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PREFAOE. 

IN preparing the following work (undertaken at the suggestion 
of the Chief Superintendent of Education for Upper Canada), it has 
been the constant aim of the Author to present it to Canadian 
teachers and students as a thoroughly reliable Treatise on the Theory 
and Practice of Numbers, and as an Arithmetic, in some degree, 
commensurate with the higher qualifications of teachers and the 
improved methods of instruction now generally found in our schools. 

The Arithmetic now offered to the public is based upon the 
Irish National Treatise ;-in fact, it was at first intended merely 
to adapt that work to the decimal currency, and to abbreviate the 
somewhat tedious reasons there given for the various rules. So 
many alterations and improvements suggested themselves, however, 
that the original design was speedily abandoned, and, with the 
exception of the first ten or fifteen pages, which are taken entire 
from the work in question, the Treatise, as at present issued, is, 
in all essential respects, an entirely new book. Nevertheless, as 
it was the sole object of the Author to prepare a complete text-book 
on the subject of Arithmetic, he has not hesitated to adopt whatever 
he considered good, either in the Irish National or in the n1imerou~ 
other excellent works on the subject. 

By far the greater number of the problems are original; and it 
is hoped that the practical manner in which many of them are put, 
will tend to render the study of Arithmetic more interesting and 
useful than it has hitherto been. It will be observed, that a thorough 
series of review examples has been given at the close of each of 
the sections up to the seventh, and a very extensive set at the end 
of the book. This is deemed an important feature in the present 
work, as in some degree insisting upon that careful revision of 
what has been learned from time to time, without which, the pupil 
arrives at the end of the book with all the rules and principles so 
confounded with one another, as to render his knowledge in a great 
measure worthless. 

Since the only difference between simple and denominate num­
bers is that the one increase and decrease according to the scale 
of tens and the other according to different scales, there is no reason 
why the rules relating to them should be separated; and therefore 
in the following pages no distinction is made between simple and 
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compound rules. A somewhat extended experience has C?nvinced 
the Author that, except to the merest begin~ers, the SClence o~ 
Arithmetic is more successfully presented by this tban by the. ordi· 
nary method of making the pupil learn one set of rules for slIDple 
numbers and a completely different set for compound numbers. 

It will be observed that towards the end of the Treatise the rules 
are mainly deduced algebraically. Some teachers may not, at first, 
be disposed to regard this as an improvement, but it ."was not adopted 
until after careful deliberation and consultation WIth many of the 
most successful teachers of Arithmctic in the Province. It is gen· 
erally conceded that a pupil should commence, in some sort, !he 
study of Algebra as soon as he has progressed through Proportion 
in Ar~thmetic. In schools in which this view is adopted by !he 
teacher, no difficulty can be experienced, as, e,en in the deduc~IOn 
of the rules, the algebraic principles used are of the simplest pOSSIble 
character. 

As some teachers, howe,er, prefer always giving the rule in a 
purely arithmetical form, this has il1Y:niably been appended in all the 
cases usually treated of in Common Arithmetic. 

With regard generally to algebraic formula), it may be further 
remarked, that an algebraic formula is simply the most abbreviated 
form in which it is possible to express a rule or principle. Once the 
pupil is properly taught their use, he is in a manner independent 
of mere memory, since from a very few general principles he is able, 
without any reference to a text-book, to deduce for himself the 
whole series of rules for Simple and Compound Interest, Discount, 
Annuities, Progression, and Position. Even when the pupil is 
merely required to commit the rules to memory, it is obvious that 
he can do so much more readily when they are given to him in the 
shape of algebraic formulre than in long worded paragraphs. Let 
anyone, for instance, compare the work necessary for committing 
the eleven rules for Simple Interest with that required to commit the 
corresponding formulre, and the result will be a thorough C(mviction 
of the superiority of the latter mode of giving the rules. In short, 
every experienced teacher will admit, that even while the· pupil reo 
mains at school it is next to impossible to make him remember all 
t~e different rules for Interest, Progression, and Annuities;. and that 
directly he leaves the school to enter upon the business of life these 
rules are either altogether forgotten or are so confounded wi'th one 
another as to become mere useless mental lumber. After many 
years' trial, the Author is persuaded that the only successful mode 
of treating the rules in question, is to enable the pupil to deduce 
them algebraically, and then to interpret and apply the resulting 
formulre. :rhe ~ttention of the teacher is respectfully directed to the Re­
capIt~~atlOn at the e,nd o~ t~e first section, where, it is thought, the 
definitIOn and essential prinCiples of Notation and Numeration are so 
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concisely worded that they may be advantageously committed to 
memory by the pupil. 

The examination questions throughout the work have been care­
fully prepared, and are designed both to enable the self-taught stu­
dent to test, at each section, the extent and thoroughness of his 
knowledge of the principles therein contained, and also' to guide 
the pupil as to what principles and definitions are of such im­
portance that they require to be. committed to memory. This latter 
object is further secured by the arrangement of type-aU the defi­
nitions and leading principles being printed in large type, the expla­
nations, reasons, and remarks, in small type, and the problems in a size 
intermediate to the two. 

Great pains have been taken to render the wordiug of the rules 
as perfect as possible; and it wiU be observed that, in order to 
catch the eye when glancing over the page, they are invariably 
printed in Italics. 

It is believe';: that the sections on Proportion, Fractions, Interest, 
&c., contain a larger amount of information, and a better selection of 
examples, than are commonly given; and that the section on the 
Properties of Numbers and the different scales of Notation will tend 
very materially to enlarge the pupil's acquaintance with the general 
principles of the science of Arithmetic . 

.A.Ithough the Preface is not the proper place for discussing 
methods of teaching Arithmetic, the Author cannot refrain from 
urging upon his fellow-teachers the following points: 

1st. The pupil should be thoroughly drilled upon the use of the 
signs and symbols of Arithmetic, because these constitute the lan­
guage proper to the subject. 

2d. He should be required to commit to memory all the essential 
definitions, and also the tables of money, weights, and measures. 
The teacher would do weII to examine his pupils on these tables 
once a month or oftener, since if the pupil has to turn back to his 
book ·for each table as it is required, it is not to be expected that 
his progress will be very rapid or thorough. It may be fairly ques. 
tioned, whether more than half the difficulty and obscurity that 
cling to the subject of Arithmetic does not arise from the fact that 
the pupil is not familiar with the signs, the tables, and the principles 
of notation. 

3d. The teacher should give his class, from time to time, ques­
tions of his own construction, either to solve at home or as ordinary 
school-room work, and the pupil should be encouraged and required 

. to write questions themselves under each rule. This i" an important 
exercise, and no teacher who once adopts it will ever throw it 
aside. 

4th. In all operations in which there are both multiplication and 
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division, the pupil should be taught to first indicate the processes by 
their appropriate signs, and then cancel as far as possible. 

5th. The teacher is respectfully reminded, that without frequent 
and thorough reviews there can be no real progress. Experience 
has showd that from one-third to one-half of the time devoted to 
Arithmetic can be profitably devoted to revision and recapitulation. 

6th. The teacher should require from his pupil the absolutely 
correct answer to each question. " Near enough" is productive of 
great mischief to the pupil, as it encourages a habit of such careleBB· 
ness in his operations, that no confidence can be placed on his results. 
It is not enough that the pupil understands the principles-although 
this of course is important. It is possible so to train the pupil that 
his operations in Arithmetic shall be at once rapid and accurate, and 
this should be the aim of the teacher. 

TORONTO, December, 1859. 



PREFACE TO THE SECOND EDITION. 

THE Author embraces the opportunity afforded by the issue of a 
Second Edition, both to thank his fellow-teachers in Canada for the 
kind and flattering reception they have given his work, and to offer 
a few words of explanation on what, as far as he can learn, is the 
only feature that does not meet with very general approvaL He 
refers to the union of the Compound with the Simple Rules_ It has 
been objected to the arrangement adopted in the National Arith­
metic, that a pupil must know the Simple Rules before he can work 
problems in neduction or in the Compound Rules_ Now this is 
nndoubtedly true, and would be a fatal objection to any such ar­
rangement in -an Elementary or Primary Arithmetic. The National 
is, however, an advanced or second book on Arithmetic, and the 
pupil is assumed to have progressed through an elementary text­
book before he enters it. If the National Arithmetic were designed 
for beginners, where would be the necessity for a First or Elementary 
book on Arithmetic? The objections have arisen altogether from a 
misconception of the design of the book. The pupil is supposed to 
have worked through Bome elementary text-book on arithmetic, and 
to have acqaired a certain amount of practical skill iu arithmetical 
operations_ He then .commences the National, and, in progressing 
through it, not only meets with additional and more advanced 
practical exercises, but also learns the reasons and the mutual rela­
tions of the several rules. In the Elementary he is taught how to 
multiply 1m abstract Py tm al;l~tr/l.ct number, or an applicate by an 
ab~tra()t number, In the National he Is shown that these operations, 
thqugh differing In qiltail, are essentially the aame in principle; and 
bt' UJ thus enabled to gener~e Md classify. 
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Another objection urged is, that if the National Arithmetic be 
designed for a second book on the science, the simple problems 
given at the commencement of each rule, and indeed the earlier 
rules themselves, should not be inserted. This is also a mistake. 
The object has been to exhibit a gradual progreBBion from the simple 
to the more difficult-to show that the most simple and the most 
complicated problems depend essentially upon the same principles. 
Indeed, were the National Arithmetic intended merely as a second 
practical work on arithmetic, three-fourths of it might have been 
omitted, and nothing given but the few rules omitted in the Ele­
mentary. 
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SIGNS USED IN THIS TREATISE. 

+ the sign of addition; as 5+7, or 5 to be added to 7. 
_ the sign of subtraction; as 4-3, or 3 to be sub-

tracted from 4. 
X the sign of multiplication; as 8 X9, or 8 to be 

multiplied by 9. . . 
-;.- the sign of division; as 18-;.-6, or 18 to be diVlded 

by 6. 
( ) which is used to show that all the quantities UD~ted 

by it are to be considered as but one. Thus (4+3-7)X6 
means 4 to be added to 3, 7 to be taken from the sum, 
and 6 to be multiplied into the remainder. The latter is 
equivalent to the whole quantity within the brackets. 

= the sign of equality; as 5 +6= 11, or 5 added to 6 
is equal to 11. 

t >.!, and t <·h mean that t is greater than ·h and 
that t is less than t· 

: is the sign of ratio or relation; thus, 5 : 6, means 
the ratio of 5 to 6, and is read 5 is to 6. . 

:: indicates the equality of ratios; thus 5 : 10:: 7 : 14, 
means that there is the same relation between 5 and 10 as 
between 7 and 14; and is read 5 is to 10 as 7 is to 14. 

V the radical sign. By itself, it is the sign of the 
1 

square root; as V5, which is the same as 52, the square 

root of 5. ;;3, is the cube root of 3, or 3t . 414 is the 
J. 

7th root of 4, or 4 7 , &c. J. 

EXAMPLE. r V{(8-3+7)X4-;.-61+31]X.v9-;.-102X 
52 = 556'25, &c., may be read thus: take 3 from 8, add 
7 to the difference, multiply the result by 4, divide the 
product by 6, take the square root of the quotient' and to 
it add 31, then multiply the sum by the cube root of 9 
divi~e the product by the square root of 10, multiply th~ 
quotIent by the square of 5, and the product will be equal 
to 556'25, &c. 

These signs are fully explained in their proper placeBo 



ARITHMETIO. 

SEOTION I. 

DEFI~ITIONS. 

1. Science is a collection of the general principles or 
leading truths relating to any branch of knowledge, ar­
ranged in systematic order so as to be readily remembered, 
referred to, and applied. 

2. Art is a collection of rules serving to facilitate the 
performance of certain operations. The rules of Art are 
based upon the principles of Science. 

3. Arithmetic is both a Science and an Art. 
4. As a Science, Arithmetic treats of the nature and 

properties of numbers; as an Art, it teaches the mode of 
applying this knowledge to practical purposes. Tlle fur­
mer may be called Theoretical, and the latter Practical 
Arithmetic. To Practical Arithmetic belong all the opera­
tions we perform upon numbers, as addition, subtraction, 
multiplication, division, the extraction of roots, &c. The 
discnssion of the principles upon which these operations 
are founded, constitutes the theory of Arithmetic. 

5. Any single thing, as a horse, an apple, a day, an 
inch, is called a unit or one. 

6. Numbers are expressions for one or more units, 
Thus, the words one, two, three, jO'ltr, five, &c., or the char· 
acters 1, 2, 3, 4, 5, &c., are expressions by which we in­
dicate how many single things or units are to be taken. 

7. Numbers are divided into two classes: 
1. Abstract numbers. 
2. Applicat~. Concrete, or Denominate numbers. 

B 
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8. If the units referred to by a number have reference 
to particular objects, as seven days, nine inche~, &c., it is 
called an applied, applicate, concrete, or denomznate num­
ber.' If the units represented by a number have no refer­
ence to any particular object, as when we say twice eight 
are sixteen, or seven and two are nine; it is called an ah­
stract number. 

NOTATION AND NUMERATION. 

9. To avail ourselves of the properties of numbers, we must be 
able both to form an idea of them ourselves, and to convey this idea 
to others by spoken and by written language-that is, by the voice, . 
and by characters. 

The expression of number by characters, is called notation; the 
reading of these, numeration. Notation, therefore, and numeration, 
bear the same relation to each other as writing and reading, and, 
though often confounded, they are in reality perfectly distinct.~ 

10. It is obvious that, for the purposes of Arithmetic, we require 
the power of designating all possible numbers; it is equally obvious 
that we cannot give a different name, or character to each, as their 
variety is boundless. We must, therefore, by some means or another, 
make a limited system of words and signs suffice to express an un­
limited amount of numerical quantities. With what beautiful sim­
plicity and clearness this is effected, we shall better understand presj 
ently. . ' 

11. Two modes of attaining such an object present themselves; 
the one, that of combining words or characters already in use, to in­
dicate new quantities; the other, that of representing a variety of 
different quantities by a single word or character, the danger of mis­
take at the same time being prevented. The Roman~ simplified their 
system of notation by adopting the principle of combination; but-the 
still greater perfection of ours is due also to the expression of many 
numbers by the same character. 

12. It will be useful, and not at all difficiIlt, to explain to the 
pupil the mode by which, as we may suppose, an idea of considerable 
numbers was originally acquired, and of which, indeed, although un­
ccnsciously, we <still avail ourselves; we ~hall see, at the same time, 
how methods of simplifying both numeration and notation were nat­
urally suggested. 

Let us suppose no. system of numbers to be as yet constructed, 
and th.at a heap, for example, of pebbles, is placed before us that we 
may dlscover their amount. If this is considerable we cannot aacer­
~in it by looking at them altogether, nor even by ~eparately inspect­
lIlg them; we must, ther~fore, have recourse to that contrivance 
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which the mind always uses when it desires to grasp what, taken as a 
whole, is too gTeat for its powers. If we examine an extensive land­
scape, as the eye cannot take it all in at one view, we look succes­
sively at its different portions, and form our judgment on them ill de­
tail. We must act similarly with reference to large numbers; since 
we cannot comprehend them at a single glance, we must divide them 
into a sufficient number of parts, and, examining these in succession, 
aequire an indirect, but accurate idea of the whole. 'fhis proceRs 
becomes by habit so rapid, that it seems, if carelessly observed, but 
one act, though it is made up of many; it is indispensable, whenever 
we desire to have a elea;- idea of numbers-which is not, however, 
every time they are mentioned. 

13. Had we, then, to form ourselves a numerical system, we 
should naturally divide the individuals to be reckoned into equal 
gToups, each group consisting of some number quite within the 
limit of our comprehension; if the groups were few, our object would 
be attained without any further effort, since we should have acquired 
an accurate knowledge of the number of. groups, and of the number 
of individuals in each group, and therefore a satisfactory, although 
indirect estimate of the whole. 

We ought to remark that different persons have,very different limits to 
their perfect comprehension of number. The intelligent can conceive with ease 
a. comparatively large one: there are savages 80 rude as to be incapable of 
forming an idea of one that is extremely, small. 

14. Let us call the number of individuals that we choose to con­
stitute a group, the mtio; it is evident that the larger the ratio, the 
smaller the number of groups; and the' smaller the ratio, the larger 
the number of groups. 

15. If ~he groups into which we have divided the objects to be 
reckoned, exceed in amount that number of which we have a perfect 
idea, we must continue the process, and, considering the groups them­
selves as individuals, must form with them new groups of a higher 
order. ' We must thus proceed until the number of our highest group 
is sufficiently small. 

16. The mtio used for groups of the second and higher orders, 
would naturally, but not necessarily, be the same as that adopted for 
the lowest; that is, if seven individuals constitute a group of the first 
order, we should probably make seven groups of the first order con· 
stitute a gToup of the second also; and so on . 

. 17. It might, and very likely would 'happen, that we should not 
have so many objects as would exactly form a certain number of 
groups of the highest order-some of the next lower might be left. 
The same might occur in t'Orming one or more of the other groups. 
We might, for example, in reckoning a heap of pebbles, have two 
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groups of the fourth order, three of, the third, n.one of the second, five 
of the first, and seven individuals or simple UIDts. 

