, to be set down. But, 5 cyphers are reqmred, 
to keep the 8 in the sixth place. After ascertaining the 
position of the first digit in the product-from what the 
pupil already knows-there can be no difficulty with the 
other digitl:l. 

46. When there are decimal places in the multipli­
cand-

RuLE.-l\Iultiply as ifthere were none, and remove the 
product (by means of the decimal point) so many plaecs 
to the right as there have been decimals neglected. 

The smaller the quantity multiplied, the less the product. 

EXAl\IPLE.-Multiply 5·67 by 4. 
5·67 
4 

2~·68 

4 times 7 hundredths are 28 hundreths ;-or ~ tenths: to 
be carried, an,l 8 hundredths-or 8 in the second place, to 
the right of the decimal point, to be set down. 4 times 6 
tenths are 2..i: tenths, which, with the 2 tenths to be carried, 
make 2G tenths ;-or 2 units to be carried, and 6 tenths to 
be set down. To show that the 6 represents tenths, we put 
the decimn,l point to the left of it. 4 times 5 units are 20 
units, which, with the 2 to be carried, make 22 units. 

47. ·when there are decimn.ls in the multiplier­
RuLE.-l'1ultiply as if there were none, and remove 

the product so many pln.ces to the rirrht as there are 
decimals in the multiplier. 

0 

The smal}-er the quantity by which we multiply, the less 
must be the result. 
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ExAMPLE.-Multiply 563 by ·07 
563 

0·07 

39·41 

63 

3 multiplied by 7 hundredths, is the same [357 as 7 hun­
dredths multiplied by 3; which is equal to 21 hundredths;­
or 2 tenths to be carried, and 1 hundredth-or 1 in the 
second place to the right of the decimal point, to be set down. 
Of course the 4, derived from the next product, must be one 
place from the decimal point, &c. 

48. When there are decimals in both multiplicand 
and multiplier-

R uLE.-Multip1y as if there were none, and move 
the product so many places to the ri()'ht as there are 
decimals in both. 

0 

In this case the product is diminished, by the smallness of 
both multiplicand and multiplier. 

EXAMPLE 1.-Multiply 56·3 by ·08. 
56·3 

08 

4·504 
8 times 3 tenths :;ire 2·4 r 46]; consequently a quantity 

one hundred times less than B-or ·08, multiplied by three­
tenths, vrill give a quantity one hundred times less than 2·4-­
or ·024; that is, 4 in the third place from the decimal point, 
to be set down, and 2 in the second place, to be carried. 

ExA.MPLE 2.-Multiply 5·63 by 0·00005. 
5·63 
0·00005 

0·0002815 
49. When there are decimals in the multiplicand, and 

cyphers in the multiplier ; or the contrary-
RuLE.-l\1ultiply as if there were neither cyphers 

nor decimals ; then, if the decimals exceed the cyphers, 
move the product so many places to the rigltt as will be 
equal to the excess ; but if the cyphers exceed the deci­
mals, move it so many places to the left as will be 
equal to the excess. 

'.I.'he cyphers move the product to the left, the decimals to 
the right; the effect of both together, therefore, will be equal 
to the difference of their separate effects. 
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ExAMPLE 1.-Multiply 4600 by ·06. 
4600 

0·06 2 cyphers and 2 decimals; excess=0 

276 

EXAMPLE 2.-Multiply 47·63 by 300. 
47-G3 

300 2 decimals and 2 cyphers ; excess= 0. 

14289 
ExAMPJ,E 3.-Multiply 85·2 by 7000. 

85·2 
7000 1 decimal and 3 cyphers; excess= 2 CJl .,. eN 

596400 

EXAMPLE 4.-Multiply 578·36 by 20. 
578·36 
20 .2 decimals and 1 cypher; excess= 1 decimal. 

11567·2 

Multiply 
By 

1\lultiply 
By 

Multiply 
By 

.Multiply 
By 

EXERCISES FOR THE PUPIL 

(13) (14) (15) 
489(30 75460 6i8000 

5 9 8 

(17) (lS) (19) 
'i4G3 7i0967 14i005 

80 900 4000 

(21) (22) (23) 
743560 534900 50000 

800 30·000 300 

(25) (26) (27) 
52736 8·i5G3 ·21375 
2 4 6 

(16) 
57000 

6 

c'W) 
56~17oi48 

30000 
-··---

(24) 
86000 

5000 

(28) 
0·0007 

8 



Multiply 
By 

Multiply 
By 

MULTIPLICATION. 

(29) 
56341 

0·0003 

(83) 
875·432 

0·04 

(30) 
85637 

0·005 

(34) 
78000 

0·3 

(31) 
721f:i8 

0·0007 

(35) 
51 ·721 

6000• 

65 

(32) 
2176·38 

0·06 

(36) 
32 
0·00007 

·00224 

In the last example we are obliged to add cyphers to the 
product, to make up the requ-ired number of decimal places. 

50. When both multiplicand and multiplier exceed 
12-

RuLE.-l. Place the digits of the multiplier under 
those denominations of the multiplicand to which they 
belong. 

II. Put a line under the multiplier, to separate it from 
the product. 

III. 1\:lultiply the multiplicand, and ea.ch part of the 
multiplier (by the preceding rule [39] ), beginning with 
the digit at the right hand, and taking care to move the 
product of the multiplicand and each s11,ccessire digit 
of the multiplier, so many places more to the left, than 
the preceding product, as the digit of the multiplier 
which produces it is more to the left than the signifi­
cant fio-ure by which we have last multiplied. 

IV.
0 

Add together all the products; and their sum 
will be the product of the multiplicand and multiplier. 

51. ExAMPLE.-Multiply 5634 by 8073. 
5634 
8073 

16902=product l)y 3. 
30438 =product by i0. 

450,2 =product by 8000. 

45483282=product by 8073. 
The product of the multiplicand by 3, requires no e,.--) ,r 

nation. 
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7 tens times 4, or [351 4 times 7 t~ns are 28 tens :-2 hun­
dreds, to be carried, ana 8 tens (8 m the second _place from 
the decimal point) to be set down, &c. 8000 tunes 4, or 4 
times 8000, are 32 thousand :-or 3 tens of thousands to be 
carried, and 2 thousands ( 2 in the fourth place) to be set 
down, &c. It is unnecessary to add cyphers, to show the 
values of the first digits of the different products; ;i,s they 
are sufficiently indicated by the digits above. The products 
by 3, by 70, and by 8000, are added together in the ordinary 
way. 

52. REASONS oF I. and II.-They are the same as those 
given for corresponding parts of the preceding rule [41]. 

REASON OF UI.-We are obliged to multiply successively 
by the parts of the multiplier; since we cannot multiply by 
the whole at once. 

REASON OF IV.-The sum of the products of the multipli­
cand by the parts of the multiplier, is evidently equal to the 
product of the multiplicand by the whole multiplier; for, in 
the example just given, 5634 X 80i3 = 5634 X 8000 + 70 + 3= 
[34] 5f334X8000+5634X70+5634X3. Besides [35],we may 
consider the multiplicand as multiplier, and the multiplier as 
multiplicand; then, observing the rule would be the s11me 
thing as multiplying the new multiplier into the different 
parts of the new multiplicand; which, we have already seen 
[41], is the same as multiplying the whole multiplicand by 
the multiplier. The example, just given, would become 
8073X5li34. 

8073 new multiplicand 
5634 ne,v multiplier. 

We are to multiply 3, the first digit of the multiplicand, by 
6634, the multiplier; then to multiply 7 (tens), the second 
digit of the multiplicand, by the multiplier; &c. When the 
multiplier was sm,ill, we could add the different products as 
we proceeded; but we now require a, separate addition,-which, 
however, does not a.tfoct the nature, nor the reasons of the 
process. 

53. To prore multiplication, when the multiplier ex­
ceeds 12-

RuLE.-:\Iultiply the multiplier by the multiplicand; 
and the product ought to be the same a~ that of the 
multiplicand by the multiplier [35]. It is evident that 
we could not avail ourselves of this mode of proof i'n the 
last rule [ 42] ; as it _would have supposed the ~upil to 
be then able to multiply by a quantity greater than 12 
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54. We may prove multiplication by whn.t is called 
" casting out the nines." 

RuLE.-Cast the nines from the sum of the digits of 
the multiplicand and multiplier; multiply the remain­
ders, and cast the nines from the product :-what is now 
left should be the same as what is obtained, by cast­
ing the nines, out of the sum of the digits of the product 
of the multiplicand by the multiplier. 

EXAMPLE 1.-Let the quantities multiplied be 9426 and 
3785. 

Taking the nines from 9426, we get 3 as remainder. 
And from 3785, we get 5. 

47130 
75408 

65982 
28278 

3 X 5=15, from which 9 
being taken, 
6 are left. 

Taking the nines from 35677410, 6 are left. 
The remainders being equal, we are to presume the 

multiplication is correct. The same result, however, would 
have been obtained, even if we had misplaced digits, added 
or omitted cyphers, or fallen into errors which had counti.'r­
acted each other :-with ordinary care, however, none of 
these is likely to occur. 

EXAMPLE 2.-Let the numbers be 76542 and 8436. 
Taking the nines from 7654!::, the remainder is 6. 
Taking them from 8436, it is 3. 

459252 
229626 6 X 3=18, the 

306168 remainder from which is 0. 
612336 

Taking the nines from 645708312 also, the remainder is 0. 
The remainders being the same, the multiplication may 

be considered right. 
EXAMPLE 3.-Let the numbers be 463 and 54. 

From 463, the remainder is 4. 
From 54, it is 0. 

1852 4x0=0 from which the remainder is 0. 
2315 

Vrom 25002 the remainder is 0. 
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The remainder being in each case 0, we are to suppose 
that the multiplication is correctly performed. 

This proof applies whatever. be the position of the 
decimal point in either of the given numbers. 

55. To understand this rule, it must be known that 
"a number from which 9 is taken as often as possible, 
will leave the same remainder as will be obtained if 9 
be taken as often as pnssible from the sum of its digits." 

Since the pupil is not supposed, as yet, to have learned 
division, he cannot us~ that rule for the purpose of 
ousting out the nines;- nevertheless, he can easily 
effect this object. 

Let the given number be 563. The sum of its digits is 
5+6+3, while the number itself is 500+G0+3 . 
., First, to take 9 as often as pqssible from the sum of its 

digits. 5 and G are 11 ; from which, 9 being taken, 2 are 
left. 2 and 3 are 5, which, not containing 9, is to be set 
down as the remainder. 

Next, to take 9 as often as possible from the number itself 
5G3=5oo+Go+3=5 x100+6 xrn+ 3=5x 99+1+6x 
V+l+3,= (if we remove the vinculum [341), 5x99+5+ 
Gxa+G+3. But any number of nines, will be found to be 
the product of the same number of ones by 9 :-thus 999= 
lll X 9 ; 99=ll X 9 ; and 9=1 X 9. Hence 5 X !)!) expresses 
a certain number of nines-being 5 X ll x9; it may, there­
fore, be cast out; and for a similar reason, 6 X 9; after which, 
there will then be left 5+6+3-from which the nines are 
still to be rejected; but, as this is the sum of the digits, w·e 
must, in casting the nines out of it, obtain the same remain­
der as before. Consequently "we get the same remainder 
whether we cast the nines out of the number itself, or out 
of the sum of its digits." 

Neither the above, nor the following reasoninrr can 
offer any difficulty to the pupil who has made hi~nscli: 
as familiar with the use of the signs as he ought:­
they will both, on the contrary, serve to show how much 
simplicity, is derived from the use of characters express­
ing, not only quantities, but processes; for, by means 
of such characters, a long series of argumentation ma, 
be seen, as it were, at a single glance. 

56 .. " Caitin$ the nines fro1;11 the fa?tors, multiplying th~ 
resultmg remamders, and castmg the nmes from this product, 
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will leave the same remainder, as if the nines were cast from 
the product of the factors,"-provided the multiplication 
has been rightly performed. 

To show this, set down the quantities, and take away th"' 
nines, as before. Let the factors be 5 73 X ..J:M. 

Ca1,ting the nines from 5+ 7 +3 ( which we have just seen 
is the same as castmg the nines from 573), we obtain 6 as 
remainder. Casting the nines from 4+6+4, we get 5 as 
remainder. Multiplying 6 and 5 WB obtain 30 as product; 
which, being equal to 3xl0=3X9+1=3·x9+3, will, when 
the nines are taken away, giye 3 a;s remainder. 

vV e can show that 3 will be the remainder, also, if we 
ca.st the nines from the product' of the factors ;-which is 
effected by setting down this product; and taking, in suc­
cession, quantities that are equal to it-as follows, 

573x464 (the product of the factors)= 
5x100+1x10+3 ~ 4x1oo+Gx10+1= 

5xUU+l+ixO+f+3 X 4x99+f+Gxi:q:f+4= 
5xD9+5+7x9+7+3 x 1lx99+4+ux9+6+4. 

5 x99, as we have seen [55], expresses a number of nines; 
it will continue to do so, when multiplied by all the quan­
tities under the second Yinculum, and is, therefore, to be 
cast out ; and, for the same reason, 7 X 9. 4 X 99 expresses 
a number of nines; it will continue to do so when multiplied 
by the quantities under the first Yinculum, and is, therefore, 
to be cast out ; and, for the sa,me reason, G XO. Th ere will 
then he left, only 5+ 7 +3 X 4+G+4-,-from which the nines 
are still to be cast out, the remainders to be multiplied together, 
and the nines to be en.st from their product ;--but we have 
done all this already, and olitained 3, 11s the remr,inu.er. 

EXERCISES FOR THE PUPIL. 

(3i) (38) (39) (40) 

:Multiply 765 732 997 7G7 
By 765 456 3•15 3-17 

Products 

(41) (4~) (43) (44) 
Multiply 657 45(3 767 7,J,"i 
By 789 791 789 741 

Products 
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57. If there are cyphers, or decimals in the rnu1tipli4 

cand, multiplier, or both; the same rules apply as when 
the multiplier does not exceed U [ 43, &c.J. 

EXA11IPLES. 

(1) (2) (3) (4) (5) (6) 

4G00 2784 32•()8 7856 87·96 482000 
57 620 28 0·32 2:20· 0·37 

---
262200 1726080 84 b68 2513·92 19351·2 1783!0 

Contractions in JIInltiplicatwn. 

58. ,vhen it is not necessary to have as many d~·ci­
mal places in the product, as are in both multiplicand 
and ,:qmltiplicr-

R u LE.-Revcrsc the multiplier, putting its units' place 
under the 11/ac,e, of that denomination in the multipli­
cand, which is the lowest of the req1,1ired product. 

Multiply by each digit of the multiplier, beginning 
with the denomination over it in the multiplicand ; but 
adding what would have been obtained, on multiplying 
the preceding digit of the multiplicand-unity, if the 
number obtained would be between 5 and 15; 2, if 
between 15 and 25 ; 3, if between 25 and 35 ; &c. 

Let the lowest denominations of the products, arising 
from the different digits of the multiplicand, stand iu 
the same vertical column. 

Add up all the products for the total product; from 
which cut off the requircci number of decimal places. 

59. EXAMPLE 1.--Multiply 5·Gi84 by 9·i32-1, so as to 
have four decimals in the product. 

Short Method. Ordinary Method. 
5678-1 5·6i84 
~am 9·73U 

511056 
397--19 

170:~ 
113 
22 

55·2643 

221

71:36 
l 13/iG8 

liU~\/)2 
3Di..tt; 8 

51105fil 
--1'---
55·26..J:,1:GolG 
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9 in the multiplier, expresses units; it is therefore put 
ander the fourth decimal place of the multi1;>licand-that being 
the place of the lowest decimal required m the product. 

In multiplying by each succeeding digit of the multiplier, 
we neglect an additional digit of the multiplicand; because, 
as the multiplier decreases, the number multiplied must in­
crease-to keep the lowest denomination of the different pro­
ducts, the s11me as the lowest denomination required. in the 
total product. In the example given 7 (the second digit of 
the multiplier) multiplied by 8 (the second digit of the mul­
tiplicand), will evidently produce the same denomi~ation as 9 
(one tlenomination higher than the 7), multiplied by 4 (one 
denomination lower than the 8). Were we to multiply the 
lowest denomination of the multiplicand by 7, we should get 
(46] a result in the.fifth place to the right of the decimal point; 
which is a denomination supposed to be, in the present in­
stance, too inconsiderable for not.ice-since we are to have 
only four decimals in the ·product. But we add unity fo'.r 
every ten that would arise, from the multipl cation of an addi­
tional digit of the multiplicand; since every such ten consti­
tutes one, in the lowest denominrition of the required product. 
When the multiplication of an additional digit of the multi­
plicand would give more than 5, and less than 15; it is nearer 
to the truth, to suppose we have 10, than either 0, or 20; and 
therefore it is more correct to add 1, than either 0, or 2. When 
it woulu give more than 15, and less than 25, it is nearer to 
the truth to suppose we have 20, than either 10, or 30; and, 
therefore it is more correct to add 2, than 1, or 3; &c. We 
may consiuer 5 either as 0, or 10; 15 either as 10, or 20; &c. 

On inspecting the results obtained by the abridged, 
and ordinary methods, the difference is perceived to be 
inconsiJerable. ·when greater accuracy is desired, we 
should proceed, as if we intended to have more decimal€> 
in the product, and afterw:1rds reject those which are 
unnecessary. 

ExAMPLE 2.-Multiply 8·76532 by ·5704, so as to hav'1 
3 decimal places. 

8·76532 
4675 

4383 
613 
52 
3 

6·051 
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There are no units in the multiplier; but, as the rule 
directs, we put its units' place under the third decimal place 
of the multiplicand. In multiplying by 4, since there is no 
dio-it over it in the multiplicand, we merely set down whai 
wiuld have resulted from multiplying the preceding deno­
mination of the multiplicand. 

ExAMPLE 3.-1\'.Iultiply ·4737 by ·6731 so as to have 6 
J.ccimal places in the product. 

47370 
1376 

284220 
3315g 
1421 

47 

·318847 

We lrnve put ·he units' place of the multiplier under the 
s1, th decim~l place of the multiplicand, adding a cypher, or 
Bl11,posing it to be added. 

ExAJHPLE 4.-Multiply 84·6732 by ·0056, sc as to have 
four decimal places. 

84·6732 
65 

423-1 
508 

·4742 

ExAMPLE 5.-Multiply ·23257 by ·243, so u.s to have four 
decimal places. 

23257 
342 

465 
93 
7 

·0565 

\Ye are ohliged to place a cypher in the product to make 
up the required nwnber of decimal~ 1 

60. To multiply by a Composite Number­
R uu:.-Multiply, successively, bv its factors. 
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ExAMPLE.-Multiply 732 by 96. 96=8 X 12 · therefore 
732 X 06=732 X 8 X 12. [35] 

8 

5856, product by 8. 
12 

70272, product by 8 X 12, or 96. 
If we multiply by 8 only, we multiply by a quantity 12 

times too small; and, therefore, the product will be 1~ times 
less than it should. We rectify this, by making the product 
12 times greater-that is, we multiply it by 12. 

61. When the multiplier is not exactly a Composite 
Number-

RuLE.-1\Iultiply by the factors of the nearest com­
posite ; and add to, or subtract from the last product, 
so many times the multiplicand, as the assumed compo­
site is less or greater than the given multiplier 

EXAMPLE 1.-Multiply 927 by 87. 
87 =7 x 12+3; therefore 027 X 87 =~27 X 7x 12+3= 

927 X 7 X 12+927 X 3. [34]. 
927 

7 

6489==927 X 7. 
12 

77868=927 X 7 X 12. 
2781=927 X 3. 

80649=927 X 7 X 12+927 X 3, or 927 X 87. 
If we multiply only by 84 (7 X 12), we take the number to 

be multiplied 3 times less than we ought; this is rectified, by 
adding 3 times the multiplicand. 

ExAMPL"E 2.-Multiply432by79. 79=81-2=9 X9:-2; 
therefore 432 X 79 =432 X 9 X 9-2=432 X 9 X9-432"'x 2. 

432 
9 

3888=432 X 9: 
9 

34\J92=432 X 9 X 9. 
~o4=432 X 2. 

34128 :.=432 X 9 X 9-432 X 2, or 432 X 79. 
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In multiplying by 81, the composite number, we have taken 
the number to be multiplied twice too often; but the inaccu­
racy is rectified by subtracting twice the multiplicand from 
the product. 

62. This method is particularly convenient, when the 
multiplier consists of nines. 

To Multiply by any Number of Nines,­
RuLE.-Rernove the decimal point of the multipli­

cand so many places to the right (by adding cyphers if 
necessary) as there are nines in the multiplier ; and 
subtract the multiplicand from the result. 

ExAM:PLE.-Multiply 73-17 by 999. 
7347 X 999=7347000-7347 =7339653. 

We, in such a case, merely multiply by the next higher 
convenient composite number, and subtract the multiplicand 
so many times as we have taken it too often; thus, in the 
ex.ample just given-

7347 X999=i347 Xl000-1 =7347000-7347 =7339653. 

63. We may sometimes abridge multiplication by 
considering a part or parts of the multiplier as pro­
duced by multiplication of OM or more other parts. 

ExAMPLE.-Multiply 578392G8 by G2421648. The mul• 
tiplier may be divided as follows :-0, 24, 216, and 48. 

6=6 
24=6 x4 

216=2-! X 9 
48=2-! X 2 

57839268, multiplicand 
____ 6_2_4_2_1_64_8, multiplier. 
347035608 : : : product by 6 (G0000000). 

1388142432 : : product by 2--1 (2400000). 
12493281888 : product by 216 (21600). 

2776284864 product by 48. 

3610422427673664 product by 62421648. 
The product by 6 when multiplied by 4 will give the pro­

duct by 24 ; the product by 24, multiplied by 9, will give the 
product by 216-and, multiplied by 2, the product by 48. 

64. There can be no difficulty in findinO' the places of 
the firs_t digits of the different products. For when there 
are ne1t~er cyph_er~ no; decimals in the multiplicand­
an~ during multiplication, we may suppose that there are 
neither [48, &c.l-the lowest denomination of each pro-
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duct, will be the same as the lowest denomination of th9 
multiplier that produced it ;-thus 12 units multiplied 
by 4 units-will give 48 units; 14 units multiplied by 4 
tens will give 56 tens; 124 units multiplied by 35 units 
will be 4340 units, &c.; and, therefore, the beginning of 
each product--if a significant figure-must stand under 
the lowest digit of the multiplier from which it arises. 
When the process is finished, cyphers or decimals, if 
necessary, may be added, according to the rules already 
given. 

The vertical dotted lines show that the places of the lowest 
digits of the respective multipliers, or those parts into which 
the whole multiplier has been divided, and the lowest digits 
of their resulting products are-as they ought to be-of the 
same denomination. 

48 being of the denomination units, when multiplied into 
8 units, will produce units; the first digit, therefore, of the 
product by 48 is in the units' place. 216, being of the deno­
mination hundreds when multiplied into units will give hun­
dreds; hence the first digit of the produ_ct by 216 will be in 
the hundreds' place, &c. The parts into which the multi­
plier is divided are, in reality, 

2-:1:g~~~~ =62421648, the whole multiplier. 
60000000} 

48 
We shall give other contractions in multiplication 

hereafter, at the proper time. 

45. 7 45 X 456=-=339720. 
46. 476X767=365092. 
47. 345X579=199755 
48. 4J 6 X 4i9=228004. 
49. 897 X979=878163. 
50. 4·59X705=3235·95. 
51. 767X407=312169. 
52. ·457X ·606=·276942. 
58. 700X810=567000. 
54. 670X910=60D700. 
55. 910 X870=791700. 
56. 5001 ·4X70=350098. 
57. 64·001 X40=2560·04-. 
58. 91009X79=7189ill. 
69. 40170X80=3213600. 

EXERCISES. 

60. -707 X604=427028. 
61. 777 X ·407=316 ·239. 
62. 7 407 X 4404=32620428. 
63-. 57 67 X 1307 =7 537 469. 
64. 67·74X·l706=11·556444:. 
65. 4567 X2002=9143134. 
66. 7·767X301·2=2339·4204 
67. 9600X7100=68160000. 
68. 7800X9100=70980000. 

· 69. 6700X6700=44890000. 
70. 5000X7600=38000000. 
71. 70·814X901"07=63808·37098. 
72. 97001 X76706=7440558706. 
73. 93400X67407=6295813800. 
7 4. · 56007 X 45070=25242 • 3549(> 
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75. How many shillings in £1395; a pound being 
20 shillings? Ans. 27~00. 

76. In 2480 pence how many farthings; four far-
thino·s beinrr a penny? Ans. 9920. 

77. If 17 oranges cost a shilling, how many can be 
bad for' 87 shillings ? Ans. 1479. 

78. How much will 215 tons of butter cost at £25 a 
ton? Ans. 6125. 

79. If a pound of any thing cost 4 pence, how much 
will 112 pounds cost? Ans. 448 pence. 

80. How many pence in 100 pieces of coin, each of 
which is worth 57 pence ? Ans. 5700 pence. 

81. How many ~gallons in 264 hogsheads, each con-
taining 63 gallons ? Ans. 16632. 

~:2. If the interest of £1 be £0·05, how much will 
be the interest of £376? Ans. £18·8. 

S3. If one article cost £0·75, what will 973 such 
cost? Ans. £729·73. 

84. It has been computed that the gold, silver, and 
brass expended in building the temple of Solomon at 
Jerusalem, amounted in value to £6904822500 of our 
money ; how. muny pence are there in this sum, one 
pound containing 240? Ans. 1657157400000. 

85. The following are the lengths of a degree of the 
meridian, in the following places : 60480·2 fathoms in 
Peru; 60486·6 in India; 60759·4 in France ; 60836·6 
in England; and 60952·4 in Lapland. 6 feet being a 
fathom, how many feet in each of the above ? Ans. 
362881 ·2 in Peru; 362919·6 in India; 364556·4 in 
:France; 365019·6 in England; and 365714·4 in Lapland. 

86. The width of the l\Ienai bridge between the 
points of suspension is 560 feet; and the weight between 
these two points 489 tons. 12 inches being a foot, and 
2240 pounds a ton, how many inches in the former, 
and pounds in the latter ? · 

Ans. 6720 inches, and 1095360 pounds. 
87. There are two minims to a semibreve · two 

crot~hets to a minim; two quavers to a crotchet'; two 
semiquavers to a quaver : and two demi-semiquavers to 
a semiquaver : how many demi-semiquavers are equal 
to seven semibreves ? Ans. 224 
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88. 32,000 seeds have been counted in a single poppy; 
how many would be found in 297 of these? Ans. 9504000. 

89. 9,344,000 eggs have been found in a single cod 
fish; how many would there be in 3o such ? 

Ans. 327040000. 
65. When the pupil is familiar with multiplication, 

in working, for instance, the following example, 
897351, multiplicand. 
___ 4, multiplier. 
358940--1, product. 

He should say :-4 ( the product of 4 and 1), 20 ( the pro­
duct of 4 and 5 ), H ( the product of 4 and 3 plus 2, to be 
carried), 2U, 38, 35 ; at the same time putting down 
the units, and carrying the tens of each. 

QUESTIONS TO BE ANSWERED BY THE PUPIL. 

1. What is multiplication ? [24]. 
2. ·what are the multiplicand, multiplier, and pro­

duct? [24]. 
3. "\Vhat are factors, and submultiplcs ? [24]. 
4. ·what is the difference between prime and compo­

site numbers [251 ; and between those which are prime. 
and those which are composite to each other 1 [27]. 

5. 1Vhat is the measure, aliquot part, or submultiple 
of a quantity ? [26]. 

6. What is a multiple ? [29]. 
7. What is a wmnion measure ? [27]. 
8. ·what is meant by the greatest common measure ? 

[28]. 
9. What is a wmmon multiple? [30]. 
1 o. What is meant by the least common multiple ? 

[30]. 
11. "\~hat are equ-imultiples ? [31]. 
12. Does the use of the multiplication table prevent 

multiplication from being a species of addition ? [33]. 
13. Who first constructed this table ? [33]. 
14. What is the sign used for multiplication ? [34]. 
15. How are quantities under the vinculum affected 

by the sign of multiplication? [34]. 
1_6. Show that quantities connected by the sign of 

multiplication may be read in any order ? rs5J. 
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17. What is the rule for multiplication, when neither 
multiplicand nor multiplier exceeds 12 ? [37]. . . 

18. What is the rule, when only the multiplicand 
exceeds 12 ? [39]. . . 

19. "\Vhat is the rule when both multiplicand and 
multiplier exceed 12 ? [50]. 

20. What are the rules when the multiplicand, mul­
tiplier, or both, contain cyphers, or decimals? [ 43, ~c:J: 
and what are the reasons of these, and the preceding 
rules? [41, 43, &c., 52]. 

21. How is multiplication proved ? [ 42 and 53]. 
22. Explain the method of proving multiplication, 

by" casting out the nines [54] ;" and show that we can 
cast the nines out of any number, without supposing a 
knowledge of division. [55]. 

23. How do we multiply so as to have a required 
number of decimal places ? [ 58]. 

24. How do we multiply by a composite number [60J ; 
or by one that is a little more, or less than a composite 
number? (61]. 

25. How may we multiply by any number of nines ? 
[62]. 

26. How is multiplication very briefly performed? 
[65]. 

SIMPLE DIVISION. 

66. Simple Division is the division of abstract num­
bers, or of those which are applicate, but contain only 
one denomination: 

Division enables us to find out how often one number, 
called the divisor, is contained in, or can be taken from 
another, termed the di1:idend ;-the number expressing 
how often is called the quotient. Division also enablrs 
us to tell, if a quantity be divided into a certain number 
of equal parts, what will be the amount of each. 

When the divisor is not contained in . the dividend 
any ?umber of times exactly, a quantity, called the 
re111,ainder, is left after the division . 
. 67. It will help us to understand how greatly divi­

sion abbreviates subtraction, if we consider how long a 
process would be required to discover-by actuallv sub-
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tracting it-how often 7 is contained in 8563495724 
·while, as we shall find, the same thino- can be eff.ected 
by dfrisinn, in less than a minute. 

0 

68. Divi:-5ion is cxpre!-'-:;cu by --:- , placed between the 
dividend and diYisor; or by putting the divisor under 
tlw dividend, with a separating line between :--thus 

6 
6--:- 3==2, or 3=2 ( read 6 divided by 3 is equal to 2) 

means, that if 6 is divided by 3·, the quotient will Le 2. 
69. \Vhen a quantity under the vinculum is to be 

c1iYided, we must, on removing the vinculum, put the 
divisor under each of the terms connected by the sign 
of addition, or subtraction, otherwise the value of what 
was to be divided will be changed;-thus 5+6--7--:-3= 
5 6 7 
3 + 3 - 3 ; for we do not divide the whole unless 

we divide all its parts. 
The line placed between the dividend and divisor occa­

sionally assumes the place of a vinculum; and there­
fore, when the quantity to be divided is subtractive, it 
will sometimes be necessary to change the signs- as 

. 6 13-3 6+13-3; 
already directed [16] :-thus 2 + --

2
- =- 2---

b 
27 15-6+9 27-15+6-9 F h 

ut 3 -
3 3 

or w en, as 

in these cases, all the terms are put under the vinculum, 
the effect-as far as the subtractive signs are concerned­
is the same as if the vinculum were removed altogether; 
and then the signs should be changed back again to 
what they must be considered to have been before the 
vinculum was·afitxed [16]. 

When quantities connected by the sign of multiplica­
tion are to be divided, dividing any one of the factors, 
,vill be the same as dividing the product ; thus, 5 X 10 X 

25--:-5= }x 10X25; for each is equal to 250. 

To Dfride Quantities. 

70. When the divisor does not exceed 12, nor the 
dividend 12 times the divisor 
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RuLE.-I. Find by the multiplication .t~ble t~e 
greatest number which, multiplied by the. ~1v1sor, w1!l 
give a product ~hat does. not exceed the dmdend : this 
will be the quotient reqmred. . 

II Subtract from the dividend the product of this 
·number and the <livisor; setting down the remainder, if 
any, with the divisor U);.lder it, and a line between them. 

EXAllIPLF..-Fin<l how often 6 is contained in 58; or, in 
other words, what is the quotient ?f 58 divided by 6 .. 

We learn from the multiplication table that 10 times 6 
are 60. But 60 is greater than 58; the. latter, therefore, does 
not contain 6 10 times. We find, by the same table, ~hat 9 
times 6 are 54, which is less than 58 :- consequently 6 1s con­
tained 9, but not 10 times in 58; hence 9 is the quotient; 
and 4-the difference between 9 times 6 and the given num­
ber-is the remainder. 

. . 4 4 . 58 4 
The total quotient IS 9+o, or 9 6; that 1s, 6=90. 
If we desire to carry the division farther, we can effect it 

by a method to be explaineJ. presently. 

71. REAsoN oi,· !.-Our object is to find the greatest num­
ber of times the• divisor can be taken from the dividend; that 
is, the greatest multiple of 6 which will not exceed the num• 
ber to be divided. The multiplication table shows the pro. 
ducts of any two numbers, neither of which exceeds 12; and 
therefore it enables us to obt:tin the product we require; this 
must not exceed the dividend, nor, being subtracted from it, 
le:we a number equal to, or greater than, the divisor. It is 
hardly necessary to remark, that the divisor would not have 
been subtracted ::s often as possible from the dividend if a 
number equal to or greater tlrnn it were left; nor would the 
quotient answer the question, how open the divisor could be 
taken from the dividend. 

REASON OF II.-We subtract the product of the divisor 
and ~uotieut fro~ t}ie dividend, to learn, if there be any 
remamder, what It IS. When there is a remainder, we in 
r,ealit~ suppose the dividend divided into two parts; one of 
fo~s? 1s equal to tl~e _Product of the divisor and quotient-and 
tlus we actually chv1de; the other is the difference between 
that product and the ~iven dividend-this we express, by the 
notat10n already explamed, as still to be divided. In the c::i..,011• 

. 58 54 +4 54 4 4 
nle given, -=--=-+-=Q +­
s. 6 6 6 6 6' 

72. When the divisor does not exceed 12, bu1,, the 
dividend exceeds 12 times the di visor-
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RuLE.-1. Set down the dividend with a line under 
it_ ~o separate it from the futu;e quotient : and put the 
dmsor to the left hand side of the dividend, with a line 
between them. 

II. Divide the divisor into all the denominations of 
the ::lividend, beginning with the highest. 

III. Put the resulting quotients under those deno­
minations of the dividend which produced them. 

I'V. If there be a remainder, after subtracting the pro­
duct of the divisor and any denomination of the quotient 
from the corresponding denomination of the dividend, 
consider it ten timE:s as many of the next lower deno­
mination, and add to it the next digit of the dividend. 

V. If any denomination of the dividend ( the preced­
ing remainder, when there is one, included) doe8 not 
contain the divisor, consider it ten times as many of 
the next lower, and add to it the next digit of the 
dividend-putting a cypher in the quotient, under the 
digit of the dividend thus reduced to a lower denomi­
nation, unless there are no significant figures in the 
qu0ticnt at the same side of, and farther removed from 
the decimal point. 

VI. If there be a remainder, after dividing the 
"units of comparison," set it down-as already directed 
[70]-with the divisor under it, and a separating line 
between them; or, writing the decimal point in thr 
quotient, proceed with the division, and consider each 
~emainder ten times as many of the next lower deno­
n1ination; proceed thus until there is no remainder, or 
until it is so trifling that it may be neglected without 
inconvenience. 

73. ExAMPLE.-"\Vhat is the quotient of G445G+ 71 
Divisor 7)6!'156 qividend. 

9208 quotient. 

6 tens of thousands do not contain i, even once ten thou­
sand times; for ten thousand times 7 are 70 thousand, which 
is greater than 60 thousand; there is, therefore, no digit 
to be put in the ten-thousands' place of the quotient--we 
do not, however, put a cyp \er in th~t place, since no digit 
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of the quotient can be further removed from the decimal 
point. than this cyp~er; for i_t w~uld, in such a case, produce 
no diect [:::;ec. I. ~n]. Cons1J.crmg the 6 tens of thousands 
as 60 thousands, anJ. addin:,; to the:-;e the -1 thon:::ands already 
in the dividend, we have 04 thommnds. 7 will "go" into 
(_that is, 7 can be taken from)_ G4 thon,,a,ud, 9 t}1ouR_and times; 
for 7 times 9 thousand are 03 thousand-wl11ch 1,; le.,,; than 
G-1 thousand, and therefore is not too large; it does not leave 
a remainder equal to the divisor-and therefore it is not too 
small :-9 is to be set down in the thousands' place of the 
quotient; and the 4 already in the dividend being adJed to 
one thousand ( the difference hetween 6-1 and G3 thousand) 
considered a-, ten times so many hundreds, we have 14 hun• 
dreds. 7 will go 2 hundred times into 14 hundreds, and lea,ve 
no remainder; for 7 times 2 hundreds are exactly 1-1 hun• 
dreds :-2 is, therefore, to be put in the hundl'eds' pla.ce of 
the qnotient, and there i., nothing to be carried. 7 will not 
go into 5 tens, even once ten times ; si nee 10 times 7 are 7 
tens, which is more than 5 tens.. But considering the 5 
tens as 50 units, a11d actJing to them the other 6 units of tho 
dividend, we have 50 units. 7 will go into 5G, 8 times, lea,• 
ing no remainder. As the 5 tens gave no digit in the tens' 
place of the quotient, and there are significant figures farther 
removed from th€> decima.l, point than this denomination of 
the dividend, we have been obliged to use a cypher. The 
di vision being finished, and no remainder left, the required 

quotient is found to be 9208 exactly; that is, G+;SG =9208. 

74. EXAl\IPL'.E 2.-What is the quotient of 732G8, aivided 
by 61 

6)i32G8 

1~2llj 
,ve ma.y set down the 2 units, which remain after the 

units of the quotient are found, as represented· or we may 
proceed with the division as follows- ' 

6)732G8 

1221-1·333, &c. 
Considering the 2 units, left from the units of the divi• 

iend, as 20 t_enths, we perceive that 6 will go into them 
three tei:i,ths tunes, and lea,ve 2 tenths-since 3 tenths times 
6 (=6 times 3 tenths [35]) are 18 tcnths:-we put 3 in the 
ten~h_s' place of the quotient, and consider the 2 tenths r~ 
~am~ng, as 20 hundredths. For similar reasons, 6 wii1 g1J 
mto 20 hundredths 3 h®drcdths times, and leave 2 hun-
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dl-edths. Considering these 2 hundredths as 20 thousandths, 
they will give 3 thousandths as quotient, and 2 thou~&:1dths 
m1 remainder, &c. The same remainder, constantly recu1·­
ring, will evidently produce the same digit in the successive 
denominations of the quotient; we may, therefore, at once 
put down in the quotient as many threes as will leave the 
tinal remainder so small, that it may be neglected. 

75. E..uMPLE 3.-Divide 47365 by 12. 
12)47365 

3947·08, &c. 
In this example, the one unit left ( after obtaining the 7 in 

the quotient) even when considered as 10 tenths, does not 
contain 12 :--there is, therefore, nothing to be set down in 
the tenths' place of the quotient-excrpt a cypher, to keep 
the following digits in their proper lllaces. The 10 tenths 
are by consequence to be considered as 100 hundredths, 
12 will go into 100 hundredths 8 hundredths times, &o. 

This may be applied to the last rule [70], when we desire 
t-0 continue the division. 

ExAMPLE.-Divide 8 by 5. 
8+5 = li, or 1·37, &e. 

76. When the pupil fully understands the real deno­
minations of the dividend and quotient, he may proceed, 
for example, with the following 

5)_46325 
In this manner :-5 will not go into 4. 5 into 46, 9 times 

and 1 over ( the 46 being of the denomination to which 6 
belongs [thousands], the first digit of the quotient is to be 
put under the 6-tha.t is, under the denomination whicl1 
produced it). 5 into 13, twice and 3 over. 5 into 32, 6 
times and 2 over. 5 into 25, 5 times and no remainder. 

When the divisor does not exceed 12, the process is 
called short division. 

7i. REASON OF I.-In this a.rran~ment of the quantities­
which is merely a matter of convenience-the valu.es of the 
digits of the quotient are ascertained, both by their position 
with reference to the digits of the dividend, and to their own 
decimal point. The sep:1.rating lines prevent the dividend, 
divisor, or quotient from being in any way mistaken. 

REASON oF II.-We divide the divisor successively into all 
the parts of the dividend, because we cannot divide it at once 
into the whole :-the sum of the numbers of times it can be 
subtracter! from these parts is evidently equal to the number 
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of times it ca.n be subtra.cted from their sum. Thus, if 5 goes 
into 500, 100 times, into 50, 10 times, and into 5,_ once; it 
will go into 500+50+5 (=555), 100+10+_1 (=111) times. . 

The pupil perceives by the examples given above, _tl~n.t, m 
dividin" the divisor successively into the parts of the d1v1dend, 
each, o~ any of these parts does not necessarily consis~ of one 
or more digits of the dividend. Thus, in finding, for example, 
the quotient 64456+7, we are not obliged to consider the part!'! 
as 60000, 4000, 400, 50, and 6 :-on the contrary, to render the 
dividend suited to the process of division, we alter its form, 
while, at the same time, we leave its value unchanged; it be­
comes 

Thousands. Hundreds. Tens. Units. 
63 + 14 + 0 + 56 (=64456). 

Each part being divided by 7, the different portions of the 
dividend, with their respective quotients, will be, 

Thousands. Hundreds. Tens. Units. 
7,63 14 0 56 = 64456. 

9 2 0 8 9208. 
We begin at the left hand side, because what remains of the 

higher denomination, mn.y still give a quotient in a lower; 
and the question is, how often the divisor will go into the 
dividend-its different denominations being taken in any con­
venient way. We cn.nnot know how ma-ny of the higher we 
shall have to add to the lower denominations, unless we begin 
with the higher. 

REASON oF III.-Each digit of the quotient is put 'under 
that denomination of the dividend which produced it, because 
it, belongs to that denomination ; for it expresses what number 
of times (indicated by a digit of that denomination) the divisor 
cau be taken from the corresponding part of the dividend :­
thus the tens of the quotient express how many tens of time.s 
ihe divisor can be taken from the tens of the dividend; the 
fmndreds of the quotient, how many hundreds of times it can 
be taken from the hundreds, &c. 

REASON or IV.-Since what is left belongs to the total re­
mainder, it must be added to it; but unless considered as of a 
lower denomination, it will give nothing further in the quotient. 

REASON OF V.-We are to look upon the remainder as of 
the highest denomination capable of giving a quotient; and 
ihough it may not contain the divisor a number of times ex­
pres~.: ... '.Jy a digit of one denomination, it may contain it some 
number of times expressed by one that is lower. 

The true remaimler, after subtracting each product, is the 
tJhole remai_mler.of the dividend; but we "bring down" only 
~ m_uch of it o.~ 1_s 1;1ecessary for our present object. Thus, in 
io?kmg for a d1g1t m the hundreds' place of the quotient, it 
will not be necessary to take into account the tens or units 
of the dividend; since they co.nnot add to the numb~r of hun~ 
<lreds of times the divisor may be taken from the dividend. 
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A cypher must be added [Sec. I. 28], when it iei required, 
to give significant figures their proper value-which is never 
the case, except it comes between them and the decimal point. 

REASON OF VI.-We may continue the process of division, 
if we please, as long as it is posible to obtain quotients of any 
denomination. Quotients will be produced although thore ar'e 
no longer any significant figures in the dividend, to which we 
can add the successive remainders. 

78. The smaller the divisor the larger the quotient­
for, the smaller the parts of a given quantity, the greater 
their number will be ; but O is the least possible divi­
sor, and therefore any quantity divided by O will give the 
largest possible quotient-which is infinity. Hence, 
though any quantity multiplied by O is equal to o, any 
number divided by O is equal to an infinite number. 

It appears strange, but yet it is true, that~=~ ; for 

each is equal to the greatest possible number, and one, 
therefore, cannot be greater than another-the appa­
rent contradiction arises from our being unable to form 
a true conception of an infinite quantity. It is necessary 
to bear in mind also that O, ifl this case, indicates a. 
quantity infinitely small, rather than absolutely nothing. 

79. To prove Division.-Multiply the quotient by 
the divisor ; the product should be equal to the divi­
dend, minus the remainder, if there is one. 

For, the dividend, exclusive of the remainder, contains the 
divisor a number of times indicated by the quotient ; if, there­
fore, the divisor, is taken that number of times, a quantity 
equal to the dividend, minus the remainder, will be produced. 
It follows, that adding the remainder to the product of the 
divisor and quotient should give the dividend. 

6832 
ExAMPLE 1.-Prove that 4°'=1708. 

4)6832 PaooF. 1708, 4'?-~tient. 
1708 4, dmsor. 

6832, product or divi• 
sor and quotient, equal to the dividend. 

85643 5 
EXAMPLE 2.-Prove that - 7- = 12234 7. 

PROOF. 
12234 

7 
or 

85638=diTidend mlnu■ 61 the remain 1•r• 

PROOF. 
12234 

7 

85688-f-o=«liTidell'i 
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EXERCISES. 

(1) (2) (3) (4) 
2)7834u 8)91234 8)67859 9)71234 

(5) (6) (7) (8) 
4)96707 10)1346137 6)767466 11)87067 

(9) (10) (11) (12) 
6)970763 12)876967 7)891023 9)763457 

80. Men the dividend, divisor, or both, cont-a•• 
cyphers or decimals.-The rules already given are ap1•li • 
cable : those which follow are consequences of them. 

When the dividend contains cyphers-
R uLE.-Divide as if there were none, and remove 

the quotient so m_any places to the left as there havo 
been cyphers neglected. 

The greater the dividead, the greater ought to be the 
quotient; since it expresses the number of times t.he divisnr 
can be subtracted from the dividend. Hence, if 8 will go into 
56 7 times, it will go into 5600 (¥- quantity 100 times greater 
thnn 56) 100 times more than 7 times-or 700 times. 

EXAMPLE 1.-What is the quotient of 568000+4 1 
568 568000 
4 =142; therefore--r- = 142000. 

:EXAMPLE 2.-What is the quotient of 4060000+5 1 
406 4060000 
-5 =81·2; therefore - 5-=812000 [Sec. I. 39.]. 

81. When the divisor contains cyphers­
RuLE.-Divide as if there were none, and move the 

quotient so many places to the right as there are cyphers 
in the divisor. 

The greater the divisor, the smaller the number of times it 
can be subtracted from the dividend. If, for example, 6 can 
be taken from a quantity any number of times, 100 times 6 
can be taken from it 100 times les3 often. 

ExAMPLE.-Wh::i.t is the quotient of 
8
5
0
~? 

56 56 
s=7; therefore soo= ·07. 
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82. If both dividend and divisor contain cyphers-
R ?LE.-Divide as if there were none, and move the 

quotient a number of places equal to the difference 
between the numbers of cyphers in the two given quan­
tities :-if the cyphers in the dividend exceed those in 
the divisor, move to the left; if the CyPhers in the 
divisor exceed those in the dividend, move to the right. 

We have seen that the effect of cyphers in the dividend is 
to move the quotient to the left and of cyphers in the divisor, 
to move it to the right; when, therefore, both causes act 
together, their effect must be e4ual to the difference betweeQ 
their separate effects. 

(1) 
7)63 
9 

(2) 
7)6300 

900 

EXAMPLES. 

(3) 
70)63 

7):g 

(4) (5) 
70)6300 700)630 
~ 7)79 

(6) 
700)6300 

--9 

In the sixth example, the difference between the numbers 
of cyphers being=0, the quotient is moved neither to the 
right nor the left. 

83. If there are decimals in the dividend-
R uLE.-Divide as if there were none, and move the 

quotient so many places to the right as there are deci­
mals. 

The smnller the dividend, the less the quotient. 
ExAMPLE.-What is the quotient of ·048+81 

48 ·048 
g=6, therefore 8=·006. 

84. If there are decimals in the divisor-
R uLE.-Divide as if there were none, and move the 

quotient so many places to the left as there are deci­
mals. 

The smaller the divisor, the greater the quotient. 
ExAMPLE.-What is the quotient of 54+·006.1 

54 54 
6 =9, therefore.006=9000. 

85. If there are decimals in both dividend and di­
visor-

RuLE.-Divide as if there were none, and move the 
quotient a number of places equal to the difference 
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between the numbers of decimals in the two given quan .. 
tities :-if the decimals in the dividend exceed those in 
the divisor, move to the right; if the decimals in the 
divisor exceed those in the dividend, move to the left. 

We have seen that decimals in the dividend move the 
quotient to the right, and that decimals in the divisor move 
it to the left; when, therefore, both causes act together, the 
effect must be equal to the difference between their separate 
effects. 

(1) 
5)45 
-9 

(2) 
5)·45 
---:w 

EXAMPLES, 

(3) 
·05)45 

900 

(4) 
·5)·045 

--=oo 

(5) 
·005) 450 

90000 

(6) 
•05) ·45 

9·00 

86. If there are cyphers in the dividend, and deci­
mals in the divisor-

R ULE.-Divide as if there were neither, and move 
the quotient a number of places to the left, equal to 
the number of both cyphers and decimals. 

Both the cyphers in the dividend, and the decimals in the 
divisor increase the quotient. 

ExAMPLE.-What is the quotient of 270+·03; 

~=9, therefore, 270+·03=9000. 

87. If there are decimals in the dividend, and cyphers 
in the divisor-

Ru LE .-Divide as if there were neither, and move 
the quotient a number of places to the right equal to 
the number of both cyphers and decimals. 

Both the decimals in the dividend, and the eyphers in the 
divisor diminish the quotient. 

ExAMPLE.-What is the quotient of ·18+201 
18 18 
-=9, therefore _ =·009. 
2 20 

The rules which relate to the mana(J'ement of cyphers 
and decimals,. in multiplication and i~ division-though 
numerou~w1ll be very easily remembered, if the pupil 
merely considers what our;ht to be the dfo~t vt' either 
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EXERCISES. 

(13) (14) (15) (16) (17) 
8)10000 11)16000 3)70170 6)68530 20)36526 

(18) (19) (20) (21) 
'3000)47865 40)56020 80)75686 12)63·075 

(22) (23) (24) (25) 
10) ·08756 ·07)54268 ·09)57·368 ·0005)60300 

(26) (27) (28) (29) 
700) ·03576 •008)57·362 400)63700 110)97·634: 

88. When the divisor exceeds 12-
The process used is called long division ; that is, we 

perform the multiplications, subtractions, &c., in full, 
and not, as before, merely in the mind. This will be 
understood better, by applying the method of long divi­
sion to an example in which-the divisor not being 
gr ater than 12-it is unnecessary. 

Short Division : 

8)5763472 

720434 

the same by Long Divi~ion. 

8)5763472(72043J 
5G 

Hi 
rn 

27 
24 

32 
32 

In the second method, we multiply the divisor by the 
different parts of the quotient, and in each case set d0W1& 
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the product, subtract it from the correspo~ding portion of 
the dividend, write the remainder, and bring down the re­
qui.·ed digits of the dividend. All this miist be done when 
the divisor becomes large, or the memory would be too 
heavily burdened. 

89. RuLE-I. Put the divisor to the left of the divi­
dend, with a separating line. 

II. l\Iark off, by a separating line, a place for the 
quotiel'lt, to the right of the dividend. 

III. Find the smallest number of digits at. the left 
liand side of the dividend, which expresses a quantity 
not less than the divisor. 

IV. Put under these, and subtract from them, the 
greatest multiple of the divisor which they contain ; 
and set down, underneath, the remainder, if there is 
any. The digit by which we have multiplied the divisor 
is to be placed in the quotient. 

V. To the remainder just mentioned add, or, ns it is 
said, "bring down" so many of the next digits ( or 
cyphers, as the case nrny be) of the dividend, as are 
required to make a quantity n~t less than the divisor; 
and for every digit or cypher of the dividend thus 
brought down, e.rcept o'lle, add a cypher after the digit 
last plac2d in the quoti;.;nt. 

YI. Find out, and set down in the quotient, the 
nnmber of times the divisor is contained in this quan­
tity; and then subtract from tLe latter the product of 
the divisor and the digit of the quotient just set down. 
Proceed ,;,;ith the resulting remainder, and with all that 
succeed, as with the last. 

YII. If, there is a rcmnindcr, after the 'units of the 
dh·idend have been " brought down" and divided, either 
place it int.o the quotient with the diYisor under it, ancl 
a separating line between them [70] ; or, puttiiw the 
decimal point in the quotient-and adding to th~ re­
mainder as many cyphers ns will make it at least equal 
to_ the <liYisor, and to the quotient as many cyphers 
1niniis on.e as there have been cyphers added to the 
remainder-procaed with the divio:;ion. 
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90. ExAMPLE 1.-Divide 78325826 by 82. 
82)78325826(955193 

738 

452 
410 
---:;;;-

425 
410 

158 
82 

762 
738 

246 
246 

9] 

82 will not go into 7; nor into 78; but it will go 9 times 
into 783 :-9 is to be put in the quotient. 

The values of the higher denominations in the quotient 
will be sufficiently marked by the digits which succeed 
them-it will, however, sometimes be proper to ascertain, 
if the pupil, as he proceeds, is acquainted with the orders 
of units to which they belong. 

9 times 82 are i38, which, being put under i83, and sub­
tracted from it, leaves 45 as remainder; since this is less than 
the divisor, the digit put into the quotient is-as it ought tQ 
be (71 ]-the largest possible. 2, the next digit of the divi­
dend, being brought down, we have 452, into which 83 goes 
5 times ;-5 being put in the quotient, we subtract 5 times 
the divisor from 4-52, which leaYes 42 as remainder. 42, 
with- 5, the next digit of the dividend, makes 425, into which 
82 goes 5 times, leaving 1,5 as remainder ;-we put another 
5 in the quotient. The last remainder, 15, with 8 the next 
digit of the dividend, makes 158, into which 82 goes once, 
leaving 76 as remainder :-1 is to be put in the quotient. 2, 
the next digit of the dividend, along with 76, makes 7G2, 
into which the divisor goes 9 times, and leaves 24 as remain­
der ;-9 is to be put in the quotient. The next digit being 
brought down, we have 246, into which 82 goes 3 times 
exactly ;-3 is to be put in the quotient. Thi.s 3 indicates 
3 units, as the last digit brought down expressed units, 

"' ~ 78325826 955193. ~ hereiore 
82 
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ExAMPU 2.-Divi<le 642128-:1: by G42. 
642)6421284(10002 

G42 

1284 
1284 

G42 goes once into 642, and lea~e~ no re~ainder. J3~in~­
in()' tlown the next dicrit of the d1v1dend gives no d1g1t m 
th~ quotient, in which~ therefore, we put a cypher after _the 
1. The next digit of the dividend, in the same way, gives 
no dio·it in the quotient, in which, consequently, we put 
anoth~r cypher; and, for similar reasons, another in bringing 
down the next; Lut the next digit makes the quantity 
brought down 1284, which contains the divisor t,vice, and 
gives~ no remainder :-we put 2 in the quotient. 

91. When there is a remainder, we may continue the 
division, adding decimal places to the quotient, as follows-

Ex:A.MPLE 3.-Divicle 7D6347 by 847. 
84 7) 79634 7 ( 040· 19, &c. 

7G23 

3404 
3388 

1670 
847 

8230 
7623 

92. The learner, after a little practice, will guess 
~rctty accurately what, in each case, should be the next 
digit of the quotient. He has only to multiply in his mind 
the last digit of the divisor, adding to the product what 
be woulcl probably have to carry from the multiplica­
tion of the second last :-if this sum can be taken from 
the corresponding })art of what is to be the minuend, 
leaving little, or nothing, the assumed number is likely 
to answer for the next digit of the quotient. 

93. REAsoN OF I.-This arrangement is merely a matter of 
convenience; some put the divisor to the right of the dividend, 
and immedin.tely over the quotient-believing that it is more 
convenient to have two quantities which are to be multiplied 
together as near to each other as possible. Thus, in dividing 
S~5 by 54-
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6425( 54 
54 118, &c. 
102 
64 

485 
132 

53, &c 

93 

REASON OF II.-This, nlso, is only n. matter of convenience 
REASON OF UL-A smaller part of the div-idcnd would give 

nd digit in the quotient, and a larger would give more than 
one. 

REASON OF IV.-Since the num~ers to be multiplied, nncl 
the products to be subtracted, are considerable, it is not so 
convenient ns in short division, to perform the multiplications 
and subtructions mentally. The rule directs us to set down 
each multiplier in the quotient, because the latter is the sum 
of the multipliers. 

REASON oF V.-One digit of the dividend brought down 
would make the quantity to be divided one denomination lower 
than the preceding, and the resulting digit of the quotient 
also one denomination lower. But if we nre obliged to brino­
down two digits, the quantity to be divided is two denomi~ 
nations lower, and consequently the resulting digit of the quo­
tient is two denominations lower than the preceding-which, 
from the principles of notation [Sec. I. 28], is expressed by 
using a cypher. In the s11,me W!ty, bringing down three 
figures of the dividend reduces the denomination three places, 
nnd makes the new digit of the quotient three denominations 
lower than the last-two cyphers must then be used; The 
same reasoning holds for any number of characters, whether 
significant or otherwise, brou:;ht down to nny rem11inde1·. 

REASON oF VI.-We subtract the products of the different 
parts of the quotient and the divisor (these different parts of 
the quotient being put down successively according as they 
are found), that we may discover what the remainder is ~rom 
which we are to expect the next portion of the quotient. From 
what we have already said [i7], it is evident that, if there are 
no decimals in the divisor, the quotient figure will always be 
of the same de:qomination as the lowest in the quantit.y from 
which we subtract the product of it and the divisor. 

REASON oF VIL-The reason of this is the same as what 
W&.S given for the sixth part of the preceding rule [77]. 

It is proper to put a dot over each digit of the divi­
dend, as we bring it down ; this will prevent our forget­
ting any one, or bringing it ·down twice. 

94. When there are cyphers, decimals, or both, the 
rules already given [SI), &c.J are applicable. 
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95. To prove the Division.-Multiply the quotient 
by the divisor ; the product should be equal to the divi­
dend, minus the remainder, if there is any [79]. 

~ro prove it by the method of " casting out the 
nines"-

RuLE.-Cast the nines out of the divisor, and the 
quotient ; multiply the remainders, and cast the nines 
from their product :-that which is now left ought to 
be the same as what is obtained by casting the nines 
out of the dividend minus the remainder obtained from 
the process of division. 

63776 ., 
ExAMPLE.-Prove that 54 -1181"3"1 · 
Considered as a question in multiplication, this becomes 

1181 X 54=63776-2=63774. To try if this be true, 
Casting the nines from 1181, the remainder ~s 2. l 2 X 0=0 

,, ,, from 54, ,, 1s 0. j 
Casting the nines from 63 77 4, the remainder is 0 

The two remainders are equal, both being O; hence the 
multiplication is to be presumed right, and, consequently, 
the process of division which supposes it. 

The division involves an example of multiplication ; since 
the product of the divisor and quotient ought to be equal to 
the dividend minus the remainder [79]. Hence, in proving 
the multiplication (supposed), as already explained [54], we 
indirectly prove the divi:-,ion. 

EXERCISES. 

(30) (31) (32) (33) 
24)7G54 15)6783 16)5674 17)-1675 

--318H 452t'~ 35-tH 275 

(34) (35) (36) (37) 
18)7831 rn)5977 21)6783 22)9767 

435/u 314-}½ 323 4-t3H 

(38) (39) (40) 
23)767500 390)5807 1460)6767600 

3336913 !l:J° 14·8897 4635·3425 
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(41) (42) (43) 
256)77676700 67·1)·18~ 158) ·82_9749 

303424·6094: ·002 5·4232 

(44) ~45) (46) 
64·25}123·70536 14·85)269·0625 ·0037) 555 

2·2803 18·75 150000 

In example 40-and some of those which follow-after 
obtaining as many decimal places in the quotient as are 
deemed necessary, it will be more accurate to consider the 
remainder as equal to the divisor ( since it is more than one 
half of it), and add unity to the last digit of the quotient. 

CONTRACTIONS IN DIVISION. 

96. We may abbreviate the process of division when 
there are many decimals, by cutting off a digit to the 
right hand of the divisor, at each new digit of the 
quotient ; remembering to carry what would have been 
obtained by the multiplication of the figure neglected­
unity if this multiplication would have produced more 
than 5, or less than 15; 2 if more than 15, or less than 
25, &c. [59]: 

ExAMPLE.-Divide 754·337385 by 61·347. 
Ordinary Method. 

61 ·317) 754·33,7385 (12·296 
613471 ___ ,_ 

Contracted Method. 

61·347)754·337385(12·296 
61347 

14086 
12269 

1817 
1227 

590 
552 

38 
37 

1 
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According as the denominations of t_he 9uotient b~?me 
small, their products by the lower denommation of the d1v1sor 
become inconsiderable, and may be neglected, and, conse­
quently, the portions of the dividend from which the! would 
l1ave been subtracted. What should have been carried from 
the multiplication of the digit neg_lected-since ii; belong~ to a. 
higher denomination than what 1B neglected, should still be 
retained [59]. 

97. We may avail ourselves, in division, of contri­
vances very similar to those used in multiplication 
(60]. 

To divide by a composite number-
R uLE.-Divide successively by its factors. 

ExAMPLE.-Divide 98 by 49. 49=7x7. 
7)98 
7)14 

2=98+7x7, or 49. 

Dividing only by· 7 we divide by a quantity 7 times too 
small, for ,ve are to divide by 7 times 7 ; the result is, therefore, 
7 times too great :-this is corrected if we divide again by 7 

98. If the divisor is not a composite number, we 
cannot, as in multiplication, abbreviate the process, 
except it is a quantity which is but little less than a 
number expressed by unity and one or more cyphers, 
When this is the casc-

R uLE.-Divide by the nearest higher number, ex­
pressed by unity and one or more cyphers ; add to re~ 
mainder so many times the quotient as the assumed 
exceeds the given divisor, and divide the sum by the 
preceding divisor. Proceed thus, adding to the remain­
der in each case so many times the foregoing quotient 
as the assumed exceeds the given divisor until the exact, 
or a sufficiently near approximation to the exact quotient 
is obtained-the last divisor must be the given, and not 
the assumed one. The last remainder will be the true 
one ; and the sum of all the quotients will be the true 
quotient. 
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ExAMPLE.-Divide 987663425 by 91)8. 
987663.\425=987663425+1000. 

UJ75A75l=V87uo3x2+425+1000. 
4A 70l=Hi7 5 X 2+ 751+ 1000. 
0•7 A090=4x2+701+1000. 
0•01A040=•'lx2+9+1000. 
O·000A20=·01 x 2+4+1000. 
o-0004Ao2os=•01 x2+4+998 

97 

that is, the last quotient is 0·0004, and ·0208 is the last 
remainder. 

l 
987u63 

1975 

all the quotients are 5. 7 

0·01 
0·0004 

The true quotient is 989642·7104, or the $1tm of the quotients. 
And the true remainder 0·0208, or the last remainder. 

Unless we add twice the preceding quotient to each succes­
sive remainder, we shall have subtracted from the dividend, 
or the part of it just divided, 1000, and not 998 times the 
quotient-in which case the remainder would be too timall to 
the amount of twice the quotient.-W e have used (A) to sepa­
rate the quotients from the remainders. 

There can be no difficulty when the learner, by this 
process, comes to the decimals of the quotient. Thus in 
the third line, 4701 gives, when divided by 1000, 4 units 
as quotient, and 701 units still to be divided-that is, 
701 as remainder. 4·701 would express 4701 actually 
divided by 1000. A number occupying four places, all 
to the left of the decimal point, when divided by 1000, 
gives units as quotient; but if, as in 709·0 (in the next 
line), one is a decimal place, the quotient must be of 
a lower denomination than beforn-that is, of the order 
tenths; and in 010·40 ( next line), since two out of the 
four places are decimals, the quotient must be hun­
dredths, &c. 

In adding the necessary quantities, we must carefully 
bear in mi~d to what denominations the quotient muiti­
plied, and the remainder to which the product is to be 
added,. belong 
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EXERCISES. 

47. 5s7sn+741=76H-f· 
48. 478907 +971=493~~i. 
49. 977076+47600=201~-N-B--
50. 567897 +842=674lH· 
61. 7867674+9712=810-u9ll-\-· 
52. 3070700+457000=6·7 98. 
53. 6765158+7894=857. 
64. ~7•i70+3900=17 ·3. 
65. 69000+47600=1 ·4496. 
56. 76767 +40700=1 ·8862. 
57. 6114592+764324=8. 
58. 9676744+910076=10·6329. 
5!). 7 40070000+ i 41000=!.}98 · 7 449. 
60. 9410007111+45673=206043·1132. 
61. 454076000..:...400100=1134 ·9063. 
62. 7376476767°+345670=21339·649. 
63. 47 ·5782£175..:...26·175=1 ·8177. 
64. 47 ·655..:...4··5=10·59: 
65. 756·98_;_i6·73612=9·866. 
66. 7 5 · 3470°+3829=196 · 7798. 
67. 0·1+7 ·G3.J5=0 ·0000131. 
68. 5378+0 ·00096==5602083 ·33, &c. 

69. If £7500 were to be divided between 5 persons, 
how mu~h ought each person to receive? Ans. £1500. 

70. Divide 7560 acres of land between 15 persons. 
Ans. Each will have 504 acres. 

71. Divide £2880 between 60 persons. 
Ans. Each will receive £-18. 

72. What is the ninth of £972? Ans. £108. 
73. What is each man's part if £972 be divided 

among 108 men? Ans. £9. 
74. Divide a legacy of £8526 between 294 persons. 

Ans. Each will haYe £:2!l. 
75. Divide 340480 ounces of bread between 17~:2 

persons. .Ans. Each person's share will be 190 ounces. 
76. There are said to be seven bells at Pekin, each 

of which weighs 120,000 pounds; if they .were melted 
up, how many such as great Tom of Lincoln, weigbfr;g 
9894 p01 .. mds, or as the great bell of St. Paul's, in 
London, weighing 8400 pounds, could be made from 
them? Ans. 84 like great Tom of Lincoln, with 8904 
pounds left; and 100 like the great bell of St. Paul's. 

77. Mexico produced from the year 1790 to 1830 a 
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quantity of gold which was worth £6,436,443, or 
6,178,\:lt:!5,280 farthings. How many dollars, at 207 
farthing~ each, are in that sum?. Ans. 29850170 nearly. 

78. A single pound of cotton has bee11 spun into a 
thread 76 miles in length, and a pound of wool into a 
thread 95 miles long ; how many pounds of each would 
be required for threads 5854 miles in length? Ans. 
77·0263 pounds of cotton, and 61 ·621 pounds of wool. 

79. The earth travels round its orbit, a space equal 
to 567,019,740 miles, in about 365 days, 8765 hours, 
525948 minutes, 31556925 seconds, and 1893415530 
thirds ; supposing its motion uniform, how much would 
it travel per day, hour, minute, second, and third? An.o:. 
About 1553480 miles a day, 64691 an hour, 1078 a 
minute, 18 a second, and 0·3 a third. 

80. All the iron produced in Great Britain in the 
year 17 40 was 17,000 tons from 59 furnaces ; and in 
1827, 690,000 from 284. What may be considered as 
the produce of each furnace in 1740, one with another; 
and of each in 1827. Ans. 288·1356 in 1740; and 
2429 · 5775 in 1827. 

81. In 1834, 16,000 steam engines in Great Britain 
saved the labour of 450,000 horses, or 2 millions and a 
half of men ; to how many horses, and how many men, 
may each steam engine be supposed equivalent, one 
with another? Ans. About 28 horses; and 156 men. 

99. Before the pupil leaves division, he should be 
able to carry on the process as follows :-

E.x:A11IPLE.-Divide 84380848 by 87532. 
87532)84380848(964 

560204 

350128 
He will say (at first aloud) 4 (the digit of the dividend to 

be brouo-ht down). 18 (9 times 2); 0 (the remainder after 
subtracting the right hand digit of_18 from 8 in the dividend). 
28 (9 times 3 + the 1 to be carried from the 18); 2 (the 
remainder after subtracting the right hand digit of 28 from 
0, or rather 10 in the dividend). 48 (9 times 5 + the 2 to 
be carried from 28, and 1 to compensate for what we bor­
rowed when we considered O in tho dividend as 10); 0 (the 
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remainder when we subtract the right hand digit of 48 fr?m 
8 in the dividend). 67 (9 times 7 + the 4 to be carried 
from the 48) ; 6 ( the ~emainder after ~ubtract_i11:g the rig!1t 
ha,nd di(J'it of <i7 from.:>, or rather 13 m the d1v1dend). 19 
( \) time~ 8 + the 6 to be ca1;ri~d from. ~he 67 + the 1, ')for 
what we borrowed to make 3 m the d1v1dend become 1.-,) _; 
5 (the remainder after subtracting 79 from 84 in the divi­
dcncl). 

As the parts in the parentheses are merely explanatory, 
and not to be repeated, the whole process would be, 

First part, 4. 18 : 0. 28; 2. 48; 0. 67; 6. 79; 5. 
Second part: 8. 1:2; 2. l\J; 1. 32; 0. 45; 5. 53; 3. 
Third part, 8 ; 0. 12; 0. 21 ; O,; 30; 0. 35 ; 0. 
The reillt1inders in this case being cyphers, are omitted. 

All this will be very easy to the pupil who has prao~ 
tfaed what has been recommended [13, 23, and 65]. 
'l'he chief exercise of,the memory will consist in recol­
lecting to add to the products of the different parts of the 
divisor by the digit of the quotient under consideration, 
what is to be carried from the preceding product, a.nd 
unity besides-when the preceding digit of the dividend 
has been increased by 10; then to subtract the right 
hand digit of this sum from the proper digit of the 
dividend ( increased by 10 if necessary). 

QUESTIONS FOR THE PUPIL, 

1. What is division ? (66]. 
2. What are the dividend, divisor, quotient, and re­

mainder ? [66]. 
3. What is the sign of division ? [68]. 
4. How are quantities under the vinculum, or united 

by the sign of multiplication, divided ? [69]. 
5. What is the rule when the divisor does not exceed 

12, nor the dividend 12 times the divisor? [70]. 
6. Give the rule, and the reasons of its different 

p~r.ts, w~en the divisor ~oes not exceed 12, but the 
dividend IS more than 12 times the di visor ? (72 and 77] . 

7. How is division proved? [79 and 95]. 
8. What are the rules when the dividend, divisor or 

both contain cyphers or decimals? [80]. ' 
9. What is the rule, and what are the reasons of its 

different parts, when the divisor exceeds 1~? [89 and 93]. 
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l 0. What is to be done with the remainder ? [72 
and 89). ., 

11. How is division proved by casting out the nines ? 
~~- ' 

12. How may division be abbreviated, when there are 
decimals ? [96]. 

13. How is division performed, when the divisor IB 
a composite number? [97]. 

14. How is the division performed, when the divisor 
is but little less tha11 a number which may be expressed 
by unity and cyphers ? [98]. 

15. Exemplify a very brief mode of performing divi• 
sion. [99]. 

THE GREATEST COMMON MEASURE OF NUMBERS. 

100. To find the greatest common measure of two 
quantities-

RuLE.-Divide the larger by the smaller; then 
the divisor by the remainder ; next the preceding 
divisor by the· new remainder :-continue this process 
until nothino- remains, and the last divisor will be the 
greatest co~mon measure. If this be unity, the given 
numbers a.r~ prime to e,ach, otlter. 

EXAMPLE. -Find the greatest common measure of 3252 
and 4248. 

N?J ~)4248(1 
3252 

996)3252(3 
2988 

264)996(3 
792 

204)264(1 
204 

60)204(3 
180 

24)601._2 
48 

12)24(2 
24 

F 
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996 the first remainder becomes the second divisor 264, 
the s~cond remainder, b;comes the third divisor, &c. 12, 
the last divisor, is the required greatest common measure. 

101. REASON oF THE RuLE.-Before we prove_ the corre~t• 
ness of the rule, it will be necessary for the p1;1pil to be satls• 
fied that "if any quantity measures another, It wlll measure 
any multiple of that oth~r;" thus i! 6 go i!-1-to 30, 5 times, it 
will evidently go into 9 t;mes 30, 9 times 5 times: . 

Also, that "if a quantity mea.sure _two ~thei:s, It will measu~e 
their sum and their difference." First, it will measure t.heir 
sum for if 6 go into 24, 4 times, and into 36, 6 times, it will evi• 

' . . . 24 36 
dently go into 24+36, 4+6 times :-that IS, if 6 =4~ and 6 = 

24 3u 
6, -g+-6=4+6. 

Secondly, if 6 goes into 36 oftener than it goes into 24, it is 
because of the difference between 36 and 24 ; for as the differ• 
ence between the numbers of times it will go into them is 
due to this difference, 6 must be contained in it some number 

. . . 36 24 36 24 ( 36-24) of times :-that 1s, smce 6=6, and 6 =4, 6 - 6 or --
6
-

=6-4=2, a whole number [26]-or, the difference between 
the quantities is measured by 6, their measure. 

This reasoning would be found· equally correct with any 
other similar numbers. 

102. Next ; to prove the rule from the given example, 
it. is necessary to prove that 12 is a e01n1non measure ; 
and that it is the greatest common measure. 

It is a commnn measure. Beginning at the end of the process, 
we find that 12 measures 24, its multiple; and 48, because it is 
a multiple of 24; and their sum, 24+48 (because it measures 
each of them) or 60; and 180, because it is a multiple of 60; 
and 180+24 (we have also just seen that it measures each of 
these) or 204; anrl 204+60 or :!.li4; nnd i92, because a multi• 
ple of :W4 ; and 792+204 or 996 ; and 2988, a multiple of 996 ; 
and 2988+264 or 3252 (one of the given numbers) and 3252+ 
996 or 4248 (the other given number). Therefore it measures 
each of the given numbers, and is their common measure. 

103. It is also their greatest common measure. If not, let 
some other be greater; then (beginning now at the top of the 
process) measuring 42·18 and 3252 (this is the supposition), it 
measures their difference, 996; and 2088, because a multiple 
of 99u; and, because it measures 3252, and 2£188, it measures 
their difference, 264; and i'U2, because a multiple of 264 · and 
the difference between 996 and 7'J~ or 204 ; and the diife~ence 
between 21>4 and 204 or 60; and 180 because a multiple of 60 · 
and the difference between 204 and 180 or 24; and 48, becaus; 
a multiple of 24; and the difference between 60 and 48 or 12. 
But measuring 12, it cannot be greater than 12. 
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In the same way it could be shown, tl1at any other common 
measure of the given numbers must be less than 12-and con­
sequently that 12 is their greatest common measure. As the 
rule might be proved from &-ny other example equally well, 
it is true in all cases. 

104. '\Ve may here remark, that the measure of two 
or more quantities can sometimes be found by inspection• 

Any quantity, the digit of whose lowest denomination 
is an even number, is divisible by 2 at least. 

Any number ending in 5 is divisible by 5 at least. 
Any number ending in a cypher is divisible by IO at 

least. 
Any number which leaves nothing when the threes 

are cast out of the sum of its digits, is divisible by 3 at 
least; or leaves nothing when the nines are ca.st out of 
the sum of its digits, is divisible by 9 at least. 

EXERCISES. 

1. What is the greatest common measure of 464320 
and 18945 ? Ans. 5. 

2. Of 638296 and 33888 ? Ans. 8. 
3. Of 18996 and 29932,? Ans. 4. 
4. Of 260424 and 54423? Ans. 9. 
5. Of 143168 and 2064888? Ans. 8. 
6. Of 1141874 and 19823208? Ans. 2. 

105. To find the greatest common measure of more 
than two numbers-

RuLE.-Find the greatest common measure of two of 
them ; then of this common measure and a third ; next, 
of this last common measure and a fourth, &c. The 
last common measure found, will be the greatest common 
measure of all the given numbers. 

EXAMPLE 1.-Find the greatest common measure of 679, 
5901, and 6734. 

By the last rule we learn that 7 is the greatest common 
measure of 679 and 5901; and by the same rule, that it, the 
greatest common measure of 7 and 6734 (the remaining 
number), for 6734 + 7 =962, with no remainder. Therefore 
7 is the required number. 

EXA.llfPLE 2.-Find the greatest common measure of 936, 
f36, and 142. 



104 LE.AST ClJll'IMON MULTIPLE. 

The greatest common measure of 936 and 735 is S, and 
the common measure of 8 and 142 is 2; therefore 2 is the 
greatest common measure of the given numbers. 

106. REASON oF THE RuLE.-lt may be shown to be correct 
in the same way as the last; except that ln proving the num­
ber found . to be a common measure, we are to begin at the end 
of all the processes, and go through all of them in succession ; 
and in proving that it is the greatest common measure, we 
are to begin at the commencement of the first process, or that 
used to find the common measure of the two first numbers, 
and proceed successively through all. 

EXERCISES. 

7. Find the greatest common measure of 29472, 
176832, and 1074. Ans. 6. 

8. Of 648485, 10810, 3672835, and 473580. Ans. 5. 
9. Of 16264, 14816, 8600, 75288, and 8472. Ans B. 

THE LEAST COMMON MULTIPLE OF NUMBERS. 

107. To find the least common multiple of two quan­
tities-

RuLE.-Divide their product by their greatest com­
mon measure. Or ; divide one of them by their greatest 
common measure, and multiply the quotient by the 
other-the result of either method will be the required 
least common multiple. 

ExAMPLE.-Find the least common multiple of 72 and 84. 
12 is their greatest common measure. 

72 
12

=6, and 6 X 84=504, the number sought. 

108. REASON OF THE RuLE.-It is evident that if we mul­
tiply the given numbers together, their product will be a. 
i:1ultiple of each by the other [30]. It will be easy to find 
the smallest part of this product, which will still be their 
common multiple.-Thus, to learn if, for ex.ample, its nine­
teenth part is such. 

From what we have already seen [69], each of the factors 
of any product diviued by any number and multiplied by the 
product of the other factors, is equal to the product of all the 
factors divided by the same number. Hence, 72 and 84: lleing 
the given numberir-
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72
~

9
84 

(the nineteenth part of their product)=~X84, or 72X 

84 N 'f 72 d 84 b . l . 72 
19 

ow 1 To an 19 e eqU1va ent to mtegers, 
19 

X84 will be a 

-multiple of 84, and ~X72, will be a. multiple of 72 [29]; 
19 

and 72 X~, ~X 84, and 72 X~ will each be the common 
19 19 19 

multiple of 72 and 84 [30]. But unless 19 is a common measure 

of 72 and 84, 7~ and ~ cannot be both equivalent to integers. 
19 19 

Therefore the quantity by which we divide the product of the 
given numbers, or one of them, before we multiply it by the 
other to obtain a new, and less multiple of them, must .be the 
common measure of both. And the multiple we obt3in will, 
evidently, be the least, when the divisor we select is the 
greatest quantity we can use for the purpose-that is, the 
greatest common measure of the given numbers 

It follows, that the least common multiple of two 
numbers, prime to each other, is their product. 

EXERCISES, 

1. Find the least common multiple of 78 and 93. 
Ans. 2418. 

2. Of 19 and 72. Ans. 1368. 
3. Of 464320 and 18945. Ans. 1759308480. 
4. Of 638296 and 33888. Ans. 2703821856. 
5. Of 18996 and 29932. Ans. 142147068. 
6. Of 260424 and 54423. Ans. 1574783928. 
109. To find the least common .multiple of three or 

more numbers-
RuLE.-Find the least common multiple of two of 

them ; then of this common multiple, and a third ; . next 
of this last common multiple and a fourth, &c. The 
last common multiple found, will be the least common 
multiple sought. 

ExAMPLE.-Fini the least common multiple of 9, 3, and 27. 
3 is the greatest common measure of 9 and 3 ; therefore 

~ x 3, or 9 is the leaat common multiple of 9 and 3. 
3 

9 is the greatest common measure of 9 and 27 ; therefore 

~ x 9, or 27 is the required least common multiple. 
9 
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110. REAsoN c,y THE RuLE.-By the last rule it is evident 
that 27 is the least common multiple of 9 and 27. But since 
9 is a multiple of 3, 27, which is a multiple of 9, must also be 
a multiple of 3; 27, therefore, is a multiple of each of the 
given numbers, or their common multiple. 

It is likewise their least common multiple, because none 
that is smaller can be common, also, to both 9 and 27, since 
they were found to have 27 as their least common multiple. 

EXERCISES. 

7. Find the least common multiple of 18, 17, and 43. 
Ans. 13158. 

8. Of 19, 78, 84, and 61. Ans. 1265628. 
9. Of 51, 176832, 2~472, and 5862. Ans. 2937002688. 
10. Of 537842, lo819, 4367, and 2473. 

Ans. 8881156168989038. 
11. Of 21636, 241816, 8669, 07528, and 1847. 

Ans. 1528835550537452616. 

QUESTIONS. 

1. How is the greatest common measure of two quan .. 
tities found? [100]. 

2. What principles are necessary to prove the correct .. 
ness of the rule ; and how is it proved? [101, &c.J. 

3. How is the greatest common measure of three, or 
more quantities found? [105]. 

4. How is the rule proved to be correct? [106]. 
5. How do we find the least common multiple of two 

numbe1s that are composite? [107]. 
6. Prove the rule to be correct [108). 
7. How do we find the least common multiple of two 

prime numbers? (108.J 
8. How is th~ least,, common multiple of three or 

more numbers found? (109]. 
9. Prove the , ule to be correct [110]. 

. In future it 'Will be taken for gr0111,tul, that the pupil 
1s to be asked the Teasons for each rule, &c. 
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SECTION III. 

REDUCTION AND THE COMPOUND RULES. 

The pupil should now be made familiar with most of 
the tables given at the commencement of this treatise. 

REDUCTION. 

1. Reduction enables us to- change quantities from 
one denomination to another without altering their 
value. Taken in its more extended sense, we have often 
nractised it already :-thus we have changed units into 
tens, and tens into units, &c. ; but, considered as a 
separate rule, it is restricted to applicate numbers, and 
is not c0nfined to a change from one denoµiination to 
the next higher, or lower 

2. Reduction is either descending, or ascending. It 
is reduction desce,nding when the quantities are changed 
from a higher to a lower denomination ; and reduction 
asanding when from a lower to a higher. 

Reduction Desanding. 
3. RuLE.-Multiply the highest given denomination 

by that quantity which expresses the number of the 
next lower contained in one of its units ; and add to 
the product that number of the next lower denomina­
t.ion which is found in the quantity to be reduced. 

Proceed in the same way with the result ; and continue 
the process until the required denomination is obtaineJ. 

ExAMPLE.-Reduce £6 16s. OJd. to farthings. 
£ s. d. 
6 ,, 16 ,, O¼ 

20 

136 shillings=.£6 ,, 16. 
12 

1632 pence= £6 ,, 16 ,, 0. 
4 

6529 farthings=£6 ,,, 1G ,, Ot, 
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We multiply the pounds by 20, and at the same time add 
tlie shillings. Since multiplying by 2 tens (20) can give no 
units in the product, there can be no units of shillings in 
it except those derived from the 6 of the 16s. :-we at once, 
therefore. put down 6 ~n the shillings' place. Twice (2 tens' 
times) 6 are 12 (tens of shillings), and one (ten shillings), to 
be added from the 16s., are 13 ( tens of shillings )-which we 
put down. £6 16s. are, consequently, equal to 136s. 

12 times 6d. are 72d. :-since there are no pence in the 
given quantity, there are none to be added to the 72d.-we 
put down 2 and carry 7. 12 times 3 are 36, and 7 are 43. 
12 times 1 are 12, and 4 are 16. £6 16s. are, therefore, 
equal to 1632 pence. 

4 times 2 are 8, and ¼ (in the quantity to be reduced) to 
be carried are 9, to be set down. 4 times 3 al'.e 12. 4 times 
6 are 24, a'1,d 1 are 25. 4 times 1 are 4, and 2 are 6. Hence 
£6 16s. Old. are equal to 6529 farthings. 

4. REASONS OF THE Rt.TLE.--One pound is equal to 20s.; 
therefore any number of pounds is equal to 20 times ns many 
shillings ; and any number of pounds and shillings is equal 
to 20 times as many shillings ns there are pounds, plus the 
shillings. 

It is easy to multiply by 20, and add the shillings at the 
same time; and it shortens the process. 

Shillings are equal to 12 times as many pence ; pence to 
4 times as many farthings ; hundreds to 4 times as many 
quarters; quarters to 28 times as many pounds, &c. 

EXERCISES. 

1. How many farthings in 23328 pence ? Am. 
93312. 

2. How many shillings in £348 ? Ans. 6960. 
3. How many pence in £38 10s. ? Ans. 9240. 
4. How many pence in £58 13s. ? A'll,s. 14076. 
5. How many farthings in £58 13s. ? Ans. 56304. 
6. How many farthings in £59 13s. 6¾d, ? Ans. 

57291. 
7. How many pence in £63 Os. 9d. ? Ans. 15129. 
8. How many pounds in 16 cwt., 2 qrs., 16 ib. ? 

Ans. 1864. 
9. How many pounds in 14 cwt., 3 qrs., 16 ib.? 

Ans. 1668. 
10. How many grains in 3 lb., 6 oz., 12 dwt., 16 

grains ? Ans. H~984. 
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1_1. How many grains in 7 lb., 11 oz., 15 dwt., 14 
grams? Ans. 45974. 

12. II ow many hours in 20 (common) years ? Ans. 
175200. 

13. How many feet in 1 English mile ? Ans. 5280. 
14. How many feet in 1 Irish mile ? Ans. 6720. 
15. How many gallons in 65 tuns? Ans. 16380. 
16. How many minutes in 46 years, 21 days, 8 hours, 

56 minutes (not taking leap years into account)? Ans. 
24208376. 

17. How many square yards in 74 square English 
perches? Ans. 2238·5 (2238 and one half). 

18. How many square inches in 97 square Irish perch­
es? Ans. 6159888. 

19, How many square yards in 46 English acres, 3 
roods, 12 perches ? Ans. 226633. 

20. How many square acres in 767 square English 
miles ? Ans. 490880. 

21. How many cubic inches in 767 cubic feet? Ans. 
1325376. 

22. How many quarts in 767 pecks ? Ans. 6136. 
23. How many pottles in 797 pecks? Ans. 3188. 

ReductiO'TI, Ascending. 

5. RuLE.-Divido the given quantity by that number 
of its units which is required to make one of the next 
higher denomination-the remainder, if any, will be of 
the denomination to be reduced. Proceed in the same 
manner until the highest required denomination is 
obtained. 

ExAMPLE.-Reduce 856347 farthings to pounds, &c. 
4)856347 

12)2140861 
20)17840,, 61 
~' 0 ,, 6£=856347 farthings. 