18. If we had made each 0" the first order of groups consis,t of 
ten pebbles, and each of the second order consist of ten ?f the first, 
each group of the third of ten of the second, and so on WIth the rest, 
we had selected the decimal system, or that which is not only used at 
present, but which was adopted by the Hebrews, G~e:~, ROJllll;DB, 
&c. It is remarkable that the language of every CiVIlIzed natlOn 
gives names to the different groups of this, but not to those of any 
other-numerical system. Its very general diffusion, even among rude 
and barbarous people, has most probably arisen from the habit of 
counting on the fingers, which is not altogether abandoned, even 
by us. " 

19. It was not indispensable that we should have used the same 
ratio for the groups of all the Gifferent orders. We might, for ex­
ample, have made four pebbles form a gTOUp of the first order, 
twelve groups of the first order a group of the second, and twenty 
groups of the second a group of the third order. In such a case we 
had adopted a system exactly like that to be found in the table of 
sterling money, in which four farthings make a group of the order of 
pence, twelve peuce a group of the order of shillings, twenty shillings 
a group of the order of pounds. While it must be admitted that the 
use of the same system for applicate, as for abstract numbers, would 
greatly simplify our arithmetical processes-as will be evident here­

. aft61~a glance at the tables given further on, and those set down in 
treating of exchange, will show that a great variety of systems have 
actually been constructed. . 

20. When we use the same ratio for the groups of all the orders, 
we term it a common ratio. There appears to be no particular reason 
why ten should have been selected as a "common ratio" in the sys­
tem of numhers ordinarily used, except that it was suggested, as 
already remarked, by the mode of counting on the fingers' and that 
it is neither so low as unnecessarily to increase the numbe; of orders 
of groups, nor so high as to exceed the conception of anyone for 
whom the system was intended. (See Section III.) 

, .21. A system of numbers is called binary, ternary, quatern,ary, 
qumm'y, senm'y, :,eptenary, octenal'y, nonal'y, denary, undenary or 
duodenary, accordmg ~s two, ·three, jour, .five, six, seven, eight, nine, 
ten, eleven, Or twelve, IS the common ratio. The denary and duo­
denary systems are more commonly known as the decimal and duo­
decimal systems. Ours is therefore a decimal or denary system of . 
numbers. 

If the common ratio were sixty, it would be a sexagesimal system. 
Suc~ a one was rormerly used, and is stilt, to some extent, retained­
as will be pcrcClved by the tables hereafter given for the measure-
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Inent of arcs and angles, and of time. A duodecimal system would 
have twelve for its" common ratio"; a vigesimal, twenty, &c. 

22. A little reflection will show that it was useless to give differ· 
ent names and characters to any numbers except to those which are 
less than that which constitutes the lowest group, and to the d~tferent 
orders of groups; because all possible numbers must consist of indio 
viduals, or of groups, or of both individuals and groups. In neither 
case would it be required to specify more than the number of indio 
viduals, and the number of each species of group, none of which 
numbers-as is evident-can be greater than the common ratio. 
This is precisely what we have done in our numerical system, except 
that we have formed the name of some of the groups by combining 
those already used. Thus," tens of thousands," the group next 
higher than thousands, is designated by a combination of words 
already applied to express other groups-which tends still further to 
simplification. 

23. A1'abic system of Notation;-

Units of comparison, or simple units, 

First group, or units of the second order, 
Second group, or units of the third order, 
Third group, or units of the fourth oroer, 
Fourth group, or units of the fifth oroer, 
Fifth group, or units of the sixth order. 
Sixth group, or units of the seventh order,. 

Name;;. Charactel'8. 

l
One 
Two 
Three 
Fonr 
Five 

l
SiX 
Rp"pn 
Eight 
Nine 
Ten 
Hundred 
Thousand . 
Ten Thousand . 
Hundred Thousand 
Million 

. 1 
2 
3 
4 
5 
6 

~ 
9 

10 
1[10 

1,UOO 
10,000 

100,000 
1,000,000 

24. The characters which express the first nine numberS are the 
only ones used. They are called digits, from the custom of counting 
them on the fingers, already noticed,-" digitus" meaning in Latin 
a finger; and they have also been called significant figures, to dis­
tinguish them from the cipher, or 0, which has no value when stand· 
ing alone" and which is use(l merely to give the digits their proper 
position with reference to the decimal point. 

25. The dec;mal point is a point or dot used to indicate the posi· 
tion of the simple units. 

The pupil will distinctly remember that the place where the 
" simple units" are to be found is that immediately to the left-hand 
of this point, which, if not expressed, is supposed to stand at the 
right·hand side of all the digits. Thus, in 468'76 the 8 expresses 
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"simple units," being to the left ~f the ?ecim~ point; in 49 the 9 
expresses" simple units," the decImal pOint being understood I\t the 
right of it. 

26. We find by the table jullt given, that, after t~e firs~ ~ine n~­
bers, the same digits are constantly repeated, theIr posItIOns .wIth 
reference to the decimal point being, however, changed; that. IS, to 
indicate succeeding groups, the digit is moved, by means of a cIpher, 
one place fartner to the left. Anyone of the digits may be used to 
express its respective number of any of the groups :-thus 8 woul~ be 
eight "simple units"; 80, eight groups of the first order,.or .eIght 
" teps" of simple units; 800, eight groups of the second, 0: l!ruts .of 
the third order; and so on. We might use any of the digIts WIth 
differeut groups; thus, for example, 5 for groups of the third order, 
3 for those of the second, 7 for those of the first, and 8' for the "sim­
ple units," then the whole set down in full would be 5000, 300, 70, 8, 
or, for brevity's sake, 5378. For we_ never use a cipher, when the 
place it would occupy may be filled up by a digit; and it is evident 
that in 5378 the 378 keeps the 5 four places from the decimal point 
(understood), just as well as ciphers would have done; also the 78 
keeps the 3 in the third, and the 8 keeps the 7 in the second place. 

27. It is important t.o remember that each digit has two values, 
an absolute and a ,·elative. The absolute value is the number of 
units it expresses, whatever these units may be, and is unchangeable; 
thus 6 always means six; sometimes, indeed, six tens; ,at other times 
six hundreds, &c. The relative value depends on the order of units 
indicated, and on the nature of the " simple unit." * 

* What has been said on this very important subject is intended princi­
pally for the teacher, though au ordinary amount of industry and intelligence 
will be quite sufficient for the purpose of explaining it, even to a child, par­
ticularly if each pOint is illustrated by an appropriate example; the pupil may 
be ma.de, for instance, to arrange a number of pebbles in groups. sometimes of 
one, sometimes of another, and somotimes of several orders, and then· be de­
sired to e~llress them by characters-the h unit of comparison " being occasion­
ally changed from individuals, suppose to tens, or hundreds, or to scores, or 
dozens, &c, Indeed the pupils must be well acquainted with these introduc­
tory matte!s, ~therwise tbey will contract the habit of answering without any 
very defimte Ideas of many thrngs they may be called upon to explain, and 
which they should be expected perfectly to understand. Any trouble bestowed 
by ~he teacher at this period will be well I'epaid by the ease and rapidity with 
whICh tire learner will afterwards advance. To be assured of this, he has only 
to recollect that most of his future reasonings will be derived from and his ex­
planations grounded on the very principles we have endeavoured t~ unfold. It 
mar be taken as a truth, that what a child learns without understanding he 
wil acquire with disgust, and will Boon cease to remember' for it is with c'hil .. 
dre~ as_with per~on8 of mor~ advanced years-when we appeal successfully to 
their understandings, the Pride aud pleasure they feel in the attainment of 
knowledge, cause the labour and the weariness which it. costs to be under-
valued or forgotten. . 

Pebbles will answer well for examples-indeed, their use in computing 
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ROMAN SYSTEM OF NOTATION. 

2B. Our ordinary numerical characters have not been always, or­
everywhere, used to express numbers; the letters of the alphabet 
naturally presented themselves for the purpose, as being already 
familiar, and, accordingly, were very generally adopted-for ex· 
ample, by the Hebrews, Greeks, Romans, &c., each, of course, 
using their own alphabet. The pupii should be acquainted with 
the ~oman notation on account of its beautiful simplicity, and its 
being still employed in inscriptions, &c.: it is found in the following 
table:-

Characters. Numbers expressed. 

I, 
II, 
III, 

Anticipated change IIIl, or IV, 
Change V, 

VI, . 
VII, 
VIII, 

Anticipated change IX, 
Change X, 

XI, 
XII, 
XIII, 
XIV, 
XV,. 
XVI, 
XVII, 
XVIII, . 
XIX, 
XX, 
XXX, &c., 

One. 
Two. 
Three. 
Four. 
Five. 
Six. 
Seven. 
Eig·ht. 
Nine. 
Ten. 
Eleven .. 
Twelve. 
Thirteen. 
Fourteen. 
Fifteen. 
Sixteen. 
Seventeen. 
Eighteen. 
Nineteen. 
Twenty. 
Thirty, &c. 

has given rise to the term calculation, "ca.lculus'~ being, in Latin. a pebble; 
but whtle tho teacher illustrates what he says by groups of particular ob.jects, 
he must take care to notice that hi" remarks would be equally true of any 
others. He must al~o point out the rlitference between a group and its ('quivsa 
lent unit, which, from their perfect equality, are generally confounded. Thus, 
he may show that a penny, whil~ equal to, is not identical with four farthi,,,,s. 
This seemingly unimportant remark will be hetter appreciated hereafter; at 
the same time, without inaccuracy of result, we may, if we please, consider 
any group either as a unit of tbe order to which it belongs, or so many of the 
.. ext lower as are eqnivalent. 
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Oharacters. Numbers expressed. 

Anticipated change XL, . Forty. 
Ohange . . . L,. . Fifty. 

LX, &c., . Sixty, &c. 
Anticipated change XC, . .' Ninety. 
Oh 0 One hundred. ange . . . ,. 

. , oe, &c., Two hundred, &c. 
Anticipated change OD,.. Four hundred. 
Ohange . . . D, or 10, Five hundred, &c. 
Anticipated change OM, Nine hundred. 
Ohange M, or 010, One thousand, &c. 

V, or 100, Five thousand. 
X,orOCIOO, Ten thousand, &c. 
10000, . Fifty thousand, &c. 
0001000, One hundred thousand,&c. 

29. Thus we find that the Romans used very few characters­
fewer, indeed, than we do, although oUr system is still more simple 
and effective from our applying the principle of "position;' un­
known to them. 

They expressed all numbers by the following symbols, or com­
binations of them: IV, X, L, C, D, or 10, M, or CIO. In con­
structing their system, they evidently had a quinary in view; that 
is, as we have said, one in which five would he the common ratio; 
for we find that they changed their character, not only at ten, ten 
times ten, &c.; but also at five, ten times five, &c. A purely deci­
mal system would suggest a change only at ten, ten times ten, &c. ; 
a purely quinary, only at five, five times five, &c. As far as nota­
tion was concerned, what' they adopted was neither a decimal nor a 
quinary system, nor even a combination of both; they appear to have 
supposed two primary groups, one of five, the other of ten "units of 
comparison"; and to have formed all the other groups from these, 
by using ten as the common ratio of each resulting series. 

30. They anticipated a change of character,-one unit. before 
it would naturally occur; that is, not one "simple unit," but one 
of the units under consideration. In this point of view, four is one 
un~t before five! fort~, one unit before fifty-tens being now the 
umts under consIderatIOn; four hundred, one unit before five. hun-
dred-hundreds having become the units contemplated. , 
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31. From the table (28) it will be seen that as offen 
as any letter is repeated, so many times is its value re­
peated. Thus T, standing alone, denotes one, II denotes 
two, &c; So X denotes ten, XX twenty, &c. 

When a letter of less value is placed before a letter of 
r;reater value, it takes away its own value from the greater; 
but when placed after it, it adds its own value to the 
greater. Thus V denotes five, IV denotes fall?", and VI 
six,. 80 X denotes ten, IX nine, and XI eleven, &c. 

A line or bar placed over any letter increases its value a 
thousand-fold. Thus V denotes five, V denotes five thou­

sand,. X denotes ten, X denotes ten thousand, &c. 

32. To express a number by the Roman method of notati~n: 

RULE.-Find the highest number within the given one, that is ex­
pressed by a single character, or the" anti,.iprttinn " of one (28); set 
down that character, or anticipation, as the case may be, and take its 
value from the given numbel·. Find what highest number less than 
the remainder is expressed by a single character, 01' " anticipation" ; 
put that character or " a11ticipation" to the right hand ~f what i .• 
already written, and take its value from the last l'emainder; p1'oceed 
thus until nothing is left. 

EXAMPLE.-Set (lown the number eighteen hundre'] and forty· four, in 
Roman characters. One thousand expressed by M is the highest number with­
In the given one, indicated by ODe character or by an .~ anticipation "; we put 
down 

M, 

aud take one thousand from the /tiven number, which leaves eight hundred 
and forty-four. Five hundred, D, is the highest number within the last re­
mainder (eight hundred and forty-four) expressed by one character, or an .I an_ 
ticipation "; we set down D to the right hand of M, ' 

MD, 
and take Its value from eight hundred and forty.four, which leavos three hun· 
dred and forty .. four. In this the bighest number expre~sed by a. sing-Ie chura£'­
ter, 01' an '~anticipation," is one hundred, indicated by C; which we set dow,n, 
and for the same reason two other C's. . 

MDCCC. 
This leaves only forty-four, the highest number within which. expressed by a 
single character or an Hanticipation," is forty, XL,-an '~anticipation;" weset 
this down also, 

MDCCCXL. 

Four, expressed by IV, still remains; which, being nlso added, the whole is as 
follows:-

MDCCCXLIV. 
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EXERCISE 1. 

33. Express the following numbera in the Roman notation :-

1. Twenty-five. 
2. Forty-three. 
&. Sixty-seven. 
4. Eighty-nine. 
5. Ninety-eight. 
6. One hundred and thirty-seven. 
7. Three hundred and seventy-one. 
S. Four hundred and two. 
9. Six hundred and seventeen. 

10. Nine hundred and ninety-nine. 
H. One thousand four hundred and forty-six. 
12. Three thousand eight hundred and five. 
13. Eight thousand six hundred and seventy. 
14. Twelve thousand ont;) hundred and sixty-nine. 
15. Four hundred and ninety-seven thousand, six hundred and 

eighty-two. 

Answers. 

1. XXV. 2. XUII. 
4. LXXXIX. 5. XCVIII. 
7. CCCLXXI. S. CDI!. 

10. CMXCIX. 11. MCDXLVI. 
13. VMMMDCLXX. 14. XMMCLXIX. 

Hi. CnXCVMMDCLXXXII. 

EXERCISE 2. 

34. Read the following expressions:-

3. LXVII. 
6. CXXXVII. 
9. DCXVII. 

12. MMMDCCCV. 

1. XCVII. 2. CCLXXII. . 3. DCLXVIII. 
4. CMIX. 5. XV. 6. VMMMxxxm. 
7. XVDCCCLXXXVlII. S. DCXLVMCMIV. 9. XXVXXV. 

1. Ninety-seven. 
2. Two hundred and seventy-two. 
3. Six hundred and sixty-eight. 
4. Nine hundred and nine. 
5. Fifteen thousand. 
6. Eight thousand and thirty-three. 
7. Fifteen thousand eight hundred and eighty-eight. 
S. Six hundred and forty-six thousand nine hundred and four. 
9. Twenty-five thousand and twenty-five. 
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.ARABIC SYSTEM OF NOTATION. 

35. In the Common or Arabic system of ~ otation, the same 
character may have different values, according to the place it holds 
with reference to the decimal point (25), or perhaps more strictly to 
tp.e simple units. This is the principle of position. 

36. The places oc~upied by the units of the different orders (23), 
may be described as follows :-simple .units, one place to the left of 
the decimal point, expressed, or understood; tens, two places; hun­
dreds, three places, &c. 

3'7. When, therefore, we are desired to write any number, we 
have merely to put down the digits expressing the amounts of the 
different units in their proper places, according to the order to which 

- each belongs. If, in the given number, there is any "place" in 
which there is no digit, a cipher must be set down in that place, when 
required to keep another digit in its own position.-But a cipher 
produces no effect, when it is not between one or more digits and the 
decimal point; thus, 0536, 536'0, and 536 would mean the same 
thing-the first is, however, incorrect. 536 and 5360 are different; 
in the latter case the cipher affects. the value, because it alters the 
position of the digits. 

EXAMPLE.-Let it be required to set down six hundred and two. The oix 
must be in the third, and the two in tbe first place; for this purpose we are 
to put a cipher between the 6 and 2-thus, 602. Without a cipher, the six 
would be in tho second place-thus, 62; and would mean, not six hundreds, hut 
six tens. 

38. In numerating, we begin with the digits of the highest order, 
'tud proceed downwards, stating the number which belongs to each 
order. 

To facilitate notation and numeration, it is usual to divide the 
places occupied by the different orders of units into periods. For a 
certain distance, the English and French methods of division agree; 
the English billion is, however, a thousand times greater than the 
French. This discrepancy is not of much importance, since we are 
rarely obliged to use so high a number i-we shall prefer the French 
method. To give some idea of the amount of a billion, it is only 
necessary to remark, that, according to the English method of nota­
tion, there has not been one billion of seconds since the birth of 
Christ. Indeed, to reckon even a million, counting on an average 
three per second for eight hours a day, would require nearly 12 days. 
The following are the two methods: 
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39. Use of Pej·iods.-For the purpose of reading or writing num­
bers, we divide tliem by separating points, into periods-the first 
separating point being the decimal point, expressed or understood, 
and the other separating points being placed after every third digit, 
or place, to the right and left of the decinaal point. Each period has 
three places-of which one or more may be occupied by digits. The 
lowest place in every period-or that to the right hand, is the 
"units'" place of that period: and the highest, the "hundreds'" 
place. And this is true, whether the period is to the left or to the 
right of the decimal point. 

40, The period to the left of the decimal point contains the sim­
ple units.. The first period to the left of the units' period, contains 
the thollsands; and the first period to the right of it, the thousandths. 
The second period to ~e left of the units' period, contains the mil­
lions; and the second to the right of it, the millionths. The third 
period to the left of the units' period, contains the billions; and the 
third to the right of it, the billionths. The fourth period to the left 
of the units' period, contains the trillions; and the fourth to the 
right of it, the trillionths. The fifth period to the left of the units' 
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period, contains the 'luadrillions; and the fifth to the right of it, the 
quadrillionths. Thl lixth period to the left of the units' period, con­
tains the quintillions, and the sixth to the right of it, the quintil­
lionths. The seventh ,leriod to the left of the units' period, contains 
the sextillions; and thl ,eventh to the right of it, the sextilliontlts. 
The eighth period to the ,eft of the units' period, contains the septil­
lions; and the eighth to the right of it, the septillionths. The ninth 
period to the left of the units' period, contains the octillions; and the 
ninth to the right of it, the octillionths. The tenth period to the left 
of the units' period, contains the nonillions; and the tenth to the 
right of it, the nonillionths. 

The pupil should be made perfectly familiar with the names of the periods 
and of the places in each period-so as to be able, without the slightest hesita­
tion, to name the period and place to which any digit belongs, or into which it 
ought to be put. When he can read or write anyone digit, belonging to any 
period and place, he should be taught to read and write 8. number consisting of 
two~ three, four, &c., digits, whether they are close together, or separated by 
any number of ciphers. 

The whole of what has been .aid above will becom. mOl'e evident from an 
attentive consideration of tho following table: 

,,; 

~ .; ~ .:l 
" ., ,; ,; .; '" § "" "" :g 0 '" .; ,; gj '" '" .:l .:l ;:3 § " :Jl :Jl '" - § " " .S ';:: 

"" ~ :S " zj " ~ 
0 

"" ~ a " " 0 'j:l 0 " ':; " ~ i;q ;g -= -= E:: '" CJ E-< P E-< 0 0 
0 0 0 0 

... 
0 0 0 0 0 

... 
0 0 0 

~~-'---~~-"-

20~17~56~83~46~51~86~78~29~47~80~789 
---.----v----___ -v-~~-v-_v_~---.--...-
~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ 
o 0 000 0 0 0 0 0 0 0 

~ iii iii iii i i 
~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ 

EXAMPLEs,-Let it be required to read off the following number, 5769&4. 
'we put a point to the left of the 9, and find that there are exact/;Y two periods 
-thus 576,934; this does not always occur, as the highest or lowest period lli 
often imperfect, consisting only of one or two digits. Dividing the num~er 
thus into parts, shows at once that 5 i. in the third place of the second penod 
-tbat is in tbe H1JITU1;reds' place of the TlunuJand4l' period: and tberefore, tbat 
it exprdses five hundred thousands: tbat the 7, being in ,tbe ,second place o,f 
the same period indicates tens of thousands: and the 6, bemg m the first mdt­
cates thousands. The 9, being in the third place of the fu'st period, illdic~te. 
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hundreds' of units: the 3 being in the second place of the same period, indi­
cates tens of units; and the 4, being in the first, indicates nnits ("of coinpari­
eon," or "simple units "). The number, therefore, may b~ read as foIlo~~­
"five hundreds of thousands, seven tens of ,thousands, and .IX thousands; nme 
hundreds of units three tens of muts, and four nnits"; or mOre brie:fly, ".five 
hundred and seve~ty-six tho~sand nine hundred and thirty-four." 

41. To prevent the separa~'ng poi,nt or that which divides into periods, 
from being mistaken for the deCImal pornt, the former should he a comma (,J-'­
,the latter a fnll stop (.) Without this distinction, two numbers whIch ~re v.ery 
different might he confounded: thus, 498.763, and 4?8,763, one o! WhICh-IS a 
tbousand times greater than the other. After a whIle we may dIspense with 
the separating point, though it is convenient to retain it with large numbers, 
as they are then read with greater ease. 

42. To write down any integral or whole number, it is mel'ely 
necessary to rememb/l1' the order of the periods, and that every period 
contains three places, each of which must be filled, either by a digit or 
cipher. The one, tIVO, or three digits, belonging to the highest pel'iod 
are first written in their appropriate places; t!ten the next lower period 
is filled witl. the digits, or ciphers belonging to it; afterwards the 
next; and so on, till the whole number is set down. 

EXAMPLE.-Let it be required to write the number seventy-three trillions 
two hundred "nd nine billions ei~hteen thousand and six. ' Tbe hii:hest period 
here mentioned is that of trillions, which we know to be the fifth to the ~eft of 
the deoimal point (40). We therefore set down the digits 73, bearing in mind 
that we are to put in four complete periods, or twelve places between the 3 and 
the decimal point. The next period we have is that of billions, which we fill 
with digits 209 (two hundred and nine). The next period, that of millions, has 
no significant ftgnres, and we accordingly fill it thus, 000. We now come to the 
period of thousands, in which we have the digits 18, but, inasmuch as the third 
place of this period must also be filled, we iIisert there a Cipher, and the full 
period becomes 018. Lastly, the lowest period. 'er tbat of units, is to contain 
only the digit 6,-the other two places being filled with ciphers, the complete 
period is written 006. Now setting these periods one after the other in their 
proper order, we ohtain for the entire number thA expression 73,209,000,018,006. 

43. To write down any decimal number we proceed very much in 
the same way. We have to remark, that in any decimal the last digit 
to the right gives the denomination to the number. Thus, '68 is read 
sixty-eight hundredths; '4078 is read four th9usand and seventy-eight 
tenths of thousandtl!s, &c. 

Now, .vhen we wi~h to write any decimal, we first a8certain how 
many places the propo~ed denomination or order i8 to the right of the 
decimal point: and then, if the given digits will not bring the num­
ber to its proper position, we insert between these digit8 and tlte deci­
mal point the requi8ite number of cipher8. 

EXAMPLE. I.-Let it be required to write the number seven hundred ana 
sixteen thousand and eighty-nine bfllionths. Now we kno'w (40) that billionths 
occ~py the ~th place t~ the right of the decimal point. Were w'e to place the 
deCImal pomt immedwtety .1j~fore the digits themselves, thus, '1'16089, they 
would express not so m~ny bllllonths but 80 mauy millionths: since millior,ths 
()ccuI!y the 6~h and billionths the 9th 'place. It is obvious, then, that to give 
the digl,ts tb.elr.pryper value, we must msert three ciphers between them and 
the deCImal pomt, 'and the number is then correctly written '00.0,116,089. 
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EXAMPLE Z.-Write the numher six tll~~'sand two hundred and one hun­
dredths of trilliouths. From (40) we know that hundredths of trillionths oc­
Cltpy the 14th place. The given digits (6201: being only four in number, re­
quire the aid of ten ciphers in order to fill the 1": n\aces, aud the number is thuB 
written, '000,000,000,062,01. 

EXAMPLE 3.-Write the number six millions sevell hundred and twenty. 
seven thousand and twelve tenths of billionths. The given digits, 6727012, 
are only 8Wtm in nnmber, while the denomination tenths oj billionths implies 
that ten places must be filled. We have, therefore, to insert three ciphers 
between the given digits and tbe decimal point, and the resulting expression, 
'000,672,701,2, represents the given n=~er. 

44.. The simple units are, as we, ":lave said, always found in the 
first period to the left of the decim? • 'oint. The digits to the left 
hand, progressively increase in a tenfot" legree-those occupyingthe 
first place to the left of the simple unitt oleing ten time8 greater than 
the simple units; those occupying the second place, ten times greater 
than those which occupy the first, and one hundred times greater 
than the units of comparison themselves; and so on. Moving a digit 
one place to the left, multiplies it by ten-that is, makes it ten times 
greater; moving it two places, multiplies it by one hundred-that is, 
makes it one hundred times greater; and so of the rest. If all the 
digits of a quantity be moved one, two, &c., places to the left, the 
whole is increased ten, one hundred, &c., times-as the case may 
be. On the other hand moving a digit, or a quantity one place to 
the right, divides it by ten, that is makes it ten times smaller than 
before; moving it two places divides it by one hundred, or makes it 
one hundred times smaller, &c. 

46. We possess this' power of easily increasing, or diminishing, 
any numher in a tenfold, &c., degree, whether the digits are all at the 
right, or all at the left of the decimal point; or partly at the right 
or partly at the left. And the pupil must rememher that the quan­
tities increase in a tenfold degree to the left, and decrease in the 
same degree to the right wherever the decimal point may happen to 
be. We therefore put quantities ten times less than simple units 
one place to the right of them, just as we put those which are ten 
times less than hundreds, &c., one place to the right of hundreds, &c. 
Quantities to the left of the decimal point are called integer8 because 
none of them is less than a whole simple "unit"; and those to the 
right of it, deoima/s. When there are decimals in a given number, 
the decimal point is always expressed, and is found at the right­
hand side of the simple units. 

46. The periods to the left of the decimal point may be called 
the ascending, and those to the right of it the descending series:­
taken together, however, they constitute but one series, which is an 
a.~cending or a descending series, according as it is read from right to 
left or from left to right. Periods that are equally distant from the 
units of comparison bear a very close relation to each other, which is 
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indicated even by the similarity of their names; the only difterence 
being in the terminations (40). We have seen ~o, t~at when we 
divide integers into periods (40), the fi;rs.t .separat~g P?mt mu~t be 
put to the right of the thousands .. In dividing deClmals mto periods, 
the first point must be put to the right of the thousandths also. 

47. Care must be taken not to confound what we now call" de. 
cimals," with what we shall hereafter designate" decimal fractions"; 
for they express equal, but not identically the same quantities-the 
decimals being what shall be termed the "quotients" of the cor· 
responding decimal fractions. This remark is made here to anticipate 
any inaccurate idea on the subject, in those who already know some· 
thing of arithmetic. 

48. There is no reason for treating integers and decimals by dif· 
ferent rules, and at different times, since they follow precisely the 
same laws, and constitute parts of the very same series of numbeFs 
(46). Besides, any quantity may, as far as the decimal point is con· 
cerned, be expressed in different ways; for this purpose we have 
merely to change the unit of comparison. Thus, let it be required to 
set down a number indicating five hundred and seventy-four men. 
tf the unit be one man, the quantity would stand as follows, 574. If 
a band of ten men, it would become 57'4-for as each man wouln 
then constitute only the tenth part of the" unit of comparison," four 
men would be only four tenths, or 0'4; and since ten men would 
form but one unit, seventy men would be merely seven simple units, 
or 7, &c. Again if it were a band of one hund?'ed men, the number 
must be written 5'74; and lastly, if a band of a thousand men, it 
would be 0'574. Should the" unit" be a band of a dozen, or a score 
of men, the change would be still more complicated; as not only 
the position of a decimal point, but the very digits also, 'would be 
altered. 

49. It is not necessary to remark that moving the decimal point 
so many places to the left, or the digits an equal number of places to 
the 1·ight., amounts to the same thing. 

Sometimes in changing the decimal point, one or more ciphers 
~re to be added; thus, when we move 42'6 three places to the left, 
It becomes 42600; when we move '27 five places to the right it is 
0'00027, &c. 

60. It follows from what we have said, that a decimal, though 
less. than what constitutes the unit of comparison, may itself 
conBlst of not only one, but several individuals. Of course it 
will often be necessary to indicate the nature of .the "simple 
units"; as. 3 Bcores, 5 dozen, 6 men, 7 companies, 8 regiments, 
&c. But Its 1!-at~re does not affect the abstract properties of 
numbers; for It IS true to say that seven and five, when added 
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together, make twelve, whatever the unit of comparison may be:­
provided, however, that the same standard be applied to both j thus 
7 men and 5 men are 12. men; but 7 men and 5 horses are 
neither 12 men nor 12 horses; 7 men and 5 dozen men are neith­
er 12 men nor 12 dozen men. When, therefore, numbers are to be 
compal'ed, &c., they must have the same unit of comparison :-or 
without altering their value, they must be reduced to those which 
have. Thus we may consider 5 tens of men to become 50 individual 
men-the unit being altered from ten rnen to one rnan, without the 
value of the quantity being changed. This principle must be kept in 
mind from the very commencement, but its utility will become mOr'e 
obvious hereafter. 

EXERCISE 3. 

61. Write down the following Numbers:-
1. One huudred and ninety-four. 
2. One thousand and seventy·six. 
3. Twenty thousand five hundred and eight. 
4. Two hundred and one thousand and three. 
5. Eighty millions four thousand and thirty-three. 
6. Sixteen quadrillions five hundred and ninety-seven trillions three 

billions forty-foul' millions and ninety-one. 
7. Ninety-seven hundredths. 
8. Six hundred and forty-three thousandths. 
9. One hundred and twenty-two thousand and eighty-nine millionths. 

10. Thirty-nine tenths of millionths. 
11. Sixty-three hundredths of trillionths. 
12. Seventeen billions four thousand and one, and nine hundred and 

sixty-seven billionths. 
13. Seven trillions eight hundred and two billions twenty-three thon­

sand and eleven, and nine thousand nine hundred and ninety­
nine billionths. 

14. One quadrillion one trillion one billion one million one thousand 
one hundred and one, and one trillionth. 

15. Eight hundred and ninety-six trillions and two, and nine hundred 
and four hundredths of millionths. 

1. 194. 
4. 201003. 
'1. '97. 

Answel's. 
2. 1076. 
5. 80004033. 
8. '643. 

10. '0000039. 
II. '00000000000063. 

3. 20508. 
6. 16597003044000091. 
9. '122089. 

12. 1700[1001'101'000000967. 
Ill. 7S0200002301I '000009999. 
14. 100100IOOI001I0l·0000000000tl. 
III. 896000000000002'00000994. 

C 
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EXERCISE 4. 

52. Read the following numbers:-

1. 904. '1. 604'03. 
2. '1060. 8. 9076'1'004003. 
3. 90004. 9. 9001'00070306. 
4. 40300201. 10. 123'1'9134671342913. 
5. '1060504030. 11. '00100100100101. 
6. 70003000000400. 12. 100'2003004005006007 • 

.Answers. 

,1. Nine hundred and four. 
2. Seven thousand and sixty. 
3. Ninety thousand and four. 
4. Forty millions three hundred thousand two hundred and one. 
5. Se~n billions sixty millions five hundred and four thousand aJld 

thirty. 
6. Seventy trillions three billions and four hundred. 
'1. Six hundred and four, and three hundredths. 
\I. Ninety thousand seven hundred and sixty·seven, and four thOll' 

sand and three millionths. 
9. Nine thousand and one, and seventy thousand three hundred and 

six hundredths of millionths. 
10. One thousand two hundred and thirty-seven, and nine trillion, 

one hundred and thirty-four billion six hundred and seventy­
one million three hundred and forty-two thousand nine hun· 
dred and thirteen tenths of trillionths. 

11. One hundred billion one hundred million one hundred thousand 
one hundred and one hundredths of trillionths. 

:. 2. One hundred, and two quadrillion three trillion four billion five 
million six thousand and seven tenths of quadrillionths. 

ON THE DENOMINATION OF NUMBERS. 

63. When two numbers have the same unit they are 
said to be of the same denomination; when the units are 
not the same, they are said to be of different denomina­
tions. For example, 16 shillings and 28 shillings are two 
numbers o~ the same denomination; but 23 shillings and 
three farthmgs are not of the same denomination the unit 
of 23 shil.lings being ~ne shilling, and of three farthings, 
one .(art~~ng. The k~nd of ttnit al~oa'!ls exp1't8les thlJ d~ 
nom~nation. 
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£vtJn in abstract or simple numbers, different names 
are givell to the units as we proceed to the right or left of 
the decimal point, viz., simple units, or units of the first 
order; tens, or units of the second order; hundreds, or 
units of the third order, &c. Considered in this relation 
to each other, these units may be regarded as denominate 
numbers. 

The following ITables show the various kind>] of denom­
inate numbers in general use, and also the relative values 
of their different units. 

TABLES OF MONEY, WEIGHTS, AND MEASURES. 

STERLING MONEY. 

54. The denominations are pounds, shillings; pence, 
and farthings. 

TABLE. 

4 farthings (qr.) make 1 penllY, marked d. 
12 pence "1 shilling," 8, 

20 shillings "1 pound, " £ 
q?'. 
4 

.48 
960 

= 
d. 
1 

12 
240 

s. 
1 

20 
£ 
1 

Other English coins, some of them now out of use :-
Moidore 278. I Noble = 6s. 8d. 
Guine!1 = 218. Crown = 58. 
Pistole 168. 10d. Angel = lOs. 
Mark or Merk 13s. 4d. Groat = 4d. 

The letters ;£ s. d, and qr, are th~ initials of the Latin words, UbTa, 801of,. 
d1(:';, dnw/ri'lM, and qll,adra,n8, which respe'Ctively signify a pound, a 8hilling, 
a pMtny, and afa·rl,hing, or quart~r. The mark /, which sometimes separates 
the Rhillings and pence, is a corruption of the long f (8), arising from the rapid­
Ity with which it is made. 

It is now customary to write f,nthings lIS froctions of 1\ penny, as td. td. 
fd., to represent 1 qr, 2 qr., lind 3 qr. 

Sterling money is sopposed to bave received its name from the E,terlings 
or German traders in England. by whom it is said to have beeD first coined. 

The pound is 80 ca.lIl3d, because tn ancient times it was equal to a pound 
Troy of sliver. Its pr~ent value in Canada is $4'8666, and hence tbe value of 
an English shilling Is I!4f cents. The guinea was so called from being origInally 
ooln .. ffrom gold brought from Guinea, on the coast of Africa. 

The present standard gnld coin of Great Britain oonsists of 22 part. pur. 
golit and 2 part. of copper. The standard .Ilver coin COJliis1li gf aT parts p?JII'8 
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8aVer and 3 parts of copper. In copper coin 24 pence weigh a pound a"l""oirdu­
pois. 

FEDERAL MONEY. 

55. Fede/'al money is the currency of the United States. 
The denominations are eagles, dollars, dimes, cents, and 
mills. 