4 divided into 856M7 farthings, gives 214086_,pence nnd 
3 farthings. 12 divided i~t? 21~086 pence, _gi_ves 17_840 
shillings and 6 pence. 20 dmded mto 1,840 sh1lh_n,gs,. g1 ves 
£892 and no shillings ; there is, therefore, nothing m the 
shillings' place of the r0sult. 

F2 
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We divide by 20 if we divide by 10 and 2 [See. II. 97). 
To divide by 10, we have merely to- cut off the units, if 
any, [Sec. I. 34], which will, then be the units of shillings 
in the result ; and the quotient will be tens of shillings :­
dividing the latter by 2, gives the pounds as quotient, and 
the tens of shillings, if there are any in the required quan­
tity, as remainder. 

6. REAsoNs OF THE RuLE.-It is evident that every 4 
farthings are equivalent to one penny, and every 12 pence to 
one shilling, &c. ; and that what is left after taking away 4 
farthings as often as possible from the farthings, must be 
farthings, what remains after taking away 12 pence us often 
as possible from the pence, must be pence, &c. 

1. To prove .Reduction.-Reduction ascending and 
descending prove each other. 

ExAMPLE.-£20 17s. 2¼d,=20025 farthings; and 2002,5 
farthings=.£20 17 s. 2jd. 

Reduction 

r 
Proof\ 

( £ s. d. farthings. 

20 ll 17 ll 2¾ { 4)20025 
20 Reduction 12)5006¾ 

417 20)417,, 2 
12. .£20,, 17,, 2! 

20 
5006 

4 
4)20025 
12)5006} 

20)417,, 2 
£20,, 17,, 2! 

Proof 

EXERCISES. 

417 
12 

5006 
4 

20025 farthings. 

24. How many pence in 93312 fa-rthings? Ans. 
23328. 

25. How many pounds in 6960 shillings? Ans. £348. 
26. How many pounds, &c. in 976 halfpence? Ans. 

£2 Os. 8d. 
27. How many pounds, &c. in 7675 halfpence? Ans •. 

£15 19s. 9½d, 
28. How many ounces, and nounds in 4352 drams? 

Ans. ~72 oz., or 17 lb. 
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29. How many cwt., qrs., and pounds in 1864 pounds ? 
Ans. 16 cwt., 2 qrs., 16 lb. 

30. How many hundreds, &c., in 1668 pounds. Ans. 
14 cwt., 3 qrs., 16 lb. 

31. How many pounds Troy in 115200 grains? 
Ans. 20. . 

32. How many pounds in 107520 oz. avoirdupoise ? 
Ans. 6720. 

33. How many hogsheads in 20658 gallons? Ans. 
327 hogsheads, 57 gallons. 

34. How many days in 8760 hours? Ans. 365. 
35. How many Irish miles in 1834560 feet? Ans. 

l73. 
36. How many English miles in 17297280 inches ? 

Ans. 273. 
37. How many English miles, &c. in 4147 yards ? 

Ans. 2 miles, 2 furlongs, 34 perches. 
68. How many Irish miles, &c. in 4247 yards? Ans. 

t mtle, 7 furlongs, 6 perches, 5 yards . 
. , Jti. How many English ells in 576 nails? Ans. 28 

uHs, 4 qrs. 
4U. How many English acres, &c. in 5097 square 

yards ? Ans. l acre, 8 perches, 15 yards. 
41. How many Irish acres, &c. in 5097 square yards ? 

Ans. 2 roods, 24 perches, 1 yard. 
42. How many cubic feet, &c., in 1674674 cubic 

inches ? Ans. 969 feet, 242 inches. 
43. How many yards in 767 Flemish ells ? Ans. 

575 yards, 1 quarter. 

44. Row many French ells in 576 English? Ans. 480. 
45. Reduce £46 14s. 6d., the mint value of a pound 

of gold. to farthings? Ans. 44856 farthings. 
46. The force of a man has been estimated as equal 

to what, in turning a winch,, would raise 256. lb, in 
pumping, 419 lb, in ringing a bell, 572 lb, and m row­
ing, 608 lb, 3281 feet in a day. How ma~~ hundreds, 
quarters, &c., in the sum of all these quantities? An.s 
16 cwt., 2 qrs., 7 lb. 

47. How many lines in the sum of 900 feet, the 
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length of the temple of the sun at Balbec, 450 feet its 
breadth, 22 feet the circumference, and 72 feet the 
heio-ht of many of its columns ? Ans. 207936. 

48. How ma_ny square feet in 760 English acres, _the 
inclosure in which the porcelain pagoda, at Nan-Kmg. 
in China, 414 feet high, stands? Ans. 33105600. 

49. The great bell of Moscow, now lying in a pit, 
the beam which supported it having been burned, weighs 
360000 lb. ( some say much more) ; how m:my tons, &c., 
in this quantity? Ans. 160 tons, 14 cwt., 1 qr., 4 lb. 

Q.UESTIONS FOR THE PUPIL. 

1. What is reduction ? [1]. 
2. ·what is the difference between reduction descend-

ing and reduction ascending? [2]. 
3. What is the rule for reduction descending ? [3] 
4. What is the rule for reduction ascending? [5]. 
5. How is reduction proved ? [7]. 

Q1,estions fou.nded on tlie Table page 3, 8fc. 

6. How are pounds reduced to farthings, and farthing& 
to pounds, &c. ? 

7. How are tons reduced to drams, and drams to 
tons, &c.? 

8. How are Troy pounds reduced to grains, and 
grains to Troy pounds, &c. ? 

9. How are pounds reduced to grains ( apothecaries 
weight), and grains to pounds, &c. ? 

10. How are Flemish, English, or French ells, re­
duced to inches; or inches to Flemish, English, or French 
ells, &c. ? 

11. How are yards reduced to ells, or ells to yards, 
&c.? 

12. How are Irish or English miles reduced to line~, 
or lines to Irish or English miles, &c. ? 

13. How are Irish or English square miles reduced 
to square inches, or square inches to Irish or Engliih 
square miles, &c. ? 
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14. How are cubic feet reduced to cubic inches or 

euhic inches to cubic feet, &c. ? ' 
15. How are tuns reduced to naggins, or naO'ofos to 

tuns, &c. ~ 00 

16. How are butts reduced to gallons or gallons to 
butts, &c. ? ' 

1 7. How are lasts ( dry measure) reduced to pints 
and pints to lasts, &c. ? ' 

18. How are years reduced to thirds, or thirds to 
years, &c. ? 

19. How are degrees ( of the circle) reduced to thirds 
or thirds to degrees, &c. ? ' 

THE COMPOUND RULES. 

8. The Compound Rules, are those which relate to 
applicate nfhnbers of more than one denomination. 

If the tables of money, weights, and measures, were 
constructed according to the decimal system, only the 
rules for Simple Addition, &c., would be required. 
This would be a considerable advantage, and greatly 
tend to simplify mercantile transactions.-If 10 far­
things were one penny, 10 pence one shilling, and IO 
shillings one pound, the addition, for example, of :£ l 
9s. 8jd. to £6 8s. 6½d. ( a point being used to separate 
a pound, then the " unit of comparison," from its parts, 
and 0·005 to express ½ or 5 tenths of a penny), would 
be as follows-

£ 
1·983 
6·865 

Sum, 8·848 

The addition might be performed by the ordinary 
rules, and the sum read off as follows-" eight pounds, 
eight shillings, four pence, and eight farthings." But 
even with the present arrangement of moneJ'.,. weights, 
and measures, the rules already given for addition, sub­
traction, &c., might easily have b'.'en made to include 
the addition, subtraction, &c., of applicate number~ 
consisting of more than one denomination ; since the 
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principles of both simple and c?mpound rules are pre­
cisely the same-the only thmg necessary to bear 
carefully in mind, being the _number o~ any one 4e­
nomination necessary to constitute a umt of the next 
higher. 

COMPOUND ADDITION. 

9. RuLE.-L Set down the addends so that quanti­
ties of the same denomination may stand in the same 
vertical column-units of pence, for instance, under 
units of pence, tens of pence under tens of pence, units 
of shillings under units of shillings, &c. 

IL Draw a separating line under the addends. 

III. Add those quantities which are of the same 
denomination together-farthings to farthings, pence to 
pence, &c., beginning with the lowest. 

IV. If the sum of any column be less than the num­
ber of that denomination which makes one of the next 
higher, set it down under that column; if not, for each 
time it contains that number of its own denomination 
which makes one of the next higher, carry one to the 
latter and set down the remainder, if any, under the 
column which produced it. If in any denomination 
there is no remainder, put a cypher under it in the 
sum. 

10. ExA:!IIPLE.-Add together £52 17s. 3£d., £47 5s. 6}d., 
and £66 14s. 2Jd. -

£ s. d. 

4 7 5 6½ addends. 
52 17 3

3 ! 
66 14 2¼ 

166 17 O½ 
} and ½ make 3 farthings, which, with ¾, make 6 far­

tlungs; these nre equivalunt to one of the next denomina­
tion, or that of pence, to be carried, and two of the present. 
or one half-penny, to be set down. 1 penny ( to be carried) 
and 2 are 3, and e are g, and 3 are 12 pence-equal to one 
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of the next denomination, or that of shillings, to be carried, 
!lnd no penue to be set down; we therefore put a cypher 
m the pence' place of the sum. 1 shilling ( to be carried) 
and 14 are 15, and 5 are 20, and 17 are 37 shillings-equal 
to one of the next denomination, or that of pounds, to be 
~arried, and 17 of the present, or that of shillings, to be 
set down. 1 pound and 6 are 7, and 7 are 14, and 2 are 
lG pounds-equal to 6 units of pounds, to be set down, and 
1 ten of pounds to be carried ; 1 ten and 6 are 7 and 4 are 
11 and 5 are 1G tens of pounds, to be set down. 

11. This rule, and the reasons of it, are the same as 
those already given [Sec. IL 7 and 9]. It is evidently 
not so necessary to put a cypher where there is no 
remainder, as in Si.mple Addition. 

1 ~- \Vhcn the addends are very numerous, we may 
·livide them into parts by horizontal lines, and, adding 
each part separately, may afterwards find the amouut 
of all the sums. 

£ s. 
57 14 
32 16 
19 17 
8 14 

32 5 

47 6 
32 17 
56 3 
27 4 
52 4 
37 8 

Ex.AMPLE;: 

d. 

I} 
£, 

= 151 
s. 
7 

i1 H = 253 
3 

s. d. 
11 10. 

13. Or, in adding each column, we may ~ut ~own 
a dot as often as we come to a quantity which IS at 
least equal to that number of the denomination ad~ed 
which is required to mak~ one of th~ next-.carrymg 
forward what is above thIS number, if any~hmg, ~nd 
putting the last remainder, or-when there IS nothing 
left at the end-a cypher under the column :-we carry 
to the next column one for every dot. Using the same 
example-



]18 COMPOUND RULES. 

£ s. d. 
57 ·14 2 
32 16 4 
19 ·17 ·6 

8 ·14 2 
32 5 ·9 
47 ·6 4 
32 17 2 
56 ·3 ·9 
27 4 2 
52 4 4 
37 8 2 

404 11 10 

2 fence and 4 are 6, and 2 are 8, and 9 are 17 pence­
equa to 1 shilling and 5 pence ; we put down a dot and carry 
5. 5 and 2 are 7, and 4 are 11, and 9 are 20 pence-equal 
to 1 shilling and 8 pence; we put down a dot and carry 8. 
8 and 2 are 10 and 6 are 16 pence-equal to 1 shilling and 
4 pence; we put down a dot and carry 4. 4 and 4 are 8 and 
2 are 10-which, being less than 1 shilling, we set down 
under the column of pence, to which it belongs, &c. We find, 
on adding them up, that there are three dots; we therefore 
carry 3 to the column of shillings. 3 shillings and 8 are 11, 
and 4 are 15, and 4 are 19, and 3 are 22 shillings-equal to 
1 pound and 2 shillings; we put down a dot and carry 1. 
1 and 1 i are 18, &c. 

Care is necessary, lest the dots, not being distinctly marked, 
may be considered as either too few, or too many. This 
method, though now but little used, seems a convenient one. 

14. Or, lastly, set down the sums of the farthings, 
shillings, &c., under their respective columns; div.ide 
the farthings by 4, put the quotient under the sum of the 
pence, and the remainder, if any, in a place set apart 
for it in the sum-under the column of farthings ; add 
together the quotient obtained from the farthings and 
the sum of the pence, and placing the amount under 
the pence, divide it by 12 ; put the quotient under the 
sum of the shillings, and the remainder, if any, in a 
place allotted to it in the sum-under the column of 
pence; add the last quotient and the sum of the shil­
lings, and putting under them their sum, divide the 
latter by 20, set down the quotient undc.r the sum of 
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the pounds, and put the remainder, if any, in the sum­
under the column of shillings ; add the last quotient 
and the sum of the pounds, and put the result under 
the pounds. Using the following example-

£ s. d. 
47 9 2! 

362 4 11¼ 
5116 .21 
97 4 6 

541 13 23 
475 6 4c 

6 1111¾ 
72 19 9¾ 

1651 82 47 13 farthings. 
4 4 3 

86 50 

1655 6 2¾ 

The sum of the farthings is 13, which, divided by 4, gives 
3 as quotient (to be put down under the pence), and one 
farthing as remainder ( to be put in the sum total-under 
the farthings). 3d. ( the quotient from the farthings) and 
47 (the sum of the pence) are 50 pence, which, being put 
down and divided by 12, gives 4 shillings (to be set down 
under the shillings), and 2 pen.ce (to be set .down in the 
sum total-under the pence). 4s. S, the quotient from the 
pence) and 82 ( the sum of the shillmgs) are 86 shillings, 
which, being set down and divided by 20, gives 4 pounds 
( to be set down under the pounds), and 6 shillings ( to be 
set down in the sum total-under the Rhillings). £4 ( the 
quotient from the shillings) and lo51 ( the sum of the 
pounds) are 1655 pounds (to be set down in the sum total­
under the pounds 1. The sum of the adJend'I is, therefore, 
found to be £1655' 6s. 2{d. 

15. In proving the compound rules, wo can generally 
avail ourselves of the methods used with the sin..l)la ~vlf)A 
[Seo. II. 10, &e.J · 



.us COMPOUND ADDITION. 

EXERCISES FOR THE PUPIL 

Money. 
(3) (4) (1) (2) 

£ s. d. £ $. d. £ 8. d. £ 6. d. 
76 4 6 68 14 7 75 14 7 84 3 2 
67 9 9 69 15 6 67 15 9 96 4 Oi 
49 10 8 72 14 8 76 19 10 41 0 6 

183 4 11 

(6) (6) (7) (8) 
£ s. d. £ 8, d. £ 8. d. £ 8. d. 

6i4 14 7 767 15 6 667 14 7 827 8 6 
456 17 8 472 14 6 4i6 16 6 601 2 111 
6i6 19 8 567 16 7 547 17 6 864 0 6 
627 4 2 423 3 10 527 14 3 121 9 SJ 

(9) (10) (11) (12) 
£ I!. d. £ s. a £ : 8. d. £ 8. d 

4567 14 6 76 14 7 3767 18 11 5674 17 6½ 
7i6 15 ~ 667 · 13 6 46i8 14 10 4767 16 lH , 
76 li 9 67 15 7 767 12 9 3466 17 10,t 
51 0 10 5 4 2 10 11 5 6984 2 2i 
44 5 6 5 8 4 8 4 11 8762 9 9 

(18) (14) (15) (16) 
£ 8. d. £ s. d. £ 8. d. £ 8. d. 

9767 0 6J 6767 11 6½ 5764 17 64 684 7 llJ 
7649 11 2½ 7676 16 9! 7457 16 5 65 7 7 
4767 16 10,i 6948 17 8½ 6743 18 OJ 7 12 10! 
164 1 1 5786 1 6 67 6 6! 5678 18 8 
92 7 2! 6325 8 2! 432 6 9 439 0 0 

(17) (18) (19) (20) 
£ 8. d. £ s. d. £ 8. d. £' II. d. 

0 l4 H 5674 16 n 6674 1 9! 4767 14 H 
677 1 0 4767 17 61 4767 1110! 743 18 7! 

5767 2 6 1545 19 n 78 18 11½ 7674 14 6½ 
8697 14 7! 8246 17 6 0 19 10! 7 13 8t 
5634 0 O! 4766 10 6i 6044 4 1 750 6 4 
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(21) (22) (23) (24) 
£ s. d. £ s. d. £ s. d. £ s. d. 

674 11 11½ 4i6 14 7 674 13 86 674 17 6! 
667 14 10,1 5i6 15 6l 45.15 H 123 12 2 
476 4 11 76 17 7J 476 4 6l 567 0 7! 
347 15 O½ 576 11 8 577 16 OJ 579 18 9,i 
1176 13 9J 463 14 9J 678 6 3.i 476 6 6j 

(25) (26) (27) (28) 
£ s. d. £ s. d. £ s. d. £ s. d 

576 4 7½ 549 4 6! 876 0 3 219 0 5 
7 7 6 7 19 9.i 0 5 0 82 11 8,i 

732 19 OJ 0 16 64 56 11 11 0 0 Oj 
567 0 9! 734 19 9! 123 5 2J 127 8 2 
754 2 6! 566 14 4J 12 0 0 29 6 5! 

.llvoirdupoise Weight. 

(29) (80) (81) (82) 
cwt. qrs. lb cwt. qrs. lb cwt. qrs. lb cwt. qrs. lb 
76 3 14 44 1 16 14 3 17 56 3 14 
87. 2 15 56 8 11 87 1 16 57 1 17 
14 1 11 47 1 16 47 .2 27 58 2 26 

128 8 12 

(33) (31!) (35) (36) 
cwt. qrs. lb cwt. qrs. lb cwt. qrs. lb cwt. qrs. fb 
76 l 19 88 2 17 476 3 15 567 2 19 
56 3 13 59 2 20 764 1 7 4 1 20 
47 2 17 0 3 0 6 3 14 67 3 2 
81 2 14 67 1 15 0 1 18 767 1 n 

{37) (38) (39) (40) 
cwt. qrs. lb cwt. qrs. lb cwt. qrs. lb cwt. qrs. lb 
767 1 16 476 1 2H 447 1 7 14 12 12 
44 1 17 756 3 21J 576 1 6 8 4 7 

567 3 13 767 1 16 467 1 7½ 0 6 15 
676 1 0 567 2 15 563 1 6 7 0 3 
841 2 11 973 I 12 428 0 OJ 0 0 14 
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Troy Weight. 
(41) (42) (43J 

lb oz. dwt. grs. lb oz. dwt. grs. lb oz. dwt. grs. 
7 0 5 9 5 9 7 0 88 7 9 8 
5 6 6 7 0 0 6 7 80 9 8 6 
9 5 6 8 8 7 6 4 0 8 7 6 

21 11 18 0 

(44) (45) (46) 
lb oz. dwt. grs. lb oz. dwt. grs. lb oz. dwt. grs. 
67 9 12 14 87 3 7 12 57 10 14 11 
67 9 11 11 0 11 12 8 0 0 11 10 
66 8 10 5 0 0 16 14 46 9 9 8 
74 6 5 3 44 12 10 13 22 8 7 5 
12 3 5 4 67 8 9 10 11 10 13 14 

Cloth Measure. 
(47) (48) (49) (50) 

yds. qrs. nls. yds. qrs. nls. yds. qrs. nls. yds. qrs. nls. 
99 3 1 176 3 8 87 3 2 0 2 1 
47 1 8 47 0 2 0 2 3 5 3 2 
76 3 2 7 8 3 0 0 2 0 0 3 

224 0 2 

l61) (52) (63) (54) 
yds. qrs. nls. yds. qrs. nls. yds. qrs. nls. yds. qrs. nls. 
567 3 2 147 3 3 157 2 1 156 1 1 
47d 1 0 173 1 0 143 3 2 176 8 1 
72 3 3 148 2 1 0 1 2 54 1 0 
5 2 1 92 3 2 54 0 3 573 2 3 

Wine Meaaure. 
(55) (56) (67) 

ts. hbds. gls. ts. bhds. gls. ts. hhds. gls. 
99 3 9 89 8 3 76 3 4 
80 0 39 7 8 4 67 3 44 
98 3 46 76 1 56 0 1 56 
87 2 27 44 2 7 5 3 4 
41 1 26 54 2 17 602 0 ~7 

407 8 21 
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Time. 

(58) (59) (60) 
yrs. ds. hrs. ms. yrs. ds. hrs. ms. yrs. ds. h:rs. m&. 
99 859 9 66 60 90 0 60 59 127 i 60 
88 0 8 57 6 76 1 57 0 120 9 44 77 120 7 49 0 0 8 58 76 121 11 44 

265 115 2 
6 1 2 0 6 47 8 41 42 8 9 11 11 

61. What is the sum of the following :-three hun­
dred and ninety-six pounds four shillings and two pence; 
five hundred and seventy-three pounds and four pence 
halfpenny ; twenty-two pounds and three halfpence ; 
four thousand and five pounds six shillings and three 
farthings? Ans. £4996 I Os. Bid. 

62. A owes to B £567 16s. 7{d.; to C £47 16s. ; 
and to D £56 ld. How much does he owe in all ? 
Ans. £671 12s. S½d, 

63. A man has owing to him the following sums :­
£3 10s. 7d.; £46 7½d,; and £52 14s. 6d. How much 
is the entire? Ans. £102 5s. 8½d. 

64. A merchant Rends off the following quantities of 
butter :-47 cwt., 2 qrs., 7 lb; 38 cwt., 3 qrs., 8 lb; 
and 16 cwt., 2 qrs., 20 lb. How much did he send off 
in all? Ans. 103 cwt., 7lb. 

65. A merchant receives the following quantities of 
tallow, viz., 13 cwt., 1 qr., 6 lb; 10 cwt., 3 qrs., 10 lb; 
and 9 cwt., 1 qr., 15 lb. How much has he received'in 
all? Ans. 33 cwt., 2 qrs., 3 lb. 

66. A silversmith has 7 lb, 8 oz., 16 dwt. 
1
; 9 lb, 7 

oz., 3 dw,t.; and 4 lb, 1 dwt. What quantity has he ) 
Ans. 21 lb, 4 oz. 

67. A merchant sells to A 76 yards, 3 quarters, 2 
nails; to B, 90 yards, 3 quarters, 3 nails; and to C, 190 
yards, 1 nail. How much has he sold in all? Ans. 357 
yards,. 3 quarters, 2 nails. 

68. A wine merchant receives from his correspondent 
4 tuns, 2 hogsheads ; 5 tuns, 3 hogsheads ; and 7 tuns, 
1 hogshead. How much is the entire ? Am. 17 tuns, 
2 hogsheads. 
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69. A man has three farms, the first contains 120 
acres, 2 roods, 7 perches ; the second, 150 acres, 3 
roods, 20 perches; and the third, 200 acres. How much 
land does he possess in all? Ans. 471 acres, 1 rood, 27 
perches. 

70. A servant has had three masters; with the first 
he liYed 2 years and 9 months ; with the second, 7 
years and 6 months; and with the third, 4 years and 3 
months. ·what was the servant's age on leaving his 
last master, supposing he was 20 years old on going 
to the first, and that he went directly from one to the 
other? Ans. 34 yearl?_ and 6 monthi,. 

71. How many days from the 3rd of March to the 
23rd of June ? Ans. 112 days. 

72. Add together 7 tons, the weight which a piece 
of fir 2 inches in diameter is capable of supporting ; 3 
tons, what a piece of iron one-third of an inch in 
diameter will bear ; and 1000 ib, which will be sustained 
by a hempen rope of the same size. Ans. 10 tons, 8 
cwt., 3 quarters, 20 lb. 

73. Add together the following :-2d., about the 
value of the Roman scstertius; 7¼d., that of the dena• 
rius; lfd., a Greek obolus; 9d., a drachma; £3 15s. 
a mina; £225, a talent; ls. 7d., the Jewish shekel; and 
£342 3s. 9d., the Jewish talent. Ans. £571 2s. 

74. Add together 2 dwt. 16 grains, the Greek drachma; 
1 lb, 1 oz., 10 dwt., the mina; 67 lb, 7 oz., 5 dwt., the 
talent. Ans. 68 ib, 8 oz., 17 dwt., 16 grains. 

QUESTIONS FOR THE PUPIL. 

1. What is the difference between the simple and 
compound rules? [8]. 

2. Might the simple rules have been constructed so 
as to answer also for applicate numbers of different 
denominations? [8]. 

3. What is the rule for compound addition ? [9]. 
4. How is compound addition proved? [15]. 
5. How are we to act when the addends are numc:r, 

ous? [12, &c.] 
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COMPOUND SUBTRACTION. 

16. RuLE-I. Place the digits of the subtrahend 
under those of the same denomination in the minuend­
farthings under farthings, units of pence under units of 
pence, tens of pence und~r tens of pence, &c. 

II. Draw a separating -line. 

Ill. Subtract each denomination of the subtrahend 
from that which corresponds to it in the minuend-:­
beginning with the lowest. 

IV. If any denomination of the minuend is less than 
that of the subtrahend, which is to be taken from it, 
add to it one of the next higher-considered as an equi­
valent number of the denomination to be increased ; 
and, either suppose unity to be added to the next deno­
mination of the subtrahend, or to be subtracted from 
the next of the minuend. 

V. If there is a remainder after subtracting any 
denomination of the subtrahend from the correspond­
iug one of the minuend, put it under the column which 
produced it. 

VI. If in any denomination there is no remainder, 
put a cypher under it-unless nothing is left from any 
higher denomination. 

17. EXAMPLE.-Subtract £56 13s. 4J;d., from £96 7s. 6Jd. 
£ s. d. 
96 7 6}, minuend. 
56 13 41, subtrahend. 

39 14 l½, difference. 
·we cannot take ¾ from ¾, but-borrowing one of the 

pence, or 4 farthings, we add it to the ¾, and then S!;J,J 3 _far­
things from 5, and 2 farthings, or one halfpenny, remams : 
we set down ¼ under the farthings. 4 pence from 5 ( we 
have borrowed one of the 6 pence), and one penny re· 
mains : we set down I under the pence ( I }d. is read " three 
halfpence"). 13 shillings cannot be tak_e1: from 7, bu~ (!:>0r• 
rowino- one from the pounds, or 20 sh1llmgs) 13 sh1lhngs 
from 27, and 14 remain: we set down 14 in the shillings' 
place of the remainder. 6 pounds cannot be taken from 5 
{we have_ borl'owed one of the 6 pounds in the minuend) 
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but 6 from 15, and 9 remain : we put 9 under the units of 
pounds. 5 tens of pounds from 8 tens ( we have borrowed 
one of the (J), and 3 remain: we put 3 in the tens of pounds' 
place of the remainder. 

18. This rule and the reasons of it are substantially the 
same us those already given for Simple Subtraction [Sec. II. 
1 i, &c.] It is evidently not so necessary to put down cyphers 
where there is nothing in a denomination of the remainder. 

19. Compound mn.y l.>e proved in the same way as simple 
subtraction [Sec. II. 20]. 

(1) 
£ s. d. 

From 1098 12 6 
Take 434 15 8 

663 16 10 

(6) 
£ s. d. 

From 98 14 2 
Take 77 15 3 

(11) 
£ -''· d. 

From 99 13 3 
Take 47 16 7 

(15) 
£ s. d. 

From 567 11 5~ 
Take 4i9 10 10! 

(19) 
cwt. qrs. lb 

F'l'om 200 2 26 
Take 99 3 15 

100 3 11 

EXERCISES, 

(2) (3) (4) (5) 
£ s. d. £ s. d. £ s. d. £ 11. d. 

767 14 8 76 15 6 47 16 7 97 14 6 
486 13 9 0 14 5 39 17 4 6 15 7 
---
---

(7) (8) (9) (10) 
£ s. d. £ s. d. £ s. d. £ s. d. 
47 14 6 9i 16 6 147 14 4 560 15 6 
38 19 9 88 17 7 120 10 8 477 17 7 
--- --- ---

(12) 
£ ~- d. 

767 14 5½ 
4i6 6 H 

(16) 
£ s. d. 

971 O O½ 
0 0 7 

(18) 
£ s. d. 

891 14 H 
6i7 15 6, 

(17) 
£ s. d. 

487 15 0 
o 11 H 

.R.voirdupoise Weight. 

(20) 
cwt. qrs. lb 
2i5 2 15 
27 2 7 

l21) 
cwt. qrs. lb 
9664 2 25 
9074 0 27 

(14) 
£ s. d. 
576 13 7! 
467 14 9i 

(18) 
£ s. d. 

478 10 0 
47 11 O½ 

(22) 
cwt. qrs. 1) 
554 0 0 
476 3 6 
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(23) 
lb oz. dwt. 

irom 554 9 19 
l'u.ke 97 0 16 

457 9 2 

(2G) 
ts. hhds. gls. 

From 31 3 15 
Take 29 2 26 

2 0 52 

(30) 

T1'oy Weight. 
(24) (24) 

gr. lb oz. dwt. gr. lb oz. dwt. gr. 
917 0 14 9 
798 0 18 17 

4 946 0 10 0 
15 0 0 17 23 

13 

Wine .Measure. 
(27) 

ts. hhds. gls. 
54 0 27 
0 3 42 

Time. 

(28) (29) 
ts. hhds. gls. ts. hhds. gls. 
304 0 54- 56 0 1 
100 3 51 27 2 25 

(31) (32) 
yrs. ds. hs. ms. yrs. ds. hs. ms. yrs. ds. hs. ms. 

From 767 131 6 30 476 14 14 16 567 126 14 12 
Take 476 110 14 14 .160 16 13 17 400 0 15 0 

291 20 16 16 

33. A shopkeeper bought a piece of cloth containing 
42 yards for £22 10s., of which he sells 27 yards for 
£15 15s. j how many yards has he left, and what have 
they cost him? Ans. 15 yards; and they cost him 
£6 15s. 

34 A merchant bought 234 tons, 17 cwt., 1 quarter, 
23 lli, and sold 147 tons, 18 cwt., 2 quarters, 24 lb; how 
much rem;ined unsold? Ans. 86 tons, 18 cwt., 2 qrs. 
27 lb. 

35. If from a piece of cloth containing 496 yards, 3 
quarters,' and 3 nails, I cut 247 yards, 2 quarters, 2 nails, 
what is the length of the remainder? Ans. 249 yards, 
1 quarter, 1 nail. 

36. A field contains 769 acres, 3 roods, and 20 perche~, 
of which 576 acres, 2 roods, 23 perches are tilled ; how 
much remains untilled? Ans. 193 acres, 37 perches. 

37. I owed my friend a bill of £76 16s. 9½d,, out of 
which I paid £59 17s. lOfd.; how much remained due~ 
.Ans. £16 18s. lOfd. 

G 
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38. A merchant bouO'ht 600 salt ox hides, weighing 
561 cwt., 2 ib; of whi~h he sold 250 hides, weighiqg 
239 cwt., 3 qrs., 25 lh. How many hides. had h~ l~ft, 
and what did they weigh? Ans. 350 hides, we1ghmg 
321 cwt., 5 ib. 

39. A merchant has 209 casks of butter, weighing 
400 cwt., 2 qrs., 14 ib; and ships off 173 casks, 
weiO'hin(J' 213 cwt., 2 qrs., 27 lb. How many casks has 
he left f and what is their weight? Ans. 36 casks, 
weighing 186 cwt., 3 qrs., 15 lb. 

40. What is the difference between 47 English miles, 
the length of the Claudia, a Roman aqueduct, and 1000 
feet, the length of that across the Dee and Vale of 
Llangollen? Aus. 247160 feet, or 46 miles, 4280 feet. 

41. What is the difference between 980 feet, the 
width of the sinO'le arch of a wooden bridge erected at 
St. Petersburg, ~nd that over the Schuylkill, at Phila­
delphia, 113 yards and 1 foot in span? Ans. 640 feet 

Q.UESTIONS FOR TF(E PUPIL. 

I. What is the rule for compound subtraction? [16]. 
2. How is compound subtraction proved? [19]. 

COlIPOUND MULTIPLICATION. 

20. Since we cannot multiply pounds, &c., by pounds, 
&c., the multiplier must, in compound multiplication, 
be an abstract number. 

21. When the ~ultiplier does not exceed 12-
H uLE-I. Place the multiplier to the right hand 

side of the multiplicand, and beneath it. 
II. Put a separating line under both. 

III. Multiply each denomination of the multiplicand 
by the multiplier, beginning at the right hand side. 

IV. For every time the number required to make 
one of the next denomination is contained in any pro­
duct of the multiplier and a denomination of the multi­
plicand, carry one to the next product, and set down the 
re~ainder (if there is any, after subtracting the number 
eqmvalent to what is carried) under the denomination 
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to which it belongs ; but should there be no remainder 
out a cypher in that denomination of the product. ' 

22. EXAl\lPLE.-Multiply £62 17s. l0J. by 6. 
£, s. d. 
62 17 10, multiplicand. 

6, multiplier. -----
377 7 O, product. 

Six times 10 pence are 60 pence ; these are equal to 5 
shillings ( 5 times 12 pence) to be carried, and no pence to 
be set down in the product-we therefore write a cypher in 
the pence place of the product. 6 times 7 are 42 shillings, 
and the 5 to be carried are 47 shillings-we put down 7 in 
the units' place of shillings, and carry 4 tens of shillings. 
6 times 1 lten shillings) are 6 ( tens of shillings), and 4 ( tens 
of shillin~s) to be carried, are IO (tens of shillings), or 5 
pounds ( :> times 2 tens of shillings) to be carried, and 
nothing, (no ten of shillings) to be set down. 6 times 2pounds 
are 12, and 5 to be carried are 17 pounds-or 1 ( ten pGunds) 
to be carried, and 7 (units of pounds) to be set down. 
6 times 6 ( tens of pounds) are 36, and f to be carried are 
3 7 ( tens o£ pounds). 

28. The reasons of the rule will be very easily understood 
from what we have already said [Sec. II. 41). But sinoe, in 
compound multiplication, the value of the multiplier has no 
connexion ·with its position in reference to the multiplicand, 
where we set it down ia a mere matter of convenience; neither 
is it so necessary ta put cyphers; in the product in those deno­
minations in which there are no significant figures, as it is in 
simple multiplication. 

24. Compound ·multiplication may be proved by re­
dudng the product to its lowest denomination, dividing 
by the multiplier, and then reducing the quotient 

EXAMPLE.-Multiply .£4 3s. 8d. by 7. 
£, s. d. PROOF = 
43 8 2958 

7 20 

29 5- 8, product. 585 
12 

7) 7028, product reduced. 
12)1004 

20)83 8 
quotient reduced- 4 3 8.t:::multiplictmd. 



128 COMPOUND MUl,TIPLlC.ATION.. 

£29 5s. 8d. are 7 times the :multiplicand ; if, therefore, the 
process has been rightly performed, the seventh part of this 
should be equal to the multiplicand. 

The quantities are to be " r.educed," before the division by 7, 
since the learner is not supposed to be able as yet to divide 
£29 6s. 8d. 

1:XERCIS.ES. 

£ s. d. £ s. d. 
1. 76 14 7½X 2= 153 9 3. 
2. 97 13 6½X 3= 293 0 7½. 
3. 77 10 H X 4= 310 2 6. 
4. 96 11 HX 5= 482 18 }½. 
6. 77 14 6JX 6= 466 7 1½. 
6. 147 13 3½X 7=H,33 13 O½. 
7. 428 12 HX 8=3429 1 O. 
8. 572 16 6 X 9=5155 8 6. 
9. 428 17 3 Xl0=4288 12 6. 

10. 672 14 4 Xll=i399 17 8. 
11. 776 15 5 Xl2=9321 6 0. 
12. 7 lb at 5s. 2Jd. c\jl', will cost £1 16s. 8,id. 
13. 9 yards a-t 10s. lUd. <lf, will cost £4 18s. 5Jd. 
14. 11 gallons at 13s. 9d. <lf, will cost £7 lls. 3d. 
15. 12 lb at £1 8s. 4d. <\f, will cost £14. 

25. When the multiplier exceeds 12, and is a com• 
posite number-

R uLE.-Multiply successively by its factors 

EliMPLE !.-Multiply .£47 13s. 4d. by 56. 
£ s. d. 
47 13 4 

7 
56=7X8 ---- J!, s. d. 

333 13 4=47 13 4x7. 
8 

2669 6 8=47 13 4x7x8, or 56. 

EXAMPLE 2.-Multiply 14s. 2d. by 100. 
s. d. 
14 2 

10 
100::I0xl0 s. d. 

£7 1 8 ==14 2X10. 
10 

£70 16 8 ==rl4 2xl0xlO, or 100. 
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.Ex.utPm: 3.-Multiply £8 2s. 4d. by 700. 
£ s. d. 
8 2 4 

10 
£ ,. d. 

81 3 4 =8 . 2 4 X 10. 
10 

811 13 4 =8 2 4x10xl0, or 100. 
7 

5681 13 4 =8 2 4xIOxIOx7, or 700. 
The reason of this rule has been already given [Sec. II. 60]. 

26. When the multiplier is the sum of composite 
numbers-

RuLE.-Multiply by each, and add the results. 

ExAMPLE.-Multiply £3 14s.·6d. by 430. 
£ s. d. 
3 14 6 

10 
£ s. d. £ s. d. 

37 5 O x3=111 15 O, or 3 14 6x30. 
10 

372 10 Ox4=1490 0 0, or 3 14 6x400. 

1601 15 0, or 3 14 6x430. 

The reason of the rule is the same as that already given 
[See. II. 62]. The sum of the produ-0ts of the multiplicand by 
the parts of the multiplier, being 09.ual to the product of the 
multiplicand by the whole multiplier. 

EXERCISES. 

£ 8. d. £ 8. d. 
16. 3 7 6 X 18= 60 15 O. 
17. 4 16 7 X 20= 96 11 8. 
18. 5 14 6iX 22=125 19 11. 
19. 2 17 6 X 36=103 10 O. 
20. 8 16 7 X 56=214 8 8. 
21. 2 8 6 X 64=139 4 0. 
22. 8 4 7 X 81=261 11 8. 
23. 0 9 4 X 100= 46 13 4. 
24. 0 16 4 X1000==816 13 4. 
25. 100 yards at 9a. 4ld. ct,, will cost £46 17 e. 
26. 700 gallons at 13,. 4d; ct,, will cost 466 13 4. 
27. 240 gallons at 68. 8d. cijl', will cost 80 0 0. 
28. 860 yards at 188. !ld. 4', will cost 240 0 0. 
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27 If the multiplier is not a composite number­
RuLE.-1\Iultiply successively by the factors of the 

nearest composite, and add to or subtract from the pro­
duct so many times the multiplicand as the assumed 
~omposite number is less, or greater than the giv1;.-i. 
multiplier. 

EXA.MPL"E I -Multiply .£62 12s. 6d. by 76. 
£ s. d. 
62 12 6 

4509 
250 

4759 

8 

0 0 
9 

£ s. d. 
0 0=62 12 6x8x9, or 72. 

10 0=62 12 6x4. 

10 0=62 12 6x8x9+4, or 76. 

Ex.AblPLE 2.-Multiply £42 3s. 4d. by 27. 
£ s. d. 
42 3 4 

27=4X7-l 
4 

168 13 4 
7 

£, d. s. 
1180 13 4=42 3 4x4x7, or 28. 

42 3 4=42 3 4xl. 

1138 10 0=42 3 4X4X7-l, or 27. 
The reason of the rule is the same as that already given 

[Sec. II. 61]. 

EXERCISES. 

£ s. d. £ 8. d. 
29. 12 2, 4 X 88= 1005 18 8. 
30. 15 0 OJX146= 2193 3 Ot. 
31. 122 5 0 X102= 12469 10 o. 
82. 968 0 0!X990-962040 2 5J. 

2-8. When the multiplier is large, we may often con­
veniently proceed as follows-

R uLE.-W rite once, ten times, &c., the multiplicand, 
and, multiplying these respectively by the units, tens 
&.c., of the multiplier, add the results. 
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li'..xAMPLE.-Multiply £47 16s. 2d. by 5783. 
5783=5 X 1000+ 7 X 100+8 X 10+3 X 1. 

(r £ s. d. £ s. d. 
nits of the multiplicand, 47 16 2 x 3= 143 8 6. 

10 

Tens of the multiplicand, 478 1 8 x 8= 3824 13 4. 
10 

Hundreds of the multiplicand, 4780 16 8 X 7 = 33465 16 8. 
10 

Thousands of the multiplicand, 4 7808 6 8 X 5 = 239041 13 4. 

Product of multiplicand and multiplier= 276475 11 10. 

EXERCISES, 

£ s. d. £ s. d. 
88. 76 14 4 X 92= 7057 18 8. 
84. 974 14 2 X 76 = ,4077 16 8. 
35. 780 17 4 X 92 = i!839 14 8. 
36. 73 17 H X 122 = 9013 IO 8. 
87. 42 7 7J X 162 = 6865 11 10½. 
88. 76 gallons at £0 13 4 cijl', will cost £50 13 4. 
39. 92 gallons at O 14 2 cijl', will cost 65 3 4. 

40. Wht is the difference between the price of 743 
ounces of gold at £3 17s. IO½d. per oz. Troy, and that 
of the same weight of silver at 62d. per oz. ? Ans. 
£2701 2s. 3½d. 

41. In the time of King John ( money being then more 
:valuable than at present) the price, per day, of a cart 
with three horses was fixed at ls. 2d. ; what would be 
the hir..e of such a cart for 272 days? Ans. £15 17s. 4d. 

42. Veils have been made of the silk of caterpillars, 
a square yard of which would weigh about 4 grains; 
what would be the weight of so many square yal·ds of 
this texture as would cover a square· English mile ? 
Ans. 2151 lb, I oz., 6 dwt., 16 grs., Troy. 

QUESTIONS TO BE' ANSWERED l3Y THE PUPIL. 

I. Can the multiplier be an applicate number ? (20 J. 
2. What is the. rule for compound multiplication 

when the multiplier does not exceed 12? [21]. 
3. What is the rule when it exceeds 12, and is a 

composite number ? (25]. 
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4. When it is the Eium of composite numbers ? [26). 
5. When it exceeds 12, and not a composite number ? 

[
2

~~ · How is compound multiplication proved ? [24]. 

COMPOUND DIVISION. 

29. Compound Division enables us, if we divide an 
applicate number into any number of equal parts, to 
ascertain what each of them will be ; or to find out 
how many times one applicate -number is contained in 
another. 

If the divisor be an applicate, the quotient will be an 
abstract number-for the quotient, when multiplied by 
the divisor, must give the dividend [Sec. IL 7~] ; but 
two applicate numbers cannot be multiplied together 
[20]. If the divisor be abstract, the quotient will be 
applicate-for, multiplied by the quotient, it must give 
♦,he dividend-an applicate number. Therefore, either 
divisor or quotient must be abstract. 

30. When the divisor is abstract, and does not ex­
ceed 12-

RuLE-L Set down the dividend, divisor, and sepa­
rating line-as directed in simple division [Sec. II. 72]. 

II. Divide the divisor, successively, into all the deno­
minations of the dividend, beginning with the highest. 

III. Put the number expressing how often the divisor 
is contained in each denomination of the dividend under 
that denomination-and in the quotient. 

IV. If the divisor ·is not contained in a denomina­
tion of the dividend, multiply that denomination by the 
number which expresses how many of the next lower 
denomination is contained in one of its units, and add 
the product to that next lower in the dividend. 

V. "Reduce" each succeeding remainder in the same 
way, and add the product to the next lower denomi­
nation in the dividend. 

VI. If any thing is left after the quotient from the 
lowest denomination of the dividend is obtained, put it 
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down, wi_th the d_ivi~or und_er. it,. and a separating line 
between .-or onut 1t, and 1f 1t 1s not less than half 
the divisor, add unity to the lowest denomination of the 
quotient. 

31. EXAMPLE 1.-Divide £72 6s. 9Jd. by 5. 
£ s. d. 

5)72 6 9½ 
14 9 4} 

5 will go into 7 (tens of pounds) once (ten times) anJ 
leave 2 tens. 5 will go into 22 ( units of pounds) 4 time;, and 
le:i,Ye two pounds or 40s. 40s. and 6s. are 46s., into which 5 
will go 9 times, and leave one shilling, or 12d. 12d. and fJd. 
are ~ld., into which 5 will go 4 times, and leave ld., or 4 
far~lungs .. 4 farthings and 2 farthings are 6 farthings, into 
w~1ch 5 will f;O once, and leave 1 farthing-still to be divided; 
tlus would give ¼, or the fifth part of a farthin(')' as quotient, 
which, being less than half the divisor, may be° neglected. 

A knowledge of fractions will hereafter enable us to 
understand better the nature of these remainders. 

ExAMPLE 2.-Divide £52 4s. l¾d, by 7. 
£ s. d. 

7)52 4 I¾ 
7 9 2 

One shilling or 12d. are left after dividing the shillings, 
which, with the Id. already in the dividend, make 13d. i 
goes into 13 once, and leaves 6d., or 24 farthings, which, 
with¾, make 27 farthings. 7 goes into 27 3 times and 6 
over ; but as 6 is more than the half of 7, it may be consi­
dered, with but little inaccuracy, as 7-which will add one 
farthing to the quotient, making it 4 farthings, or one to 
be added to the pence. 

32. This rule, and the reasons of it, are substantially the 
same as those already given [Sec. II. 72 and 77]. The remain­
der, after dividing the farthings, ma.y, from its insignificance, 
be neglected, if it i., not greater than half the divisor. If it is 
greater, it is evidently !'1ore accurate to consi~er i~ ~s giving 
one farthing to the quotient, than 0, a.nd therefore 1t 1s proper 
to add a farthing to the. quotient. !f it is exact~y. b:ilf the 
divisor, we may consider it ns equal either t-o the divisor, or 0. 

33. Compound division may be proyed by m~lt!pli­
cation-since the product of the quotient and ~h~1sor, 
~lus the remainder, ought to be equal to the dmdend 
LSeo. II. 791. 

a2 
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£ s. 
1. 96 7 
2. 76 14 
8. 47 17 
4. 96 19 
5. 7i 16 
6. 32 12 
7. 44 16 
8. 97 14 
9. 147 14 

10. 157 16 
11. 176 14 

EXERCISES. 

d. £ a. d. 
6+ 2=48 3 9. 
7 + 3=25 11 6,l. 
6+ 4=11 19 4t 
4+ 5=19 7 10½. 
7 + 6=12 19 6.}. 
2+ 7= 4 13 2. 
7 + 8= 5 12 1. 
3+ 9=10 17 U. 
6+10=14 15 5½, 
7+11=14· 6 1}½. 
6+12=14 14 6½, 

The above --1.uotients are true to the nearest farthing. 

34. Wb.,m the divisor exceeds 12, and is a composite 
number--

ltUJ.:K.--Divide successively by the factors. 

ExAMPJJ:.-Divide £1217s. \)d. by 36. 
3)12 17 g 
12)4 5 11 

36=.3Xl2 7 2 

'l'his rule will be understood from Sec. II 97. 

EXERCISES 

£ s. d. £ s. d. 
12. 24 17 6+ 24= 1 0 Bi 
13. 576 13 3+ 36=16 0 4&. 
14. 44i 12 2+ 48= 9 6 6. 
]5. 547 12 4+ 56= 9 15 7. 
16. 9740 14 6-:-120=81 3 5½-
17. 740 13 4+ 49=15 2 34. 

35. When the divisor exceeds 12, and is not a com-
1osite nµruber-

R uL E:-Proceed by• the method of long division; 
but in performing the multiplication of the remainders 
by the numbers which make them respectively a deno­
mination lower, and adding to the products of that next 
lower denomination whatever is already in the dividend, 
set down the multipliers, &o. obtained. Place the quo­
tient as directed in long division (Sec. II. 89]. 
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ExAMPLE.-Divide £87 16sAd. by 62. 
£ s. cl. £ s. d. 

62)87 16 4 (1 8 4. 
62 

25 
20 multiplier. 

millings 516(=25x20+16) 
496 

pence 

20 
12 multiplier. 

244( =20 X 12+4) 
186 

58 
4 multiplier 

farthings 232 ( =58 x 4) 
186 

46 

135 

62 goes into £87 once (that is, it gives £1 in the quotieni), 
atnd leaves £25. £25 are equal to 500s. (25x20), which, 
with 16s. in the dividend, make 516s. 62 goes into 516s. 8 
times (that is, it gives 8s. in the quotient), and leaves 20s., 
or 240£1. (20xl2) as remainder. ~2 goes into 240, &o. 

Were we to put ¾ in the quotient~ the remainder would be 
46, which is more than half the divisor; we consider the 
quotient, therefore, as 4 farthings, that is, we add one penny 
to (3) the pence supposed to be alteady in the qnotient. 
£1 8s. 4d. is nearer to the true quotient than £1 8s. 3Jd.[32]. 

This is the same in principle as the :nle given above (30]­
but. since the numbers are large, it is more convenient actually 
to set down the sums of the different denomfoations of the divi­
dend and the preceding remainders (reduC'ed), the products ol 
the divisor and quotients, and the numbers bv whicl1 we multi­
ply for the necessary reductions : this preveJ1ts the memory 
from being too much burdened [Sec. II. 93]. 

36. When the divisor and dividend are \y)th applioate 
num hers of one and the same denomination. anc no 
reduction is required- · 

RuLE.-Proceed as already directed [Seo. Il 70, 
72, or 89J. 
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ExAMPLE.-Divide £45 by £5. 
£ 

£5)45 

9 
That is £5 is the ninth part of £45. 

37. When the divisor and dividend are applicate, but 
not of the same denomination ; or more than one de­
nomination is found in either, or both-

R ULE.-Reduce both divisor and dividend to the low­
est denomination contained in either [3], and then pro­
ceed with the division. 

ExAr.lPLE.-Divide £37 5s. 9¼d. by 3s. 6½d, 
s. d. £ s. d. 
3 6i 37 5 91 

12 ll 20 :( 

42 
4 

745 
12 

170 farthings. 8949 
4 

170)35797(211 
340 

179 
170 Therefore 3s. 6!d. is the 
-- 211th part of £37~5s. 9Jd. 

97 
IJ7 not being less than the half of 170 [32], we consider it 

e.s equal to the divisor, and therefore add 1 to the O obtained 
ns the last quotient. 

EXERCISES. 

£ s. d. £ s. d. 
18. 176 12 2 + 191= 0 18 6. 
19. 184 17 8 + 183= 0 14 9. 
20. 4736 14 7 + 443=10 13 10,! 
21. 73 16 7 + 271= 0 6 6½. 
22. 147 14 6 + 973= 0 3 0½. 
23. 157 16 7 + 487= 0 6 6i. 
24. 68 15 2 + 751= 0 1 6,i. 
25. 62 10 6J+ 419= 0 2 llf. 
26. 8764 4 O,t+ 468=18 14 6½. 
27. 4728 16 2 + 317=14 18 4,i. 
28. 8234 0 6J+ 261:z:31 10 11!. 
29. 6136 2 7 i+ 875= 6 19 SJ. 
80. 4598 4 2 +9842=- 0 9 ,,. 
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31. A cubic foot of distilled water weighs 1000 ounces 
what will be the weight of one cubic inch ? Ans 
253·1829 grains, nearly. 

32. How many Sabbath days' journeys ( each 1155 
yards) in the Jewish days' journey, which was equal to 
33 miles and 2 furlongs English? Ans. 50·66, &c. 

33. How many pounds of butter at 11 fd. per lb 
would purchase a cow, the price of which is .£14 15s. r 
Ans. 301 ·2766. 

QUESTIONS FOR THE PUPIL. 

1. What is the use of compound division ? [29). 
2. What kind is the quotient when the divisor is an 

.i.b~tract, and what kind is it when the divisor is au 
applicate number ? [29]. 

3. 'What· are the rules when the divisor is abstract, 
and does not exceed 12? [30] ; 

4. When it exceeds 12, and is composite ? [34] ; 
5. When it exceeds 12, and is not composite ? [35] ; 
6. And when the divisor is an applicate number ? [36 

and 37]. 
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SECTION IV. 

FRACTIONS. 

l. If one or more units are divided into equal parts, 
and one or more of these parts are taken, we have what 
is called a / racti()'l1,. 

Any example in division-before the process has been 
performed-may be considered as affording a fraction :­
thus f ( which means 5 to be divided by 6 [Sec. II. 68]) 
is a fraction of 5-its sixth part ; that is, 5 being divid,ed 
into six equal partsJ ¾ will express one of them ; or ( as 
we shall see presently), if unity is divided into six equal 
parts, five of them will be represented by f-. 

2. When the dividend and divisor constitute a frac­
tion, they cha~ge their names-the former being then 
termed the nu/nierator, and the latter the denominator ; 
for while the denominator tells the denominatiO'll, or 
kind of parts into which the unit is supposed to be 
divided, the numerator numerates them, or indicates the 
number of them which is taken. Thus l ( read three­
sevenths) means that the parts are "sevenths," and that 
"three" of them are represented. The numerator and 
denominator are called the terms of the fractions. 

3. The greater the numerator, the greater the value 
of the fraction-because the quotient obtained when we 
divide the numerator by the denominator is its real 
value ; and the greater the dividend the larger the 
quotient. On the contrary, the greater the denomina­
tor the less the fraction-since the larger the divisor 
the smaller the quotient [Sec. II. 78] :-hence t is 
greater than ,f-which is expressed thus, t>t; but t 
is less than ;-which is expressed by t<;. 

4. Since the fraction is equal to the quotient of its 
numerator divided by its denominator, as long as this 
quotient is unchanged, the value of the fraction is the 
same, though its form may be altered. Hence we can 
multiply or :livide both t-enrui of a fraction by the same 
number without affectinc it• vnlue ; sinoe this is equally 
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to increase or diminish both the dividend and divisor­
which does not affect the quotient. 

5. The following will represent unity, seven-sevenths, 
and five-sevenths. 

I Unity. I \i I ti I ii I I t1 iii 11 
The very faint lines indicate what t wants to make 

it equal to unity, and identical with f. In the diagrams 
which are to follow, we shall, in this manner, generally 
subjoin the difference between the fraction and unity. 

The teacher should impress on the mind of the pupil 
that he might have chosen any other unity to exemplify 
the nature of a. fraction. 

6. The following will show that t may be considered 
as either the -4- of I, or the -t of 5, both-though not 
identical-being perfectly equal. 

,l of 5 units. 
-,·11 rrr 

Unity. 

~ of 1 unit. 

OJ]]] 
- 11111 -

11111 
)I-

.. I U 11 

11111 

In the one case we may suppose that the five parts 
belonO" to but one unit ; in the other, that each of the 
five b~lon(J's to different units of the same kind. 

Lastly,
04 may be considered as the,}, of one unit fiva 

times as large as the former ; thus-
,} of 1 unit. { of 5 units. 

equal to 
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7. If its numerator is equal to, or greater tha.n ita 
denominator, the fraction is said to be improper; be­
cause, although it has the fractional form, it is equal 
to, or greater than an integer. Thus f is an improper 
fraction, and means that each of its seven parts is equal 
to one of those obtained from a unit divided into five 
equal parts. When the numerator of a proper fraction 
is divided by its denominator, the quotient will be ex­
pressed by decimals ; but when the numerator of an 
improper fraction is divided by ij3 denominator, part, 
at least, of the quotient will be an mteger. 

It is not inaccurate to consider ¼ as a fraction, since 
it consists of "parts" of an integer. It would not, 
however, be true to call it part of an integer ; but this 
is not required by the definition of a fraction-which, 
as we have said, consists of "part," or "parts" of a 
unit [I]. 

8. A mixed number is one that contains an integer 
and a fraction; thus If-which is equ,ivalent to, but 
not identical with the improper fraction J. The fol­
lowing will exemplify the improper fraction, and its 
equivalent mixed number-

Unity. bnd 
Unity + J 

l¾ 
1q 

9. To reduce an improper fraction to a. mixed number 
An improper fraction is reduced to a mixed number if 

we divide the numerator by the denominator, and, after 
the units in the quotie~t have been obtained, set down 
the remainder with the divisor under it, for denominator ; 
thus ¾ is evidently equal to lf--:-as we have already 
noticed when we treated of division [Sec. II. 71 J. 

10. A simple fraction has reference to one or more 
integers; thus t-whfoh means, as we have. seen [6], 
~he five-sevenths of o-ru unit1 or the one-aeventh of five 
unita. 
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11. A compm1,nd fraction supposes one fraction· to 
refer to another ; thus ! of ¾-represented also by ~ x .4. 

( three-four_ths multipl~ed. by four-ninths), means 
4 

no
9

t 
the four-mnths of umty, but the four-ninths of the 
three-fourths of unity :-that is, unity being divided into 
four parts, three of these are to be divided into nine 
parts, and then four of these nine are to be taken ; thus-

3 
4 

'°"--l+ ~-1-1-
sl':o--r-,-

1

~11 
I I 

~ EJ 
12. A comp/,ex fraction has a fraction, or a mixed 

:i 
number in its numerator, denominator, or both; thus ~-, 

4 
which means that we are to take the fourth part, not 
of unity, but of the ½ of unity. This will bl} exem­
plified by-'-

I Unity. I 
8 a. IJ- 1.i . . 
-, ~, 2, ~, are complex fractions, and will be better 
J. .6. 4 5!. 

unde:stood ;hen we treat of the division of fractions. 
13. Fractions are also distinguished by the nature of 

their denominators. When the denominator is unity, 
followed by one or more cyphers, it is ·~ decimal f rac­
t-ion-thus, y50, Ta°orn &c. ; all other fractions are vulgar 
-thus, t, ¾, 2 h, &c. . 

Arithmetical processes may often be performed with 
fractions without actually dividing the numerators by 
the den~minators. Since a fraction, like an integer, 
may be increased or diminished, it is capable of a.d<li.-
tion, aubtraction, &o. 
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14. To reduce an integer to a fraction of any deno­
mination. 

An integer may be considered as a fraction if we make 
unity its denominator :-thus f may be taken for 5 ; 
since ¼=5. 

We may give an integer any denominator we please 
if we previously multiply it by that den9minator ; 

25 30 35 25 5 X 5 5 
thus, 5=5 , or 6 , or 7 , &c., for 5 =

1
x

5
=1=5; 

30 5X6 5 
and 6=1x6=1=5, &c. 

EXERCISES. 

1. Reduce 7 to a fraction, having 4 as denominator . 
.Ans. \'. 

2. Reduce 13 to a fraction, having 16 as denomina• 
tor. Ans. 2r'll · 
3. 4= 211

• I 4. 19= 5a"- I 5. 42=Vl- I 6. 71= 6H'· 
15. To reduce fractions to lower terms. 
Before the addition, &c., of fractions, it will be often 

convenient to reduce their terms as much as possible. 
For this purpose-

R uLE.-Divide. each term by the greatest common 
measure of both. 

40 5 40 40+8 5 
ExnIPLE.-72-9· For 12-72...!....s-9· 

We have already seen that we d~ not alter the quotient­
which is the real value of the fraction [ 4 ]-if we multiply or 
divide the numerator and denominator by the same number. 

What has been said, Sec. II. 104, will be usefully remem• 
bered here. 

EXERCISES. 

, Reduce the following to their lowest terms. 
7- 514 =Ut· 13. ~==i· 19. 100ffi=mt. s He_41 14 .1i4_12 20 ffio_1 

9. m=n;, 5· rs!...,P' · nn=i;20 
· ,,-u-na· 1 · n-rr· 21. nn-nn· 

l o 549 _ 183 16 48_4 22 425_ 85 
· 'lfna-2aB1' · 11o-:;-• • ,,-:;-:;--rTT· 

11 240_12u 17 60_5 23 412 2ll6 · :rq-;prr· • -,-;;--1r• • 4lflf~233• 
12. th=o-· 18. 1~

82=i· 24. ¾H=ffi. 
In the answers to questions given as exercises, we shall, 

in. fut~e, generally reduce fractions to their lowest deno­
minatioue. 



FRACTIONS, 143 

16. To find the value of a fraction in terms of a 
lower denomination-

• RuLE,-Reduce the numerator by the rule already 
given [Sec. III. 3), and place the denominator under it. 

ExAMPLE.-What is the value, in shillings, of¾ of a pound 1 
£3 reduced to shillingS=60s.; therefore £,J reduced to shil­
lingS=6/s. 

The reason of the rule is the same as that already given 
[Sec. III. 4]. 'l'he .j of a pound becomes 20 times as much if 
the " unit of comparison" is changed from a pound to a shilling, 

We may, if we please, obtain the value of the result­
ing fraction by actually performing the division [9] ; 
thus 6.-°s,=15s. :-hence £j=15s. 

25. £1i=I4s. 6d. 
26. £H=l7s. 4d. 
21. £H=19s. 

17. To express one 
other-

EXERCISES, 

28. £¥=15s. 
29. £ly=~s. 
30. £n 0 -l(l. 

quantity as the fraction of an-

RuLE.-Reduce both quantities to the lowest deno­
mination contained in either-if they are not already 
of the same denomination; and then put that which is 
to be the fraction of the other as numerator, and the 
remaining quantity as denominator. 

ExAMPLE.-Whnt fraction of a pound is 2}d. 1 .£1:::960 
farthings, and 2}d.=9 farthings; therefore l)"h is the re­
quired fraction, that is, 2}d.=£do, 

REASON OF THE RuLE.-One pound, for example, contains 
060 farthings, therefore one farthing is £ 0-h (t.he 960th part 
of a pound), and 9 times this, or 2¼, is £9X'D"to=-ofo-. 

EXERCISES, 

31. What fraction of a pound is 14s. 6d.? Ans. H· 
32. What fraction of £100 is 17s. 4d.? Ans. 1 ¼h· 
33. What fraction of £100 is £32 10s.? A·ns. H· 
34. What fraction of 9 yards, 2 quarters is 7 yards, 

3 quarte1"s ? Ans. H· 
35. What part of an Irish is an English mile? Ans. H· 
36. What fraction of 6s. 8d. is 2s. 1<l. ? Ans. f1r· 
37. What part of a pound avoirdupoise is a pound 

Troy ? Ans. Ht• 
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QUESTIONS. 

1. What is a fraction ? [1]. 
2. When the divisor and dividend are made to con­

stitute a fraction, what do their names become ? [2]. 
3. What are the effects of increasing or diminishing 

the numerator, or denominator ? [3]. 
4. Why may the numerator and denominator be mul­

tiplied or divided by the same number without altering 
the value of the fraction? [ 4]. 

5. What is an improper fraction ? [7]. 
6. What is a mixed number ? [8]. 
7. Show that a mixed number is not identiwl with 

the equivalent improper fraction ? [8]. 
8. How is an improper fraction reduced to a mixed 

number ? [9]. 
9. What is the difference between a simple, a com­

pound, and a complex fraction? [10, 11, and 12] ; 
10. Between a vulgar and decimal fraction? [13]. 
11. How is an integer reduced to a fraction of any 

denomination? [14]. 
12. How is a fraction reduced to a lower term ? 

(15]. 
13. How is the value of a fraction found in terms of 

a lower denomination? [16]. 
14. How do we express one quantity as the fraction 

of another ? (17]. 

VULGAR FRACTIONS. 

ADDITION. 

18. If the fractions to be added have a common 
denominator-

R uLE. -Add all the numerators, and place the com­
mon denominator under their sum. 

EXAMPLE.--;+l= v. 
REASON oF THE Ruu;.-If we add together 5 and 6 of any 

kiD:d ~f. individu!ls, their sum must be 11 of the same kind 
of mdiv1duals-s1nce the process of addition has not changed 
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~heir nature. But the units to b~ added wer~, in the present 
mstance, sevenths; therefore their sum consists of sevenths 
Addition may be illustrated as follows:- · 

Unity.,• iifo:m 
EXERCISES, 

I ; + t 
I 111111111 

ll 
'f 

L -H~+~=V=l~. 9. H+H+H=H=2. 

:: ttitt0!~H=2r4:r• n U+H+ii=E=ilf: 
4. Tl+-f:r+i\-=f¾=lf¼. 12. i~+r9.;+H=H=lf¼. 
5. "f:i -H~+.-\=H=1-Ai- 13. H+H+H=¾f=lJr• 
6. i+i+~=~=l{. 14. i-r+l.-+H=H· 
7 JJ1+11+U-4_9_') O 15 6 + 7 + I 1-1, 

• 20 1n 20-2O-""'IT• • 2:l" 2w 2:1=n· 
8. H+rt+H=H=2/,. 16. ·?r+H+H=4-i• 
19. If the fractions to be added have not a common 

denominator, and all the denominators are prime to each 
other-

RuLE.-1'Iultiply the numerator and d1mominator of 
each fraction by the product of the denominators of all 
the others, and then add the resulting fra.ctions-by 
the last rule. 

ExAMPLE.-What is the sum of i+l+t 1 
2 3 4 2x4x7 3x3x7 4x3x4 56 63 48 167 
3+4+1-3x4x7+ 4x3x7+7x3x4-84+s4+34- 84 

Having found the denominator of one fraction, we may at 
once put it as the common denominator; since the same 
factors ( the given denominators) must necessarily produce 
the same product. 

20. REASON OF THE RuLE.-To bring the fractions to a. 
common denominator we have merely multiplied the nume­
rator and denominator of each by the same number, which 
[4] does not alter the fraction. It is necessary to find a 
common denominator; for if we add the fractions with­
out so doing, we cannot put the denominator Df any one 

of them as the denominator of their sum ;-thus ~:~ 
for instance, would not be correct-since it would suppo5e a.11 
the quantities to be thirds, while some of them. arc fourths 
and sevenths, which are less than thirds; neither would 
2+;+4 be correct-since it would suppose all ,,, t.bQill to be 
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sevenths, although some of thetn are thirds and fourths. 
which are greater than sevenths. 

21. In alterin ... the denominators, we have only changed 
the parts into which the unit is supposed to be divided, to an 
equivaleq.t number of others which are smaller. It. 1s neces­
sary to diminish the size of these parts, or each fraction would 
not be exactly e9ual to some number of them. This . will 
be more evident if we take only two of the above fractions. 
Thus, to add i and 4, 

2 3 2X4 3X3 8 9 17 
3+4 3X4 I 4X3 12+12=12 

These fractions, before and after they receive a common 
denominator, will be represented as follows:-

I Unity. 

tt1J li 
equal to 

111111 111 

I I ¾ I IJ 
!1 

TI 

equal to 
I J l 11 TT 

We have increased the number of the parts just ns much 
as we have diminished their size; if we had taken parts larger 
than twelfths, we could not have found any numbers of them 
exactly equivalent, respectively, to both j and 4. 

EXERCISES. 

17 '+2+4-59-129 21 5+4+1-337-112'1 · l t :,-:nr- ao· · "B" .., ~-.,r,r- 210• 
1s. 3+,H=H· 22 . .1~+H+i~=2-f1h• 
19 J+a+2-.142_127 2:l. ~1+4:i+·"s -i1L98'r 
20. :i+3+C~H=1TIT 2' fi+"5l, "Hf,}f7- .,"~ilH:i 

• I" 5 ,-1n·- T«· -t:. u m+nr:i=-hnn·· 
22. If the fractions to be added have not a common 

denominator, and all the denominators are wt prime 
to each other-

Proceed as directed by the last rule ; or­
RuLE.-Find the least common multiple of all the 

denominators [Sec. II. 107, &c. J, this will be the common 
denominator; multiply the numerator of each fraction 
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into the quotient obtained on dividing the common mul­
tiple by it_!, denominator-this will give the new nume­
tators; then add the numerators as already directed [18]. 

ExAMPLE,-Add / 2 +l1"+-,32• 288 is tho least common 
l · 5 4 3 288+32X& 

mu tiple of 32, 48, and 72 ; therefore 32+48+72 288 
288-:--48X4 2887 72X3 45 24 12 81 

+ 288 + 2s8 -2ss+2ss+2ss=:ifilr 
23. REASON OF THE RuLE.-We have multiplied each nume­

rator and denominator by the same number (the least common 
multiple of the denominators [4])-since o X 288 + 3:l --28_8 __ (foi· 

instance)= 
3
!~!!!- For we obtain the same quotient, whether 

we multiply tho divisor or divide the dividend by the same 
number-as in both cases we to the ve1·y same amount, 
diminish the number of times the one can be subtr:icted from 
the other. 

When the denomina.tors are not prime to each other the frac­
tions we obt:iin have lower terms if we make the least common 
multiple of the denomimitors, rather than the product of the 
denominators, the common denominator. In the present in• 
stance, had we proceeued according to th!l last rule [Hl], wt 

ld h fi d 5 8 3 17280 18432 4608 
wou ave oun 32+-i8+t2=11vtv2+110592+1105~2=· 
10320 : but 40320 . "d tl 11%92 n0592 1s ev1 en y a fraction containing larger 

terms than 
2
8
8
~. 

EXERCISES. 

25. ¾+Hf.=Vif=2H. 32. ½+½H{=ffi=2NIJ• 
2G. ri+i+~=f}=2f2· 33. HU+!=t:-=ll 
27. J+~+t=\¾~=2.4tr71r· 34. 1\+~+k=H=l-lr-
28. !+~+i="dH=2t'8'\· 35. tr+lH=H=ltf-
2J. ¼+~+l=H=l/,. 36. !+t2+A+!:,=d=J. 
30 2+~+s-5'f_l rt 37 ~+~-+:1+3+.Jl-=3~/1 • !f J 7-J,r- rlf• • 5 0 'i 8 · 11 .. ,. .. o 
31. H+H+~=r-8-h=2r6-Jef,. c::3m-J. 

24. To reduce a mixed number to an improper frac­
tion-

RuLE.-Chanrre the integral part into a. fraction, 
havin<r the sam~ denominator as the fractional part 
(14] ,

0
and add it to the fractional part. 

EXAMPLE.-,What fraction is equal to 4¾ 1 4f=t+!= 
\!l+f=V• 
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25. REASON oF THE Ruu:.-We have already seen tha.t an 
integer may be expressed as a fraction haviJ;ig any denomi­
nator we please :-the reduction of a mixed number, there­
fore, is really the addition of fractions, previously reduced tn 
a common denominator. 

EXERCISES, 

38. 16\=1-4, 3 • 

39. 18i='f9
• 

40. 79i=6ia. 
41. 47¾=1¾9, 
42. 7 4½=6f 7 • 

43. 95½=4 f 6
, 

44 99 t __ 1000 . n-n· 45. 12p='r4:a. 
46. 15lf=V• 
47. 46l=3P-
48. rni-=1io. 
49. 27-H=Vt. 

26. To add mixed numbers­
R uLE.-Add together the fractional parts; then, if 

the sum is an improper fraction, reduce it to a mixed 
number [9], and to its integral part add the integers in 
l\he given addends ; if it is not an improper fraction, set 
Jt down along with the sum of the given integers. 

EXAMPLE !.-What is the sum of 4j + 181 1 
45 

7+5-12-14 ~ 
""B a-1"- a 18¼ 

sum 23f 
5 eighths and 7 eighths are 12 eighths; but, as 8 eightha 

make one unit, 12 eighths are equal to one unit and 4 
eighths-that is, one to be carried, and t to be set down. 1 
and 18 are 19, and 4 are 23. 

EXAMPLE 2.-Add 12¾ and 29H, 
ll+i-_47-117 12¾=12f¾ 
n - 30- 30 29H=29if¾ 

sum 42A{ 
In this case it is necessary, before performing the addition 

rI9 a~d~ 22], to reduce the fractional parts to a common 
tlenommator. 

27. REASON or THE RuLE.-Tbe addition of mixed num­
bers is performed on the same principle as simple addition; 
but, in the first example, for instance, eight of one denomina­
tion is equal to one of the next-while in simpie addition [Seo. 
II. 8], ten of one denomination is equal to one of the next. 
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QUESTIONS. 

1. What is the rule for adding fractions which have 
a. common denominator? [18]. 

2. How are fractions brought to a common denomi­
nator? [19 and 22]. 

3. What is the rul~ for addition when the fractions 
have different denominators, all prime to each other ? 
[19]. 

4. What is the rule when the denominators are not 
the same, but are not all prime to each other ? [22]. 

5. How is a mixed number reduced to an improper 
fraction?, [24]. 

6. How are mixed numbers added ? [26]. 

SUBTRACTION. 

28. To subtract fractions, when they have a common 
denominator-

R uLE.-Subtract the numerator of the subtrahend 
from that of the minuend, and place the common deno­
minator under the difference. 

EliMPLE.-Subtract ½ from t• 
7 4 7-4 3 
9-9==-r=9· 

29. REASol'I" oF THE RuLE.-lf we take 4 individuals of any 
kind from 7 of the so.me kind, three of them will remain. In 
the e~ample, we take 4 (nhlths) from 7 (ninths}, and ~ are left­
which must be ninths, since the process of subtraction cannot 
have changed their nature. The following will exemplify the 
subtraction of fractions :-

Unity. 

R 
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EXERCISES, 

6. lJ-i:r=tt· 
1. h-/y=H· 
8. }-l=¾• 
9. i'-r-1\=h· 

10. H-.-l'f=l· 
30. If the subtrahend 

mon denominator-
and minuend have not a com-

R uLE.-Reduce them to a common denominator [19 
and 22] ; then proceed as directed by the last rule. 

EXAMPLE.-Subtract f from }. 
'.L-!=H-~%=H· 

81. REASON OF THE RuLE.-lt is similar to that already 
given (20] for reducing fractions to a common denominator, 
previously to adding them. 

EXERCISES, 

11. i-t=:r\· 
12 11 5 _!l9 -~-nr-n· 
13. 11-r=l· 
14. H-H=rh· 

32. To subtract mixed 
mixed numbers. 

15. 
16. 
17. 
18. 

from 

If the fractional parts hav:e a common denominator-­
R nE-L Subtract the fractional part of the subtra­

hend from that of the minuend, and Ret down the differ:.. 
ence with the common denominator under it : then 
subtract the integral part of tle subtrahend from the 
integral part of the minuend. 

II. If the fractional part of the minuend is less than 
that of the subtrahend, increase it by addinrr the com­
mon denominator to its numerator, and d~crease the 
integral part of the minuend by unity. 

EXAMPLE l.--4i from 9{. 
9j minuend. 
411 subtrahend. 
5 ¾ difference. 

3 eighths from 5 eighths and 2 eighth ( =}) reinMn. , 
from 9 and 5 remain. 



VULGAR FRACTIONS. 

E.ur.IPLE 2.-Subtract 121 from 18}. 
181 minuend. 
12¾ subtrahend. 

5! difference. 

15] 

3 fourths cannot be taken from 1 fourth ; but (borrowing 
one from the next denomination, considering it as 4 fourths, 
and adding it to the 1 fourth) 3 fourths from 5 fourths and 
2 fourths (=½) remain. 12 from 17, and 5 remain. 

If the minuend is an integer, it may be considered as 
a mixed number, and brought under the rule. 

EXAMPLE 3.-Subtract 3¼ from 17. 

17 may be supposed equal to 17!; therefore 17-3!= 
17}-3¼. But, by the rule, 17!-3¼=16¾-3¼=13¼. 

88. REASON OF THE RuLE.-The principle of this rule is 
the same as that already given for simple subtraction [Sec 
II. 19] :-but in example 3, for instance, five of one denomina­
tion make one of the next, while in simple subtraction ten of 
one, make one of the next denomination. 

34. If the fractional parts have not a common deno­
minator-

RuLE.-Bring them to a common denominator, and 
then proceed as directed in the last rule. 

ExAMPLE !.-Subtract 42} from 56½. 
56}=5Gi\-, minuend. 
42¼ = 42-Ar, subtrahend. 

1411z, difference. 

35. REASON oF THE RuLE.-We are to subtract the dif­
ferent denominations of the subtrahend from those which cor­
respond in the minuend [Sec. 11. 19]-but. we cannot subtract 
fractions unless they have a common denominator [30]. 

19. 
20. 
21. 
22. 
23. 
24. 
2/5. 

EXERCISES. 

26. 67}-34-f0 =32}¾. 
27. 97½-32f¾=64p. 
28. 60~-41-ro=l92. 
2\). 92¼-901¼=2tz. 
30. 100½-9~=90t. 
31. GO--f,=59/,. 
32. 12½-lOi=lf. 
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QUESTIONS. 

I. What is the rule for the subtraction of fractions, 
when they have a common denominator ? [28]. 

2. What is the rule, when they have not a common 
denominator ? (30]. 

3. How are mixed numbers, or fractions, subtractecl 
from mixed numbers, or integers? [32 and 34]. 

MULTIPLICATION. 

36. To multiply a fraction by a whole nuinber; or 
the contrary-

R uLE.-M ultiply the numerator by the whole number, 
and put the denominator of the fraction under the pro­
duct. 

ExAMPLE.-Multiply ~ by 5. 
t X 5= 2.,-°. 

37. REASON oF THE RuLE.-To multiply by any number, 
we are to _add the multiplicand [Sec. II. 83] so many times 
ns are indicated by the multiplier; but to add fractions havin~ 
a common denominator we must add the numerators [18], anCl 
put the common denominator under tho product. Hence-

~ XS= ~+!+!+!+4_4+4+4+4+4 4X5 20 
7 77777 7 7 7 

We increase the number of those "parts" of the integer 
which constitute the fraction, to an amount expressed by the 
multiplier-their size being unchanged. It would evidently 
be the same thing to increase their size to an equal extent 
without altering their number-this would be effected by 
dividing the denominator by the given multiplier; thus 
l"!f X 5 =f. This will become still more evident if we reduce 
the fractions resulting from both methods to others having a 

common denominator-for ~ (=4
X~), and ! {=-4-) 

15 15 8 15+5 
will then be found equal. 

As, very frequently, the multiplier is not contained in the 
denominator any number of times expressed by an integer, 
the method given in the rule is more generally applicable. 

_The rule will evidently apply if an inv,ger is to be multi­
plied by a. fraction-since the same product is obtained in 
whatever order the factors a.re taken (Seo. II. 35]. 
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38. The integral quantity which is to form one of 
the factors may consist of more than one denomination 

EXAMPLE.-"\:Vhat is the J of £5 2s. 9d. 1 
£ s. d. £ s. d. £ s. d. 

5 2 9x 2
-

5 2 9x2 3 s 6 a 3 . 

1. fX2=lf. 
2. ~x8=6~. 
3. !o X 12=10f. 
4. ixl2=9J. 
5. -?n-x30=t 

16. How' much 
20 acres 3 roods. 

EXERCISES, 

6. 27xf=12. 11. flx36=~4. 
7. f4 Xl8=3f. 12 . .,¾x20=19. 
8. pX8=H-. 13. 22X¾=4!. 
9. ~1X?=9~ H. -1lfX17=1Jlf• 

10. 15X}=3. 15. i43X~=6h-
is lla of 26 acres 2 roods ? Ans 

17. How much is H of 24 hours 30 minutes? Ans 
7 hours. 

18. How much is -i./r°g of 19 cwt., 3 qrs., 7 lb? Ans 
7 cwt., 3 qrs., 2 lb. 

19. How much is Hof £29? Ans. £ 3•/,l =£8 19s 
6¼d. 

39. To multiply one fraction by another­
RuLE.-Multiply the numerators together, and under 

their product place the product of the denominators. 
EXAl\-IPLE.-Multiply ½by¾• 

!x~=~x5=~ 
9 6 9x6 54· 

40. REASON OF THE RuLE.-If, in the example given, we 
were to multiply ½ by 5, the product ( 2/) would be 6 times 
too great-since it was by the sixth part of 5 (¾), we should 
have multiplied.-But the product will become what it ought 
to be (that is, 6 times smaller), if we multiply its denominator 
by 6, and thus cause the size of the parts to become 6 times less. 

"\Ye have already illustrated this subject when explain­
ing the nature of a compound fraction [11 J. 

EXERCISES. 

20. 1\X¾=H-• 124.HXH=H¼- 28. ½¾XH=!• 
21. f!X¾=r\· 25. iX¾Xf'Ftt'l 29. ¾X½=l• 
22. yxtx¾=2i, 26. ixt=.,. 30. r4.'3"x-./~=r"-,• 
23. :rXi=}. 21. Htxffi=l:i'Nlf 31. 1\xg=ta-· 

32. How much.is the½ of¾? Ans. ½• 
33. H')W much is the½ oft? A·ns . .7,2• 
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41. When we multiply one proper fraction by another, 
we obtain a product smaller than either of the factors.­
Nevertheless such multiplication is a species of addi­
tion ; for when we add a fraction once, ( that is, when 
we take the wlwle of it,) we get the fraction itself as 
result ; but when we add it less than once, ( that is, take 
so much of it as is indicated by the fractional multiplier,) 
we must necessarily get a result which is less than when 
we took the wliole of it. Besides, the multiplication 
of a fraction by a fraction supposes multiplication 
by one number-the numerator of the multiplier, and 
( which will be seen presently) division by another--the. 
denominator of the multiplier. Hence, when the division 
exceeds the multiplication-which is the case when the 
multiplier is a proper fraction-the result is, in reality, 
tha.t of division; and the number said to be multiplied 
must be made less than before. 

42. To multiply a fraction, or a mixed number by a 
mixed number. 

RuLE.-Rcduce mixed numbers to improper fractions 
f24], and then proceed according to the last rule. 

ExAl\lPLE 1.-Multipll ¾ by 4~. 
4g=4u1; therefore ¾x4J=IXV='li• 

ExA~IPJ.F. 2.-Multiply 51 by 6¾-
51=-V, and G:f=\:!; therefore 51X6i=V X3:(=1n4 • 

43. REAsoN 01<· THE RULE.-We merely put the mixed 
numbers into a more convenient form, without altering their 
value. 

'fo· obtain the required product, we might multiply enrh 
pn.rt of the multiplicand by en.ch part of the multiplier.-Thud, 
taking tJ.ie first example. 

i X 4J=l X 4+¾ X ¾=1?+H~1N+¼¾= 1,;;. 
EXERCISES. 

34. 8JX1=7H. 39. 3i1rXlV{X¾=50H-. 
35. 5f~X~=2H. 40. 6}XtX1X~=2,\-. 
3G. 4½x7.\-x3=101}. 41. 12;xl3¼x6~=10n7-H. 
37. f,;x8fx-r-bx~=5.H. 42. 3*xl4ixl5=818}. 
38. oixrnx1 b=880~-t- 43. 14xl5y1'fx3i=749-!-i:r• 

44. What is the product of 6, and the ½ of 5 l 
Ans. 20. 

4,5. What is th11 product of i of i, and ¾ of 3i ~ 
Ans. if. 
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44. If we perceive the numerator of one fraction to 
be the same as the denominator of the other, we may, 
to perform the multiplication, omit the number whieh 
is common. Thus ¾ X f =½· 

This is the same as dividing bath the numerator ancl deno­
minator of the product by the same number-and thercfoni 
does not ~ter its value; since 

5 6 5x6 5x6+6 5 
6x9 6x9 6x9+6 ~r 

45. Sometimes, before performing the multiplication, 
we can reduce the numerator- of one fraction and the 
denominator of another to lower terms, by dividing 
both by the same number :-thus, to multiply¾ by 4. 

Dividing both 8 and 4, by L.1, we get in their piac~s, 
2 and I ; and the fractions then :.ire j and t, which, 
multiplied together, become JXt=/4 • 

This is the same as dividing the numerator and denomina­
tor of the product by the same number; for 

3 4 3x4+4 3xl( 3 1) 3 
sX1-sx7+4-2x7 -2X7 -1.r 

QUESTIONS. 

1. How is a fraction multiplied by a whole number 
or the contrary ? [36]. 

2. Is it necessary that the integer which constitute~ 
one of the factors should consist of a single denomina-
tion? [38]. . . . 

3. What is the rule for mult1plymg one fraction by 
another? [39]. · 

4. Explain how it is that the product of two proper 
fractions is less than eit,her ? [ 41 J. 

5. What is the rule for multiplying a fraction or 
a mixed number by a mixed number? [42]. 

6. How may fractions sometimes be reduced, before 
they are multiplied ? [ 44 and 45 J. 
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DIVISION. 

46. To divide a vulgar fraction by a whole number­
RuLE.-l\lultiply the denominator of the. fraction by 

the whole number, and put the product under its nu­
merator. 

2 
.f;xAMPLE.-j-;- 4 = S X 4 = 1\. 
47. REASON 01,• THE Ruu:.-To divide a qn11,ntity by 3, 

for instance, is to make it 3 times smaller than before. But 
it is evident that if, while we leave the number of the parts the 
same, we make their size 3 times less, wo make the fraction 
itself 3 times less-hence to multiply the denominator by 3, 
is to divide the fraction by the same number. 

A similar effect will be produced if we divide the numera­
tor by 3; since the fractio'n is made 3 times smaller, if, 
while wi, leave the size of the parts the same, we make their 

b 3 . I h 8 4 S-:-4 2 B . tl num er times ess; t us 9+ = 9 =9. ut smce 1e 

numerator is not always exactly divisible by the divisor, the 
method given in the rule is more generally applicable. 

The division of a fraction by a whole number has 
been already illustrated, when we explained the nature 
of a complex fraction [12]. 

1:XERCISES, 

1. !+2=!• s. H+3=»· 9. H-:-5=-A· 
2. f 4 +8=iif· 6. i-:-8=/.r- 10. ,&-:-11=/-o-· 
3. ½¾+19=:to-· 7. 1;..+-14=,lir• 11. 1 h,-:-42=J-:r 
4 . .}+9=tla• s. -A-+3=/1 • 12. 1¼+14=k 
48 It follows from what we have said of the multi-

plication and division of a fraction by an integer, that, 
when we multiply or divide its numerator and denomi­
nator by the same number, we do not alter its value­
since we then, at the same time, equally increase and 
decr~ase it. 

49. To divide a fraction by a fraction­
RuLE.-lnvert the divisor ( or suppose it to be in~ 

verted), and then proceed as if the fractions were to be 
multiplied. 
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ExA:rrtPLE.-Divide ~ by i• 
5 . 3 5 4 5X4 20 
7 . 4-7 X 3-@=21· 
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• REA:SON OF TJ:11': RuLE.--If, for instance, in the example 
Just given, we _d1v1de { by 8 (the numerator of the divisor), 
we use a quantity 4 times too great, since it is not by 3, but 
the fourth part of 8 U) we are to divide, and the quotient 
(-.lr) is _4 times too _smal!.-It is, however, made what it ought 
to be, 1f we multiply its numerator by 4-when it becomes 
H, which was the result obtained by the rule. 