TABLE. 

10 mills (m.) make 1 cent, marked ct. 
10 cents "1 dime," d. 
10 dimes "1dollar,'" $ 
10 dollars "1 eagle," E. 

m. ct. 
10 1 d. 

100 10 1 X " 
1000 = 100 10 = 1 E. 

10000 = 1000 100 - 10 = 1. 
The sign S is the symbol for the old Spanish coin of 8 reals. On one side of 

the Spanish real the pillars of Hercules were represented supporting the world 
-on the piece of eight rea)s the pillars were ]'ctained and the 8 written over 
them-thns $. Many bowever consider the sign $ a coetraction of the letters 
U. S., the initials of United State8 made by dropping the curVe of the U and 
writing the S over it. 

Tbe present standard for both (loid and 611"e" coin in the United States i. 
900 parts of pure metal and 100 parts of alloy. The alloy fO] gold is silver and 
copper, of which not more than one half must be silv'll"; tbat for silver is pure 
copper. 

Tbe gold coins are the Eagle, the Double Ea~le, Half Eagle, Quarter Eagle, 
and Dollar; the sUver coins are the Dollar, Half DoUar, Qnarter Dollnr, Dime, 
Half Dime, and tbree-cent piece; the copper coins are the Cent and the Half 
Cent; Mills are never coined. 

OLD CANADIAN MONEY. 

66. The denominations are pounds, dollars, shillings, 
pence, and farthings. 

TABLE. 

4 farthings make 1 penny, marked d. 
12 pence "1 shilling," s. 
5 shillings " 1 dollar, " $ 
4 dollars "1 pound, " £ 

qr. d. 
4 = 1 

48 = 12 =-
240 = 60 = 
996 = 240 =: 

s. 
J 
5 

20 

$ 
1 = 4 

= £ 
1. 
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NOTE.-Every 3d. of the old coinage is equal to 5 cents of the 
new. The York shilling is equal to the eighth part of a $, or to 7!d. 
or to 12t cents. 

NEW C.AJ.'UDlAN OR DECIMAL MONEY. 

57. The denominations are dollars and cents. 
The coins are cents, five-cent pieces, ten-cent pieces, and 

twenty-cent pieces. 
100 cents (c) make 1 dollar, marked $ 

AVOIRDUPOIS WEIGHT 

58. Is used in weighing heavy articles. Its name is 
derived from French-and ultimately from Latin words 
signifying" to have weight." Its denominations are tons, 
hundredweights, quarters, pounds, ounces, and drams. 

TABLE. 

16 drams make 1 ounce, marked oz. 
16 ounces " 1 pound, " lb. 
25 pounds " 1 quarter, " qr. 
4 quarters " 1 hundredweight, " cwt. 

20 cwt. " 1 ton, " t. 
d. oz. 
16 = 1 lb. 

256 16 1 ql'. 
6400 = 400 = 25 1 cwt. 

25600 1600 100 = 4 1 t. 
512000 32000 = 2000 = 80 20 = 1. 

It was formerly the custom to allow 28 lbs. to the qu~rter, 112 Ius. to th .. 
hundredweight, and 2240 to the ton. This has now fallen into disuse; and 
among merchants in Canada the qr., cwt., nnd ton are universally considered 
as respectively equal to 25 lbs., 100 lbs., and 2000 lbs. The Custom Houses 
continue to rega.rd the cwt. as equal to 112 lbs., and some few articles are still 
weighed by the old cwt. by farmers and others. The English cwt. is 112 lbs. 

TROY WEIGHT. 

59. The denominations of Troy Weight are pounds, 
ounces, pennyweights, and grains. 

TABLE. 

24 grains (grs.) make 1 pennyweight, marked dwt. 
20 pennyweights " 1 ounce, "oz. 
12 ounces " .1 pound, "lb. 
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grs. 
24 = 

480 = 
6760 
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dwt. 
1 

20 
240 

oz. 
1 

12 
lb. 
1. 

[SEer. L 

This weight was i'?trDduced into Europe frDm CairD, in E~ypt, "n.d wa~ lint 
adopted in Troyes, a cIty .of France-whence Its name. It IS nsed In philosD· 
phy, in weighing gold, precious stones, &c. 

N DTE.-The .origin of all weights used in England, was a grain .of wheat 
taken from the middle of the ear a~d well dried. A weight equal to 32 .of these 
grains was called a pe'Tl.lnyweight, being equal to the weight of a silver penny 
then in use; 20 of these pennyweights constituted an ounce, which was the 
12th part of a pound (Lat. ~. uncia," a 12th part-compare Hinelt," the twelfth 
part of a fDDt). In later times the pennyweight came to .be divided infD 24 
equal parts instead .of 32, but these stil! retain the name of grains. 

The" Carat." which is equal to abDut four grains (somewbat less than TrDY 
graills), is used in wdghing diamonds. The term carat is also applied in esti· 
m.tin" the fineness of gold: the latter, when perfectly pure, is said to be "Z4 
C((;l'at.'J fine." If there are 23 pa.rts gold, and one part some other material, the 
mixture is said to bl?! U 23 carats fine"; if 22 parts out of the 24 are gold, it is 
H 22 carats fine," &c. The whole mass is in all cases supposed to be di\"ided into 
24 parts, of which the numher cDnsisting of gDld is specified. Our gDld cDin is 
22 carats fine; pure gold, being very soft, would too soon wear out. The degree. 
of fineness .of gDld articles is marked npDn them at the Goldsmiths' Hall; thns 
we generally perceive H 18" on the cases of gold watches: this indicates that 
they are" 18 carats fine "-the lowest degree of purity which is stamped. 

A Troy ounce contains .................... , ..... . 
An Avoirdupois ounce .......................... . 
A Troy pound .................................... . 
An Avoirdupois pound ......................... . 

grs. 
480 
437t 

5,760 
7,000 

A Troy pound is equal to 372'965 French grammes. 
175 Troy pounds are equal to 144 avoirdupois; 175 Troy are 

equal to 192 avoirdupois ounces. 

APOTHECARIES' WEIGHT. 

60. The c1enominatlons of Apothecaries' Weight are 
pounds, ounces, drams, scruples, and grains. 

TABLE. 

20 grains (grs.) make 1 scruple, marked sc. or :9 
3 scruples "1 dram, "dr. or 3 
8 drams "1 ounce, " oz. or 3 

12 ounces "1 pound, " lb. 
grs. :!) 
20 = 1 :5 
60 3 1 ~ 480 = 24 = 8 = 1 lb. 

5760 = 288 = 96 = 12 1. 
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~pothecaries mix their medicines by this weight, but buy and sell byavoir­
dUpOlS. 

The pound and ounce of this weight are the same 3.S in Troy weight. 

LONG MEASURE. 

61. The denominations of Long Measure are leagues, 
miles, furlongs, rods, yards, feet, inches, and lines. 

TABLE. 

12 lines (1.) make 1 inch, marked in. 
12 inches " 1 foot, ." ft. 
3 feet " 1 yard " yd. 
5! yards " 1 rod, pole, or perch, rd. or p. 

40 rods or perches " 1 furlong " fur. 
S furlongs " 1 mile, " m. 
3 miles " 1 league, " lea. 

69t miles (nearly) " 1 degree or 360th part of the 
earth's circumference. 

in. ft. 
12 1 yd. 
36 = 3 - 1 rd. 

198 = 16t = 5t 1 fur. 
7920 = 660 = 220 40 = 1 m. 

63360 = 5280 = 1760 320 = 8 = 1. 

100 links, 4 rods, or 22 yards, make 1 Gunter's chain. Each link 
therefore is equal to 7-,%~ inches. 

Eleven Irish are equal to 14 English miles. The Paris foot is 
equal to 12'792 English illuhes, the Roman foot to 11'604 English 
inches, and the French metre to 39'383 English inches. 

4 inches make 1 hand (used in measuring horses). 
3 inches " 1 pl!.lm. 

18 inches " 1 cubit. 
3 feet " a common pace. 
5 feet a Roman pace. 
6 feet a fathom. 

120 fathoms " a cable's langth. 

SQUARE MEASURE. 

62. This mea~nre is u,sed for estimating artificers' work, 
such as flooring, plastering, painting, paving, &c., and, in 
short, any kind of work where Burface alone is concerned. 
It is always employed in measuring land, and hence it js 
frequently called Land Measure. 



40 MONEY, WEIGHTS, [SECT. L 

A square is a four sided 
flo-ure having all of its 
sides equal and perpendi· 
cular one to another. If 

1 foot=12 inches. 

the length of each side be .; - - - - - - - - - - --
an inch, a foot or a yard, $ ___________ _ 

=========1=== ---______ 1 __ -

&c., the square is called a .S 
square inch, a square foot, ", 
or a square yard, &c. It ..... 
will be observed from the 11 
adjacen~ tfiguret' tha

1
\ a .8 ___________ _ 

square .00 con aIDs w x 
12 or 144 square inches, 
and similarly a square 
yard may be shown to 
contain 3 x 3 or 9 square 
feet. 

The denominations of Square Measure are square miles, 
acres, rods, square perches, square yards, square feet, and 
square inches. 

TABLE. 

144 square inches make 1 square foot, marked sq. ft. 
9 square feet " 1 square yard," sq. yd. 

30i- square yards " 1 square rod, " sq. rd. 
40 square rods " 1 rood, "r. 
4 roods "1 acre, "a. 

640 acres "1 square mile, ,. s. m. 
sq. in. sq. ft. 

144 = 1 sq. yd. 
1296 9 = 1 sq. rd. 

39204 = 272:! = 30:! = 1 r. 
1568160 10890 1210 = 40 = 1 acre 
6272640 = 43560 4840 = 160 = 4 = 1 

63. In measuring land, Gunter's chain is used. 
divided into 100 links. 

"7 No inches make 1 link, marked 1. 
100 links or 4 rods" 1 chain " 

80 chains "1 mile,' " 
c. 
m. 

It is 

10000 square links " 1 square chain " 
10 square chains " 1 acre ' " 

sq. c. 
a" 
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SOLID OR CUBIC MEASURE. 

64. This measure is used for finding the solid contents 
of timber, stone, &c. A cube is a solid bounded by six: 
equal surfaces or squares, and having eight equal edges. 
It is called a cubic iuch, a cubic foot, or a cubic yard, ac­
cording as each of these edges is an inch, a foot, or a yard 
in length. 

The accompanying figure represents a cubic yard-each edge 
being 3 feet in length. The top, 3 feet. 
which is equal to the base, contains 
3 x 3 or 9 square feet; hence, if it 
were only one foot in height it would 
contain 9 cubic feet; but it is 3 feet 
in height, and must therefore contain 
9 x 3 or 27 cubic feet. A cubic yard "i 
then contains 3 x 3 x 3 or 27 cubic -; 
feet. 

'2l \.\.;JI:J'" 

Similarly it may be shown that a cubic foot contains 
12 X 12 X 12 or 1728 cubic inches. 

The denominations of Cubic Measure are cords, tons, 
cubic feet, and cubic inches. 

TABLE. 

1728 cubic inches make 1 c. ft. marked c. ft. 
27 cubic feet " 1 cubic yd." c. yd. 

*40 c. ft. of round timber, or }" 1 t " ton. 
50 c. ft. of sq. or hewn timber on, 

128 cubic feet make 1 cord of firewood, marked c. 
c. in. c. ft. 
1728 = . 1 c. yd. 

46656 = 2'7 = 1. 
A pile of cord-wood 4 feet high, 4 feet wide, and 8 feet long, con· 

tains 128 cubic feet or one cord. One foot in length of such a pile 
i~ caUed a cord:foot. It is equal to 16 solid feet, and is consequently 
el.[llivalent to the eighth part of a cord. 

CLOTH MEASURE. 

65. The denominations of Cloth Measure are French 
ells, English ells, Flemish ells, quarters, nails and inches. 

* A ton of round timber is that quantity of timber which, when heWD, wlU 
~lIk~ 40 cuble feet. 
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TABLE. 

2i inches (in.) make 1 nail, marked na. 
4 nails " 1 quarter, " qr. 
3 quarters " 1 Flemish ell, " Fl. e. 
4 quarters " 1 yard, " yd. 
5 quarters " 1 English ell, " E. e. 
6 quarters " 1 French ell, " F. e. 
in. na. 
2t = 1 qr. 
9 4 1 Fl. e. 

27 = 12 3 = 1 yd. 
36 = 16 4 = It = 1 Eng. e. 
45 20 5 = It = It = 1 Fr. e. 
54 24 6 = 2 It = It = 1. 

N;TE.-The Scotch ell contains 4 quarters It inch. 

DRY MEASURE. 

66. By this are measured all dry wares, as grain, 
beans, coal, oysters, &c. 

The denominations of Dry Measure are cbaldrons, 
bushels, pecks, gallons, quarts; and pints. 

TABLE. 
2 pints (pt.) make 1 quart, marked qt. 
4 quarts "1 gallon, " gal. 
2 gallons " 1 peck, " pk. 
4 pecks " 1 busbel, " bu. 

36 bushels " 1 cbaldron, " ch. 
pt. qt. 
2 1 gal. 
8 4 -- I pk. 

16 = 8 2 = 1 bu. 
64 32 8 4 = 1 ch. 

2304 1152 = 288 = 144 36 = 1. 
Onr Standard of Dry Measure is tbe Wincbester busbel. Tbis is an uprl~bt 

cylinder whose Internal diameter is 18t inches and depth 8 inches. It conta1us 
211;0'4 cubic inches or 17'627 lbs. Avoirdupois of pure distilled water at 62' 
Fahr. and 30 in. barometer. The standard unit of Dry Measure in the United 
States is also the Winchester bushel, so called because the standard measllre 
was formerly kept at Winchester, England. The standard unit of Dry Measure 
in Great Britain is tbe Imperial bnshel, which is an upright cylinder whose in· 
ternal diuml,t.r is 18'789 inches aud depth 8 inches. It c"nhin. 2218'192 cubic 
inches or 80 lbs, Avoirdupois of pure distilled water at 62' Fahr. I'nd 80 in. 
ba.rometer. 

Grain is often bougbt and sold by weigbt, allowing for a bushel, 60 Ibs. of 
wbeat, (i6 lbs. of rye,56 Ibs. of Indian corn, 48 lb •. of barley. Mlbs. of oats. 60 
Ibs, of peas, 50 Ibs. of beans, 40 lbs. of buckwheat, 60 Ills. of tillloth:y Of re4 
dover seed,' , 
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LIQUID MEASURE, 

67. Liquid Measure is used for measuring all liquids. 

The denominations of Liquid Measure are tuns, pipes, 
hogsheads, barrels, gallons, quarts, pints, and gills. 

TABLE. 

4 gills (g.) make 1 pint, marked pt. 
2 pints " 1 quart, " qt. 
4 quarts " 1 gallon, " gal. 

3lt gallons " 1 barrel, " bar. 
2 barrels " 1 hogshead, " hhd. 
2 hogsheads " 1 pipe, " pi. 
2 pipes " 1'tun; " tun. 

g. pt. 
4 1 qt. 
8 2 = 1 gal. 

32 8 = 4 1 bar. 
1008 = 2:>2 126 81 ~- 1 hhd. 
2016 504 252 6'-' 2 1 pi. .J 

4032 = 1008 Gli! 12G 4 2 1 tun. 
8064 2016 = 1008 ~~2 == .8 4 2 1 

The English Imperial gallon contains 277'2,1 cubic inches OJ' 10 Ibs. avoir· 
dupOls of pure distilled water, weighed at a temperature of 62" Fahr. and under 
a baromelric pressure of 30 inches. a 

In the United States the wino gallon "onbms 231 cubic iDchc., and the 
beer !(allon ~8t cubic inches. The gallon of Great Britain i. therefore about 
equal to 1'2 gallolls United States Wine Measure. 

By an Act of the Imperial Parliament, 1826, the Imperial gallon of 277'274 
cnblc inches, was adopted as the only gallon, and is therefore the standard for 
both liquid and dry mes.-;ure. 

Beer is uC)ually 80M by the gallon; sometimes, however, in casks of 5 gals.,. 
10 gals., 20 gals., &c. The beer barrel contains 36 gallons, and the hogshead 54 
gallons. 

T mE MEASURE. 

68. Time is naturally divided into days and years­
the ,former measured by the revolution of the earth on its 
axis, and the latter by the revolution of the earth round 
the sun. 

The denominations of Time Measure are years, months. 
weeks, dayi, hours, minutes, and ::;econds. 
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TABLE. 

60 seconds (sec.) make 1 minute, marked min. 
60 minutes "1 hour, "h. 
24 hours " 1 day, "d. 

7 days " 1 week, "wk. 
4 weeks "1 lunar month, " mo. 

12 calendar months or make 1 civil year, marked yr. 
13 lunar months or } 

365-1- days (nearly) 
sec. min. 
60 = 1 

3600 60 
86400 = 1440 

604800 = 10080 == 
31557600 = 525960 = 

h. 
1 

24 
168 

8766 

da. 
1 
'1 

365;i 

wk. 
1 

52-h 
yr. 

=1. 

The twelve calendar months, into which the civil or legal year is divided, 
and the number of days in each, are as follows: , 

First month, January, has 81 days. 
Second H February ~~ 28 H 

Third March "81" 
Fourth" April, :: 3

3
°1 .:: 

Fifth May, 
Sixth June., "30" 
Seventh H July, "31" 
Eighth Augnst." 81 " 
Ninth Septe.mber," 80 ", 
Tenth October," 31 " 
Eleventh H November, U 30 " 
TweUth'~ December, u 31 " 

The number of days in the respectiv~ months may be recalled by recollect. 
ing the following well-known lines: 

Thirty days hath September, 
April, June, and November ~ 
February has twenty-eight alone, 
And all the rest have thirty-one; 
But leap-year coming once in fonr, 
February then has one day more. 

The number of days in each month may also be reco!leeten by counting the 
months on the jo'u.r fingers and three intervening spaces. Thus, January on 
the first finger; February in space betweon first and second fingers; March on 
second finger; April in second space; May on third finger; June in third 
space; July on fourth finger ~ August on first finge.r (since th~re are no more 
spaces); September in first space, &c, Now, when counted thus, all the 
months having 81 days come on the fiugel's, and all having 80 only fall into the 
spaces. 

The solar yea.r is the time elapsing from the nQssage of tbe sun from either 
solstice back to the same again, and is eqnal to 365d, 5h. 48m. 48sec, 

The sidereal year is the time bet.ween two successive cOLjullctions of the 
sun with some smr, and is equal to 36M. 6h, 9m. 14tsec. 

'l'be civil or legal year is that in common use among different nations, and i$ 
c'lual to 36;; days for three yoars in "uccCO;',illU al\~ to 866 days for tbe fourth, 
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This additional day is given to every fourth year, in order to make the civil 
year agree with t.he solar. It was originally added by repeatingtbe aimthofthe 
calends of March In tbe Roman calendar-correspondin;; with the 24th of Febru­
ary with us. The day was called the intercalnf'Y day, from the Latin inte;rcnlo, 
to insert; and the year was called bi8serotile, from the Latin /Ji."{, twice, and 8e~­
tilis, sixth (i. e., siretk calenu, taken twice). We now call it Leap Year, because 
it leaps a day more than a common year. Tbis correction was made by.Julius 
Coosar, emperor of Rome, and hence the civil year is often called the Julian 
year. 

The addition of one day every four years would be strictly correct, if the 
solar year contained 365d. 6h.; bnt it only contains 365d. 5b. 48m. 48s., or 
11m. 128. less than 365d. 6h. Adding 1 day every 4 years, gives us then an error 
of e"cess of -14m. 48s., or about 8 days for cvery 400 years. Thus the Julian 
calendar was behind the solar time, sillce the Julian year was longer than the 
natur.l year. This error, at the time of Pope Gregory XIII., amounted to 10 
oays, which he corrected in 1582 by suppressing 10 days in the month of Octo­
ber, the day after th.e 4th being called the 15th. Hence this calendar is some­
times called the Gregorian calendar. 

This correction was not adopted in England till lj52, when the p-rror 
amonnted to 11 days. By Act of Parliament, 11 days after the 2nd of September 
were therefore omitted. The civil year, by tl1e same act, was made to com­
~ence on the 1st of January, instead of the 25th of March, as it had done pre­
vlOusly. 

Dates reckoned by tbe old methor! or Julian calennar, are called Old Style; 
nnd those reckoned by the new method are called Ne;w Style . 

. :roo change any date from Old to New Style, we must add 11 days to it; 
and If the given date in Old Style is between the 1st uf .Tanuary and the 25th of 
March, we must add 1 to the year in New Style. 

Russia still reckons dates according to Old Style. The difference now 
amounts to 12 days. 

69. To ascertain whether a year is LEap YEA.R. 

Divide the given year by 4, and if thet'e is no t'emainder it is 
Leap Yem'. The remainde)', if any, sho'Ws hOI" many yem's have 
elapsed since a Leap Ycal' occur.-cd. 

Thus, dividing the year 1847 by 4, the remainder is 3; hence it 
is 3 years since the last Leap Y car, and the ('l1Euing year will be 
Leap Year. 

To this rule there is an exception; for we h·a.ve seen tha.t a 80lar year ig 
11m. 12s. less than a Julian year, which is 365t days. This error, in 400 years, 
amounts to about 8 days; consequently if a day is added every f01M'th year, 
that is, if we have 100 leap years in 400 years, according to the .Julian calendar, 
the reckoning wonld fall 3 days behind the Bolnr time. Thus reckoning from 
the commencement of the Christian ern, when it was January 1st, 401, by the 
Julian time, it was January 4th by the Bolar time. 

To remedy this erroT, only 1 centennial yenr in 4 is regarded as leap year; 
or, which Is the same in effect, whenever the centennial year, or the numb.B1~ 
expressing- the century, is not divisible by 4, th3.t yeBr is not a leap rl!ar, whlle 
the other 'centenntal years .re. Thus, 17, 18, 19, denoting 1700, 1801), and 1900, 
are not diviiJible by 4, consequently they are not leap years, though according 
W tbe rule abo,"" they would be ; on the other haner, 16 and 20, .den?ting 1600 
and 2000 are divisible by 4, and are therefore leap years. There 1S stll! a Sliiht 
error, bn:t it i. 50 dman that in 5000 y ... s it .... rocly amounts to a day. 
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'10. TABLE SHOWlNG '!"HE NUMBER OF DAYS FROM ANY DAY OF ONE 

MONTH TO THE SAME DAY OF ANY OTHER MONTH IN THE SAME YEAR. 

From any 
To the same day of 

day of 
Jan. Feb, !MRr.!APdl May\ June JulylAng. Sept. Oct. Nov. Dec. --\---1-------January ........... 365 31 59 90120151 181 212243273304334 

February ......... 334365 28\ 59 89 12C 150 181 212 242 273 3031 
March ............ 306337365 31 61 92122153184214245275' 
April. .............. 275306\334\365 30 61 9112215318312141244\ 
May ............... 245276'304'335365 31 61 921231531841214 
June .............. 214245\273304334365 30 61 92122153\183 
July ............... 1842152431274304335365 3I 62 92123153 
August ............ 153184r12243273304334365,31 61 92122 
September ........ 122153181,21224227:3 303 334365 30 61 91 
October ........... 92 123 l'tn\182 2121243 273 304 335 365 31 61 
November ....... 61 9212015118112122<122731304334365 30 
December ........ 31 d 901121 151ilt;2121ll 243 274 3041335 365 

The months counted from any day of, au arranged in the lep­
hand vertical column,- those counted to the same day of, are in the 
uppe1' horizontal line,- the days between these pe1'iods are found in the 
angle of intersection, in the same way as in a common table of mul­
tiplication. If the end of February be included betwel'" the two 
points of time, a day must be added in leap years. 

EXAMPLE 1.-How many days are there from the 15th ot March to the 4th 
of Oetober 1 Looking down tho verticall'ow of nnmbers at the head of which 
OctobpT iR placed 1 and at the same time along the horizontal row at the left 
hand si(le of which is March, we perceive in their,intersection the number 214: 
so many days, therefore. intervene between the 15th of March to the 15th of 
October. But the 4th of October is 11 days earlier than the 15th: we therefore 
subtract 11 from 214, and obtain 203, the nnruber required. 

EXAMPLE 2.-H?w many days, are there between the 3rd of January and tho 
l!J1.b of May? Lookmgas before III the table, we find that 120 days intervl'ne 
between the 3rd of Junuary and the 3rd of May; but as the 19th is 16dAyslatel' 
than lhe Brd, we add 16 to 120, am! obtain 13G, the Dumber required. 

Since February is in this case inclnded, if it were a leap year, as that month 
,,'ould then contain 29 days, we should add 1 to the 136, and 181 wonld b. the 
au!wer. 

EXAMPLES. 

1. How many days from May 3rd to the 4th of next July! 
Am. 62 days. 

2. IIow many days from July 4th to the 25th of next December! 
Ans. 174 days. 

3. HolV mmy days f.-om !1nrch 21,t to tho! 2il'd of the next Sep-
lIombQr? "Am. 181\ daY'. 
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4. How many days from September 23rd to the 21st of the next 

March? Ans. 179 days. 
o. How many days from June 21st to the 22nd of the next De-

cember? Ans. 184 days. 
6. How many days from December 22nd to the 21st of the next 

June? Ans. 181 days. 
7. How many days from March 21st to the 21st of the next June? 

Ans. 92 days. 
8. How many days from January 13th, 1848, to September . 17th 

&f the same year? Ans. 248 Jays. 

71. The unit of time i. the bailUl of that of Length, Ma68, and Preamr.: 
the connections being as follows :-

A pownd pretJ8ur. means that amount of pressure which is exerted towards 
the earth, at the level of the sea, by the qlMllTbliity of matter called a pound. 

A pound of Matter means a 'l"uantlty equal to that quantity of pure water 
which, at the temporature of uJ" ]: abr., would occupy 21'~72 c'u(;ic ·i·nclL8s. 

A culric inch is that cube whose Eicle, taken 39'1393 times, would measure 
tho effective length of a Lonuon sewnd8-pendulw",. 

A London 8econd8-pendulltm is that which, by the UllllOsisted and unop­
po.ed effect of its own gravity, would mt.ke 86401) vibrations in an artificial solar 
day, or 86168'09 in a natural sidereal day. 

CIRCULAR MEASURE. 

?2. Circular Measure, sometimes called Angular Meas­
ure, is chiefly used by astronomers, navigators, and sur­
veyors, for measuring angles and for reckoning latitude 
and longitude, and the motion of the heavenly bodies. 

The denominations of Circular Measure are signs, de­
grees, minutes, and seconds. 

TABLE. 

60 seconds (") make 1 minute, marked I 

60 minutes "1 degree, " 0 

30 degrees "1 sign, "s. 
12 signs or 360 deg. 1 circle, "c. 

110 = 
8600 

108000 = 
1%1I60eO 

1 
60 

1800 = 
2166<t = 

1 
110 

360 = 
s. 
1 

12 
.. 
1. 
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The circumference of every circle 
Is supposed to be divided. into 860 equal 
parts called degrees, as in the subjoin­
ed figure. Since a degree is simply 
the ~h pRrt of the circumference of 
the ci;'~le, it is obvIOus that its length 
must depend upon the size of the circle. 
If the circumference be 360 miles in 
length, then a degree of tbat circle will 
be one mile long; if the circle be 360 
inches in circumference, then a degree 
will be one inch, &c. 

The division of the circnmference 
of the circle into 360 equal parts took 
Its origin from the length of the year, 
which, in round numoers, was sup-' 
posed to contain 860 days, or 12 months 
of 30 days each. The 12 si(Jn8 corre­
spond to the 12 months. 

[SlOT. t. 

The term minute is frotu the Latin mi7llUtum" a small part." The term 
seconds is an abbreviated expression for 8e-cond minutes, or minutes of the 8tC­
ona ordelr. 

MISCELLANEO'US TABLE. 

'73. 12 individual things make 1 dozen. 
12 dozen............. " 1 gross. 
12 gross.............. " 1 great gross. 
20 individual things 1 score. 
24 sheets of paper.. " 1 quire. 
20 quires............. 1 ream. 

11.2 pounds....... ..... 1 quintal. 
200 " " 1 barrel of PO'rk O'r belli'. 
196 1 barrel O'f flour. 
14 " 1 stone. 

BOOKS. 

A sheet folded into twO' leaves is called a folio. . 
" folded into four leaves is called a quarto, 4to. 
" folded into eight leaves is called an octavo, or 8vo. 
" fQlded into twelve leaves is called a duodecitno, Of' 

12000'. 
" folded into eighteen leaves is called an 18mo. 

74. When figures are written by the side of each other, 
thus, 

2587931272_ 

the language implies that the unit in each place is equiva­
lent to ten units of the place next to the riO'ht; or that ten 
units of any particular pla.ce are equivalent to one unit of 
the place immediately to the 19ft. ' 
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75. When figures are written thus, 
$ d. c. m. 
1 4 6 5 

49 

the language implies that 10 units of the lowest denomina·, 
tion make one of the second; ten of the second, OI!.e of the 
third; and ten of the third, one of the fourth. 

76. When figures are written thus, 
T. cwt. qr. lb. oz. dr. 
16 11 3 21 14 3 

the language implies that 16 units of the lowest denomina, 
tion make one of the second; 16 units of the second, one 
of the third; 25 units of the third, one of the fourth; 4 
of the fourth, one of the fifth; and 20 of the fifth, one of 
the sixth. 

All other denominate numbers are formed on the same 
principle; and in all of them we pass from a lower to the 
next higher denomination by considering how many units 
of the one make one unit of the other. 

REDUCTION. 

77. Reduction is the changing the denomination of a 
number from one unit to another, without altering the 
value of the number. For example, if ,\'e desire to reduce 
7 of the order of hund1'eds to a lower denomination, we 
multiply the 7 by 10, and thus obtain 70 of the order tens, 
which are equal to 7 of the third order or hundreds. If 
we wish to reduce to a still lower denomination, we mul­
tiply the tens by ten, and this gives us 700 of the first 
order or simple units, which are just equal to 70 tens or 7 
hundreds. 

If, on the contrary, we wish to reduce 900 of the first 
order or simple units, to units of the third m'der or hun­
dreds, we divide by 10, and thus obtain 90 of the second 
order, which we again divide by 10 and obtain 9 units of 
the third order or hundreds. 

Hence reduction of denominate numbers is divided into 
''''70 parts;-

1st. To reduce anum ber from a higher denomination to 
.';. ?Jwer: this is called Reduction Descending. 

D 
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2nd. To reduce a number from a lower denomination 
to a higher: this is called Reduction Ascending. 

REDUCTION DESCENDING. 

EXAMPLE. 

'78. Reduce £6 168. otd. to farthings. 
£ s. d. 
6 16 O-! 

20 

136 shillings = £6 16s. 
12 

1632 pence = £6 16s. Od. 
4 

6529 farthings = £6 168. otd. 
EXPLANATION.-In this example we multiply the £6 by 20, because each 

pound is equal to 20 sbillinp;s; 6 pounds are thbrefore equal to 120 shillings, 
and tbo 16 sbillings given in tbe question make ]36 sbillings. Then we multi· 
ply the Dumber of shillings by 12, lll!('(lUSC each shilling is equal to 12 pence, 
and, since there are no pencf' in tbE' qlll:'fti{JD, WE' simply set down the result, 
16B2 pence. Lastly, we multiply the 1632 pence. by 4, becau." each penny is 
eq ual to 4 fartbings, and to the result we add the one farthing given in the 
question. 

From the above example aud solution we deduce the 
following-

RULE. 

Multiply the highest given denomination by that quantity which 
expresses the number of the next lowel' contained in one of its units; 
and add to the product that numbe)' of the next lower denomination 
which is found in the quantity to be )·educed. 

Proceed in the same way with the result; and continue the pro­
cess until the )'equi)'ed denomination is obtained. 

EXEIlCISll 5. 
1. How many farthings in 23328 pence? Ans. 93312. 
2. How many shillings in £348 ? Ans. 6960. 
3. How many pence in £38 lOs.? Ans. 9240. 
4. How many pence in £58 138.? Ans. 14076. 
5. How many farthings in £58 13s.? Ans. 56304. 
6. HolV many farthings in £59 13s. 6£d. Ans. 57291~ 
7. HolV many pence in £63 Os. 9d.? Ans. 15129. 
8. How many pounds in 16 cwt.) 2 qrs.) 16 lb. ? Ans. 1666. 
9. How many pounds in 14 cwt.) 3 qrs.) 16 lb. ? Ans. 1491. 

,-;;~- .Row many grains in 3 lb., 5 oz., 12 dwts., 16 grains? 
Am. 19984. 
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11. How many grains in 7 lb., 11 oz., 15 dwt., 14 grains? 
Ans.45974. 

12. How many hours in 20 (common) years? Ans. 175200. 
13. How many feet in 1 mile? Ans. 5280. 
14. How many minutes in 413 years, 21 days, 8 hours, 56 minutes 

(not taking leap-year into account) ? Ans. 24208376. 
15. How many square yards in 74 square perches? 

. Ans. 223S'5 (2:J38 and a half). 
16. How many squar~ yards in 46 acres, 3 roods, 12 ,perches? 

17. 
18. 
19. 
20. 

How many square acres in 767 sqh:we miles? 
How many cubic inches in 767 cubic feet? 
How many quarts in 767 pecks? 
How many pints in 797 pecks? 

REDUCTION ASCENDING. 

Ans. 226633. 
Ans. 490880. 

AilS. 1325376_ 
Ans.6136. 

Ans. 12762. 

7,9. EXAMPLE.-Reduce 856347 farthings to pounds, &c . 
. 4)856347 
12)2l408G~d. 
20)17840s. 6!];d. 

£8D2 Os. 6!];d. =856347 farthings. 
EXPLANATIoN.-We divide the farthings by 4, bect1lUse evel'yfour farthings 

are equal to onp' _.l1y', and it is evident that what remains after taking away 
four farthing' "often as possible from the farthings must be fartbin~s. We 
thus obtain 856347 fartbillgs, equal to 214086 peuce and 8 fartbings. Then we 
divide the pence by 12, because every 12 pence are equivalent to Olle shilling, 
and what remains after taking' 12- pC:!]1ce as often ItS possible from the pOllce 
must be pc"ce. W" thus ascertain that 214086 pence aud 3 lartbings ore equal 
to 17840 shillings and 6 pence 3 farthings. Lastly we divide 17840 sbillings by 
20, beca,u88 every 20 shillings are equal to one pound. By this process we have 
reduced 856347 fartbings tu £892 Os. 6id. 

From the above example and solution we deduce the 
following-

RULE. 
J)ivide the given number by that mlmber which it takes of the 

gwen denomination to malee one of the next higher. Set down the 
nmainder, if any, and. 'Pl'oceed in the same manner with each suc­
cessive denomination till you, come to the one requi1-ed. The last 
quotient, with tM seveml remainders annexed, will be the anS10er 1-e­
quired_ 

EXERCISE 6_ 

1. Reduce 32756 farthings to pounds, shillings, and pence. 
Am. £34 2s. 5d. 

2. Reduce 23547 troy grains to pounds, &c. 
Am. 4 lb. 1 oz. : dwt. 3 grs. 
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3. Reduce 397024 yards to miles, furlong~, &c. 
Ans. 225 m. 4 fur. 26 r. 1 yd. 