50. The division of one fraction by another may be 
illustrated as follo~s- · 

I Unity. I I] 
-

~+3 

~~ -------

_ ::::= -
The quotient of 4-:--f must be some quantity, which, 

taken three-fourth times ( that is, multiplied by ¾), will 
be equal tot of unity. For since the quotient multiplied 
by the divisor ought to be equal to the dividend [Sec 
IL 79], ,t is ¾ of the quotient. Hence, if we divide the 
five-sevenths of unity into three equal parts, each or 
these will be one-fourth of the quotient-that is, precisely 
what the dividend wants to make it four-fourths of the 
quotient, or the quotient itself. 

51. ·when we divide one proper fraction by another, 
the quotient is greater than the dividend. Nevertheless 
such division is a species of subtraction. For the quo­
tient expresses how often the divisor can be taken from 
the dividend; but were the fraction to be divided by 
unity, the dividend itself would express how often the 
divisor could be taken from it ; when, therefore, the 
divisor is less than unity, the number of times it can be 
taken from the dividend must be expressed by a quantity 
greater than the dividend [Sec.- II. 78]. Besides, divid­
inc, one fraction by another supposes the multiplication 
of° the dividend by one number and the division of it by 
another-but when the multiplication is by a grea ·;er 

<,{ 2 
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number than the division, the result is, in reality, that 
of multiplication, and the quamity said to be diviJed 
must be increased. 

EXERCISES. 

13. {+t=llz-. 16. 1-H=H- 119. p+-'1-=lill"• 
14. ¼~J=J.. 17. !+¼=2. 20. 11+¾=f· 
15. -&+¾=h. 18. H-+i=l½, 21. ½+¾=¾• 
52. To divide a whole number by a fraction-
R uLE.-Multiply the whole number by the denomi­

nator of the fraction, and make its numerator the denv• 
minator of the product. 

ELUIPLE.-Divide 5 by{. 

5..:-~=~=~ . 7 3 3' 
This rule is a consequence of the last; for every whole num­

ber may be considered as a fraction having unity for deno­
minn.tor [14]; hence 5+ ~=f+ ~=f X l=3a°-

It is not necessary that the whole number should consist ot 
but one denomination [38]. 

ExAMPLE.-Divide 17s. 3Jd. by¾• 
17s. 3¾d.+i=17s. 3¾d-X1=£1 8s. 9½d, 

EXERCISES. 

22. 3+t=G1. I 25. 5+f¾=5½, I 28. 8+H=81. 
·23. ll+t-=lDf. 2G. 19+H=~0. 29. 14+/g=38. 
24. 42+1 h=864. 27. 9+4=G3. 30. 16+½=32. 

31. Divide £7 16s. 2d. by f. Ans. £17 11s. 4½d 
32. Divide £8 13s. 4d. by f. Ans. £10 8s. 
33. Divide £5 Os. ld. by H· Ans. £5 9s. 2¾d, 
53. To divid.:l a mixed number by a whole numbP.r 

or a fraction-
Ru LE .-Divide each part of the mixed number accord~. 

ing to the rules already given [ 46 and 49], and add the 
quotients. Or reduce the mixed number to an improper 
ti·action [24], and then divide, as already directed L 46 
and 49]. 

EXAMPLE 1.-Divide 9l by 3. 
9~+3=V+3+~+3=3+l-3¼. 

ExAMPLE 2.-Divide 14-t\ by 7. 
14__;i_=u.J· therefore 14.11 • ,_q.J. -r_1s1xs==12sa== 16¥t•l l 11 ' .,-.-1-,1 -.-,- IT 7f ..,.., 
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. 5~. REASON OF THE RuL~.-~p the first example we have 
d1v1ded each part of the d1vidE5nd by the divisor and added 
the results-which [Sec. II. 77] is the same as dividing the 
lvhole dividend by the divisor. 

In the second example we have -put the mixed number into 
a. more convenient form, without altering its value. 

EXERCISES. 

39. 
40. 
41. 
42. 
43. 

55. To divide an integer by a mixed number­
R uLE.-Reduce t,he mixed number to an improper 

fra'.ltion [24] ; and then proceed as already directed 
j52J. 

ExAMPLE.-Divide 8 by 4}. 
4i=?, therefore 8+4i=8+?=8X/3=l½J. 

REASON OF THE RuLE.-lt is evident that the improper 
fraction which is equal to the divisor, is contained in the divi­
dend the same number of times as the divisor itself. 

EXERCISES. 

44. 5+3t=1J. 46 14+1!=7-i-7-r• 
45. 16+11H=l½H· 47 21+14-r4-1=1-r7:;3"B". 

48. Divide £7 16s. 1d. by 3½. Ans. £2 6s. ll¾d. 
49. Divide £3 3s. 3d. by 4½. Ans. 14s. O¾d. 

56. To divide a fraction, or a mixed number, by a 
,nixed number-

R UL£. -Reduce mixed numbers to improper fractions 
(24] ; and then proceed as already directed [ 49). 

ExAMPLE 1.-Divide f by si. 
5}=-!!g-2, therefore i i-5l=i+ 5l=1Xh=lls· 

EXAMPLE 2.-Divide 81'1r by 7{. 
8-h==H, and 7 ¾=\7, therefore' 8-A-+ i ¾ = H+ V =H X 

8 -"62 
i''f-"5TT" 

47 REASON OF THE RuLE.-We (as in the bst rule) merely 
change the mixed numbers int? othe~s more conveniently 
divided-without, however, a.ltermg their v:i.lue 
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EXERCISES, 

50 8 • 53- 28 55, 8"/ -.•• 26T5-1=3-J-o5&8-1r• . ry-;- ;-;;01r· 51? ] :rr. 81 ".. 5350_., 
51. 3:f+4½=H· u. xn-;- ~)--:rnon· 
52. -,?5+3,\=-iV-k• 57. lSf+Bt:::udJ-
53. 1 5 ~ H=12.i. 58. 11+2½+5½+3>4-=d-o 

., 2 • ., 0 

9 2 1 a s l_l! 
54. t1½+5k= :1\· 5 . 2+:r+-e= ir-

58. When the divisor, dividend, or both, are com­
pound, or complex fractions-

R uLE.-Reduce compound and complex to simple 
fractions-by performing the m_u~t~plica:tion, in th?se 
which are compound, and the d1V1s1on, m those which 
are complex ; then proceed as already directed [ 49, &c.] 

ExAMPLE !.-Divide t of j by f. , 
~of~=¾% [39], therefore ~X~+f-U+f=UX~=}l~-

" 
EXAMPLE 2.-Divide i by (. 

4, 4 

f=l~ [46], therefore i+{=i\+l=:r\X}=/l-u· 
EX.ERCISEs. 

3 3 

64. 7+ f =25. 
:;-

65 27 21 6 24333 · 7+nX~ n• n 
4 

66. f+¾Xt=3!H• .,. 
QUESTIONS. 

1. How is a fraction dived by an integer ? [ 46]. 
2. How is a fraction divided by a fraction ? [ 49 J. 
3. Explain how it occurs that the quotient of two 

fractions is sometimes greater than the dividend ? (51 J. 
4. How is a whole number divided by a fraction? 

(52]. 
5. What is the rule for dividing .a. mixed number by 

an integer, or a fraction? (53). 
6. What are the rules for dividing an.integer, a frac­

tion, or mixed number, by a mixed number? (55 and 
661. 

7. What is the rule when the divisor, dividend, or 
both are compound, or complex fractiG>na ? [58). 
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MISCELLANEOUS EXERCISES IN VULGAR FRACTIONS. 

I. How much is ½ of 186 acres, 3 roods? An.,, 
20 acres, 3 roods. 

2. How much is ½ of 15 hours, 45 minutes ? Ans. 
7 hours. 

3. How much is •llr°'~ of 19 cwt., 3 qrs., 7 lb ? Ans. 
7 cwt., 3 qrs., 2 lb. 

4. How much is •lN"lf of £100 ? Ans. £36 9s. 
5. If one farm contains 20 acres, 3 roods, and 

another 26 acres, 2 roods, what fraction of the former 
is the latter? Ans. -llo• 

6. What is the simplest form of a fraction expres~­
ing the comparative magnitude of two vessels-the one 
containing 4 tuns, 3 hhds., and the other 5 tuns, 2 
hhds.? Ans. H· 

7. What is the sum of ½ of a pound, and t of a 
shilling ? Ans. 13s. 10½£l. 

8. What is the sum of js. and T\d. ? Ans. 7 i 5d. 
9. What is the sum of £t, Js., and / 2d.? Ans 

3s. lf¾d. 
10. Suppose I have ¾ of a ship, and that I buy ·/a 

more; what is my entire share? Ans. -H-· 
11. A boy divided,his marbles in the following manner : 

he gave to A ½ of them, to B in to C ½, and to D t, 
keeping the rest to himself ; how much did he give 
away, and how much did he keep? Ans. He gave away 
TVo of them, and kept -r"lo· 

12. What is the sum of f of a yard, -½ of a foot, an() 
; of an inch? Ans. 7 inches. 

13. What is the difference between the -i of a pound. 
and 5}d. ? Ans. 11s. 6fd. 

14. If an acre of potatoes yield about 82 barrels ot 
20 stone each, and an acre of wheat 4 quarters of 460 
lb-but the wheat gives three times as much nourish­
ment as the potatoes ; what will express the subsistenc9 
given by each, in terms of the other? Ans. The pota­
toes will give 4H times as much as the wheat ; and th9 
wheat t,he ·l-/r part of what is given by the potatoes. 

15. In Fahrenheit's thermotneter there are .1so de­
grees between thfl boiling and freezing points ; in that 
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of Reaumar only 80 ; what fraction of a degree in the 
latter expresses a degree of the former? Ans. t,. 

16. The average fall of rain in the United Kingdom 
is about 34 'inches in depth during the year in the pla.i!lB ; 
but in the hilJy countries about 50 inches ; what fraction 
of the latter expresses the former? Ans. H· 

17. Taldng Chimborazo as 21,000 feet high, and 
Purgeool, in the Himalayas, as 22,480 ; what fraction 
of the height of Purgeool expresses that of Chimborazo? 
Ans. Ht• 

18. Taking 4200 feet as the depth of a fissure or 
crevice at Cutaco, in the Andes, and 5000 feet as the 
depth of that at Chota, in the same range of mountains ; 
how will the depth of the former be expressed, as a 
fraction of the latter? An.s. H· 

DECIMAL FRACTIONS. 

59. A decimal fraction, as already remarked [131, 
has unity with one, or more cyphers to the right hana, 
for its denominator; thus, nloo is a decimal fraction. 
Since the division of the numerator of a decimal fraction 
by its denominator-from the very nature of notation 
[Sec. I. 34]-is performed by moving the de,1imal 
point, the quotient of a decimal fraction-the equi­
valent decimal-is obtained with the greatest facility. 
Thus rloo=·005 ; for to divide any quantity by a 
thousand, we have only to move the decimal point three 
places to the right. 

60. It is as inaccurate to confound a decimal fraction 
with the corresponding decimal, as to confound a vulgar 
fraction w~th its quotient.-For if 75 is the quotient 
of 3! 0 , or of Vii, and is distinct from either ; so also 
is •75 the quotient of f or of -Nn and equally distinct 
from either. 

61. A decimal is changed into its corresponding deci­
!Ilal fraction by putting unity with as many cyphe1·s as 
it contains decimal places, under it, for denominator­
ha.ving first taken away its decimal point. Thus ·5646= 
fl-ll'o ; ·OOS;;;:r;;; nln, &o 



DECIMAL FRACTIONJ. 163 

62. Decimal fractions follow exacti 1 the same rules 
as vulgar fractions.-It is, however; eJcnerally more 
convenient to obtain their quotients [5S], and then per­
form on them the required processes of addition, &c., 
by the methods already described [Sec. II. 11, &c. J 

63. To reduce a vulgar fraction to a dea,mal, or to a 
decimal fraction-

Ru LE.-Divide the numerator by the denominator­
this will give the required decimal; the latter may be 
changed into its corresponding decimal fraction-as 
al rea~ Je11cribed [ 61 J. 

ExAMPLE 1.-Reduce ¾ to a decimal fraction. 
4)3 

0·75=y1/0 • 

EXAMPLE 2.-What decimal of a pound is 1¾d, 1 

1¾d-= [17] £,rPJ,;; but £-rP-to=£·0032, &c. 
This rule requires no explanation. 

EXERCISES. 

1. '{=!M- 5. {=·625. 9. 1"1-lr-·90476, &c. 
2. i=·375. 6. ~~=·973&c. 10. t=·8. 
3. !:i:=·36. 7. ½=·5. 11. fjJ=·5625. 
4. ¾=-.1fo· 8. -h=·3125. 12. 11¾=·5375. 

13. Reduce 12s. 6d. to the decimal of a pound. Am 
625. 

14. Reduce 15s; to the decimal of a pound. Ans. ·75 
15. Reduce 3 quarters, 2 nails, to the decimal of a 

yard. Ans. ·875. 
16. Reduce 3 cwt., 1 qr., 7 lbs, to the decimal of & 

ton. Ans. · l 65625 

64. To reduce a decimal to a lower deno1!1inati_on­
RuLE.-Reduce it by the rule already given [Sec. 

III. 3] for the reduction of integers. 
EXAMPLE 1.-Express £·6237 in terms of a shilling. 

·6237 
20 

Answer, m74Q shillinga=.£·6237. 
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EXAMPLE 2.-Reduce .£·9734 to shillings, &e. 
·9734 

20 

iiNi68o shillings=.£·9734. 
12 

5·6160 pence=·468s. 
4 

2·4640 farthings=·616d 
Answer, .£·9734=19s. 5½d, 

65. This rule is founded on the same reasons as were given 
for the mode of reducing integers [Sec. III. 4]. 

l\lultiplying the decimal of a pound by 20, reduces it to shil­
lings and the decimal of a shilling. l\Iultiplying th~ decimal 
of a shilling by 12, reduces it to pence and the decimal of _a 
penny. Multiplying the decimal of a penny by 4, reduces 1t. 
to farthings and the decimal of a farthing. 

EXERCISE& 

23. What is the value of £·86875? Ans. 11s. 4½d 
24. What is the value of £·5375? Ans. 10s. 9d. 
25. How much is ·875 of a yard? Ans. 3 qrs., 2 nails. 
26. How much is ·165625 of a ton? Ans. 3 cwt., 

1 qr., 7 ib. 
27. What is the value of £·05? Ans. Is. 
28. How much is ·9375 of a cwt.? Ans. 3 qrs., 

21 lb. 
29. What is the value of £·95? Ans. 19s. 
30. How much is ·95 of an oz. Troy ? Ans. 19 dwt. 
31. How much is ·875 of a gallon? Ans. 7 pints. 
32. How much is •3945 of a day? Ans. 9 houre, 

28', 4', 48"'· 
33. How much is ·09375 of an acre? Ans. 15 

perches. 
66. The following will be found useful, and-being 

intimately connected with the doctrine of fractions­
may be advantageously introduced here : 

To find at once what decimal of a pound is equiva­
lent to any number of shillings, pence, &c. 

When there is an even number of shillings-
R ULE.-Consider them to be half as many tenths of 

a polllld. 
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ExAMPLE.-16s.=£·8. 
Every two shillings are equnl to one-tenth of a pound· there-

fore 8 times 2s. are equal to 8 tenths. ' 

67. When the number of shillin(J's is odd­
RuLE.-Consider half the next°lower even number 

as so many tenths of a pound, and with these set dow~ 
5 hundredths. 

ExAMPLE.-15s.=£· 75. 
For, 15s.=l4s.+ls.; but by the last rule 14s.=£·7; and 

since 2s.=l tenth-or, as is evident, 10 hundredths of a 
pound-1s.=5 hundredths. 

68. ,vhen there are pence and farthings­
RuLE.-If, when reduced to farthings, they exceed 

24, add I to the number, and put the sum in the second 
and third decimal places. After taking 25 from the 
number of farthings, divide the remainder by 3, and put 
the nearest quantity to the true quotient, .in the fourth 
decimal place. 

If, when reduced to farthings, they are less than 25.,. 
set down the number in the third, or in the second and 
third deciID:al places ; and put what is nearest to one­
third of them in the fourth. 

ExAMPLE 1.-What decimal of a pound is equal to 8Jd. 1 
8t=35 farthings. Since 35 contains 25, we add one t<. 

the number of farthings, which makes it 36-we put 36 in 
the second and third decimal places. The number nea.rest 
to the third of 10 ( 35-25 farthings) is 3-we put 3 in the 
fourth decimal pla.ce. Therefore, 8J=£·0363. 

ExAMPLE 2.-What decimal of a pound is equal to l¾d, 1 
1¾=7 farthings; and the nearest number to the' third of 

7 is 2. Therefore lid.=£·0072 . 
.ExAMPLE 3.-What decimal of a pound is equal to 5¾d, 1 
5¾d,=21 farthings; and the third of 21 is 7. Therefore 

5¾d,=£·0217. 
69. REASON oF THE Ruu:.-We consider 10 farthings ns 

the one hundredth, ~nd one farthing ns the one thousandth .of 
o. pound-beca.u.se a pound ?onsists of ne~rly one thousand 
farthings. This, however,, m 1000 farthmgs (taken as so 
many thousandths of a pound) leads to a mi~take of about 40-
since £!=(not 1000, but) 1000-40 farthmgs. Hence, to a 
t4ousand farthings (considered as thousandths eF a pound), 
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forty, or one in 25, must be ad~ed; that _is, a?out the @no• 
thirtieth of the number of farthmgs. It 1s evident that, as 
those above 25 have' not been allowed for when we added one 
to the farthings, one-thirtieth of their number, also, must be 
added-or, which is the same thing, one-third of their number, 
in the fourth or next lower decimal place. 

If tM farthings are less than 25, it is evident tl1at the 
correction should still be about the thfrtietli of their numbe1·, 
or one-third of it, in thefourtli decimal place. 

EXERCISES 

17. 19s. ll½d.=£·9977. 120. 14s. 3~d.=£·7155. 
18 Hd.=£·0322. 21. 19s. llJid.==£·9087. 
19. £27 5s. lOd.=£27·2915. 22. £42 lls. 6½d.==£·42·577. 

70. To find at once the number of shillings, penc-e, 
&c., in any decimal of a pound- . 

RuLE.-Double the number of tenths for shillings­
to which, if the hundredths are not less than 5, add one. 
Consider the digit in the second place ( after subtracting 
5, if it is not less than 5), as tens, and that in the third 
as units of farthings ; and subtract unity from the result 
if it exceeds 25. 

ExA!IIPLE.-£·6874=13s. 9d. 
u tenths are equal to twelve shillings; as the hundredths 

are not less than 5, there is an additional shilling-which 
makes 13s. Subtracting 5 from the hundredths and adding 
the remainder (reduced to thousandths) to the thou­
sandths; we have 37 thousandths from which-since they 
exceed 25, we subtrnct unity; t3is leaves 36 as the number 
of farthings. .£·6874, therefore, is equal to 13s. and 36 
farthings-or 1~. 9d. 

This rule follows from the last three-being the reverse of 
them. 

CIRt::t:LATING DECIMALS. 

Tl. We cannot, as already noticed [Sec. II. 72], 
--.lw!l.ys obtain an ex.act quotient, when we divide one 
numbei: by another :-in such a case, what is called an 
in-termvnate or (because the same digit, or digits, con­
sta1.1tly recur, or circulate) a recurring, or circulat;~ 
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decimal is produced.-The decimal is said to be termi­
nate if there is an exact quotient-or one which leaves 
no remainder. 

72. -!1,-n intermin_ate decimal, in which only a single 
fi~~re 1s repeated, IS called a repetend; if two or more 
digits constantly recur, they form a periodical decimal. 
Th1;1s :71, &c., is a repetend; but ·597597, &c. is a. 
per10dical. For the sake of brevity, the repeated dio-it, 
or period is set down but once, and may be marked

0 

as 
follows, ·5' (=·555, &c.) or ·'493' (=·493493493,&c.) 

The ordinary method of marking the period is some­
what different-what is here given, however, seems 
preferable, and can scarcely be mistaken, even by those 
in the habit of using the other. 

When the decimal contains only an infi11.ite part­
that is, only the repeated digit, or period-it is a purt 
repetend, or a pure_ periodical. But when there is botk 
a finite and an infinite part, it is a mixed repetend or 
'lflixed circulate. Thus 

·3' ( =·333, &c.) is a pure repetend. 
·5i8' (=·57888t &c.) is a mixed repetend. 
•3fli' ( =·39i39i391, &c.) is a pure circulate. 
805'64271' ( =·865642716427164271,&c )is a mixed circulate. 

73. The number of digits in a period must always ba 
less than the divisor. For, different digits in the perio~ 
suppose different remaind.ers during the division ; but 
the number of remainders can never exceed-nor even 
be equal i;o the divisor. Thus, let the latter be seven: the 
only remainders possible are 1, 2, 3, 4, 5, and 6 ; any 
other than one of these would contain the divisor at 
least once-which would indicate [Sec. II. 71 J that the 
quotient figure is not sufficiently large. . . 

74. It is sometimes useful to change a decimal mto 
its equivalent vulgar fraction-as, for inst~nce, when !n 
adding, &c., those which circulate, we desire to obtam 
an exact result. For this purpose-

R. uLE-L If the decimill is a pnre repetend, put the 
repeated digit for numerato~, a_nd 9 for denomina~or. 

II. If it is a pure periodical, put the p~no_d for 
numerator, and so many nines as t4ere are digits m the 
. period, for denominator; 
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EXAMPLE 1.-What vulgar fraction is equivalent to ·3' ! 
Ans. J. 

ExAMPLE 2.-What vulgar fraction is equivalent to 
·'i%4' 1 Ans. tffi• 

75. REASON OF I.-½ will be found equal to •111, &c.~r 
•l'; therefore¾ (=8X½)=·888, &c.=(8Xlll, &c.) For if 
we multiply two equal quantities by the same, or by equal 
quantities, the products will still be equal. 

In the same way _it could be shown that any other digit 
divided by 9 would give that other digit as a repetend.-And, 
consequently, a repetend of any.digit will be equal to a vulgar 
fraction having the same digit for numerator, and 9 for deno­
minator. 

REAsoN OF II.-tll)" will give ·0101, &c.-or ,,01• as quotient. 
For before unity can be divided by 99, it must be considered 
as 100 hundredths; and the quotient [Sec. II .. 77) will be one 
hundredth, or ·01. One hundredth, the remainder, must be made 
100 te-n thousandths before it will contain 99; and the quotient 
will be one ten thousandth, or ·0001. One ten thousandth, the 
remainder, must, in the same way, be considered as ten niillitJn­
eths; and the next quotient will be one millioneth, or· ·000001-
and so on with the other quotients,. which, taken together, 
will be ·01+·0001+ ·00000l+&o., or ·010101, &c.-represented 
by •\0l'. 

H (=37Xcr\,-=37x.,ol') will give ·873787, &c.-or .,37• n.s 
quotient. Thus 

010101, &c 
87 

70707 
30303 

873737, &c.=37 X ·'01 '. 
In the same way it could be shown that any other two digits 

divided by 99 would give those other digits a~ the period of a 
circulate.-And, consequently, a circulate having any twc 
digits 8;S _a period, will be equal to~ vulgar fraction having the 
same d1g1ts for numerator, and 2 mnes for denominator. 

:For similar ren.sons i·h· will give ·001001, &c., or "001' as 
quotient. But ·001001, &c., X (for 'instance) 568=·568568, &o 
'l'hus. 001001001, &c. 

663 

3008008003 
6006006006 

5005005005 

568563568568, &c.=563 X -,001 • 
. I~ the same way it co~ld be ~hown ~hat any other three digits 

divided by 999 would ~ve a <im:ula.tmg decimal ha.viJli the■e 
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cJigits as a. period.-And, consequ~ntly, a circulating decimal 
having any three digits· as period :will be equal to a vulgar 
fraction having the same digits for numerator, and 3 nines 
for denominator. 

We might, in a similar way, show that ap,y number of digits 
divided by an equal number of nines must give a circulate, 
each period of which would consist of those digits.-And, 
;onsequently, a circulate whose periods would consist of any 
iigits must be equal ·to a vulgar fraction having one of its 
periods for numerator, and a number of nines equal to the 
number of digits in the period, for denominator. 

76. If the decimal is a mixed repetend or a mixet.l 
r.irculate~ 

RuLE.-Subtract the finite part from the wh.ole, and 
set down the difference for numerator ; put for deno­
minator so many cyphers as there are digits in the finite 
part, and to the left of the cyphers so many nines· as 
there are digits in the infinite part. 

Ex:AMI>LE.-What is the vulgar fraction equivalent to 
.97,s734, 1 

There .are. 2 digits in 97, the finite part, and 4 in 8734, 
the infinite part. Therefore 

978734-97 9i8637 . . . . 
999900 999900

, 1s the required vulgar fraction. 

77. REASON OF THE RutE.-lf, for example, we multiply 
•97'8734' by 100, the product is 97 ·8734=97+·8734. This (by 
the last rule) is equal to 9i+HH, which (as we multiplied by 
100) is one hundred times greater than the original quantity­
but if we divide it by 100 we obtain M--h½H-h-, which• is 
equal th0 original quantity. To perform the addition of /-i1ir 
and rlt¾h-. we must [19 and 22] reduce them to a· common 
denomin~tor-when they become 

9iX99~00 878400 97X9999 8734 . 
99990000 I 99990000 999900 I 999900 (smce 9999 = 

97X10000-1 8i34 9iX10000-97 8784 
lOOOO-l) 999900 +999900 = 999900 +999900:::s 
970000-97 8784 978734-97 978637 .. 

999900 f 999900 999900 999900' whieh is exactly the 
result obtained by the rule. . The same reasoning would hold 
with any other example. 

1. •\5'=!• 
2. ·'8'=!· 
3. ·'73'=ii. 
4 .. ,145•=A-H· 
5. ,,05 7'::::s/~-
6. •'45632'=&H». 

EXERCISES, 

1. ·574'=U!-
s. ·83'25'=~-
9. ·147'658'=½H¾A{. 

10 .. 432,0075'=4 ¾ffl.¼l 
11. s15-49,6s'=hsU,M. 
12. 301·82'756'=30l}¼ffi. 
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78. Except where great accuracy is required, it is not 
necessary to reduce circulating decimals to their equi-­
valent vulgar fractions, and we may add, and subtract 
them, &c., like other decimals-merely taking care to 
put down so many of them as will\ secure sufficient 
accur~cy. 

79. It may be here remarked, that no vulgar fraction 
will give a finite decimal if, when reduced to its lowest 
terms, the denominator contains any prime factors ( fac­
tors that are prime numbers-and all the factors, can 
be reduced to such) except twos or fives. For neither 
10, 100, 1000, &c., nor any multiples of these-as 
30, 400, 5000, &c., nor the sum of any of their multi­
ples-as 6420 (5000+400+20), &c., will exactly con• 
tain any prime numbers, but 2 or 5. Thus ¾ ( consi• 

d d 30 tenths)· ill . . . al ere as 
5 

w give an exact quotient ; so so 

. ( 'd d 70 tenths) B 'll . will ½ cons1 ere as 2 . ut t wi wt give 

10 tenths 100 hundredths, 
one ; for f ( considered as 7 , or 7 
-&c.) does not contain 7 exactly. 

For a similar reason 4 will wt give an exact quo 
. . ( 'd d 40 tenths, 40b hundredths, t1ent ; smce 4 cons1 ere as 7 or 7 

:&c.) does not exactly contain 7. 
80. A finite decimal must have so many decimal places 

as will be equal to the greatest number of twos, or fives, 
contained as factors in the denominator of the original 
vulgar fraction, reduced to its lowest terms. 

Thus ½ will give one decimal place ; for 2 ( found 
011u in its denominator) is contained in 10 (5X2) ; and 

th ti 10 tenths ( ) ,11 • di . ere ore 2 ½ w1 give some git (in the 

tenths' place [Sec. II. 77]), that is, om decimal as 
quotient. 

t ( 2 ! 2) will give two decimal places ; because 

? b!ing found twice as a factor in its denominator, 
,1; will not be enough to consider the numerator as so 
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30 tenths 
many tenths ; for 4 · ( =¾) cannot give an exact 

qu9tient-30 being equal to 3 X 2 X 5, which contains 2, 
but not 2X2, It will, however, be sufficient to reduce 

. 300 hundredths 
the numerator to hundredths; because 

4 
will give an exact quotien~for 300 is equal to ~ X 2 X 
2X5X5, and consequently contains 2X2. But 300 
hundredths divided by an integer will give hwndredths­
or two decimals as quotient. Hence, when there are two 
twos found as factors in the denominator of the vulgar 
fraction; there are also two decimal places in the quotient. 

-lo ( 2 X 2 ; 2 X 5 ) contains 2 repeated three times 

as a factor,' in its denominator, and will give thret 
decimal places. For though 10 ten~hs-and therefore· 
6 X 10 tenths-contains 5, one of the factors of 40, if 
does not contain 2X2X~, the other~; consequentlf 
it will not give an exact quotient.-Nor, for the samf\ 
reas·on, will 6 X 100 hundredths. 6 X 1000 thousandthN 

6 X 1000 thousandths 
will give one-that is, 40 (=lo) will 
leave no remainder; for 6;< 1000 (=6X2X2X2X5X 
5 X 5) contains 2 X 2 X 2 X 5. But 6 X 1000 tkousandths 
divided by an integer will give t!W'Usandths-or thru 
decimals as quotient. Hence, when there are three twos' 
found as factors in the denominator of the vulgar frac­
tion, there are also three decimal places in the .quotient. 

81. Were the fives to constitute the larger number of 
factors-as, for instance, in -t/0 s¾o, &c., the same reason 
ing would show that the number of decimal places would 
be equal to the number of fives. 

It might also be proved, ,in the same way, that were 
the greatest number of twos or fives, in the denominator 
of the vulgar fraction, any othR,r than one of those num­
bers given above, there would be an equal number of 
decimal places in the quotient. 

82. A pure circulate will have so many digits in its 
period as will be equal to the least number of nines, which 
would repre~ent a quantity m~sured by the denomina• 
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tor of the original vulgar fr:iction, reduced to iui bwe~t 
terms. For we have seen [74] that such a circulate will 
be equal to. a. fraction having some period for its nume­
rator, and some number of nines for its denominator­
that is, it will be equal to some fraction, ,the numerator 
of which ( the period of the circulate) will be as many 
ti·mes the numerator ol the given vulgar fraction, as the 
quantity represented by the nines is of its denominator. 
]!'or if a fraction having a given deno~inator is equal to 
another which has a larger, it is because the n·.1merator 
of the latter is to the same amount larger than that of 
the former-in which case the increased size of the nu­
me1·ator counteracts the effect of the increased size of the 
denominator. Thus t=·H; because, if the numerator 
of H is 5 times greater than that of f, the denominator 
of H, also, is five times greater than that of ¾. 

Let the given fraction be / 3 . Since /-s=·'3846lfi'; 
11.nd '384615'=i'f:i-H½; / 3 , also, is equal to -HHH; -
and, therefore, whatever multiple 384615 is of 5, 999!19~ 
ts the same of 13.-But 999999 is the least multiple of 
13, consisting of nines. If not, · let some other be less. 
Then take for numerator, such a multiple of 5, as that 
lesser number of nines is of 13-and put that lesser 
number of nines for its denominator. The numerator of 
this new fraction will [75] form the period of a circulate 
equal to the original fraction. But as this new period is 
different from 384615 (the former one), the circulate of 
which it is an element, is also different·from the former 
circulate ; there are, therefore, two different circulates 
equal to / 3-that is two different values, or quotients 
for the same fraction-which is impossible. Hence it 
is absurd to suppose that any kss number of nines is a 
multiple of 13. 

83. 'l'he periodical obtained does not contain a finite 
part, when neither 2 nor 5 is found in the denominator 
of the vulgar fraction-reduced to its lowest terms. 

]'or [76] a finite part would add cyphers to the right 
hand of the nines in the denominator of the vulgar 
fraction, obtained from the circulate. But cyphers would 
suppose the denominator of the original fraction to 
conta.io. twos, or five~ce no other prime factorJ 
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could give cyphers in their multiple-the denominator 
of the vulgar fraction obtained from the circulate. 

84. If there is a finite part in the deci~al, it will 
contain as many digits as there are units in the greatest 
number of twos or fives found in the denominator of the 
original vulgar fraction, reduced to its lowest terms. 

Let the original fraction be / 6 • Since 56=2X2X 
2 X 7, the equivalent fraction must have as many nines as 
will just contain the 7 ( cyphers would not rouse a number 
of nines to be a multiple of 7), multiplied by as many 
tens as form a product which will just contain the twos as 
factors. But we have seen [80] that one ten ( which adds 
one cypher to the nines) contains one two, or five ; that 
the product of two tens ( which add two cyphers to the 
nines), contains the product of two twos or fives; that 
the product of three tens ( which add three cyphers to the 
nines), contains the product of thi:ee twos or fi11es, &c. 
That is, there will be so many cyphers in the denomi­
nator as will be equal to the greatest number of twos or 
fives, found among the factors in the denominator of the 
original vulgar fraction. 

But as the digits of the finite part of the decimal add 
an equal number of cyphers io the denominator of the 
new vulgar fraction [76], the cyphers in the denominator, 
on the other hand, evidently suppose an equal number of 
places in t.he finite part of a circulate :-there will there­
eore be in the finite part of a circulate so many digits 
as will be equal to the greatest number of twos or fi·ves 
found among the factors in the denominator of a vulgar 
fraction containing, also, other factors than 2 or 5. 

85. It follows from what has been said, that there is no 
number which is not exactly contained in some quantity 
expressed by one or more nines, or by one or more nines 
followed by cyphers, or by unity followed by cyphers. 

CoNTRACTIONS IN MULTIPLICATION AND VrvrsroN 
( derived from the properties of fractions.) 

86. To multiply any number by 5-
RuLE.-Remove it one place to tho left hand, and 

divide thi result by 2 
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ExAMPLE.-73Gx5=73.J' 0 =3680. 
REASON.-5='.f; therefore 736x5=736X '-/=7 :/r=3680. 

87. To multiply by 25-
Rui.F..-Ilemove the quantity two places to tbe left, and 

divide by 4. 
E'.x.AMPLE,-6732X25=673,r2° 0=168300, 
REASON.-25='~ 0

; therefore 6732x25=6732X 'i 0
• 

88. To multiply by 125-
RuLF..-Remove the quantity three places to the loft, and 

divide the result by 8. 
ExAMPLE.-7865 xl25=78 6 { 00 0=283125. 
REASON.-125=' 0i 0

; therefore 7865x125=7865=10-u°°, 
89. To multiply by 75-
Rur.F..-Remove the quantity two places to the left, then 

multiply the result by 3, and divide the product by 4. 

E~A.MPLE,-685 x75=685 t0 X 3=2osr 0=51375. 
REASON.-75 = 3J0 ='l00x¾; therefore 685x'i5 =685x 

1ooxi. 
90. To multiply by 35-

. RuLE.-:-To the multiplicand removed two places to the 
left and di_vided by 4, add the multiplicand removed one 
place to the left. 

EXAMPLE l.-67896X35 = 57 s;,ioo + 678960 = 1697400 
+678960=2376360. 

REASON.-35 = 1J0 +IO; therefore 678!)6x35 =67896:x 
llu+l[ 

Many similn.r abbreviations will easily st:ggcst themselves to 
both pupil and teacher. 

91. To divide by any one of the multipliers­
RuLE.-Multiply by the equivalent fraction, inverted. 
EXAMPLE.-D_ivide 847 by 5. 847 +5=847 + !2"°=847x 

f0 =1GD·4. 

UEASON.-\Ve divide by nny number when we divide hy tlrn 
fraction equivalent to it; but we divide by a frnction when we 
invert it, und then consider it ns a multiplier [49]. 

92. Sometimes what is convenient as a multiplier will 
not be eqnn.lly so as a di\'isor; thus 35. For it is not so 
ea._sy to diYide, as to multiply by 1t 0 + 10, its equivalent 
n:uxad number. 
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QUESTIONS FOR THE PUPIL. 

1 Show that a decimal fraction, and the correspond­
mg decimal are not identical (59]. 

2. How is a decimal changed into a decimal frao 
tion? [61 J. 

3. Are the methods of adding, &c., vulgar and deci­
mal fractions different ? [62]. 

4. How is a vulgar reduced to a decimal fraction ? 
.[63]. 

5. How is a decimal reduced to a lower denomina­
tion? [641, 

6. How are pounds, shillings, and pence changed, at 
once, into the corresponding decimal of a pound? (66, 
67, and 68]. 

7. How is the decimal of a pound changed, at once, 
into shillings, pence, &c. ? [70]. 

8. What are tenninate and cirtJU,lating decimals? 
[71]. 

9. What are a .repetend and a perio ~cal, a pure 
and a mixed circulate ? [72]. 

10. Why cannot the number of digits in a ~eriod be 
equal to the number of units contained in the divisor ? 
[73]. 

11-. How is a pure circulate or pure repetend changed 
into an equivalent vulgar fraction? [74]. 

12. Jiow is a mixed repetend or mixed circulate 
reduced, to an equivalent vulgar fraction ? [76]. 

13. What "kind of vulgar fraction can produce no 
equivalent finite decimal? [79]. 

14. What number of -decimal places must necessarily 
be found in a finite decimal ? [ 80] 

15. How many digits must be found in the periods 
of a pu,re circulate? [82]. 

16. When is no finite part found in a repetend, or 
circulate ? [83]. . · 

17. How many digits must be found in the finite part 
of a mixed circulate ? [84]. 

---------
18. On what principal can we use the properties of 

fractions as a means of abbreviating the process.es of 
multiplication and division? [86, &c, 1 
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SECTION V. 

PROPORTION. 

1. The rule of Proportion is called also the goltl.,:n 
,,.11,le, from its extensive utility ; in some cases it is termed 
the rule of three-because, by means of it, when three 
numbers are given, a fourth, which is unknown, may be 
found. 

2. The rulE' of proportion is divided into .the simpte, 
and the wm,pound. Sometimes also it is divided into 
the direct, and inverse- -which is not accurate, as was 
shown. by Hattan in his arithmetic published nearly one 
hundred years~ago 

3. The pupil to have accurate ideas of the rule of 
proportion, must . be acquainted with a few simple but 
important principles,t~onnected with the nature of ratios, 
and the doctrine of proportiC1n. 

The following truths ·are self-evident:-
If the same, or equal quantities are added to equai 

quantities, the sums are equal. T-hus, if we add the la'l)l,, 
quantity, 4 for instance, to 5X6,and 3X10, which are 
equal, we shall have 5X6+4=3X10+4. 

Or if we add eq11,al quantities. to those · which are 
equal, the sums ·will be equal. Thus, since 

5X6=3X10, and 2+2=4 
6 X6+2X2==3 Xl0+4. 

4. 'If the ~me, or equal quantities are rubtra4ed 
from others which are equal, the remainders will be 
equal. Thus, if we subtract 3 from each of the equal 
quantities 7, and 5+2, we shall have 

1 -3=5-fi-s. 
And since 8=6+2, and 4=3+1. 

8-4=6+2-3+1. 

5. If equal quantities are m11,l#plied by the same, or 
by equal quantities, the products will be equal. Thus 
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if we multiply the equals 5+6, and 10+ 1 by 3, we 
shall have 

5+6X3=IO+l X3. 
And since 4+9=13, and,3X6=18.. 

4+9X3X6=13X18. 
6. If equal quantities are divided by the same, or by 

equal quantities, the quotients· will be equal. Thus· if' 
we divide the equals 8 and 4+4 by 2, we shall have 

8 4+4 
2=-2 

And since 20=17+3, and 10=2X5. 
20 li+3 

10= 2X~ 

7. Ratio is the relation wMch e~ists between two 
quantities, and is expressed by two dots ( : ) placed be­
tween them-thus 5,: 7 (read, 5 is to 7) ; which means 
that 5 has a certain relation to 7. ·The forme,. ,quantity 
is called the antew:lent, and the latter the consequent. 

8. If we invert the terms of a ratio, we shall have 
their in·verse ratio; thus 7 : 5 is the inverse of 5 : 7. 

9. The relation between two quantities may consist 
in ~:me being grea.ter or less than the other-then the 
ratio is termed arithmetical; or in one being some mul­
tiple or part of the other-and then it is geometrical. 

If two quantities are equal, the ratio between them 
is said to b_e that of equality; if they are unequal it is 
a ratio of gretiter inequ,ality when the antecedent is 
greater than the consequent, and of lesser inequality 
when it is less. 

10. As the tuitkmetical ratio between two quantities 
is measured by their difference, so long as this difference 
is not altered, the. ratio is unchanged. Thus the ratio 
of 7 : 5 is equal to that 15 : 13-for 2 is, in each case, 
the difference between the antecedent and consequent. 

Hence we may add the same quantity to both the 
antecedent and consequent of,an arithmetical ratio, or 
may subtract it from them, without changing the ratio. 
Thus 7 : 5, 7 +3 : 5+3, and 7-2 : 5-2, are eq11,al 
arithmetical ratios. 

But we cannot multiply or divide the terms of an arith-
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metical ratio by the same number. Thus 12X2: 10X2, 
127 2 : 107 2, and 12 : 10 are not equal arithmetical 
ratios; for 12X2-10X2 4, 12+2-10+2=1, and 
12-10=2. 

11. A geometrical ratio is measured by the quotient 
obtained if we divide its antecedent by its consequent ;­
therefore, so long as this quotient is unaltered the ratio is 
not changed. Hence ratios expressed by equal fractions 
are equal; thus 10 :· 5=12: 6, for 1../=l/ .-Hence, also, 
we· may multiply or divide both terms of a geometrical 
ratio · by the same number without altering the ratio ; 

7X2 7 
thus 7 X2 : 14X2=7 : 14-because --=-·. 

_ 14X2 14 
But we cannot adtl the same quantity to both terms 

of a geometrical ratio, nori subtract it from them, with­
out altering the ratio. 

12. When the pupil [Sec. IV. 17] was taught how 
to express one quantity as the fraction of another, he 
in reality learned how to disoover the geometrical ratio 
between the two quantities. Thus,.. to repeat the ques­
tion formerly given, " What fraction of a pound is 
2¼d, ?"-which in reality means, " What relation is 
there between 2¾d, and a pound;" or ",vhat must we 
consider 2¼d,, if we consider a pound as unity;" "or," 
in fine, " What is the value of 2¾ : 1 "-

We have seen [Sec. I. 40] that the relation between 
quantities cannot be ascertained, unless they are made 
to have the same "unit of comparison:" but a farthing 
is the only unit of comparison which can be applied to 
both 2¼d, and £1 ; we- must therefore reduce them to 
farthings-when the ratio of one to the other will be­
come that of ~ : 960. But we have also seen that a 
geometrical ratio is not altered, if we divide both its 
terms by the same number ; therefore 9 : 960 is the same 
ratio as iih: Hi, or 9 fo: 1.-That is, the ratio between 
2¾d, and £1 may be expressed by 2¼d, : £1, or 9 : 960, 
or iilo : 1 ; or, the pound being considered as unity, the 
farthing will be represented by 9 {1-o-. 

13. The geometrical ratio between two numbers is the 
same as that which exists between the quotient of the 
fraction which represents their ratio, and unity. Thus, 
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:n the last example 9 : 960 and "ll"h : 1 are equal ratios. 
It i& not necessary that we should be able to express by 
integers, nor even by a finite decimal, what part or mul­
tiple one of the terms is of the other ; for a geometrical 
ratio may be considered to exist between any two quan­
tities. 'l'hus, if the ratio is 10 : 2, 5 ( 1"f°) is the quantity 
by which we must multiply one term to make it equal 
to the other; if 1 : 2, it is 0·5 ( ½ ), a finite decimal; but 
if 3 : 7, it is '428571' ( -f ) , an in.finite decimal-in which 
case we obtain only an approximation to the value of 
the ratio. . But though the measure of the ratio is ex­
pressed by an infinite decimal, when there is no quantity 
which will exadly serve as the ~ultiplier, or divisor of 
one quantity so as to make it equal to the other-since 
we may obtain as near an approximation as we please­
there is no inconvenience in supposing that any one 
number is some part or multiple of any other ; that is, 
that any number may be expressed in terms of another­
or may form one term of a geometrical ratio, unity 
being the other. 

14. Proportion, or analogy, consists in the equality 
of ratios, and is indicated by putting : , or : :, between 
the equal ratios; thus 5: 7 : 9: 11, or 5: 7:: 9: 11 (read, 
5 is to 7 as 9 : 11), means that the two ratios 5 : 7 and 
9 : 11 are equal ; or that 5 bears the same relation to 7 
that 9 does to 11. Sometimes we express the equality 
of more than two ratios ; thus 4 : 8: : 6 : 12: : 18 : 36, 
(read, 4 is to 8, as 6 is to 12, as 18 is to 36), means 
there is the same relation between 4 and 8, as between 
6 and 12 ; and between 18 and 36, as between either 4 
and 8, or 6 and 12-it follows that 4 : 8: : 18 : 36-for 
two ratios which are equal to the same, are equal t• 
each other. When the equal ratios are arithmetical, the 
constitute an arithmetical proportion ; when geometri 
cal, a geometrical proportion 
- 15. The quantities which form the proportion are 
called proportionals ; and a quantity that, along with 
three others, constitutes a proportion, is called a. fou,rth 
proportwnal to those others. In a proportion, the two 
outside terms are called the extremes, and the two middle 
terms the mca,,ns; thus in 5: 6: :7: 87 5 and Sare the 
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extremes, 6 and 7 the means. When the same quantity 
is found in both, means, it is called the mean of the 
extremes ; thus, since 5 : 6 : : 6 : 7, 6 is the mean of 5 and 
7. "\Vhen the proportion is arithmetical, . .the mean of 
two quantities is called their arithme:tical mean; when 
the proportion is geometrical, it is termed their geunz.e­
triail mean. Thus 7 is the arithmetical mean of 4 
and 10; for, since 7-4=10-7, 4: 7: :7: 10. And 8 is 
the geometrical mean of 2 and 32 ; for, since ¾='3\-, 
2: 8: :8: 32. 

16. II} an arithmetical proportion, " the .4/u,m of the 
means is equal to the sum of the extremes." Thus, since 
11 : 9: : 17 : 15 is an !arithmetical proportion, 11-9= 
17-15; but, 'adding' 9 to both the equal quantities, we 
have 11-9+9=17-15+9 [3]; and, adding 15 to 
these, we have 11-9+9+15=17-15+9+15; but 
11-9 + 9 + 15 is equal to 11 + 15-since 9 to be sub­
tracted and 9 to be added =0 ; and 17 - 15 + 9 + 15= 
17 + 9-since 15 to be subtracted and 15 to be added =0 : 
therefore 11 + 15 ( the sum of the extremes) = 17 + 9 
(the sum of the means).-The same thing might be 
proved from any other arithmetical proportion ; and, 
therefore, it is true in every case. 

17. This equation ( as it is called), or the equality which 
exists between the sum of the means and the sum of the 
extremes, is the test of an arithmetical proportion :-that 
is, it shows us whether, or not, four given quantities 
constitute an arithmetical proportion. It also enables us 
to find a fourth arithmetical proportional to three given 
numbers--since any mean is evidently the difference 
between the sum of the extremes and the other mean ; 
and any extreme, the difference between the sum of the 
means and the other extreme-

For if 4 : 7 : : 8 : 11 be the arithmetical proportion, 
4-f-11=7 +s [16] ; and, subtracting 4 from the equals, 
we have 11 ( one of the extremes) =7 + 8-4 ( the sum of 
the means, minus the other extreme) ; and, subtracting 7, 
we have 4+ 11-7 ( the sum of the extremes minus <,ne 
of the means) --8 (the other mean). We might in the 
11ame way find the remaining extreme, or the remaining 
mean. Any otk,e:r arithmetical proportion would hav& 
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answered just as well-hence what we have said is true 
in all cases. 

18. EXAMPLE.-Find a fourth proportional to 7, 8, 5. 
Making the required number one of the extremes, and 

putting the note of interrogation in the place of it, we have 
7 : 8 : : 5 : 1 ; then 7 : ~ : : 5 : 8 + 5-7 ( tlie sum of the means 
minus the given extreme, =6); and the proportion com­
pleted will be 

7: 8:: 5: 6. 
Making the required number one of the means, we shall 

have 7 : 8 : : 1 : 5, then 7 : 8 : : 7+5-8 (the sum of.the 
extremes minus the given mean, =4) : 5; and the proportion 
completed will be 

7: 8:: 4: 5. 
As the sum of the means will be found equal to the sum 

of the extremes, we have, in each• case, completed the pro­
portion. 

19. The arithmetical meam, of two quantities is half 
the sum of the extremes. For the sum of the means is 
equal to the sum of the extremes ; or-since the means 
are equal-twice one of the means fa equal to the sum 
of the extremes ; consequently, half the sum of the­
means-or one of them, will be equal to half the sum 'of 
the extremes. Thus the arithmetical mean of 19 and 

27 is 19 + 27 ( =23) ; and the proportion completed is 
2 

19 : 23 : : 23 : 27, for 19+27=23+23. 
20. If with any four quantities the sum of the means 

is equal to the sum of the extremes, these quantities are 
in arithmetical proportion. Let the quantities be 

8 6 7 5. 
As the sum of the means is equal to the sum of the 

extremes 
8+5=6+7. 

Subtracting 6 from each of the equal qua,µtities, we 
have s+d--6=6+7-6; and subtracting 5 from each 
of these, we have 8+5-6-5=6+7-6-5. But 
8+5-6-5 is equal to 8-6, since 5 to be added 
and 5 to be subtracted are =0; and +6+7-6-o= 
7 -6, since 6 to be added and 6 to r»e subtracted =O ; 



~82 PROPORTION. 

therefore s+5-6-5=6 +7-6-5 is the_ same as 
8-6 7-5 ; but if 8-6 7-5, 8 : 6 and 7 : 5, are 
two equal arithmetical ratios ; and if they are two eq_ual 
a.ritbme~ical ratios, they constitute an arithmetical pro. 
c>ortion. It might. in the same way be proved that 
i.ny othe1 four quantities are in arithmetical . proportion, 
,£ the sll11l of the means is equal to the sum of the 
,xtremes. 

21. In a geonzttrical proportion, "the product of 
he means is equal to the product of the extretnes." 
J:hus, since 14 : 7 : : i6 : 8 is a geometrical proportion, 
'f4 : y [l J J ; but, multiplying each of the equal quanti­
ri.es by 7,we have ('-.lX7)= 1TlX7; and multiplying 
Jach of these bys, we have 14X8=16X7( V X7X8) :­
. out 14 X 8 is the prod.µct of the extremes ; and 16 X 7 
,s the product of the means. The same reasoning would 
n.old with any other geometrical proportion, and there­
tore it is true in all cases. 

22. 1.'his eQ_u,ation ( as it is called), or the equality ot 
the product of the means and the product of the extremes, 
rs the test of a geometrical proportion : that is, it shows 
ns whether or not four given quantities constitute a 
geomet-rical proportion. It also enables us to find a 
fourth geometrical proportional to three given quanti­
ties-which is the object of the rule of three; since any 
mean is, evidently, the quotient of the product of the 
extrf!mes divided by the other mean ; and any extreme, 
is the quotient of the product· of the means divided by 
the ,other extreme. 

For if 7 : 14 : : 11 : 22 be the geometrical proportion, 
7X22=14X 11; and, dividing the equals by 7, we have 

14Xll 
~.2 ( one of the extremes) =-1-1

- ( the product of the 

means divided by the other e:x:treme) ; and, dividing these 
7X22 

by 11, we. have-11-'- ( the product of the extremes di-

vided by one mean)=l4 (the other mean). We might 
!n the same way find the remaining mean or the remain-
1;1~ extreme. Any other proportion would have answered 
Just as well-and therefore what we have said is true 
in every case. 
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23. EXAMPLE.-Find a fourth proportional to 8, 10, and 14. 
Making the required quantity one of the extremes, we shall 

10xl4 
have 8: 10:: 14: 1; and 8: 10:: 14: --(the product 

8 
of the means divided by the given extreme, =17·5). 

And the proportion completed will be 
8 : 10 : : 14: 17·5. 

Making the required number one of the means, we sh~ill 
8xl4 

have 8 : 10 : : 1 : 14; and 8 : 10 : :10(the product of 

the extremes divided by the given mean, =11·2) : 14. 
And the proportion completed will be 

8 : 10 : : 11·2 : 14. 

EXERCISES. 

Find fourth proportionals 
1. To 8, 6, 
2. ,, 6, 8 
8. ,, -8, 6 
4. ,, 6, 12 
5. ,, 10, 150 
6. ,, 1020, 68 
7. ,, 150, 10 
8. ,, 68, 1020 

and 12 
8 
8 
4 

68 
,, 150 
,, 1020 

10 

.11.ns. 24. 
4. 

16. 
B. 

1020. 
10. 
68. 

150. 

24. If with any four quantities the product of the 
means is equal to the product of the extrem~s, these 
quantities are in geometrical proportion. Let the 
ouantities be 

5 20 6 24, 
As the product of the means is equal to the proJ.,.1t 

of the extremes, 
5x24=20x6. 

5X24 20X6 
Dividing the equals by 24, we have24 = 24; 

5X24 20X6 
and, dividing these by 20, we have 2ox24=2ox24• 

t_?X24_~ 20X6_~. ~-~-
Bu 2ox24-2o;and2ox24-24, therefore20-24' 
consequently the geometrical relation between 5 and 20 
is the same as that between 6 and 24 ; hence there are 
two equal geon"'~trical ratios-or a geometrical propor-
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tion. It might, in the sa_me way, be_ proved th~t a"':'!I 
other four quantities are m geometr10al proport10n, 1f 
the product of the means is equal to the product of, the 
extremes. 

25. When the first term is unity, to find a fourth 
proportional- . . 

RuLE.-Find the product of the second and third. 
ExAMPLE.-What is the fourth proportional to 1, 12, and 

271 
1 : 12:: 27: 12x27=324 

V'-le are to divide the product of the means by the given 
extreme; but we may neglect the divisor when it is unity­
since dividing a number by unity does not alter it. 

EXERCISES, 

Find fourth proportionals 
9. To 1, 17, and 8 • .11.ns. 136. 

10. ,, 1, 23 ,, 20 460. 
11. ,, 1, 100 ,, 73 7300. 
12. ,, 1, 53 ,, 110 5830. 
13. ,, 1, 15 ., 1234 . 18510. 

26. When either the second, or third term is unity­
RuLE.-Divide that one of them which is not unity, 

by the first. 
ExAMPLE.-Find a fourth proportional to 8, 1, and 5. 

8: 1:: 5: {. 
We are to divide the product of the means by the given 

extreme ; but one of the means may be considered as the 
product of both, when the other is unity. For, since multi­
plication by unity produces no effect, it may be omitted. 

EXERCISES. 

Find fourth proportionals. 
14. To 6, 20,.and 1 .11.ns. 4 
15. ,, 5, 1 ,, 20 4. 
16. ,, 7, 21 ,, 1 3. 
17. ,, 8, 24 ,, 1 8. 
18. ,, 6, 1 ,, 60 8½. 
19. ,, 17, 1 ,, 68 4. 
20. ,, 200, 1000 ,, 1 6. 
21. ,, 200, 1 ,, 1000 6. 

27. When the means are equal, each is said to be 
lke geometrical mean of the extremes ; and the product 
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of the extremes is equal to the mean multiplied by itself. 
Hence, to discover the geometrical w,an of two quan­
tities, we have only to find some number which, multi­
plied by itself, will be equal to th_eir product-that is,. 
to find, what we shall term hereafter, the square root 
of their product. Thus 6 is the geometrical mean of 3 
and 12; for 6X6=3X 12. And 3: 6: : 6: 12. 

28. It will be useful to make the pupil acquainted with 
the following properties of a geometrical proportion-

"\V e may consider the same quantity either as a mean, 
or an extreme. Thus, if 5 : 10: : 15 : 30 be a geometrical 
proportion, so also will 10: 5: : 30 : 15; for we obtain the 
same equal products in both cases-in the former, 5X 
30:-lOX 15; and in the latter, lOX 15=5X30-which 
are the same thing. This change in the proportion is 
called inversion. 

29. The product of the means will continue equal to 
tha product of the extremes-or, in other ,words, the 
proportion will remain unchanged-

If we altemate the terms ; that is, if we say, " the 
first is to the third, as the second is to the fourth"-

If we " m11,ltipl11, or dinide the :first and second, 01 

the first and third terms, by the same quantity"-
If we " read the proportion backwards"-
If we say " the first term plus the second is to the 

second, as the third plus the fourth is to the fourth"­
lf we say "the first term' plus the second is to the 

first, as the third plus the fourth is to the third"-&c. 

RULE OF SIMPLE PROPORTION. 

30. This rule, as we have said, enables us, when three 
quantities are given, to find a fourth proportional. 

The only difficulty consists in stating the question ; 
when this is done, the required term is easily found. 

In the rule of simple proportion, two ratios are given, 
the one perfect, and the other imperfect. 

31. RuLE-I. Put that given quantity which belongs 
to the imperfect ratio in the third place. 

II. If it appears from the nature of the question that 
the require!!, quantity must be greater than the other, 
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or given term of the same ratio, put the larger term 
of the perfert ratio in the second, and the smaller in 
the first place. But if it appears that the required 
quantity must be less, put the larger term of the perfect 
ratio in the first, and the smaller in the second place. 

III. l\Iultiply the second and third terms together, 
and divide the product by the first.-The answer will 
be of the same kind as the third term. 

32. ExAMPLE 1.-If 5 men build 10 yards of a wall in one 
day, how many yards would 21 men build in the same time 1 

1t will facilit:;i.te the stating, if the pupil puts down the 
question briefly, as follows-using a note of inter1·ogation to 
1·epresent the required quantity-

5 men. 
10 yards. 
21 men. 
1 yards. 

10 yards is the given term of the imperfect ratio-it must, 
therefore, be put in the third place. 

5 men, and 21 men are the quantities which form tho 
pe;fect ratio; and, as 21 will build a greater number of yarJ;; 
than 5 men, the required number of yards will be greater 
than the given number-hence, in this case, we put the larger 
term of the perfect 1·atio in the secontl, antl the smaller in 
the first place-

5 : 21 : : 10 : 1 
Ancl, completing the proportion, 

21 X 10 . 5 : 21 : : 10 : _
5 
__ = 42, the reqmred number. 

Therefore, if 5 men build 10 yards in a day, 21 men will 
build 42 yards in the same time. 

33. EXAMPLE 2.-If a certain quantity of bread is sufficient 
to last 3 men for 2 days; for how long a time ought it to 
last 5 men 1 This is set down L:i;iefly as follows : 

3 men. 
2 days. 
5 men. 
1 days. 

2 days is the given term of the impe-ifect ratio-it must, 
therefore, be put in the third place. · 

Th~ larger the nu!llber of men, the shorter the time a given 
quantity of bread will last them; hut this shmtn- time is t.he 
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required quant~tY,-hence, in _this case, the greater term of 
the perfect ratio 1s to be put m the first, and the smaller in 
the second place-

5: 3:: 2: 1 
And, completing the proportion, 

3x2 
5 : 3 : : 2 : - 5-=I¼, the required term. 

34. EXAMPLE 3.-If 25 tons of coal cost .£21, what will 
be the pricl} of 1. ton 1 

lx21 21 
25 : 1 : : 21 : 25 pounds .£25=16s. 9fd. 

It is necessary in this case to reduce the pounds to lower 
denominations, in order to divide them by 25; this causes 
the answer, also, to be of different denominations. 

35. REASON OF I.-It is convenient to make the required 
quantity the fourth term of the proportion-that is, one of the 
extremes. It could, however, be found equally well, if conRi­
dered as a mean [23]. 

REASON OF II.-It is also convenient to make quantities of 
the same kind the terms of the same ratio,; because, for in­
stance, we can compare men with men, and days with days­
but we cannot compnre men with da,'1/s. Still there is nothing 
inaccurate in comparing the number of one, with the 1111mbl'r or 
the other; nor in comp:iring the number of men with the quan­
tity of work they perform, or with tl1e 1111mber of loaves they 
e11t; for theP.e things are proportioned to each other. Hence we 
shall obtain the same result whether we state ex.ample 2, thus 

5 : 3 : : 2 : 
or thus 5 : 2 : : 3 

When diminishing the kind of quantity which is in tlie per­
fect ratio increases that kind whicli is in the imperfect-or the 
reverse-the question is sometimes said to belong to the inv£rse 
rule of three; and different methods are given for the solution 
of the two species of questions. But Hatt.on, in his Arith~ 
metic, (third edition, London, li53,) suggests the above gene­
ral mode of solution. It is not accurate to say " the i11verse 
rule of three" or "inverse rule of' proportion;" since, although 
there is an inverse ratio, there is no inverse proportion. 

REASON OF III.-We multiply the second and thhd terms, 
and divide their product by the first, for reasons already given 
[22]. 

The answer is of the same kind as the third term, since 
neither the multiplication, nor the division of this term has 
changed its nature ;-20s. the pa1ment of 6 days dividecl by 6 
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20,\'. 20a. 
gives 5 as the payment of one day; and 6 , the payment 

of one day multiplied by 9 gives 2~s. X 9 as the parment of 9 

dnys. 
If the fourth term were not of the same kind ns the third, 

it would not complete the imperfect ratio; and therefore it 
would not be the required fourth proportional. 

36., It will often be convenient to divide the first and 
second, or first and third terms, by theil' greatest com­
mon measure, when these terms are composite to each 
other [29]. 

EXAMPLE.-If 36 cwt. cost £24, what will 27 cwt. cost 1 
36 : 27 : : 24 : 1 

Dividing the first and second by 9 we hn.ve 
4: 3:: 24: 1 

And, dividing the first and third by 4, 
I: 3 :: 6: 3x6=£18. 

EXERCISES FOR •rHE PUPIL. 

Find n fourth proportional to 
1. 5 pieces of c:iloth : 50 pieces : : £27. Ans. £270 
2. 1 cwt. : 21t> cwt. : : 50s. Ans. 10150s. 
3. 10 lb : 150 lb : : 5s. Ans. 75s. 
4. 6 yards : 1 yard : : 27s. Ans. 4s. 6d. 
5. 9 yards : 36 yards : : 18s. Ans. 72s. 
6. 5 lb : 1 lb : : 15s. Ans. 3s. 
7. 4 yards : 18 yards : : ls. Ans. 4s. 6d. 

8. What will 17 tons of tallow come to at £25 per 
ton ~ Ans. £425. 

~ ff one piece of cloth cost £27, how much will 50 
piece~ cost? Ans. £1350. 

10. If a certain quantity of provisions would last 40 
men for 10 months, how long would they suffice for 32? 
Ans. 12¼ months. 

11. ,vhat will 215 cwt. of madder cost at 50s. per 
cwt. ? Ans. 10750s . 

• 12. I_ desire to have 30 yards of cloth 2 yards wi.de, 
with baize 3 yards in breadth to line it how much of 
the lattor shall I require ? .4:ns. 20 yar<h. · 
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13. At 10s. per barrel, what will be the price of 130 
barrels of barley? Ans. £65. 

14. At 5s. per lb, what will be the price of 150 lb of 
tea? Ans. 750s. 

15. A merchant agreed with a carrier to bring 12 
cwt. of goods 70 miles for 13 crowns, but his waggon 
being heavily laden, he was obliged to unload 2 cwt. ; 
how far should b_e carry the remainder for the same 
money ? Ans. 84 miles. 

16. What will 150 cwt. of butter cost at £3 per cwt. ? 
An.~. £450. 

17. If I lend a person £400 for 7 months, how much 
ought he to lend me for 12? Ans. £233 6s. Sd. 

18. How much will a person walk in 70 days at the 
rate of 30 miles per day ? Ans. 2100. 

19. If I spend £4 in one week, how much will I 
spend in 52 ? Ans. £208. 

20. There are provisions in a town sufficient to sup­
port 4000 soldiers for 3 months, how many must bo 
sent away to make them last 8 months? Ans. 2500. 

21. What is the rent of 167 acres at £2 per acre? 
Ans. £334. 

22. If a person travelling 13 hours per day would 
finish a journey in 8 days, in what time will he accomplish 
it at the rate of 15 hours per day? Ans. 6H days. 

23. What is the cost of 256 gallons of brandy at 12s. 
per gallon ? Ans. 3072s. 

24. What will 156 yards of cloth come to, at £2 per 
yard? Ans. £312. . 

25. If one pound of sugar cost 8d., what will 112 
pounds come to ? Ans. 896d. 

2b. If 136 masons can build a fort in 28 dass, how 
many men would be required to finish it in 8 days? 
Ans. 476. 

27. If one yard of calico cost 6d., what will 56 yards 
come to ? Ans. 336d. 

· 28. What will be the price of 256 yards of tape at 
2d. per yard? Ans. 512d. 

29. If £100 produces me £6 interest in 365 dayo, 
what would bring the same amount in 30 days ? A~il 
£1216 13s. 4d. 
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30. What shall I receive for 157 pair of gloves, at 
10d. per pair? Ans. 1570d. 

31. What would 29 pair of shoes come to, at 9s. per 
pair? Ans. 26ls. 

32. If a farmer lend his neighbour a cart horse which 
draws 15 cwt. for 30 days, how long should he have a 
horse in return which draws 20 cwt. ? Ans. 22½ days. 

33. What sum put to interest at £6 per c-ent. would 
give £6 ~n one month ? Ans. £1200. 

34. lfI lend£400 for 12months,howlong ought£150 
be lent to me, to return the kindness ? Ans. 32 months. 

35. Provisions in a garrison are found sufficient to 
last 10,000 soldiers for 6 months, but it is resolved to 
add as many men as would cause them to be consumed 
in 2 months ; what number of men must be sent in ? 
Ans. 20,000. 

36. If 8 horses subsist on a certain quantity of hay 
tor 2 months, how long will it last 12 horses? Ans 
l½ months. 

37. A shopkeeper is so dishonest as to use a weight 
of 14 for one of 16 oz. ; how many pounds of just will 
be equal to 120 of unjust weight? Ans. 105 lb. 

38. A meadow was to be mowed by 40 men in 1 O 
days ; in how many would it be finished by 30 men ? 
Ans. 13f days. 

37. When the first and second terms of the proportion 
are not of the same denomination ; or one, or both of 
them contain different denominations-

R uLE.-Reduce both to the lowest denomination con­
tained in either, and then divide the product of the 
second and third by the first term. 

ExAMPLE 1.-If three ounces of tea cost 15d. what will 87 
pounds cost 1 

The lowest denomination contained in either is ounces. 
lb d cl. d 

oz. · 1392xl5 · 
3: 87:: 15: --3-=6960=£29. 

16 

1392 ounces. 
There is evidently the same ratio between 3 oz and 87 lb 

as between 3 oz. and 1392 oz. (the equal of 87 lb). 
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EXAMPLE 2.-lf 3 yards of any thing cost 4s. ~id,, what 
can be bought for .£2 1 

The lowest denomination in either is farthings. 

s. d. .£ rniads.3 yds. q nls. 
4 93 2 : : 3 : X 24 3 3. 

12 I" 20 231 

57 pence. 
4 

40 shillings. 
12 

231 farthings. 480 pence. 
4 

1920 farthings. 
There is evidently the same ratio between 4s. 94d. and £2, 

ns between the numbers of farthings they contain, respectively 
· For there is the same ratio between any two quantities, as 
between two others which are equal to them. 

ExAMPLE 3.-If 4 cwt., 3 qrs., 17 lb, cost .£19, how much 
will 7 cwt. 2 qrs. cost 1 

The lowest denomination in either is pounds . 
.£ 

cwt. qr. lb cwt. qT. .£ 840X19 
4 3 17 : 7 2 : : 19 : M9=£29 ls. 5d. 
4 4 

19 qrs. 
28 

549 lbs. 

30 qrs. 
28 

840 lbs. 

EXERCISES, 

Find fourth proportionals t.o 
39. 1 cwt. : 17 tons:: £5. Ans. £1700. 
4,0. 5s. : £20 : : 1 yard. Ans. SO yards. 
41. 80 yards : 1 qr. : : 400s. Ans. Is. 3d. 
42. 3s. 4d. : £1 10s. : : 1 yard. Ans. 9 yards. 
43. 3 cwt. 2 qrs. : 8 cwt. 1 qr. : : £2. Ans. £4. 
44. 10 acres, 3 roods, 20 perches : 21 acres 3 roods : 

£60. Ans. £120. 
45. 10 tons, 5 cwt., 3 qrs., 14 lb : 20 tons, 11 cwt, 

3 qrs. : : £840. Ans. £1680. 



192 RO'LE OF PROPORTION. 

46. What is the price of 31 tuns of wine, at £18 per 
hhd. Ans. £2232. 

47. If 1 ounce of epice costs 4s., what will be the 
price of 16 ib? Ans. £51 4s. 

48. What is the price of 17 tons of butter, at £5 per 
cwt.? Ans. £1700. 

49. If an ounce of silk costs 4d., what will bo the 
price of 15 tb? Ans. £4. 

50. What will 224 lb 6 oz. of spice come to, at 3s. 
per oz.? Ans. £538 10s. 

51. How much will 12 lb 10 oz. of silver come to, at 
5s. per oz.? .Ans. £38 10s. 

52. What will 156 cwt. 2 qrs. come to, at 7d. per 
lb? Ans. £511 4s. Sd. 

53. What will 56 cwt. 2 qrs. cost at 10s. 6d. per 
qr.? Ans.£118 13s. 

54. If 1 yard of cloth costs £1 5s., what will 110 
yards, 2 qrs., and 3 nails, come to? Ans. £138 7s. 2¼d. 

55. If 1 cwt. of butter costs £6 6s., how much will 
17 cwt., 2 qrs., 7 lb, cost? Ans. £110 12s. IO}d. 

56. At 15s. per cwt., what can I have for £615 15s.? 
Ans. 821 cwt. 

57. How much beef can be bought for £760 12s., at 
32s. per cwt. Ans. 475 cwt., I qr., 14 lb. 

58. If 12 lb, 6 oz., 4 dwt., cost £150, what will 3 lb, 
1 oz:., 11 dwt., cost? Ans. £37 l0s. 

59. If 10 yards cost 17s., what will 3 yards, 2 qrs. 
cost? Ans. 5s. 1 l¼d. 

60. If 12 cwt. 22 lb cost £19, what will 2 cwt. 3 
qrs. cost? Ans. £4 5s. Std. 

61. If 15 oz., 12 dwt., 16 grs., cost 19s., what will 
13 oz. 14 grs. cost? Ans. 15s. 10d. 

38. If the third term consists of more than one deno­
mination-

R u LE.-Reduce it to the lowest denomination which 
it contains, then multiply it by the second, and divide 
the product hy the first term.-The answer will be of 
that denomination to which the third has been reduced 
and may sometimes be changed to a higher [Seo. 
III. 5J. 
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ExAMPLE 1.-If 3 yards cost 9s. 2¾d., what will 327 yards 
oost 1 

The lowest denomination in the third term is farthings. 
yds. yds. s. d. 327x441 £, s. d. 

3 : 327 : : 9 2¼ :·. '3 : farthingB=:50 1 5¼. 
12 

110 pence. 
4 

44l farthings. 

EXAMPLE 2.-If 2 yards 3 qrs. cost ll¾d., what will 27 
yards, 2 qrs., 2 nails, cost 1 

The lowest denomination in the first and second is nails, 
and in the third farthings. 

yds. qr. yds. qr. n. d. 442X45 
·2. 3 : ·21 2 2 : : 11¾ 44· farthingS=:9s. ·5d. 
4 4 4 

11 qr. 110 qr. 
. 4 4 

45 farthings . 

44 nails. 442 nails. 

Reducing the third term generally enables us to perform the 
required multiplication and division with more facility.-It ia 
som.etimes, -however, unnecossary. 

ExAMPLE.-lf 3 lb cost £3 11s. 4¾d., what will 96 lb cost 1 

lb tb £ s. d. £
3 

s. d. £, s. d. £, s. d. 
· 11 43 x96 

S:96::3 11 4¾: 3 t" _3 n 4Jx32=114 4 s 

EXERCISES. 

Find fourth proportionals to 

62. 2 tons : 14 tons : : £28 10s. A•ns. 199 10s. 
63. 1 cwt. : 120 cwt. : : 18s. 6d. Ans. £111. 
64. 5 barrels: 100 barrels:: 6s. 1d. Ans. £6 lls. Sd 
65. 112 lb : 1 lb : : ~3 10s. Ans. 7½d. 
66. 4 lb : 112 lb : : 5¼d. Ans. 12s. 3d. 
67. 7 cwt., 3 qrs., 11 lb : 172 cwt., 2 qrs,, 18 ib: ~ .E3 

91. 4½d. .Ans. £87 5s. 4d. 
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68. 172 cwt., 2 qrs., 18 lb: 7 cwt., 3 qrs., 11 lb:: £87 
61. 3d. Ans. £8 19s. 4-}d. 

69. 17 cwt., 2 qrs., 14 lb: 2 cwt., 3 qrs., 21 lb : : £73. 
Ans. £12 3s. 4d. 

70. £87 6s. 3d. : £3 19s .. 4fd. : : 172 cwt., 2 qrs., 18 
tb. Ans. 7 cwt., 3 qrs., 11 lb. . 

71. £3 19s. 4-}d.: £87 6s. 3d.:: 7 cwt., 3 qrs., 11 lb. 
Ans. 172 cwt., 2 qrs., 18 lb. 

72. 'At 18s. 6d. per cwt., what will 120 cwt. cost? 
Ans. £111. 

73. At 3¾d. per pound, what will 112 lb come to ? 
Ans. £1 IOs. 4d. . 

74. What will 120 acres of land come to, at 14s. 6d. 
per acre? Ans. £87. 

75. How much would 324 pieces come to, at 2s. S½d. 
per piece ? Ans. £43 17s. 6d. 

76. What is the price of 132 yards of cloth, at 16s. 
4d. ver yard? Ans .£107 16.~. 

7'/. If 1 ounae of spice costs 3s. 4d., what will 18 lb 
l O oz cost? Ans. £49 ·13s. 4d. 

78. If 1 lb costs 6s. 8d., what will 2 owt. 3 qrs. come 
to? .Ans. £102 13s 4d. 

79. If £1 2s., be the rent of I rood, what will be the 
rent c i 156 acres 3 roods? Ans. £689 14s. 

80. At 10s. 6d. per qr., what will 56 cwt. 2 qrs. be 
worth ? Ans. £118 13s. 

81. At 15s. 6d. per yard, what will 76 yards 3 qrs. 
com~'°? Ans. £59 9s. 7½d. 

82 What will 76 cwt. 8 lb come to, at 2s. 6d. per 
lb ~ Ans. £1065. 

83 At 14s. 4d. per cwt., what will be the cost of 12 
cwt. !& qrs. ? Ans. £8 19s. 2d. 

84. How much will 17 cwt. 2 qrs. come to, at 19s. 
10d. ¥>er cwt. Ans. £17 7s. Id. 

85.' If 1 cwt. of butter costs £6 6s., what will 17 cwt, 
2 qrs , 7 lb, come to? Ans. £102 12s. IO½d, 

86 If I qr. 14 lb cost £2 15s. 9d., what will be the 
cost t.if 50 cwt., 3 qrs., 24 lb? Ans. £378 161. B¼d, 
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87. If the shilling loaf weigh 3 lb 6 oz., when flour 
sells at £1 13s. 6d. per cwt., what should be its weight 
when flour sells at £1 7s. 6d ? Ans. 4 lb lH oz. 

88. If 100 ib of anything cost £25 6s. 3d., what will 
be the price of 625 lb ? Ans. £158 4s. 0fd. 

89. If 1 lb of spice cost 10s. Sd., what is half an oz. 
worth? Ans. 4d. 

90. Bought 3 hhds. of brandy containing, respectively, 
61 gals., 62 gals., and 62 gals. 2 qts., at 6s. Sd. per 
gallon; what is their cost? Ans. £61 16s. Sd. 

39. If fractions, or mixed numbers are found in ono 
or more of the terms-

R uLE.-Having reduced· them to improper fractions, 
if they are complex fractions, compound fractions, or 
mixed numbers-multiply the second and third termt' 
together, and divide the product by the first-according 
to the rules already given [Sec. IV. 36, &o., and 46 
&c. J for the management of fractions. 

EXAMPLE.-If 12 men build 3 f yards of wall in ¾ of Ill 

week, how long will they require to build..47 yards'! 
3~ yards=\6 yal'ds, therefore 

\6 : 47 : : ¾ : ¾~47
-9½ weeks, nearly . 

.,,. 

40.-If all the terms are fractions-
RuLE.-lnv.ert the first, and then multiply all the 

terms together. 

ExAlllPLE.-If ¾ of a regiment. consume H of 40 ~ns of 
fl.our in ¼ of a year, how long will ¾ of the same reg1me»t 
take to consume it 1 

¾: ¾ :: ¼: ¾X¼+¾=iX!XJ=l/0=262·8 days. 
This rule follows from that which was given for the division 

of one fraction by another [Seo. IV. 49]. 

41. If the first and second, or the first and third 
terms, • are fractions-

R uLE.-Red uce them to a common denominator 
(should they not have one already), ~nd then omit the 
denominator~ 
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ExAMPLE.-If i ofl cwt. of rice costs £2: what will 1\ of 
a cwt. cost 1 

J:t1o-::2: 1 
Reducing the fractions to a common denominator, we have 

H: U :: 2: 1 
And omitting the denominator, 

27x2 
20: 27:: 2: 20=£2·7=£2 14s. 

This is merely multiplying the first n.nd second, or the firsi 
and third terms by the common denominator-which [30] does 
not alter the proportion. 

EXERCISES. 

91. What will f of a yard cost, if 1 yard costs 13s 
6d. ? Ans. 10s. l½d. 

92. If 1 lb of spice costs fs., what will 1 Ib 14 oz. 
cost? Ans. Is. 4fd. 

93. If I oz. of silver costs 5Js., what will f oz. cost ? 
. .4.ns. 4s. 3d. 

94. How much will ¾ yard come to if t cost fs. ? 
Ans. -,/1s. 

95. If 2½ yards of flannel cost 3¾-s., what is the price 
of 4¾ yards? Ans. 6s. 4d. 

96. What will 3¾ oz. of silver cost at 6½s. per oz. ? 
Ans. £1 ls. 4½d. 

97. If / 6 of a ship costs £273¼, what is ..J-2 of her 
worth ? Ans. £227 12s. Id. 

98. If 1 lb of silk costs 16½s., how many pounds can 
I have for 37½s, ? Ans. 2¾ lb. 

99. What is the price of 49y31 yards of cloth, if 7 f 
cost £7 18s. 4d. ? Ans. £51 3s. lfHd. 

100. If £100 of stock is worth £98¼, what will £362 
Ss. 7½d, be worth? Ans. £358 7s. Id. 

101. If 9½s. is paid for 4-} yards, how much can be 
bought for £2y31 ? Ans. 24 yards, nearly. 

MISCELLANEOUS EXERCISES IN SIMPLE PROPORTION. 

102. Sold 4 hhds. of tobacco at lO½d. per lb: No. 1 
weighed 5 cwt., 2 qrs.; No. 2, 5 cwt., 1 qr., 14 lb; No. 
3, 5 cwt., 7 lb; and No. 4, 5 cwt., 1 qr., 21 lb. What 
was their price ? Ans £104 14s. 9d. 
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103. Suppose that a bale of merchandise weighs 300 th, 
and costs £15 4s. 9d. ; that the duty is 2d. per pound· 
that the freight is 25s. ; and that the porterage hom; 
is ls. 6d.: how much does I lb stand me in? 

lb lb 

£ s. d. 
15 4 9 cost. 

2 10 0 duty. 
1 5 0 freight. 
0 1 6 porterage. 

300 : 1 : : 19 ., 
20 

3 entire cost. 

381 
12 

300)4575 

15Jd. Answer. 

104. Received 4 pipes of oil containing 480 gallon~ 
which cost 5s. 5½d. per gallon; paid for freight 4s. p~r 
pipe; for duty, 6d. per gallon; for porterage, ls. per 
pipe. What did the whole cost; and what does it stand 
me in per gallon? Ans. It cost £144, or 6s. per galfon 

105. Bought three sorts of brandy, and an equal 
quantity of each sort: one sort at 5s.; another at 6s.; 
and the third at 7s. What is the cost of the whole­
one gallon with another? Ans. 6s. 

106. Bought three kinds of vinegar, and an equal 
quantity of each kind : one at 3½d, ; another at 4d. ; 
and another at 4½d. per quart. Having mixed them 
I wish to know what the mixture cost me per quart : 
Ans. 4d. 

107. Bought 4 kinds of salt, 100 barrels of each; 
and the prices were 14s., 16s., 17s., and 19s. per barrel. 
If I mix them together, what will the mixture have cost 
me per barrel? Ans. 16s. 6d. 

108. How many reams of paper at 9s. 9d., and 
12s. 3d. per ream shall I have, if I buy £55 worth of 
both, but an equal quantity of each ? Ans. 50 reams 
of each. 

109. A vintner paid £171 for three kinds of wine: 
one kind was £8 10s.; another .£9 5s.; and the ,third 

K 
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£10 15s. per hhd. He had of each an equal quantity, 
the amount of which is required. 

£, s. 
8 10 
9 5 

10 15 

28 10, the price of three hogsheads of each. 
£ s. £ £17lx3 
28 10 : 171 : : 3 : £ 28 10=18 hhds. 

11 0. Bought three kinds of salt, and of each a? equal 
'lllantity; one was 14s., another 16s., and the third 19s. 
t.he barrel ; and the whole price was £490. How many 
barrels had I of each? Ans. 200. 

111. A merchant bought certain goods for £1450, 
with an agreement to deduct £1 per cent for prompt 
payment. What has he to pay? Ans. £1435 10s. 

112. A captain of a ship is provided with 24000 lb 
of bread for 200 men, of which each man gets 4 lb per 
week. How long will it last? Ans. 30 weeks. 

118. How long would 3150 lb of beef last 25 men, if 
they get 12 -oz. each three times per week? Ans. 56 
weeks. 

114. ·. A fortress containiug 700 men who consume 
each i0 it per week, is provided with 184000 lb of 
provisions. How long will they last? Ans. 26 weeks 
and 2 days. 

115. In the copy of a work containing 327 pages, a 
remarkable passage commences at the end of the 156th 
page. At what page may it be expected to begin in a 
copy containing 400 pages? Ans. In the 191st page. 

116. Suppose 100 cwt., 2 qrs., 14 lb of beef for 
ship's use were to be cut up in pieces of 4 lb, 3 th, 2 th, 
1 fu, and ½ lb-there being an equal number of each. 
How many pieces would there be in all? Ans. 1073; 
and 3¼ lb left. 

~ 1 i. Suppose that a greyhound makes 27 springs 
while a hare makes 25, and that their springs are of 
equal length. In how many springs will the hare be 
overtaken, if she is 50 springs before the hound? 
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The time. i~en by the greyhound for one spring is to 
that required by the hare, as 25 : 27, as 1 : -H, or as 
1: =. lis [.12]. The g~eyhound, therefore, gains / 5 of a 
sprmg durmg every sprmg of the hare. Therefore 

1.7'{ : 50 : : 1 spring : 507 -f-.;=G75, the mun.her of springs 
the hare will make, before 1t 1s overtaken. 

118. If a ton of tallow costs £35, and is sold at the 
rate of 10 per cent. profit, what 'is the selling price? 
Ans. £38 lOs. 

119. If a ton of tallow costs £37 10s., at what ratt. 
must it be sold to gain by 15 tons the price of 1 ton ? 
Ans. £40. 

120. Bought 45 barrels of beef at 21s. per barrel; 
among them are 16 barrels, 4 of which would be worth 
only 3 of the rest. How much must I pay? Ans. 
£43 ls. 

121. If 840 eggs are bought at the rate of 10 for a 
penny, and 240 more at 8 for a penny, do I lose or gain 
if I sell all at 18 for 2d. ? Ans. I gain 6d. 

122. Suppose that 4 men do as much work as 5 
women, and that 27 men reap a quantity of corn in_ 13 
days. In how many days would .21 women do it? Ans. 

The work of 4 men=that of 5 women. Therefore ( dividing 
each of the equal quantities by 4, they will remain f'qual), 
4 men's work-( , k) the work of 5 wom<>n C 

4 
oneman-swor = ------4--- on~ 

seqnently 1¼ times the work of one woman=-1 man's work:­
that is, the work of one man, in terms of a woman:s work, 
is 1¾; or a woman's work is to a m:,,n's work : : 1 : l}. 
Hence 27 men's work= 27 X 1¼ women's wo1·k; then, in 
place of l'laying-

21 women : 27 men : : 13 days : 1 
!ffl.Y the work of 21 women : the work of 27 XI¾ ( =33i) 

33Jx13 ., 
women : : 13 : ~ =20.al days. 

123. The ratio of the diameter of a circle to its 
circumfetence being that of 1 : 3·14159, what. is the 
circumference of a circle whose diameter is 47·36 feet? 
Ans. 148·78618 feet. 

124. If a pound (Troy weight) ohilver is worth 66s., 
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what is the value of a pound avoirdupoISe r Ans. £4 
Os. 2½d. 

125. A merchant failing, owes £40881871 to his 
creditors; and has property to the amount of £12577517 
1 Os. 1 Id. How much per cent. can he pay? Ans. £30 
l5s. 3¾d, 

126. If the digging of an English mile of canal costs 
£1347 7s. 6d., what will be the cost of an Irish mile? 
,4.ns. £1714 16s. 9¾d, 

127. If the rent of 46 acres, 3 roods, and 14 perches, 
is £100, what will be the rent of 35 acres, 2 roods, and 
10 perches? Ans. £75 18s. 6¾d, 

128. When A has travelled 68 days at the rate of 
12 miles a day, B, who had travelled 48 days, overtook 
him. How many miles a day did B travel. allowing 
both to have sta'rted from the same place? Ans. 17. 

129. If the value of a pound ayoirdupoise weight be 
£4 Os. 2½d,, how many shillings may be had for one 
pound Troy? Ans. 66s. 

130. A landlord abates ½ in a shilling to his tenant ; 
and the whole abatement amounts to £76 3s. 4½d. 
What is the rent? Ans. £228 10s. Id. 

131. If the third and tenth of a garden comes to £4 
10s., what is the worth of the whole garden? Ans. 
£10 7s. S¾d, 

132. A can prepare a piece of work in 4½ days; B 
in 6½ days ; and C in 8½ days. In what time would all 
three do it ? Ans. 21 ¾ fir· 
4½ days : 1 day : : 1 whole of the work : J part of the whole­

or what A would do in a day. 
6½ days : 1 day : : 1 whole of the work : fir part of the whole­

or what B would do in a day. 
8½ days : 1 day : : 1 whole of the work : f., part of the whole­

or what C would do in a day. 
i+r3-1r+l,-=¼!H=what all would do in a day. 