4. How many hours are there in 28635 seconds? 
Ans. 7 h. 57 min. 15 sec. 

5. How many cwt., qrs., and pounds in 1666 pounds? 
Ans. 16 cwt., 2 qrs. 16 lb. 

6. How many cwt., &c. in 1491 pounds? 
Am. 14 cwt. 3 qrs. 16 lb. 

7. How many pounds troy in 115200 grains? Ans. 20. 
8. How many pounds in 107520 oz. avoirdupois? Am. 6720. 
9. How many cubic feet, &c. in 1674674 cubic inches? 

Ans. 969 feet, 242 inches. 
10. How many yards in 767 Flemish ells? 

Ans. 575 yards, 1 quarter. 
11. How many leagues in 183810 feet? 

A lIS. 11 lea. 1 m. 6 fur. 20 rd. 
12. How many cubic yards in 138297 cubic inches? 

Ans. 2 c. yds. 26 ft. 57 in. 
13. How many cords of wood are there in 67893 cubic feet? 

Ans. 530 cords, 53 cub. ft. 
14. In 3561829 seconds, how many weeks? 

A))". 5 wks. 6 dys. 5 h. 23 min. 49 sec. 
15. In 1597 quarts, how many bushels? 

. Ans. 49 bushels, 3 pks. 1 gal. 1 qt. 
16. In 1000 cord·feet of wood, how many cords? 

Ans. 125 cords. 
17. In 10,000" how many degrees? Aus. 2° 46' 40" 
18. In 70,000 square links, how m!J.ny square chains? 

A nB. 7 square chains. 
~:l. In 1)521 grains apothecaries' weight, how many pounds? 

A ns. 2 lbs. 0 3 0 3 0 B 1 gr. 
20. In 26025 square feet, how many roods? 

AnB. 2 r. 15 sq. p. 17 sq. yds. 8 sq. ft. 36 sq. in. 

REDUCTION OF THE OLD CANADIAN CURRENCY TO THE 
NEW OR DECIMAL CURRENCY. 

80. EXAMPLE.-Reduce £76 14s. 10!d. to cents. 

30400 cents. EXPLANATION. - We multiply 
280" £76 by 400, because ,'uch pound is 
1711 " equnl to 4 aullars or 400 cf'.nts; next 

£76 x 400 
140. x 20 

10td.=43 far. x 5+12 = n we wUltiply 14, the number ofsbi!-
£76 148 10~d - 30697''' t lings, by 20, became eRch .hilling 

. ... . - h C S. 18 equal to 20 cents; lastly we mul .. 
tlply the number offarthil1!,s in the pence and farthings by {) and divide the r •• 
suIt by 12, hecau8e each farthing is equal to -t. ofa cent. 

That eaoh farthing is equal to * of a cent is evldeut from the fact -that 



ARTS. 79, 80.) 'RECAPITULATION. 53 

4S farthings (or one shilling) are equal to 20 cents; 01' 12 farthings cqua15 cents, 
or one farthing equal /2 of a cent. 

From the above example and solution we deduce the 
following-

RULE. 

Multiply the pounds by 400, the shillings by 20, and take jive­
twelfths of the number expressing how many farthings there are in the 
given pence and faJ"thi1'gs. .Add the three ,"esults togethe,' and thei,' 
sum will be the n'umber of cents ,"equind. 

Oonside?' the last two jigu?'es as cents, and the 1"esult will be dollars 
and cents. 

NOTE.-We take five-twelfths of the fartbings by multiplying them by five 
and dividing the result by twelve. 

EXERCISE 7. 
1. How many cents are there in £3 78. ltd.? .Ans. 1342n, cents. 
2. How many dollars are there in £29 18s. 3td. ? 

.An8. 11965jj- cents, or $119'65% cents. 
3. How many cents are there in lltd. ? .Ans. lS!t cents. 
4. How many dollars and cents are there in £69 15s. 6d. ? 

.Am. 27910 cents, or $279'10. 
5. How many dollars and cents in 18s. Std.? .Am. $3·74t· 
6. How many dollars and cents in £17 168. 5id.? 

7. How many dollars and cents in £87? 
8. How many dollars and cents in 15s. l1Jl:d.? 
9. How many dollars and cents in £16 6s. 2d. ? 

10. Reduce £2 9s. lld. to dollars and cents. 

RECAPITULATION. 

.Am. $71'29}2-' 
.An •. $34S·00. 
.Ans. $3'19-0-. 
Ans. $65·23t. 

.An •. $9·9St. 

I. Sci.ence is a collection of the general principles or 
leading truths of any branch of knowledge systematically 
arranged. 

II. Art is a collection of 1"ules serving to facilitate the 
performance of certain operations. 

III. The rules of art are based upon the principles of 
science. . 

IV. Arithmetic is both a science and an art. 
V. The science of arithmetic discusses the properties of 

numbers and the p1"inciples upon which the elementary" 
operations of arithmetic are founded. . 

VI. The science of arithmetic is called TheoretlCal 
Arithmetic. 

VII. The m"t 0/ m"ithmetic is ~allQd Practi4:al Arithmeti<;. 
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VIII. Practical A1·ithmetic is the application of r1tZeS 
based upon the science of numbers, to practical purposes, 
as the solution of problems, &c. 

IX. N1tmbers are expressions for one or more things of 
the same kind. 

X. Unity, or the unit of a number, is one of the equal 
things which the number expresses. 

XI. Numbers are divided into two classes, viz.: simple 
or abstract numbers; and applicate, concrete, or denomi­
nate numbers. 

XII. An applicate, concrete, or denominate number is a 
number whose unit indicates some particular object or thing. 

XIII. A simple or abstract number is a number whose 
unit indicates no particular object or thing. 

XIV. Numbers may be expressed either by words or by 
characters. 

XV. The expression of numbers by characters is called 
Notation. 

XVI. The reading of numbers, expressed by characters, 
is called N11.memtion. 

XVII. The characters we use to express numbers are 
either Zettel's or figures. 

XVIII. The expression of numbers by letters is called 
Roman Notation. 

XIX. The expression of numbers by figures is called 
Arabic Notation. 

XX. In the Roman Notation only seven numeral letters 
are used, viz.: I, V, X, L, 0, D, M. 

L"YI. vVhen these letters stand alone, I denotes one, V 
five, X ten, L fifty, ° one hundj·ed, D five h1tndred, M one 
thousand. 

XXII. All other numbers are expressed by repetitions 
and combinations of these letters. . 

XXIII. In combinations of these numerical letters1 

every time a letter is repeated its value is repeated; also 
when a letter of a lower value stands before one of a higher, 
its value is to be subtj·acted)· but when a letter of a lower 
comes directly after one of a higher value, its value is to 
b~ addQd. 
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XXIV. A b~t or dash written over a letter or combina­
tion of letters, multiplies the value by one thousand. As 
we have already a character for one thousand, viz., M, and 
can, by repeating it, express two or th1'ee tlwu8and, we do 
not dash the I, or combinations into which it enters. 

XXV. Anciently, IV was written nn; IX was writ­
ten VIllI; XL was written XXXX, &c.; D was written 
10, and M was written 010' Affixing 0 to TO increases 
its value ten times-thus 10=500; 100=5000; 1000 
=50000, &c. Prefixing 0 and affixing n to 010 increases 
its value also ten times, thus CIO= 1000; OOIOO= 
10000; OOCIOOO= 100,000, &c. 

XXVI. The figures or characters used in the Arabic or 
common system of notation a,'e 1, 2, 3, 4, 5, 6, 7, 8, 9,0, 
one, two, three, four, fi\'e, six, seven, eight, nine, zero. 

xxvn. The first nine of these characters are called 
significant figures, because ea~h one has always some value 
or denotes some number. They are also called di,IJits 
(Lat. digitus, "a finger "), from the almost universal habit 
of counting on the jingc?rs. 

XXVIII. The last or Z'1'O is called a cipher or naught, 
because it is valueless, that i3, stands for nothing. It is 
not, however, useless, siuce it serves to 6ive the significant 
figures their appropriate p'.ac(s. 

XXIX. When t1e 0 stands to the left of an integral 
number or to the ri0"1t of a decimal, i. e. when it does not 
come between the d~cirnal point and some significant fig­
ure, it is both valueless anl useless. 

XXX. The digits 1, 2, 3, &c. standing immedia1 ely to 
the left of the decimal point expressed or understood, are 
caned simple units, or units of the first order. 

XX:;";:I. The decimal 'point is a small dot or point, used 
to inclicate the positlon of the simple units. 

XXXII. The digits 1, 2, 3, &c. standing one place to 
the left of the simple units, are called tens, or units of the 
Jiecond order to the left. When they stand one place to 
the right of the simple unit, they are called tenths, or 
units of the second order to the right. 
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XXXIII. The digits 1, 2, 3, &c. when standing two 
places to the left of the simple unit, are called hu.ndr~ds, 
or units of the third order to the left. When standing 
two places to the right, they are called hundredths, or 
units of the third order to the right,&c. 

XXXIV. Commencing at the simple units and pro­
ceeding to the left, we have u.nits of the first order or 
simple u.nits; next, units.of the second order or tens; 
next, units of the third order or hundreds; next, units of 
the fourth order or thousands; next, units of the fifth 
order or tens of thousands, &c. 

XXXV. Commencing at the simple units and proceed­
ing to the 1'ight, we have units of the first order or simple 
units; next, units of the second order or tenths; next, 
units of the third order or hundredths; next, units of the 
fourth order or thousandths'; next, units of the fifth Q1'der 
or tenths of thousandths, &c. 

XXXVI. Each digit has two values, viz.: a simple or 
absolute value, and a local or relative value. 

XXXVII. The simple or absolute value of a digit is the 
value it expresses when simply considered as representing 
a certain number of repetitions of the digit one. 

XXXVIII. The local or relative value of a digit is the 
value it expresses when considered as occupying a certain 
position with reference to the decimal point. 

XXXIX. The ratio of one number to another is the re­
lation which one bears to the other with respect to magni­
tude, when the comparison is made by considering, not by 
how much the one is greater or less than the other, but 
what number of times it contains it, or is contained in it. 

XL. When several numbers, or groups of units, are so 
ananged that the second and third have the same ratio to 
one another as the first and second, and the third and 
fourth the same ratio as the second and third, &c.,-they 
(the numbers or groups of units) are said to have a com­
mon ratio. 

XLI. The common ratio of our system of numbers is 
10-by saying which we merely mean that the different 
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orders increase 01' decrease from one another in a ten·fold 
proportion, i. e. that 10 units of any Olle order make one 
unit of the next higher, and vice versa. ' 

XLII. A system of numbers is called a billury, ternary, 
quaternary, qllina;'y, senary, septena.ry, octenary, nonary, 
denary, &c. system, according as two, three, jOllT,jive, six, 
seven, eight, nine, or ten is the common ratio of the orders. 
Ours is a denary or decimal system. 

XLIII. To facilitate the readiug of a number we divide 
it into periods of three places eaeh, by placing separating 
po~nts after every third figure right and left of the decimal 
pomt. 

XLIV. The periods to the left of the decimal point are 
units, thousands, 11lil1ions, {JillioJls, trillions, &c, The 
periods to the right of the decimal point are thousandths, 
millionths, billionths, trillionths, &c. . 

XLV. The lowest order used in any reading, whether 
it be thousands, units, hundredths, tenths of thousandths, 
hundredths of millionths, &c., gin'~ the name or denornina­
~ion to the part or whole of the number used in the read­
mg. 

XLVI. Numbers to the left of the decimal point are in­
tegers or whole numbers; those to the right of the decimal 
point are called decimals. 

XLVII. A number is multiplied by 10 every time the 
decimal point is moved one place to the right, and divided 
by 10 every time the decimal point is moved one place ~o 
the left. Thus, moving the decimal point two, jour, or SIX 

places, either multiplies or divides the nu~ber by ~OO, 
10,000, or 1,000,000, according as we move It to the nght 
or to the left. . 

XLVIII. A number may be read in several w,ays by 
changing the nature of the simple unit. Thus the num­
ber 576'24 may be read: 

1st. Five hundreds, Bev~n te~s, six units'htwo tcinlhS; h~~J~~dtt~DdredthS. 
2 d Fifty-seven tens, SIX umis, two tent s, nn ou ~ . d h 
n. . h d d nd seventy~six units, two tenths, and lour hundre t 8. 

~~~: Ii;: th~u;nd~ Beven hundred and sixty-two tenths, and fow: hUR-

dre~~r' Fifty-seven tllo...and, .i.>: bUlldred and twenty-four hundredths. 
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6th. Fh'e hundred and seven thousand, six hundred and twenty-four hnn-
dredths. 

7th. Fifty-seven tens, and six hundred and twenty-four hU1ldredthB. 
8th. Five hundred and seventy-sil< units, and twenty-four hundredthB. 
9th. Fifty-seven tens, sixty-two tenth., and four hundredths. 
10th. Five hundreds. seven hU1ldl'ed and sixty-two tenths, and four hun­

dreaths, &c. 

EXERCISE 8. 

MISCELLANEOUS PROBLEMS. 

1. Reduce 6789634 links to acres, and prove by reducing the 
result to links. 

2. Read 67845398678904 and 59007040600~OOOO·000GOG04. 

3. Set down 4769 in Roman numerals. 

4. llfake 42986 ten thousand times greater. 

5. Reduce £16 ,18~. ·6!d. Old Canadian Currency to Dollars and 

Cents. 

6. Read LXXVMMCMXCI. 

7. Write down, in Arabic numerals, six hundled and flve billions, 

seve~ty thousand and sixteen, and nine millionths. 

8. Make 469789 one hundred times greater. 

9. Read the number 6798 in all the ways it can be read. (See 

Recapitulation XLVIII.) 

10. Divide 69800463 by one I.li l lion. 

11. Divide 8439 by ten thou,and. 

1::. Multiply 6789 by one hundred thousand. 

13. Multiply 60432986 by ten millions. 

14. Write down one quadrillion one biIIion one thousand and one, 

and one trillionth. 
15. Write down seven thousand six hundred and nine tenths Qf 

millionths. 

16. Read 90807060504030 and 

4004040400400000060432'01010203040506. 

17. Reduce 6789463 inches to :.tcres, and prove by reducing the 
result to inehes. 
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18. Reduce 617 cord-feet of wood to cords. 

19. Reduce 91867 cubic feet of wood to cords. 

20. yvrite down 718, 614, 499, 999, 8643, 96149, 163986, and 
444144 In Roman numerals. . 

21. Read CCCXXXIII, MCMLXXXIX, and MI. 
22. Read 6129 in as many ways as it can be read. 

23. Give all the readings of 634986. 

24. Give nil the readings of 19'639. 

25. Reduce 18s. 9id.; £6 28. lld.; 3s. 7d.; and, £189 7s. 4£-d. 
~o dollars and cents. 

26. Give all the readings of the number $69'863 FedeIal 
money. 

27. Give all the readings of 9 bush. 3 pk. 1 gal. 3 qts. 1 pt_ 

28. Were the years 1693,1856, 1728, 1549,867,444,1600, and 

927, leap years or not? If not, how many years after or before leap 
year? . 

29. How many days from this to the 17th of next March? 

30. Answer the following questions: What is the meaning of the 

symbols £ s. d. and iI.? In the expression " 1 B 19 " what does the 

i?ng mark (f) represent? What is the derivation of the word ster­

hne;? . Why are the pound and gninea 80 called? What is the 

derivatIOn of the sign $? What is the derivation of the words 

'::grain," "pennyweIght," "ounce," and "inch"? What is a 

, carat" ? What is a sqnare? Show that a sqnare yard contains 9 

~quare feet. Show that a cubic yard contains 27 cubic feet. What 

IS a cubic yard? What is meant by a ton of round timber? What 

must be the dimensions of a pile of wood in order that it shall contain 

a cord? What is meant by a cordfoot? What are the dimensions o.f 

the Imperial-bushel I-of the TYinchester-bo,slul? Which of these IS 

flur standard? Which that of the United States? How many pounds 

of wheat go to the bushel ?-of rye ?-of oats ?-of barley ?-of peas? 

-of beans ?-of buckwheat ?-of Indian corn? What is our stand­

ard for liquid meaSUl'e ? How many cubic inches of water are there 

in the Imperial gallon? How many pounds Avoirdupois? What are 

the standard gallons of the Unite~ States.? Explain .":hy a day is 

added to every fourth year. What IS t~e orlgm o~ th; d,V,SIOns of the 

circle into degrees and signs? What IS the deI'lvatlOn of the terms 

" minute" and "second"? How many sheets of paper are there in 

a quire? How many quires in a ream? J:Iow mar~y pounds are 

there in a barrel of flour? What is the meamng of foho ?-of 4to or 

quarto ?-of Svo or octavo ?.....,of 12mo or duodecimo ?-of 16mo ?-of 

18mo? 
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QUESTIONS TO BE ANSWERED BY THE PUPIL. 

N OT1fo.-NwmbM's in Roma", nwmera18, tl/JU8, XVI, refer to the articles in 
eM recapitulation: those in Arabic 'lIJUmeraI8. thus, 16, reler to the 11I!Imblll'ed 
OR'ticle8 01 the Section. 

1. What is Bcience? (I.) 2. What iB art? (II.) 
8. Upon what are the rules of art 4. Is arithmetic a science or an art? 

based? (IlL) (IV.) 
II. What al'e the objects of the science 6. What iB the science of arithmetic 

of arithmetic? (V.) called? (VI.) 
7. What name is given to the art of 8. What is practical arithmetic? 

arithmetic? (VII.) (VIII.) 
9. What are numbers? (IX.) 10. Whatistheunitofanumber? (X.) 

11. How many classes of llumbers arc 12. What are applicate or denominate 
there? (XL) numbers? (XII.) 

18. What are .imple or abstract num- 14. By how many methods may num-
bel'S? (XIII.) bers be expressed? (XIV.) 

15. What is Notation? (XV.) 
16. Wbat is Numerlltion? (XVL) 
11. What cbaracters do we use to express numbers? (XVI!.) 
18. Wbat is Roman Notation? (XVIIL) 
19. What is Arabic Notation? (XIX.) 
20. What numeral letters are used in Roman Notation? (XX.) 
21. What is the value of each of these letters when standing alone? (XXI.) 
22. How are all other numbers expressed in Roman Notation 1 (XXfL) 
28. III combination, when a letter is repeated, wbat does it indicate? (XXIII.) 
U. When a letter of a lower is placed before one of 8 higher value, what does 

it indicate? (XXIIL) 
25. When a letter of R lower is placed after one of a higher value, wbat does it 

indicate? (XXIII.) 
26. What effect hns a bar or dasb written over a letter or expression? (XXIV.) 
27. How do we always write 1000, 2000, 801101 (XXIV.) 
28. Why do we not dash tbe I or expressions into which it enters? (XXIV.) 
29. How were lour, nine,j.brty, &c., anciently wl'itten? (XXV.) 
80. How were 500 and 1000 ,ncieutly written? (XXV.) 
31. How were the expressions 10 and CIO increased in value in ten-fold pro-

portion? (XXV.) 
32. Wbat are the characters used in Arabic or Common Notation? (XXVI.) 
38. Whot are significant figures, and why are they so caUed ? (XXVII.) 
84. What are digits, and why are they so called? (XXVII.) 
85. Why is 0 called" cipher" or "naught"? (XXVIII.) 
36. Is tbe cipher of any value? Is it of any use? (XX'VIII.) 
87. When is the cipber or 0 both valueless and uselea8 f (XXIX.) 
88. When are di¥its called simple u.nits or unite of the first order? (XXX.) 
89. What is tbe decimal point? (XXX!.) 
40. When are digits called tens or units of tbe second order to the left? 

(XXXII.) 
41. When are digits called tenths or units of tbe second order to the right? 

(XXXII.) 
42. When are di~'ts called hundreds, thousands, hundredtbs thousandths &c ? 

(XXXIII. ." . 
43. Nam. the di erentorders to the left oftlie decimal point,-and to the ril;:ht 

(XXXIV.) (XXXV.) . 
44. How many values has each digit? What are they? (XXXVI) 
45. What is the simple or absolute value of a digit? (XXXVII) . 
46. Wbat is the local or relative value of a digit? (XXXVIII.) . 
47. What is meant by the ratio one number bears to another? (XXXIX) 
48. What is meant by a common ratio. (XL.) . 
49. What Is meant by saying that 10 is the common ratio of our 81Jstem oj nwm­

.er81 (XLL) 
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50. What ,name is given to asystem having 10 for its common ratio i-to one 

haVlng 6 I-to one havmg 8 '-to oue havin u 2 I-to oue having 12 I-to 
one baving 'l? (XLI!.) 0 

51. Why are periods used? How many places are there in each period? 
(XLIII.) 

52. Name the periods right and left of tbe decimal point. (XLIV.) 
53. What order gIves the name or denomination to the number read? (XLV.) 
54. What are ''!'tegers 1 What are decim'lh r (XLV!.) 
55. How does It affect a number to remove the decimal point to the right? 

How to remove it to the left ~ (XLVI!.) 
56. How maya number be read in several ways? (XLVIII.) 
57. When figures are written thus, 673'32 what does the notation imply? (74.) 
58. When figures are written thus, 6d. 23h. 16 min. 87 sec., what does the nota-

tion imply? (75 and 76.) 
59. What is ReductIOn? (77.) 
60. Into what two parts is Reduction divided? (77.) 
61. What is Reduction DescendingY Givo an example. (71.) 
62. What is Reduction Ascending? Give an example. (77.) 
63. Give the rule for Reduction Descending. (78.) 
64. Give the Rule for Reduction Ascending. (79.) 
65. What are the denominations of Sterling money? Give the table. (54.) 
66. How are pounds, shillings, and pence reduced to farthings? Give the pro­

cess and the reason for each step. (54 antI 78.) (Answer this and similar 
sncceeding questions after the following model.) We multiply the 
pounds by twenty, and add in the shillings because each pound is equal 
to twenty shillings. We multiply the shillings by twelve and add in the 
pence, because each sbilling is equal to twelve pence. And l""tly, we 
multiply the pence by four and add in the farthings, becaUile each penny 
is equal to four farthings. 

67. What are the denominations of Federal money? Give the table. (55.) 
68. What are the denominations of Canadian money, old currency? Give the 

table. (56.) 
69. What are the denominations of Canadian money, new currency? Give the 

table (57.) 
70. How is Old Canadian Currency reduced to New? Give the process and 

reasons for each step. (80.) . 
71. What are the denominations of Avoirdupois weif(ht? Give the tahle. (58.) 
72. How many pounds are there in the new cwt.? How many in the old cwt. ? 

(58.) 
73. How are tons reduced to drams? (58 and 78.) 
74. What are the denominations of Troy weight? Give the table. (59.) 
15. How are grains Troy reduced to pounds Troy? Give theproces8 and reason 

for each step. (59 and 79.) (Answer this and succeeding similar ques­
tions after the following model.) We divide the grains by 24, because 
every 24 grains are equal to one pennyweight. We divide the resulting 
pennyweights by 20, because e.very 20 pennyweights are equal to one 
ounce. And lastly, we divide the resulting ounces by 12, because every 
12 ounces are equal to one pound. 

76. What are the denominations of Apothecaries' weight? 4'JCive the table. (60.~ 
71. How are pounds, ounces, &c., Apothecaries' weight reduced to grams? 

(60 and 18.) Answer as in question 66. 
78. What are the denominations of Long measure? Give the table. (61.) 
19. How are lines reduced to leagues? (61 and 79.) Answer after model i .. 

question 75. 
80. What are the denominations of Square measure? Give the table. (62.) 
81. How are square miles reduced to square inches? (62 and 18.) Answer aftM 

model. 
82. How are links reduced to acres? (68 and 79.) Answer after model. 
83. What are the denominations of Solid measure? Give the table. (64.) 
84. How are cubic inches reduced to cubic feet? (64 and 79.) 
85. How are cubic feet of wool! reduced to cords? (64 and 79.) 
86. What is a OO,.d-f6~tA 164.) 
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87. What are the denominations" of Cloth measnr61 Give the tahle. (65.) 
88. How are English ells rednced to inche.? (65 and 78.) Answer after modeL 
89. What arc the denominations of Dry measnre? (',ive the tahle. (66.) 
90. How are pints rednced to chaldron.? (66 and 79.) Answer after model 
91. What are tho denominatioDs of Liquid measure t Give the tahle. (67.) 
92. How are tnns rednced to gills? (6.7 and 78.) Anow.er after model. 
98. What are the denominations of Time measure? G,ve the tahle. (68.) 
94. How are seconds rednced to years? (68 and 79.) Answer after model. 
95. Name the months and the numher of days in each. (68.) . 
96. What i6 the Solar year and its length ?-the Sidereal year and Its length?­

the Civil year and its length l' (68.) 
97. How can we ascertain whether any given year be Leap year? (69.) 
98. Show that the unit of time is the basis of the units of length, mass 0' 

capacity, and weight. (71.) " 
99. What are the denominations of Circular measure? Give the tahle. (72.) 
100. Upon what does the length of a degree depend? (72.) How are degree& 

reduced to seconds? (72 and 78.) 

SEOTION II. 
FUNDAMENTAL RULES. 

1. Arithmetic may be divided into four parts :-
1st. The Arithmetic of Whole Numbers, or that which 

treats of the properties of entire units. 
2nd. The Arithmetic of Fractions, or that which treats 

of the parts of units. . 
3rd. The Arithmetic of Ratios, which treats of the re­

lations of numbers, whether integral or fractional, to each 
other and to the unit 1. 

4th. The Application of Arithmetic to practical and 
useful purposes. 

2. The Arithmetic of Whole numbers includes Addi­
iion,Subtraction, Multiplication, Division, Involution, 
Evolution, &c. 

3. The Arithmetic of Fractions may be divided into 
two parts:-

1st. Vulgar or Common Fractions, in which the unit is 
divided into any number of equal p(l.rts. 

2nd. Decimal Fractions in which the unit is divided 
according to the scale of ten. 

4. The Arithmetic of Ratios relates to the comparison 
of numbers with respect to their quotients, and embraces 
Proportion and Progression. 

5. Addition, Subtraction, Multiplication, Division, are 
called the fundemental rules, or ground rulell of Arith-
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metic, because ~n the other operations of .Arithmetic are 
performed by means of them. 

6. Whatever operations TI"e may perform upon anum. 
ber, we can only either increase it or diminish it. If we 
increase it, the process belonps to addition; if we diminish 
it, to subtraction. .All the rules of .Arithmetic are there­
fore resolvable into these two. Multiplication is only a 
short method of performing a peculiar kind of addition, in 
which the addends are all the same; and division is merely 
an abridged method of performing a particular kind of 
subtraction, in which the same quantity is to be taken 
away from a given number as often as possible. 

When any number of quantities, either different, or repetitions of 
the same, are united together so as to form but one, we term the 
process, simply, "Addition." When the quantities to be added are 
the same, but we may have as many of them as we please, it is called 
.. Multiplication;" when they are not only the same, but their num· 
ber is indicated by one of them, the process belongs to " Involution." 
That is, addition re~tricts us neither as to the kind, nor the number 
of the quantities to be added; multiplication restricts us as to the 
kind, but not the nnmber; involution restricts us both as to the kind 
and number. All, however, are really comprehended under the same 
rule-addition. 

ADDITIO~. 

7. The sum of t\\·o or more numbers is a number which 
contains as many units, and no more, as are found in all 
the given numbers. 

8 . .Addition is the process of finding the sum of two or 
more numbers. 

9. The quantities to be added together are called ad­
dends, and the result of the addition is called the sum of 
the addends. 

10. Only those quantities can be added which have 
the same unit, or, in other words, which are of the same 
denomination. 

Thus it is evident that 6 days and 7 miles cannot be addcd,. s~nce 
the resu.lt would neither be 13 days nor 13 miles; nor can 5 shlllings 
and 3 pence be added, as the result would neither be shillings nor 
pence. Similarly, we cannot add units aud tens, or tenth& and hun· 
dredths, or units and sevenths, &c. 
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11. Hence, in writing down the addends preparr.tory 
to adding, we must be careful to set units of the same de­
nomination in the same vertical column, i. e. units uncier 
units, tens under tens, hundreds under hundreds, &c.; shil­
lings under shillings, pence under pence, &c.; miles under 
miles, furlongs under furlongs, rods under rods, &c. 

!i) 
t.-wt. 

9 
6 
9 
8 
7 

39 

(1) 
Apples. 

Addends { ~ 
Sum of Addends 7 

EXERCISE 9. 

Sum of Addends 30 
(5) (6) (7) (8) 

pence. sevenths. horses. tens. 
4 6 1 7 
7 5 9 8 
8 4 8 9 
9 3 7 6 
6 15 4 15 

34 23 30 

(2) 
Shillings. 

Addends { ~ 
Sum of Addends 24 

(9) 
millionthB. 

(10) 

* 6 9 
9 8 
8 1 
3 2 
2 3 

28 23 

(11) 
miles. 

7 
1 
2 
8 
4 

17 
12. Let it be required to add together 987 and 689. 

I. II. III. IV. V. 
987 987 987 987 987 
689 689 689 689 689 

1500 
160 
16 

1000 
600 

70 
6 

1676 

160 
1500 

16 

70 
600 

6 
1000 

167& 

16 
160 

1500 

6 
70 

6(>0 
1000 

1676 

16 
16 

Hi 

1676 

1676 
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EXPLANATION.-We place the given numbers, 9.87 and 689 unoer each 
other, according to (11) and dntw a line to sppal'llte tb(~ a(l<lf'nd$ fn~m the 811m. 

It is manifest that so long fiS we add the nnits of the se\Oeral orders it is 
q~ite immaterial whether we commence at the highest at the JU\vest, or Ilt an 
intermediate denomination. • 

I~ the first of the above operations we have commencerl continually at 
the highest or left-hand order. The hundreds added make 15 bllllrireds or 
one thousand and fiv(-) hundred, which we set down; the h'os arldpcl mak~ 
16 tel'S, equal to 1 1;t.undl'ed and 6 tenf:, and the units artded, makE'. 16 units, 
equal tn 1 ten and 6 units, all of which we set down in their appropriate 
columns. 

Next considering the partinl sum ... 1500. 160, anil 16. as so many I'E'W 
addends, we proceed similarly with them and obtain n. new set of partial snIDs, 
viz.: 1000, 600, 70, and 6. But, frnm t_he l:rinciplcs of not:.ttion (Sec. 1.), tlwse 
last numbers (i. e. 1000, 600, 70, an(l 6) may be written in one lille, thus, 16.6, 
which tbprefore is the snm of the nddemls 9S7 and 689. 

In (II), (III), (IV), (V). the SUllle result is oLtuined by a slightly different 
process. 