Then the UH part of the work : 1 whole of the work : : 1 
day (the time nll would require to execute HH of the work) : 
2r¼h days, the time all would take to do th~

9 
;,hole of it. 

133. A can trench a garden in 8½ days; B in 5¼ 
days ; but when A, B, and C work together it will be 
finished in 1 ½ days. In how many days w~uld C be 
able to do it by himself? .Ans. 2-Ht days. 
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A, B, and C's work in one day=f of the whole=.l¾·H 
Subtract- { A's work in 1 day=/.,. l 11 0 • 

1

44 1 
ing l B's work in 1 day=/r j =irrr of tho whole=n-ii 

C's work in one day remains equal to . • . 
1

6;r3.,]g 
Then T0l-j-g (C's work in one day) : 1 whole of the work : : 1 

day.: 2 6h, the time required. 

134. A ton of coals yield about 9000 cubic feet of 
gas ; a street lamp consumes about 5, and an argand 
burner ( one in which the air passes through the centre 
of the flame) 4 cubic feet in an hour. How many tons 
of coal would be required to keep 17493 street lamps, 
and 192724 argand burners in shops, &c., lighted for 
1000 hours? Ans. 95373½! 

135. The gas consumed in London requires about 
50,000 tons of coal per annum. For how long a time 
would the gas this quantity may be supposed to pro­
duce ( at the rate of 9000 cubic feet per ton), keep one 
argand light ( consuming 4 cubic feet per hour) con­
stantly burning? Ans. 12842 years and 170 days. 

136. It requires about 14,000 D;!_illions of silk worms 
to produce the silk consumed in the United Kingdom 
annually. Supposing that every pound requires 3500 
worms, and that one-fifth is wasted in throwing, how 
many pounds of manufactured silk may these worms 
be-supposed to produce? Ans. 1488 tons, 1 cwt., 3 qrs., 
17 lb. 

137. If one fibre of silk will sustain 50 grains, how 
many would be required to support 97 lb? Ans 13580. 

138. One fibre of silk a mile long weighs but 12 
grains ; how many miles would 4 millions of pounds, 
annually consumed in England, reach ? 

Ans. 2333333333½ miles. 
139. A leaden shot of 4½ inches in diameter weighs 

17 lb ; but the size of a shot 4 inches in diameter, is to 
that of one 4½ inches in diameter, as 64000 : 91125: 
what is the weight of a leaden ball 4 inches in diameter ? 
Ans. 11 ·9396. 

140. The sloth does not advance more than 100 
yards in a day. ·How long would it take to crawl :from 
Dublin to Cork, allowing the distance to be 160 En1li$ 
milii? .A.m. 2Sl6 days; or 8 years, uea.dy. ,up 
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141. Encrlish race horses have been known to go at 
the rate of° 58 miles an hour. In what time, at this 
velocity, might the distance from Dublin to Cork be 
travelled over? Ans. 2 hours, 45' 31 '' 2'' 

142. An acre of coals 2 feet thick yields 3000 tons; 
and one 5 feet thick 8000. How many acres of 5 feet 
thick would give the same quantity a~ 48 of 2 feet 
thick? Ans. 18. 

143. The hair-spring of a watch weighs about the 
tenth of a grain ; and is sold, it is said, for about ten 
shillings. How much would be the price of a pound of 
crude iron, costing one halfpenny, made into steeJ, and 
then into hair-springs-supposing that, after deducting 
waste, there are obtained from the iron about 7000 
grains of steel? Ans. £35000. 

COMPOUND PROPORTION. 

42. Compound proportion enables us, although two 
or more proportions are contained in the question, to 
obtain the required answer by a single stating. In 
compound proportion there are three or more ratios, one 
of them imperfect, and the rest perfect. 

43. RuLE-1. Place the quantity belonging to the 
imperfect ratio as the third term of the proportion. 

II. Put down the terms of each of the other ratios 
in the first and second places-in such a way that the 
antecedents may form one column, and the consequents 
another. In setting down each ratio, consider what 
effect it has upon the answer-if to increase it, set down 
the larger term as consequent, and the smaller as ante­
cedent ; if to diminish it, set down the smaller term a, 
consequent, and the larger as antecedent. 

ID. Multiply the quantity in. the third term by tht 
product of all the quantities in the second, and divide 
the resalt by the product of all those i)i the first. · 

.2_44. ,EXAMPLE 1.~If 5 tnen build 16 yards of a wall in 20 
aays, 1n how many ·days would 17 men build 37 yarda 1 

The question briefly put down [32]; will be as follows • 
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1~ ;~~s} conditions which give 20 days. 

20 days imperfect ratio. 

1 days, the number sought. 

203 

1
3

7
7 

mend· l conditions which give the required number of days. 
yar s j -

The imperfect ratio consists of days-therefore we are to 
put 20, the given number of days, in the third place. Two 
ratios remain to be set down-that of numbers of men, and 
that of numbers of ·uards. Taking the former first, we ask 
ourselves how it affectR the answer, and find that the more 
men there are, the smaller the required number will be-since 
the greater the number of men, the shorter the time required 
to do the work. We, therefore, set down 17 as antecedent, 
and 5 as consequent. Next, considering the ratio consisting 
of yards, we find that the larger the number of yards, the 
longer the time, before they a.re built-therefore increasing 
their number incrcase.s the quantity required. Hence we 
put 37 as consequent, and 16 as antecedent; and the whole 
will be as follows:-

17 : 5 : : 20: 1 
16: 37 

20x5x37 
And 17 : 5 : : 20 : l7Xl6 - 13·6 days, nearly. 

16: 37 
45. The result obtained by the rule is the same as would be 

found by taking, in succession, the two proportions supposed 
by the question. Thus 

If 5 men would build 16 yards in 20 days, in how many 
days would they build 37 yu.rcls ~ 

16 : 87 : : 20 : 37 X20 number of days which 5 men would 
16 

require, to build 37 yards. 

If 5 men would build 37 yards in 20~ 37 days, in how many 

days would 17 men builcl them ? 

17 : 5 : : 20X37: 20X37 XS+li 20X5X87 the number 
· 16 16 17X10 ' 

of days found by the rule. 

46. ExAMPLE 2.-Tf 3 men in 4 days of 12 working hours 
each build ~7 perches, in how many days of 8 working 
hours ought -22 men to build 970 perches 1 
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3 men. 
4 days. 

12 hours. 
37 perches. 

1 days. 
8 hours. 

22 men. 
970 perches. 

8Xl2X970X4 
22 : 8 : : 4 : 22 X8 X37 21! days, nearly. 
8 : 12 

87 : 9i0 

The number of days is the quantity sought; therefore 4 
days constitutes the imperfect ratio, and is put in the third 
pln.ce. The more men the fewer the days necessary to per­
form the work; therefore, 22 is put first, and 3 second. The 
smaller the number of working hours in the day, the larger 
the number of days ; hence 8 is put first, and 12 second. 
The greater the number of perches, the greater the number 
of days required to build them; consequently 17 is to be 
put first, and 970 second. 

47. The process may often be abbreviated, by divid­
ing one term in the first, and one in the second place ; 
or one in the first, and one in the third place, by the 
same number. 

EXAMPLE 1.-If the carriage of 32 cwt. for 5 miles costs 
8s., how much will the carriage of 160 cwt. 20 miles cost ?: 

32 : mo : : 8 : 
160

3~!~x8_rno 
5 : 20 

Dividing 32 and 160 by 32 we have 1 and 5 as quotients. 
Dividing 5 and 20 by 5 we have 1 and 4; and the propor­
tion wilrbe-

1 : 5 : : 8 : 5 X 4 X 8=160 
1: 4 

48. We arc to continue this kind of division as lon11 
as possible-that is, so long as any one number will 
measure a quantity in the first, and another in the second 
pla~e ; . or. one in t!ie first and another in the third place 
~his w~ll m some mstances change most of the quantitiea 
mto umty-whioh of cow-se may be omitted. 
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E:JAMPLE 2.-'-lf 28 loads of stone of 15 cwt. ea.<lh, build a. 
w~ll 20. feet long_ and 7 feet high, how ma.ny loa.ds of 19 cwt. 
will build one 323 feet long and 9 feet high 1 

19 : 15 : : 28 : 15x323x9x28 459_ 
20 :·323 rnx2ox1 
7:9 

Dividing 7 and 28 by 7, we obtain 1 and 4.-Substituting 
these, we have 

19 : 15 : : 4 : 1 
20 : 323 

1 : 9 
Dividing 20 and 15 by 5, the quotients are 4 and 3 : 

19:3::4:1 
4: 323 
1:9 

Dividing 4 and 4 by 4, the quotients are 1 a:p.d 1 : 
19 : 3 : : 1 : 1 

1 : 323 
1 : 9 

Dividing 19 and 323 by 19, the quotients are 1 and 17 : 
1 : 3 : : 1 : 3x17x9=459. 
1 : 17 
1 : 9 

In this process we merely divide the first and second, or 
first and third terms, by the same number-which (29] does 
not alter the pro:;>0rtion. Or we divide the numerator and 
denominator of the fraction, fQund M the fourth term, by the 
same number-which [Sec. IV. 15] does not alter the quo­
tient. 

EXERCISES IN COMPOUN:8 PROPORTION. 

1. If £240 in 16 months gains £64, how much will 
£60 gain in 6 months ? Ans. £6. 

2. With how many pounds sterling could I gain 
£5 per. annum, if with £450 I ga.in £30 in 16 months l 
Ans. £100. 

3. A merchant agrees with a carrier to bring 15 cwt 
of goods 40 miles for 10 crowns. How much ought h4 
to pay, in proportion, to have 6 cwt. carried 32 miles i 
Ans. 161. 
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4. If 20 cwt. are carried the distance of- 50 miles for 
£5, how much will 40 cwt. cost, if carried 100 miles ? 

Ans. £20. 
5. If 200 lb of merchandise are carried 40 miles 

for 3s., how many pounds might be carried 60 miles 

for £22 14s. 6d. Ans. 20200 lb. 
6. If 286 lb of merchandise are carried 20 miles 

for 3s., how many miles might 4 cwt. 3 qrs. be carried 
for £32 6s. Sd.? Ans. 2317·627. 

7. If a wall of 28 feet high were built in 15 days 
by 68 men, how many men would build a wall 32 feet 
high in 8 days? Ans. 146 nearly. 

8. If 1 ib of thread make 3 yards of linen of 1¼ 

yards wide, how many pounds of thread would be required 
to make a piece of linen of 45 yards long and I yard 
wide? Ans. 12 ib. 

9. If 3 ib of worsted make 10 yards of stuff of l½ 

yards broad, how many pounds would make a piece 100 

yards long and 1¼ broad? Ans. 25 lb. 
10. 80000 cwt. of ammunition are to be removed 

from a fortress in 9 days ; and it is found that in 6 days 
18 horses have carried away 4500 cwt. How many horses 
would be required to carry away the remainder in 3 

days ? Ans. 604. 
11. 3 .masters who have each 8 apprentices earn £36 

in 5 weeks-each consisting of 6 working days. How 
much would 5 masters, each having 10 apprentices, 

earn in 8 weeks, working 5½ days per week-the wages 
being in both cases the same? Ans. £110. 

12. If 6 shoemakers, in 4 weeks, make 36 pair of 
men's, and 24 pair of women's shoes, how many pair of 
each kind would 18 shoemakers make in 5 weeks? 
Ans. 135 pair of men's, and 90 pair of women's shoes. 

13. A wall is to be built of the height of 27 feet; 
and 9 feet high of it are built by 12 men in 6 days. 

How many men must be employed to finish the remain• 
der in 4 days ? Ans. 36. 

14. If 12 horses in 5 days draw 44 tons of stones, 
how many horses would draw 132 tons the same dis­
tance in 18 days ? Ans. 1 O horses. 

15. If 27s. are the wages of 4 men for 7 days, 
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what will be the wages of 14 men for 10 days? Ans. 
£6 15s. 

16. If 120 bushels of corn last 14 horses 56 days, 
how many days will 90 bushels last 6 horses ? Ans. 
98 days. 

17. If a footman travels 130 miles in 3 days when 
the days are 14 hours long, in how many days of 7 hours 
each will he travel 390 miles? Ans. 18. 

18. If the' price of 10 oz. of bread, when the corn 
is 4s. 2d. per bushel, be 5d., what 'Ulust be paid for 3 1b 
12 oz., when the corn is 5s. 5d. per bushel ? Ans. 3s. 3d. 

19. 5 compositors in 16 days of 14 hours long can 
compose 20 sheets of 24 pages in each sheet, 50 lines 
in a page, and 40 letters in a line. In how many 
days of 7 hours long may 10 compositors compose a 
volume to be printed in the same letter, containing 40 
sheets, 16 pages in a sheet, 60 lines in a page, and 
50 letters· in a line ? Ans. 32 days. 

20. It has been calculated that a square degree ( about 
69 X 69 square miles) of water gives off by evapora­
tion 33 millions of tons of water per day. How much 
may be supposed to rise from a square mile in a week ? 
Ans. 48519·2187 tons. 

21: When the mercury in the barometer stands at 
a height of 30 inches, the pressure of the air on -every 
square inch of surface is 15 lb. What will be the pres.:. 
1mre on the human body-supposing its whole surfaoe 
to be 14 square feet; and that the barometer stands at 
31 inches? Ans. 13 tons 19 cwt. 

QUESTIONS IN RATIOS AND PROPORTION. 

1. What is the rule of proportion ; and is it ever 
called by any other name ? [ 1 J. 

2. What is the difference between simple and com-
pound proportion ? [30 and 42]. 

3. What is a ratio? [7]. 
4. What are the antecedent and consequent ? [7]. 
5. What is an inverse ratio? [8]. 
6 What is the difference between an arithmetical 

and a geometrical ratio? [9]. 
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7. How can we know whether or not an arithmetical 
or geometrical ratio, is altered in value ? [10 and 11]. 

8. How is one quantity expressed in terms of an 
other? [12]. 

9. What is a proportion, or analogy? [14]. 
10. What are means, and extremes? [15]. 
11. What is the arithmetical, or geometrical mean of 

two quantities? [19 and 27]. 
12. How is it known that four quantities are in ~rith­

metical proportion? [16]. 
13. How is it known that four quantities are in geo­

metrical proportion ? [ 21 J . 
14. How is a fourth proportional to three quantities 

found ? [17 and 22]. 
15. Mention the principal changes which may be 

made in a geometrical proportion, without destroying 
it ? [2~]. 

16. How is a question in the simple rule of three to 
be stated, and solved ? [ 31 J . 

17. Is it necessary, or even correct, to divide the 
rule of three into the direct, and inverse ? [35 J. 

18. How is the question solved, when the first 01 

second terms are not of the same denomination; or one, 
or both of them contain different denominations ? [37) 

19. How is a question in the rule of proportion solved, 
if the third term consists of more than one denomina­
tion? [38]. 

20. How is it solved, if fractions or mixed numbers 
are found in the first and second, in the first and third, 
or in all the terms? [39 and 40]. 

21. How is a question in the rule of compound pro­
portion stated, &c. ? [ 43]. 

22. Can any of the terms of a question in the rul/3 
of compound proportion ever be lessened, or altogether 
banished? [ 47 and 48]. 
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ARITHMETIC. 

PART II. 

SECTION VI. 

PRACTICE. 

1. Practice is so called from its being the method 
of calculation practised by mercantile men : it ii an 
abridged mode of performing processes dependent on 
the rule of three-particularly when one of the terms 
is unity. The staiement of a question in practice, in 
gemral terms, would be, " one quantity of goods is to 
another, as the price of the former is to the price of 
the latter." 

The simplification of the rq.le of three by means of 
practice, is principally effected, either by dividing the 
given quantity into " parts," and finding the sum of 
the prices of these parts ; or by dividing the pria into 
"parts," and finding the sum of the prices at eacb of 
these parts : in either case, as is evident, we obtain the 
required price. 

2 Parts are of two kinds, " aliquot" and " aliquant." 
The aliqu,a,nt parts of a number, are those which do 

not measure it-that is, which cannot be multiplied by 
any integer so as to produce it ; the aliqu,ot parts are~ 
bod we have seen [Sec. II. 26], those which -measure it. 

3. To find the aliquot parts of any number-
R uLE.-Divide it by its least divisor, and the result­

ing quotient by its lea.st divisor :--'--proceed thus until 
the last quotient is unity. All the divisors are the prime 
aliquot parts ; and the product of every two, evei;y three, 
&c., of them, are the compownd aliquot parts of the 
given number. 
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4. EXAMPLE.-What are the prime, and compound aliquot 
parts of 841 

2)84 
2)L12 
3)21 
7)7 
1 

The prirpe ali1~ot~a1slare 2, 3, and 7; and 

2x3= 6 
2X7=14 
3x7=21 are the compound aliquot parts. 

2x2x3=12 
2x2x7=28 
2x3x7=42 

All the aliquot parts, placed in order, are 2, 3, 4, 6, 7, 12, 
14, 21, 28, and 42. 

5. We may apply this rule to applicate numbers.-Let it 
be required to find the aliquot parts of a pound, in shillings 
and pence. 2..J:Od.=£1. 

2)240 
2)120 
2)60 
2)30 
3)15 
5)5 

T 
The prime aliquot parts of a pound are, thel'~fo1·e. 2cl., 

3d., and 5d. : and the compound, · 
d. 

2X2= 4 
2X3= 6 
2X5= 10 

2X2X2= 8 s. d. 
2x2x3= 12= 1 o 
2x2x5= 20= 1 8 
2x3x5= 30= 2 6 

2x2x2x2= lG= 1 4 
2x2x2x3= 24= 2 o 
2x2x2x5= 40= 3 4 
2x2x3x5= 60= 5 o 

2x2x2x2x3= 48= 4 o 
2x2x2x2x5= 80= 6 8 
2x2x2x3x5=120=10 o 



And placed in order­
£ d. 
ih-2 

l ' 3' ir 4 n-= 
ia= 5 
lir= 6 
*=8 
ir=lO s. d. 
~;=12=1 0 

£ d. s. d. -a= 16= 1 4 
-h= 20::::z 1 8 
-.1ir= 24=2 0 

1= 30=2 6· ¾= 40= 3, 4' 

t= :~ t g v= so= 6 s 
2=120=10 0 

Aliquot parts of a. shilling, obtaim,(i:· in the same way-
s; d. s. d. s. d. 

i\==t Tf=l y=3 
YI{=.!. -a=l ½ ;_:_.f 
.1-5=} ¾=2 F° 

Aliquot pa.rts' of avoirdupoiee weight-
A:liquot part■ of a ton. Aliquot parts of a cwt. Aliquot purts•ofa quarter 

ton cwt. qr. cwt. lb· qr. ~ 

"{;\,= _il = 2 fi= 2 y\;= 2 
~= = 4 i-a= 4 ~:z: 4 
h= l¾= 5 ·A= 7 ¾= 7 
iii-= 2 = 8 ii= 8' ½-=-14 
{= 2~=10 }=14 
¼= 4 =16' 1=16 
¾=== 5 =20 ¼=28 
{=10 =40' ½=56 

Aliquot parts may, in the same manner, be easily 
obtained by the pupil from the other tables of weights 
and measures, page 3, &c. 

6. To find the price of a quantity of one denomina:.. 
tion-the price of a. " higher'' being given. 

RuLE;-Divide the pr.foe: by that number which ex­
presses how many times we must take the lower to, 
make the amount equal to one··of the higher denomina­
tion. 

EXAMPLE.-What-:ia-- the·price· or 14 lb or butter. at 72'. 
per cwt. 1. . . . . . 

We must take 14 lb, or· 1 stone 8 times, to make l owt. 
Therefore the rrice of 1 owt; divided by 81 or 72s.+8=9s., 
is the price of 4 lb. 

The tab~e of aliquot parts Qf avoirdut>oise _wei~ht shows 
~hat 14 lb 1s the l of a cwt. Therefore its price 1s the l,of 
~he price of 1 owt. 
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EXEltCISES. 

What is the price of 
1. ¼ cwt., at 29s. 6d. per cwt. ? Ans. 7s. 4½d. 
2. ½ a yard of cloth, at 8s. 6d. per yard? Ans. 4s. 3d 
3. 14 lb of sugar, at 45s. 6d. per cwt.? Ans. 5s. Std 
4. What is the price off cwt., at 50s. per cwt.? 

£, s. d. 
50s.=2 10 0 

£, s. q!'!. cwt. 
The price of 2=½ is 

,, of 1=½+2 is 
1 5 0=2 10+2 
0 12 6=1 5+2 

Th~refore the price of 2+1 qrs. ( =J cwt.) is 1 17 6 

¾ owt., or 3 qrs.=2+1 qrs. But 2 qrs.=I cwt. ; and its 
price is half that of a cwt. 1 qr.=¼ cwt.+2; and its prico 
1s half the price of 2 qrs. Therefor~e the price of f cwt. is 
half the price of 1 cwt. plus the half of half the price of 
one cwt. 

What is the price of 
5. ½ oz. of cloves, at 9s. 4d. per lb? Ans. 3½d. 
6. 1 nail of lace, at 15s. 4d. per yard? Ans. ll½d. 
7. ½ lb, at 23s. 4d. per cwt. ? Ans. lfd. 
8. ¾ lb, at 18s. Sd. per cwt. ? Ans. l½d. 

7. When the price of m.ore tMJ/li one "low~r" deno­
mination is required-

RuLE.-Find the price of each denomination by the 
last rule; and the sum of the prices obtained will be 
the required quantity. 

ExAMPLE.-What is the price of 2 qrs. 14 lb of sugar, 
at 45s. per owt. 1 

s. d. 
45 0 price of 1 cwt. 
-- [or{ on om. 

owt. And 22 6, or 45.,.+2, is the price of 2 qrs., 
2 ql's.=t 5 7½, or 45s.+8=22.s. 6d.+4, is the 
14 lb=1 , or¾ of2 qrs. price of14 lb, the} of 1 cwt., 

or the } of 2 qrs. 
And 28 l½ is the price of 2 qrs. 14 lb. 

2 qrs.=½ ?f 1 cwt .. Therefore 45s. (the price ofl owt.)+2, 
or 26,. 6d., 1s the price of 2 qrs. 
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14 lb is the -1- of 1 cwt., or the ¼ of 2 qrs. Therefore 
45s.+8, or 22s. 6d.+4=5s. U;d., is the price of 14 lb. 
And 22s. 6d.+5s. 7½d., or the pr1ce of 2 qrs. plus the price 
of 14 lb, is the price of 2 qrs. 14 lb. 

EXERCISES. 

What is the price of 
9. 1 qr., 14 fl> at 46s. 6d. per cwt.? Ans. 17s. 5¼d, 
10. 3 qrs. 2 nails, at 17s. 6d. per yard? .Ans. 

15s. 3fd. 
11. 5 roods 14 perches; a.t 3s. 10d. per acre ? Ans. 

5s. l½d, 
12. 16 dwt, 14 grs., at £4 4s. 9d. per oz.? Ans. 

£3 10s. 3¾d, 
13. 14 lb 5 oz., at 25s. 4d. per cwt.? Ans. 3s. 2fd. 
8. When the price of one "higher" denomination is 

required-
RuLE.-Find what number of times the lower deno­

mination must be taken, to make a quantity equ~ to 
one of the given denomination ; and multiply the price 
by that number. ( This is the· reverse of the rule given 
above [6]). 

ExAMPLE.-What is the price of 2 tons of sugar, at 50s. 
per cwt.1 

1 cwt. is the "If\ of 2 tons ; hence the price of 2 tons will 
be 40 times 'the price of 1 cwt.-or 50s.x40=£100. 

50s. the price of 1 cwt. multi:plied 
by 40 the number of hundreds m 2 tons, 

gives 2000s. 
or £108 aa the price of 40 cwt., or .2 tons. 

EXERCISES, 

What is the price of 
14. 47 cwt., at ls. Sd. per lb ? Ans. £4.'38 13'. 4a 
15. 36 yards, at 4/l. per nail? Ans. £9 12s. 
16. 14 acres, at 5s. per perch? .Ans. £560. 
17. 12 lb, at lfd. per grain? Ans. £504. 
18. 19 hhds., at 3d. per gallon ? Am. £14 19s. 3d. 
9. When the price of more than one "higher" deno,. 

minatio~ is· required-



B.i:r11.:a:.-Find the- price at each by the, last, and add 

t~e results- to_ge.ther. (This is. the reverse. of' the rule 

given above l 7] ) . 

EXAMPLE.-What is the price of 2 cwt. I qr. of fl.our, 

11.t 2s. per stone l 

1 stone is the ,-\ of 2 cwt. Therefoi-.e-
2s., the Rrice-of one, stone-,. 

multiplied by 16, the number of stones in. 2 cwt., 

gives 32s., the price of 16 stones, or 2 c-wt, 

There aire 2 stones in 1 qr,; therefbre.2.f. (the price of 1 

stone) X2=4s. is the price of 1 qr. And 3Zs.+4s.=36s.==-­

~L 16s., is the· pric.e.of 2.cwt. 1 qr. 

EXERCISES. 

What is the price of 

19, 5 yards,, 3 q_rs.., 4 naili!,_ at 4d. per nail?· .A:w. 
£1· 12s; 

20. 6 cwt. l'4- lb, at· 3d.- per lb? Ans. £8 lls. 6d; 

21. 3 lb 5 oz., at 2¼d, per oz. ? Ans. 9s. llfd. 

22. 9 oz., 3 dwt., 14 grs., at· fd. per gr. ? Am-. 
£13 15s. 4½d, 

28. 3 acres, 2 roods, 3 perehes, at 5s. per Berch? 

Ans. £140 15s. 

10. When the price of- one- denomination is-given, t,o, 

find the price of wny r,,11,mbf!Jl' of another--

R uLE.-Find the price of one of that other· denomi­

nation, and multiply it by the given number of the 

latter. 

ExAMPLE.-What is the price of 13 stones at 251. per 
cwt.1 

1 stone=} cwt. Therefore 

8)25s., the price of l cwt. divided by 8, 

. . gives3 1½, the-price ofl stone,.or:}.iOflowt. 
Mult1plymg this by 13, the nnmber·of aton~"1 

we obtain £2 0 7½ as the price of 13 stones. 

I st.one is the } of 1 cwt. Hence 25s.+8=3s. l-ld., is ·the 

price of one stone ; and S,. l½d, x 13, the price of ia stones. 
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EXERCISES. 

What is the price of 

24. 19 lh, at 2d. per oz. ? Ans . .£2 10s. Sd. 
25. 13 oz., .at ls. 4d. per lb? Am. ls. 1-d. 
26. 14 lb, at 2s. 6d. per dwt.? Ans. £420. 
27. 15 acres, at 18s. per perch? Ans. £2160. 
28. 8 yards, at 4d._-per nail? Ans. £2 2s. 8d. 
29. 12 hhds., at 5d. per -pint? Ains. £126. 
30. 3 quarts, at 91s. per ·hhd.? Ans. ls. ld. 

11. When the price of a ;"given denomination is the 
aliquot part of a shilling, to find the .price of any num­
ber of that denomination-

R uLE.-Divide the amount of the given denomina. 
tion by the number expreasing what aliqu.ot part the 
given price is of a shilling, and the quotient will be the 
required price in shillings, &c. 

EXAMPLE.-What is the price of 831,articles at 4d. per 'l 
3)831 

277s.=£13 17s., is the required price. 

4d. is the½ of a sh-illing. Uence -the price at 4d. is½ of 
what it would be at ls. per article. But the prioe at ls. per 
article would be 831&.:-therefore the price at 4d. is 83ls.+3 
or 217s. 

EXERCISES. 

What is the price of 

31. 379 lb of sugar, at 6d. per lb? Ans. £9 9s. 6d. 
32. 5014 yards of calico, at 3d. per yard:? Ans. 

£62 13s. 6d. 
33. _258 yards of tape, at 2d. per yard? Ans. £2 3s. 

12. Whoo the price of a given denomination is the 
aliquot part of a pound, to find the price of any number 
of that IJ.enornination-

R ULE.-Divide the qu11nti~y whose price i~ sougl1t 
by that number which expre~es what aliqudt paTt the 
giv-en price is of a pound. The quotient will be the re­
quired price in pounds, Ste. 
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ExAMPLE.-What is the price of 1732 lb of tea, at 5.s 
per lb1 

5s. is the ¼ of £1 ; therefore the price of 1732 lb is t~" 
1 of what it would be at £1 per lb. But at £1 per lb it 
~ould be £1732; therefore at 5s. per lb it is £1732+4= 
£433. 

EXERCISES, 

What is the price of 
34. 47 cwt., at 6s. Sd. per cwt. ? .Ans. £15 13s. 4d. 
35. 13 oz., at 4s. per oz. ? Ans. £2 12s. 
36. 19 stones, at 2s. 6d. per stone? Ans. £2 7s. 6d. 
37. 83 lb, at ls. 4d. per lb? Ans. £5 IOs. Sd. 
38. 115 qrs., at Sd. per qr.? Ans. £3 16s. Sd. 
39. 976 lb, at 10s. per lb? Ans. £488. 
40. 112 lb, at 5d. per lb ? Ans. £2 6s. Sd. 
41. 563 yards, at 10d. per yard? Ans. £23 9s. 2d. 
42. 112 lb, at 5s. per lb? Ans. £28. 
43. 795 lb, at ls. Sd. per lb ? Ans. £66 5s. 
44. 1000 lb, at 3s. 4d. per Th? Ans. £166 13s. 4d. 

13. The romp'lement of the price is what it wants of a 
pound or a shilling. 

When the complement of the price is the aliquot part 
or parts of a pound or shilling, but the price is not­

RuLE.-Find the price at £1, or ls.-as the case 
may be-and deduct the price of the quantity calculated 
at the complement. 

ExAMPLE.-What is the price of 1470 yards, at 13,. 4d. 
per yard 1 

6s. Bd. (the complement of 13,. 4d.) is½ of £1. 
From £1470, the price at £1 per yard, 
subtract 490, the price at 6s. Sd. (the complement) 

- per yard, 
and the difference, 980, will be the price at 13s. 4d . . per yard, 

1470 yards at 13s. 4d., plus 1470 at 6s. Bd., are equal to 
14!0 at 13s. 4d.+6s. Bd., or at £1 per yard. Hence the 
price of 1470 at 13s. 4d.=the price of 1470 at £1 minus 
the price of 1470 a.t 6a. Sd. per yard. ' 
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EXERCISES. 

What is the price of 

45. 51 tt,, at 17s. 6d. per ib? Ans. £44'12s. 6a. 
46. 39 oz., at 7d: per oz.? Ans. £1 2s. 9d. 
47. 91 lb, at 10d. per lb? Ans. £3 15s. 10d. 
48. 432 cwt., at 16s. per cwt. ? Ans. £345 12s. 

14. When neither the price nor its complement is 
the aliquot part or parts of a pound or shilling-

R uLE. 1.-Divide the price into pounds (if there are 
any), and aliquot parts of a pound or shilling ; then 
find the price at each of these ( by preceding rules) :­
the sum of the J)rices will be what is required. 

ExAMPLE.-What is the price of 822 lb, at £5 19.s. 3fd. 
rer lb 1 £.5 19s. 3¾d.=£5+19s. 3fd. 

s. d. £ 

{
1g ~ :t 

But 19s. 3fd.= 2 6 =¼ 
0 1½=!+20=rh, or ~ of the last 
0 0¼= 1h+6=u¾o, or ¼ of the last 

Hence the price at £5 19s. 3]d. is equal to 

£ £ s. d. £ s. d. 
822X5 ==4110 0 O, the price at 5 0 0 per lb. 
e.vi = 411 0 0 ,, £¾ or O 10 0 ,, 
a12 = 274 0 0 ,, £} or O 6 8 ,, 
ai2 = 102 15 0 ,, £I or O 2 6 ,, 
H-J(B22+20) = 5 2 9 ,, £Th or O O l! ,, Um-I¾+ 6) = 0 17 l{ ,, £rieor0 0 oi ,, 

And £.4903 14 10½ is the price at £5 19 3¾ n 

The price at the whole, is evidently equal to the sum of 
the prices at each of the parts. 

If the price were £5 19s. 3fd. per lb, we should sub­
tract, and not add the price at fd. per lb ; and we then 
would have £4902 Os. 7½d, as the answer. 

15. RULE 2.-Fi~d the price iit ~ pound, a shillin~, 
a ,penny and a. farthing ; then multiply eaoh by thell' 
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respective numbers, in the .given price; and add the 
products. Using the same example-

£ s. d. £ s. d. 
20)822 0 0 (the price at £1) X 5=4110 0 ,0 the price at £fl 
12)41 2 0 (the price at ls.) X 19= 780 18 0 ,, 19s. 

4)8 8 6 (the price at ld.)X 8= 10 5 6 8d 
17 li(the price.at ,id.) X 8= 2 11 41 ,, ,id. 

And t_he price at £5 19s. 8-id. is £4903 14 10½ 
16. RuL.E 3.-Find the .p.rice at the next number of 

tbe highest denomination ; _and de~uct the price at the 
differenoe between the assumed and given price. 

Using still the same example-
~6 is next to· .£5-the highest denomination in the give.11 

price. 
£ a. d. £ s. d 

From the price at £6 0 0 . . . . or 4932 0 0 
Deduct the price S the price at Sd.=27 8 0 ~ or 28 5 Ii 

at 8Jd. ! ., Jd.= 0 17 li 5 
The difference will be the price at £5 19.,. 8-i or £4903 14 10! 

17. RuLE 4.-Find the price at the next higher 
aliquot part of a pound, or shilling; and deduct the price 
at the difference between the assumed, and given price 

ExAMPJ..E.-What is the price of 84 Jb, at 6s. per lb 1 
£ £ 

6s.==6s. Bd. minus 8d.=! minus ½+10. 
£ £ s. d. 

Therefore 84+3=28 -0 0 is the price at 6s. 8d. per lb. 
Deducting to- ofthis=2 lo 0 the price at 8d., 

we have £25 4 0, the price at 6s. 

EXERCISES. 

What is the price of 
49. 73 ib, at 13s. per :lb ? Ans. £41 -9s. 
50. 97 cwt., at 15.,. 9d. per _cwt. ? A-ns. ,£16 1s. 9d. 
51. 43 th, at 3s. 2d. per lb? A~. £6 l6s. 2d. 
52. 13 acres, at £4 5s. lld. per acre? A,u. £55 

16s. I Id. 
53. 27 yards, a.t 7s. 5fd. per yard? A-'Mtl. .€10 

ls. lltd. 

18. When the price is .an eve1a. number of ahillliigs, 
and less than 20. 
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Ruu:.-Multiply the number of articles by half the 
number of shillings ; and consider the tens of the -pro­
duct as pounds, and the units doubled, as shillings. 

EuMPLE.-What i( the price of 646 lb, at 16s. per lb 1 
.646 

8 

~ 
£516 16s. 

2s. being the tenth of a pound, there are, in the price, 
half as many tenths as shillings. Therefore ,half the number 
of shillings, multiplied by the number of articles, will ex.press 
the number of tenths of a pound in the price of the entire. 
The tens of these tenths will be the nwnber of pounds; and 
the units (bei•g tenths of a pound) will be half the required 
number of shillings-or, multiplied by 2-the required num­
ber of shillings. 

In the example, 16s., or £·8, is the price of each article. 
Therefore, since there are 646 articles, 646x£·8=£516·8 
is the price .of them. But 8 tenths of a pound ( the u11its in 
the product obtained), ar!) twice as many shillings; and hence 
we are to multiply the units in the product by 2. 

EXERCISES. 

What is the price of 
54. 3215 ells, at 6s. per ell? An.s~ £9.64 10s. 
55. 7563 lb, at 8s. per lb? Ans. _£3025 4s. 
56. 269 cwt., at 16s. per cwt.? Ans. £215 4s. 
57. 27 oz., at 4s. per oz.? Ans . .£5 8s. 
58. 84 gallons, at 14s. per gallon.t Ans. £58 16s. 

19. When the price is an odd number of shillings, 
and less than 20-

R ot,,E.-Find the amount at the ne:i:t lower even 
n~II1ber of shillings,; and add the price at one shilling. 

EliMPLE • ..-What is the price of 215 lb, at 17s. per lb 1 
275 

8 

·The price at Hk (by the lastlule} is 2~0 0 
The price at h. is 275s.= • • ~ 

Hence the price at l6s.+l1., or 17.s., is £233 15.,. 
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The price at 17s. is equal to the price at 16s., plus the 
price at one shilling. 

EXERCISES. 

59. 86 oz., at 5s. per oz.? Ans. £21 10s. 
60. 62 cwt., at 19s. per cwt.? Ans. £58 18s. 
ol 14 yards, at 17s. per yard? Ans. £11 18s. 
62. 439 tons, at 11s. per ton ? Ans. £241 9s. 
63. 96 gallons, at 7s. per gallon? Ans. £33 12s. 

20. When the quantity is represented by a mixed 
number-

R ULE.-Find the price of the integral part. Then 
multiply the given price by the numerator of the frac­
tion., and divide the product by its denominator-the 
quotient will be the price of the fractional part. The 
sum of these prices will be the price of the whole quan­
tity. 

ExAMPLE.-Wha.t is the price of 8¾ lb of tea, at 5s. per 
ll> 'l 

£ ,. d. 
The price of 8 lb is 8x5s.= 2 0 0 

Th . f 3 • 3 X 5s. 0 3 e price o 4 lb 1s - 4 -= 9 

And the price of 8¾ lb is • • 2 3 9 

The price of¾ of a pound, is evidently ¾ of the price of a 
pound. 

EXERCISES. 

What is the price of 
64. 5½ dozen, at 3s. 3d. per dozen? Ans. 17s. IOfd. 
65. 273¼ lb, at 2s. 6d. per lb? A'1Z.r. £34 3s. l½i, 
66. 530¾ lb, at 14s. per lb ? Ans. 371 10s. 6d. 
67. 178-f cwt., at 17s. per cwt.? Ans. £151 12s 

4½d. 
68. 762j cwt., at .£1 12.r. 6d. per cwt. ? Am • .£1239 

4s. 6d. 
69. 817f0 cwt., at £3 7s. 4d. per cwt.? Am. 

£2751 11.r. 6¾d. 
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21. The rules for :finding the price of several deno­
minations, that of one being given [7 and 9], may be 
abbreviated by those which follow-

Avoirdupoise Weigltt.-Given the price per cwt., to 
.find the price of hundreds, quarters, &c.-

R uLE.-Having brought the tons, if any, to cwt., 
multiply 1 by the number of hundreds, and consider the 
product as pounds sterling ; 5 by the number of quar­
ters, and consider the product as shillings ; 2t, the 
number of pounds, and consider the product as pence :­
the sum of all the products will be the price at .£1 p~r 
cwt. From this find the price, at the given number of 
pounds, shillings, &c. 

ExAMPLE.-What is the price of 472 cwt., 3 qrs., 16 lb, 
at £5 9s. 6d. per cwt. 1 

£ s. d. 
1 5 21 

Multipliers 472 3 16 
1 

472 17 10¾ is the price at £1 per cwt. 
5 

2364 9 3¼ the price, at £5 per. cwt. 
212 16 Of the price, at 9s. (£i0 x9.) 
11 16 5¼ the price, at 6d. (£i0 +2.) 

2589 1 9¾ the price, at £5 98. ed. 
At £1 per cwt., there will be £1 for every cwt. We mul­

tiply the qrs. by 5, for shillings; because, if one cwt. costs £1, 
the fourth of 1 cwt., or one quarter, will cost the fourth or 
a pound, or 5s.-and there will be a~ m_any times 5s. as the!e 
are quarters. The pounds are mult1phed by 24 ; because if 
the quarter costs 5s., the 28th part of a quarter, or 1 lb, 
must cost the 28th part of 5s., or 2ld.-and there will be as 
many times 2~d. as there are pounds. 

EXERCISES. 

What is the price of 
70. 499 cwt., 3 qrs., 25 lb, at 25s. lld. per cwt.? 

Ans. £641 17s. 7½d. 
71. 106 cwt., 3 qrs., 14 lb, at 18.r. 9d. per owt.? 

Ans. £100 3.r. lOfd. 
L 
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72. 2061 cwt., 2 qrs., 7 lb, at l6s. 6d., per cwt. ? 
Ans. £1700 15s. 9¾d, 

73. 106 cwt., 3 qrs., 14 lh, at 9s. 4d. per cwt.? Am . 
.£49 17s. 6d~ 

74. 26 cwt., 3 qrs., 7 lb, at 15s. 9d. per cwt. ? Am. 
£21 2s. 3¾d. 

75. 432 cwt., 2 qrs., 22 lb, at 18s. 6d. per cwt.? 
Ans. £400 4s. IO½d, 

76. 109 cwt., 0 qrs., 15 lb, at 19s. 9d. per cwt. ? Am. 
£107 15s. 4fd. 

77. 753 cwt., 1 qr., 25 lb, at 15s. 2d. per owt.? 
Ans. £571 7s. Sd. 

78. 19 tons, 19 cwt., 3 qrs., 27½lh, at £19 19s. llfd. 
per ton ? Ans. £399 19s. 6d. 

22~ To find the price of cwt., qrs., &.c., the price of 
a pound being given-

R uLE.-Having reduced the tons, if any, to cwt., 
multiply 9s. 4d. by the number of pence contained in 
the price of one pound :-this will be the price of one 
cwt. Divide the price of one cwt. by 4, and the quotient 
will be the price of one quarter, &.c. 

Multiply the price of 1 cwt. by the number of cwt.; 
the price of a quarter by the number of quarters; the 
price of a pound by the number of pounds ; and the sum 
of the products will be the price of the given quantity. 

ExolPLE.-What is the price of 4 cwt., 3 qrs., 7 lb, at 
8d. per lb.1 

s. d. 
9 4 

8 
,. d. 

4)74 8 the price ofl cwt. X4, will give 298 8 the price of 4 cwt. 
28)18 8 the price of l qr. X3, will give 56 0 the price of 3 qrs. 

8 the price of l lb X7, will give 4 8 the price of 7 lb. 
20)359 4 

And the price of the whole will be £17 19 4 

At Id. per lb the price of 1 cwt. would be 112d. or 9s. 4d. :­
therefore the price per ewt. will be as many times 96. 4d. as 
there ar_e pence iJ?- the price of a pound. The prioe of a 
q_uarter 1s 4 !he pn ce of 1 cwt. ; and there will be as many 
tunes the price of a quarter, as there a.re qul!,l'tcrs, &o. 
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EXERCISES. 

What is the price of 
79. 1 cwt., at 6d. perrlb? Ans. £2 16s. 
80. 3 cwt., 2 qrs., 5 lb, at 4d. per lb ? Ans. £6 

12s. 4d. 
81. 51 cwt., 3 qrs., 21 lb, at 9d'. per lb? Ans. £218 

2s. 9d. 
82. 42 cwt., 0 qrs., 5 lb, at 2'5d~ per lb? Ans. £490 

10s. 5d. 
83. 10 cwt., 3. qrs:~, 27 lb, at' 51d. per lb ? Ans. 

£261 11s. 9d. 

23. Given the price of a pound, to find· that of a ton­
R uLE.-Multiply £9 6s. Sd. by the number of pence 

contained· in tf!e price of a pound. 

EXA.MPLE.-What is the price of a ton, at 7d •. per lb 1 
£ s. d. 
9 6 8 

7 

65 6 8 is the price of I ton. 
If one pound cost· Id., a ton will cost 2240d., or £9 6s. 8d. 

Hence there will be· as many times £9 6s. 8d. in the price 
of a.ton; M there a.re pence in the price of a-pound-. 

EXERCISES. 

What is the· price of 
84. 1 ton, at 3d. per lb ? A,ns. £28. 
85. 1 ton, at 9d. per lb ? Ans. £84. 
86. 1 ton, at l0d: per lb? Ans. £93 6s. 8'd. 
87. 1 ton,,at 4d. per lb? .Ans. £37 6s. Sd. 

The price of e.ny number of tons will be, found, if we mul• 
tip1,, the .price1 of.l ton. by that number~ 

24. Troy W eigh.t.-Given the price, of an ounoe--to. 
find: that of: ounces, pennyweights, &c;-

R uLE.-Having reduced the pounds, if any; to ounces; 
se-t dow.n the ounces· as pounds sterling•; the dwt. as 
shillings ; and the grs. as halfpence :-this will give the. 
price at £1 per ounce. Take the . same part, or parts, 
&c., of this, as the p1:ice per ounce is of a. pound. 



PR..ACTI~E; 

EXAMPLE 1.-What is the price or 538 oz., 18 dwt, 14 
grs., at 11s. 6d. per oz. 1 

.£1 .£1. .£-1 
Us. 6d. = 2 +=n;+10+2. 

£ s. d. 
2)538 18 7 is the price, at .£1 per ounce. 

10 269 9 3¼ is the price, at 10s. per ounce . 
.2 26 18 11} is the price, at ls. per ounce. 

13 9 5 ¾ is the price, at 6d. per ounce. 

And 309 17 8½ is the price, at 11s. 6d. per ounce. 
14 halfpence are set down as 7 pence. 
If one ounce, or 20 dwt. cost £1, 1 dwt. or the 20th pr.rt 

of an ounce will cost the 20th part of £1-or ls. ; and the 
24th .part of 1 dwt., or 1 gr. will cost the 24th part of 
1s.-or½d, 

EXAMPLE 2.-What is the price of 8 oz. 20 grs., at £3 
2s. 6d. per oz. 1 

£ s. d. 
8 0 10 is the price, at £1 per ounce. 

3 

24 2 6 is the price, at £3 per ounce. 
Price at .£1+10= 0 16 1 is the price, at 2s. per ounce. 
Price at 2s.+ 4= 0 4 O¾ is the price, at 6d. per ounce. 

And .£25 2 7 ¾ is the price, at .£3 2s. 6d. per oz. 

EXERCISES. 

What is the price of 
88. 147 oz., 14 dwt., 14 grs., at 7s. 6d. per oz.? 

Ans. £55 7s. 1 l½tl, 
89. 194 oz., 13 dwt., 16 grs., at 11,. 6d. per oz. ? 

Ans. £111 18s. lO¼d, 
90. 214 oz., 14 dwt., 16 grs., at 121. 6d. per oz. ? 

Am. £134 4s. 2d. 
91. 11 lb, 10 oz., 10 dwt., 20 grs., at 10s. per oz. ? 

Ans. £71 5s. 5d. 
92. 19 lb, 4 oz., 3 grs., at £2 5s. 2d. per oz. ? Am. 

£523 18s. l l½d, 
93. 3 oz., 5 dwt., 12 grs., a.t £1 61. Sd. per oz. ? 

Am. £4 7,. 3fd. 
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/ 
25. Cloth Measure.-Given the price per yard-to 

find the price of yards, quarters, &.c.-
R uLE.-Multiply £1 by the number of yards; 5s. by 

the number of quarters; ls. 3d. by the.number of nails; 
and add these together for the price of the quantity at 
£1 per fttrd? Take the same part, or parts, &c., of this, 
as the price is of £1. 

EXAMPLE 1.-What is the price or 97 yards, 3 qrs., !3 
nails, at 8s. per yard 1 

£1 5s. ls. 3d. 
Multipliers 97 3 2 

2)97 17 6 is the price, at £1 per yard. 
5)48 18 9 is the price, at 10s. perlard. 

From thil!I subtract 9 15 9 the price, at 2s. per yar . 

And the remainder 39 3 0 is the price, at 8s. (10s.-Zs.) 
If a yard costs £1, a quarter of a yard must cost 5s. ; and 

a nail, or the 4th of a yard, will cost the 4th part of 5s. or 
Is. 3d. 

ExAMPLE 2.-What is the price or 17 yards, 3 qrs., 2 
nails, at .£2 5s. 9d. per yard 1 

£1 5s. ls. 3d. 
Multipliers 17 3 2 

17 17 6 is the price, at £1 per yard 
2 

35 15 0 is the price, at £2 per yard. 
The price at £1+ 4=4 9 41 is the price, at 5s. 
The price at 5s.+160 8 11¾ is the price, at 6d. 
The price at 6d.+ 2=0 4 5½ is the price, at 3d. 

And £40 17 9¾ is the price, at £2 5s. gd, 

EXERCISES. 

What is the price of 
94. 176 yards, 2 qrs., 2 nails, a. 15s. per yard? An., . 

.£132 9s. 4½d. 
95. 37 yar~, 3 qrs., at .£1 5s. per yard? Ans. £4? 

3s. 9d. 
96. 49 yards, 3 qts., 2 nails, at £1 10s. per yard? 

.Ans. £74 16s. 3d. 
97. ,98 yards, 3 qrs., 1 nail, at .€1 15s. per yard? 

Am. £172 18,~ f>¼cl, 
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98. 3' yards, 1 qr., at 17s. 6"tl. per yard:? Ana £2 

16s. lO½d, 
99. 4 yards, 2 qrs~, 3 nails, at £1 2s~ 4d~ per yard? 

Ans. £5 4s. Std, 
26. Lund Measure.-RULE.-Multiply £,1 by the 

number of acres; 5s. by the number of roods; and· I½d, 
by the number of perches :-the sum of the pr6t1ucts will 
be the price at ..e1 per acre. From this find the price, 

at the given sum. 
ExAMPLE.-What is the rent of 7 acres, S roods, 16 

perches, at .£3 8s. per acre 1 
£, s. d. 
1 5 l1 

Multipliers 7 3 16
2 

Sum of the products 7 17 0, or the price· at £1 per acre. 
3 

23 11 0 the price at .£3 per acre. 
3 18 6 the price at 10s. per acre. 

27 9 6 the price at £3 10s. per acre. 
Subtract O 15 8½ the price at 2s. per acre. 

4nd 26 13 Sf is the price at .£3 8s. 

If one acre costs .£1, a quarter of an acre, or one rood, must 

cost 6s.; and the 40th part of a quarter, or one 1>erch, must 
cost the 40th part of 6s.-or- Hd. 

EXERCISES, 

What is the rent of' 
100. 176 acres, 2 roods, 17 perches, at £5 6s. per 

acre? Ans. £936 Os. 3d. 
101. 256 acres, 3 roods, 16 perches, at £6 6s. 6d. 

per acre? Ans . .€16241 ls. 6¼d-, 

102. 144 acres, 1 ror a, 14 perches'> at £5- 6s~ Sd.- per 
acre ? Ans. £769 16s 

103. 344 acr-es, 3. rc,ods, 15 p.erchea, at .£4 ls. Id. 
per acre ? Ans. £1398 ls. ld. 

27. Wine Measure.-To find the price of· a hogs­
head, when the price of a quart is given-

RuL.E . .-For · each hogshead, reckon as many· pounds, 
and shillings as there are pence per quart. 
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:E'.n11M11;-Wbat is the price of a hogshead at ~d. per 
quart 1 Ans. £9 9s. d. 

One hogshe~d at ld. per quart would be 63X4, since t~9re 
are 4 quarts in one gallon, and 63 gallons in one hhd. But 
63X4d.=252d.=.£1 ls.; and, therefore, the price, at 9d. per 
qua.rtJ will be Dille tiJlles as much-or 9X.£1 ls,=.£9 9•. 

EXERCISES. 

What is the price of 
104. 1 hhd. at 18d. per quart? Ans. £18 18s. 
105. 1 hhd. at 19d. per quart? Ans. £19 19s. 
106. 1 hhd. at 20d. per quart? Ans. £21. 
107. 1 hhd. at 2s. per quart? Ans. £25 4s. 
108. 1 hhd. at 2s. 6d. per quart? Ans. £31 !Os. 

When the price of a pint is given, of course we know that 
of a quarli, 

28. Given the price of a quart, to find that of a tun­
RuLE.-Take 4 times as many pounds, and 4 times 

as many shillings as there are pence per quart. 

EXAMPLE,-,-What is the price of a tun at lld. per quart ~ 
£, s. 
11 11 

4 

46 4 is the price of a tun. 

Since a. tun contains 4 hogsheads, its price must be 4 times 
the price of a hhd. : that is, 4 times as many pounds and shil­
lings, as pence p~r quar.t [27]. 

EXERCISES, 

What is the price of 
109. 1 tun, at 19d. per quart? Ans. £79 1e,. 
110. 1 tun, at 20d. per quart? Ans. £84. 
111. 1 tun, at 2s. per quart? Ans. £100 16s. 
112. 1 tun, at 2s. 6d. per quart? Ans. £126. 
113. 1 tun, at 2s Sd. per quart? Ans. £134 81. 

29. A number <>f Artides.-Given the price of 1 
•rticle in pence, ta find that of any n~ber­

RuLE.-Divid~ the number b.v 12, for shillins, and 
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pence ; and ni:11tiply the quotient by the number ol 
pence in the price. 

ExAMPLE.-What is the price of 438 articles, at 7 d. eaci ~ 
12)438 

36s. 6d., the price at ld. each. 
7 

20)255 · 6 
£12 15 6 the price at 7 d. each. 

438 articles at ld. each will cost 438d.=86,. 6d. · At 7 d. each, 
they will cost 7 times as much-or 7X36s. 6d.-255i. 6d.~ 
.£1215,. 6d. 

EXERCISES. 

What is the price of 
114. 176 lb, at 3d. per tb? Ans. £2 4s. 
115. 146 yards, at 9d. per yard ? Ans. £5 9s. 6,i 
116. 180 yards,at lO½d, per yard? Ans. £7171. 6d 
117. 192 yards, at 7½d. per yard? Ans. £6. 
118. 240 yards, at S½d. per yard ? Ans. £8 10s 

30. Wages.-Having the wages per day, to find 
their amount per year-

R uLE.-Take so many pounds, half pounds, and 5 
pennies sterling, as there are pence per day. 

EnMPLE.-What are the yearly wages, at 5d. per day 1 
£ s. d. 
110 5 
___ 5 the number of pence per day. 

7 12 1 the wages per year. 
One penny per day is equal to 365d. 240d.+120d.-f-5d.== 

£1+10s.+5d. Therefore any number of pence per day, rius\ 
be equal to .£1 lOs. 5d. multiplied by that number 

What is the amount per year, at 
119. 3d. per day ? Ans • .£4 lls. 3d. 
120. 7d. per day? Am. £10 121. lld. 
121. 9d. per day? Ans . .£13 13s. 9d. 
122. 14d. per day? Ans. £21 5s. IOd. 
123. 2s. 3d. per day ? .Ans. £41 Is. 3d. 
124 Sid. per day ? Ans. £12 18!. '>¼d. 
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BILLS OF PARCELS. 

Mr. J'ohn Day. 

15 yards of fine broadcl9th, at 
24 yards of superfine ditto, at 
27 yards of yard wide ditto, at 
16 yards of drugget, at . 
12 yards of serge, at . 
32 yards of shalloon, at . 

Mr. James Paul, 

Dublin, 16th April, 1844. 

Bought of Richard Jones; 
s. d. £ s. d. 
13 6 per yard 10 2 6 
18 9 ,, 22 10 0 
84,, 1150 
6 3 ,, 5 0 O 
2 10 ,, 1 14 0 
1 8 ',, 2 13 4 

Ans. .£53 4 10 

Dublin, 6th May, 1844. 

Bought of Thomas Norton. 
s. d. 

9 pair of worsted stockings, at 4 6 per pair 
6 pair of silk ditto, at . . 15 9 ,, 

17 pair of thread ditto, at 5 4 ,, 
23 pair of cotton ditto, at 4 10 ,, 
14 pair of yarn ditto, at . 2 4 
18 pair of women's silk gloves, at 4 2 ,, 
19 yards of flannel, at 1 7½ per y:trd ----

Ans. £23 15 4! 

Dublin, 17th May, 1844. 
l\Jr. James Gorman, 

Bought of John Walsh & Co 
s. d. 

40 ells of dowlas, at • 1 6 per ell 
34 ells of diaper, at 1 4.1 ,, 
31 elhi of Holland, at . 5 8

2 
,, 

29 yards of Irish cloth, at 2 4 per yard 
17 ¼ yards of muslin, at . 7 2.1 ,, 
13} yards of cambric, at 10 6

2 
,, 

54 yards of printed calico, at 1 2½ ,, 

Ans. £M 5 10! 
L2 
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Dubl-in, 20th May, 1844. 
Lady Denny, 

Bought of Richard Mercer 
s. d. 

9¼ yards of silk, at • . 12 9 per yard 
13- yards of flowered do., at 15 6 11 

11¾ yards of lustring, at . 6 10 ,, 
14 yards of brocade, at . 11 3 ,, 
12} yards of satin, at . 10 8 ,, 
11} yards of velvet, at . 18 0 11 

Mr. Jo:nas Darling, 

Ans. £44 15 10 

Dublin, 21st May, 1844. 

Bought of William Roper. 
s. d. 

15¼ lb of currants, at O 4 per lb 
17 ¾ lb of Malaga raisins, at • 0 5

6
½ ,, 

19¾ lb of raisins of the sun, at • 0 ,, 
17 lb of rice, at . 0 3.1 ,, 

8¾ lb of pepper, at . . . 1 6 
2 

,, 

3 loaves _of sugar, weight 32½ lb, at O 8½ ,, 
13 oz. of cloves, at . 0 9 per oz. 

Mr. Thomas Wright, 

A-ns. £3 13 O} 

Dublin, 27th June, 1844. 

Bought of Stephen Brown & C,o. 
s. d. 

252 gallons of prime whiskey, at 6 4 per gallon 
252 gallons of old malt, at . 6 8 ,, 
252 gallons of old malt, at . 8 0 ,, 

Ans. £264 12 0 

?iHSCELLANEOUS EXERCISES, 

What is the price of 
1. 4715 yards of tape, at td. per yard? Ans. 

£4 18s. 2¾d, 
2. 354 lb, at l¼d, per lb? Ans. £1 16s. lO½d. 
3. 4756 lb of sugar, at 12¾d, per lb? Ans • .£242 

15s. ld. 
4. 425 pair of silk stockings, at 6s. per pair? Am. 

fl27 lOs. 
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5. 3754 pair of gloves, at 2s. 6d. ? Ans. £469 5.r 
6. 3520 pair of gloves, at 3s. 6d. ? Ans £616. 
7. 7341 cwt., at £2 6s. per cwt. ? Ans. £16884 6s. 
8. 435 cwt. at £2 7s. per cwt.? Ans. £1022 5s. 
9. 4514 cwt., at £2 17s. 7½d, per cwt.? Ans. 

£13005 19s. 3d. 
10. 3749¾ cwt., at £3 15s. 6d. per cwt. ? .Ans. 

£14153 17s. 9Jd. 
11. 17 cwt., 1 qr., 17 lb, at £1 4s. 9d. per cwt.? 

£21 l0s. 8¼d, 
12. 78 cwt., 3 qrs., 12 lb, at £2 17s. 9d. per cwt.? 

Ans. £227 14s. 
13. 5 oz., 6 dwt"., 17 grs., at 5s. lOd. per oz.? Ans 

£1 lls. l½d, 
14. 4 yards, 2 qrs., 3 nails, at £1 2s. 4d. per yard? 

Ans. £5 4s. 8¼d, 
15. 32 acres, 1 rood, 14 perches, at £1 16s. per 

acre? Ans. £58 4s. lfd. 
16. 3 gallons, 5 pints, at 7s. 6d. per gallon? Am. 

£1 7s. 2¾d, 
17. 20 tons, 19 cwt., 3 qrs., 27½ lb, at £10 10, 

per ton? Am. £220 9s. l l½d, nearly. 
18. 2)9 tou, 16 cwt., 3 qrs., at £11 7s. 6d. per 

ton ? Ans. £2500 13s. O½d, 

QUESTIONS IN PRACTICE. 

1. What is practice ? [1 J. 
2. Why is it so called? [1 J. 
3. What is the difference between aliquot, and aliquant 

parts? [2]. . 
4. How are the aliquot parts of abstract, and of 

applicate numbers found ? [3]. 
5. What is the difference between prime, and com­

pound aliquot part.s ? [3]. 
6. How is the prioe of any denomination found, that 

of another being given? [6 and 8]. 
7. How is the price of two or more denominations 

found, that of one being given? [7 and 9]. 
8. The price of one denomination being given, how 

do we find that of any number of another? [10]. 
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9. When the prica.. of any denomination is the aliquot 
part of a shilling, how is the price of any number of that 
denomination found ? [l 1 J. 

10. When the price of any denomination is the 
aliquot part of a pound, how is the price of any num­
ber of that denomination found? [12]. 

11. What is meant by the complement of the price r 
[13]. 

12. When the complement of the price of any deno­
mination is the aliquot part of a pound or shilling, 
but the price is not so, how is the price of any number 
of that denomination found ? [13]. 

13. When neither the price of a given denomination, 
nor its complement, is the aliquot part of a pound or 
shilling, how do we find the price of any number of 
that denomination? [14, 15, 16, and 17]. 

14. How do we :find the price of any number of 
articles, when the price of each is an even or odd num­
ber of shillings, and less than 20 ? [18 and 19]. 

_15. How is the price of a quantity, represented by a 
mixed number, found? [20). 

16. How do we find the price of cwt., qrs., and lb, 
when the price of 1 cwt. is given? [21 J. 

17. How do we find the price of cwt., qrs., and lb, 
when the price of 1 lb is given ? [22]. 

18. How is the price of a ton found, when the prico 
of 1 lb is given ? [23]. 

19. How do we find the price of oz., dwt., and grs .. 
when the price of an ounce is given ? [24 J. 

20. How do we find the price of yards, qrs., and nails, 
when the price of a yard is given ? [25]. 

21. How do we find the price of acres, roods, and 
perches ? [26]. 

22. How may the price of a hhd. or a tun be found, 
when the price of a quart is given? [27 and 28]. 

23. How may the price of any number of articles be 
found, the price of each in pence being given ? [ 29 J • 

. 24. How are wages per year found, those per day being 
giveu? [30] 
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TARE AND TRET. 

3~. The :poss weight is the weight both of the 
goocl.b, and of' the bag, &o., in which they are. 

Xure is an allowance for the bag, &c., which contains 
the article. 

Sidtk is the weight which remains, after deducting 
the tare. 

Tret is, usually, an allowance of 4 lb in every 104 lb, 
or ls of the weight of goods liable to waste, after the 
tare has been deducted. 

ClojJ' is an allowance of 2 lb in every 3 cwt., after 
both tare and tret have been deducted. 

What remains after making all deductions is called 
the net, or neat weight. 

Different allowances are made in different places, 
and for different goods ; but the mode of proceeding is 
in all cases very simple, and may be understood from 
the following-

EXERCISES. 

1. Bought 100 carcasses of beef at 18s. 6d. per cwt.; 
gross weight 450 cwt., 2 qrs., 23 lb; tret 8 lb per car­
cass. What is to be paid for them ? 

cwt. qrs. lb. 
Gross 450 2 23 
Tret 7 0 16 

100 carcasses. 
8 lb per carcass 

.::wt. qrs. lb 
Tret, on the entire, 800 lb=7 0 1G 

443 2 7 at 18s. 6d. per cwt.=£410 5s. IOJd. 

2. What is the price of 400 raw hides, at 19s. l0d. 
per cwt.; the gross weight being 306 cwt., 3 qrs., 15 
ib ; and the tret 4 ib per hide ? Ans. £290 3s. 2fd. 

3. If l cwt. of butter cost £3, what will be the price 
of 250 firkins; gross weight 127 cwt., 2 qrs., 21 th; 
tare 11 lb per firkin? Ans. £309 8s. Old. 

4. What is the price of 8 cwt., 3 qrs., 11 fb, at 15s. 
6d. per cwt., allowing the usual tret ? .A.-ns. £6 11.r. 
lOld. 
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5. What is the price of 8 cwt. 21,ib, at 18.r. 4½d, 
per cwt., allowinO' the usual tret? . Ans. £7 4s. 8½d, 

6. Bought 2 h
0

hds. of tallow; No. 1 weighing 10 cwt., 
1 Clr., 11 lb, tare 3 qrs., 20 lb; and No. 2, 11 cwt., 0 qr., 
17 lb, tare 3 qrs., 14 lb; tret 1 lb per cwt. What do 
they come to, at 30s. per cwt.? 

cwt. qrs. lb. cwt. qrs. lb. 
Gross weight of No. I, 10 l ll . Thre O 3 20 
Gross weight of No. 2, 11 0 11 . Tare O 3 14 

Gross weight, • • 21 2 0 1 3 6 
Tare, . I 3 6 

Suttle, . . • 19 2 22 
Tret l lb per cwt. . O O 19¾1 

Net weight, 19 2 2}i. The price, at 30,. pe1' 
cwt., is £29 5s. 7~{1d. 

It is evident that the tret may be found by the following 
proportion-

cwt. cwt. qrs. lb. lb. lb. 
1 : 19 2 22 :: I : 19¾:-, 

7. What is the price of 4 hhds. of copperas; No. t, 
weighing gross 10 9wt., 2 qrs., 4 lb, tare 3 qrs. 4 lb; 
No. 2, 11 cwt., 0 qr., 10 fu, tare 3 qrs. 10 lb; No. 3, 
Ill cwt., 1 qr., tare 3 qrs. 14 lb; No. 4, 11 cwt., 2 
qre., 14 lb, tare 3 qrs. 18 lb; the tret being 1 lb per 
cwt. ; and the price 10s. per cwt.? Ans. £20 17s. 
ltHd. 

8. What will 2 bags of merchandise come to ; No. 1, 
'W'eighing gross 2 cwt., 3 qrs., 10 lb; No. 2, 3 cwt., 
3 qrs., 10 lb; tare, 16 lb per bag; tret 1 lb per cwt.; 
nnd a.t ls. Sd. per lb? Ans. £59 2s. 8-½d, 

9. A merchant has sold 3 bags of pepper; No. 1, 
weighing gross 3 cwt. 2 qrs. ; No. 2, 4 cwt., 1 qr., 7 lb ; 
No. 3, 3 cwt., 8 qrs,, 21 Ib; tare 40 lb per bag; tret 
1 lb per cwt.; and the price being 15d. per lb. What 
do they come to? Am. £74 h. 7Hd, 

10. Bought 3 packs of wool, weighing, No. 1, 3 cwt., 
1 qr., 12 lb; ~o. 2,.3 cwt., 3 qrs., 7 lb; No. 3, 3 cwt., 
~ ~s .• 15 lb; tare 30 lb per pack; tret 8 lb for every 
•>o stone; and at 10,. Sd. per litone. What do they 
amount to> 



No. l, 
No. 2, 
No. 3, 

Gross, 
Tare, 

Suttle, 
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cwt. qrs. lb. 
3 1 12 
3 3 7 
3 2 15 

10 3 6 
0 3 6 

10 0 0=70 stones. 

' DJ. 
Tare 30 
Tare 30 
Tare 30 

90=3 qrs. 6 lb. 

st. st. lb. lb. st. lb. 
20 70 8 : 28= 1 12 

st. lb. 
Suttle, 70 0 
Tret, 1 12 

Net weight, 68 4, at 10s. 6d. per stone=£35 16s. 7-½d, 
11. Sold 4 packs of wool at 9s. 9d. per stone ; weigh­

ing, No. 1, 3 cwt., 3 qrs., 27 lb. ; No. 2, 3 cwt., 2 qrs., 
16 ib. ; No. 3, 4 cwt., 1 qr., 10 lb. ; No. 4, 4 cwt., 0 
qr., 6 lb : tare 30 lb per pack, and tret 8 lb for every 
20 stone. What is the price? Ans. £49 15s. 2f,l8 d. 

12. Bought 5 packs of wool; weighing, No. 1, 4 cwt., 
2 qrs., 15 lb; No. 2, 4 cwt., 2 qrs. ; No. 3, 3 cwt., 
3 qrs:, 21 lb; No. 4, 3 cwt., 3 qrs., 14 lb; No. 5, 4 
cwt., 0 qr., 14 lb : tare 28 lb per pack; tret 8 lb for 
every 20 stone ; and at l ls. 6d. per stone. What i1r 
the price? Ans. £77 15s. 8fld. 

13. Sold 3 p1acks of wool; weighing gross, No. 1, 3 
cwt., 1 qr., 27 1b; No. 2, 3 cwt., 2 qrs., 16 lb; No. 3, 
4 cwt., 0 qr., 21 lb : tare 29 lb per pack; tret 8 lb for 
every 20 stone; and at l ls. 7d. per stone. What is the 
price? Ans. £41 13s. 7fHd, 

14. Bought 50 casks of butter, weighing gross, 202 
cwt., 3 qrs., 14 lb; tare 20 lb per cwt. What is the 
net weight? 

qrs. cwt. 
2=I• 
1-14::f 

Tare. 

cwt. qrs. lb. 
202 3 14 
20 

cwt. qrs. lb. 
Gross weight, 202 3 14 
Tare, • • 36 0 25½ 

40t8 lb. Ne!t weight, 166 2 16½ 

5 =t of the last, =thetareon3qr.14lb. 
2½ = 'I of the last, . 

405 7 l lh= 36 owt., 0 qr., 25½ lb. 
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15. The gross weight of ten hhds. of tallow is 104 
cwt., 2 qrs., 25 lb; and the tare 14 lb per cwt. What 
is the net weight? Ans. 91 cwt., 2 qrs., 14f lb. 

16. The gross weight of six butts of currants is 58 
cwt., 1 qr., 18 ib ; and the tare 16 :lb per cwt. What is 
the nrt weight? Ans. 50 cw~, 0 qr., 71 lb. 

17. What is the net weight of 39 cwt., 3 qrs., 21 lb; 
the tare being 18 lb per cwt.; the tret 4 lb for 104 lb; 
and the cloff 2. lb for every 3 cwt. ? 

cwt. qrs. lb. cwt. qrs. lb. 
39 3 21 Gross weight, 39 3 21 

Tare, . 6 1 13 lb. lb. cwt. 
5 2 23 
0 2 24 Suttle, . . 33 2 2 

Tret=/Eth, or 1 1 4 
Tare, 6 1 13 

18- 116=} 
- l 2=~+8 

2 lb in 3 cwt. is the rhth part of 3 cwt. 32 0 26 
Hence the cloff of 32 cwt. 2G lb is its ,hth part, or O O 22 

Net weight, 32 0 4 

18. What is the net weight of 45 hhds. of tobacco; 
weighing gross, 224 cwt., 3 qrs., 20 lb ; tare 25 cwt. 
3 qrs. ; tret 4 lb per 104; clotf 2 fu for every 3 cwt. ? 
Ans. 190 cwt., 1 qr., 14-/8 lb. 

~9 .. What is the net weight of 7 hhds. of sugar, 
we1ghmg gross, 47 cwt., 2 qrs., 4 lb; tare in the whole, 
10 cwt., 2 qrs., 14 lb; and tret 4 lb per 104 lb? Ans. 
35 cwt., 1 qr., 27 lb. 

20. In 17 cwt., 0 qr.: 17 lb, gross weight of galls, 
how nmch net ; allowing 18 ib per cwt. tare ; 4 lb per 
104 lb trot; and 2 lb per 3 cwt. cloff? Ans. 13 cwt., 
3 qrs., 1 lb nearly. 

QUESTIONS. 

1. What is the gross weight ? [31]. 
2. What is tare? [31]. 
3. What is suttle ? [31 J. 
4 What is tret? [31]. 
5. What is cloff? [31 J. 
6. What is the net weight ? [31]. 
7. Are the allowanoes made, alw:tys the same t [Sq. 
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SECTION VII. 

INTEREST, &c. 

1. Interest is the pri.ce which is allowed for the use of 
money ; it depends on the plenty or scarcity of the latter, 
and the risk which is run in lending it. 

Interest is either simple or compound. It is simple 
when the interest due is not added to the sum lent, so 
as to bear interest. 

It is compound when, after certain periods, it is made 
to bear interest-being added to the sum, and considered 
as a part of it. 

The money lent is called the principal. The sum 
allowed for each hundred pounds ".per annum" (for a 
year) is called the "rate per cent. "-(per £100.) The 
amownt is the sum of the principal and the interest due. 

SIMPLE INTEREST. 

2. To find the interest, at any rate per cent., on any 
sum, for one year-

RuLE !.-Multiply the sum by the rate per cent., 
and divide the product by 100. 

ExAMPLE.-What is the interest of £672 14s. 3d. for one 
year, at 6 per cent. (£6 for every £100.) 

£ s. d. 
672 14 3 

6 

40·36 5 6 
20 

7·25 The quotient, £40 7s. 3d., is the iLt_orEst required. 
12 

3·06 
We have divided by 100, by merely altering the decima.1 

point [Sec. L 34J. 
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If the interest were 1 per cent., it would be the hundredth 
part of the principal-or the principal multiplied by Th; but 
being 6 per cent., it is 6 times as much-or the principal mul• 
tiplied by ili· 

3. RULE II.-Divide the interest into parts of £100; 
and take corresponding parts of the principal. 

ExAMPLE.-What iii the interest of .£32 4s. 2d., at 6 per 
cent. 1 

.£6=£5+£1,or.£100 plus.£ 100+5. Therefore the in-
20 20 

terest is the "t!f of the principal, plus the ¼ of the "fi· 
.£ s. d. 

20)32 4 2 
5) 1 12 2-,}- is the interest, at 5 per cent. 

0 6 5¾ is the interest, at 1 per cent. 

And 1 18 7¾ is the interest, at 6 ( 5+1) per cent. 

EXERCISES. 

1. What is the interest of £344 17s. 6d. for one year, 
at 6 per cent.? Ans. £20 13s. lO¼d, 

2. What is the interest of £600 for one year, at 5 per 
cent. ? Ans. £30. 

3. What is the interest of £480 15s. for one yea.r, at 
7 per cent. ? Ans. £33 13s. OJd. 

4. What is the interest of £240 l0s. for one year, at 
4 per cent. ? Ans. £9 12s. 4¼d, 

4. To find the interest when the rate per cent. con­
sists of more than one denomination-

R uLE.-Find the interest at the highest denomina­
tion ; and take parts of this, for those which are lower. 
The sum of the results will be the interest, at the given 
rate. 

EXAMPLE.-What is the interest of £97 Bs. 4d., fer one 
year, at £5 10s. per annum 1 

· £5 = .£ W ; and !Os. = £/ir, 
;£ ,. d. 

20)97 8 4 
10)4 17 5 is the interest, at 5 per cent. 

0 9 9 is the interest, at 10s. per cent. 

And 672 is ihe interest, at .£5+10.. per oen._ 
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At ·5 per ce~t .. the interest is th_e J'7f of the prineipal ; at 
10s. per cent. 1t 1s the --lo of what 1t 1s at 5 ·per cent.· There­
fore, at £5 10s. per cent., it is the sum of both. 

EXEI\CISES. 

5. What is the interest of £371 19s. 7½d. for one 
year, at £3 15s. per cent.? Ans. £13 18s. ll:td. 

6. What is the interest of £84 lls. IO½d. for one 
year, at .£4 5s. per cent.? Ans. £3 11s. lO¾d. 

7. What is the interest of £91 Os. Std. for one year, 
a.t £6 12s. 9d. per cent. ? Ans. £6 Os. lO¼d. 

8. What is the interest of £968 5s. for one year, at 
£5 14s. 6ii. per cent. ? Ans. £55 8s. 8d. 

5. To find the interest of any sum. for several 
yea-rs~ . 

RuLE.-Multiply the interest of one year by the num­
ber of years. 

ExAMPLE.-What is the interest of £32 14s. 2d. for 7 
years, at 5 per cent. 1 

£ s. d. 
20)32 14 2 

1 12 8} is the interest for one year, at 5 per cent. 
7~ 

And 11 8 11½ is the interest for 7 years, at 5 per cent. 
This rule requires no explanation. 

EXERCISES. 

9. What is the interest of £14 2s. for 3 years, at 6 
per cent. ? Ans. £2 10s. 9d. 

10. What is the interest of £72 for 13 years, at £6 
10s. per cent. ? Ans. £60 16s. 9½d, 

11 ~- What is the interest of £853 Os. 6½d. for 11 
years, at £4 12s. per cent. ? Ans. £431 12s. 1jd. 

6. To find the interest of a given sum for years, 
months, &.c.-

RuLE.-Having found the interest for the y~ars, as 
already directed [2, &c.], take parts of the mterest 
of one year, for that of the months, &c. i and theh add 
the results. 
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ExAMPLE.-What is the interest of £86 &. 4d. for 7 years 
and 5 months, at 5 per cent. 1 

£, s. d. 
20)86 8 4 

4 6 5 is the interest for 1 year, at 5 per cent. 
7 

£, s. d. 30 4 11 is the interest for 7 years. 
4 6 5 +3= i 8 9¾ is the interest for 4 months. 
I 8 9¾+4= 0 7 2½ is the interest for 1 month. 

And 32 0 11¾ is the required interest. 

EXERCISES. 

12. What is the interest of £211 5s. for 1 year and 
6 months, at 6 per cent. ? Ans. £19 Os. 3d. 

13. What is the interest of £514 for 1 year and 7½ 
months, at 8 per cent.? Am. £66 16s. 4}d 

14. What is the interest of £1090 for 1 year and 5 
months, at 6 per cent.? Ans. £92 13s. 

15. What is the interest of £175 10s. 6d. for 1 year 
and 7 months, at 6 per cent. ? Ans. £16 13s. 5r9-o'0 d. 

16. What is the interest of £571 15s. for 4 years 
and 8 months, at 6 per cent.? Ans. £160 ls. 9jd. 

17. What is the interest of £500 for 2 years and 10 
months, at 7 per cent.? Ans. £99 3s. 4d. 

18. What is the interest of £93 17s. 4d. for 7 years 
and 11 months, at 6 per cent. ? Ans. £44 11s. 7½d, 

19. What is the interest of £84 9s. 2d. for 8 years 
and 8 months, at 5 per cent.? Ans. £36 11s. llfd. 

7. To find the interest of any sum, for any time, at 
5, or 6, &c., per cent. 

At 5 per cent.-
R uLE.-Consider the years as shillings, and the 

months as pence ; and find what aliquot part or parts 
of a pound these are. Then take the same part or parts 
of the principal. 

To find the interest at 6 per cent., find the interest 
at 5 per_ cent., and to it add its fifth part, &c. 

The mterest at 4 per cent. will be the interest at 
0 per cent. minus its fifth part, &o. 
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8. ExAMPLll! 1.-What is the interest of .£427 5s. 9d. for 
6 years and 4 months, at 5 per cent. 1 

6 years and 4 months are represented by 6s. 4d.; but 
6s. 4d.=5s.+1s.+4d.=¼+io- of a pound+ the ½ of the ~-

£, s. d. 
4)427 5 9 
5)106 16 5} is the¾ of principal. 
3)21 7 3½ is the ~ (¼ of¾) of princi{)al. 

7 2 5 is the •s'o (¼of~) of principal. 

And 135 6 1¾ is the required interest. 

The interest of £1 for I year, at 5 per cent., would be ls.: 
for 1 month Id. ; for any number of years, tl1e same number 
of shillings; for any number of months, the same number of 
pence; and for years and months, a corresponding number of 
shillings and pence.. But what.ever part, or parts, these shil-
1ings, and pence are of a. pound. the interest of any other sum, 
for the sa.me time and rate, must be the same part or parts of 
that other sum-since the interest of any sum is proportional 
to t.he interest of £1. 

ExAMPLE 2.-What is the interest of £14 2s. 2d. for 6 
years and 8 months, at 6 per cent. 1 

6s. 8rl. is the ! of a pound. 
£ s. d. 

3)14 2 2 
5 )4 14 OJ is the interest, at 5 per cent. 

0 18 9j is the interest, at 1 per cent. 

5 12 10½ is the interest, at 6 ( 5+1) per cent. 

EXERCISES. 

20. Find the interest of £1090 17s. 6d. for 1 year 
and 8 months, at 5 per cent. ? Ans. £90 18s. l½d, 

21. Find the interest of £976 14s. 7d. for 2 years 
and 6 months, at 5 per cent. ? Ans. £122 1s. 9frd. 

22. Find the interest of £780 17s. 6d. for 3 years 
and 4 months, at 6 per cent. ? Ans. £156 3s. 6d. 

23. What is the interest of £197 11s. for 2 years 
and 6 months, at 5 per cent. ? Ans. £24 13s. IO½d, 

24. What is the interest of £279 11s. for 7½ months, 
at 4 per cent.? .A-ns. £6 19s. 9/0 d. 

25. What is the interest of £790 16s. for 6 yeat 
and 8 months, at 5 per cent. ? A'M. £263 12s. 
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26. What is the interest of £124 2s. 9d. for 3 years 
and 3 months, at 5 per cent. ? Ans. £20 3s. 5fd. 

27. What is the interest of £1837 4s. 2d. for 3 years 
and 10 months, at 8 per cent.? Ans. £563 Ss. 3d. 

9. W'!ien the rate, or number of years, or both of 
them, are expressed by a mixed number-

R uLE.-Find the interest for 1 year, at I per cent., 
and multiply this by the number of pounds and the frac­
tion of a pound (if there is one) per cent. ; the l!!um of 
these products, or one of them, if there is but one, will 
give the interest for one year. Multiply this by the 
number of years, and by the fraction of a year (if there 
is one) ; and the sum of these products, or one of them, 
if there is but one, will be the required interest. 

EXAMPLE !.-Find the interest of £21 2s. 6d. for 3l years 
at 5 per cent. 1 

.£21 2.s. 6d.+l00=4s. 2]d. Therefore 
£ s. d. 
0 4 21 is the interest for 1 year, at I per cent. 

5 

1 1 Ii is the intere@t for I year, at 5 per cent. 
3 

3 3 5¼ is the interest for 3 years, at do. 
0 15 IO!istheinterestfor¾ofayear (£11s. l¾d. X¾),atdo. 

3 19 3½ is the interest for 3! years, at do. 

EXAMPLE 2.-What is the interest of £300 for 5¾ years, 
at 3¾ per cent. 1 

£ s. d. 
£300+100=3 0 0 ie the interest for I year, at I per cent. 

3 

9 0 0 ~s the ~nterest, for 1 ye~r, at 8 per cent. 
~ 1s the mterest for 1 year, at £i (£3x¾) 

11 5 g is the interest for 1 year, at 3J per cent. 

56 5 0 is the interest for 5 years at 3¾ per cent 
5 12 6 i8 the interest for .1 year' ( £11 5s ..!-2) 
2 1~ is the do. for¾ yea~ ( £5 12s. 6ii+2) 

And 64 13 9 is the interest for 5¾ years, at 3{ do. 



INTER.HT. 243 

E:XER".;ISES. 

28. What is the interest of £379 2s. 6d. for 4½ years, 
at 5J per cent.? An .. ~. £91 5s. 5d. 

29. What is ihe interest of £640 10s. 6d. for 21 
years, at 4½ per cent. ? Ans. £72 ls. 2.70 d. 

30. What is th'e interest of £600 10s. 6d. for 3! 
years, at 5¾ per cent.? Ans.£115 21. 07l-0d. 

31. What is the interest of £2U? 8s. l½d, for 61-
yearg, at 5¾ per cent.? Ans. £81 Ss. 5jd .. 

10. To find the interest for days, at 5 per cent.-
R uLE.-Multiply the principal by the number of days, 

and divide the product by 7300. 
ExAMPLE.-What is the interst of £26 4s. 2d. for 8 ~fays 1 

£ s. d. 
26 4 2 

8 

209 13 4 
20 

4193 
12 

7300)50320(6:i:?!d, 
43800 n 

6520 
. The required interest is 6JU,·or 7d.-since the remainder 

is greaier than half the divisor. 
The interest of £1 for 1 year is £.}if, and for 1 day i'lf+365= 

l , 
.20 X 365 =i800; that is, the 7800th part of the principal. 

Therefore the interest of any other sum for one day\ is the 
7300th p11,rt of that sum ; and for any number of days, it is 
that number, multiplied by the 7800tl~ part of the principa.1-
or. which is the same thing, the principal multiplied by the 
number of days, and divided by 7800. 

EXERCISES. 

32. Find the interest of £140 10s. for 76 days, at 5 
per cent. Ans. £1 9s. 3··U-sd. 

33. Find the interest of £300 for 91 days, at 5 per 
cent. Ans. £3 14s. 9Hd, 

34. What is the interest of £800 for 61 days, at 5 
per oont. ? Ans. £6 13s. 8Hti, 



INTEREST. 

11. To find the interest for days, at any other rate­
RuLE.-Find the interest at '5 per. cent., and take 

parts ofthis for the remainder. 
ExAMPLE.-What is the interest of £3324 6s. 2d. for 11 

iays, at £6 10s. per ce?1t, 1 
£3324 6s. 2d.xl1+7300=£5 Os. 2}d. Therefore 

£, ir. d. 
5)5 Q 2¼ !s the !nterest for 11 days, at 5 per cen. t'. 
2)1 0 O½ 1s the mte'rest for 11 days, at 1 per cent. 

0 10- 0 is the interest for 11 days, at 10s. per ·cent. 

And 6 10 2¾ is the interest for 11 days, at £6 lOs. (.£5+ 
£1+10s.) 
This rule requires no explanation. 

EXERCISES. 

35. What is the interest of £200 from the 7th May 
to the 26th September, at 8 per cent. ? Ans. £6 4s. 
5itd. 

36. What is the interest of £150 15s. 6d. for 53 
days, at 7 per cent. ? Ans. £1 10s. 7¾d. 

37. What is the interest of £371 for 1 year and 213 
days, at 6 per cent. ? Ans. £35 5s. Od. 

38. What is the interest of £240 for 1 year and 135 
days, at 7 per cent. ? Ans. £23 Os. 3Hd, 

Sometimes the number of days is the aliquot part of 
a year; in which case the process is rendered more easy. 

ExAMPLE.-What is the interest of £175 for 1 year and 
n days, at 8 per cent. 1 

1 year and 73 days=l¼ year. I!ence the required interest 
ifl the interest for 1 year+ite 'fifth part. But the interest of 
£175 for 1 year, at the given rate is £14. Therefore its 
interest for the given titne is £14+£'1/=.£14+£2 16s.:::a 
£16 16s: 

12. To find the interest for montks, at 6 per cent­
Ruu;.-lf the number expressing the months is even, 

multiply the P!incipal ·by half' t'¥ nu,mber of months 
and divide by 100. But if it is odd, multiply by the 
ha.If of one /us than the number of months; divide the 
result by 100; and add to the quotient what will be, 
obtained if we divide it by one less than the number of 
months.· ' . 
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EXAMPLE 1.-What is the interest of £72 6s. 4d. for 8 
months, at 6 per cent 1 

£ s. d. 
72 6 4 

4 

£2·89 5 4 
20 

17·85s. The required interest is £217s. 101-d, 
12 

10·24d. 
4 

0·96=¾d, nearly. 
Solving the question by the rule of three, we shall have-
£100 : £72 6s. 4d .. : : £6: £.72 6s. 4d.x8x6 .. 

12 : 8 10ox12 =(dmd• 
ing both numerator and denominator by 6 [Sec. IV. 4]). 

£72 6s. 4d.x8x6+6 £72 6s. 4d.x8 
100x12+6 l00x 2 - (dividing both 

d d 
. £72 6s. 4d.x8+2 

numerator an enonunator by 2) l00x2+2 == 
£72 6s. 4d. x4 

100 
-that is, the required interest is equal to the given sum, 
multi(>lied by half the number which expresses the months, 
and divided by 100. 

EXAMPLE 2.-What is the interest of £84 6s. 2d. for 11 
months, at 6 per cent. 1 11=10+1 10+2=5. 

£ s. a. 
84 6 2 

5 One less than the given number of 
months=lO. 

£4-211010 
20 

£ i. d. 
4·30s. 10)4 4 3( is the intere■t for 10 months, at ff per cent. 

12 0 8 5.r is the interest for 1 month, at same rate. 

3·70d. And 4 12 9 is the interest for 11 (10+1) months, at 6 ~ 

4 

2·80f.=Id. nearly. 
The interest for 11 months is evidently the interest o1 

ll -1 month, plua the interest of 11-1 month +11 1. 
1\1 
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EXERCISES. 

39. What is the interest of £250 17s. 6d. for 8 
n1onths, at 6 per cent. ? Ans. £10 Os. 8f-d. 

40. What is the interest of £571 15s. for 8 months, 
at 6 per cent.? Ans. £22 17s. 4¼d. 

41. What is the interest of £840 for 6 months, at 6 
per cent.? Ans. £25 4s. 

42. · What is ilhe interest of £3790 for 4 months, at 
6 per cent.? Ans. £75 16s. 

43. What is the interest of £900 for 10 months, at 
6 per cent. ? Ans. £45. 

44~ What is the interest of £43 2s. 2d. for 9 months, 
at 6 per cent. ? Ans. £1 18s. 9½d. 

1a. To find- the interest of money, left after one or 
moi·e payments-

RuLE.-If the interest is paid by days, multiply the 
sum by the number of days which have elapsed before 
any payment was made. Subtract the first payment, 
and multiply tho remainder by the number of days 
which passed between the first and second payments. 
Subtract the second payment, and multiply this remain­
der by the number of days which passed betwee~ the 
second and third payments. Subtract the third pay"'. 
ment, · &c. Add all the products together, and find the 
interest of their sum, for 1 day. 

If the interest i~• to be paid by the wllk or montk,, 
substitute we.Rh or months for days; in the above rule. 

ExAMPLE.-A person borrows .£117 for 94 d11.ys, at 8 per 
cent., promising the principal in parts at his convenience, 
and interest corresponding to the money left unpaid, ~p 
to the different periods. In 6 days he pays .£17 ; in 7' 
days more £20 ; in 15 more £32 ; and at the end of t.he 94 
days, all the money then due. What does the interest 
come to! 

£ days. £ day. 
117x 6= 102x1} 
l00x 7= 700xl 
80x15=1200xl ==£577o. 
48x66=3168xl 

The interest on 5770 for 1 day, at 5 per cent.1 is 15s. 93d. 
Therefore · · 1 
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£ s. d. 
5 )0 15 9] is the interest, at 5 pet cent. 

, 0 3 2 is 'the interest, at 1 per cent. 
3)0 18 llJ is the interest, at 6 per cent. 

0 6 4 is the interest, at 2 per cent. 
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And 1 5 3] is the interest, at 8 per cent., for th,~ given 
sums and times. 

If the entire sum were 6 days unpaid, the interest would be 
the sn.me as that of 6 times as. much, for 1 day. Next, £100 
due for 7 days, should produce as much as £700, for 1 day, 
&c. And all the sums due for the different periods should 
.produce as much a!! the sum of their equivalents, in 1 day. 

EXERCISES. 

45. A _merchant borrows £250 at 8 per cent. for 2 
years, with condi~ion to pay before that time as much 
of the principal as he pleases. At the expiration of 9 
nionths he pays £80, and 6 months after £70-leaving 
the remainder for the. entire term of 2 years. How 
much interest and principal has he to pay, at the end 
of that time? Ans. £127 16s. 

46. I borrow £300 at 6 per cent. for 18 months, 
with condition to pay as much of the principal before 
the time as I please. In 3 months I pay £60 ; 4 months 
after £100; and 5 months after that £75. How much 
principal and interest am I to pay, at the end of 18 
months? Ans. £79 15s. 

47. A gives to B at interest on the 1st November, 
1804, £6000, at 4½ per cent. B is to repay him witr.. 
interest, at the expiration of 2 years-having liberty to 
pay before that time as much of the principal as he 
pleases. Now B pays 

£, 
The 16th December, 1804, . 900 
The 11th March, 1805, 1260 
The 30th March, 600 
The lith August, . 800 
The 12th February, 1806, 1048 

How much prfocipal and interest is he to pay Qn th• 
1st ;November, 1~06? Ans. £1642 9s .. 2fHfd. 

48. Lent at interest £600 the 13th May, 1833, for 
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I year, at 5 per cent.-with condition that the receive" 
may discharge as much of the principal before the timA 
as he pleases. Now he pays the 9th July £200 ; and 
the 17th September £150. How much principal and 
interest is he to pay at the expiration of the year? 
.Ans. £266 13s. 511~d. 

14. It is hoped that the pupil, from what he has 
learned nf the properties of proportion, will easily un­
derstand the modes in which the following rules are 
proved to be correct. : 

Of the principal, amount, time, and rate-given any 
three, to find the fourth. 

Given the amount, rate of interest, and time ; to find 
the principal-

R uLE.-Say as £100, plus the interest of it, for the 
given time, and at the given rate, fa to £100 ; so is the 
given amount to the principal sought. 

ExAMPLE.-What will produce £862 in 8 years, at 5 per 
cent. 1 

£40 (=£5x8) is the interest for £100 in 8 years at the 
given rate. Therefore · 

£140 : £100 : : £862 : 862 XlOO £615 14s. 3½d. 
140 

When the time and rate are given-
£100 : any other sum : : interest of £100 : interest of 

that other sum. 
By alteration [Sec. V. 29], this becomes-
£100 : interest of £101/ : : any other sum : interest of 

that sum. 
And, saying " the first + the second : the second," &o. 

[Sec. V. 29] we have--
£100 + its interest : £100 : : any other sum + its in­

terest : that sum-which is exactly the rule. 

EXERCISES, 

49. What principal put to interest for 5 years will 
amount to £402 10s., at 3 per cent. per annum? .Am. 
£350. 

50. What principal put to interest for 9 years at 4 
per oent., will amount to £734 8.r. ? Am. £540.' 
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51. The amount of a certain principal, bearing inter­
est for 7 years, at 5 per cent., is £334 16s. What is 
the ·principal? Ans. £248. 

15. Given the tioie, rate of interest, and principal­
to find the amount-

RuLE.-Say, as £100 _ is to £100 plus its interest for 
the given time, and ~t the given rate, so is the given 
sum to the aniount required. 

ExAMPLE.-What will £272 come to, in 5 years,. at 5 per 
cent. 1 

£125 (=£100+£5x5) is the principal and interest of 
£100 for 5 years; then-

272X125 
£100 : £125 : : £272 : ~ =£340, the required 

amount. 
We found by the la.st rule that 
£100+its interest: £100:: any other sum+its interest: 

that sum. 
Inversion [Sec. V. 29] changes this into, 
£100 : £100+its interest : : any other sum : that other 

sum+its interest-which is the pi i!Bent rule. 

EXERCISE:3. 

52. What will £350 amount to, in 5 years, at .3 per 
cent. per annum? Ans. £402 10s. 

53. What will £540 amount to, in 9 years, at 4 per 
cent. per annum ? . Ans: £734 Bs. 

54. What will £248 amount to, in 7 years, at 5 per 
cent. per annum? ,Ans. £334 16s. 

55. What will £973 4s. 2d. amount to, in 4 years 
and 8 months, at 6 per cent.? Ans. £1245 14s. l¾d. 

56. What will £42 3s. 9½d. amount to, in 5 years 
and 3 months, at 7 per cent. ? An.s. £57 13s. lO½d. 

16. Given the amount, principal, ii.nd rate-to find 
the time-

RuLE.-Say, as the interest of the given sum for 1 
year is fo the given interest, so is 1 year to the re-
1uired time. 
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.ExAIIIPLE.-When would .£281 13s. 4d. become £338, at 
a per cent. 1 

.£14 h Sd. (the interest of £281 13s. 4rl. for 1 year [2]): 
£56 6s. 8d. 

f.-5C 6s. 8d. (the given interest) : : 1 : £l4 ls. Bd.-4, the 

•~qull'eJ '!lumber of years. 

17. iience briefly, to find the time-Divide the 
intereot of tbe given principal for 1 year, into the entire 
interest, 1u~d ~.t..e quotient will be the time. 

It is evi,bd. the principal, and rate being given, th(J 
interest is prcp<rtional to the time; the longer the time, the 
more th~ inter,•st,, ,\nd the reverse. That is-

The interest ;.1.,r tme time : the interest for another : : 
the former time ; the latter. 

Hence, the interc~t of the given sum for one year (the 
interest for one timo) : the given interest ( the interest of 
the same sum for an.other time) : : 1 year ( the time which 
p1·oduced the former) : the time sought (that which pro­
duced the latter)-which is the rule. 

EXERCISES. 

57. In what time would £300 amount to £372, at 6 
per cent. ? Ans. 4 years. 

58. In what time would £211 5s. amount to £230 
5s. 3d., at 6 per cent. ? A·ns. In 1 year and 6 
months. 

59. When would £561 15s. become £719 Os. 9fd., 
o.t 6 per cent .. ? Ans. In 4 years and 8 mont}1s. 

60. When would £500 become £599 3s. 4d., at 7 per 
cent. ? Ans. In 2 years and 10 months. 

61. When will £4~6 9s. 4d. become £571 8s. l¼d,, 
at 7 per cent.? Ans. In 4 years and 5 months. 

18. Given the amount, principal, and time_,..to :find 
the rate-

. Ru~E.-Say, as th_e principal is to £100, so is the 
given mterest, to the mterest of £100-which will give 
the interest of £100, at the same rate and for the same 
time. Divide this by the time, and the quotient will be 
the rate. 
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EXAMPLE.-At what rate will £&50 amount to £402 !Os 
in s·years 1 

£350: £100 : : £52 10s.: ~~~IOs.xIOO =£15, the in 
350 

terest of £100 for the same time, and at the same rate 
Then 1/=3, is the required number of years. 

We have seen [14] that the time and rate being the same, 
.£100 : any other sum : : the interest of £100 : interesi 
of the other sum. 

This becomes, by inversion [Sec. V. 29]-
Any sum : £100 : : interest of the former : interest of 

100 ( for same number of years). 
But the interest of £100 divided by the number of years 

which produced it, gives the interest of £100 for 1 year­
or, in other words, the rate. 

EXERCISES. 

62. At what rate will £300 amount in 4 years to 
£372? Ans. 6 per cent. 

63. At what rate will £248 amount in 7 years to 
£334 16s. ? Ans. 5 per cent. 

64. At what rate will £976 14s. 1d. amount in 2 years 
and 6 months to £1098 16s: 4fd.? Ans. 5 per cent. 

Deducting the 5th part of the interest, will give the in­
terest of £<J76 14s. 7d. for 2 years. 

65. At what rate will £780 17s. 6d. become £937 
ls. in 3 years and 4 months? Ans. 6 per cent. 

66. At what rate will £843 5s. 9d. become £1047 ls. 
7¾d,, in 4 years and 10 months? .Ans. At 5 per cent. 

67. At what rate will £43 2s. 4½d, become £60 7s 
4½d,, in 6 years and 8 months? Ans. At 6 per cent. 

68. At what rate will £473 become £900 13s. 6td. 
in 12 years and 11 months? Ans. At 7 per cent. 

COMPOUND INTEREST. 

19. Given the principal, rate, and time-to :find the 
amount and interest-

R uLE !.-Find the interest due at the first time of 
payment, and add it to tho principal. Find the interest 
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of that sum, considered as a new principal, and add it 
t,) wua.t it would produce at the next payment. Con­
sider that new sum as a principal, and proceed as 
before. Continue this process through all the times of 
payment. 

ExAMPLE.-\Vhat is the compound interest of £97, for 4 
year:,;, at -1 per cent. half-yearly 1 

£ .~. d. 
V7 0 0 

3 17 7} is the interest, at the end of 1st half-year. 

10017 7} is the amount, at end of 1st half-year. 
-! 0 8} is the interest, at the end of 1st year. 

104 18 3} is the amount, at the end of 1st year. 
4 3 11} is the interest, at the end of 3rd half-year. 

109 2 3 is the amount, at the end of 3rd half-year. 
4 7 3} is the interest, at the end of 2nd year. 

11:3 9 u.} is the amount, at the end of 2nd year. 
4 10 9} is the interest, at the end of 5th half-year. 

llt) 0 4 is the amount, at the end of 5th half-year. 
4 14 5 is the interest, at the end of 3rd year. 

-----
1•),J 1-! 9 is the amount, at the end of 3rd year. 

4 18 :2: i:,; the interest, at the end of 7th half-year. 

127 12 11} is the amount, at the end of 7th half-year. 
5 2 1½ is the interest, at the end of 4th year. 

132 15 OJ is the amount, at the end of 4th year. 
97 0 0 is the principal. 

And 35 15 OJ is the compound interest of £97, in 4 years. 

20. This is a tedious mode of proceeding, particularly 
when the times of payment are numerous ; it is, there­
fore, better to use the following rules, which will be 
found to produce the same result-

H L'LE II.-Find the interest of £1 for one of the 
payments at the given rate. Find the product of so 
many factors ( each of them £1 + its interest for one 
payment) as there are times of payment ; multiply this 
produ~t ~y the give? principal ; and the result will be 
the prmc1pal, plus its compound interest for the given 
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time. Frotn this subtract the principal, and the remain­
der will be its compound interest. 

EXAMPLE 1.-Wha.t is the compound interest of .£237 for 
J years, at 6 per cent. 1 

.£·06 is the interest of £1 for 1 year, at the given rate; 
and there are 3 payments. Therefore .£1·06 ( £1+£0·6) is 
to be taken 3 times to form a product. Hence 1·06xl·06X 
l ·06 X £23 7 is the. amou.nt at ,the end of three years; and 
l·06xl·06xl·06x£237-£237 is the compound interest. 

The following is the process in full-

1·06 the amount of .£1, in one year. 
l ·06 the multiplier. 

1·1236 the amount of £1, in two years 
1·06 the multiplier. 

1· 191016 the amount of .£1, in three years. 
Multiplying by 237, the prmc1pa11 

.£ s. d. 
we :find that 282·270792=282 5 5 is the amount· 

arid subtracting 237 0 O, the principal, 

we obtain 4555 as the co:rripound intere~t. 

EXAMPLE ~.-What are the amount and compound inte-­
rest of .£ 79 for 6 years, at 5 per cent. 1 
. The amount of £1 for 1 year, :at,this rate would be ~1·05. 
Therefore £1·05.xl:05xl·05xl·05xl·05xl·05x79 1s the 
amount: &c. And the process in full will be-

£ 
1-05 
1·05 

1·1025 the amount of .£1, in two years. 
1-1025 

1·21551 the amount of .£1, in four years. 
1-1025 

1·34010 the amoum of .£1, hi. six years. 
' .~~ 

£ s. 8,. ' 
£105·86790=10& 17 4¼ is the required amount. 

79 0 0 

And 26 17 4¾ is the required inter"t. 
1d 2 
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Ex AMPLE 3.-\Vhat are the amount, and compound hi 
of £27, for 4 years, at £2 10s. per cent. half-yearly. 

The amount of £1 for one payment is £1 ·025. The 
£1·0~;j X HUS X 1·025 X 1·025 X 1·025 X 1·025 X l· 
1·025 x27 is the amount, &c. And the process in full, 

£ 
1-025 
1-025 

1 ·050G3 the amount of £1, in one year. 
1·05063 

l· 1U3."2 the amount of £11 in two years. 
l· l U382 

1·21812 the amount of £11 in four years. 
27 

£ .,. d. 
£32-89734=32 17 11¼ is the required amoun 

27 0 0 

And 5 17 11¼ is the required intere 

21. RuLE UL-Find by the interest table (at tl 
of the treatise) the amount of £1 at the given rat« 
for the given number of payments; multiply this l 
given principal1 and the product will be the re< 
a.mount. From this product subtract the principa 
the remainder will be the required compound inter 

EXAMPLE.--What is the amount and compound i1 
of £47 10s. for 6 years, at 3 per cent., half.:yearly 1 

£47 l0s.=£47·5. 
\\' e find by the table that 
£1·42-57G is the amount of £1, for the given time an 
47·5 is the multiplier. 
--- £ s. d. 
67·7236=67 14 51 is the required amount. 

47 10 0 

And 20 4 5¾ is the required interest. 
22. Rule !. requires no explanation. 
REAso:-. oF RuLE IL-When the time e.nd rate a 

so.me, two principals o.re proportional to their corresp 
amounts. Therefore 

£1 (one principal) : .£1 ·06 (its corresponding amo, 
£1 ·00 (another principal) : .£1 ·06 X l ·06 (it.s corresp 
amount). 
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Hence the amount of £1 for two yenrs, is £1·06X1·06-
or the product of two factors, each of them the amount of £1 
for one year. 

Again, for aimilar reasons, 
.£ 1 : .£ 1 · 06 : : £ 1 · 06 X 1 · 06 : £ 1 · 06 X 1 · Ou X 1 · Ou. 

Hence the amount of £1 for three years, is £I·OGxI·06Xl·06-
or the product of three factors, each of them the amount of 
£] for one year. 

The same reasoning would answer for any number of pay­
ments. 

The amount of any principal will be as much greater than 
the amount of £1, at the same rate, nnd for the same time, as 
the principal itself is greater than £1. Hence we multiply 
the amount of £1, by the given principal. 

Rule III. requires no explanation. 

23. When the decimals become numerous, we may 
proceed as already directed [Sec. II. 58]. 

"\Ve may also shorten the process, in many cases, if 
we remember that the product of two of the factors 
multiplied by itself, is equal to the product of four of 
them ; that the product of four multiplied by the pro­
duct of two is equal to the product of six ; and that the 
product of four multiplied by the product of four, is 
equal to the product of eight, &c. Thus, in example 2, 
1-1025 (=l·05x 1-05) xH025=l·05xI-05xI-05xI-05. 

EXERCISES. 

1. What are the amount and compound interest of 
£91 for 7 years, at 5 per cent. per annwn? Ans. £128 
Os. I Id. is the amount ; and £37 Os. I Id., the com­
pound interest. 

2. What are the amount and compound interest of 
£142 for 8 years, at 3 per cent. half-yearly? Ans. 
£227 17s. 4-½d, is the amount; and £85 17s. 41d., the 
compound interest. 

3. ·what are the amount and compound interest of 
£63 5s. for 9 years, at 4 per cent. per annum? Ans. 
£90 Os. 5¾d, is the amount; and £26 15s. 5fd., tho 
compound interest. 

4. What are the amount and compound interest of 
.£44 os. 9d. for 11 years, at 6 per cent. per nnnum? 
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Ans. £84 ls. 5d. is the amount; and £39 15s. Sd., 
the compound interest. 

5. What are the amount and compound interest of 
£32 4s. 9jd. for 3 years, at £2 10s. per cent. half. 
yearly? .Ans. £37 7s. 8½d, is the amount; and £5 
2s. lOtd., the compound interest. 

6. What are the amount and compound interest of 
£971 Os. 2¾d, for 13 years, at 4 per cent. per annum? 
Ans. £1616 15s. 11/d. is the amount; and £645 15, 
9½d,, the compound interest. 

24. Given the amount, time, and rate-to find the 
principal; that is, to find the present worth of any sum 
to be due hereafter-a certain rate of interest being 
allowed for the money now paid. 

RuLE.-Find the product of as many fact.ors as there 
are times of payment--each of the factors being the 
o,mount of £1 for a single payment; and divide this 
product into the given amount. 

ExAMPLE.-\Yhat sum would produce £834 in 5 year!, 
at 5 per cent. compound interest 1 

The amount of £1 for 1 year at the given rate is £1·05; 
and the product of this taken 5 times as a factor 1·05X 
l·05xl·05xl·05xl·05, which (according to the table) is 
1·2i628. Then 

£8347l•~,G~8=£653 9s. 2ld,, the required principal. 

25. R.F.AsoN oF THE RtrLE.-We have se<vi [21] that the 
amount of any sum is equal to the amount of £1 (for the Same 
time, and at the same rate) multiplied by the principal; that, is, 

'l'he amount of the given principal=the given principalX 
the amount of £1. 

If we divide each of these equal quantities by the same 
number [Sec. V. 6), the quotients will be equal. Therefore-

. The a?1o~mt of the given principal+the amount of £l=the 
~1ven prmc1palXthe amount of £I+the amount of £1. That 
is_, . the amount of the given principal (the given amount) 
dmded by the amount of £1, is equal to the principal, or 
quantity required-which is the rule. 

EXERCISES, 

7. What ready money ought to be paid for a debt of 
£629 17s. l½¼d,, to be due 3 years hence allowing 
8 per oont. compound inoorest ? AM. £600. ' 
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8. What principal, put to interest for 6 years, would 
amount to £268 Os. 4½d., at 5 per cent. per annum? 
Ans. £200. 
. 9. What sum would produce £742 19s. ll½d. in 14 
years, at 6 per cent. per annum? Ans. £328 12s. 7d. 

10. What is £495 19s. llfd., to be due in 18 years, 
at 3 per cent. half-yearly, worth at present. Ans. 
£171 2s. 8fd. 

26. Given the principal, rate, and amount--to find 
the time-

RuLE !.-Divide the amount by the principal; and 
into the quotient divide the amount of £1 for one pay­
ment ( at the given rate) as often as possible-the number 
of times the amount of £1 has been used as a divisor, 
will be the required number of payments. 

ExAMPLE.-In what time will £92 amount to £106 13s. 
O¾d,, at 3 per ce'nt. half-yearly ? 

£106 13s. O}d.+£92=1·15927. The amount of £1 for 
one payment is £1·03. But 1·15927 + 1·03 = l· 1255; 
1-1255 + 1·03 = 1·09272; 1·09272 + 1·03 = l-0609; and 
1·0609+1·03-=1·03; 1·03+1·03=1. We have used 1·03 
as a divisor 5 times; therefore the time is 5 payment~ or 
2! years. Sometimes there will be a remainder after divid­
ing by 1·03, &c., as often as possible. 

In explaining the method of finding the powers and roots 
of a given quantity, we shall, hereafter, notice a shorter 
method of ascertaining how often the amount of one pound 
can be used as a divisor. 

27. RuLE IL-Divide the given principal by tha 
given amount, and ascertain by the interest table in how 
many payments £1 would be equal to a quantity nearest 
to the q110tient-considered as pounds: this will be the 
required time. 

ExAMPLE.-In what time will £50 become .£100, at 6 
per cent. per annum compound interest 1 · 

£100+50=2. 
We find by the tables that in 11 years £1 will becom& 

£1 ·8!l83, which is less; and in 12 years that it will become 
.£2·0122, which is greater than 2. The answer nearest t6 
the truth, therefore, is 12 yea.rs. 
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28. REASON ov RuLE I.-The given amount i~ [20] 841;1-0.1 
to the given principal, multiplied by a product which contains 
ns many factors as there are times of payment,-ea?h _faot~r 
being the amount of £1, for one payment. Hence_ 1t 1s ey1-
dent, that if we divide the given amount by the given pr1~­
cipal, we must have the product of these f?-ctors; ~nd that, if 
we divide this product, and the successive quotients by one 
of the factors, we shall ascertain. their number. 

REASON oF RuLE 11.-We can find the required number 
of factors (each the amount of £1), by ascertaining how o.ften 
the amount of £1 may be considered as a. factor, without 
forming a product m_u~h greater. or less than the quot_ient 
obtained when we d1v1de the given amount by the given 
principal. Instead, however, of calculating for ourselves, we 
may have recourse to tables constructed by those who have 
already made the necessary multiplications-which saves much 
trouble. 

29. When the quotient [27] is greater than any 
amount of £1, at the given rate, in the table, divide it 
by the greatest found in the table ; and, if necessary, 
divide the resulting quotient in the same way. Continue 
the process until the quotient obtained is not greater 
than the la.rgest amount in the table. Ascertain what 
number of payments corresponds to the last quotient, 
and add to it so many times the largest number of pay­
ments in the table, as the largest amount in the table 
has been used for a divisor 

ExAMPLE.-When would .!22 become £535 12". 0fd., 
at 3 per cent. per annum 1 

£535 12s. 0¾d.+22=24·34560, which is greater than any 
amount of £1, at the given rate, contained in the table. 
24·345?0+4·3839 (the greatest amount of £1, at 3 J>er cent., 
found m the table )=5·55339 ; but this latter, also, u1 greater 
than any amount of £1 at the ~iven rate in the tables. 
5·55339+4·3839=1·26677, which 1s found to be the amount 
of £1,. 11;t 3 per cent. per payment, in 8 payments. We 
have d1v1ded by_ the hiihest a.mount for .£1 m the tables, or 
that .corre~pon~ing to nfty payments, twice. Therefore, the 
reqwrcd time, 1s 50+50+8 payments, or 108 years. 

EXERCISES. 

11. When would £14 6s. 8d. amount to £18 2s. Sfd. 
at 4 per cent. per annum, compound interest ? Am. 
In 6 yeu.ra. 
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12. When would £54 2s. Sd. amount to £76 3s. 5d., 
at 5 per cent. per annum, compound interest ? Ans. 
In 7 years. · 

13. In what time would £793 Os. 2¼d, become £1034 
13s. lO½rl., at 3 per cent. half-yearly, compound interest? 
A.ns. In 4¼ years. 

14. When would £100 become £1639 7s. 9d., at 6 
per c.::tt. half-yearly, compound interest? .Ans. In 24 
.rears. 

QUESTIONS. 

1. What is interest ? [l J. 
2. What is the difference between simple and com­

pound interest ? [l J. 
3. What are the principal, rate, and amount ? [1 J. 
4. How is the simple interest of any sum, for 1 year, 

found ? [2 &c. J. 
5. How is the simple interest of any sum, for several 

years, found ? [ 5 J . 
6. How is the interest found, when. the rate consists 

of more than one denomination? [ 4]. 
7. How is the simple interest of any sum, for years, 

months, &c., found? [6]. 
8. How is the simple interest of any sum, for any 

time, at 5 or 6, &c. per cent. found ? [7]. 
9. How is the simple interest found, when the rate, 

number of years, or both are expressed by a mixed 
number ? [9]. 

10. How is the simple interest for days, at 5 per cent .• 
found? [ 10]. 

11. How is the simple interest for days, at any other 
rate, found ? l 11 J. 

12. How is the simple interest of any sum, for months 
at 6 per cent., found ? [12]. 

13. How is the interest of money, left after Qne or 
more payments, found? [13]. . 

14. How is the principal found, when the amomlt, 
rate, and time are given? [14]. 

15. How is the amount found, when the time, rato, 
and principal are given? [15]. 
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16. How is the time found, when the amount, prin 
cipal, and rate are given? [16]. 

17. How is the rate found, when the amount, princi 
pal, and time are given? [18]. 

18. How are the amount, and compound interest foun~ 
when the principal, rate, and time are given ? [ 19 J. 

19. How is the present worth of any sum, at com .. 
pound interest for any time, at any rate, fou~d ~ [24]. 

20. How is the time found, when the prmc1pal, rate 
of compound interest, and amount are given? [26]. 

DISCOUNT. 

30. Discount is money allowed for a sum paid before 
it is due, and should be such as would be produced by 
what is paid, were it put to interest from the time the 
payment is, until the time it 011,gltt to be made. 

The present worth of any sum, is that which 
would, at the rate allowed as discount, produce it, if 
put to interest until the sum becomes due. 

31. A bill is not payable until three days after the 
time mentioned in it ; these are called days of grace. 
Thus, if the time expires on the 11th of the month, the 
bill will not be payable until the 14th-except the latter 
falls on a Sunday~ in which case it becomes payable on 
the preceding Saturday. A bill at 91 days will not be 
due until the 94th day after date. 

32. When goods are purchased, a certain discount is 
often allowed for prompt (immediate) payment. 

The discount generally taken is larger than is sup­
posed. Thus, let what is allowed for paying money 
one year before it is due be 5 per cent. ; in ordinary 
circumstances £95 would be the payment for £100. 
But £95 would not in one year, at 5 per cent., produce 
more than £99 15s., which is less than £100; the error, 
however, is inconsiderable when the time or sum is small 
Hence to find the discount and present worth at any 
1·ate, we may generaU.u use the following-
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33. RuLE.-Find the interest for the sum to be paid, 
at the discuunt allowed ; consider this as discount, and 
deduct it from what is du~ ; the femainder will be the 
required present worth. 

ExAMPLE.-£62 will be 1iue in 3 months ; what shouH be­
allowed on immediate payment, the discount being at the 
rate of 6 per cent. per annum 1 

The interest on £62 for 1 year at 6 per cent. per ammm 
is £3 14s. 4jd.; and for 3 m011ths it is 18s. 7¾d, Therefore 
£62 minus 18s. 7¾d;=.£61 ls. 4fd., is the required present 
worth. 

34. To find the present worth ao:uratel'!,'-
R uLE.-Say, as £100 plus its jnter~st for the given 

time, is to £100, so is the given i:ium to tb.e required 
present worth. 

ExAMPLE.-What would, at present, pay a Je:"t 'lf .£142 
to be due in 6 months, 5 per cent. per annum dis~<>~11t being 
allowed 1 

£ 
£ £ s. £ £ 100 X 142 1:8 1••0· d. 

102·5 (100+2 10) : 100 : : 142 : 102·5 8 

This is merely a. question in a. rule already given [14]. 

EXERCISES. 

1. What is the present worth of £850 15s., payable in 
one year, at 6 per cent. discount? Ans. £802 lls. l0¾d 

· 2. What is the present worth of £240 10s., payable 
in one year, at 4 per cent. discount? Ans. £231 5s. 

3. What is the present worth of £550 10s., payable 
in 5 years and 9 months, at 6 per cent. per an. discount ? 
Ans. £409 5s. l0½d. 

4. A debt of £1090 will be due in 1 year and 5 
months, what is its present worth, allowing 6 per cent. 
per an. discount? Ans. £1004 12s. 2d. 

5. What sum will discharge a debt of £250 17s. 6d., 
to be due in 8 months, allowing 6 per cent. per an. 
discount? Ans. £241 4s. 6¾d, 

6. What' sum will discharge a debt of £840, to be 
due in 6 months, allowing 6 per cent. per an. discount l 
.Am. £815 !Os. S¼d 
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7. What ready money now will pay a debt of £200, 
to be due 127 days hence, discounting at 6 per cent. 
per an. ? Ans. £195 18s. 2½d, 

8. What ready money now will pay for £1000, to be 
due in 130 days, allowing 6 per cent. per an. discount? 
An.s. £979 ls. 7d. 

9. A bill of £150 l0s. will become due in 70 days, 
what ready money will now pay it, allowing 5 per cent. 
per an. discount ? Ans. £149 ls. 5d. 

10. A bill of £140 l0s. will be due in 76 days, what 
ready money will now pay it, allowing 5 per cent. per 
an. discount ? Ans. £139 ls. O½d, . 

11. A bill of £300 will be due in 91 days, what will 
now pay it, allowing 5 per cent. per an. discount ? .Ans. 
£296 6s. l½d, 

12. A bill of £39 5s. will become due on the first 
of September, what ready money will pay it on the 
preceding 3rd of July, allowing 6 per cent. per an. ? 
Ans. £38 18s. 7{-d. 

13. A bill of £218 3s. S¾d, is drawn of the 14th 
August at 4 months, and discounted on the. 3rd of Oct. ; 
what is then its worth, allowing 4 per cent. per an. 
discount? Ans. £216 8s. l¾d. 

14. A bill of £486 18s. 8d. is drawn of the 25th 
March at 10 months, and discounted on the 19th June, 
what then is its worth, allowin(7 5 per cent. per an. 
discount? Ans. £472 9s. llfd~ 

15. What is the present worth of £700, to be due in 
9 months, discount being 5- per cent. per an.? Ans. 
£674 13s. l l½d, 

16. ":hat is the present worth of £315 12s. 4½d., 
payable m 4 years, at 6 per cent. per an. discount ? 
Ans. £254 10s. 7¾d, 

17. What is the present worth and discount of £550 
lOs. for 9 months, at 5 per cent. per an. ? Ans. £530 
12s. O½d, is the present VfOrth ; and £19 17s. ll¾d, 
s the discount. 

?,8 .. Bought goods to the value of £35 13s. Sd. to be 
i)a1d m 294 days; what ready money are they now 
worth, 6 per cent. per an. discount being allowed ? 
An.v. £34 Os. 9¾d. 
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19. If a legacy of £600 is left to me on the 3rd of 
May, to be paid on Christmas day following; what must 
I receive as present payment, allowing 5 per cent. per 
an. discount? Ans. £581 4s. 2¼d. 

20. What is the dis~ount of £756, the one half pay­
able in 6, and the remainder in 12 months, 7 per cent. 
per an. being allowed? Ans. £37 14s. 2½d. 

21. A merchant owes £110, payable in 20 months, 
and £224, payable in 24 months ; the first he pays in 5 
months, a.nd the second in one month after that. What 
did he pay, allowing 8 per cent. per an. ? Ans; £300. 

QUESTIONS FOR THE PUPIL. 

1. What is discount ? [30]. 
2. What is the present wort!,, of any sum? [30]-. 
3. What are days of grace? [31 J. 
4. How is discount Mdinarily calculated? [33] 
5. How is it accurately calculated ? [34]. 

COMMISSION, &c 

35. Commission 1s an allowance per cent. made to a. 
person._ called an agent, who is employed to sell goods. 

InS?trance is so much per cent. paid to a person who 
undertakes that if certain goods are injured or destroyed, 
he will give a stated sum of money to the owner. 

Brokerage is a small allowance, made to a kind of 
a(J'ent called a broker, for assisting in the disposal of 
g~ods, negotiating bills, &c. 

36. To compute commission, &c.-
RuLE.--:Say, as £100 is to the rate of commission, so 

-~ the given sum to the corresponding commission. 
ExAMPLE.-What will be the commission on goods worth 

£437 5s. 2d., at 4. per cent. 1 . 

loo • £4; • P437 5 2d • 4x£437 5s. 2d, -£17 9 £ . . . ·,I.; s. . . 100 - s. 

Bid,, the required commission. 

37. To find what insurance must be paid so that, if 
the goods are lost, both their value and the insurance 
paid WJJ,y ha reoovered-
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RuLE.-Say, as £100 minus the rate_ per cent. is to 
£100, so is the value of the goods msured, to the 
required insurance. 

EXAMPLE.-What sum must I insure that if goods worth 
£400 are lost, I may receive both their value and the in­
surance paid, the latter being at the rate of 5 per cent. 1 

£100 X 400 
£95 : £100 : : £400 : 

95 
£421 Is. Oid. 

If .£100 were insured, only .£95 would be actually received, 
since .£5 was paid for the .£ 100. In the example, £421 ls. Old. 
are received; but deducting .£21 ls. Oid., the insurance, £400 
remains. 

EXERCISES. 

1. What premium must be paid for insuring goods 
to the amount of £900 15s., at 2½ per cent.? .A.ns. 
£22 10s. 4½d. 

2. What premium must be paid for insuring goods 
to the amount of £7000, at 5 per cent. ? Ans . .£350. 

3. What is the brokerage on £976 17s. 6d., at 5s. 
per cent. ? Ans. £2 8s. I0fd. 

4. What is the premium of insurance on goods wor~h 
£2000, at 7½ per cent. ? Ans. £150. 

5. What is the commission on £767 14s. 7d., at 2½ 
per cent. ? Ans. £19 3s. lO¾d. 

6. How much is the commission on goods worth 
£971 14s. 1d., at 5s. per cent. ? Ans. £2 8s. 1-r3-

0
d. 

7. What is the brokerage on £3000, at 2s. 6d. per 
cent. ? Ans. £3 15s. 

8 How much is to be insured at 5 per cent. on goods 
worth £900, so that, in case of loss, not only the value 
of t~e goods, but the premium of insurance also, may be 
repaid? Ans . . £947 7s. 4l-li"d. 

9. Shipped or for Trinidad goods wort.h £2000, how 
much must be msure~ on the_m at 10 per cent., that in 
case of loss the premium of msurance, as well as their 
value, may be recovered? Ans. £2222 4s. 5½d. 

QUESTIONS FOR THE PUPIL. 

1. What is commission? [35). 
2. What is insurance ? (3o J. 
a. Wha.t ia hrokaraga ? [SQ} 
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4. How a.re commission, insurance, &c., calculated? 
[36]. 

5. · How is insurance calculated, so that both the in­
surance and value of the goods may be received, if tho 
latter are lost? (37]. 

PURCHASE OF STOCK. 

38. Stock is' money borrowed by Government .from 
individuals, or contributed by merchants, &c., for the 
purpose of trade, and bearing interest at a fixed, or 
variable rate. It is transferable either entirely, <A- in 
pa.rt, according to the pleasure of the owner. 

If the price per cent. is more than £100, the stock in 
question is said to he aho-ve, ifless than £ 100, hdow " par." 

Sometimes the shares of trading companies are only 
gradually pa.id up; and in many ca.s_es the whole price 
of the share is not demanded at all-they may be £50, 
£100, &c., shares, while only £5, £10, &c., may have 
been paid on each. One person may have many shares. 
When the intesest per cent. on the money paid is con­
siderable, stock often sells for more than what it origi­
nally cost ; on the other hand, when money becomes 
more valuable, or the trade for which the stock was 
contributed is not prosperous, it sells for less. 

39. To find the value of any amount of stock, at any 
rate per cent.-

R uLE.-1\1 ultipl y the amount by .the value per cent., 
and divide the product by 100. 

ExAMPLE.-When £6<J ½ will purchase £100 of stock, what 
will purchase .£642 ? 

£
64

;~
139! £443 15s. 7fd. 

It is evident that £ 100 of stock is to any other a.mount ot 
it, ae the price of the forme'r is to that of the latter. Thus 

£100 : .£642 : : £69! : £
64

~~
691 

EXERCISES. 

I. What must be given for £750 16s. in the 3 per 
cent. annuities, when £64¼ will purchase £100? .A.u. 
£481 Qs. 01,d. 
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2. What must be given for £1756 7s. 6d. India stock, 
when £196¼ will purchase £100? Am .. £3446 17.s. 8fd. 

3. What is the purchase of,,.£9757 bank stock, &-'\ 

.2125¼ per cent.? Ans. £12257 4s. 7½d, 

QUESTIONS. 

1. What is stock? (38]. 
2. When is it above, and when below " par" ? (38]. 
3. How is the value of any amount of stock, at any 

rate per cent., found ? [39]. 

EQUATION OF PAYMENTS. 

40. This is a. process by which we discover a time, 
when several debts to be due at different periods may be 
paid, at once, without loss either to debtor or creditor. 

Ruu.-Multiply each payment by the time which 
should elapse before it would become due ; then, add 
the products together, and divide their sum by the snm 
of the debts. 

EXAMPLE 1.-A person owes another £20, payable in 6 
months; .£50, payable in 8 months; and .£90, payable in 
12 months. At what time may all be paid together, without 
loss or gain to either party 1 

£ .£ 
2ox 6= 120 
50x 8= 400 
90x12~1oso 

160 160)1G00(10 the required number of months. 
160 

EXAMPLE 2 . ...:....A debt of £450 ie to be paid thus : .£100 
immediately, £300 in four, and the rest in six months. When 
should it be pa.id altogether 1 

£ £, 
100 X (b 0 
300 X 4=1200 
60 X 6::::: 300 

450 450)1500(.31 months. 
1350 

1501 
iM-l 
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. f 1. We have ( according to a principle formerly used 
[13]) reduced each debt to a sum which would bring the 
same interest, in one month. For 6 times £20, to be due 
in 1 month, should. evidently produce the same as .£20 to 
be due in 6 months-and so of the other debts. And 

1

the 
interest of £1600 for the smaller time, will just be equal to 
the interest of the smaller ium for the larger time. 

EXERCISES. 

1. A owes B £600, of which £200 is payable in 3 
months, £150 in 4 months, and the rest in 6 months ; 
but it is agreed that the whole sum shall be paid at 
once. When should the payment be made? Ans. In 
4½ months. 

2. A debt 'is to be discharged in the following man­
ner : ¼ at present, and ¼ every three months after until 
all is paid. What is the equated time ? Am. 4½ 
months. 

3. A debt of £120 will be due as follows: £50 in 
2 months, £40 in 5, and the rest in 7 months. When 
may the whole be paid together? Ans. In 4¼ months. 

4: A owes B £110, of which £50 is to be paid at 
the end of 2 years, £40 at the end of 3½, and £20 at 
the end of 4½ years. When should B receive all at 
once? Am. In 3 years. 

5. A debt is to be discharged by paying ½ in 3 months, 
½ in 5 months, and the rest in 6 months. What is the 
equated time for the whole ? Ans. 4¾ months. 

QUESTIONS. 

1. What is meant by the equation of payments? 
[40]. 

2. What is the rule for discovering when money, to 
be due at different times, may be paid at once ? [ 40]. 
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SECTION VIII. 

EXCHANGE, &c. 

t. Exchange enables us to find what amount of the 
1mmey of one country is equal to a given amount of the 
money of another. . . . 

.Money is of two kinds, real-or com, and imaginary­
or money of exchange, for which there is no coin ; as, 
for example " one pound sterling." 

The par of exchange is that amount of the money 
of one country actually equal to a given sum of the 
money of another ; taking into account the value of 
the metals they contain. The cou,rse of exchange iR 
that sum which, in point of fact, would be allowed 
for it. 

2. When the course of exchange with any place is 
a,bove "par," the balance of trade is against that place. 
Thus if Hamburgh receives merchandise from London 
to the amount of £100,000, and ships off, in return, goods 
to the amount of but £50,000, it can pay only half what 
it owes by bills of exchange, and for the remainder must 
obtain bills of exchange from some place else, giving 
for them a premium-which is so much loPt. But the 
exchange cannot be much above par, since, if the pre­
mium to be paid for bills of exchange is high, the 
merchant will export goods at less profit ; or he will 
pay the expense of transmitting aP-d insw-ing coin, or 
bullion. 

3. The nominal value of comro')dities in these countries 
was from four to fourteen times less formerly than at 
present ; that is, the same airount of money would then 
buy much more than now. We may estimate the value 
of mo.ney, at any particulPr period, from the amount of 
corn it would purchase at that time. 'l'he value of 
money fluctuates from the nature of the crops the state 
ofti:ade, &.o. , 
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In exchange, a. variable is given for a. fixed sum; thus 
London receives different values for £1 from different 
countries. 

Agio is the difference whi<'.lh there is in some places 
bdtween the c1"r,rent or r,ask money, and the excha,nge 
or bank money-which is finer. 

The following tables of foreign coins are to be madf' 
familiar to the pupil. 

FOREIGN MONEY. 

MONEY OF AMSTERDAM. 

Flemish Money. 
Pennings 
8 • 

grote■ 

16 or 2 

make 1 grote or penny. 

1 etiver. 
stivcrs 

320 40 or 20 
guilders 

800 100 50 or 2½ 
1920 24:0 120 or 6 

MONEY OF HA:MBURGH. 

J?lemisk llfone11. 

1 florin or .guilder 

1 rixdoilar. 
1 pound. 

Pfenning, 
6 , , • make I grote or penny 

g;~ei . . 1 skilling. 

----iskillingl 
240 or I 20 1 nound. 

Hamburgk Money. 
Pfenning1 Pence 

12 or 2 make 1 schilling, equal to 1 stiver 
schillinis 

192 82 or 16 . 1 mark. 
marks 

884 64 2 1 dol111.r of exchange. 
676 96 8 1 rixdollar. 
We find that 6 schillings=l .skilling. 

Hamburgh money is distinguished by the word " Hambro." 
"Lub," from Lubec, where it was coined, was formerly used 
for t,his purpose; thus, "one mark Lub." 

Wo exoh.a.Jlle with Holl.a.nd a.nd Fla.ndara by tlw pound 
et.e.J:llug. 

N 
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FRENCH MONEY. 

Accounts were formerly kept in livres, &o. 
Derniera 
12 

90US 

240 or 20 
livre1 

720 60 or 8 

make 1 sou. 

1 livre. 

1 ecu or crown 

Accounts are now kept in francs and centimes. 
Centimes 
10 • 
---, decime1 

100 or I 10 
81 livres=80 francs. 

make 1 decime. 

1 frano. 

PORTUGUESE MONEY. 

Accounts are kept in milrees and rees. 
Ree■ 
400 • 

crusadoa 

2i . 
12 

• make 1 crusado. 

1 milree. 
l moidere. 

SPANISH MONEY. 

Spanish money is of two kinds, plate and vellon ; the latter 
being to the former as 82 is to 17. Plate is used in exchange 
with us. Accounts are kept in piastr"'8, and ma.ra.vedi. 

Maravediea 
34 • 
---, real• 
272 or I 8 • • 

I I pia1tre1 
IORS 82 or 4 . 
876 

make 1 real. 

1 piastre or piece of' eight 

1 pistole of exchange. 
1 ducat . 

.AMERICAN MONEY. 

In some parts of the United States accounts are kept. i.11 
dollars, dimes, and oents. 
Centi 

10 . make 1 dime. 
--,dimea 

100 or I 10 . • • 1 dollar. 
In other parts account, are kept in pounds, shillings, and 

i,enoe. Thea~ a.re called currency, but they a.re of much lea1 
'1'al.ue than with ua, pa.JIU mGe1 lMliDg ~ 



Pfenning• 
12 

skillings 
192 or 16 

mark■ 

EXCH.4.lfGB 

J>ANISH MONEY\ 

mnke 1 skilling. 

1 mark. 

1152 96 or 6 • • 1 rixdollu.r 
6 Danishc:3 , amburgh marks. 

VENETUi.N :r.(()~EY. 
Denari (the plural 0£ denaro) 
l2 . • . make 1 soldo. 

240 or 

1488. 
1920 

l'fennings 
4 

soldi 
20 • 

. creutzel'll 

240 or 611 

860 

Grains 
10 • I carlins 
100 or 10 • 

Lire soJdi 

lire 
6 
8 

sold\ 
4 

AUSTRIAN MONEY. 

NEAPOLITAN ,l\rONEY. 

1 Ura. 

1 dueat current. 
l ducat etfoetive, 

m11,lte l creutier 

1 florin. 

1 ri:dollar. 

make 1 ca.rlin. 

l du~tr~,, 
MONEY OF GENOA. 

4 and 12 make 1 scudo di cambio, o\' crown of exchange. 
10 and 14 1 scudo d'oro, or gol l crown. 

OF GENOA AND LEGHORN. 
Denari di pezza 

12 I soldi di pezza 
240 or 20 

f)enari di lira -
12 

soldi di lira 
240 or 20 
1880 -1-o""'·r~·si,. 

make 1 soldQ di p.ez;ia. 

1 pezza of 8 reals. 

make 1 soldo di lira. 

I lira. 
1 pezza of 8 reals 

SWEDISH MONEY. 
Fcnnings, or oers 

12 
-, akiUinge 

676 or 48 

ma.\e 1 skilling. 

1 rixc;lollu 



RUSSI.AN MONEY. 

ma.ke 1 ruble. 

EAST INDIAN MONEY. 
Cowries 
2560 make 1 rupee. 
Rupees 
100,000 . • • 1 lac. 
10,000,000 • • 1 crore. 

The cowrie is a small shell found at the Maldives, and near 
Angola : in Africa about 5000 of them pass for ~ P?und. 

1.'he rupee has different values: at Calcutta 1t 1s ls. llfd. · 
the Sicca rupee is 2s. OU. ; and the current rupee 2s.-if we 
divide any number of·these by 10, we change them to pounds 
of our money ; the Bombay rupee is 2s. 8d., &c. A sum of 
Indian money is expressed as follows; 6 ·38220, which means 
6 lacs and 38220 rupees. 

---------
4. To reduce bank to current money-
R ~·LE.-Say, as .£100 is. to .£100 + the agio, so is 

the given amount of bank to the required amount of 
current money. 

ExA;IPLE.-How many guilders, current money, are equal 
to 463 guilders, 3 sti vers, and 13-H- pennings banco, agio 
being 4~ 1 

100 : 104f : : 463 g. 3 st. 13-ff p. : 1 
7 7 20 

700 
65 

45500 

733 9263 stivers. 
16 

148221 pennings. 
MtJ.ltiplying by 65, and adding 64 to the 
will give 9634429 product, 

Multiplying by 733 
and dividing by 45500}7062036457 

will give 155209 pennings. 
16)155209 

20)9700 9 
And 485 g. 0 st. 9Hfil p. is the amount sought. 

6. We multiply the first and second terms by 7 and add th• 
numerat_or of the fra~tion to one of the products.' This is the 
sa~e thmg _as reducmg these terms to fractions having 7 for 
their denommator, and then multiplying them by 7 [Sec. V. 29]. 

For the s11;me reason, and in the same way, we multiply the 
first an_d third terms by 66, to banish the fraction withoui 
deatroy1ng the proportion.. ' 
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The remainder of the process is according to the rule of 
proportion [Sec. V. 31]. We reduce the answer to pennings, 
stivers, and guilders. 

EXERCISES. 

1. Reduce 374 guilders, 12 ·stivers, bank money, to 
eurrent money, agio being 4,t per cent. ? Ans. 3~2 g., 
5 st., 3/,{'5 p. 

2. Reduce 4378 guilders, ~ stivers, bank money, to 
current money, agio being 4½ per cent.? Ans. 4577 g., 
17 st., 3-,l-,l5 p. 

3. Reduce 873 guilders, 11 stivers, bank money, to 
current money, agio being 4} per cent.? Ans. 916 g., 
2 st., 1-1u p. 

4. Reduce 1642 guilders, bank money, to current 
money, agio being 4tfper cent.? Ans. 1722 g., 14st., 
10/5 p. 

6. To reduce current to bank money-
RuLE.-Say, as £100+the agio is to £100, so is the 

given amount of current to the required amount of 
bank money. 

ExAMPLE.-How much bank money is there in 485 guil­
ders and 9HiH pennings, agio being 4* 1 

100 
7 

g. st. p. 
485 o 9HH-t: 1 

20 

;33 100 g;oo 
45500 16 

33351500 155209 
Multiplying by 45500 the denominator, 

7062009500 
and adding 2595 7 the numerator, 

we get 706203545 7 
700 

33351500)4943424819900 
Quotient 1482210 
16)14822lg-i 

20)9263 
4633 133-f is the a.moun~ sou~ .. 
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EXERCISES. 

5. Reduce 58734 guilders, 9 s~ivers, 11 penning&, 
current money, to l,ank money, agio being 4¾ per cent. ? 
Ans. 56026 g., 10 st.; 11-A Hp. 

6. Reduce 4326 guildms, 15 pcnnings, current money, 
to bank money, agio being 4~ per cent.? A1is. 4125 g., 
13 st., 2½H p. 

7. Reduce 1186 guilders, 4 stivers, 8 pennings, cur­
rent, to bank money, agio being 4f per cent.? Am 
1136 g., 10 st., OtH p. 

8. Reduce 8560 guilders, 8 stivers, 10 pennings, 
current, to bauk money, agio being 4J per cent .. 
.Ans. 8183 g., 19 st., 5}H p. 

7. To reduce foreign money to British, &c.­
RuLE.-Put the amount of British money considered 

in the rate of exchange as third term of the proportion, 
its value in foreign money as first, and the foreign 
money to be reduced as second term. 

ExAMPJ.E 1.-Hemislt Mor1e!f.-How much British money 
is equal to 1054 guilders, 7 <Jtivers, the exchange being 33s. 
4d. Flemish to £ l British 1 

33s. 41. 1054 g. 7 st. : : £1 : 1 
12 20 

400 pence. 21087 stivers. 
2 

400)42174 Flemish pence. 
£1M·435 = £105 8s. 8!<1 • 

.£1, the amount of British money considered m the rate, 
1s put in the third term; 33s. 4d., its value in foreign money, 
!n the first ; and 1054 g. 7 st., the money to be reduced, 
m the second. 

9. How many pounds sterling in 1680 guilders, at 
33s. 3d. Flemish per pound sterling? Ans. £168 8s. 
5rhd. 

10. Red~r,e 6048 guilders, to British money, at 33s. 
l ld. FleinIBh per pound British? Ans. £594 7s. 
llf¼4d. 

11. Reduce 2048 guilders, 15 stivers to British 
money, at 34s. 5d. Flemish per pound ste;ling? .A.u 
£198 s,. 6¾H-d. 
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1~. How many pounds sterling in 1000 guilders, 10 
stivers, exchange being at 33s. 4d. per pound sterling? 
Ans. £100 ls. 

EXAMPLE 2. -Ham.burgh Money. - How much British 
money is equivalent to 476 marks, 9 skillings, the exchange 
being 33s. od. Flemish per pound British 1 

s. d. m. s. 
33 6 476 9J : : .£1 : 1 
12 32 2 

402 grotes. 15232+19}=15251} grotes. 
402)15251½ 

£3HJ386=£37 18s. 9d. 
Multiplying the schillings by 2, and the marks by 32, 

reduces both to pence. 
13. How much British money fa equivalent to 3083 

marks, 12\ schillings Ham bro', at 32s. 4d. Flemish per 
pound sterling? Ans. £254 6s. Sd. 

141 How much English money is equal to 5127 marks, 
5 schillings, Ha.mbro' exchange, at 36s. 2d. Flemish 
per pound sterling? Ans . .£378 ls. 

15. How many pounds sterling in 2443 marks, 9½ 
schillings, Ham bro', at 32s. 6d. Flemish per pound,_ster­
ling? Ans. £200 10s. 

16. Reduce 7854 marks, 7 schillings Ha.mbro', to 
British money, exchange at 34s-. 1 ld. Flemish per 
pound sterling, and agio at 21 per cent. ? Ans. £495 
15s. Old. 

EXAMPLE 3.-Frenck Money.-Reduce 8654 francs, 42 
centimes, to British money, the exchange being 23f., 50c., 
per £1 British. 

f.. c. f. c. 8654·42 
23 50 : 8654 42 : : 1 : 23.50=£368 5s. 5½d, 

42 centimes are 0·42 of a. franc, since 100 centimes make 
1 franc. 

17. Reduce 17969 francs, 85 ceptimes, to British 
money, at 23 francs, 49 centimes per pound sterling 1 
Ans. £765. 

18. Reduce 7672 francs, 50 centimes, to British 
money, at 23 francs, 25 centimes per pound sterling 1 
Ans. £330. 
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19. Re-duce 15647 francs, 36 centimes, to British 
money, .at 23 francs, 15 centimes per pound sterling? 
A1is. £675 18s. 2f d. 

20. Reduce 450 francs, ,58} centimes, to British 
money, at 25 francs, 5 oentimes pe,:- pound steriing? 
Ans. £176 14s. 

ExAMPLE 4. -Portuguese Money.-How much British 
money is equal to 540 milrees, 420 rees, exchange being at 
5.s. 6d. per mihee 1 

m. m. r. s. d. 
1 : 540·-!20:: 5 6: 540·420x5s. 6d.-.£148 12s. 31d. 

In this ca.se the British money is the variable quan~ity, 
and 5s. 6d. is that amount of it which is considered in the 
rate. 

The rees are chan~ed into the decimal of a milree by 
putting them to the right hand side of the decimal point, 
since one ree is the thousandth of a mih-ee . 

.21. In 850 ruilrees, 500 rees, how much British 
money, at 5s. 4d. per milree? Ans. £226 16s. 

22. Reduce 2060 milrees, 380 roes, to English money, 
at 5,t. 6Jd. per milree? Ans. £573 Os. l0fd. 

23. In 1785 milrees, 581 rees, how many pounds 
sterling, ex.change at 64½ per milree? Ans. £479 
11s. 6d. 

24. In 2000 milre~s, a.t 5s. 8½d. per milree, how 
many pounds sterling? Ans. £570 16s. Sd. 

ExAllIPLE [>.-Sp?:r:ish Money.-Reduce 84 piastres, 6 reals, 
1? maravedi, to British money, the exchange being 49d. the 
J>U1stre. 

p. r. m. d. 
84 6 19 : : 49 : 1 
8 

678 reala. 
34 

272 23052 mara.vedi. 
49 

272Jli2IT'548 
4152·7, &c.=£17 'h. Old. 
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EXERCISES. 

25. Reduce 2448 pillrStres-to British money, exchange 
at 50d. sterling per piastre? Ans. :£510. 

26. Reduce 30000 piastres to British money, at 40d. 
per piastre ? Ans . .£!5000. 

~~- Reduce 1025 p~tres,_6 reals, 22fH maravedi, to 
British money, at 39¾d, per piastre ? Ans. £167 15s. 4d. 

ExAMPLE · 6.-American Money.-Reduce 3765 dollars to 

British money, at 4s. per dollar. 4s.=£}; therefore 
5)3765 dol. dol. s. £, 

753 is the required sum. Or 1 : 3765 : : 4 : 753 
28. Reduce £292 3.~. 2Jd. American, to British.money, 

at _66 per cent. ? Ans. £176. 
29. Reduee 5611 dollars, 42 cents., to British money, 

e.t 4s. 5½d, -per .dollar? Ans. £1250 17s. 7d. 
30. Reduce 274fi dollars, 30 cents., to British money, 

at 4s. 3½d, per dollar? fins. £589 6s. 2½4• 
·From these exanipleH the pupil will very easily under­

stand how any other ,kind . of· foreign, may .be changed 
to Br_itish money. 

8. To reduce British to f@J.Teign money-
R uLE.-Put that amount offoreign money which is 

considered in the rato of exchange as ·the third term, 
its value in British money as the· firs~, and the British 
money to be red1,1oed ns the second term. 

ExAMPLE 1.-Flemislt Money.-How many guilders, &c., 
in .-£23614s. 2d. British, the exchange being 34s. 2d. Flemish 
to £1 British 1 

£, 
1 
20 

£ s. d. s. d. 
236 H 2 : : B4 -2 : 1 
20 12 

20 4734 410 pence. 
12 12 

240 ~68i.0d. 
410 

· 240)'23292100 
12)97050·4, &c. 
20)8087 6 

£404 7 6½ Flemisa. 
N 2 
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We might take parts for the 34s. 2d.-
34s. 2d.=£1 + l0s.+4s,+2d. 

£ £ s. d. 
£1 = 1 236 14 2 
10s.= ½ 118 7 1 
4s.= r 47 6 10 
2d.=rk (i. of¼~ 19 5l 

.£404 7 6½ Flemish. 

EXERCISES, 

31. In £100 ls., how much Flemish money, exchange 
at 33s. 4d. per pound sterling? Ans. 1000 guilders, 
10 stivers. 

32. Reduce £168 8s. 5Thd. :British into Flemish, 
exchange being 33s. 3d. Flemish per pound sterling? 
Ans. 1680 guilders. 

33. In £199 11s. l0-fi0 d. :British, how much Flemish 
money, exchange 34s. 9d. per pound sterling? .Ans. 
2080 guilders, 15 ativers. 

34. Reduce £198 8s. 6ff½d. :British to Flemish 
money, exchange being 34s. 5d. Flemish per pound 
sterling? Ans. 2048 guilders, 15 stivers. 

ExA!'rlPLE 2.-Hamburgh Money.-How many marks,·&c., 
in £24 66. British, exchange being 33s. 2d. per £1 British 1 

.£1 £24 6s. : : 33s. 2d. : 1 
20 20 12 
-- -
20 486 398 grotes. 

398 
20)193428 

2)9671 8 pence. 
·16)4835 schillings, 1 penny . 

. ~ marks, 3 schillings, 1 penny. 
35. Reduce £254 6s. Sd. English to Hamburgh 

money, at 32s. 4d. per pound sterling? Ans. 3083 
marks, 12½ stivers. 

36. Reduce £378 ls. to Hamburg money at 36s 
2d. Flemish per pound sterling? Ans. 5127 marks, 
5 schillings. 

37. Reduce. £536 to Hamburgh money, at 36,. 4d. 
per pound sterling? Am. 7303 marks; 
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38. Reduce £495 15s. 0fd. to Hamburg currency, 
at 34s. Ild. per pound sterlmg; agio at 21 per cent. ? 
Ans. 7854 marks 7 schillings . 

• ExAMP~E 3.-French .Money.-How much French money 
1s equal m value to £83 2s. 2d., exchange being 23 franc9 
25 centimes per £1 British 1 

£ £ s. d. f. 
1 : 83 2 2 : : 23·25 1 
20 20 

20 16G2 
12-._ 12 

240 Hl946 
23·25 

240)463744·50 
-111322·7, or 19322f. 70c. is the required sum 

39. Reduce £274 5s. 9d. British to francs, &c., ex­
change at 23 francs 57 centimes per pound sterling r 
Ans. 6464 francs 96 centimes. 

40. · In £765, how many francs, &c., at 23 francs 
49 centimes per pound sterling ? Ans. 17969 francs 
85 centimes. 

41. Reduce £330 to francs, &c., at 23 francs 25 cen­
times per pound sterling? Ans. 7672 francs 50 cents. 

42. Reduce £734 4s. to French money, at 24 francs 
1 centime per pound sterling? Ans. 1769 francs 42¼ 
centimes. 

EXAMPLE 4.-Portug·ue$e lltfoney.-How many milrees and. 
rees in £32 6s. British, exchange being 5s. 9d. British pt . 
milree 1 

$, d. 
5 9 : 

12 

69 

£ 
32 
20 

646 
12 

7752 
1000 

69)7752000 

s. 
6 : : 1000 : 1 

ll2348 rees=112 milrees 348 rees, is tne 
,v,quired sum. 
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43. Reduce £226 16s. to milrees, &c., at 5s. 4d. per 
milree? Ans. 850 milrees 500 rees. 

44. Reduce £479 17s. 6d. to milrees, &c., at 64fd. 
pP.r milree ? Ans. 1785 milrees ~81 rees. 

45. Reduce £570 16s. Sd. to milrees, &c., at 5s. 8fd. 
per milree? Ans. 2000 milrees. 

46. Reduce £715 to milrees, &c., at 5s. Sd. per mil­
ree? Ans. 2523 milrees 529/.,,- rees. 

ExAMPLE 5.-Spanish Money.-How many piastres, &c., 
in £62 British, exchange being 50d. per piastre 1 

d. £ 
50 : 62 : : 1 : ?, 

20 

1240 p. r. m. 
12 297 0 32H, is the required sum. 

50)14880 
2U7·6 piastres. 

8 

48 reals. 
34 

50)1632 
~H maravedis. 

-i7. How many piastres, &c., shall I receive for £510 
sterling, exchange at 50d. sterling per piastre ? Ans. 
2448 piastres. 

48. Reduce £5000 to piastres, at 40d. per piastre ? 
Ans. 30000 piastres. 

49. Reduce £167 15s. 4d. to piastres, &c., at 39¼d. 
per _piastre? Ans. 1025 piastres, 6 reals, 22tH mara­
ved1s. 

50. Reduce £809 9s Sd. to piastres, &c., at 40fd. per 
piastre? Ans. 4767 p\astres, 4 reals, 2y8-/

3 
maravedis. 

EXAMPLE 6.-A.merican Money.-Reduce £176 Braish to 
American currency, at 66 per cent. 

£ £ £, 
100 : 176 : : 166 : : 

166 
100)29216 
£292 3s. 2id., ia the required sum. 
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EXERC[SES. 

5l. Reduce £753 to dolla.rs, at 4s. per dollar? Ans. 
376{> dollars. 

52. Reduce £532 4s. Sd. Bl'itish to American money, 
at 64 per cent. ? Ans. £872 17s. 3d. 

53. Reduce £1250 17s. 7d. sterling to dollars, at 
4s. 5½d. per dollar? Ans. 5611 dollars 42 cents. 

54. Reduce £589 6s. 2/0rl. to dollars, at 4s. 3½d. 
per dollat·? An.s. 2746 dollars 3 J cents. 

5.5. Reduce £437 Bl'itish to American money, at 78 
per cent.? Ans. £777 17s. 2½-d, 

9. To reduce florins, &c., to pounds, &c., Flemish­
Ruu:.-Divid:; the florins by 6 for pounds, aud­

a:l.ding the remaind::r (redl1ced to sti\rers) to the stivers 
-divide the sum by 6, for skillings, and double the 
remainder, for grotes. 

ExAMPLE.-How· many pounds, skillings, and grotes, in 
165 florins 19 stivers 1 

f. st. 
6)165 19 

_ ::£°2713~ 21., the required sum. 
6 will ~o into 165, 27 times-leaving 3 florin8, or 60stivers, 

which, ,v1th 19, make 79 stivers; 6 will go into 79, 13 times­
leaving 1 ; twice l are 2. 

10. REAso:v OF THE Ruu:.-There n,re IJ times ns mn,nv 
florins as pounds ; for we find by tl;e table that 240 grotis 
make £1, and that 40 ( 2! 0 ) grotes m:ike I florin. There are 
6 times as many stivers n,s skillings; since 96 pennings mil.ke 
I skilling, and 16 (°if) pfennings make one stiver. Also, sinco 
2 grotcs make one Stiver, the remaining stivers are equal to 
twice as m:rny grotes. 

l\Iultiplying by 20 n,nd 2 would reduce the florins to grot.es; 
and divhling the grotes by 12 and 20 would reduce them to 
pouu.ds. Thus, using the same example-

f. st. 
165 19 
20 

8319 
2 

12)6688 
.20)o53 2 

£27 JS,. 2d .• a, before. is the result. 
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EXERCISES, 

56. In 142 florins 17 stivers, how many pounds, &c., 
Ans. £23 16s. 2d. 

57. In 72 florins 14 stivers, how many pounds, &c., 
Ans. £12 2s. 4d. 

58. In 180 florins, how many pounds. &c.,? Ans, £30 
11. To reduce pounds, &c., to florins, &c.­
Ruu~.-}Iultiply the stivers by 6 ; add to the product 

half the number of grotes, then for every 20 contained 
in the sum carry 1, and set down what remains above 
the twenties as stivers. Multiply the pounds by 6, and, 
adding to the product what is to be ·carried from the 
sti,·crs, consider the sum as florins. 

Ex.\MPI.E.-How many florins and stivers in 27 pounds
1 

13 skillings, an<l 2 grotes 1 
£ s. d. 
27 13 2 

6 

165ft. 19st., the required sum. 
6 times 13 are 78, which, with half the number (~) of 

grotea, make i\J sti vers-or 3 florins and 19 sti vers ( 3 twentie8, 
ai:H.l 19); putting down 19 we carry 3. 6 times 27 are 162. 
and the 3 to be carried are 165 fl01·ins. 

This rule is merely the converse of the last. It is evident 
thnt multiplying by 20 und 12, nnd dividing the product by 2 
aull W, wouhl give the same result. Thus 

£ s. d. 
27 13 2 
20 

653 
l:! 

2)6638 
20)3319 

165ll. 19st,. the same result as bafere. 
EXERCISES, 

59. How many florins and stivers in 30 pounds 12 
skillin~, and 1 grote ? Ans. 183 :8.., 12 st., 1 g. ' 

60. How many florins, &c., in 129 pounds 7 skil• 
lings ? Ans. 776 fl. 2 st. ' 

6_1. In 97 pounds, 8 skillings, 2 grotes, how many 
florins, &c. ? Am. 584 fi. 9 st. 



A,nB[TRA TlON OF EXCHANGES. 283 

QUESTIONS. 

1. What is exchange ? [ 1 J. 
2. What is the difference between real and imagin-

ary money? [l J. 
3. What are the par and course of exchange? [1 J. 
4. What is agio 7 [3]. 
5. What is the difference between current or cash 

noney and exchange or bank money ? [3]. 
6. How is bank reduced to current money ? [ 4]. 
7. How is current reduced to bank'money? [6]. 
8. How is foreign reduced to British money ? [7]. 
9. How is British reduced to foreign money? [8]. 
10. How are florins, &c., reduced to pounds Flemish, 

&c.? [9]. 
11. How are pounds Flemish, &c., reduced to florins, 

&c.? [11]. 

ARBITRATION OF EXCHANGES. 

12. In the rule of exchange only two places are con­
eerned ; it may sometimes, however, be more beneficial 
eo the merchant to draw tltrougk one or more other 
places. The mode of estimating the value of the money 
of any place, not drawn directly, but through one or 
more other ·places, is called the arbitration of exchanges, 
and is either simple or compound. It is " simple " 
when there is only one intermediate place, " compound" 
when there are more than one. 

All questions in this rule may be , solved by one or 
more proportions. 

13. Simple Arbitration of Exckanges.-Given the 
course of exchange between each of two places and 
a third, to find the par of exchange between the 
former. 

R ULE.-1\fake the given sums of money belonging to 
the third place the first and second terms of the propor­
tion ; . and put, as third term, the equivalent of what is 
in the first. The fourth proportional will be the value 
of what is in the second term, in the kind of meney 
contained in th~ third term. 
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Ex.nrPLE.-If London exchanges with Paris at_IOd. per 
franc, arnl with Amsterdam at 3-!s. 8d. per £1 stel'lm~, what 
ouo·ht to be the course of exchange, between Paris and 
A1~sterda.1fl, that a merchant niay without loss remit from 
Ll)ndon to Amsterdam through Paris 1 . 

£1 : lOJ. : : 3-!s. 8d. (the equivalent, in Flemish money, 
:>f £1) : 1 the equivalent of lOd. British (or of a-franc) in 
Flemish money. 

34s. Bd. X 10 
Or 240 : 10 : : 34s. 8d. : 240 =l 7½d,, the re-

quired value of 10d. British, or of a franc, in Flemish money. 
£1 and lOJ. are the two given i,ums of English money, or 

that which belongs to the third place; and 34s. 8d. is the 
given equivalent of £1. 

It is evident that, 17½d. (Flemish) being the value of lOd., 
the equiv;tleut in Brith;h money of a franc, when more than 
li¼,/. Fleinish is given for a franc, the merchant will gain if 
he remits through P1tris, since he will thus indirectly receive 
more than l Hd. for 10d. sterling-that is, more than its equi­
valent, in Flemish money, at the given course of exchange. 
between London and Amsterdam. Un the other hand, if less 
than li½rl. Flemish is allowed for a franc, he will lose by 
remitting though Pu.ris ; since he will receive a franc for 10d. 
(British); but he will not receive I i½d. for the franc :-while, 
had he remitted lOd., the value of the franc, to Amsterdam 
directly, he would have been allowed 17½d. 

EXERCISES, 

1. If the exchange between London and Amsterdam 
is 33s. 9d. per pound ~terlin~ and the exchange be..; 
tween London and Paris 9½d, per franc, what is the 
par of exchange between Amsterdam and Paris ? Ans. 
Nearly 16d. Flemish per franc. 

2. London is indebted to Petersbur<Yh 5000 rubles· 
~bile the exchange between Petersbu~gh and Londo~ 
1s n.t . 50d. per ruhle, but between Petersburgh and 
Holland it is at 90d. Flemish per ruble and Holland 
and England at 36s. 4d. Flemish per p~und sterlin11 
Which will be the more advantageous method for Lo;: 
don to be drawn upon-the direct or the indirect? Ans. 
London will' gain £9 lls; Iii~d. if it makes payments 
by way of Holland. · 

5000 rubles=~1041 13s. 4d. British, or £1875 Flemish· 
but £1875 Flemish=.£1032 2s. 2M£l. British. ' 
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14. Compo11,nd Arbitra.tiow of Exchanges.-To find 
what should· be. the · course of e:xchan<Te between two 
places, through two or more others, that it may be on a 
par with the course of exchange between the same two 
places, directly-

RuLE.-Ha ving reduced . monies of the same kind to 
the same denomination, consider each course of exchange 
as a· ratio; set down the difti.,rent ratios in a vertical 
column, so that the· nntecedeut of the second shall be 
of the same kind as tho consequent oi the first, and the 
antecedent of the third, of the sam8 kind as the conse­
quent of the second-putting-. down a note of interroga­
tion -for the unknown term of the imp~rfect· ratio~ Ther.. 
divide. the product of the consequents by the product of 
the antecedents, and the quotient will be tht' value of the 
given sum if remitted through. the interml'diate places. 

Compare with this its value as 1·emitted by t!ie direct 
exchang.e. 

15. Ex.A:MPLE.~£824 Flemish being due to rue at Am­
sterdam. it is remitted to France at 160:. Flemish per franc; 
from France to Venice at 300 francs per 60 ducats : from 
Venice to Hamburgh at lOOcl. per ducat; from Hamburgh 
to Lisbon at 50d. per 400 rees; and from Lisbon to England 
at 5s. 8d. sterling per milree. Shall I gain or lose, and ho,v 
much, the exchange between England and Amsterdam being 
34s. 4d. per .:Sl sterling 1 

15d. : 1 franc. 
300 1i-ancs:: 60 ducats. 
I ducat : 100 pence Flemish. 
50 pence Flemish : 400 rees. 
1000 rees : 68 pence British. 
1 : £82-1 Flemish. 

lx60xlOOx400'X68 X824 (if we reduce the· terms 
16x300xlx50xIOOO 

I7x824 4 [.Seo. V. 47]) ~ =£560 6s. 4:,d. 

But the exchange between England and Amsterdam fct 
£824 Flemishis £480 sterling. 

. . £824 
Smce-34s1 4d, : £824 : : £1 : 34.~. 4<1;==£480. 

I gain . therefore by the circular exchange £560 6s. 41a, 
minus .£480=£80 -6s. 4!d. 
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If commission is charO'ed in any of the places, it must 
be deducted from the ;alue of the sum which can be 
obtained in that place. 

The process given for the compound arbitration of ex­
change may be _proved to b~ correct, ~y puttin~ down the 
different proportions, and solvmg them m succession. Thus, 
if 16d. are equal to 1 franc, what will 300 francs ( =60 
ducats) be worth. If the quantity last found is the value of 
60 ducats, what will be that of one ducat ( =100d. ), &c. 1 

EXERCISES, 

3. If London would remit £1000 sterling to Spain, 
the direct exchange being 42½d, per piastre of 272 
maravedis ; it is asked whether it will be more profit­
able to remit directly, or to remit first to Holland at 
35s. per pound; thence to France at 19½d, per franc; 
thence to Venice at 300 francs per 60 ducats ; and 
thence to Spain at 360 maravedis per ducat? Ans. 
The circular exchange is more advantageous by 103 
piastres, 3 reals, 19H maravedis. 

4. A merchant at London has credit for 680 piastres 
at Leghorn, for which he can draw directly at 50d. per 
piastre ; but choosing to try the circular way, they are 
by his orders remitted first to Venice at 94 piastres per 
100 ducats; thence to Cadiz at 320 maravedis per 
ducat ; thence to Lisbon at 630 rees per piastre of 272 
maravedis ; thence to Amsterdam at 5ud. per crusade 
of 400 rees ; thence to Paris at 18½d, per franc ; and 
thence to London at lO½d, per franc; how much is the 
circular remittance better than the direct draft reckon­
ing½ per cent. for commission? Ans. £14 12s. 7¼d 

16. To estimate the gain or loss per cent.­
RuLE.-Say, _as the par of exchange is to the course 

of exchange, so 1s £100 to a fourth proportional. From 
this subtract £100. 

Ex~MPLE.-The par of exchange is _found to be I8¼d, 
Flem1~h, but the course of exchange 1s 19d. per fra.n\l ; 
what ~s the gain per cent. ! 

181d · 19d · · £100 £l9 XlOO i • · · .. : 181 ==£104 11. Ild. 
I 
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Thus the gain per cent.=£104 7 s. Ild. minus £100== 
.£4 7s. Ild. if the merchant remits through Paris. 

~f !n; remitting through Paris commission must be 
paid, 1t is to be deducted from the gain. 

EXERCISES. 

5. The par of exchange is found to be l 8,¥d. Flemish, 
but the course of exchange is 19½d,, what is the gain per 
cent. ? Ans. £4 18s. 2¾d, 

6. The par of exchange is l7fd. Flemish, but the 
course is 18½d,, what is the gain per cent.? Ans. £4 
6s. 11fd. 

7. The par of exchange is 18td. Flemish, but the 
course of exchange is .17-Hd., what is the loss per cent. ? 
Ans. £1 16s. 2d. 

QUESTIONS. 

l. What is meant by arbitration of exchanges ? [12). 
2. What is the· difference between simple and com-

pound_ arbitration? [12). 
3. What is the rule for simple arbitration ? [13). 
4. What is the rule for compound arbitration ? [141. 
5. How are we to act if commission is charged in 

any place ? [15]. 
6. How is the gain or loss per cent. estimated? (16]. 

PROFIT AND LOSS. 

17. This rule enables us to discover how much we 
gain or lose in mercantile transactions, when we sell at 
certain prices. 

Given the prime cost and selling price, to find the 
gain or loss in a certain quantity. 

RuLE.-Find the price of the goods at prime cost 
and at the selling price ; the difference will be the gain 
or loss on a given quantity. 

EXAMPLE.-What do I gain, if I buy 460 lb of butter at 
6d., and sell it at 7 d. per lb 1 

The total prime cost is 460d. X 6=2760d. 
The total selling price is 460d. X 7 =3220d. 
The total gn.in is 3220d. minus 2760cl.=4'30d.=£1 18s.~ 4d. 
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EXERCISES. 

1. Bought 140 lb of butter~ _at lOd. per ib, ~nd solu 
it at 14d. per th ; what was gam~d ~ Ans. £2· 6s. 8d. 

2. Bought 5 cwt., 3 qrs., 14 lb of cheese, at £2 12s. 
per cwt., and sold it for £2 18s. per cwt. _ What was 
the gain upon the whole ? Ans. £I 15s. 3a. 

3. Bought 5 cwt., 3 qrs .. , 14 lb of bacon, at 34s. per 
cwt .. and sold it at 36s. 4d. per cwt. What. was the 
gain· on the whole? Ans. 13s. B½d, 

4. If a chest of tea, containing 144 lb is bought 
for 6s. Sd. p~r lb, what is the gain, the price received 
for the whole being £57 I Os.? Ans. £9 10s. · 

JS. To find the gain or loss per cent.-
R uLE.-Say, as the eost is to the selling prioe, so is 

£100 to the required sum. The fourth proportional 
minu! £100 will be the gain per cent. 

ExurPLE 1.-What do I gain per cent. if I buy 1460 lb 
of beef at 3d., and sell it at 3½d, per lb i 

3d. X 1460=4380d,, is the cost price. 
And 3½<[.xl460=5110d., is the selling '!)rice. 

5110 X 100 • 
Tb,en 4380 : 5110 : : 100 : 4380 - £110 13s. 4d. 
Ans. £116 13s. 4d. minus £100 (=£16 138. 4d.) is the ga.iµ 

.pe1· cent. 

~EASON OF THE RuLE.-The price is to the price plus the 
ga~n in one _case, as the price (.£100) is to the price plus the 
gam (.£100,the gain on £100) in another. 

Ox:, the price is to the price plus the gain, as any. multiple 
or_part of the former (£100 for instance) is to an equimultiple 
of the latter (.£100+che gain on. .£100). · 

EXAllIPLE 2.~A person sells a horse for .£40, and loses 9 
per cent., while he should hli.ve made 20 per cent. What is 
his entire loss 1 · 

.£100 minus th_e loss, per cent., is to .£100 as .£40 (~h.it 
the hl,rse cost, mmus wliat he lost by it) is to what it cost. 

IOOx4u 
91 : 100 : : 40 : - 9- 1-=£43 198. 1½£l., what.the horse.cost. 

But the . person should have gained· 20 per cent., or ¼ 
of the price ; therefore his profit should have been 
£43 19s. lld. 
- . 5 

2 -.£8 15.!. 9ld, And 
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£, s. d. 
3 19 1.\- is the difference between cost and selling price 
8 15 :9¾ is what he should have received above cost.· • 

12 14 11¼ is his total loss. 

,EXERCISES. 

5. :Bought beef -at 6d. :per fu, and •sold ·it at Sd. 
What what was the :gain per cent.? Ans. 33½, 

1L 1:Bought tea for 5s. per lb, and sold it for 3s. 
What was the loss per cent. ? Ans. 40. 

7. If a pound of tea is bought for 6s. 6d., and sold 
for· 7s. ·4d., what is the gain per cent.? Ans. l2H-, 

-8. If 5 cw,t., 3 qrs., 26 th, are ·bought for £9 8s., 
•arid,sold for £11 18s. lld., how much is gained per 
.cent.? Ans.:21i·i-4 -

9. When wine is bought at 17s. -6d. per gallon, and 
,sold for 27s. 6,l,, whatis the gain per cent.? Ans. 57f. 

10. Bought a quantity .of goods for £60, ,and sold 
them for £75 .; -what was the gain per cent. ? Ans. 25. 

u·. ;Boµght a tun of wine for £5.0, ready money, and 
sold jt for.£54 10s., payable in 8 months. How much 
per cent. per annum is gained by that rate? A~. 13½, 

12. Having sold 2 yards of cloth for 11s. 6d., I 
gained at the rate of 15 per cent. What would I have 
gained if I had sold it for 12s. ? Ans. 20 per cent. 

13. If when I sell cloth. at 7s. per yard, I gain 10 
per cent. ; what will I gain , per cent. when it is sold for 
Ss. '3d. ? Ans. £33 11s. 5td. 

7.~. : 8s. ot!. · : £110 : £133 lls .. 5:{d. And £133 lls. 
5 ~d.-£100=£33 l!.s. 5 ld., is the -required'. gain. 

19. Given the cost price and gain, to :find the selling 
price- • . • 

RuLE.-Say, as £-100 is to ,£1'00 plus the,ga-m per 
cent., so is the cost price to the required selling price. 

EXAMPLE.-At wha.t price per :ya.rd must l sell.427 yarda 
of. cl'oth which I bought fo~ His. per yard, so that r may 
gain 8 per cent. 1 

108)<19s. 
100, : 108 : : ms. : - 1~===£1 Os. 6}d. 

This reBUlt m19" be prond by the la.st rule. 
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EXERCISES. 

14. Bought velvet at 4s. Sd. per yard; at what price 
must I sell it, so as to gain 12} per cent. ? Ans. At 
5s. 3d. 

15. Bought muslin at 5s. per yard ; how must it bo 
sold that I may lose 10 per cent. ? Ans. At 4s. 6d. 

16. If a tun of brandy costs £40, how must it be 
sold, to gain 6¼ per cent. ? Ans . .Ifor £42 10s. 

17. Bought hops at £4 16s. per. cwt. ; at what rate 
must they be sold, to lose 15 per cent. ? Ans. For £4 
Is. 1¼d. 

18. A merchant receives 180 casks of raisins, which 
stand him in 16s. each, and trucks them against other 
merchandize at 28s. per cwt., by which he finds he has 
gained 25 per cent._; for what, on an average, did he sell 
each cask? .A11,s. 80 lb, nearly. 

20. Given the gain, or loss per cent., and the selling 
price, to find the cost price-

R uLE.-Say, as £100 plus the gain ( or as £100 minus 
the loss) is to £100, so is the selling to the cost price. 

EXAMPLE 1.-If I sell 72 lb of tea at 6s. per lb, and gain 
9 per cent., what did it cost per lb 1 

£lOOx6 
109 : 100 : : 6 : ~=5s. 6d. 

WhJt produces £109 cost £100; therefore what pro­
duces 6s. must, at the same rate, cost 5s. 6d. 

EXAMPLE 2.:--A merchant buys 97 casks of butter at 30$. 
each, and sellmg the butter at .£4 per cwt., makes 20 per 
cent.; for how much did he buy it per cwt.1 

30.~. X97=2910s., is the total price. 
Th loo 2910s. X 120 

en : 120 : : 2910 : 
100 

_ 3492s., tho 

lli • 3492s.c· 3492s.) 
se ng pnce. And Bili. =74-- =43·65, is the number 

43·65 
of cwt.; and 97=50¼U lb, is the a.vararre weight of en.ch cask. o 

lb lb s s. 
Then 50}U: 112 : : 30 : 112 X 3~=66 8d -£3 r. 

501u ,. ·- vi. 

8d., the requifed cost price, per o~. 
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EXERCISES. 

19. Having sold 12 yards of cloth at 20,. per ya.rd, 
and lost 10 per cent., what was the prime, cost? .Am. 
22s. 2½d, 

20. _Having sold 12 yards of cloth at 20s. per yard 
and gamed 10 per cent., what was the prime cost? An,~ 
18s. 2y21 d. 

21. Having sold 12 yards of cloth for £5 14s., and 
ga.ined ~ per cent., what was the prime cost per yard? 
Am. Ss. 9{d. 

22. For wh;t did I buy 3 cwt. of Sligar, which I 
sold for .£6 3s., and lost 4 per cent. ? Ans~ For .£6 
8s. l½d. 

23. For what did I buy 53 yards of cloth, which I 
sold for £25, and gained £5 10s. per cent.? Ans. For 
£23 13s. ll¼d. 

QUESTIONS. 

1. What is the object of the rule ? [17). 
2. Given the prime cost and selling price, how is 

the profit or loss found ? fl 7]. 
3. How do we find the profit or loss per cent? (18). 
4. Given the prime cost and gain, how is the celling 

price found? [19]. 
5. Given the. gain or loss per cent. and selling price, 

how do we find the cost price ? (20]. 

FELLOWSHIP. 

21. This rule enables us, when two or more persons 
are joined in partnership, to estimate the amourit of 
profit or loss which belongs to the share of each. 

Fellowship is either single (simple) or doubk ( com­
pound). It is single, or simple fellowship, when the 
different stocks have been in trade for the same time. 
It is double, or compound fellowship, when the dift"ercri.t 
stocks have been employed for dijferent times. 

This rule also enables us to estimate how much of a 
bankrupt's stock is to be given to each creditor. 
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22. Single F~llo~sliip.:-RuLE.-Sa,:, as the ~ho~e 
stock is to the whoi.E.> gam or loss, so 1s each p~1 son s 
contribution to the gain o:- loss which belongs to hun. 

EXAMPLE.-A put £720 into trade, B £340, a!lcl ~ 
£960 · .and they gained £47 by the t1·affic. What 1s li & 

share'of it 1 
£, 

7~0 
340 
960 

£47x340 £ 7 18 21 .1 

2020 : £47 : : £,340 : 2020 s. ¥A 

Each person's gain or loss must evidentlj be proportion~ 
to his contribution. 

EXERCISES. 

1. B and C buy certain merchandizes, amounting 
to £80, of which B pays £30, and C £50 ; and they 
gain £20. How is it to be divided? Ans. B £7 10s., 
and C £12 10s. 

2. B and C gain by trade £182 ; B put in £300, 
and (J £400. What is the gain of each? Ans. B £78, 
and C £104. 

3. 2 persons are to share £100 in the proportions 
of 2 to B and I to C. What is the share of each? 
Ans. B £66½, C £33½. 

4. A merchant failing, owes to B £500, and to C 
£900; but has only £1l00 to meet these demands. 
How much should each creditor receive? Ans. B £392t, 
and C £707f. 

5. Three merchants load a ship with butter ; B 
gives 200 casks, C 300, and D 400 ; but when they are 
at sea it is found necessary to throw 180 casks over­
board. How much of this loss should fall to the share 
of each merchant? Ans. B should lose 40 casks, C 
60, and D 80. 

6. Three persons are to pay a tax of £100 accord .. 
ing to their estates. B's yearly property is .£800, C's 
£600, and D's £400. How much is each person's share? 
A?U. B's is £44½: C's £33½, and D's £22a. 

7. Divide 120 into three such parts a; shall be to 
each other as 1, 2, and 3? Ans. 20, 40, and 60. 
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-4. A ship worth £900 is entirely lost; t of it be-
1_..ged to B, ¼ t.o C, and the rest to D. What should 
be the loss of each, £540 being received as insurance ? 
Ans. B £45, C £90, and D £:225. 

9. Three persons have gained £1320 ; if B were to 
take £6, C ought to take £4, and D £2. What is each 
person's share? Ans. B's £660, C's £440, and D's 
£220. 

10. B :,tnd C have gained £600; of this B is to 
have 10 per cent. more than C. How much will each 
receive? Ans. B £314t, and C £2854. 

11. Three merchants form a company; B puts in 
£150, and C £260; D's share of £62, which they gained, 
comes to £16. How much of the gain belongs to B, 
and how much to C ; and what is D's share of the stock ? 
Ans. B's profit is £16 16s. 1-r71 d., C's £29 3s. 4Hd,; 
and D put in £142 12s. 2-f-..rd. 

12. Three persons join ; B and C put in a certain 
stock, and D puts in £1090; they gain £1 IO, of which 
B takes £35, and C £29. How much did Band C put 
in ; and what is D's share of the gain ? Ans. B put 
in £829 6s. Il½½d., C £687 3s. 5Hd.; and D's pari1 of 
the profit is £46. 

13. Three farmers hold a farm in common ; one pays 
£97 for his portion, another £79, and the third £100. 
The county cess on the farm amounts to £34 ; what is 
each person's share of it? Ans. £11 18s. 11,Hd.; £9 
14s. 7-Hd. ; and £12 6s. 4½½d, 

23. Comp0'/1,nd Fellowskip.-RuLE.-Multiply each 
person's stock by the time during which it has been in 
trade ; and say,_ as the sum of the products is t? the whole 
gain or loss, so 1s each person's product to hIS share of 
the gain or loss. 

ExAMPLE.-A contributes £30 for 6 months, B £84 for 
11 months, and C £.96 for 8 months,; and they lose £14. 
What is C's share of this loss 1 

30X 6=180 for one month. ( 
84 x 11=924 for one month. =£1872 for one month. 
96 X 8=768 for one month. 

1872: £14:: £768: £l:~~68 
=£6 Is. 4¾cl., C's E.hare 

0 
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24. REASON OF THE RuLE.-lt is clear thn.t £30 contributed 
for 6 months are, as far as the gain or the loss to be derived 
from it is concerned, the same as 6 times £30-or £180 con­
tributed for l month. Hence A's contribution may be taken 
as £180 for I month ; and, for the same reason, B's as £924 
for the same time; and C's as £768 also for the same time 
This reduces the question to one in simple fellowship [22]. 

EXERCISES. 

14. Three merchants enter into partnership; B puts 
in £89 5s. for 5 months, C £92 15s. for 7 months, anu. 
D £38 I Os. for 11 months; and they gain £86 16s. 
What should be each person's share of it? Ans. B's 
.L.25 10s., C's £37 2s., and D's £24 4s. 

15. B, C, and D pay £40 as the year's rent of a farm. 
B puts 40 cows on it for 6 months, C 30 for 5 months, 
and D 50 for the rest of the time. How much of the 
rent should each person pay? Ans. B £2ll1 , C £13.'n 
and D £4y61 . 

16. Three dealers, A, Il, and C, enter into partnership, 
and in a certain time make £291 13s. 4d. A's stock, 
£1,pO, was in trade 6 months; B's, £200, 3 months; and 
C's, £125, 16 months. ·what is each person's share of 
the gain ? Ans. A's is £75, B's £50, and C's £166 
13s. 4d. 

17. Three persons have received £665 interest ; B 
had put in £4000 for 12 months, C £3000 for 15 months, 
and D £5000 for 8 months; how much is each person's 
part of the interest? Ans. B's £240, C's £225, and 
D's £200. 

18. X, Y, and Z form a company. X's stock is in 
trade 3 months, and he claims / 2 of the gain · Y's 
stock is 9 months in trade ; and Z advanced £7 56 for 
4 months, and claims half the profit. How much did 
X and Y contribute ? Ans. X £168, and Y £280. 

It follows that Y's gain was -f,;. Then } : /
2 

: : .£756 x 4: 
504=X's l?roduct, which, being divided "'by his number or 
months, will give £168, as his contribution. Y's share of 
the stock may be found in the same way. 

19. Three troops of horee rent a field, for which they 
pay £80 ; the first sent into it 56 horses for 12 days, the 
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l!lecond 64 for 15 day.e,- and the third 80 for 18 days. 
What must e,ioh pay ? Ans. The first must pay £17 
10.r., the second £25, and the third £37 10s. 
' 20. Three merchants are concerned in a steam vessel; 
the first, A, puts in &240 for 6 months ; the second, B, 
a sum unknown for 12 months; and the third, -C, £160, 
for a. time not known when the accounts were settled. A 
i:eceived &300 for his stock and.profit, B £600 for his, 
and C £260 for his; what was B's stock, and C's time? 
Ans. B's stock was £400; and C's time was 15 months. 

If £300 arise from £240 ill 6 months, £600 (B's stock and 
profit) will be found to arise from £400 tB's stock) in 12 
months. 

Then £400 : £160 : : £200 (the profit on £400 in 12 
months) : £80 (the profit on £160 in 12 months).' And £160+ 
80 (.£160 with its profit for 12 months) : £260 (£160 with 
its profit for some other time) : : 12 (the number of months 

• h ) 260 X 12 h b f h . h h int e one case : l60+80 (t e num er o mont s mt e ot er 

case)=l3, the number of months required to produce the 
difference between £160, C's stock, and the £260, which he 
receiyed. 

21. In the foregoing. question A's gain was £60 
during 6 months, B's £200 during 12 months, and C's 
£100 during 13 months; and the sum of the products 
of their stocks and times is 8320. What were their 
stocks? Ans. A's was £240, B's £400, :rnd C's £160. 

22. In the same question the sum of the stocks is 
£800; A's stock was in trade 6 months, B's 12 months, 
and C's 15 months; and at the settling of accounts, 
A is paid £60 of the gain, B £200, and C £100. 
,vhat was each person's stock? An.t. A's was £240, 
B's £400, and C's £160. 

QUESTIONS. 

1. What is fellowship? [21]. 
2. ,vhat is the difference between single and double 

fellowship ; and are these ever called by any other 
names? [21]. 1 

3. What are the rules for single, and double fellow• 
-.hip ? (i2. and 23]. 
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BARTER. 

25. Barter enables the merchant to exchange one 
commodity for another, _:without eith_er loss or ~ain. 

RuLE.-Find the price of the given quantity of o~e 
kind of merchandise to be bartered ; and then ascertam 
how much of the other kind this price ought to pur-
chase. · 

ExA!IIPLE 1.-How much tea, at 8s.,er lb, ou~ht to be 
given for 3 cwt. of tallow, at £1 16s. 8 . per cwt .. 

£ s. d. 
116 8 

3 

5100 is the price of 3 cwt. of tallow. 

And £5 10s.+8s.=13!, is the number of pounds of tea. 
which £5 10s., the price of the tallow, would purchase. 

There must be so many pounds of tea, as will be equal to 
the number of times that 8s. is contained in the price of the 
tallow. 

EXAMPLE 2.~I desire to barter 96 lb of sugar, which 
cost me 8d. per lb, but which I sell at 13d., giving 9 
months' credit, for calico which another merchant sells for 
17d. per yard, giving 6 months' credit. How much calico 
ought I to receive 1 

I first find at what price I could sell my sugar, were I to 
give the same credit as he does-

If 9 months give me 5d. profit, what ought 6 months to 
give 1 

9 : ~:: 5 : 6;5 _390=3!<1. 

Hence, were I to give 6 months' credit, I should charge 
l1½£i. per tb. Next-

~s my selling_ pric~ is to _my buyin; price, so ought his 
selling to be to his buymg price, both g1vmg the same credit. 

lU: 8:: 17 :~xl7_12d. 
.. 11} -

The price of my sugar, therefore, is 96x8d. or 768d • 
&nd of his calico, 12d. per yard. ' · ' 

Hence W- 64, is the required number or yar4a. 



B-ARTEll 297 
EXERCISES, 

1. A merchant has 1200 stones of tallow, at 2s. 3fd. 
the stone; B has 110 tanned hides, weight 3994 1b, at 
5fd. the lb ; and they barter at these rates. How much 
money is A to receive of B, along with the hides? Ans. 
£40 11s. 2½d. 

2. A has silk at 14s. per Ib ; B has cloth at 12s. 6d. 
which cost only 10s. the yard. How much must A charge 
for his silk, to make his profit equal to that of B ? A-as. 
17s. 6d. 

3. A has coffee which he barters at 10d. the ib more 
than it cost him, against tea which stands B in 10s., 
but which he rates at 12s. 6d. ;per lb. How much did 
the coffee cost at first? Ans. 3s. 4d. 

4. Kand L barter. K has cloth worth 8s. the yard, 
which he barters at 9s. 3d. with L, for linen cloth at 
3.~. per yard, which is worth only 2s. 7d. Who has the 
advantage; and how much linen does L give to K, for 
70 yards of his cloth? Ans. L gives K 215¾ yard3; 
and L has the advantage. 

5. B has :five tons of butter, at £25 lOs. per ton, and 
10½ tons of tallow, at £33 15s. per ton, which he barters 
with C ; agreeing to receive £150 ls. 6d. in ready 
money, and the i'est in beef, at 21s. per barrel. How 
many barrels is he to receive? Ans. 316. 

6. I have cloth at 8d. the yard, and in barter chargo 
for it at 13d., and give 9 months' time for payment; 
another merchant has goods which cost him 12d. per 
lb, and with which he gives 6 months' time for payment. 
How high must he charge his goods to make an equal 
barter? An.s. At 17d. 

7. I barter goods which cost Sd. per lb, but for 
w11ich I charge 13d., giving 9 months' time, for goods 
which are charged at 17d., and with which 6 mo~ths' 
time are given. Required the cost of what I receive? 
Ans. 12d. 

8. Two persons barter; A bas sugar at Sd. per lb, 
charges it at 13d., and gives 9 months time; B has 

at 12d. per lb, and charges it at 17 d. per ib. How 
time must B give, to make the barter equal r 

6 months. 
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QUESTIONS. 

1. What is barter ? [25 l. 
2. What is the rule for. oarter ? [25]. 

ALLIGATION. 

26. This rule enables us to find what mixture will be 
produced by the union of certain ingredients-and then 
it· is called alligation medial; or what ingredients will 
be requited to produce a cert11.in mixture-when it is 
termed alliga:tion alternate ; further dirision or the 
subject is unnecessary :-it is evident that any change 
in' the amount of one ingredient of a given mixture 
must produce a proportional change in the amount.a 
of the others, and of the entire quantity. 

27. Alligation .Medial.-Given the rates or kinds 
and quantities of certain ingredients, to find the mixture 
they will produce-

RuLE.-1\lultiply the rate or kind of each ingredient 
by its amount ; divide the sum of the products by the 
number of the lowest denomination contained in the 
whole quantity, and the quotient will be the rate or 
kind of that denomination of the mixture. From this 
may be found the rate or kind of any other denomination. 

EXAMPLE 1.-What ought to be the price per lb, of a 
mixture containing 98 lb of sugar at 9d. per lb, 87 lb o.t 
5d., and 34 lb at 6d. 

d. d. 
Sx98 882 
5x87 = 435 
6X34 -= 204 
-- --

219 219)1521 

.A.m. 1d. per lb, nearly. 

Th_e -price of each sugar, ia the number of pence per pound 
mult1phed by the number of pounds ; and the price of the 
whole is the sum of the pTices. But if 219 lb of sugar have 
cost 162ld., one lb, or the 219th part of thia, must cest the 
219th part or 162ld., or \/Nd. -7d., nearly. 
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ExAMPLE 2.-What will be the price per lb of a mixture 
eontaining 9 lb 6 oz. of tea at, 5s. 6d. per lb, 18 lb at 6.s. 
per lb, and 46 lb 3 oz. at 9s. 4¥,l. per lb 1 

lb oz. s. d. £ s. d. 
9 6 at 5 6 per lb= 2 11 6¾ 

18 0 6 0 per lb= 5 8 0 
46 3 9 4½ per lb=21 13 0 

73 9 1177)29 12 6f 
16 Ans. 6d. per oz. nearly. 

1177 ounces. 
_ And 6d. X 16=8s., is the price per pound. 
In this case, the lowest denomination being ounces, we 

reduce the whole to ounces ; and having found the price of a11 
ounce, we uiuitiply it by 16, to find that of a pound. 

EXAMPLE 3.-A goldsmith has 3 lb of gold 22 carats fine, 
and 2 lb 21 carats :fine. What will be the :fineness of the 
mixture 1 

In this case the value of each kind of inp-edient is repre• 
sented by a number of carats­

lbs 
3x22 = 66 
2x21 = 42 
5 5)108 

The mixture is 21¾ carats fine. 

EXERCISES, 

1. A vintner mixed 2 gallons of win~, at 14s. per 
gallon, with 1 gallon at 12s., 2 gallons at 9s., and 4 
gallons at 8s. What is one gallon of the mixture worth? 
Ans. 10s. 

2. 17 gallons of ale, at 9d. per gallon, 14 at 7½d,, 5 
at 9½d,, and 21 at 4½d., are mixed together. How 
much per gallon is the mixture worth? Ans. 77}-yd, 

3. Having melted together 7 oz. of gold 22 carats 
fine, 12½ oz. 21 carats fine, and 17 oz. 19 carats fine, I 
wish to know the fineness of each ounce of the mixture ? 
Ans. 20H carats. 

28. Alligation Alternate. -Given the nature of the 
mixture, and of the ingredients, to find the relative 
amount~ of the latter-
~ ULE.-Put down the quantities greater than the 

given mean ( each of them connected with the ditferenc• 
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between it and the mean, by the sign - ) in one column; 
put the difl\Jrences between the remaining quantities 
and the mean ( connected with the quantities to which 
they belong, by the sign +)'in a column to the right 
hand of the former. Unite, by a line, each plu.,s with some 
mi-n11,s difference ; and then each differenue will express 
how much of the quantity, with whose difference it is 
connected, should be taken to form the required mixture. 

If any difference is connected with more tluvn one 
other difference, it is to be considered as repeated for 
ea.ch of the differences with which it is connected ; and 
the sum of the differences with which it is connected is 
to be taken as the required amount of the quantity 
whose difference it is. 

EXAMPLE 1.-How many pounds of tea, at 5.s. and 8s. per 
lb, would form a mixture worth 7s. per lb 1 

Price. Differences. Price. 

s. s. s. s. 
The mean=8- l---2+5=the mean. 

1 is connected with 2,., the difference between the mean 
and 5s. ; hence there must be 1 lb at 5s. 2 is connected 
with 1, the difference between 8s. and the mean ; hence there 
must be 2 lb at 8s. Then 1 lb of tea at 5s. and 2 lb at 8s. 
per ti), will form a mixture worth 7 s. per lb-as may he 
proved by the last rule. 

It is evident that any equimultiples of these quantities 
would answer equally well; hence a great number of answers 
may be given to such a question. 

EXAMPLE 2.-How much sugar at 9d., 7d., 5d., and 10d, 
will produce sugar at 8d. per lb 1 

Prices. Differences. Prices. 
~~ 

d. d. d. d. 

Th i 9-1--1+1 l e mean= 110 _ 2 __ 3+ 5 f =the mean. 

1 is connected with 1, the aifference between 7d. and the 
mean; hence there is to be 1 lb of sugar at 7 d. per lb. 2 is 
connected with 3, the difference between 5d. and the mean· 
hew:e there is to be 2 lb at 5d. 1 is connected with 1 th; 
dif;~reooe between !ld. and the mean ; hence there is to be 
1 ft> at 9d. An<l 3 is connected with 2, the difference between 
10d. and the mean; hence there are to be 3 lb at lOd, 
per lb. 
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Consequently we are to take I lb nt 7 d., and 2 lb at 5d. 
l lb at 9d., and 3 lb at 10d. If we examine what mixture 
these will give [27], we shall find it to be the given mean. 

EXAMPLE 3.-What quantities of tea at 4s., 6s., 8s., and 
l>s. per lb, will_produce a mixture worth 5s. 1 

Prices. Dift'erences. Prices. 

s. s. s. s. 

l. 

8-3 ~l +4=the mean. 
The mean= 6-1/..,.,..-

9-4 
3, 1, and 4 are connected with ls., the differece between 

4.~. and the mean; therefore we are to take 3 lb+ 1 tb + 4 
lb of tea, at 4s. per lb. 1 is connected with 3s., ls., and 4s., 
the differences between 8s., 6s., and 9s., and the mean:· 
therefore we are to take 1 lb of tea at 8s., 1 lb of tea at 6s.; 
and 1 lb of tea at 9s. per lb. 

We find in this example that 8s., 6s., and 9s. are all con­
nected with the same 1; this shows that 1 lb of each will 
be required. 4s. is connected with 3, 1, and 4; there mu1:1t 
be, therefore, 3+1+4 lb of tea at 4s. 

EXAMPLE 4.-How much of anything, at 3s., 4s., 5s., 7s., 
8s., 9s., lls., and 12s. per lb, would form a mixture worth 
6s. per lb 1 

Prices. Differences. Pricer. 

s. s. s. s. 
7-1--3+3 
8-2--2+4 

9-3-/· 1+5 11-5 
12-6 

I lb at 3s., 2 Ib at 4s., 3 lb at 7s., 2 lb at 8s., 3+5+6 (14) 
lb at 5s., 1 lb at 9s., 1 lb at 11s., and l lb at 12s. per lb, will 
form the required mixture. 

29. REASON OF THE RuLE.-The excess of one ingredient 
above the mean is made to counterbalance wlmt the other 
wants of being equal to the mean. Thus in example 1, l lb 
at 5s. per lb gives a deficiency of 2s. : but this is corrected by 
28. ·excess in the 2 lb at 8s. per lb. 

· In example 2, 1 lb at 7 d. gives a deficiency of 1d., 1 lb at 9d. 
gives an exces,, of ld. ; but the excess of Id. and the deficiency 
of ld. exactly neutralize ea.ch other. 

Again, it is evident that 2 lb at 6d. and 3 lb at 10d. are 
worth ju:st as much· as 5 lb at 8d.-that is, 8d. will be tha 
averaie price if we mix 2 lb ai 6d. with 3 lb at 10d. 

G g 
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EXERCISES. 

4. How much wine at Ss. 6d. and 9s. per gallon will 
make a mixture worth Ss. IOd. per gallon? Am. 2 
gallons at Ss. 6d., and 4 gallons at 9s. per gallon. 

5. How much tea at 6s. and at 3s. Sd. per fu, will 
make a mixture worth 4s. 4d. per lb? Ans. 8 lb at 
6s., and 20 lb at 3s. Sd. per lb. . 

6. A merchant has sugar at 5d., 10d., and 12d. per 
lb. How much of each kind, mixed together, will be 
worth 8d. per I>? Ans. 6 lb at 5d., 3 lb at IOd., and 
3 lb at 12d. 

7. A merchant has sugar at 5d., 10d., 12d., and 16d 
per lb. How many lb of each will form a mixture worth 
1 Id. per lb? Ans. 5 lb at 5d., I lb at lOd., 1 lb at 
12d., and 6 lb at 16d. 

8. A grocer has sugar at 5d., 7d., 12d., and 13d. 
per lb. How much of each kind will form a mixture 
worth IOd. per tt,? Ans. 3 lb at 5d., 2 lb at 7d., 3 lb 
at 12d., and 5 lb at 13d. 

30. When a given amount of the mixture is required, 
to find the corresponding amounts of !he ingredients-

R uLE.-Find the amount of each ingredient by the 
last rule. Then add the amounts together, and say, as 
their sum is to the amount of any one of them, so is the 
required quantity of the mixture to the corresponding 
amount of that one. 

F:xAMPLE 1.-W~at must be the am.01.mt of tea at 4s. per 
lb, m 736 lb of a mixture worth 5s. per lb, and contaimng 
tea at 6s., 8s., and 9s. per lb 1 

To produce a. mixture worth 5s. per lb, we require 8 lb 
at 4s., 1 at 8s., I at 6s., and 1 at 9s. per lb. [281. But all 
of these, added together, will make 11 lb, in which there 
are 8 lb at 43. Therefore 

lb 
lb lb lb 8x736 lb oz. 
11 : 8 : : 736 : 11 =526 4-rr, the required quantity 

of tea at 4s. 
That is, in 736 lb of the mixture there will be 536 lb 4-fr 

oz. at 4s. per lb. The amount of each of the other ingre­
dients may be found in thi Bami way. 
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Ex~MPLE 2.--Hiero, king of Syracuse, gave a. certain 
quantity of gold to form a crown; but when he received it, 
suspecting that the goldsmith had taken some of the gold, 
and. supplied its place by a baser metal, he commissioned 
Archimedes, the celebrated mathematician of Syracuse, to 
ascertain if his suspicion was well 'founded, and to what 
extent. Archimedes was for some time unsuccessful in his 
l"esearches, until one day, going into a bath, he remarked 
that he displaced a quantity of water equal to his own bulk. 
Seeing at once that the same weight of different bo<lies 
would, if immersed in water, displace very different quan­
tities of the fluid, he exclaimed with delight- that he had 
found the desired solution of the problem. Taking a mass 
of ~old· equal in weight to what was given to the goldsmith, 
he found 'that it displaced less water than the crown; which, 
therefore, was made of a lighter, because a more bulky 
metal-and, consequently, was an alloy of gold. 

Now supposing copper to have been the substance with 
which the crown was adulterated, to find its amount-

Let the gold given by Hiero have weighed I lb, this 
would displace about ·052 tb of water ; I tb of copper would 
displace about · 1124 tb of water; but let the crowi:. haye 
<lisplaced only ·072 lb. Then 

Gold differs from ·072, the me~:n, by- ·020. 
Copper differs from it by . . +-0404. 

Copper. . Differences.. Gold. 
Hence, the mean==·U24-·0404--·020+·052:::sthe mean. 

Therefore ·020 lb of copper and ·0404 lb of gold would 
produce the alloy in the crown. 

But the crown was supposed to weigh I lb; therefort 
. ·0404 + I lb 

·0604 lb (-020+·0404) : ·0404 lb : : l lb : .0604 
=·669 lb, the quantity of gold. And 1-·669==·331 ib is 
the quantity of copper. 

EXERCISES. 

9. A druggist is desirous of producing, from medicine 
at 5s., 6s., 8s., and 9s. per lb, 1½ cwt. ~f a mixture 
worth 7s. per lb. How much of each kmd must he 
use for the purpose? Ans. 28 lb at 5s., 56 lb at 6s., 
56 lb at Ss., and 28 lb at 9s. per lb. 

10. 27 lb of a mixture worth 4s. 4d. per lb are re-
1nired. It is to contain tea. at 5s. and at 3t. 6d. per 
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lb. How much of each must be used? Ans. 15 lb at 
5s., and 12 lb at 3s. 6d. 

11. How much sugar, at 4d., 6d., and Sd. per ib, 
must there be in 1 cwt. of a mixture worth 7d. per lb? 
Ans. 18½ lb at 4d., 18} lb at 6d., and 74½ lb at Sd. 
per lb. 

12. How much brandy at 12s., 13s., 14s., and 14s. 
6d. per gallon, must there be in one hogshead of a mix­
ture worth 13s. 6d. per gallon ? .A.ns. 18 gals. at 12s., 
9 gals. at 13s., 9 gals. at 14s., and 27 gals. at 14s. 6d. 
per gallon. 

31. When the amount of one ingredient is given, to 
find that of any other-

R uLE.-Say, as the amount of one ingredient (found 
by the rule) is to the given amount of the same ingredient, 
so is the amount of any other ingredient (found by the 
rule) to the required quantity of that other. 

EXAMPLE 1.-29 lb of tea at 4s. per lb is to be mixed with 
teas at 6s., 8s., and 9s. per lb, so as to produce what will be 
"'\'orth 5.~. per lb. What quantiti~s must be used 1 

8 Th of tea at 4s., and 1 lb at 6s., 1 lb at 8s., and 1 lb at 
9s., will make a mixture worth 5s. per lb [271. Therefore 

8 lb ( the quantity of tea at4s. per lb, as found by the rule) . 
29 lb (the given quantity of the same tea) : : 1 lb (the 

quantity of tea at 6s. per lb, as found by the rule) : 1 X 29 lb 
8 

(the quantity of tea at 6s., which corresponds with 29 lb at 
4s. per lb )=3! lb. 

We may in the same manner find what quantities of tea at 
8s. and 9s. per lb correspond with 29 lb-or the given amount 
of tea at 4s. per lb. 

EXAMPLE 2.-A refiner has 10 oz. of gold 20 carats fine 
and melts it with 16 oz. 18 carats fine. What must be 
added to make the mixture 22 carats fine 1 

10 oz. of 20 carats fine=l0x20 = 200 carats. 
16 oz. of 18 carats fine=l6 x 18 = 288 

26 : 1 : : 488 : 18H carats, the 
fineness of the mixture. 

24 - 22=2 carats baser metal, in a mixture 22 carats fine. 
24 - 18½£=5/~ carats baser metal, in a mixture 18,H 

carats fine. 1 

Then 2 ca.rats : 22 ca.rats : : 5ft : 5 7 l~ carats of pure 



ALLIGATION. 805 

g~ld-required to change 5f.1 carats basp,r ,metal, into a 
nux.ture 22 carats fine. But there are already in the mixture 
18}* carats gold; therefore 57-?-3 -18H=38H carats gold 
are to be added to every ounce. There are 26 oz.· therefore 
26x38a=l008 carats of gold are wanting. 'There arc 
24 carats (page 5) in every oz.; therefore 1{£-8 carats=42 
oz. of gold must be added. There will then- be a mixture 
containing 

oz. car. car. 
1ox20 200 
16x18 288 
42x24 = 1008 
- I .--
68 : 1 oz. : : 1496 : 22 carats, the required fineness. 

EXERCISES. 

13. How much tea at 6s. per ih must be mixed with 
· 12 ib at 3s. 8d. per lb, so that the mixture may be 

worth 4s. 4d. per ft, ? Ans. 4¼ ib. 
14. How much brass, at 14d. per ib, and pewter, at 

lO½d. per lb, must I melt with 50 lb of copper, at 16d. 
per lli, so as to make the mixture worth ls. per ft, ? 
Ans. 50 ft, of brass, and 200 lb of pewter. 

15. How much gold of 21 and 23 carats fine must 
be mixed with 30 oz. of 20 carats fine, so that the mix­
ture may be 22 carats fine? Ans. 30 of 21, and 90 
of 23. 

16. How much wine at 7s. 5d., at 5s. 2d., and at 
4s. 2d. per gallon, mu1:1t be mixed with 20 gallons at 
6.~. Sd. per gallon, to make the mixture worth 6s. per 
gallon? Ans. 44 gallons at 7s. 5d., 16 gallons at 5s. 
2d., and 34 gallons at 4s. 2d. 

Q,UESTIONS. 

1. What is alli!J'ation medial ? [26]. 
2. What is the 

0
rule for alligation medial ? [27]. 

3. What is alligation alternate ? [26]. 
4. What is the rule for alligat•rm alternate ? [28]. 
5. )Vha.t is the rule, when a certain amount of tl..d 

mixture is required ? (30]. 
6. ·what is the rule, when the amount of one or more 

of the ingredients is given? (31]. 
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SECTION IX. 

INVOLUTION AND EVOLUTION, &c. 

1. !NVOLUTION.-A quantity which is the product of 
two or more factors, each of them the same number, is .. 
termed a power of that number; and the number, mul­
tiplied by itself, is said to be involred. Thus 5 X 5 X 5 
(=125) is a " power of 5 ; " and 12i:>, is 5 " involved." 
A power obtains its denomination from the number of 
times the root (or quantity involved) is taken as a factor. 
Thus 25 (=5 X 5) is the second power of 5.-The 
second power of any number is also called its square ; 
because a square surface, one of whose sides is expressed 
by the given number, will have its area indicated by the 
15econd power of that number; thus a square, 5 inches 
every way, will contain 25 (the square of 5) square 
inches; a square 5 feet every way, will contain 25 
square feet, &c. 216 ( 6 X 6 X 6) is the third power of 
6.-The third power of any number is also termed its 
cube; because a cube, the length of one of whose sides 
is expreRsed by the given number, will have its solid 
contents indicated by the third power c,f tbnt number. 
Thus a cube 5 inches every way, will contain 125 (the 
cube of 5) cubic, or solid inches ; a cube 5 feet every 
way, will contain 125 cubic feet, Sic. 

2. In place of setting down all the factors, we put 
down only one of them, and mark how often they are 
~uppo~e,d to be set down by a small figure, which, since 
~t points out the number of the factors, is called the 
index, or exponent. Thus 52 is the abbreviation for 
5 'X_ 5 _:-and 2 is th~ index. 56 means 5 X 5 X 5 X 5 X 5, 
or a m the fifth power. 3 4 means 3X3X3X3, or 3 in 
the ~ourth power. 8 7 means SXSXSXSXSXSXS, 
or 8 m the seventh power, &c. 

3. Sometimes the vinculum [Sec. II. 5] is used in con­
junction with the index; thus 5+s:i means that the sum 
of 5 and 8 is to be raised to the second power-this 
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is very different from 52 + 82 , which means the sum of 
~he squares of 5 and 8: 5+82 being 169; while 52 +sa 
lR only 89. 

4. In multiplication the multiplier may be considered 
as a species of index. Thus in 187X5, 5 points out 
how often 187 should be set down as an addend ; and 
187 X 5 is merely an abbreviation for 187 + 187 + 187 + 
187 + 187 [Sec. II. 41]. In 1875 , 5 points out how 
often 187 should be set down as a factor; and 1875 is 
an abbreviation for 187X 187X 187X 187X 187 :-that 
is, the "multiplier" tells the number of the addends, and 
the "index:" or" exponent," the number of the factors. 

5. To raise a number to any power-
RuLE.-Find the product of so many factors as the 

indP-x of the proposed power contains units-each of the 
factors being the number which is to be involved. 

Ex.AMPLE !.-What is the 5th power of 7 1 
7s =7xix7x7x7=16807. 

EXAMPLE 2.-What, is the amount of £1 at compounJ 
interest, for 6 years, allowing 6 per cent. per annum 1 

The amount of £1 for 6 years, at 6 per cent. is-
l ·06 x l ·06 x l-06 X l·06 x l-06 X 1-06 [Sec. VII. 20], or 

1·0G 6 =1·41852. 
We, as already mentioned [Sec. VII. 23], may abridge 

i.he process, by using one or more of the products, already 
~btainud, as factors. 

EXERCISES, 

1. 38=243. 
2. 201"= 10240000000000. 
8. 3'=2187. 
4. 105"=1340095640625. 
6. 1051=1 ·840095640625. 

6. To raise a fraction to any power-
IluLE.-Raise both numerator and denominator to 

that power. 
ExAMPLE.-m 3=1 Xi X l=H· 
To involve a fraction is to multiply it by itself. Bu~ to 

multiply it by itself uny number of times, we must multiply 
its numerator by itself, and also its denominator by itself, thal 
number of times [Sec. IV. 89]. 
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1!:Xl!::Q,(;18,Jl:S, 

6. U}4=lf. 
T (::i) 1 2 v.,.1 
. 3 7 =7•}110..::r 8. (:r) -rna.r· 

a. (t·) 5=llll1r· 
7. To raise a mixed number to any power-
RuLE.-Reduce it to an improper fraction [Sec. IV 

24 J ; and then proceed as directed by the last rule. 
EXAMPLE.-(2½) 4 =(½) 4 =6/i, 

EXERCISES, 

10. (11J)3=11!/lir°3· 
11. (3~i5=o~¾HP· 
l " ?5ll 6_2b1ti4_361_1!!9 ..... lr - 331{{1 ' 

13. 4~ 7=42\'l:i\\2;77. 
8. Evolution is a process ex.actly opposite to mvolution, 

since, by means of it, we find what number, raised to a 
given power, would produce a given quantity-the num­
ber so found is termed a root. Thus we '' evolve " 25 
when we take, for instance, its square root; that is, when 
we find what number, multiplied by itself, will produce 
25. Roots, also, are expressed by e.-rponents-but as these 
exponents are fractions, the roots are called "fractional 
powers." Thus 4½ means the square root of 4; 4½ the 
cube root of 4 ; and 4{ the seventh root of the fifth power 
of 4. Roots are also expressed by ✓, called the radical 
sign. ,vhen used alone, it means the squ,are root--thus -
✓3, is the square root of 3 ; but other roots are indicated 
by a small figure placed within it--thus ~5 ; which 
means the cube root of 5. ~72 (7i), is the cube root 
of the square of 7. 
. 9. The fractional exponent, and radical sign are some­
times used in conjunction with the vinculum. Thus 
4-3½, is the squaro root of the difference between 4 
and 3; ,e/5+7, or 5+7¼, is the cube root of the sum 
of 5 and 7. 

10. To find the square root of any number-
Ru LE-l. Point off the digits in pairs, by dots; put• 

ting one dot over the units' place, and then another dot 
over every second digit bot!,, to the right and left of 
the units' place-if there are digits at both sides of .. the 
decimal point. 



E.VOL UTIOlf .. 

. II. Find the highest num_ber the square of which 
will not_ ex~eed the amount of the highest period, or 
that which 1s at the extreme left-this number will be 
the first digit in the required square root. Subtract its 
square from the highest period, and to the remainder, 
considered as hundreds, add the next period. 
• III. ~ind the highest digit, which being multiplied 
mto twice the part of the root already found ( consi­
dered as so many tens), and into itself, the sum of the 
products will ·not exceed the s11,m of the last remainder 
and the period added to it. Put this digit in the root 
after the one last found, and subtract the former s11,111 
from the latter. 

IV. To the remainder, last obtained, bring down 
another period, and proceed as before. Continue this 
process until the exact square root, or a sufficiently 
near approximation to it is obtained. 

11. ExAMPLE.-What is the square root of 224202251 

22420225( 4735, is the required root. 
16 

87)642 
609 

943)3302 
2829 

9465)47325 
47325 

22 is the highest period; and 42 is the highest square which 
does not exceed it-we put 4 in the root, and subtract 42

, 

or 16 from 22. This leaves 6, which, along with 42, the next 
period, makes 642. 

We eubtract 87 (twice 4 tens+7, the highest dig~t which 
we can now put in the root) X 7 fr?m 642. This leaves 
33, which, along with 02, the next period, makes _?~02. 

We subtract 943 ( twice 47 tens +3, the n~xt d1g1t of ~he 
root) x3 from 3302. This leaves 473, which, along with 
25, the only remaining period, makes 47325. . • 

We subtract 9465 ( twice 473 tens -f-5, the next d1g1t of 
the root) x5. This leaves no remainder. 

The given number, therefore, is exactly a square; and 
its square root is 4735. 

12. REASON or I.-We point off the digits of ~he. gi'!en 
,quo.re in pairs, and consider the number of dots as indicating 
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the number of digits in the root, since neither one nor two 
digits in the square can ~v~ m?re or less than one i_n the _root; 
neither three nor four d1g1ts m the square can give more or 
less than two in the root, &c.-which the pupil may easily 
ascertain by experiment. '.l'hus 1, the smallest single digi~, 
will give one digit as its square root; and 99, the largest pair 
of digits, can give only one-since 81, or the square of 91 is 
the greatest square which does not exceed 99. 

Pointing off the digits in pairs shows how many should be 
brouo-ht down successively, to obtain the successive digits of 
the :'oot-since it will be necessary to bring down one period 
for each new digit; but more than one will not be required. 

REASON OF II.-We subtract from the highest period of the 
given number the highest square which does not exceed it. 
and consider the root of this square as the first or highest 
digit of the required root; because, if we separate any number 
into the parts indicated by its digits (563, for instance, into 
500, 60, and 3), its square will be found to contain the square 
of each of its parts. 

Rv.AsON OF III.-We divide twice the quantity already in 
the root (considered as expressing tens of the next denomina­
tion) into what is left after the preceding subtraction, &c., to 
obtain a new digit of the root; because the square of any 
quantity cont.ains (besides the square of each of its parts) 
twice the product of each part multiplied by each of the other 
parts. 'l'hus if 14 is divided into 1 ten and 4 units, its square 
will contain not only 102 and 4 2 , but also twice the product 
of 10 and 4.-W e subtract the square of the digit last put in 
the root, at the same time that we subtract twice the product 
obtained on multiplying it by the part of the root which pre­
cedes it. Thus in the example which illustrates the rule, 
when ~e subtrac~ 87Xi, we really subtract 2X40X7+7-2. 

It ~nll be easily to show, that the square of any quantity 
contams the squares of the parts, along with twice the pro­
duct of every two parts. Thus 

_ 224'20225=-1735 2-4000+100+30+02• 
•lOOO 2=16000000 

6420225 
2X4000X700+7o02= 6090000 

330:225 
~x4oooxso+2x1oox3o+s02= 2s:2900 

473:25 
2X4000X5+2X700X6+'2X30X6+52=4732i> 

REAsoN OF IV.-Dividing twice the quantity already in 
the_ root. (considered a_s expressing tens of the next denomi­
nation) mt~ ~he remamder of the given number, &c., gives 
th~ next d1g1t; because the square contains the sum of 
twice the products (or, what is the same thing, the product 
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of twice the sum) of tlie parts of the root already found, 
mult.iplicd by the new digit. Thus 224202i5, the square of 
4735, contains 4000 2 +700 2 +30 2+5 2 ; and also twice 4000X 
700 + twice 4000 X 30 + twice 4000X5; plus twice 700X30+ 
twice 'i00X5; plus twice 30X5 :-that is, the square of each 
of its parts, with the sum of twice the product of every two of 
them (,~hich is the same as each of them multiplied by twice 
the sum of' all the rest). This would, on examination, be 
found the ease with the square of any other number. 

If we examine the example given, we shall find that it will 
not be necessary to bring down more than one period nt a. 
time, nor to add cyphers to the quantities subtracted. 

13. When the given square contains decimals-
If any of the periods consist of decimals, the digits 

in the root obtained on bringing down these periods to 
the remainders will also be decimals. Thus, taking the 
example just given, but altering the decimal point, we 
shall have ✓224202·25=473·5; ✓2242·0225=47·35; 

✓ 22·420225 = 4·735; ✓ ·22420225 = ·4735; and 
✓·0022420225=·04735, &c.: this is obvious. If there 
is an odd number of decimal places in the power, it 
must be made even by the addition of a cypher. Using 
the same figures, ✓2242022·5= 1497·338, &c. 

2242022·50 (1497·338, &c 
1 

24)124 
96 

289)2820 
2H01 

2987)2f022 
2mw9 

29943)101350 
8U820 

299463)1152100 
898389 

2994668)25~71100 
2395i844 

1413756 

In this cnse the highe£t period consists but of a sing1e digit-
nnd t.he given number is not a r,erfect sq~are. • 

Thqrc must be an even number of decimal places; smce n< 
numL'?r of' decimals in the root will produce an odd n~mbe1 
in th" Jquare [Sea. II. 4S]-ns may be proved by expernnent 
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EXERCISES, 

14. ✓195364=442 20. ✓5=2·23607 

15. ✓i2832-9=573 
16. ✓-0676=·26 
17. ✓87·65=9·3622 
18. ✓861=29 ·8428 
19. ✓984064=992 

21. ✓-5=·707106 
22. ✓91 ·9681=9 ·59 
23. ✓238144=488 
24. ✓32·3761=5·69 
25. ✓-831776=·576 

14. To extract the square root of a fraction­
RuLE.-Having reduced the fraction to its lowest 

terms, make the square root of its numerator the nume­
rator, and the square root.of its denominator the deno­
minator of the required root. 

ExAMPLE,-✓t=}. 

15. REASON oF THE RuLE.-The square root of any quan­
tity must be such a number as, multiplied by itself, will pro­
duce th11,t quantity. Therefore f is the square root of ! ; for 
}X }=a- The same might be shown by any other example. 

Besides, to square a fraction, we must multiply its numera­
tor by itself, and its denominator by itself [6] ; therefore, to 
take its square root-that is, to bring back both numerator 
and denominator to what they were before-we mt~t take the 
sq iiare root of each. 

16. Or, when the numerator and denominator are 
not squares-

Ru LE.-)Iultiply the numerator and denominator 
together ; then make the square root of the product· the 
numerator of the require l root, and the given denomi­
nator its denominator ; or make the square root of the 
p~·oduct the den~minator of the required root, and the 
given numerator its numerator. 

ExAMPLE.-What is the square root of i 1 (¼)l ~ 
✓4X5 4 

5 -- or ✓5-x4=4·472136+5=·894427. 

17. We, in this case, only multiply the numerator and 
denominator by the same number, and then extract the squara 

root of each product. For -
6
4 = 4 

X 
5

, or 
4 

X 4 Therefore (!) ½ 
5X5 5X~ 6 

-(4X5)½ ✓4X5 (4X4)k 4 
- 6X5 = T' or 5X4 = ✓1>x4· 
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18. Or, la~tly-
Ruu.-Reduce the given fraction to a decimal 

1Seo IV. 63], and extract its square root [13] 

EXERCISES. 

26 (~·)½_28·5306852 
87 - 87 

27 (~)½ 14 
lo 14·9u66:W5 

28. (la)½ u-21:9:)8 

29. ( 5 )! 
9 ·=·74333(> 

80. ( 9 ) ½ ~~ ')" 
12 =·8lio0 ... A 

31. ( 5) ½ ~ ~ 7 =·8:fol..>42 

19. To extract the square root of a mixed nnmber­
Ruu:.--Reduce it to an improper fraction, and then 

proceed as already directed [14, &c. J 
ExAJ\IPLE.-✓21=✓1=]=1½. 

EXERCISES. 

32. ✓51H=7¼ 35. ✓17~=HGS3 
33. ✓27 /ti=5.l 36. ✓ uJ=2·5298 
3-!. ✓l/0 =1-01858 37. ✓13}=3·6332 

2'.). To find the cube root of an,y number­
Rur.E-L Point off t.he digits in threes, by clots­

putting the first dot over the units' place, and then 
proceeding both to the right and left hand, if there are 
di,,its at bot/1, sides of the decimal point. 
II. Find the highest digit whose cube will not ex­

ceed the highest period, or that which is to tho left hand 
side-this will be the highest digit of the re<1uired root ; 
subtract it-s eube, and bring down the next period to 
the remainder. 

III. li'ind the highest digit, which, being multiplied 
lJy 300 times the square of that part of the root, 
already found-being squared and then multiplied by 
30 times the part of the root already found-and being 
mult.iplied by its own square-tho sum of all the pro~ 
ducts will not exceed the sum of the last remainder and 
tho period brought down to it.-Put this digit in the 
root after what is already there, and subtract the former 
m,m from the latter. 

IV. To what uow remains, bring down the next 
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period, and proceed as before. C?ntinue this proce~ 
until the exact cube root, or a sufficiently near appro.Xl• 
mation to it, is obtained. 

EXAMPLE.-What is the cube root of 1795970692881 

179597069288 ( 5642, the required root. 
125 

300X5'X6 
30x5xG' 
t3'xG 
300x5G2 x4 
30x56x4' 
42 x4 
:1oox5642 x2 
~0x564x2~ 
22 x2 

! 54597 
= 50Gld 

3981069 
3790144 

190925288 
190925288 

We find (by trial) that 5 is the first, 6 the second, 4 the 
third, and 2 the last digit of the root. And the givelA 
number is exactly a cube. 

21. REASON OF 1.-We point off the digits in threes, for n. 
renson similnr to that which caused us to point them off in 
twos, when extracting the square root [12]. 

REASON OF II.-Each cube will be found to contain the 
cube of ench part of its cube root. 

RE.~soN OF III.-Tlie cube of a. number divided into nny 
two pnrts, will be found to contain, besides the sum of t.ho 
cuhcs of its parts, the sum of 3 times the piy>duct of tach 
part by tl1e oth•r part. und 3 times the product of ench -oart 
by the square of the olher part. This will appear fron the 
following:-

li959i069288 
G000'=125000000000 

5459i069288 
2 X 5000• X 600+3 X 5000 X 600' +600'= 50616000000 

89810t39:.!88 
3 X 56002 X 40+8 X 5600 X ~' 2 +401= 8i 90141000 

1909J:,~><8 
8X&64o·x2+3X5640x21+2·= IH0B25:.!88 

_Hence, to find the second digit of the root, we must find bt, 
tna/ some number which-being multiplied by 3 times tlie 
square of the pa.rt of the 1·eot already found-ita square being 
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m~ltiplied ?Y _3 times the part of the root already found-and 
bemg ~ult1phed by the square of itself-the sum of the pro­
ducts will not exceed what remaias of the given number. 

Instead of considering the part of the root already found ns 
so many tens [12] of the denomination next following (as it 
really is), which would add one cypher to it, and two cyphers 
to its square, we consider it o.s so many units, and multiply 
it, not by 3, but by 30, and its square, not by 8, but by 300. 
For 300 X 5i X 6 + 30 X 5 X 62 + 62 X6 is the same thing as 
8 X502 X6+8 X50X62+62 X6; since we only change the posi­
tion of the factors 100 and 10, which does not alter the product 
[Sect. IL 85]. 

It is evidently unnecessary to bring down more than one 
period n.t a time; or to add cyphers to the subtrahends. 

REASON OF IV.-The portion of the root alreo.dy found may 
be treated as if it were a single digit. Since into whatever 
two parts we ~ivide any number, its cube root will contain 
the cube of each part, with 3 times the square of each multi­
plied into the other. 

22. ·when there are decimals in the given cube-
If any of the periods consist of decimals, it is evident 

that the digits found on bringing down these periods 
must be decimals. Thus ,._y179597·069288=56·42, &c. 

·when the decimals d9 not form complete periods, the 
periods are to be completed by the addition of cyphers. 

ExAl\IPLE.-What is the cube'root of ·31 

0·800( ·669, &c. 
216 

30X6X62 =i1496 
800X62X6 I 84000 

6X62 
---

800X66'X9 I 12504000 
SOX66X9' =11922309 
9X92 581691, &o. 

¥·8==·669, &c. And ·8 is not exactly a eu~e. . 
lt is necessary, in this cfl,se, to add e~phers; smce one decimal 

in the root will give 3 decimal phices m the cube; two dec1mnl 
nlaces in the root will give six in the cube, &c. [Sec. II. 48 .. ) 

EXERCISES. ----. 38 .. ¥M=3·20i534 
89. ¥39=3 ·391211 
40. ,,Y:.!12=5·962731 
41. ~123505992=498 
42. ,¥190109875:=.57i 

43 . ..;1/458314011=771 
44 . ..;Y483-i36625==7 ·85 
45 . ..;Y ·636050=·86 
46. ,Y999=~J · 996666 
47 . ..;Y·979lil6667=·9~ 
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23. To extract the cube root of a fraction-
R uu:.-l·fa,·ing reduced the given fraction to ita, 

lowest terms, ma.ke the cube root of its n'!merator the 
numerator of th~ required fraction, and the cube root 
of its denominator, the denominator. 

- us 
ExAMPLE.-VTh·= ~✓-= J. 

- ~ 125 
24. REASON oF THE RuLF:.-The cube root of any number 

must be such as thn.t, taken three times as a factor, it will 
produce that number. Therefore ¾ is the cube root of rl:ri 
fur ~ X i X ~ = rh,-The same thing might be shown by any 
other example. 

Besides, to cube a fraction, we must cube both numerator and 
denomin,itol'; therefore, to take its cube root-that is to reduce 
i.t to what it was before-we must take the cube root of both. 

25. Or, when the numerator and denominator are 
not cubes.:_ 

RuLE.-'Multiply the numerator by the square of the 
denominator ; and then divide the cube root of the pro­
duct by the given dcnominalor; or divide the given 
numerator by the cube root of the product of the given 
denominator multiplied by the square of the given 
numerp.tor. 

ExAMPLE.-What is the cube root of l 1 

( ~)t = iY 3 X
72 

or 
3 

= 5·27i632..:.. 7 = ·753947. 
, 7 ~, 7x3~ · 

This rule depends on a principle already explained (16]. 
26. Or, lastly-
RuLE.-Reduce the given fraction to a decimal 

[Sec. IV. 63], and extract its cube root [22]. 
EXERCISES, 

48. (-98 )½ 8·65:497 61. ( 5 )½ 
6 =·941036 

40. ( 4 ) ½ 4 62. ( 8 )½ 
IT =iHi040i9 ff . =·560907 

50. (. 7 )¼ 7 ·651725 63. ( 2 )½ \8 =--8- fe =·472168 

27. To find the cube root of a mixed number­
RuLE.-Reduce it to an improper fraction· and then 

proceed as already directed [23, &c.] ' 

E:t:UtPLE,_;_,V3&i=.v 3-N=l·54. 
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EXERCISES. 

54. c2sit=3·0635 51. (71Dt=4·1553 
55. (7¼) =1·93098 58. (32/, )1=3-1987 
56. (9~-)1=2·0928 59. (5!)L=l-7592 

28. To extract any root whatever-
_ RuLE.-,Vhen the index of the root is some power 

ot 2, extract the square root, when it is some power of 3, 
extra.ct_ the cube root of the given number so tnany tiµies, 
successively, as that power of 2, or 3 contains unity. 

EXAMPLE !.-The 8th root of 65536="1'~==4, 
Since 8 is the third power of 27 we are to extract the 

square root tMee times, successively. 

EXAMPLE 2.-134217728~=¥¥13..J:217728=8. 
Since 9 is the second power of 31 we are to extract the 

cube root twice, successively. 

29. In other cases we may use the following (Hutton 
l\'.Iathemat. Diet. vol. i. p. 135). 

RuLE.-Find, by trial, some number which, raised 
to the power indicated by the index of the given root, 
will not be far from the given number. Then say, 
as one less than the index of the root, multiplied by the 
given number-plus one more than the index of the root, 
multiplied by the assumed number raised to the power 
expressed by the index of the root : one more than the 
index of the root, multiplied by the given number­
plus one less than the index of the root, multiplied by 
the assumed number raised to the · power indicated by 
the index of the root, : : the assumed root : a still 
nearer approximation. Treat the fourth proportional 
thus obtained in the same way as the assumed number 
was treated, and a still nearer approximation will be 
found. Proceed thus until an approximation as near as 
de~irable is discovered. 

ExA11IPLE.-What is the 13th root of 923 1 
Let 2 be the assumed root, and the proportion will be 
12xg23+14X21 3 : 14x923+12X213 : : 2 : a, nearet' 

a.pproximation. Substit!1ting this nearer approxim~tion. for 
2. in the above proport10n, we get another approx.imat1on, 
which we 1nay treat in the same way. 

p 
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EXERCI8El!I. 

60. (96698)¼=6·7749 
61. (6G457)ir=2·7442 

63. (87426)1==5084·29 
64. (8·965)4=1·368 

62. (2365)!=31·585 65. ('075426)ft=·V46988 

30. To find the squares and cubes, the square and 
eube roots of numbers, by means of the table at the end 
of the treatise-

This table contains the squares and cubes, the square 
a.nd cube root.a of all numbers which do not exceed 1000 
but it will be found of coIJ.siderable utility even when very 
bigh numbers are concerned-provided the pupil bears 
in mind that [12] the square of any number is equal to 
the sum of the squares of its parts (which may be found 
by the table) plus twice the product of each part by the 
sum of all the others; and that [21 J the cube of a 
number divided into any two parts is equal to the sum 
of the cubes of its parts ( which may be found by the 
table) plus three times the product of each part multi­
plied by the square ( found by means of the table) of 
the other. One or two illustrations will render this 
sufficiently clear. 

EXAMPLE 1.-Find the square of 873456. 
873456 may be divided into two parts, 873 (thousand) and 

456 (units). But we find by the table that 873'2=762129 and 
456

2
=207036. 

Therefore 762129000000=8730003 

796176000=873000xtwice 4.56 
207936=456i 

And 762!:125383936=873456' 

°EXAMPLE 2.-Find the cube of 864379. Dividin~ this into 
~64 (thousand) and 379 (units), we find BiW=:64497.2544 
™1=746496, 3793=5443!)939, and 37911=143641 

Therefore 644072544000000000=8640003 

848 765 95 2000000=3 X 8040009 X 3 'i9 
3 7231 i-! 72000=3 x 864000 X 3i'll 

54439939=3 i93 

And 645821682323911939=8643791 
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31 IJ?- findi~g the square and cube roots of lar,.,er numbers 
we obt:i,m their. three highest digits at once, if w~ look in th; 
tab.le for the h1~hest cube or square, the highest period ·or 
w_h1ch (the ~equ1red cyphers being added) does not exceed the 
highest period of the given number. The remnwder of the 
process, also, may often be greatly abbreviated by means of 
the table. 

QUESTIONS. 

1. What are involution and evolution ? [1]. 
2. What are a power, index, and exponent? [1 & 21. 
3. What is the meaning of square and cube, of tho 

square and cube roots ? [1 a.nd 8 J. 
4. What is the difference between an integral and a 

fractional index ? [2 and 8]. 
5. How is a number raised to any power ? [5]. 
6. '\Yhat i~ the rule for finding the square root ? [1 OJ. 
7. What IS the rule for finding the cube root? [20]. 
8. How is the square or cube root of a fraction 01' 

of a mixed number found? [14, &c., 19, 23, &c., 27]. 
9. How is any root found? [28 and 29]. 
10. Ho,v :tre the squares and cubes, the square roots 

and cube roots, of numbers found, by the table ? [30]. 

LOGARTIHl\IS. 

32. Logarithms are a set of artifidal numbers, which 
represent the ordinary or natural numbers. Taken 
along with what is called the base of the system to 
which they belong, they are the equals of the corres• 
pondin(J' ADatural numbers, but without it, they are 
merely° their representati-ves. Since the base is un• 
changeable, it is not written along with the logarithm. 
The lo(J'arithm of any number is that power of the base 
whi.ch is equal to it. Thus 103 is equal to 100; 10 is 
the base, 2 ( the index) is the logarithm, and 100 is the 
corresponding natural number.-Logarithms, therefore, 
are merely the indices which designate certain powers 
of some base. 

33. Logarithms afford peculiar facilities for ~al_cu• 
Iation. For, as we shall see presently, the mult1phca• 
tion of numbers is performed by the addition of their 
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logarithms; one number is div~d~d by another if we 
subtract the loCl'arithm of the divisor from that of the 
dividend ; nuu~bers are involved if we multiply their 
lo(J'arithms by the index of the proposed power ; and 
ev~lved if we divide their logarithms by the index of 
the proposed root.-But i~ is evident tha_t ~ddi~ion and 
1.,ubtraction are much easier than multiphcat1on and 
division ; and that multiplication and division (particu­
larly when the multipliers and divisors are very small) 
are much easier than involution and evolution. 

34. To use the properties of logarithms, they must be 
exponents of the same base-that is, the quantities raised 
to those powers which they indicate must be the same. 
Thus 104 X 12 3 'is neither 107 nor 127 , the former being 
too small, the latter too great. If, therefore, we desire 
to multiply 104 and 12 3 by means of indic.es, we must 
find some power of 10 which will be equal to 12 3

, or 
some power of 12 which will be equal to 104 , or finally, 
two powers of some other number which will be equal 
respectively to 104 and 123, and then, adding these 
powers of the sarne number, we shall have that power 
of it which will represent the product of 10 4 and 12 3 • 

This explains the necessity for a table of logarithms­
we are obliged to find the powers of some one base which 
will be either equal to all possible numbers, or so nearly 
equal that the inaccuracy is not deserving of notice. The 
base of the ordinary system is 10; but it is clear that 
there mJ.y be as many different systems of lo(Y'arithms 
as there are different bases, that is, as there are 

0

diffe~ent 
numbers. 

35. In the ordinary system-which has been calcu­
lated with great care, and with enormous labour 1 is 
the logarithm of 10 ; 2 that of 100 ; 3 that of 1000 &.c. 
And, since to divide numbers by means of these io(J'a­
rithms (as we shall find presently), we are to subtr~ct, 
the logarithm of the divisor from that of the divid~nd 
0 is the logarithm of 1, for 1=~=101 - 1=100; -1 ~ 

10 

the logarithm of ·I, for ·1=_!_=1~
0=100-1=10-1 ; and 

10 101 

for the same reason, -2 is the logarithm of ·Ol ; -3 
that of ·001, &c. 
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36-. The logarithms of numbers between 1 and 10 
must be more than O and less than 1 · that is must bci 
some decimal. The logarithms of nu:Ubers b;tween Jo 
~nd ~00 n_iust be mor~ than 1, and less than 2 ; that 
IS, umty with some decnnal, &c. ; and the logarithms of 
numbers between · 1 and ·01 must be -1 and some deci­
mal; between ·Ol :tnd ·001, -2 and some decimal, &c. 
The decimal part of a logarithm is always positive. 

37. As the integral part or characteristi, of a posi­
tive logarithm is so easily found-being [35] one less 
than the number of integers in its correspondinO' num­
ber, and of a negative logarithm one 'more than the 
number of cyphe,rs pre.fixed in its natural number, 
it is not set down in the tables. Thus the logarithm 
corresponding to the digits 9872 (that is, its decimal 
part) is 99440f. ; hence, the logarithm of 9872 is 3 
·994.4()5 ; that of 987·2 is 2·994405 ; that of 9·872 is 
0·994405; that of ·9872 is-1·994405 (since there is no 
integer, nor prefixed cypher); of ·009872-3·994405, 
&c. :-'rhe same digits, whatever may be their value, 
have the same dedmals in their logarithms; since it 
is the integral part, only, which changes. Thus the 
logarithm of 57864000 is. 7·762408; that of 57864, is 
4·762408 ; and that of ·0000057864, is-6·762408. 

38. To find the logarithm of a given number, by the 
table-

The integral part, or characteristic, of the logarithm 
may be found at once, from what has been just said [37]-

\-Vhen the number is not greater than I 00, it will be 
found in the column at the top of which is N, and the 
decimal part of its logarithm immediately opposite to it 
in the next column to the right hand. 

If the number is greater than 100, and less than 
1000, it will also be found in the column marked N, 
and the decimal part of its logarithm opposite to it, in 
the column at the top of which is 0. 

If the number contains 4 digits, the :first three of 
them will be found in the column under N, and the 
fourth at the top of the page ; and then its 10~3:rithm 
in .,he same horizontal line as the three first d1g1ts of 
the given number, and in the same column as its fourth 
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If the number contains more than 4 digits, :find the 
logarithm of its first four, and also the ~ifference be­
tween that and the logarithm of the next higher num­
ber, in the table ; multiply this difference by the remain­
inet dio-its and cutting off from the product so many 
di~its ~s ~ere in the multiplier (but at the same time 
ndding unity if the highest cut_ off is not less than 5)? ~dd 
it to the logarithm correspondmg to the four first digits. 

EXAMPLE 1.-The logarithmof59 is 1·770852 (th~ charac­
teristic being positive, and one less than the number of integers). 

EXAMPLE 2.-The logarithm of 338 is 2·528917. 
ExrnPLE 3.-The logarithm of ·0004587 is -4·601529 

( the characteristic being negative, and one more than the 
num her of prefixed etJphers). 

EXAMPLE 4.-The logarithm of 28434 is 4'.453838. 
For, the difference. between 453777 the logarithm of 2843, 

the four first digits of the given number, and 453930 the 
logarithm of 2844, the next number, is 153 ; which, multi­
plied by 4, the remaining digit of the given number, pro­
duces 612; then cutting off one digit from this ( since we 
have multiplied by only one digit) it becomes 61, which being 
added to 453 777 ( the logarithm of 2844) makes 153838, and, 
with the characteristic, 4·453838, the required logarithm. 

ExAI\IPLE 5.-The logarithm of 873457 is 5·941242. 
For, the difference between the logarithms of 8734 and 

8735 is 50, which, being multiplied by 57, the remaining 
digits of the given number, makes 2850; from this we cut 
off two digits to the right (since we have multiplied by tu·o 
digits), when it becomes 28; but as the highest digit cut 
off is 5, we add unity, which makes 29. Then 5·941213 (the 
logarithJ,n of 8734)+29=5·941242, is the required logarithn1. 

39. Except when the logarithms increase very ra­
pidly-that is, at the commencement of the table-the 
differences may be taken from the right hand column 
( and opposite the three first digits of the given number) 
where the mean differences will be found. 

Instead of multiplying the mean difference by the 
remaining digits ( the fifth, &c., to the right) of the given 
number, and cutting off so many places from the product. 
as a~e _equal to the ~umber of digits in the multiplier, 
to ootam the pnportiona-l part-or what is to be added 
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to the loga~ithm of the first four digits, we may take 
the proport10nal part corresponding to each of the re­
mainin~ digits from that part of the column at the ltft 
hand side of the page, which is in the same horizontal 
division as tha.t in which the first three dioits of the 
given number have been found. 

0 

ExAl\IPLE.-What is the logarithm of 8397851 
The. ( decimal part of the) logarithm of 839700 is 924124. 

Opposite to 8, in the same horizontal division of the page, 
we find 42, or rather, (since it is 80) 420,_and opposite to 
5, 26. Hence the required logarithm is 924124+420+26= 
924570; and, with the characteristic, 5·924570. 

40. The method given for finding the proportional part-or 
what is to be added to the next lower logarithm; in the table­
arises from the difference of numbers being proportional to the 
difference of their log:irithms. Hence, using the last example, 

IO~ : 85 : : 62 (92417f>, the logarithm of 839800-924124, 

the logarithm of 839700) : 
62

1~0
85

, or the difference (the mean 

difference may generally be used)Xby the remaining digits of 
the given number -:-100 (the division being performed by cut­
ting off two digits to the right). It is evident the.t the number 
of digit.a to be cut off depends on the number of digits in the 
multiplier. The logarithm found is not exactly correct, be­
cause numbers are not exactly proportione.l to the differences 
Qf their logarithms. 

The proportional parts set down in the left hand colum1,1, 
have been calculated by making the necessary multiplioa.­
tions and divisions. 

41. To find the logarithim of a fraction­
RuLE.-Find the logarithms of both numerator and 

denominator, and then subtract the former from the 
latter ; this will give the logarithm of the quotient. 

ExAMPLE.-Log. His 1·672098 - 1·748187 = - 1·923910. 
We find that 2 is to be subtracted from 1 ( the character­
h1tic of the numerator); but 2 from 1 leaves 1 still to be 
subtracted, or [ Sect. {I. 15 J - 11 the characteristic of the 
quotient. . . 

We shall find presently that to divide one quantity . by 
another, we have merely to subtract the lop;arithm of the latter 
from that of the former. 

42. To find the logarithm of a. mixed number­
RuLE.-Reduoe it to an improper fraction, and pro­

o,,ed as dire@ted by the last rule. 
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43. To find the number which corresponds to a given 
logarithm-

If the lo1Yarithm itself is found in the table-
R GLE.-Take from the table the number which cor­

responds to it, and place the decimal point so that thore 
may be the requisite number of integral, or decimc1.l 
places-according to the characteristic [37). 

EXAMPLE.-What number corresponds to ,the logarithm 
4·2143141 

We find 21 opposite the natural number 163; and look~ 
i •g along the horizontal line, we find the rest of the logarithm 
under the figure 8 at the top of the page; therefore the digits 
of the required number arc 1638. But as the characteristio 
is 4, there must in it be 5 places of integers. Hence the 
required number is 1G380. 

44. If the given logarithm is not found in the table­
R uLE.-Find. that logarithm in the table which is 

next lower than the given one, and its digits will be 
the highest digits of the required number; find the 
difference between this logarithm and the given one, 
annex to it a cypher, and then divide it by that differ­
ence in the table, which corresponds to the four highest 
digits of the required number-the quotient will be the 
next digit ; add another cypher, divide again by the 
tabular difference, and the quotient will be the next 
digit. Continue this process as long as necessary. 

ExAMPLE.-What number corresponds to the logarithm 
5·6543291 

654273, which corresponds with the natural number 4511, 
is the logarithm next less than the given one; therefore the 
first four digits of the required number are 4511. Adding 
a cypher to 56, the difference between 654273 and the given 
logarithm, it becomes 560, which, being divided by 96, the 
taln1lar dijferenr,e corresponding with 4511, gives 5 as quo­
tient, and 80 as remainder, Therefore, the first five digits 
of the required number are 45115. Adding a cypher to 80, 
it becomes 800 ; and, dividing this by 96, we obtain 8 as 
the next digit of the required number, and 32 as remainder. 
The integ~s.of the required number (one more than 5, the 
oha;acter1st10) are, therefore, 451158. We may obtain the 
decimals, by continuing the addition gf cyphers to the re­
mainders, o.nd the division by 96. 
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45. We arrive at the same tesult, by subtractincr 
from the difference between the given locrarithm and 
the next less in the table, the highest (wl~ich does not 
excee~ it) of those proportional parts found at the right 
hand side of the page and in the same horizontal divi­
sion with the first three digits of the given number­
continuing the process by the addition of cyphers, until 
nothing, or almost nothing, remains. 

ExAMPLE.-Using the last, 4511 is the natural number 
corresponding to the logarithm 6542i3, which differs from 
the given logarithm by 56. The proportional parts, in the 
same horizontal division as 4511, are 10, 19, 2U, 38, 48, 58, 
67, 77, and 86. The highest of t.hese, contained in 5G, is 
48, which we find oppo~ite to, and therefore corresponding 
with, the natural number 5; hence 5 is the next of the 
required digits. 48 subtracted from 56, leaves 8; this, when 
a cypher is added, becomes 80, which contains 77 ( corres­
ponding to the natural number 8); therefore 8 is the next 
of the required digits. 77, subtracted from 80, leaves 3; 
this, when a cypher is added, becomes 30, &c. The inte• 
gers, therefore, of the required number, are found to be 
451158, the same as those obtained by the other method. 

The rules for finding the numbers corresponding to 
given logarithms are merely the converse of those used 
for :finding the logarithms of given numbers. 

Use of Logarithms in Arithmetic. 

46. To multiply numbers, by ~eans of their loga­
rithms-

RuLE.-Add the logarithms of the factors; and the 
natural number corresponding to the result will be the 
required product. 

ExAMPLE.-87X24=1·939519 (the log. of 87) + 1·380211 
(the log. of 24)=3·319i30; which is found to correspond 
with the natural number, 2088. Therefore 87x24=2088. 

REASON oF THE RuLE,-This mode of multiplication nrises 
from the very nnture of indices. Thus 6'X68=5X5X5X5 
multiplied 5X5X5X5X5X5X5X5; and the abbreviat_ion_for 
this [2] is 512• But 12 is equal to the sum of tl10 md1ces 
(logarithms). TI1e rule might, in the same way, be proved 
correct by any other example. 
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47. When the characteristics of the logarithms to be 
added are both positive, it is evident that their sum will 
be positive. When they are both negative, their sum 
( diminished by what is to be carried from the sum of 
the positive [86 J decimal parts) will be negative. When 
one is negative, and the other positive, subtract the less 
from the greater, and prefix to the difference the sign 
belonging to the g!·eatcr-bearing. in mind what has 
been already said [Sec. IL 15 J with reference to the 
subtraction of a greater from a less quantity. 

48. To divide numbers, by means of their logarithms­
RuLE.-Snbtract the logarithm of the divisor from 

that of the dividend; and the natural number, corres­
ponding to the result, will be the required quotient. 

ExAMPLE.-1134 + 42 = 3·054613 (the log. of 1134)-
1·623249 (the log. of 42) = 1·431364, which is found to 
correspond with the natural number, 27. Therefore 1134-;-
42=27. 

REASON OF THE RuLE.-This mode of division arises from 
the nature of indices. '.l.'hus 46 +43=[2] 4X4X4X4X4+4X 

4X4X4X4X4 4X4X4 
4X4- 4 X4 X4 -4X4X4X 4X4==4x4, the abbreviation 
for which is 42• But 2 is equal to the index (logarithm) of 
the dividend minus that of the divisor. The rule might, in 
the same way, be proved correct by any other example. 

49. In subtracting the logarithm of the divisor, if it 
is negative, change the sign of its characteristic or inte­
gral part, and then proceed as if this were to be added 
to the characteristic of the dividend ; but before making 
the characteristic of the divisor positive, subtract what 
was borrowed (if any thing), in subtracting its decimal 
part. l!,or, since the decimal part of a logarithm is 
positive, what is borrowed, in order to make it possible 
to subtract the decimal part of the logarithm of the 
divisor from that of the dividend, must be so much 
taken a'Vay from what is positive, or added to what is 
negative in the remainder. 

We change the sign of the negative characteristic, and 
then add it; for, adding a positive, is the same as taking 
away a neg·itive quantity. 
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60. To raise a. quantity to any power, by means of 
it... logarithm-

.Ru i.E.-1\foltiply the logarithm of the quanity by 
tho index of the power ; and the natural number cor­
re1,ponding to the result will be the required power. 

EXAMPLE.-Raise 5 to the 5th power. 
'fhe logarithm of 5 is 0·~807, which, multiplied by 5, 

gives 3·49485, the logarithm of 3125. Therefore, the 5th 
power of 51 is 3125. 

}<.EASON oF <rHE RutE.-This rule also follows from the 
nM.ire of indices. 52 raised to the 5th power is 5 X5 multiplied 
by 5Xo n..ultiplied by 5X5 multiplied by 5X5 multiplied 
by 6X5, or 5X5X5X5X5X5X5X5X5X5, the abbreviation 
fl)r which is [2] 510

• But 10 is equal to 2, the index (logarithm) 
of the quantity, multiplied by 5, that of the power. The 
rnle might, in the same way, be proved correct by any other 
e..1.a.mple. 

51. It follows from what has been said [ 47] th<1.t wlien 
a negative characteristic is to be multiplied, the product 
fo negative ; and that what jg to be carried from the 
multiplication of the decima_l part ( always positive) is 
tc, be s1ibtracted from this negative result. 

52. To evolve any quantity, by means of its loga­
rithm-

RuLE.-:--Divicle the logarithm of the given quantity 
by that number which expresses the root to be taken; 
and the natural number corresponding to the result will 
-be the required root. 

ExAMPLE.-What is the 4th root of 2401. 
The logarithm of 2401 is 3·380392, which, divided hy 4, 

the number expressing the root, gives ·845098, the logarithm 
of 7. Therefore, the fourth root of 2401 is 7. · 

nEASON OF THE RULE.-This rule follows, likewise, from 
the nature of indices. Thus the 5th root of 16io is such a 
number as, :raised to the 5th power-that is, taken 5 times as 
~ factor-would produce 1610

• But 16 
1
/, taken 5 times as a 

factor, would produce 1610
• The rule might be proved correct, 

equally well, by any other ex.ample. 
53. When a negative characteristic is to be divided­
RuLE I.-If the characteristic is exactly divisible by 

the divisor, divide in the ordinary way, but make the 
characteristic of the quotient negative. 
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II.-If the negative characteristic is not aadly 
divisible, add what will make it so, both to it and to the 
decimal part of the logarithm. Then proceed with the 
division. 

ExAMPLE.-Divide the logarithm -4·837564 by 5. 
4 wants 1 of being divisible by 5; then -4·837564+5:::::s 

-5+1·837564+5=1·367513, the required logarithm. 
REASON OF I.-The quotient multiplied by the divisor must 

give the dividend; but [51] a negative quotient multiplied by 
a positive divisor will give a negative dividend. 

REASON oF II.-In example 2, we have merely added + 1 
and -1 to the same Quantity-which, of course, does no'G 
alter it. 

QUESTIONS. 

l. What are logarithms ? [32]. 
2. How do they facilitate calculation ? [33]. 
3. Why is a table of logarithms necessary ? [34]. 
4. What is the characteristic of a logarithm ; ani 

how is it found ? [37]. 
5. How is the logarithm of a number found, by th~ 

table ? [3RJ. 
6. How are the "differences," given in the table 

used? [39]. 
7. What is the use of ·• ?roportional parts?" [39]. 
8. How is the logarithm ut a fraction found ? [ 41). 
9. How do we find the logarithm of a mixed num­

ber? [ 42]. 
10. How is the number corresponding to a given 

logarithm found? [ 43]. 
11. How is a number found when its corresponding 

logarithm is not in the table ? [ 44]. 
12. How are multiplication, division, involution and 

evolution effected, by means of logarithms ? [ 46, 48, 
50, and 52]. 

13. When negative characteristics are added, what 
is the sign of their sum ? [ 47]. 

14. Wh:it is the process for division, when the cha­
racteristic of the divisor is negative ? [ 49]. 

1.3. How is a negative characteristic multiplied? [51]. 
16. How is a negative characteristic divided? (53) 



SEG·TION X. 

PROGRESSION, &c. 

1. A progression consists of a number of quantities 
wcreasing, or decreasing by a certain law, and forming 
what are called continued proportionals. When the 
terms of the series constantly increase, it is said to 
be an ascendi11g, but when they decrease (increase to 
the left), a descending series. 

2. In an eq1iidijferent or arithmetical progression, the 
quantities increase, or decrease by a C01nrrwn diffrrena. 
Thus 5, 7, 9, 11, &c., is an ascending, and 15, 12, 9, 6, 
&c., is a. descending arithmetical series or progression. 
The common difference in the former is 2, and in the 
latter 3. A continued proportion may be formed out 
of such a series. Thus-

5 : 7 : : 7 : 9 : : 9 : 11, &c. ; and 15 : 12 : : 12 : 9 : : 
9 : 6, &c. Or we may say 5 : 7 : : 9 : 11 : : -&c. ; and 
15 : 12 : : 9 : 6 : : &c. 

3. In a geometrical or equirational progression, the 
quantities increase by a common ratio or multiplier. 
Thus 5, 10, 20, 40, &c. ; and 10000, 1000, 100, 10, &o., 
are geometrical series, The common ratio in the former 
case is 2, and the quantities increase to the riglzt; in 
the latter it is 10, and the quantities increase to the 
left. A continued proportion may be formed out of 
such a series. Thus--,-

5 : 10 : : 10 : 20 : : 20 : 40, &c. ; and 10000 : 1000 : : 
1000 : 100 : : 100 : 10, &c. Or we may sa,y 5 : 10 : : 20 : 
40 : : &c. ; a'Qd 10000 : 1000 : : 100 : 10 : : &c. 

4. The first and last terms of a progression are called 
its extremes, and all the intermediate terms its muvns. 

5. AritltnU'.tiwl Progression.-To find the sum of a 
series of terms in arithmetical progression­

RuLE.-Multiply the sum of the extremes by half 
the number of terms. 
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ExAMPLE.-What is the !!!Um of a series of IO terms, the 
first being 2, and last 201 Aus. 2+20X \r°=llO. 

6. REAsoN 01,· THE RuLE.-This rule cn.n be easily proved. 
For this purpose, set down the progression twice over-but 
in such a way as that the last term of one shall be under the 
first term of the other series. 

Then, 24+21+1s+15+12+ 9=the sum. 
9+12+15+1s+21+24=the sum. And, 

adding the equals, 83+33+38+33+33+33=twiee the sum. 
That is, twice the sum of the series will be equal to the sum 

of as many quantities as there are terms in the series-each 
of the quantities being equal to the sum of the extremes. 
And the sum of the series itself will be equal to half as much, 
or to the eum of the extremes taken half ae many times as 
\here are terms in the series. The rule might be proved 
correct by 11.ny other example, and, therefore, ie general. 

EXERCISES. 

1. One extreme is 3, the other 15, and the number 
of terms is 7. What is the sum of the series? Ans. 63. 

2. One extreme is 5, the other 93, and the number 
of terms is 49. What is the sum? Ans. 2401. 

3. One extreme is 147, the other¾, and the number 
of terms is 97. What is the sum? .Ans. 7165·875. 

4. One extreme is 4-J, the other 143, and the num 
her of terms is 42. What is the sum? Ans. 3094·875 

7. Given the extremes, and number of terms-to find 
the common difference-

Ru LE.-Find the difference between the given ex­
tremes, and divide it by one less than the number of 
terms. The quotient will be the common difference. 

ExAMPLE.-In an arithmetical series, the extremes are 21 
and 3, and the number of terms ie 7. What is the common 
difference 1 

21-3+ 7 -1 = 18+6 = 3, the required number. 
8. REASON oF THE RuLE.-The difference between the 

greater and Jessel' extreme a.rises frcm the common difference 
being added to the lesser extreme once for every term, ex­
cept the lowest; thn.t is, the greater contains the lesser extreme 
plus the common difference taken once less thnn the number 
of terms. Therefore, if we subtract the lesser from the greater 
ex-tsieme, the difference obtained will be equal to the common 
tliffC'rence multiplied by one less thnn the number of terms. 
And if we divide the difference by one less than the number 
of terms we will have the common difference. 
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EXERCISES. 

5. The extremes of an arithmetical series are 21 
and 497, and the number of terms is 41. What is the 
common difference ? Ans. 11 ·9. 

6. The extremes of an arithmetical series are 127H 
and 9-+, and the number of terms is 26. What is the 
common difference ? Ans. 4f. 
• 7. The extremes of an arithmetical series are 77H 
and ¾, and the number of terms is 84. What is the 
common difference ? Ans. H-

9. To find any n1111T1,ber of arithmetical means between 
two given numbers-

R uLE.-Find the common difference [7] ; and, ac­
cording as it is an ascending or a descending series, add 
it to, or subtract it from the first, to form the second 
term ; add it to, or subtract it from the second, to form 
the third. PrQceed in the same way with the remain­
ing term3. 

We must remember that one less than the number of 
terms is one more than the number of means. 

EXAMPLE 1.-Find 4 arithmetical means between 6 and 

21. 21-6 = 15. 4~ 1=3, the common difference. And 

the series is-
6. 6+3. 6+2x3. t3+3x3. 6+4x3. 6+5x3. 

Or 6 • 9 . 12 . 15 . 18 . 21. 

EXAMPLE 2.-Find 4 arithmetical means between 30 and 

10. 30-10=20. 4: 1=4, the common difference. And 

the series is-
~O . 26 . 22 . 18 . 14 . 10 

This rule is evident. 

EXERCISES. 

8. Find 11 arithmetical means between 2 and 26 
Ans. 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, and 24. 

9. Find 7 arithmetical means between 8 and 32 
Ans. 11, 14, 17, 20, 23, 26, 29. 

10 Find 5 arithmetical rueans between 4½, and 13½, 
Am. 61 1-i, 97 10¼, 12. 
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10. Given the extremes, a.nd the number of terms­
to find any term of an arithmetical progression-

H ULE.-Find the common difference by the last rule, 
and if it. is an ascending series, the required term will 
be the lesser extreme plus-if a descending series, the 
greater extreme min.us the common difference multiplied 
by one less than the number of the term. 

EXAMPLE 1.-What is the 5th term of a series contain:ng 
9 torms, the first being 4, and the last 28 1 

28-4 
- 8 -=3, is the common difference. And 4+3 X s=I== 

16, is the reqttired term. 
EXAMPLE 2.-What is the 7th term of a. series of 10 terms, 

the extremes being 20 and 21 
20-2 
- 9-=2, is the common difference. 20-2xf:..1=8, 

is the required term. 
l I. REASON oF -rHE RuLE.-In an Ascending aeries the 

required term is greater than the given lesser extreme to the 
amount of all the differences found in it. But the number of 
differences it contains is equal only to the number of term~ 
which precede it-since the common difference is not found in 
the first term. 

In a descending series the required term is less than the 
given greater extreme, to the amount of the differences sub. 
trncted from the greater extreme-but one has been subtrncted 
from it, for each of the terms ,vbich precede the required term. 

EXERCISES. 
11. In an arithmetical progression the extremes are 

14 and 86, and the number of terms is 19. What is 
the 11th term? Ans. 54. 

12. In an arithmetical series the extremes are 22 and 
4, and the number of terms is 7. What is the 4th 
term? Ans. 13. 

13. In an arithmetical series 49 and ¾ are the ex­
tremes, and 106 is the number of terms. What is the 
94th term? Ans. 6·2643. 

12. Given the extremes, and common difference-to 
find the number of terms-

RuLE.-Divide the difference between the given ex­
tremes by the common difference, and the quotient plus 
unity will be the number of terms. 
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ExAMPLE.-How many terms in an arithmetical series of 
which the extremes are 5 and 26, and the common differ­
ence 31 

26-5 
- 3- =7. And 7 +1=8, is the number of terms. 

13. REASON OF THE RuLE.-The greater differs from the 
lesser extreme to the amount of the differences found in all the 
terms. But the common difference is found in all the terms 
except the lesser extreme. Therefore the difference between 
the extremes contains the common difference once less than 
will be expressed by the number of terms. 

EXERCISES. 

14. In an arithmetical series, the extremes are 96 
and 12, and the common difference is 6. What is the 
number of terms? Ans". 15. 

15. In an arithmetical series, the extremes are 14 
and 32, and the common difference is 3. What is the 
number of terms? Ans. 7. 

16. In an arithmetical series, the common difference 
is !-, and the extremes are 14f and il. What is the 
number of terms ? Ans. 8. 

14. Given .the sum of the series, the number of terms, 
and one extreme-to find the other-

RuLE.-Divide twice the sum by the number of 
terms, and take the given extreme from the quotient 
The difference will be the required ~xtreme. 

E:itAMPLE.--One extreme of an arithmetical series is 10 
the number of terms is 6, c:1.nd the sum of the series is 42 
What is the other extreme 1 

2x42 . 
- 6-_ -10 = 41 is t4e required extreme. 

15. REASON OF THE RutE.-We have seen [5] that 2 X the 
sum = sum of the extremes X the number of terms. But if we 
divide each of these equal quantities by the number of terms, 
we shall have 

2 X the sum sum of extremes X the number of terms 
the number of terms the number of terms 

2 X the sum 
Or the number of terms sum of the extremes. And sub~ 

tractins; the same extreme from each of these equals, we shall 
have 
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2 X the sum oneextreme=the sum of the extreme11 
the number of terms 
the same extreme. 

twice the sum 
Or the number of terms minus one extreme== the other ex• 

treme. 

EXERCISES. 

17. One extreme is 4, the number of terms is 17, 
and the sum of the series is 884. What is the other 
extreme ? Ans. 100. 

18. One extreme is 3, the number of terms is 63, 
and the sum of the series is 252. What is the other 
extreme ? Ans. 5. 

19. One extreme is 27, the number of terms is 26, 
and the sum of the series is 1924. What is the other 
extreme? Ans: 121. 

16. Geometrical Progression.-Given the extremes 
and common ratio-to find the sum of the series-

R ULE.-Subtract the lesser extreme from the product 
of the greater and the common ratio ; and divide the 
difference by one less than the common ratio. 

ExAMPLE.-In a geometrical progressio~ 4 and 312 are 
the extremes, and the common ratio is 2. What is the sum 
of the series. 

312 X 2-4 
2-1 620, the required number. 

17. REASON OF THE RuLE.-The rulo may be proved by 
setting down the series, and placing over it (but in a ieverse 
order) the product of each of the terms and the common ratio. 
Then 

Sum X common ra1i.o = 8 + 16 + 82, &c .. + 812 + 624 
Sum= . . • . , 4 + 8 + 16 + 82, &c .. + 812 . 

And, subtracting the lower from the upper line, we shall have 
Sum X common ratio - Sum = 624 - 4. Or 
Common ratio - 1 X Sum= 624 -4. 

~nd,_ dividing each of the equal quantities by the common 
ratio nu.nus 1 

Sum 642 (last term X common ratio)-4 (the first term) 
common ratio-1 

Which is the rule. 
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EXERCISES, 

20. The extremes of a geometrical series are 512 and 
2, and the common ratio is 4. What is the sum ? 
Ans. 682. 

21. The extremes of a geometrical series are 12 and 
175692, and the common ratio is 11. What is the sum ? 
Ans. 193260. 

22. The extremes of an infinite geometrical series 
are y1-0 and O, and / 0 is the common ratio. ·what is 
the sum? Ans. ½- [Sec. IV. 74.] 

Since the series is infinite, the lesser extreme=<>, 

23. The extremes of a geometrical series are ·3 and 
937·5, and the common ratio is 5. What is the sum? 
Ans. 1171 ·875. 

18. Given the extremes, and number of terms in a 
geometrical series-to find the common ratio-

Ru LE.-Divide the greater of the given extremes 
by the lesser ; and take that root of the quotient which 
is indicated by the number of terms minus 1. This will 
be the required number. 

ExAMPLE.-5 and 80 are the extremes of a geometrical 
progression, in which there are 5 terms. What is the com­
mon ratio 1 

8
5° -16. And Vl6=2, the required common ratio. 

19. REASON OT THE Ruu:.-The greater extreme is equal 
to the lesser multiplied by a, product which has for its factors 
the common ratio taken once less than the number of terms­
since the common ratio is not found in the first term. That 
is, the ,greater extreme contains the common ratio raised to a 
power indicn.ted by 1 less than the number of t.erms, and mul• 
tiplied by the lesser extreme. Consequently if, after dividing 
by the lesser extreme, we take that root of the quotient, which 
is indicated by one less than the number of terms, we shall 
obtain the common ratio itself. 

EXERCISES. 

24. The extremes of a geometrical series are 49152 
and 8, and the number of terms is S. What is th~ 
eommon ratio ? Ans'. 4. 

25. The extremes of a geometrical seri~ are I and 
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15625, and the number of terms is 7 What is the 
common ratio? Ans. 5. 

26. The extremes of a geometrical series are 
201768035 and 5, and the number of terllld is 10 
What is the _common ratio ? Ans. 7. 

20. To find a11.y 1iumber of geometrical means be 
tw-:;Pn two quantitiei:i-

R ULE.-Find the common ratio (by the last rule), 
and-according as the series is ascending, or descend­
ing-multiply or divide it into the first term to obtain 
the second ; multiply or divide it into the second t6 
obtain the third ; and so on with the remaining terms. 

We must remember that one less than the number 
of terms is one more than the number of means. 

ExA.,1PLE 1.-Find 3 geometrical means between 1 and 
81. 

.Vy=3, the common ratio. And 3, 9, 27, are the re. 

quired means. 

EXAMPLE 2.-Find 3 geometrical means between 1250 
and 2. 

1250 
5 

d 1250 1250 1250 
~2= . An -5- 5x5 5x5x5' or 250, 50, 10, 

are the required means. 
Thia rule requires no explanation. 

EXERCISES. 

27. Find 7 geometrical means between 3 and 19683 ? 
Ans. 9, 27, 81, 243, 729, 2187, 6561. 

28. Find 8 geometrical means between 4096 and 8 ? 
.Ans. 2048, 1024, 512,256, 128, 64, 32, and 16. 

29. Find 7 geometrical means between 14 and 
23514624? Ans. 84, 504, 3024, 18144, 108864, 
653184, and 3919104. 

21. Given the first and last term, and the number of 
terms-to find any term of a geometrical series-

R uLE.-If it be an ascending series, multiply, if a 
descending series, divide the fir&t term by that power 
of the common ratio which is indicated by the numcar 
of the term minus 1. 
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EXAMPLE 1.-Find the 3rd term of a geometrical series, 
of which the first term is 6, the last 1458, and the number 
of terms 6. 

Th 
. . 1458 

3 e common ratio 1s ,V-6-= . Therefore the required 

term is 6 X 3z=54. 

ExAMPLE 2.-Find the 5th term of a series, of which the 
extremes are 524288 and 2, and the number of terms is 10. 

. 524288 524288 
The common ratio ,y-.-2-==4. And ~ = 2048, 

is the required term. 

22. REASON OF THE RuLE.-In an ascending series, any 
term is the product of the first and ·the common ratio taken 
ns a factor so many times as . there are preceding terms--since 
it is not found in the.first term. 

In a de~cending series, any term is equal to the first term, 
clivided by a product containing the common ratio as a factor 
so many times as there are preceding terms-since every term 
but that which is required adds it once to the factors which 
constitute the divisor. 

EXERCISES. 

30. What is the 6th term of a series having 3 and 
5859375 as extremes, and containing IO terms? Ans. 
9375. 

31. Given 39366 and 2 as the extremes of a series 
having 10 terms. What is the 8th term ? Ans. 18. 

32. Given 1959552 and 7 as the extremes of a series 
having 8 tc;rms. What is the 6th term ? Ans. 252. 

23. Given the extremes and common ratio-to find 
the number of terms-

R uLE.-Divide the greater by the lesser extre'me, 
and one more than the number expressing what power 
of common ratio is equal to the quotient, will be the 
required quantity. 

ExAMPLE.-How many terms in a series of which the 
extremes are 2 and 256, and the common ratio is !! 1 

2!6 
=128. But 21=128. There are, therefore, 8 terms. 

The common ratio is found as a factor (in the quotient of 
the greater divided by the lesser extreme) once less than the 
number of terllllJ. 
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EXERCISES. 

33. How many terms in a series of which the first is 
78732 and the last 12, and the common ratio is 9 ?­
Ans. 5. 

34. How many terms in a series of which the ex­
tremes and common ratio are 4, 470596, and 7 ? Ans. 7. 

35. How many terms in a series of which the ex­
tremes and common ratio, a.re 196608, 6, and 8 ? Ans. 6. 

24. Given the common ratio, number of terms, and 
one extreme-to find the other-

R uLE.-If the lesser extreme is given, multiply, if 
the greater, divide it by the common ratio raised to a 
power indicated by one less than the number of terms. 

EXAMPLE 1.-In a geometrical series, the lesser extreme 
is 8, the number of terms is 5, and the common ratio is 6; 
what is the other extreme 1 Ans. 8X66

-
1=10368. 

EXAMPLE 2.-In a geometrical series, the greater extreme 
is 6561, the number of terms is 7, and the common ratio is 
3; what is the other extreme 'f Ans. 6561+37

-
1=9. 

This rule does not require any explanation. 

EXERCISES • 

.36. The common ration is 3, the number of terms is 7, 
and one extreme is 9 ; what is the other ? Ans. 6561. 

37. The common ratio is 4, the number of terms is 
6, and one extreme is 1000; what is the other? .A'ns. 
1024000. 

38. The common ratio is 8, the number of terms i, 
10, and one extreme is 402653184; what is the other i 
Ans. 3. 

In progression, as in many other rules, the application of 
algebra. to the reasoning would greatly simplify it. 

MISCELLANEOUS EXERCISES IN PROGRESSION. 

1. The clocks in Venice, and some other places striko 
the 24 hours, not beginning again, as ours do, after 12. 
How many strokes do they give in a day? Ans. 300. 

2 A butcher bought 100 sheep; for the first ho 
gavll ls., and for the last £9 19s. What did he pay for 
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a.11, supposiig their prices to form an arithmetical series ? 
Ans. £500. 

3. A . person bought 17 yards of cloth ; for the first 
yard he gave 2s., and for the last !Os. What was the 
price of all? Ans. £5 2s. 

4. A person travelling into the country went 3 miles 
the first day, 8 miles the second, 13 the third, and so 
on, until he went 58 miles in one day. How many days 
did he travel ? Ans. 12. 

5. A man being asked how many sons he had, said 
that the youngest was 4 years old, and the eldest 32, 
and that he had added one to his family every fourth 
year. How many had he? Ans. 8. 

6. Find the sum of an infinite series, ½, t, n, &c. 
Ans.½-

7. Of what value is the decimal ·463'? Ans. H!-
8. What debt can be discharged in a year by monthly 

payments in geometrical progression, the first term 
being £1, and the last £2048; and what will be the 
common ratio? Ans. The debt will be £4095; and 
the ratio 2. 

9. What will be the price of a horse sold for 1 far­
thing for the first na.il in his shoes, 2 farthings for the 
second, 4 for the third, &c., allowing 8 nails in each 
shoe ? Ans. £4473924 5s. 3¾d, 

10. A nobleman dying left 11 sons, to whom he be­
que..i,thed his property as follows ; to the youngest he 
gave £1024; to the next, as much and a half; to the 
next, 1½ of the preceding son's share; and so on. What 
was the eldest son's fortune ; and what was the- amount 
of the nobleman'& property? Ans. The eldest son- re­
ceived £59049, and the father was worth .£175099. 

QUESTIONS. 

1. What is meant by ascending and descending 
series ? [1]. 

2. What is meant by an arithmetical and geome .. 
trical progression ; and. are they designated by any other 
names? [2 and 3]. 

3. What are the common difference and common 
ratio? (2 and 31, 



4. Show that a continued proportion may be formed 
from a series of either kind? L2 and 3]. 

5. What are means and extremes? [ 4]. 
6. How is tho sum of an arithmetical or a geome• 

trical series found? [5 and 16). 
7. How is the common difference or common ratio 

found? [7 and 18]. 
8. How is any number of arithmetical or geometrical 

means found ? [9 and 201. 
9. How is any particular arithmetical or geometrical 

mean found? [10 and 21]. 
10. How is the number of terms in an arithmetical 

or geometrical series found? [12 and 23]. 
11. How is one extreme of an arithmetical or geome• 

trioal serie~ found ? [ 14 and 24] . 

ANNUITIES. 

25. An annuity is an income to be paid at stated 
times, yearly, half-yearly, &c. It is either i1i possession, 
that is, entered upon already, or to be entered upon 
immediately ; or it is in re1:ersion, that is, not to com­
mence until after some period, or after something hai, 
occurred. An annuity is certain when its commence­
roent and termination are assigned to definite periods, 
amtingent when its beginning, or end, or both are 
uncertain ; is in arrears when one, or more payments 
are retained after they have become due. The amou.nt 
of an annuity is the sum of the payments forborne (in 
arrears), and the interest due upon them. 

Whrn an annuity is paid off at once, the price given 
for it is called its present worth, or vafae-which ought 
t.o be such as would-if left at compound interest until 
the annuity ceases-produce a sum equal to what would 
be due from the annuity left unpaid until that time. 
This· value is said to be so many years' purckase ; that 
is, so many annual payments of the income as would be 
just equivalent to it. 

26. To find the amount of a certain number of pay­
menta in arrears, and the interest due ou them-
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Ruu:.-Find the interest due on each payment; then 
the sum of the payments and interest due· on them, will 
be· the required amount. 

EXAMPLE 1.-Whatwill be the amount of .£1 per annum, 
unpaid for 6 years, 5 p~r cent. simple interest being allowed 1 

The last, a.nd preceding payments, with the interest due on 
them, form the arithmetical series £1+£·05x5. £1+£·05x 
4 .• £lx£·05 .£1. And its sum is £1+£1+£·05X5X 
f=£2+£·25x3=£6·75=£6 15s., the required amount. 

EXAMPLE 2.-If the rent of a farm worth £60 per annum 
is unpaid for 19 years, how much does it amount to, a~ 5 
per cent. per an. compound interest 1 

ln this case the series is geometrical; and the last papncmt 
with its interest is the amoont of £1 for 18 (19-1) Yfl~r11 
multiplied by the given annuity, the preceding payment 
with its interest is the amount of £1 for 17 years multiplied 
by the given annuity, &c. 

The amount of £1 (as we find by the table at the end of 
the treatise) for 18 years is £2·40662. Then the sum of 
the series is-
£2·40662 x 1-05 x60-60 

I ·OS_ 1 [16)=1832·4, the required amount. 

The amount of £1 for 18 years multiplied by 1·05 is the 
same as the amount of £1 for 19, or the given number of 
years, which is found to be.£2·527. And1·05-1, the divi­
sor, is equal to the amount of £1 for one payment minus 
£1 ; that is, to the interest of £1 for one payment. Hence 

£2·527 X 60-60 
the required l!um will be .05 = £1832·4. 

It would evidently be the same thing to consider the 
annuity as £1, and then multiply the result by 60. Thus 

2·527 - l · 60 h .
05 

X 60=£1832·4. For an annmty of £ oug t 
to be 60 times as productive as one of only £1. 

Hence, briefly, to find the amount of any number of 
paym~nts in arrears, and the rompownd interest due on 
them--, 

Subtract £1 from the amount of £1 for the given 
number of payments, and divide the difference by the 
interest of £1 for one payment ; then multiply the quo­
tient by the given sum. 

Q 
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27. REASON ov THE RtrLE.-Each payment, with its inte­
rest, evidently constitute a separate amount; an l the .sum due 
must be the sum of these amounts-which form a decreasing 
series, because of the decreasing interest, arising from the 
decreasing number of times of payment. 

When simple interest is allowed, it is evident that what is 
due will' be the sum of an arithmetical series, one extreme of 
which is the first payment plus the interest due upon it at the 
time of the lust, the other the last payment; and its common 
diffel'ence the interest on one payment due at the next. 

But when compound interest is allowed, what is due will be 
the sum of a geometrical series, one extreme of which is the 
first payment plus the interest due on it at the last, the other 
the last payment; and its common ratio £1 plus its interest 
for the interv11l between two payments. And in each case the 
interest due on the first payment at the time of the last will 
be the interest due for one less than the number of payments, 
since interest is not due on the first until the time of the second 
payment. 

EXERCISES. 

1. ·what is the amount of £37 per annum unpaid 
for 11 years, at 5 per cent. per an. simple interest ? 
Ans. £508 15s. ' 

2. What is the amount of an annuity of £100, to 
continue 5 years at 6 per cent. per an. compound inte­
rest? Ans. £563 14s. 2fd. 

3. What is the amount of an annuity of £356, to 
continue 9 years, at 6 per cent. per an. simple interest? 
Ans. £3972 19s. 2½d, 

4. What is the amount of £49 per annum unpaid 
for 7 years, 6 per cent. compound interest being allowed? 
Ans. £411 5s. ll½d, 

28. To find the present value of an annuity-
R uLE.-Find (by the last rule) the amount of the 

given annuity if not paid up to the time it will cease. 
Then ascertain how often this sum contains the amount 
of £1 up to the same time, at the interest allowt)d. 

ExAMPLE.-What is the present worth of an annuity of 
£12 per annum, to be paid for 18 yeara, 5 per cent. com­
pound interest being allowed 1 

An annuity of £12 unpaid for 18 years would amount to 
£28·13238 X 12=£:l37·5'8856. 
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But £1 put to interest for 18 years at the same rate 
would amount to £2·40662. Therefore 

£337-58856 
-2-:40662-=£140 5s. 6d. is the required value. 

The sum to be paid for the annuity should evidently be such 
as would produce the same as the annuity itself, in the same 
time. 

EXERCISES. 

5. What is the present worth of an annuity of £27, 
to be paid for 13 years, 5 per cent. compound interest 
being allowed? Ans. £253 12s. 6¼d, 

6. What is the present worth of an annuity of £324, 
to be paid for 12 years, 5 per cent. compound interest 
being allowed? Ans. £2871 13s. lO¾d, 

7. What is the ·present worth of an annuity of £22, 
to be paid for 21 years, 4 per cent. compound interest 
being allowed? Ans. £308 12s. IOd. 

29. To find the present value, when the annuity is 
in perpetuity-

RuLE.-Divide the interest which £1 would rroduce 
in perpetuity into £1, and the quotient will be tnP. sum 
required to produce an annuity of £f per aminm in 
perpetuity. Multiply the. quoti0nt by the numbP,r of 
pounds in the given annuity, a.ud the product Nill be 
the required present worth. 

EXAMPLE.-\Vhat is the value of an income of £17 for E'Ver ~ 
Let us suppose that£ 100 would produce £5 per cont. per 

an. for ever :-then £1 would produce £-05. Thui·efore, 
to produce £1, we require as many pounds as will be eq_ual 

£1 
to the number of times £·05 is contained in £1. But :c,5=-
£20, therefore £20 would produce an annuity of £1 for 
ever. And 17 times as much, or £20Xl7=340, which 
would produce an annuity of £17 for ever, is the required 
present value. 

EXERCISES. 

8. A small estate brings £.25 per annum ; wha. ~ is 
its present worth, allowing 4 per cent. per annum ihte­
rest ? Ans. £625. 

9. What is the present worth of an income of £34.7 
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in perpetuity, allowing 6 per cent. interest? Am 
£5783 6s. Sd. 

IO. What is the value of a perpetual annuity of £46, 
allowing 5 per cent. interest? Ans. £920. 

30. To find the present value of an annuity in rever­
sion-

RuLE.-Find the amount of the annuity as if it were 
forborne until it should cease. Then find what sum, 
put to interest now, would at that time produce the 
same amount. 

ExAMPLE.-What is the value of an annuity of £10 per 
annum, to continue for 6, but not to commence for 12 years, 
5 per cent. compound interest being allowed 1 

An annuity of £10 for 6 years if left unpaid, would be 
worth £68·0191 ; and £1 would, in 18 years. be worth 
.£1Ui8959. Therefore 

£ 68'0191 P28 5 3d . h ' d h 
11

.68959=.,_, s. ., 1st e require present wort . 

EXERCISES 
11. what is the present worth of £75 per annum, 

which is not to commence for 10 years, but will con­
tinue 7 years after, at 6 per cent. compound interest? 
Ans. £155 9s. TJd. 

12. The reversion of an annuity of £175 per annum, 
to continue 11 years, and commence 9 years hence, is to 
be sold ; what is its present worth, allowing 6 per cent. 
per annum compound interest? Ans~ £430 7s. 1d. 

13. What is the present worth of a rent of £45 per 
annum, to commence in 8, and last for 12 years, 6 per 
cent. compound interest, payable half-yearly, being 
allowed? Ans. £117 2s. S½d, 

31 When the annuity is contingent, ita value depends 
o? the probability of the contingent circumstance, or 
circumstances. 

A life annuity is equal to its amount multiplied by 
the value of an annuity of £1 (found by tables) for the 
given age. The tables used for the purpose are calcu­
lated on _principles derived from the doctrine of chances, 
observations on the duration of life in different circum­
stances, the rates of compound interest, &c. 
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QUESTIONS. 

1. What is atannuity? [25]. 
2. What is an annuity in possession-in reversion­

ccrtain-contingent,...:._or in arrears ? [25 J. 
3. What is meant by the present worth of an an­

nuity? [25]. 
4. How is the amount of any number of paymepts 

fo arrears found, the interest allowed being simple or 
compound ? [26]. 

5. How is the present value of an annuity in posses­
sion found ? [28]. 

6. How is the present value of an annuity in per-
petuity found? [2f:I]. . 

7. How is the present value of an annuity in rever­
~ion found ? ( 30 J . 

POSITION. 

32. Position, called also the "rule of false," is a rule 
which, by the use of one or more assumed, but fals~ 
numbers. enables us to find the true one. By means of 
it we can obtain the answers to certain questions, which 
we could not resolve by the ordinary direct rules. 

,vhen the results are really proportional to the sup­
position-as, for instance, when the number sought is 
to be mu,ltipli.ed or divided by some proposed number ; 
or is to be increased or diminished by itself, or by some 
given multiple or part of itself-and when the question 
contains only one proposition, we use what is called 
single position, assuming only one number ; fl,nd the 
quantity found is exactly that which is required. Other­
wise-as, for instance, when the number sought is to be 
increased or diminished by some absolute number, which 
is not a known multiple, or part of it--or when two 
propositions, neither of which can be banished, are con­
tained in the problem, we use double position, assuming 
two numbers. If the number sought is, during the 
process indicated by the question, t0 be involved or 
evolved, we obtain only an approximation to the quan­
tity required. 
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:13. Single Position.-RuLE. Assume a nuruber, and 
perform with it the operations describeqain the question; 
then say, as the result obtained is to the number 11,secl, 
so is the true or gi?:en result to the number req_uircd. 

ExAJ\IPLE.-What number is that which, being multiplied 
by 5, Ly 7, and by 9, the sum of the results shall be 231 1 

Let us assume 4 as the quantity soug11t. 4x5+4xi+ 
4x 9 31 

4x9=84. And 84 : 4 : : 231 : 84 =11, the required 

number. 
34. RF;A!>ON OF THE RuLE.-lt is evident that two num­

bers, multiplif'd or divided by tl1e same, should produce pro­
nortionutc rcsults.-It is otherwise, however, when the same 
qu,intity is added to, or subtracted from them. Thus let the 
given question be changed into the following. What number 
is that which being multiplied by 5, by 7. and by 9, the sum 
of the products, plus 8, shall be equal to 239? 

Assuming 4, the result will be 92. Then we co.nnot say 
02 (84+8) : 4 : : 239 (231+8) : 11. 

For though 84 : 4 : : 231 : 11, it does not follow that 
84+8 : 4 : : 231+8 : 11. Since, while [Sec. V. 29] ,ve mny 
multiply or divide the first and third terms of a geometrical 
proportion by the same number, we cannot, without destroy­
ing tl1c proportion, add the same number to, or .mbtract it 
f1·om them. 'l'he question in this latt-.r form belongs to the 
rule of duul,le position. 

EXERCISES. 

1. A teacher being asked how many pupils he had, 
replied, if you add ½, ¼, and i- of the number together, 
the sum will be 18; what was their number? Ans. 24. 

2. ·what number is it, which, beino- increased by½, 
½, and {- of itself, shall be 125? A1it 60. 

3. A gentleman distributed 78 pence among a num­
ber of poor persons, consisting of men, women, and chil­
dren; to each man he gave 6d., to each woman, 4d., 
nnd to each child, 2d. ; there were twice as many 
women as men, and three times as many children as 
women. How many were there of each ? Ans. 3 men, 
~ women, and 18 children. 

4. A person bought a chaise, horse, and harness, for 
£60 ; the horse came to twice the price of the harness 
aud the chaise to twice the price of the horse and har: 
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d.ess. What did -he give for each? Ans. He gave for 
the harness, £6 13s. 4d. ; for the hor!)_e, £13 6s. 8d. ; 
and for the chaise, £40. 

5. A's age is double that of B's; B's is treble that 
of C's; and the sum of all their agesis 140. What is 
the age of each? Am. A's is 84, B's 42, and C's 14. 

6. After paying away¼ of my money, and then½ of 
the remainder, I had 72 guineas left. What had I at 
first? Ans. 120 guineas. 

7. A can do a piece of work in 7 days; B can do the 
same in 5 days ; and C in 6 days. In what time will 
all of them execute it? Ans. in lfH days. 

8. A and B can do a piece of work in IQ days; A 
by himself can do it in 15 days. In what time will B 
do it? Ans. In 30 days. 

9. A cistern has three cocks; when the first is opened 
all the water runs out in one hour ; when the -s@cond is 
opened, it runs out in two hours ; and when the third ii' 
opened, in th1·ee hours. In what time will it run out, if 
all the cocks are kept open together ? Ans. In l'r hours. 

10. What is that number whose ½, ¾, and f parts, 
taken together, make 27? Ans. 42. 

11. There are 5 mills ; the first grinds 7 bushels of 
corn·in 1 hour, the second 5 in the same time, the third 
4, the fourth 3, and the fifth 1. In what time will the_ 
five grind 500 bushels, if they work together ? Ans. 
In 25 hours. 

12. There is a cistern which can be filled by a cock 
in 12 hours ; it has another cock in the bottom, by 
which it can be emptied in 18 hours. In what time will 
it be filled, if both are left open ? Ans. In 36 hours. 

35. Double Position.-RuLE I. Assume two con­
y,enient numbers, and perform upon them the processes 
supposed by the question, marking the error derived 
Crom each with + or -, according as it is an error of 
-excess, @r of defect. Multiply each assumed number into 
the error which belongs to the other ; and, if the errors 
are bot/,, plus, or bot!,, minus, divide the difference of the 
products by the d~fferenre of the errors. But, if one is 
a plus, and the other is a minus error, divide the sum of 
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the products by the sum of the errors. In either case 
the result will be the num:ber sought, or an approxi­
mation to it. 

EXAMPLE 1.-If to 4 times the price of my horse £10 is 
added, the sum will be £100. What did it cost 1 

Assuming numbers which give two errors of excess­
First, let 28 be one of them, 

Multiply by 4 

112 
Add 10 

From 122, the result obtained, 
subtract 100, the result required, 

and the remainder, +22, is an error of excess. 
Multiply by 31, the other assumed number 

and 682 will be the product. 
Next, let the assumed number be 31 

Multiply by 4 

124 
Add 10 

From 134, the result obtained, 
subtract 100, the result required, 

and the remainder, +34, is an error of exces.s. 
Multiply by 28, the other assum&d 1tum, 

and 952 will be the produC1 t.. 
From this subtract 682, the product found above, 

divide by 12)270 
a.nd the required quantity is 22·5=£22 10s. 

Difference of errors=34-22=12, the number by which 
we have divided. 

86. REASON OF THE RutE.-When in example 1, we mul• 
tiply 28 and 81 by 4, we multiply the error belonginJ. to each 
by 4. Hence 122 and 134 are, respectively, equu.l to the true 
result, plus 4 times one of the errors. Subtracting l00, the 
true result, from each of them. we obtain 22 (4 times I ,e error 
in 28) and 34 (4 times the error in 81). 

But, as numbers are proportional to their equim• :ltiples, 
the error in 28: the error in 81 : : 22 (a multiple of the for• 
mer): 84 (an equimultiple of the latter). 

A11.d from the nature of proportion (See. V. 21]-
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The ettor in 28X84=the error in 81 X22 . 
.But 682=the error in 81+the required numberX22. 
And 952=the error in 28+the required numberX34. 

349 

Or, since to multiply quantities under the vinculum [Seo 
(I. 34], we are to multiply each of them-

682=22 times the error in 81+22 times the required number. 
952=34 times the error in 28+84 times the required number. 
Subtracting the upper from the lower line, we shall have 

l52-682=34 times the error in 28-22 times the error in 
n+a4 times the required number-22 times the required 
tiumber. 

But, as we have seen above, 34 times the error in 28=22 
times the error in 31. Therefore, 34 times the error in 28-22 
times the error in 31=0; that is, the two quantities cancel 
ea-0h other, and may be omitted. We shall then have 

952-682=84 times the required number-22 times the re-
11uired number; or 2i0=34-22 (=12) times the required 
number. And, [Seo. V. 6] dividing both the equal quanti­
ties by 12, 

2i0 84-22 
12 (22·5) = 12 times (once) the required number. 

37. Ex.AMPLE 2.-Using the same example, and assuming 
numbers which give two errors of defect. 

Let them be 14, and 16-
14 16 
4 4 

56 
10 

66, the result obtained, 
100, the result required, 

- 34, an error of defect. 
16 

64 
10 

7 4, the result obtained, 
100, the result required, 

- 26, an error of defect. 
14 

364 544 
364 Difference of errors= 34- 26 = 8. 

8)180 
22·5 =£22 10s., is the required quantity. 

In this example 84=four times the error (of defect) in 14-; 
and 26 = four times the error ( of defect) in 16. And, since 
lllumbers are proportional to their equimultiples, 

The error in 14 : the error in 16 : : -34 : 26. Therefore 
The error in 14X26=the error in 16X34. 

But 544=the required number-the error in.16 X84: 
.Alld864=the required number-the error in 14X26 

Q2 
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If we !!ubtra.ct the lower from the upper line, we sha.11 ha.ve 
644-364=(removing the vinculum, and changing the sign 
[Seo. IL 16]) 84 times the required number-io times the 
required number-34 times the error in 1o+26 times the error 
in 14. 

But we found above that 34 times the error in 16=26 times 
the error in 14. 'l'herefore-34 times the error in 16, and+26 
times the error in 14=0, and may be om,itted. We will then 
bave 544-364=34 time~ the required number-26 times the 
ruquired number; or 180=8 times the required number; and, 
dividing both these equal quantities by 8, 

180 8 
8 (22·5) = 8 times (once) the requtred number. 

38. ExAMPLE 3.-Using still the same example, and as­
suming numbers which will give an error of excess, and an 
error of defect. 

Let them be 15, and 23--
15 23 
4 4 

60 
10 

70, the result obtained. 
100, the result required. 

- 30, an error of defect. 
23 

92 
10 

102, the result obtained. 
100, the result required. 

+2, an error of excess. 
15 

30 690 
30 

Sum of errors= 30 + 2 = 32. 
32)720 

22·5 = £22 10s., the required quantity. 

In this example 80 is 4 times the error (of defect) in 15; 
and 2, 4 times the error (of excess) in 23. And, since numbers 
are proportioned to the equimultiples, 

The error in 23 : the error in 16 : : 2 : 80. Therefore 
The error in 23 X 30=the error in 15 X 2. 

But 690=the-required number+the error in 23X80. 
And 30=the required number-the error in 15X2. 

If w~ add these_ two lines toge~her, we shall have 690+80= 
(re_movmg tha_ vmculum) 30 times the required number+ 
twice the required number+ 30 times the error in 23 - twice 
the error in 15 . 

• But we found above that 80Xthe error in 23=2Xthe error 
m lo. Therefore 80Xthe error in 28--2Xthe error in 15=-0, 
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an~ may be omitted. We shaU then have 690+80=the re­
(J.Uircd number X 30 + the required number X 2; or 720=32 
times the required number. And dividing ea-ch of these equal 
quantities by 32. 

720 22 5 32 . 
32 ( · )=32 times (once) the required number. 

The given questions might be changed into one belonging 
to single position, thus-

Four times the price of my horse is equal to £100 - £JO; 
~r four time~ the price of my horse is equal to £90. What did 
it cost? This change, however, supposes an effort of the mind 
not required when the question is solved by double position. 

39. EXAMPLE 4.-What is that number which is equal to 
4 times its_ square root +211 ' 

Assume 64 anr! 81--
✓64=8 

4 

32 
21 

53 reimlt obtained. 
64: result r~quired. 

-11 
81 

36 
21 

57, result obtained 
81, result required. 

-24 
64 

891 1536 
891 

13)645 
The first approximation is 49·6154 

It is evident that 11 and 24 are not the errors in the assumed 
numbers multiplied or divided by the same quantity, and 
therefore, as the reason upon which the rule is founded, does 
not apply, we obtain only an approximation. Substituting 
this, however, for one of the assumed numbers, we obtain a 
still nearer approximation. 

40. RuLE-II. Find the errors by the last rule; then 
divide their difference (if they are both of the same 
kind), or their sum ( if they are of different kinds), into 
the product of the difference of the numbers and one of 
the errors. The quotient will be the correction of that 
wror which has been used as multipli~. 
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ExAMPLE.-Taking the same as in the last rule, and., 
suming 19 and 25 as the required number. 

19 25 
4 4 

76 
10 

86 the result obtained. 
100 the result required. 

-14, is error of defect. 

100 
10 

llO the result obtained. 
100 the result required. 

+10, is error of excess. 

The errors are of d{(ferent kinds; and their sum ~s 14+ 
iU=24 ; and the difference of the assumed numbers 1s 25-
19=6. Therefore 

14 one of the errors, 
is multiplied by 6, by the difference of the numbers. Then 

divide by 24)84 
and3·5 is the correction for 19, the number 

which gave an error of 14. 

rn+(the error being one of defect, the correction is to be 
added) 8·5=22·5=£22 10s. is the required quantity. 

41. REASON oF THE RuLE.-The difference of the results 
arising from the use of the different assumed numbers (the 
difference of the errors) : the difference between tho result ob­
tained by using one of tho assumed numbers and that obtained 
by using the true number (one of the errors) : : the difference 
between the numbers in tho former case (the difference between 
the assumed numl:iers) : the difference between the numbers 
in the latter case (the difference between the true number, and 
that assumed number which produced the error placed in the 
third term-that is the correction required by that assumed 
number). 

It is clear that the difference between the numbers used 
produces n. proportional difference in the results. For the 
results arc different, only because the difference between the 
assumed numbers ·has been multiplied, or divided, or both­
in accordance with the conditions of the question. Thus, in 
the present instance, 25 produces a greater result than 19, 
because 6, the difference between 19 e.nd 26, has been multi­
pli~d by 4. For 25X4=19X4+6X4. And it is this 6X4 
which makes up 24, the real difference of the errors.-The 
difference between a negative and positive result being the 
11um of the differences between each of them and no result. 
Thus, if I gain 10s., I am richer to the a.mount of 24s. than if 
I lose 14-a. 
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EXERCISES. 

13. What number is it which, being multiplied by 3, 
the product being increased by 4, and the sum -divided 
by 8, the quotient will be 32 ~ Ans. 84. 

14. A son asked his father how old he was, and re­
ceived the following ans,ver. Y:our age is now ¾ of 
mine, but 5 years ago it was only¼· What are their 
ages ? Ans. 80 and 20 

15. A workman was hired for 30 days at 2s. 6d. for 
every day he worked, but with this condition, that for 
every day he did not work, he should forfeit a shilling. 
At the end of the time he received £2 14s., how many 
days did he work ? Ans. 24. 

16. Required what number it is from which, if 34 
be taken, 3 times the remainder will exceed it by ¼ of 
itself? Ans. 58~. 

17. A and B go out of a town by the same road. A 
goes 8 miles each day; B goes 1 mile the first day, 
2 the second, 3 the third, . &o. When will B over­
take A? 

A. B. A. B. 
Suppose 5 1 Ruppose 7 1 

8 2 8 2 

40 
3 

56 
3 

4 4· 
15 5 28 5 

5)25 15 7)28 6 
7 

--5 ,;_;_4 
7 5 28 

35 20 
20 - 5-4=.l 

1)15 
We divide the entire error by the number of <Jays iu each 
case, which gives the error in one day. 

18. A gentleman hires two labourers; to the one he 
gives 9d. each day; to the other, on the :fir_st day, ~d., 
on the second day, 4d., on the third day, 6d., &.o. In 
bow many days will they earn an equal sum ? Ans. In 8. 

19 •. What are those numbers which, when addAd, 
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make 25 ; but when one is halved and the other doubled, 
give equal results ? Ans. 20 and 5. 

20. Two contractors, A and B, are each to 'J-iuild & 

wall o( equal dimensions ; A employs a:s many men as 
finish 22{ perches in a day; B employs the first day as 
many as finish 6 perches, the second as many as finish 
9, the third as many as finish 12, &c. In what timo 
will they have built an equal number of perches ? 
Ans. In 12 days. 

21. What is that number whose ½, t, and ¾, multi­
plied together, make 24? 

Suppose 12 Suppose 4 

t=6 
-:i=3 

Product=18 Product=2 
1=4½ 

81 result obtained. 
24 result required. 

+51 
64, the cube of 4. 

i=l½ 
3 result obtained. 

24 result required. 

-21 
1728, the cube of 12. 

36288 To this product 
3648 is added. 

3648, product. 

57+21=78 
57-21=78. 78)39936 is the sum. 

And 512 the quotient . 
..Y512=8, is the required number. 

We multiply the alternate error by the cube of the supposed 
number, because the errors belong to the g-34:th part of the cube 
of the assumed numbers, and not to the numbers themselves ; 
for, in re11,lity, it is the cube of some number that is requireJ 
-since, 8 being assumed, according to the question we have 
8 8 8X8 8 
2x4x8 =24; or 64 X83=24. 

22. What number is it whose ½, t, ¼,and¼, multi­
plied together, will produce 69981? Ans. 36. 

23. A said to B, give me one of your shillings, and 
I shall have twice as many as you will have left. B 
answered, if you give me ls., I shall have as many as 
you. How many had each ? Ans. A 7, and B 5. 
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24. There are two numbers which, when added to .. 
~ether, make 30; but the ½, ½, and t, of the greater 
ai·e equal to½, l, and!, of the lesser. What are they? 
Ans. 12 and 18. 

25. A gentleman has 2 horses and a saddle worth 
£50. The saddle, if set on the back of the first horse, 
will make his value double that of the second ; but if 
set on the back of the second horse, it will make his 
value treble that of the first. What is the value of 
each horse ? Ans. £30 and £40. 

26. A gentleman finding several beggars at his door, 
gave to each 4d. and had 6d. left, but if he had given 
6d. to each, he would have had 12d. too little. How 
many beggars were there ? Ans. 9. 

It is so likely that those who are desirous of studying 
this subject further will be acquainted with the method 
of treating algebraic equations-which in many easel' 
affords a so much simpler and easier mode of solving 
questions belonging to position-that we do not deem 
it necessary to enter further into it. 

QUESTIONS, 

1. What is the difference between single and double 
position ? [32]. 

2. In what cases may we expect an exact answer by 
\hese rules? [32]. 

3. What is the rule for single position? (33]. 
4. What are the rules for double position ? (35 and 

40]. 

MISCELLANEOUS EXERCISES. 

1. A father being asked by his son how old he was ; 
"'cplied, your age is now ¼ of mine ; but 4 years ago 
tt was only t of what mine is now ; what is the age of 
each ? Ans. 70 and 14. 

2. Find two numbers, the difference of which is 30, 
and the relation between them as 7¼ is to 3½? Ans. 
58 and 28. 

3. Find two numbers whose sum _and product are 
equal, neither of them befog 2? Ans. 10 and lf. 



356 EXERCISES, 

4. A person being asked the hour of the day, answered, 
It is between 5 and 6, and both the hour and minut& 
hands are together. Required what it was? Ans. 
27 lr minutes past 5. 

5. What is the sum of the series ½, ¾, ½, &c.? Ans. 1. 
6. What is the sum of the series t, lr, -ln /ls, &c.? 

Ans. 11. 
7. A person had a salary of £75 a year, and let it 

remain unpaid for 17 years. How much had he to 
receive at the end of that time, allowing 6 per cent. 
})er annum compound interest, payable half-yearly?· 
..1hz.s. £204 17s. lO¼d. 

8. Divide 20 into two such parts as that, when the 
greater is divided by the less, and the less by the greater, 
and the greater quotient is multiplied by 4, and the less 
hy 64, the products shall be equal? A·1z.s. 4 and 16. 

9. Divide 21 into two such parts, as that when the 
foss is divided by the greater, and the greater by the 
I",:", and the greater quotient is multiplied by 5, and 
tl,'.' less by 125, the products shall be equa1? Ans. 
3½ 011d 17½, 

l•• A, B, and C, can finish a piece of work in 10 
dayH; B and C will do it in 16 days. In what time will 
A Jo it by himself? Ans. 26i days. 

· t. A can trench a garden in 10 days, B in 12, and 
C in 14. In what tiIM will it be done by the three if 
they work together? Ans. In 3/.-!7 days. 

12. What number is it which, divided by 16, will 
leave 3; but which, divided by 9, will leave 4? Ans. 
67 

13. What number is it which, divided by 7, will 
leave 4; but divided by 4, will leave 2? Ans. 18. 

14. If £100, put to interest at a certain rate, wil~, 
nt the end of 3 years, be augmented to £115·7625 
( compound interest being allowed), what principal and 
interest will be due at the end of the first year? A1is. 
£105~ 

1~. An elderly person in trade, desirous of a little 
respite, proposes to admit a sober, and industrious youug 
person to a share in the business ; and to encourage 
him, he offers, that if his circumstances allow him to 
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advance £100, his salary shall be £40 a year; that if 
he is able to advance £200, he shall have £55; but 
that if he can advance £300, he shall receive £70 
annually. In this proposal, what was allowed for his 
attendance simply? Ans. £25 a year. 

16. If 6 apples and 7 pears cost 33 pence, and 10 
apples and 8 pears 44 pence, what is the price of one 
apple and one-pear? Ans. 2d. is the pri(le of an apple, 
and 3d. of a pear. 

17. Find three such numbers as that the first and ~ 
the sum of the other two, the second and ½ the sum of 
the other two, the third and ¼ the sum of the other 
two-will make 34? Ans, 10, 22, 26. 

18. Find a number, to which, if you add 1, the sum 
will be divisible by 3 ; but if you add 3, the sum will 
be divisible by 4? Ans. 17. 

19. A market woman bought a certain number of 
eggs, at two a penny, and as many more at 3 a penny ; 
aud having sold them all at the rate of five for 2d., she 
found she had lost fourpence. How many eggs did she 
buy? Ans. 240. 

20. A person was desirous of giving 3d. a piece to 
some beggars, but found he had Sd. too little ; he there­
fore gave each of them 2d., and had then 3d. remain­
ing. Required the number of beggars? Aris. 11. 

21. A servant agreed to live with his master for £8 
a year, and a suit of clothes. But being turned out 
at the end of 7 months, he received only £2 13s. 4d. 
and the suit of clothes ; what was its value ? Ans. 
£4 16s. 

22. There is a number, consisting of two places of 
figures, which is equal to four times the sum of Hs 
digits, and if 18 be added to it, its digits will be in­
verted. What is the number ? Ans. 24. 

23. Divide the number 10 into three such parts, that 
if the first is multiplied by 2, the second by 3, and the 
third by 4, the three products will be equal? Ans. 
4l:r, 311:r, 2/:r· 

24. Divide the number 90 into four such parts that, 
if the first is increased by 2, the second diminished by 
2, tho third multiplied by 2, and the fourth divided Ly 
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2, the sum, difference, product, and quotient will be 
equal r A1Ls. 18, 22, 10, 40. 

25. What fraction is tlrnt, to the numerator of which, 
tf l is added, its value will be ½ ; but if 1 be added to 
the de1wminator, its value will be ¾ ? Ans. ls• 

:JG. 21 gallons were drawn out of a cask of wine, 
whiP-h had leaked away a third part, and the cask 
being then guaged, was found to be half full. How 
much did it hold? Ans. 126 gallons. 

27. 'l'here is a number, ½ of which, being divided by 
6, ! of it by 4, and ¾ of it by 3, each quotient will 
be 9? ... 111s. 108. 

28. Having counted my books, I found that when I 
multiplied together ½, ¼, and ¾ of their number, the 
product was 162000. How many had I? Ans. 120. 

29. Find the sum of the series 1 +½+¼+½, &c.? 
Ans. '2. 

30. A can build a wall in 12 days, by getting 2 days' 
assistance from B ; and B can build it in 8 days, by 
getting 4 days' assistance from A. In what time will 
both together build it? Ans. In 6f days. 

31. A and B can perform a piece of work in 8 days, 
when the days are 12 hours long ; A, by himself, can 
do it in 12 days, of 16 hours each. In how many days 
of 14 hours long will B do it? Ans. 13-f. 

32. In a mixture of spirits and water, ½ of the whole 
plus 25 gallons was spirits, but ½ of the whole minus 5 
gallons was water. How many gallons were there of 
each ? Ans. 85 of spirits, and 35 of water. 

33. A person pa8sed -A- of his age in childhood, -,1-2 of 
it in youth, .Jr of it + 5 years in matrimony ; he had 
then a. son whom he survived 4 years, and who reached 
only ½ the age of his father. At what age did this per­
son die ? Ans. At the age of 84. 

3_4. What~ number is that whose ½ exceeds its ¼ . by 
72 ~ Ans. 040. 

35. A vintner has a vessel of wine containin('I' 500 
g~llons ; drawing 50 gallons, he then fills up th~ cask 
W)th water. After doing this five times, how much 
wme and how much water are in .. the cask ? Ans. 
295-l/0 gallons of wine, and 204 ½H gallons of water. 
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~- A m,other and two daughters working together 
m.}. spin 3 ib of flax in one day ; the mother, by herself, 
1a:ri do it in 2½ days ; and the eldest daughter in 2¼ 
fays. In what time can the youngest do it ? Ans. 
In 6-¥ days. 

37. A merchant loads two vessels, A and B ; into 
A he puts 150 hogsheads of wine, and into B 240 hogs­
heads. The ships, having to pay toll, A gives 1 hogs­
head, and receives 12s. ; B gives 1 hogshead and 36s. 
besides. At h0w much was each hogshead valued? 
Ans. £4 12s. 

38. 'l'hree merchants traffic in company, and their 
stock is £400 ; t,he money of A continued in trade 5 
months, thAt of B six months, and that of 0 nine 
months; .and they gained £375, which they divided 
equally. What stock did each put in? Ans . .A £167H, 
B ~139H, and C £934\-. 

39. A fountain has 4 cocks, A, B, C, and D, a.nd 
under it stands a cistern, which can be filled by A in 6, 
by B in 8, by C in 10, and by Din 12 hours; the 
cistern has 4 cocks, E, F, G, and H; and can he 
emptied by E in 6, by F in 5, by G in 4, and by H in 
3 hours. Suppose the cistern is full of water, and that 
the 8 cocks a.re all open, in what time will it be emptied? 
Ans. In 2f9 hours. 

40. What is the value of ·2'97' ? Ans. H· 
41. "\Vhat is the value of ·i)416'? Ans. H· 
42. What is the value of ·0'7G923'? Ans. 1\·. 

43. There are three fishermen, A, B, and C, who 
have each caught a certain number of fish; when A's 
fish and B's are put together, they make 110; when 
B's and C's are put together, they make 130; and when 
A's and C's are put together, they make 120. If the 
fish is divided equally among them, what will be each 
man's share ; and how many fish did each of them 
catch ? A·ns. Each man had 60 for his share ; A caught 
50, B 60, and C 70. 

44. There is a golden cup valued at 70 crowns, and 
two heaps of crowns. The cup and first heap, are worth 
4 times the value of the second heap ; but the cup. and 
second heap, are worth double the value of the first 
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heap. How many crowns are there in ezzoh heap ? Au 
50 in one, and 30 in another. 

45. A certain number of horse and foot soldiers are 
to be ferried over a river ; and they agree to pay 2½d. 
for two horse, and 3ld, for seven foot soldiers ; seven 
foot always followed two horse soldiers ; and when they 
were all over, the ferryman received £25. How many 
horse and foot soldiers were there ? Ans. 2000 horse, 
and 7000 foot. 

46. The hour and minute hands of a watch are to­
gether at 12 ; when will they be together again? Ans. 
at 5y51 minutes past 1 o'clock. 

47. A and B are at opposite sides of a wood 135 
fathoms in compass. 'l'hey begin to go round it, in the 
S<ime direction, and at the same time ; A goes at the 
rate of 11 fathoms in 2 minutes, and B at that of 17 
in 3 minutes. How many rounds wiij each make, before 
one overtakes the other ? Ans. A will go 17, and B 
16J. 

4~. A, B, and C, start at the same time, from the 
same point, and in the same direction, round an island 
73 miles in circumference ; A goes at the rate of 6,' 
B at the rate of 10, and C at the rate of 16 miles per 
day. In what time will they be all together ngain ~ 
.Ans. in 36½ days 
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LOGARITHMS OF NUMBERS FROM 1 TO 10,000, wrrn 
DIFFERENCES AND PROPORTIONAL PARTS. 

Numbers from l to 100. 

No. I Log. No. Log. No. Log. No. I.,og. No. Log. 

-----
l 0·000000 21 l ·322219 41 l ·612784 61 l ·785330 SI l •9:},'348~ 

2 0·301030 22 1 ·342423 42 1 ·6:23249 62 l ·79;l392 8:2 I ·913314 

3 0·4771:21 23 l ·361728 13 1 ·633-168 63 l ·199341 83 l ·919078 

4 0·602060 2-! l ·.iSO-lll 44 1 ·6434,:;a 64' l ·806180 84 1 ·!J:.l-t279 

~ (j• 698970 25 l ·397940 45 l •653·213 65 I ·812913 85 I·9:29-U9 

-- ---.------- -------
6 0·778151 26 I ·414H73 46 l ·662758 66 I ·819544 86 1 ·9M498 

7 0·8•lJ093 27 l ·431364 47 l ·672098 67 1 ·S26075 87 l ·9!19519 

8 0·90!!090 28 l ·447158 48 .1 ·681241 68 I ·832509 88 l ·9-.4483 

9 0·954243 29 l ·462398 4l1 l ·690196 69 l ·838849 89 1 ·949390 
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3:1 ; 83ot! tJ.1,;;! 81;:;:;I :-;;:1dl 8!/ti-11 !H'.!9 9:!95 9460 9625: 9i91 16;; 
4!} 3 99:i6'4'2Ul-.!; '.J-.lOJ•i•i 4:!0451 1420til6 ,l:l07::il 420945 4:21110 421'275'-121-13!; lti5 
66 4 421li0,! I iti~: I :1:1:_1 'iOfJ7'1 :.!21il '24:.!6 2590 '2754 2918 308:2 164 
8:! 5 3:.!46 34101' 3;,;,l 3,-Ji 3!l01 4065 4228 4392 4555 4i1S 164 
9-➔ 6 48~'2 50-1:i 5:.?0d 5371 553-l ii697 5860 6023 6186 6349 163 

I Ii- 7 6'11 I 6ti74 6,;::l6 6999· 7161 i3:!4 7486 7648 7811 7973 162 
131 8 8135 8:.!97 84i,9 86211 87H3 894-1 9106 9268 94'19 9591 16t 
I.Jo_:. 9752 ~l4300ii> 430236t430398:~ 430720 ~ ~;431'203 161 

• 210 4a1a64:-1a15'.l5 43168".· t,1a1s4u
1

-13200. ,!.43216,. l4s2a2s 43:24s::: 432649:,43-2~01, wi 
lfi I 2%9! 3130 3:2901 34501 36101 3770 3930 4090 4249 1 44ll!t ltitl 3:! ':./. 4;)•i91 •1i29 48d;l 6048 520i 5367 6521:i 6685 6844' till0-1 159 ~! 3 6lfi3 6::l:2·2 ti4dll 6640, 67!19

1 
6!/t,7 7116 7:275 i433· 1,,!J1 1a9 

, ~3 ~ 7i.jJ 7!10'.I 8Uo7 t':!'261 8:l.-l-1 8;i42 8701 88,i!l 90171 !1(7,, i;iti 
:~ ~ 9:J:J:J, !J-!91 !lti1S, 9dUlj! 99ii-l-l4012:l4402i944043i440594'.44070:i215il 
LIJ ~ 440!109':441066 4-U'2:!.J144J:J3J •,14LJ:l ➔ I 169iil 18521 '2009 21661 '2il·_i:~ 1.;1 1
.~.

1
. ' 

24➔?1 21;:nl 2i!l:Jl -29.;ol s1uoj 3263 3-!19 35;5 3;a2'i 3,;;111 1a7 
J.o S 404.~ 4:lUI 4357 4513 4659 4821> 4981 5137 ~293 5-149 156 
14t 9 6604 6760_ 691a 6071 6:.?26 6aii2 6537 66921 6848 iooa 156 



LOGARITHMS. 3fib 

PP N. o I , 1 2 J a • 5 s 1 I s I 9 o. 

iso 447158 447313 44i-16S,4-l,6:.!3 ,Ui7iS 447933 ~ 44S:.!42 ~839714«~5-'>2 IM, 
15 1 8i06 8861 901;;1 9170 93·24 9478 9633 9787; 9!'141 4;,009b J;;-1 
31 24502-194504034505574507114JOSGJ45l01845117'245l3:.!64.;1,179 1633 U,4 

46. 3 I. ido 1~40 ":.!093 2:Hi 2400 25. 53 2i06 :lSi:>91 3012 3.Hii> 153 
61 4 33iS. 3-Hl 36:.!4 3i7i 3930

1 

408·2 423a 43tl7 4540 469".\ 153 
77 o 48-!5; 4997 iil.;O 530:l 5454 5ti06 5ia8 5910 606:l 6:l.14 lf.>:l 
9:.: t; 6356 6518 1 6670 ti~:.!I 6Vi:J 71:.!i> 7276 7428 7579 7731 15:.l 

107 7 788:!'I 8033 tlhl-1 8336 8487 8638 8789 8940 9091 9242 151 
J:.b tl 9392 9543 !lti!J.l 9t\-l.~ 9995 460146 460:296 46044i460597 4607-18 151 
1:3.; 946089S4610-!8461198461348;46l-199 1649 1799 1948/ 2098 22-ldl50 

. :.!9li ~.4625-18 -162697 46:.!847146·2997 463146 463296 463445 46309411463744150 
k 1 38. 93( 4042 4191 4340 4490 4639 47.SS 49361 5085 5234 149 
:E, 2 53:J31 oa32 5680 5829 59i7 6L:l6 6274 6423 65HI 67!9 149 
4,; 3 6stis 7016 1164 731:l 7460 7608 7i J61 790-1. so,n1 8200 14s 
5!i 4 834i 8495 8643 8790 8938 9085 9233\ 93so

1 
!IJ'li, 9ti7;'J !4ti 

74 o 98:22 9969 470J 16 470263 470410 470557 4i070,!,Ji08:jl 470'.l!lS 4il 145 147 

8:, 6471292471438 1685 173:l 1878 2025 2171123181 :Hti-11' :.!ti!Lil-lti 
103 7 2756 2903 3049 3195 3341 3487 3ti:}3 3i i!J 39:l5 40i 1 14ti 
11o 8 4:216 4362 4508 46va 4799 49,w 50:Ju 52:3,, 5381 5526 146 
13:.< 9 6671 5816 5962 6107 6252 6397 65,l:l 6titi7 683:l 69i6 l.JJ 

- 300 4i71:21 477261i 4774114775._;5147770047784-14779891
1
478133 478278 ~ 14.j 

14 1 8066 8711 8855 8999 9143 9287 9'131 9575 9719 98ti3 144 

:; ~ is~:!\48~!i~ 4S~~~i 48~:; 4S~gT~ 48~1;t 48g:~~ 48~:~ 48~!~~ 48~~~~ ~~ 
[J', 4 2874 . 3016 3159 3302 344b 3o87 3730 38H - 4015 4157 143 

i~ ~ :~~~ ~: :ggg , :m ::~ :1~~ m~ :t~1 :::~ :g~~ ~1~ 
IOU i 7138 7280 7421 7663 7704 7S4J 7986 8127 8269 8410141 
1 l-l 6 8551 8692 8833 8974 9114 9255 9396 9537 9677 981S 141 
I·''' D 99JS 490099 490239 ~ 490520 490661 490S01 490941 49108\

1

491-2:.l:l 140 

310 49136:.l 491502 491642 491782 491922 49206:l 492201 49:2341 149:l481j4926:H J.IQ_ 

l.J l 2760 2900 3040 3179 3319 3408 3597 3i:S71 3tl76'1 -lUla 1311 
26 2 4155 4294 4433 4572 47ll 4860 4989 ol:/8 5:.?lii 5-Hlb 13!1 
41 3 5a44 5683 08:.!:.! o9tlO 60ll9 6:23tl t:i3i'ti 6ala 6tii,:l

1 
67:ll 13!! 

[Jc, 4 6930 7068 7206 73,11 7483 7621 ii59 i897 t!U:l.;\ tlli3l3t! 
69 6 8311 8448 8586 8724 8862 8999 9137 92i:; 9-U :!: 9&;j0 1:JB 

~~ ~ 50igWooi~~t :;oi~~~ 50~~;~ 50~~~~ oo~~~ oO~~~i oo~~·:;-oo~i;~;5n~;~i ::~ 

110 8 24271 2564 2700 2837 2973 3109 3'246 33!l2 35181 3ti5;'; 13ti 
l~-1 9 3791 3927 4063 4199 4335 4471 46U7 4i-l3 4878 5014 13b 

,--
3·l0 505100 505286 505421 .;0;,5,57 505693 505828 50.5£16.J 506009 506'23,1;506370 l!l6 

13 l 6505 6640 67i6 691 l i04ti 7181 7316 7-l;',I 7;j86 772J Iai, 
27 •1 7856 7991 8126 8260 t:!395 s.;30 8urH1 :-li99 ti934 906ti 135 
40 3 9203 9337 9,171 9606 9740 9874 5100u9'51014:i 5lll'li7 f>l04ll 134 
5~ 4 ,no5,15 510679 510813 5109-li 511081 511215 13-1~ l•kf:.! ltil6 1750 134 
67 o 1883 :.!017 2151 2284 2-1-18 2551 2684 2818 2951 30ri4. 133 
80 . ti 3:Utl 3351 3484 3617 37o0 3883 4016 4149 4'282 4-Uil 133 
94 7 45-lB · 4ti81 4813 4946 507ll 62ll 6344 5-li6 5609 5741 133 

107 8 58i4 6006 6139 6271 6403 6535 6titi8 6800 6932 706-l l3:J 
121 9 7l91i 7328 7460 759:i 7724 7855 7981 8119 8251 8382 l3:! 

330 518514 f>JS646 518777 518909 519040 519171 519303,51!1434 519566.5196!17 131 
13 1 !JC:2tl 99.;91520090 520221 520353 520484 520til51

1

52074ii 520~76'5:.!1007 131 
26 2 52113:J 521269 1400 1530 1661 1792 19:.!2 2063 :2183j :2314 l3I 
3P 3 2444 2a75 2705 2831> 2966 3091i 322ti 33f>6 3486! 36l6 13U 
5·J 4 3741i 3876 4006 4136 426ti 4396 4[J:.1ti 46J6 4i851 49lti 130 
65 6 5045 5174 5304 6434 6563 5693 5822 59/,J 6081 6:210. l:.!!J 
78 ti 6839 6469 6598 6727 68bti 6985 71141 7243 73i2 7b0l 129 
91 7 7630 7759 7888 8016 8145 8:274 8402 8531 !oti60 8781:i 1:l9 

104 8 8917 9045 9174 9302 9430 951j9 9687 9815 9943•530072 l":.!8 
117 9 530200 5303:.!81630456 530:Js.i15307 l ~ 0 J~840i53096S1531096 531:l23j 13.il l:l8 



366 LOGARITHMS. 

PP N. o 1 , 2 3 4 

1 

II 6 , 7 8 , rD ----
340 5314i9 53160i 53Ji34 531862 531990 532117 512245 53'..!37'2 532500 53"26•27, 12fl 

1: l 2754 2882 30U9 3136 3264'1 3391 3518i 3645 37i2 3&!19127 
"2 2 4026 4163 4280 4407 4534 4661 4787 4914 50·U t,167:127 
3, 3 52!14 5421 6547 6674 5800 *f~~ m:1 ;!1~ 6306 6432126 
61 4 6558 6685 6811 6937 7063 75ti7 7693 126 
6: b 7819 i945 8071 8197 83·n 8448 86741 8699 8826 so,u;126 
;1 ti 9076 9202 9327 945·2 95i8 97031 98·2v/ 99.;4 540079 040204 125 
ii• 7 5403'29 '\404-~5 540580 540705 540830 

.. 09,.; 641 ,&l"'°' 1330 1454:125 
!JI 8 1;,,9 ·17041 1829 1953 2078 2:)03 2327 2452 2;,75 ;m1:~1 11:; !J 2825 29501 3074 3199 3323 3447 3571 3696 3820 
-- ------ __ I_ 

a;;o 54·I068 544192:544316 544440 544564 544688 544812 54.49:16 '-45060 5451831124 
1 -~ l 5307 

04311 '·'" 
5678 5802 59:25 6049 61n 6:296 641911;24 :2,1 2 6.'i43 6666 6789 6913 7036 7159 7282 7405 75:29 7652123 

3i 3 7ii5 7898 8021 8144 8267 8389 8012 8635 8758 8881123 
4f, 4 9003 9126 9249 93il 9494 9616 9739 9861 9984 550106123 
61 fi{,502:28 J503.'H 1550473 55059,5 550717 550840 550962 551084 551206 13:.!81122 
i:l 6 u,,o IJ7'2 1694 1816 1938 2060 2181 2303 24'.!5 2547 122 
13;, 7 26ti8 2790 2911 3033 3155 3276 3398 3519 3640 3762121 
!),-; 8 3ti83 40041 4126 424i 4368 4489 4610 4731 4852 4973121 

I Ill 9 5094 ~~ 5467 5578 5699 5820 6940 6061 6182121 ------
350 5,j6303 556423/556544 566664 556785 556905 557026 657146 557267 557387 120 

12 I 750i 7627 7748 7868 i988 8108 8228 8349 8469 8589 120 
24 2 8709 8829 8948 9068 9188 9308 9428 9548 966i 9787 1'20 
36 3 9907 560026 560146 56026/i 560385 560504 560624 560743 560863 560982 119 
48 4 561101 1221 1340 1459 1578 1698 1817 1936 2055 2174 119 
6(1 5 2293 2412 2531 2650 2769 2887 3006 3125 324-! 3362 119 
il 6 3481 3600 3718 383i 3955 4074 4192 4311 4429 4548 119 
83 7 4666 4784 4903 5021 5139 5257 6376 5494 5612 6730 118 
95 8 5848 5966 6084 6202 6320 6437 6555 6673 6791 6909 118 

lOi 9 7026 7144 726'2 7379 7497 7614 7732 7849 7967 8084 ll8 --,____ -------------------1--370 568202 568319 568436 568554 568671 568788 liil!8905 569023 569140 569257 ll7 
1'2 I 9374 9491 9608 972b 9842 9959 510016 570193 570309 570426 117 
23 2 570543 57UGtiO 5i0776 570893 571010 571126 1243 1359 1476 1592 ll71 
35 8 1709 1825 1942 2058 2174 2291 2•107 2523 2639 275F, 

1161 46 4 2::172 298to 3104 3220 3336 3452 3568 3684 3800 3915 116 
68 5 4031 4147 4.!63 4379 4494 4610 4726 4841 4957 5072 116 
70 6 5188 5303 6419 o,'>3,l 56ii0 5765 5880 5996 6111 6226 115 
di 7 6341 6457 6:ii:;? 6687 61302 6917 7032 7147 7262 7377 ll5 93 8 7492 7607 7722 783ti 7951 8066 8181 8295 8410 8525 ll5 104 9 8ti39 8754 8868 8983 9097 9212 9326 9441 9555 9669 114 - -------- --380 579784 ;;79898 580012 580126 580241 580355 580469 580583 580697 580811 114 11 I 580925 /;81039 Il53 126i 1381 1495 1608 1722 1836 1950 114 23 2 '.!Oti3 2177 2·291 2404 %18 2631 2745 2858 2972 3085 114 34 3 3199 3312 34:26 3,539 3652 3765 3879 3992 4105 4218 113 4/l 4 4331 4444 4.'i5i 4670 4783 4896 5009 5122 5235 6348 113 57 5 5461 5;;74 [1680 5799 6912 6024 6137 6250 6362 6476113 .. , "" """I "1, "" 7037 7149 ,,., ,.,. ""' , ... 11, 79 7 7ill 7823 7935 80-t7 8160 8272 8384 8496 8608 8720 112 
90 8 8832 8944 9056 9167 9:!79 9391 9503 9615 9726 9838 112 

102 9 9950 (;90061 590173 590284 590396 590507 590619 590730 590842 590953 112 

- 390 ;;;..; ;;,;;;; '91"17 ;;;;,,,I" I '1.,l,,,16'1 591732 5918., 5919'• ..,, .. 111 
I] 1 2\77 228~ 2399 2,~10 21i1] :.!i:l'2, 2843 2'.l',.j 3064 3175 ]ll 
22 2 3286 3~9! 3508 3~16 :;,~'l 3,-,~u! 3ri.;o 41J1ll I 4Iil 4282 111 
33 3 4.393 4uO., 4614 4i:.?4 41:J.1, 4!!-1 ·, 511,;., .'.d t;., 5276 6386 llO 
44 4 549~ 5~06 571Z 582? ,',!lfr (jijjj, 01:,,, ti-2tii 1 63i7 6487 110 
5f> 5 6f>91 6107 6811 6°.. j1J:li, i I-Hi' j·J.iti i:J1;1;1 7476 7586 110 
66 6 7695 7805 7914 F .''; ~I:) I 8nir ti3-·,:11 ti•lo·2 8572 8681 llO !! ~ 8791 8900 9009 '.'I I'.' !J-Ntl· 9:l3,I !),llti !).;;r, !:Jti65 9i74 l09 

9883 9992 600101 61"': 11
• >lOU:Jl 9 600-1:.!8'600:,37 6006-tG 6007551500864 109 99 9 

600973,601082 1191, 12,1'1, H08i 15171 lOJ[;i 1,.'\-11 l843i 1951109 



LOGA:RITHM8. 357 

P P N.,. · 0 I 1 2 I 3 .. I t I 5_ 8 I 7 B 9 D. 

400 60:!060 :60:!169 602277 602386 6024!).l 602603 602711 602819 602928 ti03036 108 
11 1 31441 3:.!53 3361 3469 3577 3686 3794 390'2 4010 4118 108 
21 2 4:l:!6 433-1 4442 4.550 46,';8 4766 4874 4!!82 3089 5197 108 
3:l 3 5305 ii413 5521 56:!8 5i36 584,1 59,il 60i'>!l 6166 6274108 
43 4 ti38l 6489 6596 6704 6811 6919 i0:!6 7133 i24l i348 107 
64 5 7455 156·i 7669 7777 788-1 7991 8098, s:20,; 8312 8419 101 
64 6 8526 8633; 8740 8847 8!l,,-I 9061 9167j 9:!74 9381 !l.t88 107 
1~, 1 P594 97011 9sos 991-l 6100:21:610120,610-234.61oa.11 6lO.t47!610;;;,4 101 
86 8 610660 .. 610767 610873.610979[ 1081> 11921 U!l8, 1405 15111' 1617 106 
96 _:I 1723: 18:.!9! 193tii_20421 2148 2:lii<l 23601 2466 2iiN, 2678 106 

410
1
61:!784 161:!8\JOl6l·!!l96 613102

1
613'W7 613313 613419 1613525 613ti30 1613i86 l06 

11 l 38-1'.ll 3947 4053 41591 4264 4370 4475 4581 4686
1 

4792106 
:!] 2 4697 5003 iHOS 6213 5319 5424 55:!9 5634 5740 5845 l05 
3:2 3 5950 60551 6160 6:265 6370 6476 6581 6686 6790 6895106 
4·1 4 7000 7105 7210 7315 74:!0 7525 76:.!9 7734 7839 7943)05 
5:l 5 so.rs 8153 8257 8362 8466 8571 8676 S78o sss4 ~89105 
6~ 6 9091 9198. 930:! 94061 9511 9616 9719 9824 9928 6200'32104 ' 
74 7 6·20136 620-.HO 620344 620448 620552 620656 620760,620864 620968 107:l 104 
84 8 1176 1280 138·1 1488! 159:!I 16951 1799

1

. 1903 :!007 21101"· 
9[. 9 2:!14 :!318 2421. 2525 2628 27321 2835 2939 3043 3146 H,,. 

4:!0 623-249 623333 tl2345616235591623663!623766'iti23869i6239i3
1

624076 624179103 
Jt1 l 4282 438:j 448&1 4591 4695 4791:' 4901 5004 5107 5210 J03 
:!U 2 5312 541,:; b51S 5621 5724 6827 5929 603:! 6135 6238103 
31 3 6340 6443 6546 6648 6751 68.'i3 6956 70.,8 7Hil 7263103 

1; ~ t~~~ 11~1 1~~~ i~~! im ~~~~I i~6~ ~~~i, ~~~i ~~~! ~g; 
61 ti !!1101 951.2 9613 9715 9817 9919/530021 6301:!3 630:l:!4 630326 102 
71 ·; G30!-:!S 630030 630631 630733 6308351'63093til1 1038 1139 1241 1342 102 
Sc b U441 JJ4;; 1647 1748 1849 1951 2052 2153 225.~ 23;,6101 
9:z _: 2-1"\_::,;59 2660 2761 286:!I~ 3064 316,, 3260 3367 101 

130 ti::!3468163,l,:;W I :633670 633771 6338721633973\ 63407 4 63417 5 634276 634376 I 01 

~~ ~ t!l~ :~~11 :~~; :~~~ :~~~ :ml ~g~~ i!~~ i~~~ ~:~: !g~ 
~~ 1 ~1~~ 1 ~-~~~i ~~~~ m~ ~:i~ ~i~~ ~g~~ ~~~~ ~1~g ~:~~ :gg 
5L t. 8-1891 85S9 8689 8789 8888 8988 9088 9188 9287 9387 100 
60 6 !l4S6, %801 9686 9765 988,j 9984 640084,640l83 640283 64038:l 99 
io 7 6!01',l G-t0,,8llo406dO 640ii9 640879 6409781 1077'[ 1177 1276 1375 99 

~~: ~ ~~;, :1 ;i~i ~~~i ~fi~ mi ~~~g ~~~~I ~:~i ;;~~I ~~:~ ~~ 
-- ___ 1 ____________ , ____ , __ 

!~IJ ,H:H :, 1643,i51 ti4:16;i0 643i49 643847 643946 6440•!4 644143 6-14-.?.I:lil644340 98 
I IJ I 4•139 4;;;'.7 4636 4734 483:.! 4931 50·29 51 ·27 52:!6 53:.!4 98 
~r, :t 54:22 5:321 5619 5717 61:H5 6913 6011 6110 6:!08 G306 98 
:i9 3 6404 650:2 6600 6698 6796 6894 6<iQ:l 7089 7187 7285 98 
8!1 4 i363 7481 7579 7676 777•1 id7'2 7969 8067 816,; 826:.! 98 
4(1 5 8360 8458 8555 8653 8750 8848 89-15 904:{ 9140 9237 97 
69 ti 933.i 9-13:: 9530 9627 9724 98·ll 9919 6,:;00H'i 650113 650210 97 

;~ ~ 65~:~:165~:~~ 65~~~ 65~g~~ 65~~~~ 65~~~~ 65~~~~ ~~t~, ~g~: ;!~6 i~ 
88 !l 22461 2343 2440 2536 2633 2730 2826 292:11 3019 3116 07 

-l5u 653:.!13,653309 6a3405 ~1653598 ~:6537!11 'i..:;3Sstt!6539S4 654080 96 
JO 1 4177 ✓ 4273 4369 44j;j 456:.! 4li.58 4iii4I 4:;;,(11 49·16 5042 96 

!~ ~ :6~~ !~!~ ~~!~ :;;~ ~1;~ ~~J~ ~~i~I ~~!~ t~~1 ~g~g :~ 
38 4 70,j6 7152 7:.?47 73-13 7438 753•1 76:291 77:!:. 7820 7916 96 

' 4l; b 8011 8107 820:! 8:.!!JcJ 8393 84::itl 85,H, 8oi9 8774 8S70 95 
68 6 896,j 906() 915.i 92~0 9346 94-U 9536! 9631 97:!6 9821 95 
67 7 9916 660011 ti60106

1

66U'.!IJI 660296 66()391 660486

1

660,5::l! 6606i6 660iil 95 
ii 8 660865) 09601 10.;., ll50 124b l3a9 14~•1 lt>:!9 1623 lilS 96 
86 9 1813 1907 :2l/U:lj !.?09ti 2191 2~!;6 2380 2-11.;1 :2569 26i3 96 



LOO.ARITH:M.'9. 

pp N. o I • :l 3 • 5 6 'I 8 9 d. - -.;,so ~1~; ~ 663041 663135 663230 663324 663418 663512 66360i 94 
9 1 3701 379.; 3889 3983 4078 4172 4266 4360 4454 4548 94 

19 2 4642 4736 4830 49:.!4 50]8 5112 5206 5299 6393 5487 94 
28 3 5581 5676 5769 5862 69,';6 6050 6143 6237 6331 6424 94 
3t! 4 6518 6612 6706 6799 689:l 6986 7079 7Ji3 7266 7360 94 
47 5 7453 7646 7640 7733 7826 79·20 8013 8106 6199 8293 93 
56 6 8386 8479 8512 866;; 8759 !'1852 8945 9038 9131 9224 93 
66 7 9317 9410 9503 9596 96b9 «>782 9875 9967 670060 670153 93 
n 8 670246 670339 670431 670524 670617 6ir110 670802 670895 0988 1080 93 
86 9 lli3 1265 1358 1451 1643 1636 1728 1821 1913 2005 93 - --- ---- - --

470 672098 672190 672283 672375 672467 672560 672652 672744 672836 672929 92 
9 l 3021 31l3 3205 3297 3390 3482 3574 3666 3758 3850 92 

18 2 3942 4034 4126 4218 4310 4402 4494 45l:l6 4677 4769 92 
28 3 4861 491;3 5045 5137 52·26 63:lO 5412 6503 5595 6687 92 
3i 4 6778 6870 6962 60i>3 6145 6'236. 6228 6419 6511 6602 92 
46 5 6694 6785 6876 6968 70i,!l 7151 7242 7333 7424 7516 91 
66 6 7607 7698 7789 7881 7972 8063 8154 8245 8336 8427 91 
64 i 8518 8609 8700 8791 8882 8973 9064 9155 9246 9337 91 
74 8 9428 9519 9610 9700 9791 9682 1 99i3 680063 680154 680245 91 
83 9 680336 680426 680517 680607 680698 680789 680879 0970 1060 llSl 91 - t--,-------------

480 681241 681332 681422 681513 681603 681693 6S17S4 681874 681964 682056 90 
9 I 2145 2235 2326 2416 2506 2596 2686 2777 2867 2967 90 

18 2 3047 3137 3227 3317 3407 3497 3587 3677 3767 3867 90 
27 3 3947 4037 4127 4217 4307 4396 4486 4576 , 4666 4756 90 
36 4 4845 4935 6025 6114 6:.!04 6294 5383 6473 5563 6652 90 
4ii 5 574:.! 5831 6921 6010 6100 6189 6279 6368 6458 6547 89 
64 6 6636 6726 6815 6904 6994 70S3 7172 7261 7351 7440 89 
63 7 7529 7618 7707 7796 7886 7975 8064 8153 8242 8331 89 
7'1 8 8420 8509 8598 8687 8776 8865 8953 9042 9131 9220 89 
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- 750 875061 875119 87ill7,rn235 875293 8-7-63_5_1,_8_7 o-· 4-0-91-8-75_4_6_6,_8_7 o-_ 5_:2_4,_8_7.,--5-82 58 
6 1 6640 5698 57661 6813 5B71 59:29 6987 6046 1 6102 6160 58 

l2 2 6218 6276 6333
1 

6391 64-19 6.;07 6564 66:22 6680 673i fifl 
17 3 679,5 6B53 6910

1 
6968 70·26 701:!3 7141 7199 7256 7314 61! 

23 4 7371 7429 74871 7644 7602 76,j!J 7717 7774 7832 7889 63 
29 6 7947 8004 8062, 8119 8li7 8:!3-1 8:.?92 8349 8407 8464 57 
35 6 8522 8579 86371 8694 8752 8809 8::i66 8924 891!1 9039 5·7 
41 7 9096 9163 9211 9'l68 9325 9383 9440 9497 9555 9612 67 4

6 
1
1 1 .... ~~~ 9726 9784 9841 9898 9%6 B8001a18s0010 880121 880185 67 

4-J ~-- 88o-l99 880366,fl80413 880471 i880528 o.:;s.;! 064:21 0699 076e 61 



LOGARITHMS, 373 

PP ~-1 o 11 2 I a t ! s l s \ 7 e 9 n. 
760.

1
1180814 880871880928

1

88098588104\! 881099 881156 881.!l3 8812718813:.li, .;7 

6 l 13% 14-t:! 14991· 1556 1613 1670 17:171 1784 18-U 189B 57 
ll 2 19,i;; 2Ul:.l 20ti9 2126\ 2183 2240 2:!97 23J,1 2-H l 2468 ;,7 

17 3 2515 251:H 2638 2G95 275:1 2809 2866 2!>23 2980 3037 57 

23 ·l 309:3 3150 3207 326-l 33:!l 3377 3-1:3-1 3-191 3J48 300.; fJ7 

W J 360I 3718 3775 383:2 3888 394J 400:.! 40,,9 41 ln 417-.! 57 

34 6 4:.!:!9 4:13a 4342 4399 445.; 451:.! 4509 46:.l5 4682 473!) b7 

10 7 479J 4852 4909 4965 5022 5078 5135 519:! 5248 5305 57 

\ti 8 5361 5418 5474 5531 5587 56.U 5700 575, 6813 61:170 57 

51 9 6926 5983 6039 6096 6152 6:W~ 6265 63:!l 6378 6434. 56 

i70 886491 886547 886604 886660 886716 886773 8S6829 886885 886942 886998 at; 

6 l 7054 7111 7167 7223 7280 7336 7392 7449 7605 7561 56 

11 2 7617 7674 7730 7786 7842 7898 7955 8011 8067 81'23 56 

I 7 3 8179 8236 8292 8348 8404 8460 8516 8573 8629 8685 56 

2:l 4 8741 8797 8353 8909 8965 9021 9077 9134 9190 9246 56 
2::i 5 9302 9358 9414 9470 9526 %82 9638 9694 9760 9806 56 

34 ti !ISti:l 99HI 9974 890030 890066 890141 890197 890253 890309 890365 66 
3:J 7 :l904:2l 390477 990533 0589 06.,1,5 0700 0756 0812 0868 0924 56 

40 ti 09d01 l035 1091 1147 1203 N59 1314 1370 1426 1482 56 

50 B 1537 1593, 16.,1,9 1705 li60 1816 1872 1928 1983 2039 56 

-- -- -------------------------
i80 .:,9:/095'd9:.!150 892206 89226:.l d923li 692373 892429 89:.1484 892540 89-2595 56 

6 l 2G.il 2707 276:! 2318 2Si3 2929 2985 3040 30!;6 3151 66 

11 2 3207 3·26·2 33l8 33i3 3429 34>:l4 3540 3595 36511 3706 56 

17 3 376·2 3817 3873 39:28 3934 4039 4094 4150 4:W5 4261 5.; 

2;! 4 431ti 43,l 44:!i 448·2 4538 4593 46-lti 4704 4759 4814 65 

27 5 48iU 49:.!5 4~80 5036 5091 5146 5201 6257 53l·l 5367 6/i 

33 6 64./3 5478 6033 5583 .5644 56991 5754 5809 5tl64 6920 56 
38 7 597.5 b030 6USi> 6140 6195 6251 6306 6361 64l6 6471 56 

44 8 6at6 651:11 6636 6692 6747 6802 6857 6912 6!167 7022 65 

49 9 70i7 7132 7187 7'242 7297 7352 7407 7462 75li 7672 .i5 

-- -----------------
5 79~ d9m~ 89~~~t 89~m 89~~~t s9!~~~

1
s9~1~t 89~;g~ 89:~~t 89:m 89:~;~ :g 

11 2 8725 8780 8835 8890 8944 8999 9054 9109 9164 9218 55 
li 3 9273 9328 9383 9437 949:l 9547 9602 9656 9711 9766 66 

22 4 9821 9875 9930 9985 900039 900094 900149 900203 900258 900312 65 

27 6 900367 900422 900476 900.;31 Oa86 0640 0695 0749 0804 0859 ii5 

33 6 0913 096tl 1022 1077 1131 1186 1240 1295 1349 1404 55 

38 7 1458 1513 1567 1622 1676 1731 178511840 1894 1948 64 
44 8 '2003 2067 2112 2166 2221 2275 23.29 2384 2438 2492 64 

49 9 2547 2601 2655 2710 2764 2818 2873 2927 2981 3036 64 

800 903090 903144 903199 903253 903307 903361 9034161903470 903524 903578 64 

r, 1 3633 3687 3741 3795 3849 3904 3958 401'2 4066 4120 54 

11 2 4li4 4229 4283 4337 4391 4446 4499 4653 4607 4661 54 

16 3 4716 4770 4824 4878 4932 4986 5040 5094 5148 5202 54 

2:! 4 5256 6310 6364 5418 5472 6526 5680 5634 6688 5742 64 

2i 5 5796 5850 6904 .;958 6012 6066 6119 6173 6227 6281 64 

3:.! 6 6335 6389 6443 6497 6551 6604 6658 6712 6i66 6820 64 

3,3 7 fiS74 6927 6981 7035 7089 7143 7196 7250 7304 735S 64 
43 8 7411 7465 7519 7573 7626 76S0 7734 7787 78U 7895 64 

4!J 9 7949 8002 SO;i6 9110 8163 8217 82i0 8324 S378 8431 64 

- 810 908485 908J39 90:lJ!J:.! 90::lti46 908699 90;753 90S807 908~60 908914 908967 54 

5 l 9021 90741 91 :!8 9181 9235 9289 93421 9396 9449 9503 S4 

11 • 9556 9610 9663 9716 9770 9823 9877 9930 9984910037 63 

16 3 !H019l 9101441910l!J.i 9!0·i5l 910304 9l03JS 9104lll910464 910iil8 0571 'l3 
21 4 Oti·l4 0678 Oi31/ u;,;4 0838 0391 0944, 0998 1051 1104 5,'3 

~7 6 llJS 12111 l•J()jl 1._i_!; 1171 14:!--I 1-177 1.;30 lbS4 1637 .~3 
82 6 1690 li43 J;:1, 1,.,11 [ J'IU.l ]9;6 2009 2063 2116 2169 ,)'} 

:r, 7 ~2 ~u, '.'J·J::; '..!;l'it 1 :2:.i;i.,I 2488 2.;41 2594 2647 2100 a., 
8 ~/j3 ~Iii :2:.,,J\11 '.''.IJ:Ji :2~oti 1 30191 3072 312/i 117 , 3:!31 (NI 

Al 83S'i 33:101 34--131 34Vci: 3549 3 36i>i> 37481 3711 51 

R 2 



374 LOGARITHMS. 

p pl N. o 1 2 3 I 4 S 6 I 7 I 8 I 9 D. 

- 82(19l3Sl4913867 ~ 9139731914026 914079 914132 914184 9142371~ 53 
5 I 4343 4396 4449 4502 4555 4608 4660 4713 4766 4819 53 

11 2 48H 4925 4977 6030 5083 5136 5189 6241 5294 5347 53 
16 3 5400 5,153 6505 5558 0611 5664 5716 5769 5822 5875 53 
21 4 15927 15980 6033 6085 6138 6191 6243 6296 6349 6401 153 
27 5 6454 6507 6ii59 6612 6664 6717 6770 6822 6875 69-27 153 
32 6 6980 7033 7085 7138 7190 7'24.'i 7295 7348 7400 7453 63 
37 7 7506 7558 7611 7663 7716 7768 7820 7873 7925 7978 62 
42 s 8030 8083 8135 8188 8240 8293 8346 8397 9-1;;0 850·2 52 
48 9 8565 8607 8669 8712 8764 8816 8S69 8921 8973 9026 52 

---1---l----1--~---t--~---------1----830 919078 919130 91!1183 919235 919287 919340 919392 919444 919496 919549 62 
5 1 9601 9653 9706 9758 9810 9862 9914 9967 920019 920071 62 

10 2 9201:.!3 920176 920228 920280 920332 920384 920436 920489 0541 0593 62 
16 ~ 0645 0697 0749 0801 0853 0906 0958 1010 1062 l 114 62 
21 4 1166 1218 1270 1322 1374 1426 1478 1530 1J82 1634 62 
26 5 16S6 1738 li90 1842 1894 1946 1998 20JO 2102 2154 62 
31 6 2206 22,,8 2310 23ti2 2414 2466 2518 2570 262.! 2674 62 
36 7 27.!,5 2777 2829 2S81 2933 2985 3037 3089 3140 3192 62 
42 8 3'l44 3:.!96 33-18 3399 3451 3503 35iiJ 3607 3658 3710 62 
47 9 376.! 3814 3865 3917 3969 4021 407:2 4124 4176 4228 6~ 

-·- -··l---+---11--------------1
- -

840 924'l79 924331 924383 924434 924486 924538 924689 924641 9.-?4693 9-24744 62 
6 1 4796 4848 4899 4951 6003 6054 IH06 6167 6'209 6261 62 

10 ·1 5312 6364 6416 5'167 5518 M70 5621 5673 5726 5776 62 
15 3 6828 6879 6931 6982 6034 6085 6137 6188 6240 6291 61 
20 4 6342 6394 6445 6497 6548 6600 6651 6702 6754 6905 61 
26 5 6S;i7 6908 6959 70ll 706:.! 7114 7165 7216 7268 7319 61 
31 6 7370 7422 7473 7524 7576 76-27 7678 7730 7781 7832 61 
31.i i 7883 7935 7986 8037 8088 8140 8191 8242 8293 8345 61 
41 6 8396 8447 8498 8549 8601 865:2 8703 8764 8806 8857 61 
46 9 8908 8969 9010 9061 9112 9163 9216 9266 9317 9368 61 -- --- ---1---i.--~---1---1---1--- ---___ ,_ -

850 929419 929470 929521 92957:l 929628 929674 929726 929776 929827 9-29879 61 
5 I 99aO 9981 930032 930083 930134 930185 980236 930287 930338 980389 · 61 

10 2 930440 930491 0542 0592 0643 0694 0746 0796 0847 08!18 61 
15 3 0949 1000 1051 1102 1163 1204 1254 1305 1356 1407 61 
20 4 1458 1509 1660 1610 1661 1712 1763 1814 1866 1915 61 
26 5 1966 2017 2068 2118 2169 2220 2271 2322 2372 2423 61 
31 6 2474 2524 2575 2626 2677 2727 2778 2829 2879 2930 61 
36 7 2981 3031 3082 3133 3183 3234 3'l86 3335 3386 3437 61 

:~ : :~~~ :g:: :i:~ !~!! :~i~ !~!~ :~i~ !::i ::~~ :~ :~ 
-- - -------1---1----1---1---4---1---·1--- -

::!60 934498 934649 934599 934660 934700 934751 984801 934852 934902 934963 60 
5 I 6003 5064 5104 6164 6206 6255 6306 6356 6406 6457 60 

10 2 5607 6558 6608 6658 6709 6759 6809 6860 6910 6960 60 
15 3 6011 6061 6111 6162 6212 6262 6313 6363 6413 6463 60 
20 4 6514 6564 6614 6666 6715 6765 6815 6865 6916 696fl 50 
25 6 7016 7066 7117 7167 7217 7267 7317 7367 7418 7468 60 
30 6 7l\18 7668 7618 7668 7718 7769 7819 7869 7919 7969 60 
35 7 8019 8069 8119 8169 8219 8269 8320 8370 8420 8470 60 
40 8 8620 8670 8620 8670 8720 8770 6820 8870 8920 8970 60 
45 9 90:20 9070 9120 9170 9220 9270 9320 9369 9419 9469 60 ·-

'870,939519 939569 939619 939669:939719 939769 939819 93986'.-: 9MJ918 939968-; 
5 1 940018 9401)68 940118 •..Ul68 940218 940267 940317 940367 940417 940467 60 

10 2 0516 0566 0616 0666 0716 0765 0815 0865 0916 0964 60 
15 3 1014 1064 1114 1163 1213 1263 1313 IB6:l 1412 1462 50 
2~ 4 1611 1561 1611 1660 1710 1";'50 1809 18:,9 1909 1958 60 2'-' 6 .:..'il08 2058 2101 2167 2207 2!.<a6 2306 2356 2405 2456 50 
3? 6 2604 2554 2603 2653 2102 2752 2901 2sr,1 2901 2960 59 3

a 7 3000 3049 3099 3148 3198 3247 3297 3346 3396 344b 49 
: 

8 
3496 8644 3693 3643 3692 3742 3792 3841 3890 3939 49 9 
8989 4038 4088 41371 4186 4236 4285 4335 4384 4433 49 



LOS-ARITHMS, 375 

r, -. ' 1 I 2 1 D. 
1---1!:-- . 

380 944483 944532 944581 944631 944680 944729 944779 944828 944877 944927 49 

Fo 1 4976 5025 6074 6124 6173 5222 6272 5321 5370 5419 49 

10 2 5469 6518 5567 5616 5666 5715 5764 5813 5862 5912 49 

15 5961 6010 6059 6108 6157 6207 6256 6306 6354 6403 49 

20 4 6452 6501 6551 6600 6649 6698 6747 6796 6845 6894 49 

25 5 6943 6992 7041 7090 7140 7189 7238 72S7 7336 7386 49 

29 6 7434 7483 7532 7581 7630 7679 7728 7777 7826 7875 49 

34 7 7924 7973 8022 8070 8119 8168 8217 8266 8315 8364 49 

39 8 8-113 8462 8511 6560 8609 8657 8706 8755 8804 8853 49 

44 9 8902 8951 8999 9048 9097 9146 9195 9244 929'2 9341 49 

-- ----------------------
390 9493901'949439 949488 9495361949585 949634 949683 949731 949780 949829 49 

5 I 9878 9926 9975 9500:24

1

9500i3 9J0121 950170 950219 950267 950316 49 

10 2 950365 950414 950462 0511 0560 0608 0657 0706 0754 0803 49 

15 3 0851 0900 0949 0997 1046 l09J 1143 1192 1240 1289 49 

20 4 1338 1386 1435 1483 1532 1580 1629 1677 1726 1775 49 

2 5 1823 1872 1920 1969 2017 2066 2114 2163 2211 2260 48 

29 6 2308 2356 2405 2.!53 25021 2550 2599 2647 2696 2744 48 

34 7 2792 2841 2889 2938 2986 303-! 3083 3131 3180 3·128 48 

39 s 3276 3325 3373 3421 3·1701 3511:ii,. 356tl 3615 3663 3711 48 

44 

go: 95:::: 95:::: 95:::: 95:::: 95:::: 95:~:::

1

95:::: 95:::: 95:::: 95:::; -: 

6 1 4725 4773 4821 4869 4918 4960 5014 5062 5110 5158 48 

10 2 52071 5255 5303 5351 5399 5447 5495 554.3 5592 5640 48 

14 3 5688 5736 578-! 5832 5880 5928 5976 6024 6072 6120 48 

19 4 6168 6216 626,j 6313 6361 6409 6.!57 6505 6553 6601 48 

24 6 66-!ll 6607 67 45 67\13 6tHO 6Sts6 6936 698-! 7032 7080 48 

29 6 7128 7176 722-! 727:.! 73:20 7368 74161 7464 7512 7559 48 

3-! 7 7607 7tl55 7703 7751 7799 78:li 7894 7942 7990 8038 48 

38 8 8086 8134 8H:!J 8229 8277 832.') 8373 8421 8468 8516 48 

43 9 8564 861:.! 8659 8707 87,,5 8303 88.iO 8898 8946 8994 48 

------·-1-----.----,--------
)10 959041 9590891959137 959185 959132]959280 9593281959375 959423 959471 48 

5 1 9Jl8 9566 9614 9661 !JiU9I 9757 9804 9852 9900 9947 4:3 

9 2 999;_; 960041 960090

1

96013c, 9ti0Pl.i,960:233 960281 960328 960376 960423 4S 

14 3 960471 O,il8 05G6 0613 0/ioll 0709 075ti 0804 0851 0899 48 

l!! 4 0946 0994 1041 1089 1Ul6
1 

1184 1231 1279 1326 1374 47 

24 5 1421 1469 1516 1561 16lll l6.:i8 1706 1753 1801 1843 47 

28 6 189.j 1943 1990 2033 21,8:j 2132 2180 22:li 2275 2322 47 

33 2369 2417 2.!64 2,311 2559 2606 2653 2701 2748 2795 47 

3.:l 8 2iH3 2890 2937 298;, 303·2 3079 3126 3174 3221 3268 47 

42 9 3316 3363 3410 3.,\.)7 3,,0,11 3552 3599 3646 3693 3741 47 

- :HO 95:3788 963835 963882 963929 96397i 196-10:.!4 9640il 1964118 96416,5 96-1212 47 

,Q I 4160 4307 43,:;4 4401 4448 4495 4542 4590 4637 468-l 47 

9 2 4731 47iS 4825 4872 ·1919 4966 5013 5061 510,; 515:, -li 

14 3 520:.! 62'!9 5296 5313 5390 5437 5484 5531 5.1,8 56:!.-, ·47 

19 4 56H 6719 57tl6 5813 5860 5907 5954 6001 604S 60llj -!ii 

13 5 614:? 618!! 6136 6283 6:329 63i6 64:?3 6,liO 6jJ, 6.,q ,17 

:2.~ 6 6611 60-58 6705 6752 6799 6845 6992 6939 6986 70:1.l 4i 

3:i 7 7080 7127 7173 7220 7267 7314 7361 7408 7454 7501 47 

3:; ti 754:l 7,:>9.i 7G-l:? 7688 7735 778:2
1 

7:!29 7875 7922 7960 47 

4~ 9 8016 806:2 6lli9 8la6 8203 8249, 8296 8343 8390 8436 47 

- ;;; D6d4tl3i96S530 96,3576 ~ 96;:!6i0 96S716i9158763;968SIO 9681:J;j{j 96S903 47 

;:, l 89501 8996 9043 9090 9133 91831 92:291 9:276 93:!:3 9:lti!J 4i 

!l 2 9416 9463 9J09 9556 9602 96,19 9695 9742 9789 9S35 47 

1-l. 3 9St!2 . .9928 9975 97002197006897011-l:

1

970161 970207 970254 970300 4i 

ll' 4 9703,17\970393 970,140 0496 0533 11579 06:26 0671 0719

1 

076c, 46 

·23 5 Odl21 ll858 0904 0951 0997 IO,U 1090 ll3i 1193 l:l2!J 46 

2rl 6 1:276 1322 1369 1415 1461 1508 15;;,1 1601 16-17 1693 46 

3:! 7 1740 1786 ltl32 1879 192.i 19711 2018 2064 2JIOI 2157 46 

3i 8 22031 :1249 2:295 23-!·2 23S8 21:311 24S1 2527 2573 26Hl 46 

41 9 2tltl6 27J2 ~1.;s 2804 28,;1 1 2897: 2!143, :2!189/ 303,il autl:.! -<ti 



.J76 LOGARITHMS. 

pp N. 0 1 I 2 3 I ( 6 I 6 7 8 I~ D. 

940 97312s 973174 973220 973266 973313 973359 973,io;; 973451 973497 973543 46 
5 J 3590 3636 3682 3728 37i4 3820 3866 3913 3959 4005 411 
9 2 4051 409i 4143 4189 4235 4'281 432i 4374 4420 4466 46 

14 3 4512 4558 4604 4650 4696 474'l 4i88 4834 4880 4926 46 
18 4 4972 6018 5064 5110 6156 5202 5'248 5294 6340 6386 46 
23 5 5432 5478 5524 6570 6616 6662 5707 6753 6799 5845 46 
28 6 5891 5937 5983 60:l9 6075 6121 6167 6212 6268 6304 46 
3'..! 7 6350 6396 6442 6488 6533 6579 6625 6671 6717 6763 46 
3; 8 6908 69.54 6900 6946 6992 7037 7083 7129 7175 7220 46 
41 9 7266 7312 7358 7403 7449 7495 7541 7586 7632 7678 46 

950 97i724 97i769.977815 977861 977906 977952 97799S

1

978043 978089 978135 46 
5 l 8181 82261 8272 8317 8363 £409 8454 8500 8'i46 8591 46 
9 2 863i 8683 8i28 8774 8819 8865 8911 8956 9002 9047 4G 

14 3 9093 9138 9184 9230 9275 9321 9366 9412 9457 9503 46 
IS 4 9548 9594 9639 9685 9730 97i6 9821 9867 9912 9958 46 
23 5 980003 980049;980094 980140 980185 980231 980276 980322 980367 980412 45 
27 6 0458 05031 0549 0594 0640 0685 0730 0776 0821 086i 45 
32 7 0912 0957 1003 1048 1093 1139 1184 1229 1'2i5 1320 45 
36 8 1366 1411 1456 1501 1547 1592 1637 1683 17:28 li73 4f> 
41 9 1819 1864 1909 1!154 :2000 2045 2090 2135 2181 2226 45 

960 !182.!71 982316 1982362 98240i 982452 982497 982543 982588 982633 982678 45 
5 l 2723 2769 2814 2859 2!104 2949 2994 3040 3085 8130 45 
9 2 3175 3220 3265 3310 3;}56 3401 8446 3491 3536 8581 45 

14 3 3626 3671 3il6 3762 3807 3852 3897 3942 3987 4032 46 
IS 4 4077 4122 4167 4212 4'257 4302 43-17 4392 4437 4482 45 
23 5 45:.!i 4572 4617 4662 4i07 4i5'2 4i9i 4842 4887 4932 46 
27 6 4977 5022 5067 6112 5157 5202 5:Ni 5292 5337 638: 45 
32 7 5426 54il 6516 6561 5606 5651 1i6!J6 5741 5786 6831 45 
3ti 8 5875 5920 59G5 6010 6055 6100 61-H 6189 6234 6279 45 
41 9 6324 6369 6413 6458 6503 6548 65!13 663i 6682 6727 45 

970 9867i2 986817 956861 !186906 986951 986!)961987040 9$7085 987130 987175 45 
5 l 72l!l 7'264 730!1 73.;3 7398 7-143 74iJS 7532 7577 713-22 4b 
9 2 7666 iill 7i;i6 7800 7845 78!10 793-1 7979 80:H 8068 45 

14 3 S113 815i 820·2 8247 8291 S331.i 8381 8425 8-170 8514 45 
18 4 8559 8!i0-l 86-IS 8ti9:3 8737 8782 lil826 8871 8916 8960 45 
23 6 9005 904!J 9U!I-I 9138 9183 9:.!:l7 9272 9316 9361 9405 45 
27 6 9450 9,1:J-l 9.i89 !1583 9628 9072 9717 9761 9806 9850 44 
3·l i 989t, 9939 9!lti:J 990028

1

99007:2

1

990117 990161 990-206

1

990250 990294 44 
3ti S 990339 990383 9904·.!S 04i:l 0516 0561 0605 06,50 0694 0738 4-1 
41 !J 0783 OS2i OS71 0916j 0900 1004 1049 1093 1137 118:.! 44 

-- 9% Y9l:.!:!6 !J912iU 9!113);, !1913.;!l:!l[ll 103'.!1914-18 901492 99lii36 199l580 991625 44 
4 I ltiti!J 1713 lii;S 1802

1 
18-16, 1890! 1935 1979 2023 2067~44 

9 2 2111 2l[Jti 2200 2·.!•l-lj 22881 23331 2377 2-121 2-165 2509 44 
13 3 2,,5-1 2.:,98 261-.: 26S1il 2i3U[ 2774

1 
2tH!l 2863 2!!07 2951 44 

l;-s -I ,;?f}!);; 303!) 30,;3 31:.!il· 31i'.!1 3.!161 3260 330•1 3348 3392 44 
2:.. " 3436 34Sll 3,5·2-l 3;i6c; 3613i 36;;7 3i01 3745 3789 31:133 44 
:::.- t: !:g 3!121 39(i;, 4009 40531 409i 4141 4185 4229 4273 44 
!li ' 4-, ~-, 4361 4405 44491 41931 4.;37 4581 4625 4669 4713 44 
3.· 8 u 4801 4845 4tl891 4933 49i7 5021 5065 5108 5152 44 
41 

!; f,)96 5:l40 5284 53:.!8 5372J 5416 5460 6504 6547 6591 44 

-- ;;i~ !i9·56~;jl99J679 995723 995i67'995811995854 9%S9S 99594:.! 995986
199603() 44 

4. l ~U•-.4 6117 6161 620JI, 62491' 6-2931 633i 6380 64:14 6468 44 ~ ~ 6i;l2 6555 ~59~ 66431 6687 6i31 67i4 6818 6862 6906 44 
1., " 69491 6993 103, i0cl0

1 
7124 7168 7:ll:l 725~ ·7299 73'13 44 

I• .: 73:,61 7430 74,·l 7{)17! 7ii61 7605 76-18 . 769:.l 7736 7ii9 44 
~~ " ~S-!:3i i86i 791 lJ 7:J,,,i, 7998 t:-011 S0cl5 81:.!9 817:.: 8:llC5 44 
~•· ~ SU~\ 8~U3 S34i 8390i 843-1 8,177 85:ll 8,;54 86081 8652 44 
:SI I t16;1., 8,:~9 Bio~ b<;:.!6, 8tlti9: 8913 B956 9000 9048 90ti7 44 
~O ~ 9;·~!1 ;11.'~I \J·:!t> !l!lil 9~05; !i3-ttli 939'2 94351 9479 !15:22 44 

g,,o.,1 _,,,v.,, !!o,,:J1 90%, 9, 39, 97>.,;J, 9tn6 9870 99la 9957 43 



A TABLE OF 8QU.AR£s, vO.lfES, AND ROOTS. 377 

No. Square.I Cube. Sq. Root. \cube Root No. Square Cube. Sq. Root. Cube Root 

-
1 ·0000000

1
1-000000 l J 1 64 4096 262144 8·0000000 -1·000000 

2 4 8 1 ·4142136 l ·259921 65 4225 274625 8·0622577 l·0:!0726 
3 9 27 1 ·7320508 l ·442250 66 4356 2S7496 8· 1240384 l 0 041240 
4 16 64 2·0000000.1 ·587401 67 4489 300763 8· 18535:2::i 1·0615-!$ 
6 25 125 2·2360680 l ·709976 68 4624 31443:2 8·2462113 -1·081656 
6 36 216 2·4494B97:1 ·8li121 69 4761 3:28509 8·3066239 •. 101566 
7 49 343 2·645751.i,1 ·912931 70 4900 343000 8·3666003 -l'l:21:285 
8 64 512 2·8284271 ,-000000 71 5041 3Ji9ll 8·4261498 4"140811.~ 
9 81 729 3·000000(,12 ·080084 72 6184 373248 8·4852814 -1"160168 

IO 100 1000 3·1622777 2·154435 73 6329 389017 8·5440037 4· 179339 
11 121 1831 3·3166248 2·223980 74 6476 405224 8·60-.!3253 4· 198336 
a 144 1728 3·4641016 2·2S9428 75 5625 421875 8·6602540 1·217163 
13 169 2197 3·6055513:2· 351335 76 6776 43S976 6·7177979 1"2358~4 
14 196 2744 3·741657{2·410142 7i 5929 456533 8·774!1644 l"2643:ll 
15 225 3375 3·8729833'2·46621:i 78 6084 414552 8·8317609 1·2726;j9 
16 256 4096 4·0000000;2 · 519842 79 6241 493030 8·8t!81944 4"2901:1•11 
17 289 4913 4· 1231066 2·571282 AO 6400 612000 8·944-2i19 4· 301'b~U 
18 324 5832 4·2426407J2 ·62074l 81 6561 531441 9·0000000 ·l·3·26i.J'.J ! 
19 361 6859 4 · 3588989,2 • 668402 82 6i:24 651368 9·05538[11 4·a44481 
20 400 8000 4·472136012-714418 83 6889 5717S7 9· 1104336 4"36-.!07 l 
21 441 9261 4·5825757 2·7589i4 84 7056 592704 9· l6i>l514 -I ·379519 
2:2 484 10648 4·6904158 :.!·802039 85 7225 614125 9··.1195445 •1"396830 
23 529 12167 4·7958315 2·843867 S6 7396 636056 9•2736185 4·414005 
24 576 13824 4·8989795 2·884499 ST 7569 658503 9·3:273791 4°431047 
25 625 15625 6·0000000 2·924018 8S 7i44 6814i2 9·3808315 4·44i960 
26 676 17576 C,·0990.19512 ·962•196 ~9 7921 704969 9·4339S11 4·464i45 
27 729 19683 5· 1961524 3·000000 90 8100 i'l9000 9·4868330 4•4s140.:; 
28 784 21952 ::::!~~:ir g;~m 91 8281 753571 9·5393920 4·497941 
29 841 24389 92 8464 778688 9·59!6630 4'614357 
30 900 27000 5·47i:.!2f>6\3· 101232 93 8649 804357 9·6436508 4'530655 
81 961 29791 5·56776-1413· 1413::11 94, 81,;36 830684 9·.6953597 4"54683ti 
32 1024 82768 5 · 6568542 3 · 17 4802 95 9025 857375 9·7467943 4'56'2903 
33 1089 35937 ! : 1:ti~1~ !! : ~gi~~~ 96 9216 884736 9·7979590 4·578857 
8-l 1156 39304 97 9409 912673 !1•84SS578 4· 594701 
3o 1225 42875 ..•. ..,;.T"'°" 98 96041 941192 9·8!194949 4"6104~ti 
36 129/j 46656 6·0000000 3·301927 9!J 9:lOl 970299 9·9498744 4·6·WU6j 
37 1369 50653 6·0827625 3·3322:22 100 10000 1000000 10•0000000 4·64lj89 
38 1444 5487:.l 6·16441'10 3·36197i3 101 lO·l011 1030301 10·0498766 4 "65i010 
39 15:.ll 69319 6·244!J!ld0,3 ·391:.!ll 10:.l 10404. 106120S IO· 090;;04!l ! 4 · 67232\l 
40 1600 64000 6•3:.i,1.:;;;53 3·419%2 103 10609 10927:!7 10· 1488!11614. 6:li 543 
41 Hi8l 689:.ll 6·403124:l 3·448:.!li 104 10816 ll:!-1864 10·19:i0390 4·702669 
42 li6-l 740S8 6·4807407 3·4760:.!i 105 11025 ll5iti:l5 10·246950S14•i 17694 
43 18491 7!1507 6·5574385 3·5033!1:l 106 ll:.!36 ll91Ul6 !0·295630il4 •i326'.!4 

44 1935! 85184 6·6332496 3·53034::! 107 11449 122;;043 10 • 3.140::10414 ·7 474:i!l 
45 2025\ 91125 6·7082039 3·556<193 108 11664 l:.!5971:2 10 · 39-.!304::1'4 •iol:.!03 
46 2116 97336 8·7<!:.!3300 a·583U4ti 109 11881 1295029 10-.14oao6;;i-1. i,6:!:iti 
47 2209: 103823 6°8556046 3·608::1:26 110 12100 1331000 10 ·48:lOS::1,114 "i!ll4:.!0 

4::1 23041 110592 6·928:.lU3:.! 3·634241 111 123:21 1367631 J0 • 53.i6.J3814 · i'0589ti 
49 2401\ 117649 7·0000000 3·609306 112 12344 14049:.!8 10·5t,300J2i4"8:.!0:l;, I 
50 2500; 120000 7·0il0678 3 ·6i:t4031 113 l:.!769 144:2897 10·6301458' -l • 834588 
,;11 2601 13:.!651 7 • 1414284 3·708430 114 12996 l-li:!1544 10 ·6i70i8314 0 84:180:! 
-5:li :.!iU4 14060:l 7·2111026 3·73:2511 115 13-2-.!5 15:.!0875 IO· 723:1053: 4 '86-29-ll 
531 :.lt!O:J 148877 7·:l80109!l 3·756:.!86 116 Ia456 1560896 10 ·i703:.l96,4· 87699!1 
b4[ •2!Jl6 157464 7·3-18469:.! 3·7797ti3 117 136a9 161)1613 10· 8166538:4· 8!JJ9i :3 

oa; 30:2,i Hi6375 7·4161985 3·802953 118 13924 1643032 1 o • S62i80s: 4 · 91.Hoo:-
{>Li 3136 lif>616 7·4833148 :3·825862 119 1-161 161:!5]59 10·9087121!4·!)186:li> 

57 1 3249 185193 7·54983-!4 3·tN8501 120 14400 17:.l:-lOOO 10 · 9544512 4 · 93:N:24 
;id 3364' l9Jll2 7 ·6157i31 3 ·8708i7 121 14641 1771561 l l ·0000000.4·!14608::i 

fJ9 34811 205379 7·6:lll-!;;713·892996 l:t2 l~l"l4 18lbtl48 ll·0453610'4•95967j 

tili 3600: 211>000 ,.,..,,.l." .. 1 .,, 151'29 lSti0:!67 ll •090536Jl4•9i3190 

tH 3;211 226981 7·8102497 3·936497 124 15376 1906624 ll • 1355-287:4·9b6Ci31 

62 8844' 238328 7 · 8i 40079 3 ·9o789'J 125 15620 i953!25 11 • 1803399
1 
6 · 000000 

63 S969l 260047 7 •9372;,39 3·979067 126 16876 2000376 11 • 2:2497~:J;o · 013290 



378 ef!UAREs, CUBES, AND ROOTS. 

No. I Sqmu·•·I Cube, Sq. Root. !Cube Root No. Squsre. Cube. Sq.-~ot. jcubt Root 

~ ~I~ 11 ·2694:m

1

~ 190 36100 6869000 13·784048816·748897 

12s 163tU 20971J2 11 •31310115·5•0396i!41!11 36481 696787113·s-20:21.;oli;,75t:l965 

1:29 16641 2146689 II ·3a7816715·05277-i 192 36864 707i88813·8564065 6·76t:l998 

130 16900 2197000111·40175435·065797 193 37.!49 7189057 l3·89-.244-lO 6·778996 

131 17161 2'l4d091111'445J23ll;j•07875319-l 37636 7301384l!l'!l·l838831>·788960 

13.! 17-l:24 2:299968 ll '48912J3 ;;•091643195 38025 7414875 13•9642400 6•798890 

133 l76d9 2352637 ll ·5325626 5·104469 196 38416 7529536 14•0000000 5·80tl7t:l6 

134 li9,';6 2406104111·57583695" 117:230 197 l'l8!l09 764537314·0356688 5•818648 

135 lt:h!:25 2460375ill ·6189500 5' 1299:!8 198 39204 776'.!39'.J 14·0712473 5•8:28.176 

136 18-196 2515456,,11 ·6619038 ;j• 142563 199 39601 7880,59914· 1067360 5'838272 

137 ltl769 257UJ53 ll ·7046999 5· 155137 :.!00, 40000 8000000 14·1421356 5·8-l80S6 

138 19044 26·18072 n •7.J.73444 5· 1676-19 ".201 40401 8120601 14·1774469 5·857766 

!:~ :g:~~ :;:1~~~1:: :!:;ttZ! n~~l~.! ~g; !~~g;, :i:~:~; !: :!;:~: nmro 
UI 19tltll 2803:.!2li 11 8743-l·ll ·5 ··20-482S 20-1 41616 8489664 14 •2828569 5 ·8StliG5 

14:2 20164 ~63l8tl'll •916375S j•217103 .!05 42025 861512514·8178211 3'896368 

143 20449 292.&:lOi ll ·958260j 5"2:29321 :.!06 42436 8741816 14·3527001 li'90a941 

14.J. 20i36 29S59ti-l l2'0000000 5'241483 :.!07 42849 8tl69743 14·33i4!146 5·915-183 

145 2102.; 30to625 l2"0415946 5·253588 :!OS 43;?64 8998912 14·4.!2:lOJl 5'9-24993 

146 21316 31h!l36 12·0830460 .;·26563i 209 43681 912332914·45683:.!31>·934473 

147 21609 3176523 li'l24355i a·'.!7763:! 210 44100 9:?6100014•491376i 5'943921 

:: :1~g: =~~mi :r~~i:~~~f~~m~ m !!!~ ~!~:f:! ~1::~~~1~~ r~i~;:! 
150 2:2500 3:!75000 12·24744tl7!5·313:.!93 213 45369 91i63597 14·59451i5 5•972091 

151 2:lSOI 3-142:>51 12"288:!0,';615·3:l50i,1 214 4a796 98!>03,14 14·6287388 5·981426 

152 23104 3,~IH-IOS 12·3:2:182ti015·336S03 :.!15 4tH'l5 993tl37J 14·66'.28783 5·991)727 

!:: ;~t~~ =~:;~~! !~:;;:;.J~'.!~:7,:~~~ti.1 ~:~ !~i:~ ~i~:!~~~1!!:~~i~~ii ::ii~~: 
155 240:25 3i23:17.'i l:.!·-l•l"c.u1;!.-,·:iil6S.', 218 475.!4 10360.!3:.!11,t,754,..;;•l3I 6·0H!46S 

156 :HJ36 3796416 12·4t19!i~6u',,·a~:J.!l:l ·H9 47961 1050:1459 l4·7986-186 6·0:27650 

157 2-16-19 3~9:193 l:2·5:299tH115"39-169J 220 48.JOO I064tl000 14·83:.!3970 6·036811 

158 2496-4 394t31:? 1~·56980fil f>•406120 '2:2l 48841 l0793dtll 14·8660687 6·045943 

1.59 2J2Sl 4019679 l:.!·6095-.10:.! 5·417601 22:! 4!-128.J. 1094104d H ·8996644 6·05504ti 

160 25000 4096000 12·6•l9110615•,1•i~:-l3., 2:.!3 49i'l9 11089.;67 14·9331845 6·06-ll:2o 

161 2,',9-JI 41i3:2tll 1:l·6~d5i75l5·4401:.!l :224 50Ji6 112!i94:.!4 l4·9666:l95 6•0i317t:l 

162 26i44 410102011:2 ·7:119:12115 •4jl36l ,.n5 oOd:.!a 113906:.?5 15 •0000000 6 ·ot12201 

163 26569 43307-17 J:l•767l.t.;:i :i·.tfr255ti "l26 51076 ll543li6 15·03:U964.6·091199 

164 :!i>J9d 4-U09,l.li'l:!'80tH13,,'.-,•47370,l:2:!i 515:!9 1169706315•066,jl9:2°6·100170 

16,-, 2i:l2,; 449ll•Ja 12'tl,15.?3l61

1

j•4S4130ti ·l'lli 519S4 l JS5:l3[>:l 15•09966d9 6· 109115 

166 275511 45i4296 12·S:3409Si j•49.5!:!6.', :.!29 5:2-141 12008989 15·l3:li460 6•Jl80ll3 

ltii 2idd9 46.5i-l63 12·9:.!:!tl4:IO 5•506879 230 5:2900 12167000 15•165750!16"1-.169.!5 

ltid :ldHI' 4i.J.l63·l l·l·9ti14Sl4•j•,;l784d :l31 53361 l:.!3:!6391 15·19::l68.J.2 6"13i,792 

169

1

2,;6;\ 48:.!6d09!13·oooooool5•5,2117;;, :.!32 538:.!.J. 12•.18716:115·:!310462 6·14.1534 
liO :2:i:•l!IJ 4!113000113·0:ls IU l,l 5•5394;.-,, !33 54.?o!I 126-19337 la·26133i5 I>" 153,U!l 

:g ~:i;~~1 :gt~~ti:::~tt~~~~ r:~~~;:~ ~=: ;~1~~ 1 ~~:i~~~: :~:;;!~~;~ r:~t~~~ 
173'\ ·2·.>nY: iil77H7113•1.;2!l-ltH 5·57:lo.,;:, :236 55696 l3144:.!5615·36-2l91ii 6·179147 

174 3,,:.:;,;•1 6:!6:lO'.!-l:13·l!lo!l0605·5tl2770237 66169 l331205315·394d0t3 6'18d4o3 

ll'5: 3:,;i., .;3;;!137,'>:13·22si5665·593445 23s 56644 1348127:i 15·427.!406 6·191154 

liti: au,,; 5, o-lali,6' l3·:266499:2 5·60407!l 239 5il21 13651919 15·4J962-lS 6·20.;s21 

"'\ 2Lin 554.;•1aa113·30413.Ji ;;·614673 240 57600 13024000 1:;•491!>33-l 6·21-U1H 

g~: ~:~~: :~:~gm:~~:;! r::~r!t ~!~ :::~ ~:m~ :r;~~~m
1

r~;~~~ 
!OU :;:1,,,' {.l3c(•ll0 13'4164079 5~646-Jlll 243 6904!1 l434tl907 15·68Sln73 6":24U:.!,j) 

l l:)l 3c, •j ! : 59Jcl; ll I3·ll536:.!4015'6.i66al 24-ll 69J36 l4:j:l6i89 15·620-l!J:J.j 6·2-l~tlOO 

l~•l' JJl:HI 6:),!S.;!h 13·4907376 5·667051 :24:i 600:25 14i0612515•6a2.J76S tl·2,~732-l 

,,,.i sat:<91 61-.28.ic1lia•,52ii49315·6ii4lll-:UtSI 6os1s 148d6!l36 10·6843,m 6·.J6.;tl:.!ti 

; - 1 3;:s;;o 62:29504 13·5ti466oo!.;•6,l77a4

1

:47I 61009 16069:.!:!315·il6t336 6·:274305 

b·,. ll-1:...!.; 633ltllJ·l3·6Jl4iOi>la•6i)S0192-l81 61504 152529!):! la•7.t;;u1.;; 6·-.Jtl·~i60 

•~3] :HJ:•cl' 6-13485!J l3•63:H817\5•70S267 ~-19: 62001 16-l38:l4916•779i33ri 6·29119,t 
1
~:. lll:~o:1! 6-,39203 l3•6i4794315·7184i9·250' 6·l,i00 l56·U,OOO 15·8113tld31>"299611-l 

1°81 s.;:tl.: Go446.:i J3·7113o9:21o·7286S~2:>1I 6300L 16813:251 1a·8-H979r. 6·30799a 
111:>j s.,;.:i i 6io1:lti9113•i4i7:J71!6·731l794f6:lj 63504 16003001! 16·8740079 6·3163'111 



B~UAl'tES, CUBES, AND ROOTS. 379 
-·-;--·--;-----;----;----:----:--:----~-------, 
No Sqn&re, Cube. Sq. Root. Cube ltoot No, I Sq~sre.l C11be, I Sq. Root. [Cube Root 

'258 64009 16194277 15·9059737 6·324704 316, 99856, 3155449617•7763888i6'811284 
2M 64516 1638706415·9373775 6·3:230-46 317 100-189 31855013)17·~04493Ri6·81A•l62 
255 65025 1658137515·9687194 6·341326 3181101124 32157-132 17·8325545'6·8256:2-l 
:l56 65536 16777216116·0000000 6·349604 319 10li61 32461759117·8605711 6·832771 
257 66049 16974593 16·0312195 6·357861 [320,102400 32769000 l7·8885438 6·839904 
258 66564 17173-512 16·0623784 6·36609,; 321 1030-11 33076161 17·9164729 6·847021 
259 67081 17373979 16·0934769 6·374311322103684 333S6248 17•9443584 6•SJ4124 
260 67600 17576000116· 1245155 6·392504 !)23104329 3369826717·9722008 6·86121'2 
261 68121 "1777958116·15549446·390676 3241104976 34012-22418·0000000 6·869285 
26-.! 68644 17984728 16·1864141 6·3988·28 3251105625 3432812518·027756! 6·875344 
263 69169 18191447116·2!12747 6·406958 326,106276 3464597618·0554701 6·882388 
-.!64 69696 18399744 16·2480768 6·415068 327 106929 34965783 18·0831413 6·889419 
265 70:225 18609625 16·2788206 6·423158 328.107584 3528755;2 18·110ii03 6·896435 
266 70756 18821096 16·309506416·431228 3:Wll0824l 35611289118,1383,;jl 6·903436 
267 71289 19034163 16·3401346 6·439277 330,108900 35937000 18·1659021 6·910423 
:26,3 71824 1924883216·3707055 6·447305 331 1109561 36264691 18·193405416·917396 
269 72361 19465109 16·4012195 6·455315 332/110224 36594368 18·2208672 6·924355 
270 72900 19683000116·4316767 6·463304 333 110889 36926037\18·24828i616·931301 
271 73441 199025ll 16·4620776 6·471274 334/ll 1556 37259704'Hh!75666916·938232 
272 73984 2012364:3 16·4924225 6·479224 335 112225 3i595375118·3030052116·945149 
273 74529 20346417 16·5227116 6·487154 3361112896 37933056 18·3303023 6·952053 

~~: m~~ ~m~:~! ~:::::~fJ :::~~i:~ m1m~:~ ::~rm~ !t :m;~: r~m1~ 
276 76176 21024576 16·6132477 6·510.:130 33911114921 38958219 18·41195:2616·972683 
277 76729 21253933 16·6433170 6"518684 340 ll5600 39304000118·439088!1 6·97953·2 
278 77284 21484952 16·6733320 6•fi265l9 341 116:281 3!1651821 18·46618-5316•986368 
279 778-11 21717639 16·7032931 5,53433,; 342116964 4000168:l 18·493242016·9!13191 
280 78400 21952000 16·7332005 6·542133 3431ll7649 40353607 !18·5202592 7·000000 
2iH 78961 22188041 16·7ti30546 6·549912 3441118330 40707584 18·5472370 7·006796 
282 79524 22425768 16·7928556 6·5oi672 345 1190:25 41063625 18·5741756 i •013579 

~ :g~:~ :~~i:1~~ !r::~g: r~m1t ;;;1!~~!~~ m~!~:~ :n~~g~i~irg~~:t~ 
285 81225 23149125 16·8819430 6·580844 348,121104 42144192 18·6547581 7·033850 
'2~6 81796 23393656 16·9115345 6"588532 349 121801 42508,549 18·6815417 7·040581 
:287 82369. 23639903 16·9-U074-'3 6·596202 350 122500 42875000 l8·708286P 7·047298 
2tl8 82944 2388787216·9705627 6·6Q38,,4 :1:;1

1

1·23201 432435,5118·73499407·054004 
:2a9 83521 241375li917·0oooooo 6·611489 3.32 1-23904 4361420s 18·76166301·060696 
290 84100 24389000 17·0293864 0·619106 353•124609 43986977 Hl-78S•2942 7·067376 
291 84681 246421il 17·05872216·6267053J4°1125316 4436186118·8143877 7·074044 
29-l 8.326-1 24d9708~ 17·0880075 6·634287 355 126025 44739875 18·8414437 7·080699 
293 85849 25lf>37f>7 17•1172428 6"64185'.I 356,1:26736 45118016'18·86i!l623 7·037341 
294 86431.i 25412184 17·1464282 6·649399 357Ji27449 454!19293118·89-14436 7·093971 
295 87025 25672375 17·1755640 6·656930 35811:28164 4588271218·9'208879 7·1005S8 
2!!6 87616 25934336 17·2046505 6·664444 3591128881 46:268279 Hl·9472953 7·107194 
'297 88209 26198078 17·233687916'6il940 360 1129690 4665600018·9736660 7·113786 
·298 81'1804 26163-'>92 17•262676'2 6·679420 3Cll:130321 4704,589119·00000001·120367 
·299 89401, 26730899 17·2916165 6·656882 362113104-l 474379'28 19·0262976 7·126936 
300 90000 27000000 17·32050616·69432931i3;131769 47832147 19·0525589 7·133-192 
301 90601 27270901 17·3493516!6·701759 3641132496 48228544 19·0787840 7·140037 
302 !11204 27543608 17·3781472l'6•70!H73 36-5.133:l:.!5 4862712519·1049732 7·146569 

~g! ~~:~~ ~~~~~:~ g::~~:~1~ n~m~ ~~;1g:~~~ !~~;~:~~ ~r~:m~f n~:~~g 
30J 93025 28372625 11·4642492 6·731316 3os:135424 49836032 19· 1833261 7· 166096 
306 93636 2865261617·492855716·73866;; 3691136161 50·24340919·2093727 7·172580 
J07 94:.?4!) 2$934443 l 7·52141/j/j 6·745997 370;136900 506,53000 19·2353841 7· 179054 
:io;i 9ts6-1

1

29219112 17•54992ss 6·753313 3il!l37641 5IUo4dlllI9·2613603 i·l8J516 
:109 96481 '29503629 17•5783958 6·760614 37:2 13e1334 51478848·19·2S73015 7·191966 
310 96100 29791000 17•606816916·7671l!l9 373'.13!.lhl:J 5189.'>117 19·3132079.7·19840;} 
!HI 96721 30080:.!!H 17·63iil92116·i7-5169 374139876 5·2313624 19·3390796 7•-J0-1332 
312 9734-il 303713:li;l11·6n.i.,:i116·7::<:.!t·n 375_14oil2J1 5~i3-l:l7519·3tl4916717':211:i-1.~ 
313 fli96il 30664'297 l7·69l::l060

1

6·7896til 3761413i61.5315737619·3907194:7·!!1765:2 
314 98596 3095914417·72004516·796884377il42129 53582633 19•4164878:7·2240-15 
315l (19225 31:2ii5S7ii 17•7482393.5'80409'.2 378?42834; 540101.52

1
19·44:l222lj7'230427 



380 !QUARES, CUBEIJ, AWD ROOTS. 

No. I Square.I Cub,. I Sq. Root, !cube Root N..::: Square I Cube. Sq. Ruot. Cube Root 

;;;~ 54439939 ~~ -~42
1
19536418635088621·02379607·617412 

380 14-1400 54~;-:200019·4935887 7·243156 4-13 196249 86938307 21·04756527·623152 

381 J4Jl61 553063-U 19•519:2213 7·249a04 444 197136 87528384 2l •07lS0i5 7 •6'28884 

38-2 14.;9•24 5574296819·5441:>203 7'255841 4451980:!5 88121125 21 ·0950231 7·63·160i 

383.146089 5618ll:!87 19·5703858 7 ·262167 446 198916 88716a36 21 • 1187121 7·640321 

3!:i4 147456 5662310419·5909179 7'268482 447 199809 89314623 21·14237457·646027 

385\14::1225 57066625 19·621-U69 7"274786 448 200704 89915392 -21 • 1660105 7·6f>l72{l 

386;148996 57512456119·6468827 7 ·281079 449 1201601 90518849 21 • 1896201 7·657-114 

387 149769 57960603 19·6723156 7 ·287362 460
1202500 91125000 21 ·2182034 7 ·66309·1 

388150544 0841101219·69771561·293633 401203401 9173a85J 21·23676067·668766 

3:,!I liH321 06863:,'69 19 ·7230829 7 "2!\!\694 452 204304 92345408 21 ·'260'2916 7 • 674430 

390 152100 59319000 19·7<L84177 7·306143 41>3 205.209 92959677 21 ·2837967 7·680086 

391 152::181 59i76471'19·77371997·81:.!383 454 206116 93576664 .21·307.27587·680733 

39.2 153664 60236.208 19·79t!9899 7•3Jl:l61l45520i0:25 94196375 21·330i2907 ·69137'2 

393 15-1-149 606984a7 l9·824·l2i6 7 ·3NS'29 4561"207936 94818816 'll ·354lb65 7·6117002 

394 li>J236 6116'.!!184 19·849433'2 7·331037 457 208849 95448993 21•37705837 •7026:.lo 

3!M li>60.25 61629875 19·8746069 7"337234 458 209764 96071912 21·40093467•708239 

3!16 156:116 6109913619·899i4tli i•3-134.20 459 210681 96702579 21·4:2428537·713tHo 

3!)7 15iti09 6207077319·92485807·34!1597 460211600 9i33600021·44761067·71944.2 

39815840-1 63044792 19·9499373 7·35576·1 4611212521 97972181 21·47091061 ·12;;032 

399159:201 6352119919·9749844 7·361918 46:2 213-144 9S611128 21·4941!'1;;37•7:l0614 

400 160000 64000000 20·0000000 7·368063 463 214369 99252847 21·51743487•73tll88 

-101160801 644iH20120·0:M98447·374198 :164!215296 9989734421·64065927·741753 

40·2 161604164964808 20·0499377 7·380322 465 216.2.25 I 005446.25 21 ·5638587 i ·747311 

403 16:.!409 65450827 .20·0748509 7·386437 466 21715ti IOI 194G96 :!1 ·5870331 7·76:2861 

40-1163216 65939264 20·0997512 7·392,j42 467 218089 101847bti3 21·61018287 ·758402 

405 1640-.lii 66430125 20- 1:246111:i 7 ·398630 •168 219024 10•1003232 21 ·6333077 7 ·763936 

406 164~36 66923-116 20· 149441i 7 ·404i20 469 '.!19961 103161709 21 ·6564078 7 ·76946:l 

407 16.,ti-l~I 67419143 20· 17-1:.!410 7 •410795 -170 220900 I03~3ll(l0 21 •6i!j4634 7 ·774980, 

4013 166464 67917312 20· 199009!17•4J6859 471 'l:.!1841 104487111 21 ·i025344 i ·780490 

409 16i281 684li9'l91:l0·223i484 7 "422914 4i:l 22·l784 105154048-ll ·7255610 7 ·785993 

410 168100 689·21000 20·24:Hb6i 7 "428959 4i3 :.!:l3i29 10,,ri2381 i :.!I ·7485632 7 ·791487 

411 lli/3921 694'..!6.;3120•2i3J3497-434994 474 22-1676 106496424 21 ·771b411,7•i9ti974 

412 169i44 69!J345:!ti :l0•29i7831 7 ·441019 475 2.2WJ5 1071 i113i.'i 21 ·7!144947 i ·802454 

413 I i0(i69 7014l'.19i::20·32-24014 i · 447034 476 :.!"26J76 107850176 :.11 ·817424•1
1
7·8079-lJ 

-H4 171396 iU9jiV4-li2U ·34u9b9u\i ·4530•lu 477 :l:li52!l 108i'>3l333 21 ·8403297:7 ·813389 

-Hii I i'l:l.25 7 J 4i337c,,:.!il ·37li•-l:j~ i ·4a903ti ,178 2.213484 1092153;").2 21 ·863211 L7 ·8lti8-l6 

41li 1730[>6 i 19!1U!lti,:l0 ·39607ill \i •4tiJ022 !i9 '229441 109902239 21 ·8861ttidll i ·ti:!429-1 

41 i li33t!!I 7-l.:.l l 7 l 3::l0·4·iu.-,;;u;7 · 470999 -180 230400 110592000 21 ·9089023!7 ·829735 

418174724 i:JU:J.jJ3:.! :.!0·4-lj(l.j::;3l;.47(i966 481 :l3l3til 11!'284641 21·931712217·8:1;;16!1 

419 I 75561 i3,,tiOU.'l~j.l0 ·4ti9-ll:l!d, "4d:!9:!4 ·182 :l323:J4 l ll!ltlOW::, .21 ·95449:!4·7 ·84()59.:. 

-t:w 176400 -; -iu::>00001:io ·4u3uol ,;1, · 4::1:i:li:! Jo3 2a3289 11.2678.';87 .21 •J)77261ol7 ·846013 

•HI 177241 i4tilti-ltil :iO·aJti:.ltl.l..:,,i·-1~-!,;IJ ·ltl4·J34256113379904.22·0U00000\7·851424 

-H'l li80S4 i,,1,,1.1-1,; :.!O·;;.t:lti3tiu:i • 5()0741 4tl5 :.l8ii.225 1140::14125.22·02!171;,5 7 ·8568!18 

-1·ia11,,;9:i9
1 

,Joo.;,10, :.W·6uti96:J.;',·;;o6ti614i16236196 1147912.'.>6.2:l·04;;4Qi717·86:l.22•1 

4'.ll: I itlii ti, iti:t:l.:>U:.?4 20 · 59l:.lti03 i · 51:!5i l 4di :.?3i 169 llb6lll303 :.!2· Otiti076ii i ·867613 

·1:la\ lolltil~', itiitlJfr!,, :tll·61M,:li:!l 7 ·618473 408 :.l3til44 I 162l4-li2 ·l'l ·0907:i.·io11-s,2994 

l.t~,l8Hiu, ii30.:'i,ti 2U·t;3!l76i4 7".5:l43ob 4o9 239121116!130169 .22·11331,l,.!7.8i83tili 

·I~, ;ltl:.!3.2!11 ~;,;:,4±,;:120·~63!17133 i•v3~:!4tl 4!lll :!40100 ll764!l000 2:l· 13594-1ti,7•t,8373,'> 

·1:l.:i1 ltl3l::!41 dl-l.U!, v:l :W•ti~cll6ll\J 7 ·;',30121 491 241081 ll8370i71 :.!2· 158511'3i7 •8890!la 

-1:IJI ld-lLl-ll \ id!l:,;i.:,~v :.?0·7123152 i •f>4l9tl6 492 :242064 11909548::! 22· IS10i.i<;\i ·:,\l.l44i 

-1.lv ,ld•!~~l) ,v.:,1'.iUOu :.!0· 7:lti-l-11-1 i ·M,84:.l -l!J:l .243049 1198:23157 22·20360;:~I i ·8997!12 
4

:
1
1,ilb,,, IH1 80~~:l~~l:20·~60a3ila:, "?~J~8.:, ·19f 24~03tl 1205J3i84 22•-l:!6110li': •90512!1 

~:\: lb~o.! I, 80t>.l~tid120 · 1cl46037l7·oo!lJ26 49;., 24a02iJ 12Ut>i375 2:2·24859.'ir-; 910460 
4

~~. 1814~~: 8l!tl~~ 3i:20·80865·20\7 ·56J3oii -l!•ti :.t460l6 12:2023930 :l·l ·'li l05i:11~ ·9la7~3 
4
:'~iltl?~~o s_l,-lti~~~:?O:tl~~~?o~1~-~~l_li4-197 :l-!7009 l:l.2763-173 2:l·293496SI, 9.21JOO 

4:~·'.1~-1
-;·'.: 8.!3)2c,, ". :.!O 8-,tio;.,3u,, ·,,, 1>9dJ ·198 Ht-Ou.I 123.';0[>99:.! 2:.? ·315!ll36 '; ·92640tl 

.\.,i: I .~oO~ti 8.28~_18~~ :!O· tl~U•!l~l)l~ · ii:S:li86 ol99 249001 1 :l4:.!al493 2:.?· 3363079; · 9:11710 
4~~,1 ~0

~
0

.1, 83-t~~~~-LW •!JO-ta4c,01, • vdi:!:H!! .;uo ·l~OOOO I 25000000 -.:2 • 3tillt.ii!Jt:l 1 {'3700,', 
4

v~'.l!l~<i~41 84~i 1 ?d:20·!1~t>449,; j•f>!!-1363 ;,otl:251001125ir.150l .2:l•Jri:l0:.!93 7·9-ln:1:l 

I .. 11!1:.!~
21 

s. ~uo,1.,19 ~0·9~~3:~,;17·~uo1a:; iiO'l :1.;2004 1:l650600t:12.2•,rn,Ja.,o., ;-o,i. ;574 

44~\!~tio, ~?t~u~u _w:9,tiluO 1·60090;; 003,2530091:li:263;;27 22·4276615 i ·9:,i;;J.-, 

L 
1

\ tia
7

1itil:.!I 1:ll IIIJOOOU0;7"till6ti:t f104j:.!,j-l016 l:lo0:l40ti4 :.!2•44!J9443j7 Yotll 1-1 
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SQUARES, CUBES, AND ROOTS. 38i 

I l Sq. Root. lcube Rnol 
I 

No. Square.I Cube. Sq. Root. 
1
c_ube Root ··1 .. ,,- Cnbe. 

505 2550251128787625 22·47~05117·963374 568 322624 ]83250432 ~I~ 
506 25603611'29554216 ~22·4944438'7 ·968627 569

1323761 ltl4220009 23·8537209i8·286493 
507 257049 130323843 22·516660517·973873 

'701"''"' 
185103000 ~n!:~~::i::~i~m 508 258064 131096512 22·5388553!7·979112 571 326041 186169411 

509 259081 131872229 22 ·5610283 7 "98434-t 572 327184 187149".248 23 ·9165215~· 301030 
610 260100 132551000 22·n83li96l7 •9s9570 573 328329 188132517 23·9374194 8·30586,i 
511 261121 133432831 22·605309T·994788 574,329476 189119224 23·9582971 8·310694 
512 26'2144 134211120 22·6274110 8·000000 m1::~m 190109375 23·979}.;76 8·315517 
513 263169 135006697 :22·6495033 8·005205 191102976 24·0000000 8·320335 
514 264196 135796744 22·6715681 8·010403 5771332929 192100033 24·0208243 S•3:?514i 
515 ~::~:: gm~~!: ~r;m~~!i::gm~i ~~~1:::m 

193100552 24·0416306 8·329954 
516 194104539 24·0624188 8·334755 
517 267289 138188413 22 ·7376340\8 ·025957 580 336400 195112000 24·0831892 8·339551 
518 26832411389!11832 22·7596134·8·031129 581 337J61 19612:2941 24· 1039416 8·344341 
519 :l69361 139798359 22·7815715 8"036293 ;;82 338724 197137368 24·1246762 8·349126 
520 ·l7"'0l l406osooo 22-so,aos, ,. °''"' 583 339889 1981552S7 24· 1453929 8·85390,5 
521 271441 141420761 :?2·8254244 8·046603 584 341056 199176704 24· 1660919 8·358678 
f>22 272484 142236648 22·8473193 8·051748 J85 34•2225 200201625 :M· 1867732 8·363446 
523 273529 143055667 22·8691933 8·056886 586 343396 201230056 24 • 207 43119 8 · 368209 
b:.!4 ·l74576 14387i8'.24 22•8910463 8"062018 587 344569 202262003 24·2280S29 8·372967 
f>25 271:>625 144703125 22·9128785 ~·067143 58:3 345744 203297472 :.l-1·2487113 8·371il9 
526 276676 145531576 22·9346899 8·072262 J89 3469:ll 204336469 24·2693:l22 8·382465 

'>27 277729 146363183 2:2·9564806 S·077374 590 348100 205379000 24·2899156 8·387206 
J':'':1 278784 1471979b2 22·9782500 8·082480 591 349281 206-1:25071 ·24·3104916 8·391942 
52!1 279841 148035889 23·0000000 8·087579 592 350464 20747468S 24·3310501 8·396t.73 
53•) 280900 148877000 23·0217289 8·092672 593 351649 208527857 24·3515913 8•40lll98 
531 281961 149721291 23·0434372 8·097759 ;;94 3J2S36 209584584 24·372ll52 8·406118 
53·l 2tl3024 150568768 23·0651252 8·102S39 595 354025 210644875 24·3926218 8·410833 

533 284089 151419437 23·08679'28 8·107913 596 355216 211708736 24·4131112 8·415542 

534 285156 lb2273304 23·1084400 8·112980 597 356409 212776173 24·4335834 8·420246 

53b 286225 153130375 23·1300670 8·11S041 .;gs 357604 213847192 24·4540385 8·424945 

536 287296 153990656 23·1516738 8·123096 599 35$801 214921799 24·4744765 8·429638 

537 2:!8369 154854153 :23·1732605 8·128U5 ilOO 360000 216000000 :24·4948974 8·434327 

538 289444 155720872 23·1948270 8· 133187 001 361201 2170:llSOl 24·6153013 8·439010 

539 290521 156590819 23·2163735 8·138223 o0:l 362,l04 218167208 24 • 53.i688SIS · 44368:3 
540 291600 157464000 23·23i900l 8·143-.!53 003 363609 219256227 24·5560583 8·4-1-S360 

541 292681 158340121 23·2594067 8·14S276 604 364316 :l20348864 ·U·576-H 15 8·453028 

542 293764 159".220088 23·2:308935 8· 153294 605 366025 i21.u:,125 :l4·596i478 8•4j7691 

643294849 160103007 23·3023604 8· 158305 t!Oti 367236 222545016 2-1-·6170673 8·462348 

544 295936 1609139184 23·3238076 8· 163310 007 36:!449 :!23648543 J-! • 63i3i00 8·467(100 

545 297025 161878625 23·3452351 8·168309 tiOS 369664 22475571'.l :!-l-•6i>76560 8·471647 

546 298116 162771336 23·3566429 8· 173302 609 3i0881 225866529 24•6ii9254 8·4762b9 

547 299209 1636673:23 23·38::!0311 8·178289 S!O 372100 2:l69Sl000 :24·6981761 S·480926 

548 300304 16-1566592 23·4093998 8· 183269 611 373321
1
22:!099131 24·718-1-14:.! :3·-1-Hi>558 

549 301401 ltia469149 23·4307490 8· 188244 012 37 4.-,.w:229:l:l09:28 2-1·73:36338 8·490185 

650 302500 166375000 :23·45:20768 8·193213 .5)3 375769 2303-1-6397 24 · 7 588360 8·494806 

551 303601 167284151 23·4733:!9:l 8·198175 014 376996 23147 55-141:.?4 ·7790·2:H 8·49!1423 

552 30470-l 168196608 23·4946il0:l 8·203132 015 378:.!25 23:.!608375\:l4· 799193; 8·5040a;, 

5:;3 805809 16911'..!377 23·5159520 a·208os2 016 379456 ·2337-14896124 • 8193473 8·50864'l 

5541306916 110031464 23·5372046 8·21ao2; 617 3806:!9234885113 12,1•03:14:i-11 8·513:243 

M5 308025 170953875 23·5684380 8"217966 lilS 38192423602903:ll:!4·65!1605:3 S·5liS40 

5i;6,309136171879616 23·5796522 8·222898 619 383161\237176659(4·8797106 ~·i>:2243:2 

657 310:!49 172808693 23·6008474 8·2278.!5 6:.?0 3:344001:l38328000 :l4·899799'.? ~·5270HJ 

5583ll364173i41112 23·6220236 :3·232746 &21 3S564l,:.!394o3061 24"919ili16 8·531601 

5591312481 174676879 23·643180S 8·:l37661 6;?2 3:l6ili34l:.!•l064184d J4·939!.l278 8·~6178 

560 313600 175610000 23·11643191 s-242571 623 3B~l·l91:!4t"J.rno;!24•95995;y 8 ·540i5o 

3Q 314721 176558481 :!3·6854386 l:1"247474 6:.!4 3:19376 1:l-U9,06Hl24·97!l9920 8·:545317 

51;2131.~8-U 17750432d 23·706539"..! 8"2523711125 3906:25!2-t-11406:l51·lo·OOOOOOO 8·5l98i9 

b63 316969 17tl4J354i :.!3 ·72i621U d·257:.!63 6:.16 391Si61'2453143i6 25·01999:10 :j•;,H43i 

564i31809ti l7940tH«!t3·748684:.! 8·26214!16:.!i 3!1312912·164918o:JJ25•03996,H 8·M~990 

56;,13J9:!:25 1i:;035212a\2a·76972t!6 s·261029 0:.18 3943S4,2H6i31J:2,:!5•0J9!128:2 8·563~:\o 

5ti6!320:JJ6 ISl3:2149o.23·i907545 8•2il904 6:!9 395641/:.!4:lSJ818912o•079d724 8•;}6o0iH 

667 321489 l8:1284:.!63
1
:J3•81l71U88·286773 630 396900

1
:!.5004iOOOl:lf>•099S008 il"57261!1 



382 SQUARES, CUBES, AND ROOTS, 

•+-M Cob<, I "I•,._, c, ...... , N•f """'' Cob• , ...... c,>, ... 

:31 \39S161 251239591125· 1197134 8•5i7152 694
1
481636 334255384 :26·3438i97 8·853598 

632 399424 252435968
1
~25·1396102 8·581681 695:483025 335i023i5 26·36:28527 8·85i849 

633 400689 25363613i 25·1594913 8·586205 696:484416 33il53536126·3818119 8·862095 
634'401956 254840104 25· li93566 8·5907:2-l 6971485809 338608873126·4007576 8·86633i 
635 1403225 256047875 211·199:!063 8·595238 69S

1
48i.:204 34006839:2~6·4196896,_8·870576 

636 4044!!6 :25i259456 25·2190404 8·599747 6991488601 341532099 26·43d6081 8·874810 
iS7j405769 258474853 25•2388589 8·60425'2 iOO 490000 343000000 ti•4576131 8·879040 
i3S 407044 259694072 25·2586619 8·608i53 701\491401 34447210126·47640468·883:266 
;39 1400321 260917119 25•2784493 5•51a2-is ;02149-.1804 345948408 26'4952826 8·887488 
ti-10 1409600 ·262144000 25·2982213 8·61773!l 703:494209 347428!127 26·5141472 8·891706 
tJ41 l41oss1 263374721 25·317!1778 8·6:222·it, 104:495616 348913664 :26·6329983 8·895920 
6-12141216-l :264609288 25·3377189 8·626706 705i4Hi025 350402625 26·551836] 8·900130 
ti-13 1413"'49 :265847707 25·3574447 8·631183 706 498436 351895816 26·5706605 8•Q04336 
6UI_H4736 21S7089984 25·3771551 8·635665 7071499849 353393243 26•5894716 8·9'.>8538 
6451416025 268336125 25·3968502 8·640123 i08 501264 3648!l4912 26·6082694 8·912737 
616

1417316 269586136125·4165301 8·644585 709 60268131)640082926·62i0539 8·916931 
(i 11i.t18609 2i08400231:t5·4361947 8·6-l904•1 7101504100 357911000 26·6458252 8·921121 
o-ts 14l!lflO-l 2720!li792,-.15·4658441 8·65349i 711 505521 36942543126·66458338·925308 
li491421:201:.!i3359449'25·4754i848·65i946 7121506944 360944128 26·6833281 8·929490 
o:;o'-1-2-ir,oo 274n:!5000 25·4950976 8·662391 713 508369 S6246i097 26·7020f>98 8·933668 

~~1 1::~:~~! ~m:~~~ gr~~:~~i~ r:~f~:~ n~ ~m~~ :::~~~:~ ~n:m:t rmg:: 
653 4"26-t09 27844507i 25·5538647 8·675697 716 612656 367061696 26·7581763 8·946181 
6;,4 -l27i16 :.!79726264 :25·5734237 8·680124 717 514089 368601813 26•i768557 8·950344 
65;; 14·29025 .i810ll375 25·5929678 8•(i:,-t.;,lti i18 616524 370146232 26•i955:220 8•654503 
551;ll43oa36 282300416 25·6124969 8·688963 719 516961 371694969 :26·8141754 8·968658 
tj,jj 431619 283593393 25·6320112 8·693376 720 518400 373:248000 26·8328157 8·962809 
ti:i8 432964 284890312 25"6515107 8·697784 721 519841 37480536126·8/H44328·966957 
t_j;j!):43-l:.!All':?86191179 25·6709953 8·702188 722 521284 376367048 26·870057i 8·971101 
oG0'-135600 287496000 25·690-16,;2 6·706587 723 5'l2729 37i93306i 26·8886593 8·975246 
tiGI 14369211288804781 25·7099:W3 8·710983 724 524176 379503424 26·90i2481 8·!!79376 
tiu·i 1-t38244 290Jl7528 25·7:203607 8·715373 725 525625 381078125 26·9258240 8•9,'!3509 
llti3 1-l3:l:,G:l 11~1 \3-H47 25·7487S64 8·719759 726 52i076 382057176 26·94438i2 8·9&7037 
<i6-t 1.1-1otiflt:i':.!!>:.!,,,rn!i1/25·i6Sl975 8·724141 i27 528529 384240583 26·9629375 il·99176'..l 
665

1

-l-t·2·n5 2!14079625 :.!a·7875939 8·728/HS 728 52998-138-5828352 26·9814751 8·99;j:l83 
6661IH556295408296i2,5 ·8069758 8·73289·2 7:29 531441 387420489 27 ·0000000 9 · 000000 
067'444889 ·296740963 ·2.:;•0253431 8·737260 730 53:2900 359011000 21·01s5122 9·004113 
668 440224 ·l980776321:25·8456960 8·741624 731 53,1361 390617891 27·03701!7 9·008223 
669 447661 :l9941830~ 25·8650343 8•i4;j985 732 5356:.!4 392223168 !27·055498,"l !1·012329 
tiiO 448!100 300763000 2a·8S43582 8·760340 733 537:.!89 393832837 27 ·073!li:.!i 9·016431 
6il 450:.l41 3021ll7ll 25·9036677 8·i54691 73•153S756 395446904 27 ·09243H 9·0205:.l!) 
tii2 4ala84 303164448 :25·9229628 8·759038 73.5 540225 397065375 27 • llOlii-134 9·0246:24 
673 452929 304821217 25·9422435 8·763381 736 5416ll.6 398688256 27· 1293199 9·028715 
674 4,i-l2i6 30618-2024 25·961/HOO 8·767719 737 543111'9 400315553 27· 1477439 9·032802 
675 45562,; 307546875 25·98076:.ll 8·i72053 738 544644 401947272 2,7• 1661554 9•0368S6 
676 45li976 308915776 26·0000000 8·i76383 739 546121 403583419 27 • 184ii544 9·040965 
oii 458329 310288733 26•019•2•iai 0·1001os 740 547600 40.;224000 21·2029410 9·045041 
tiiS 4a9684 311611575-.J 26·0384331 8·785029 741 54908140686902121·2~131529·049114 
tii9 46104131304683926·0,jj621:!4 8·789346 742 550564 408518488 '27·2396769 1 9·053183 
6:10-lo:.!400 314,13'.!000 26·0768096 S·i93659 743 552049 410172407 27·2580:.!ti3 9·057248 
6Sl 463761 '3 J.,c! 1241 :.!6·09,;9757 8•797968 744 M3536 411830784 27·2763634 9·061310 
6:1-2 ltiWMl31721456326·1151·297 8·802272 745 5550:25 413493625 27·:.!9468S1 9·065367 
''.➔3:4~~4~91318611!18i 26·134-.J6Si 8 ·80657:2 746 b56516 415l60!l36 2i·3130006 9·069422 
°.'3~;4~18;,,~1320013504 26· 1533937 8·810861:l 747 658009 41683:2i23 27·3313007 9·0734i3 
°.t'"i4~9~2;, 3214191~5 26·1725047 8•815160 748 5,'i950414l!i1508!192 27"34!15887 9·0i75:20 
~~6,410;,96:3:.!:.hl:88;:,6 26·1916017 8·Sl944i 749 5610011420189i49 27·3678644 9·081563 
0 ~714!1?69,3·l~2!2i03126·2106:34818·823i31750562500,4:21875000 27·38612i9 9·085603 
~➔8 4i3:J4-13-.!~6o067·li26·2'2!Ji;i-ll 8·828009 751 56400114235647,,1 27·4043792 9·089639 
°.39!-l7472lj3•i,os210!ll26·21-,,son5js-8a-.i2s5 75'2 5ti-550-t14-.i5259oos 27·4-.!26184 9·093672 
o

9
01·476I0()3:3'i090~0·26·:267851118·836556 753156i009:42695777i,27 ·4408455 9 ·097701 

~
9

_1 47748132993931 tl:26·2868789•i8·ti40823 7,;4 6685161_4286610.64 :i7 ·4590604 9•101726 
~n~,4!S.'.'64 331373888126·305892~ 8·845085 755 5700:25 4S036SS75!-i1•47726339•105748 
u

9
~j'foOl-19i332812M7126·324893218· 849344 756j67l536i432081216;27 ·4964452 9• 109i66 
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lfo. Square.I Cube. Sq. Root. Cube Root No.I Squo.re. 
I 

Cube. Sq.Ro:it. Cube Root 

--
757 573049 -133798093 27·5136330 9·113781 820 672400 551368000 28·63.56421 9·359902 
758 ;;74,j6-l 43J5195l·l 27·5317998 9·117793 821 6740.U 553387661 28•6530976 !)•363705 
759 576081 -137245479 27·5499546 9·1.11801 822 675684 555412248 28·6705424 9·367505 
760 577600 438976000 27·5680975 9·125805 8.13 67732!) 557441767 28·6879766 9•371302 
761 579121 440711081 27·5862284 9·129806 824 678976 559476224 28•7054002 9·375096 
76:2 580644 44:245072EI 27·6043476 9·133803 826 680625 561515625 -.!8·72'28132 9•378887 
763 582169 444194947 27·6224546 9·137797 826 682276 563559!)76 28·7402157 9•382675 
764 583696 445943744 27·6405499 9·141788 827 683929 565609283 28·7576077 9·386460 
765 58:i225 44769i125 27·6586334 9·145774 828 68558'1 56766361?~ ~8•7749891 9·390242 
766 586756 449455096 27·6767060 9·149757 829 687241 56972'2789 28•7923601 9•394020 
767 588289 451217663 27·6947648 9·153737 630 688900 571787000 28·8097206 9·397796 
768 58982-t 452984832 27·71~8129 9·157714 831 690561 573856191 2$·8270706 9·401569 
769 591361 454756609 27·7808492 9·161686 ::;1~~;~~: 575930368 :it!-•8444102 9·405339 
770 592900 456533000 27·7488739 9·165656 578009537 28·8617394 9·409105 
771 594441 ,1/j '14011 27·7668868 9·169622 :;1m~:: 58009370,l 28·8790582 9·412869 
77,i ,j9i>984 ,16011~ 'fi48 27·7848880 9·173585 f>S2182875 28·8963666 9•416630 
773 597f>29 461889917 27·8028775 9·177644 t136 698896 584277056 28·9236646 9·42{)387 
ii4 599076 463684824 27'8:208555 9·181500 837 700569 f>S6376:l53 28·93095:l3 9•424142 
775 60062/> 465484375 27·838!l218 9·185453 838 702244 58S-l.'l0,17:.J 28•9482297 9•427894 
776 602176 46728S576 :27 •8i>67766 9·189402 839 703921 61l0ii89719 28·965491H 9·431642 
777 603729 469097433 27·8747197 9·193347 :HO 706600 592704000 28•9827635 9•435388 
778 60528-l 470910952 27·8926514, 9·197289 <:141 707281 594823321 29·0000000 9•439131 
779 606841 -li:2729139 27·9105715 9·201229 d4'2 708964 59694761:!S 29·0172363 9·4-121:!70 
780 608400 474552000 27·9284801 9·205164 843 7106,l9 599077107 29·0344623 9•446607 
781 609961 !76379/>41 27·9463772 9·209096 SH 712336 601211584 29•0516781 9•450341 
7~2 611524 -l7821176;:! 27·9642629 9·21302f> tl-li> 71402/> 6033/H1~5 29·0688837 9•4M072 
783 613089 480048687 27·9821372 9·216950 <:146 7li>71.6 606-l95i36 29·0860791 9 457800 
784 614656 "8l8903r.t 28·0000000 9·220873 8'17 717409 607645423 29· 1032644 9•461/>25 
785 616225 4837366 · l 28·0178516 9·224791 848 il9104 609600192 29· 1204396 9·465247 
786 617796 4855876 i 28·03i>6915 9·228707 849 720801 6119600'19 29· 1376046 9·468966 
787 619369 '1874-134,,,j 28'0535203 9·232619 8i>O 722500 614125000 29•lf>47595 9·472662 
788 6209-l4 -189303872 28·0;13377 9·237528 8i>l 72•l201 616295051 29·1719043 9·476395 
789 622/>21 491169069 28·oso1438 9·240433 852 725904 618470208 29·1890390 9·480106 
790 624100 493039000 28°1069386 9·244335 853 727609 620650477. 29·2061637 9•483813 
791 625681 494913671 28· 12'17222 9:248'.234 ~4 729316 62283586.t '29 ·223278-l 9•487618 

792 627264 496793088 28·1424946 9·252130 t3ii5 731025 62502637/> 29·2403830 9·491220 

793 628849 491:1677257 28•1502557 9·256022 S56 732736 627222016 29·2574777 9•494919 

794 630436 500/>66184 28·1100055 9·259911 857 734449 629.122793 29·2745623 9·498615 

795 6320:25 5024.59875 28"1957444 9·263797 858 736164.631628712 29•2916370 9·50'J308 

796 633616 504358336 213'21347:20 9·:267680 S59 7378Bl 633839779 29·3087018 ~-605998 

79i 635209 506:261573 28'2311884 9·2715/>9 860 739600 636056000 29·3257566 9·509685 

798 636804 508169592 28'2488938 9·:275435 ~61 741321 638277381 29·3428015 9·513370 

799 638401 510082399 28':2665881 9·279308 862 743044 6405039:!8 29·3.598365 9·517051 

800 6.JOOOO 51:200000U 28·2842712 9·283178 863 744769 642735647 29·3768616 9·6:20730 
801 6'11601 613922401 :28°3019434 9·287044 S64 746496 644972544 :29·3938769 9•524406 

802 643204 515849608 :28· 319604.') 9·290907 865 748225 6472146~5 29·4108823 9·52807!1 

803 644809 517781627 :28·3372546 9·294767 $66 749956 64941il896 29•4278779 9·531749 

804 646416 519718464. 28·3548938 9·298624 867 751689 651714363 -.!9·4448637 9•53Ml7 

805 648025 52166012/> 28:37:26219 9·302477 868 753424 65397:2032 29•4618397 9•539082 

806 649636 523606616 28'3901391 9·306328 669 755161 656:234909 29·47880/>9 9•542744 

807 651249 5:25557943 28·4077464 9·11i0175 870 756')00 658503000 29·4957624 9·546403 

808 652864 5:27514112 28·4253408 9·314019 1371 758641 660776311 29·5127091 9·550059 

809 654481 529475129 28·4429253 9~317860 872 76.0384 66305484d :29·5296461 9•653712 

810 656100 531441000 :28·4604989 9•321697 873 76:2129 665338617 :29·5465734 9•657363 

811 6i>77:21 533411731 :28·4780617 9·325532 874 763876 6676:27624 :29·5634910 9·661011 

812 6/>9344 535387q;28 28·4956137 9·329368 875 76i>626 6699'Jl875 :29·6803989 9·564656 

813 .660969 537867797 :28·5131549 9·333192 i176 767376 672:221376 29·697297'2 9·568298 

814 6~2596 539353144 :28·5306852 9·337017 877 7691:29 6745'.16133 :29•6)41858,9·571938 

Sia 66'12:25 54134337.5 28·MR20'18 9·34083tl 8711770884 67~3616:2. :29~6310648'9'675/>7'& 

816 6!1!i8a6 5-l33:t41-U,J 2S·61i57137 9·344657 879 772641679la143929·64711325'9•579208, .. ,r,. .. r,,r·• .. •ur ...... ,. ... ,, ...... 147-r•• .. , ... :.-:
1 

818 669124 547343432 28·6006993 9·352286 SSl 776161 683797911129·68164429·686468 

819 670761 5493{13;A()g 28·6181760 9•W.006 882 7779:24 686128968 29·6984848i9'690094 

- ---
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d:;:-i';903,n 1,025!l5lti!J :29·8161030 9·615398 ~!81 89!~04 s519;1392:30•1H96086 9·823672 
d!lll,79:2100 704969000 29·S3-.!S678 9·619002 949 900601 854670349:ao·8058436 9·827025 
891 7!l3dol 7073-179il 29·8496231 9•6:22603 950 !102500 857375000'

1
30•8220700 9•8304i6 

S!J2 i9,'j6tl4 709i32-lt18 29·8663690 9·626201 951 904401 860085351,30·8382879 9·833924 
893,797449 7 l:ll219/i7 29·8831056 9·6.!979i 95:2 906304 86-.1801408

1

•30·8544972 9·837369 

;~~i;im:mmm~nmmrmm m mm :ii~iimiinmm n;mi 
897!tl04609 721734273 29·94995:,13 9·64-Uii,1 956 913936 8737:22816'30·. 92497 9·8/Hl28 
ti9:il;,Uo-1U-1 7:l415079:l 29·966tl-181 9·647i37 9o7 915849 8764674!13 :~ 11354166 9·85456-.! 
899 8082017:2657-.!69929·9833287 9·651317 958 9l7i64 8792li912 :10·9515751 9·857903 
!IOU 810000 i-.!9000000 30·0000000 9•6;j-l8!J4 959

1

919681 881974079 30·9677251 9·8tH4:J:l 
!101 811801 731431701 30·111666-.?0 9•6,iti4titi 960 921600 884736000 30·9838668 9·864848 
!10-.! tH3604 733tti0808 30·033314.➔ 9·66:1040 961 9.135:21 887503681 31 ·0000000 9·868272 
!103 ttla409 73031-1327 30·0-199584 9·66.;609 96:.! 925444 8902771:28 31 •0161248 9·871694 
904 817:216 i3di63-.!64 30·0665928 9·669176 !Jo3 927369 89305634i 31 ·03:2:2413 9·875113 
!JOj8190:.!5741:.!liti2,,:io·ott3-.!17!J9•672740 !Jti41 9:.!9296 8958413443l·04fl3494 9·878530 
!IUII 8:.!0836 743677416 30·0!l!ltl33!J 9·67630:.! 965 931:225 89863:.!125 31 ·06444!H 9·881945 
907 8:.!-J649 i-16142643 30· 1164407 9·67!1860 966 933156 9014.18696 31 ·0805405 9•885357 
90d 8:.!4464 i48613312 30· 13303H3 9·6:,13416 96i 935089 904231063 31 ·0966236 9·888767 
9U!l 826:.ltll 751089-129 30· 1496:.!69 9·6S6970 96tl 937024 907039:J'l·l 31 • 1126984 9·892175 
910 :,l:28100 753571000 30· 166:2063 9·6905-.!I 969 938961 909853:,• 9l31 • )287648.1 9·895580 
9118:l99:U 75605803130·18:.!;7659·694069 970 940900 912673• 0 31 · 1448.130 9·898983 
91:l 831744 7585505:.!8 30· 19933i7 9·69i61.; 971 94.1841 915498t: 1131 • 1608729 9·902383 
913 d33569 761048497 30•21f>88999·701158 97:l 944784 018330048 31 • 1769145 9•905782 
914 d35396 7635iil944 30·:23243:29 9·704699 973 946729 9.1116731 ;/31 • 1929479 9·909178 
915\837-.!25 766060875 30·2489669 9·70823i 974 948676 9240104-.!4 31 ·2089731 9·912571 
916 839056\7tid57o:.!96 30·2654919 9·71177:l 975 9006.10 926859375 31 ·:2249000 9·915962 
017ld•l08l!9 771095213 30·:.!S-J0079 9·715305 976 95:.!576 !J-.!9714176 31 ·2409987 9•9)9351 
918 d4:.!7-.!4 77362063:.! 30·2985148 9·718835 977 9545:.!9 93:!574833 31 ·2569992 9·922738 
9191844561 776151559 30·31501:28 9·7:2:.!363 978 956484 93544135:.! 31 ·2729915 9·926122 
9l0,d-16-t00 7i8688000 30·3315018 9•7"2ii88tl 979 958441 938313i31131 ·2889757 9•929504 
!l21184d:.!417812:.!996130·34798189·729411 980 960400 94119-.?00031·8049517 9·932884 
9-.!-.! tl50084 783777448 30·3644529 9·732931 981 96:2361 9440i6141 31 ·3:209195 9·936261 
9:.!3 8/il9:.!9 706330467 30·3809151 9·736448 982 964324 946966168 31 336679'2 9·939636 
924 853i76 7886890:24 30·3973683 9·739963 983 966.189 949862087131 ·3528308 9·943009 
9251H55tl:25 791453125130•4138127 9•743476 984 968256 952763904 31 36877-l3 9•946380 
926185i476 794022776 30·430-l481 9·746986 9S5 9702:.!5 9556716:.!5 31 ·3847097 9·949749 
9.!7 8u93•l9 796597983 30·4466747 9·750493 986 972196 958585256 31 •4006369 9•9i)3114 
9:281!61184 799178752 30·46301124 9·753998 98i 974169 961504803\31 ·4165"61 9·956477 
929

1
18630-ll 801765089 30·479a013 9•757500 988 9i6144 964430'272 31 ·4324~73 9·959839 

!l30 86-1900 $04357000 30·495!1014 9·761000 989 978121 967361669 31 ·4483704 9·963198 
931186676180695-l49130·51229269·764-197 990 980100 970299000 31 ·4642654 9·966586 
93:.! 8686-.!4 809557568 30·5286750 9·767992 991 982081 973242:.!71 31 ·4801525 9·969909 
933 870489 81:2166237 30·5450487 9·771484 992 984064 976191488 31 ·4960315 9·9+3262 
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TABLES. 385 

TABLE 011' THE AMOUNTS OF £1 AT COMPOUND INTERES'r • 

!90,nf 
Sperceni . ,. ..... I ' ,. ...... 1. ,. ... ~. "o. of 

"""" Pay- 3 per cent 4 per cent Ii perrenl 6 per ceot 
ment1 rnents ---I 

l l ·03000 I ·04000 l ·05000 l ·06000 26 2· 15659 :.i·7i·2-U 3·55567 4 M0 as 
2 1 ·06090 l ·0Sl60 I· 102,jO I· 1:2360 27 2·221·29 :.!·8d33i 3·7331ii 4·8:.·23:,. 
3 J•UMi3 l•J-l,kl6 l ·!.;762 1·1910:2 28 2·~8793 :.!·99S70 3•9(!(113 5•11169 
4 l·l:.!MI l · 16986 l ·21551 l·26:.!4S 29 2•3;j6ii7 3·1186,, 4· 11614 5·41839 
5 1 ·159'l7 l ·21665 1·:.!76'28 1·338'l3 30 2·4:.!726 3·:2-1340 4•3:H9-l 5·74349 
6 I· l9405 1 ·:.!653:2 1·34010 1·4185:.! SI :2·50008 3·37313 4•1j3::l04 6;08310 
7 l ·:2:2987 l ·31593 l ·40710 l ·50363 3:.! , . .,,,.. 3-50S014·7640l 6·4-'>339 
8 •l·:?6677 l ·36tl57 1-4774;; l ·59383 33 2·65·2a3 3·64838 5·00319 6·81059 
9 1 ·30477 l ·-l:.!331 l •lial33 l ·68948 34 2·73190 3·79432 5·:25335 7·25102 

10 I ·3439:.! 1·48024 1·6:2889 1·79085 85 0·813"613·94609 6·51601 7·6d609 
11 l ·334:.!3 l ·1>394b l ·71034 l ·89830 36 2·898:28 4·10393 5·79182 8· 14725 
12 l ·42576 l ·60103 l ·79586 2-012:20 37 2·985:23 4·26809 6·08141 8·63609 
13 l ·46853 l ·66507 l ·88565 2·13293 38 3·07478 4·43dSl 6·38548 9·154:25 
14 1·51:259 ·1 ·73168 I ·97993 :.!·:.!6090 39 3·16703 4·61637 6·704i5 9·70351 
15 l ·55797 I •8()094 2·07893 2·39656 40 3·26204 -1·80!02 7·03999 J0•:.!8672 
16 I ·60-171 l ·87:298 :2·18297 2·M035 41 3·35990 4·99306 7·39199 10·90286 
17 1·65:.!85 l ·94790 2'29202 2·69277 4:2 3·46070 5· l!l:.'!78 7·i6159 [ l •55703 
IS I 1·7M43 2·0258:.! :2·4066·1 '2·85434 43 3·56452 5·40049 8· l496i l:2·'25045 
19 1 ·i.53-}I 2·10685 :.!"5:.!695 3·0:.!560 44 3·6il4,3 5·616.51 8·55715 J .!·93J48 
20 l ·80611 2·19112 2·6J330 3·:.?0713 4,i 3·78160 f>·t;-1118 8·931>01 13·76461 
21 l ·860:.!9 2·:27Si7 :2'7:!5!16 3·39956 46 3·8!1304 6·07482 9·434·l6 l4·590-19 
22 I ·91610 2·36992 :.?·925:.!6 3·60354 47 4·01190 6·3176:.! 9·9059i 15·4659:2 
23 I ·97359\ !;?·46-17:2 2·071521 3·81975 48 4·13:225 6·57063 l0·40127 J6•393d7 
24 2·03279 2·56330 3·2·1510 4·04893 49 4·2562:2 6·83335 10·92183 li·37ioO 
25 2·093iSI 2·66Jt>4 8·81:16351 -1·29187 50 4·383911 7 • 10668 ll •46740 18·42015 

I' ABLE OF THE AMOUNTS OF AN ANNUITY OF £1. 

'" "'I I 
6 perc..nt 

Noof 
P•y• 3p«r~enl -lp,rcent 6 percent Pay- 3 per eent 4 per ceut 6 pereen\ 6 percent 

,nc:11t1 ment~ 
-----,--- 1----

I . I ·OOOOOi l •00000 I ·00000 1 ·00000 26 38·65304 44·81174 51 ·11345 69·15638 
2 2•03000 2·04000 2·06000 2·06000 27 40·70968 4i·OS42l 64·66913 63·70576 
s 3·09090 3·12160 8· 15:250 3•)8360 28 42·93092 49·96758 58·4021>8 68·62811 
4 4·18363 4·24646 4·3101:2 4·37462 29 45·21885 52·91)629 62·3:2271 73·63980 
5 5·30913 5·41632 4·52563 5·63709 30 47·57641 66·08494 66·43881> 79·05819 
6 6·46841 6·63297 6·80191 6·97532 31 60·0026S 69·3:.?H33 70·76079 84·80168 
j 7·66246 7·898:29 8·14201 8·39384 32 52·5027tl 62·70147 75·298:29 90·8:!978 
8 8·89234 9·21423 9·54911 9·89i47 83 55·07784 66·2091>3 su·06377 97·34316 
!l 10·15911 10·68279 11 ·021156 11·49131 34 67·73018 69·85791 86·06696 104· 1837/i 

10 ll·46388 12·00611 12·677S9 13·18079 85 60·46:!0S 73·6522'.I 90·3:!031 Ill ·43478 
11' 12·80779 13·4:l631> 14·20679 14•9il64 36 63·:!7594 77•f>9831 91>"8363:! 11!1·120~7 

·~ 14•\!l:203 u,·0:2580 lf>•91713 16·86994 37 66·17422 81 ·702:25 101 ·6:.!814 127·2681'2 
15·61779 16·6:!684 17·7129!> 18·88:.!14 38 69·15945 85·97034 107·7091>-I 135·904:!0 

l 17·08632 Hl·29191 19·59863 :!1·01506 39 72·23423 90·4091.5 ll4·0950:! 14,5 ·06846 
:; 18·59$91 20·0:2359 :21 ·57856 :23•27597 40 75·401:.!6 95·0:2551 120•7997; 154·76196 
6 ·lO·lMSS 21·8:245323·65749 25·67253 41 78·66330 99·82654 1:27 ·83976 165·0476$ 
7 :21 ·76159 23·69751 ;21>·84037 :20·1288 42 82·0:.!3201104·81960 135·:.!3175 176·95054 

J 
18 :!3 ·41443 :26.64541128. 13238 30· 565 48 85·483891110·01238 142·99334 l87•f>Oi,5e 
19 'l5· 11687 :!7 ·67123 30·53900 33·75999 44 89·048411I 15·41:2tl8 151 • 14300 199·75803 
20 :.'!6·87037 in~:~!:::~f~~~ 36·78559 45 92·719d6il:21 ·02939 159·7001;', 212·74351 
:!I ·28·67648 39·99273 46 

1~r:~~:~:gr~~~;~ !;nf~!~ :!:26·ii0812 
2:2 30·53678 34·2479i13S·505:.!l 43·39:!:!9 47 :!4l ·09861 
23 3:2·452~8 36·61789l41 •43041 46·991i83 48 104·40839 139·'263:.!l 188·0:2539 256·564;,3 
24 34·4'.2647 39.08:260144. 50200 50•61658 49 108. 540651141>. 83373, 198. 42666 :272·95840 
15 36·46926 41 ·64691 47"72710 54-8~51 60 U:2·79687 162·66708 209·84799 290·33590 

I ! 



886 TABLES. 

TABLE OF THE PRESENT VALUES OF AN ANNUITY OF .£1. --
Su.,,f So. oj 

}',t\•- 3 per cenl 4 I"'' cent 6 p~r cent 8 per cent Pay- 3 per cent 4 per cont & percent S per CIDi 
ffir>;1,1 meull --- -------

1 0·9i08i 0·96lii4 0·95238 0·9-t340 26 17•876S4 16·98277 14·37618 13·0Q311S 
2 1·9J3-li I ·S:;619 I ·85941 I •83339 27 18·32i03 16·32968 14·64303 13·21053 
3 2 ·s2dol 2·77519 2·753:l5 2·6i301 28 18·76-Ul 16·66306 l-&·89812 13·40616 
4 3·il710 3·62999 3·54595 3·46510 29 19·18846 16·98371 15·14107 13·69072 
b 4-57971 4·45182 4·32948 4·:ll236 30 19·60044 17·29:103 15·37'246 13·76483 
ti 5·-H719 5·24214 5·07569 4·91732 31 20-000-1:i 17·68849 15·69281 13·92908 
1 6"23028 6·00205 6·78637 6°68:238 li2 20·388i7 17·87366 15·80267 14·08404 
8 7·01969 6·73:l74 6·46321 6·20979 33 20'76579 18·14764 16·00:255 14·28023 
9 7 ·7tloll 7·43533 7· 1078·l 6·80169 34 :21 '13184 18'41119 16·19:290 14·36tll4 

10 8·53020 8·11089 7·72173 7·36009 35 21·487:J2 18·66461 J6·374lt 14·49824 
11 9·25:262 8·76058 8·30641 7·88687 86 21 '83225 18·90828 16·1!4685 14·6209•1 
1-2 9·9J40U 9·38507 8·S63'l5 8·3838-1 37 :22· 16724 19·14258 16·71128 14·736711 
l:l 10·63-196 9·9Sa65 9·39357 8·85·l68 38 '22"492-lti l!l·36786 l6·8jji89 14·84602 
1-1 11 ·-i9t.il)7 10·5631'2 9·89864 9·29498 39 22·808:.l'l 19·58448 17·01704 14·94907 
Jj 11 ·!13i9-I 11 · J lti-19 10·3796[> 9·71:.125 40 23•Jl4ii 19·79277 l7·lb908 15·04630 
)ti 12•i>till0 I l ·6J'l3ll 10·83777 10· 10589 41 23"412-10 19·99305 17 ·29436 15· 13801 
Ji ,13·1661~ 1-i· 16;;67 ll ·27-106 10·47726 · 42 :.13·70136 20· 18Jti:l 17·42320 15·2:l4.'.14 
ld 1 J3·7,';3jl J·J·tiJ!l-10 Jl •68958 ]0•82760 43 :l3·981!10 20·37079 17·64591 15·30617 

I 19 14·323ti0 13· 1339-1 12·08532 II· 15811 44 :l4·25-128 :JO·o-188-1 li·66277 15·38318-

I 
:JO l4'8i74d 13·o9U3:l 12·46221 ll ·4699:.l 45 :2•h'HH71 :JO•i2004 17·77407 15·4aSS8 
21 15"4150:l 1-1·02!116 12·8:.!115 ll ·76407 46 24·77545 20·88465 17·88006 16·62437 
22 15"93692 14·-15111 13· 16300 12·04158 47 25'0:.l471 21-0-1293 17·98101 16·58!108 
23 !6·"3"["·'·"" 13-4""" 12 ·30338 48 25·266il 21 • 19513 )8•0771/i 15·6500:2 

l 24 16·93.;;;-115·2460613·79tllH 12"55036 49 25·50166 ·H ·34147 18· 1687:2 15·70757 

i. 
:.15 17'4131515·6:J:l0814·09394 12·78335 60 25·72977 21 ·48:.H8 18·2559:2 15·76186 

IRISH CONVERTED INTO STATUTE ACRES. 

lri,b. Stalute. 1ri1b. Slalute, lrllb, SlaLute. 

n. l', ""· R, p. 1'. "-· A, Jl, P. 1', A.. "-· a. P, 1' 
0 1 0 0 1 In 1 1 ll 19 5l 20 8'2 1 23 

·1 
0 2 0 0 3 2 3 0 38 101 so 48 2 16 6 
0 3 0 0 4 '26 3 4 3 17 15 40 64 a 6 'li 
0 4 0 0 6 14! 4 6 1 36 21 60 80 3 88 ,o 
0 6 0 0 8 3 6 8 0 16 211 100 161 8 37 10 
0 10 0 0 16 6 6 9 '2 35 200 823 8 8-i ~l 
0 20 0 0 32 12 7 11 1 14 1!t 800 485 3 32 2 
1 0 0 1 24 24 8 12 s 33 400 647 8 29 121 
2 0 0 8 9 17t 9 14 '2 12 17 600 809 3 26 23 
3 0 1 0 34 11 10 16 0 Sl 22¼ 1000 1619 8 13 16)-

V .ALUE OF FOREIGN MONEY IN BRlTISll, 
~ 

Silver being 61. per ounce. 

l Florin is worth 
•. 4. • .. d . \ I 8 1 Dollar (New York) • 4 !l 

16 Schillin~s (Hamburg) 1 ii 96 Skillings (Copenhagen) '2 

if 
I Mark (.[, rankfort) • 1 1 Lira (Venice) 0 I 
1 Franc • • 0 1 Lira (Genoa) 0 
l ;\lilree (Lisbon) 4 s 1 Lira (Leghorn) • 0 
8 Rew • • 3 IJ 1 Ruble • 3 1; ..__ 
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