In (II) we bave commonced at the tons, and in (III). (IV), ann (V), "t the 
units or lowest order. (IV) IS ~imply (III) with the 11II1](~Cf'ssar.\' D's omitted. 

(V) is (IV) somewhat modilted as follnw13:-9 unit.'> and 7 units make 16 
units, eqnal to 6 u1.it.'1, which we set down, and one tpn which we carry to the 
next culumn or column of ten~; 1 teo nnel 8 tells ma.ke 9 tenR. amI 8 tens make 
17 teDs, t:'qual to 7 tens, which we Sl~t down. and 1 l111nrll'ec1, which Wl~ carry to 
the column of huncll'ecls~ 1 hU~lclL'erl ami 6 hundreds make: 7 hllnrlre(\s, and 9 
hundreds make 16 hundreds, equal to 6 hundred, and 1 tbou,and, both of whicb. 
we set down. 

13. From (I), (II), and (III), it is manifest that it is 
as legitimate to commence at the lo\vest denomination as 
at the highest: and from (IV) and (V), that it is most 
convenient to commence at the lowest. denomination. 

14. From -(V) we learn that when we have ?btainec1 
the sum of the units, in any column, we reduce It t? the 
next higher denominatiun, and setting down the rema~nder 
under the column arlded, carry the units of the next hlgher 
denomination to their proper column. 

15. The reasoning in (12), (13), and (14) appli~s 
to any numbers whatever, whether abstract or den[)~lll­
nate and from it for addition, we deduce the followmg , , 
general-

RULE_ 

Write down the numbe!"s so that ,mits of the same denomination 
shall fall in the same column (A,.t". 10 and 11). 

D,.aw a line beneath the addends (A ,·t. 12). . . . 
Add up the units of the lo'vest denominrttion and dw,de the,,. sum 

by .~o many as make one of the denomination next higher (Arts. 13 

and 14). . 1 h' h 
Set down the remai"de,' and carry the quotzent to tile next 'y er 

de1wmination (A,·t. 14). 
E 
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Proceed in the same manner through all the denominations to the 
last. 

16. We commence at the lowest order or tentbs of thousandths. There 

EXAMPLE, 

698'9649 
84'76 
9·896 

98462 
989·9 

1881'9829 

being nothing to add to the 9 tenths of thousandths, we 
simply set down the 9 in Its appropriate column. Next we 
add the thousandths, thus :-2 thousandths and 6 thousandths 
are 8 thousandths and 4 thousandths are 12 thousandths, 
which are equal to 2 thousandths and 1 hundredth. The 2 
thousandLlls we write down.in its own column and carry 
the hUl)dredthto the column of hundredths. Next we add 
the column of hundredths, thus:-l hundredth (carried) and 
6 hundrenths make 7 bnndredths and 9 hnndredths make 16 
hundredths, and 6 hundredths make 22 hundredths and 6 
hunuredths make 28 hlmdrerltbs, which are equal to 8 hun­

dredth, and two tenths. We set down the 8 bundrenths and carry tho two 
tenths to the next column or column of tenths. Ac1din~ tbe tenths we find 
their sum to be 89 tenths, equal to 9 tentbs. which we Bet down, and 8 units 
which we carry. The simple units adder! moke 41 units, equal to 1 unit, which 
<~ve set down ano 4 tl~ns wbieh we carry; the tens added make 88 tens, equa.l to 
8 ten. and 3 hundreds; the hundreds added (with the three hundreds we carry) 
make 18 hundreds, or 8 hundreds, and 1 thousand, both of which we set dOWD 
in their proper columns. 

EXAMPLE, 

$69'89 
11'56 
73'42 
91'S9 

$246'76 

17. We commence as in (16) witb the lowest denomin .. 
tion, which, in this exampJe, is cents, 89 cents and 42 cents 
and 56 cents and 89 cent., added, make 276 cents. But every 
100 cents make ·one dollar, 276 cents are therefore equal to 2 
dollars and 76 cents. The 76 cents we setdown in theirpropet 
place and carry the 2 dollars to the column of dollars. 

lB. EXAMPLE.-Add together £52 1'78. 3id., £4'7 58. 6td., and 
£66 14s. 2id. 

£ s. d. 
5217 Sf} 
47 5 lit addends. 
66 14 2t 

£166 17 0+, 

.t and t m~ke three farthings, whic)l, with t, make 6 farthings; these are 
eqmvalent to one of the next denoD11DatlOn, or that of pence, to be carried, IUld 
two of the present, or one half-penny, to he set down. 1 penny (carlied) and 2 
are 3, ann 6 are 9, llnd S are 12 pence-equal to one of the ne}..--t denomination, 
01' t.hat of shillings, to be carried, ::tnd DO pence to be set down ~ we therefore 
put .. cipher in the pence pla~e. of the Sl1ID. 1 shillinl' (carried) and 14 are 15, 
811d 5 are 20, and 17 ure 87. shilhngs-equa~ to one of the next denomination, or 
thnt of rHlllnd~, to b<.'l cnrrle<'l, and 17 of the prespnt., or thilt of shiIHmrs. to be 
St't, dow,n, 1 ponn(l nnn G ll.re 7, and 7 nre lL!, nnd 2 Hre 16 pounds-equal 'to 6 
umts of pounds, tu b('! set down, and 1 tpn of pOllnds to be carried' 1 t(!'D and 6 
are 1 and 4 are 11 and 5 are 16 tens of ponnds. to 1)(;0 set clown.' . 

Whe-n t.he R(l(lends 8.1'8 very numerous, 've may dhrirle them in to two 01 

~~;~ lfi~'~S t~~ n~~i~~r~~ 1111n:~~ ~~~s.adding each part sepal'ately, may after 
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EXAMPLE. 
£ s. d., 
57 14 21 
32 16 41 £ •. 
19 17 6J = 151 7 

8 14 2 
32 5 9 

41641 
32 17 2 1 

g~ ~ ~~=253 3 
52 4 4 1 

37 8 2J' 

d. 

111 £ 

1=404 
11) 

s. d. 
11 10 

67 

Or. in adding eaoh columl'l, we may put down an asterisk thu.- as often as 
'!" come to a qua~tity wJ;lich is at leust equal to that numbe;' of the denomina· 
~on added :whlCh IS re~Ulred t~ make one o(the next-carrying forward what 
It. aboye thl!S. number, if anythlDg! a.nd puttmg the last remainder, or-when 
t ere I. nothlDg lert at the end-a cypher under the column ;-we carry to the 
next column one for every asteliBk. Using the same example. 

£ •. d. 
57 *14 2 
32 16 4 
19 *11 *6 

8 *14 2' 
32 5'9 
47 *6 4 
32 11 2 
56 *3 *9 
27 4 2 
52 4 4 
37 8 2 

404 11 HI 
2 pence and 4 are 6, and 2 are 8, and 9 are 17 pence-equal to 1 shillin~ nncl5 

pence; we put down a dot or an asteJ'isk Hod carry 5. 5 ~1Dd 2 fire 7. and 4 are 11 
and ~ are 20 pence-equal to 1 shi1ling anel 8 pencfl: we rut down.fi dot or aD 
asterIsk: and carry 8. 8 and 2 are 10 and 6 are 16 pence-equal to lsbilling and 
4 pence ~ we put down a dot and carry 4. 4 and 4 are Sand 2 are 10-whi~h 
being les8 than 1 shilling. we set down under co]nmn of pence to which it be-

. longs, &c. We find on arlding them up, that the.l'e are three dots; we there­
fore carry 3 to the column of shillings. 8 sbilliCJ2;'s nnn 8 are 11, and 4 are 15, 
and 4 are 19, and 3 are 22 shillillg8-~qual to 1 pound und ~ ::;billings: We put 
down a dot and carry 2. 2 and 17 are 19. &c. 
. Oare is necessary, lest the dots, not being distinctly marked, may be ~on· 

sIdered as althar too rewor too many. This method, tbough now but lIttle 
used, Beems a convenient one. 

PROOF OF AD)llTION. 

19. FIRST METHOD.-Go through the p"oces8 ogain, beginning at 
the tQP and adding downwards. 

This method of proof is merely doing the same work twice, in a 
slightly different manner. 

SECOND METHoD.-Sepamte the addends into two pal·ts. Add 
each part sepal'ately, in the usual way, and then add tl',ei:" snms. If 
the last s:um is the same as that found by the first addztwn, the work 
may be pre8'l~med to be C01·rect. 

This method of .pI'oof is founded on the axiom that" the whole is 
equal to the sum of all its parts." 
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EXAMPLE.-Find the sum of 509267, 235809, 72910, and 83925. 
PROOF BY SECOND METIIOD. 

509267 72910 
235809 83925 

OPERATION. 
509267 
235809 

72910 
83925 Partial sums 745076 156835 

Sum 901911 

(1) 
Dollars. 

(2) 
Bushels. 

15 76 
26 48 
18 59 
61 81 

First partial sum .... 745076 
Second partial sum 156835 

Proof ...... 901911 

EXERCISE 10. 
(3) (4) 

Days. Acres. ~) Do lars. 
765 392 5832 
381 446 8907 
872 872 4671 
315 969 6789 

(6) 
Pounds. 
98764 

8753 
76 

9889 

120 264 2333 2679 26199 117482 
(7-30) 

The sum of the numbers iI). each row of the following table, whether 
taken vertically or horizontally, or from corner to corner, is 24156. 
Let the pupil be required to make these 24 distinct additions. * 

TABLE 

120164212/165613852!129613492[ 93613132 5762772 216 

\2522052142481116921388811332135281972 H168 6122412 

12448 288[208\12841172813924i136813564 1008 2808 i 648 

1 68424841 32421241432011764 396011404 3204[1044
1

2844 

2880 720 2520 36012160i435~ 180013600 144013240i1080 

11162916
1 

75625561 396?196 399611836363614761'3276 

3312115212952 7922592136 2232 14032 1872 3672
1

1512 

115483348111882988 43212628 72122684068190813708 

37441584 3384 ~ 302411~ 2664 ~ 2304 4104\1944 

19803780 1224 3420 8643060 504 2700 144 23404140 

illGl620
1
38l6 i260 3456 900 3096 540 2736 lsO!~ 

* ThIS table IS formed by multIplymg the numbers lli-the magic square of 11 by 36. 
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(31) (32) (33) (84) (35) (36) 

74564 5676 76746 67674 42'37 0'87 
7674 1567 71207 75670 ~6'84 5'273 
376 63 100 36 27'92 8'127 

6 6767 56 77 62'41 25'63 

82620 

(37) (38) (89) (40) 
3'785 85'742 0'00007 5471'3 

20'766 6034'82 0'06236 563'47 
0'253 57'8563 0'572 21'502 

10'004 712'52 0'21 0'0007 
----

34'808 

(41) (42) (43) (44) 

81'0235 0'0007 8456'5 576'34 
576'03 5000'0 0'37 4000'005 

4712'5 427'0 8456'302 213'5 
6'53712 37'12 0007 2753'(1 

----- ---- ---
5376'09062 

MONEY. 

(45) (46) (47) (48) 

£ s. d. £ s. d. £ s. d. £ B • . d. 

4567 14 6.1 76 14 7 37137 13 11 5674 17 6+ 
776 15 7t 667 13 6 46'78 14 10 4767 16 lIt 
76 17 9i- 67 15 7 767 12 9 3466 17 lOt 
51 o lOt 5 4 2 10 11 5 5984 2 2.! 

4 

44 5 6 3 4 3 4 11 8762 9 9 

----- ----
5516 14 1l! 

AVOIRDUPOIS WEIGHT. 

(49) (50) (51) (52) 

ewt. qrs. lb. ewt. qrs. lb. cwt. qrs. lb. ewt. qrs. lb. 

76 3 14 476 1 24t 447 1 7 14 2 12 

37 2 15 756 3 21t 576 1 6 3 i 7 
14 1 11 767 1 16 467 1 7-} 2 15 

567 2 15 563 1 6 7 0 3 

128 3 II) 973 1 12 428 0 01 14 
---- . ----
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(53) 
lb. oz. dwt. gr •. 

7 0 5 9 
5 6 6 7 
9 5 6 8 

21 11 18 0 

(56) 
yrs. ds. brs. ms. 
99 359 9 56 
88 0 8 57 
77 120 7 49 

265 115 2 42 

. (59) 
yds. qrs. nls. 
567 3 2 
476 1 0 

72 3 3 
5 2 1 

1122 2 2 

(63) 

$978'63 
492'29 
, 83'43 
729'47 

\)'00 

$2292'82 

ADDITIO::'if. 

TROY WEIGHT. 

(54) 
lb. oz. dwt. grs. 
57 9 12 14 
67 9 11 11 
66 8 10 ·5 
74 6 5 3 
12 3 5 4 

TIME. 

(57) 
yrs. ds. hrs. ms. 
60 90 0 50 

6 76 1 57 
3 58 

6 1 2 0 

CLOTH MEASURE. 

(60) (61) 
yd3. qrs. nls. yds. qrs. 'nls. 
147 3 3 157 2 1 
173 1 0 143 3 2 
148 2 1 1 2 

92 3 2 54 0 3 

CANADIA....~ MONEY, 

(64) (65) 

$6-9'42 $719-43 
189'87 912'99 
674'29 68'68 

86'43 50'00 
982'78 9'73 

----
$ $ 

[SECT. II. 

(55) 
lb. oz. dwt. grs. 
87 3 7 12 

11 12 3 
16 14 

44 12 10 13 
67 8 9 10 

(;;S) 
yrs. <Is. hrs. ms. 
50 127 7 50 

120 9 44 
76 121 11 44 
6 47 3 41 
8 9 11 17 

(62) 
yds. qrs. nls. 
156 1 1 
176 3 1 

54 1 0 
573 2 3 

(66) 

$9863'47 
986'10 

91'89 
'1'45 

'98 

$ 
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67. 0'4+H'47+37'007 +75'05+ 747·077=93~·004. 
68. 56'05+4'75+0'007+36'14+4'672= 101'619. 
69. 0'76+0'0070+76+0'5+ 5+0'05 =82'3176. 
70. 0'5+0'005+5+5o+500=555'505. 
71. 0'367+56'7+762+97'6+471 = 1387'607. 
72. Add eight hundred and fifty-six thousand nine hundred and 

t~irty.three; one millio~, nine hundred and se~enty-six thousand, 
eight hundred and fifty-nme; two hundred and three millions eight 
hundred and ninety-five thousand, seven hundred and fifty-two: 

.Ans. 2067295M. 
73. Add three millions, and seventy-one thousand, four millions 

and eighty-six thousand; two millions, and fifty-one 'thonsand' on~ 
million; twenty-five millions, and six; seventeen millions and' one; 
ten millions, and two; twelve mil,lions, and twenty-three; , four hun·· 
dred and seventy-two thousand, mne hnndred and twenty-three; one 
hundred and forty-three thousand; one hnndred and forty-three mil· 
lions. .Ans. 217823955. 

74. Add one hundred and thirty-three thonsand; seven hundred 
and seventy thousand; thirty-seven thousand; eight hnndred and 
forty-seven thousand; thil'ty-thre(J thousand; eight hnndred and 
seventy-six thousand; foul' hundred and niuety-one thousand . 

.Ans. 3187000. 
75. Add together one hundred and sixty-seven thousand; three 

hUndred and sixty-seven thouS.1nd; nine hundred and six thousaud ; 
two hundred and furtY-Reven thousand; ten thousand; seven hundred 
thousand; nine huudred and seventy-six thousand; one hundred and 
ninety-five thousand; ninety-seven thousand. .Ans. 3665000. 

APPLICATIONS. 

1. How many miles is it from the lower end of Lake Truron to 
the Gulf of St. Lawrence, pas3ing througl;t the I~iver St: Clair, 25 
miles long; Lake St. Clair, 20 milc3; Ri,'er Dctl'(,l', ~:: nul,·,;; ~akc 
Erie, 250 miles; Niagara RiYer, 3·' miles; Lake OntarIO, \8;), ml~es ; 
and the River St. Lawrence, 750 miles long? .Ans. l~W .. Iml~s. 

2. The city of Toronto has a popuhttion of about 50000; Hm;D1I­
ton, 25000; Kingston, 15000; London, 100~0; Ottawa, ~OOOO; 
Montreal 75000' and Quebec 4GOOO. What IS the populatIOn of 
these Bev~n cities 'taken togethe~ ? Ans. 2300.00. 

3. In the year 1856 Canada exported :-Produce of the mme, 
$165000 j produce of the sea, $500000 j produce of th~ forest, 
$10000000' animals and their produce, $250,)OUO; agrlCultur~ 
prodncts ~d5000000' manufactures and ships, 81600000; and van­
ous othe~ prodncts to' the amount of $2:l35000. What was the tot a! 
value of Canadian exports for that year? Ans. $32000000. 

4. A wholesale merchant sells, during the year, go~ds to ~hc 
IImo:mt of $11080 in Toronto j $9427 in Galt; $1798 ill Berlin; 
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$16423 in Hamilton; $7496 in Guelph; ·$6429 in Woodstock; $529'7 
in Chatham; and $8426 in Goderich. Required the amount of the 
year's sales. Am. $663'76. 

5. The Grand Trunk Railway is 962 miles long, and cost 
$60000000; the Great Western is 229 miles long, and cost 
$14000000; the Ontario, Simcoe, and Huron is 95 miles long, and 
cost $3300000; the Toronto and Hamilton is 38 miles long, and cost 
$2000UOO. What is the aggregate length and cost of these four roads? 

Ans. Length, 1324 miles, and cost $'79300000. 
6. The circulation of promissory notes for the four weeks ending 

February 3, 1844, was as follows :-Bank of England, about 
£21228000; private banks of England and Wales, £4980000; Joint 
Stock Banks of England and Wales, £3446000; all the banks of 
Scotland, £2791000; Bank of Ireland, £3581000; all the other 
banks of Ireland, £2429000; what was the total circulation? 

Ans. £38455000. 
7. Chronologers have stated that the creation of the world 

occurred 4004 years before Christ; the deluge, 2348; the call of 
.Abraham, 1921; the departure of the Israelites from Egypt, 1491 ; 
the foundation of Solomon's temple, 1012; the end of the captivity, 
536. This being the year 1859, how long is it since each of these 
events? 

Arts. From the creation, 5863 years; from the ddllge, 420'7; 
from the call of Abraham, 3780; from the departure of the 
Israelites, 3350; from the foundation of the temple, 9·871 ; ana 
from the end of the captivity, 2395. 

8. Add together the following :-2d., about the value of the 
Roman sestertius; 7td., that of the denarius; ltd., a Greek obolus; 
9d., a drachma; £3 15s., a mina; £225, a talent; Is. 7d., the Jew­
ish shekel; and £342 3s. 9d., the Jewish talent. Ans. £5'U 2s. 

IJ. Add together 2 dwt. 16 grains, the Greek drachma; 1 lb. 1 oz. 
1 dwt., the mina: 67 lb. 7 oz. 5 dwt., the talent. 

Ans. 68 lb. 80z. 8dwt. 16 gr.<Uns. 
10. What was the population of the British provinces in North 

.America in 1834, the population of Lower Canada being stated. at 
549005, of Upper Canada, 336461; of New Brunswick, 152156; of 
Nova Scotia and Cape Breton, 142548; of Prince Edward's Island. 
32292; of Newfoundland, 75,000? Ans. 1287462. 

11. .A owes to B £567 16s. 7td.; to C £47 16s.; and to D 
£56 Os. Id. How much does he owe in all? Ans. £671 12s. 8td. 

12. A man has owing to him the following sums :-,£3 lOs. 'id. ; 
£46 Os. 7td.; and £52 14s. 6d. How much is the entire? 

Am. £102 5s. 8td. 
13. A merchant sends off the following quantities of butter:-

47 cwt. 2 qrs. '7 lb.; 38 cwt. 3 qrs. 8 lb.; and 16 cwt. 2 qrs. 20 lb. 
How much did he send off in all? Ans. 103 ewt. 10 Ib. 

14. A merchant receives the. following quantities of tallow, viz. :_ 
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13 cwt. 1 qr. 61b.; 10 cwt. 3 qrs. 10 lb.; and 9 cwt. 1 qt'. 15 lb. 
How much has he received in all? Ans. 33 cwt. 2 qrs. 61b. 

15. A silversmith has 71b. 8 oz. 16 dwts.; 9 lb. 7 oz. 3 dwts.; and 
4 lb. 1 dwt. What quantity has he ? Am. 21 lb. 4 oz. 

16. A merchant S?lIs to A, 76 yards 3 quarters 2 nails; to B, 90 
yards 3 .quarters 3 naIls; and to 0, 190 yards I nail. How much has 
he sold 111 all? Ans. 357 yards 3 quarters 2 nails. 

17. A merchant 111 Toronto sells O'oods to the following amounts 
~uring the week, viz. :-Monday, $429'38; Tuesday, $711'43; Wed­
nesday, $419'87;. Thursday, $1080'42; Friday, $1304'65; Saturday, 
$2498'91. Requa'ed the whole amount of the week's sales. 

Ans. $6444.66 . 
. 18. Looking: o~r my last month's expenditure, I find that I have 

paId the followmg sums, viz.:-Baker's bill $5'73, Butcher's bill 
$20'91; Groeeries, $12'75; Fruit, $3'29; Rent ~id6 21); Servants; 
wages" $10; Tailor's account, $17'87; Shoemake;'s bill, $1l'63; and 
sundnes, $9'47. Required how much I paid in all. Ans. )3107'90. 

19. Add together $607'19; $298'97; $789'87; $1723'10; and 
$123'00. Ans. $3542'13. 

20. A farmer sells seven loads of wheat, the first containing 1763 
Ibs., the second 1827 Ibs., the third 1329 Ibs., the fourth 1901 Ibs., 
the fifth 1666 Ibs., the sixth 1879 Ibs., and the seventh 1185 Ibs. 
What was the aggregate weight of the seven loads, and how many 
bushels did they contain? An". 115501bs. or 192~ bushels. 

NOTE.-The bushels are found by dividing the aggregate weight by 60 lbs., 
the weight of one bushel. 

21. Having effected an insurance on my household furniture, &c., 
I !lID required to make a detailed statement of its value. I find this 
to be as follows :-Oarpets, $250'00, table and bed linen, $90'88, beds 
and bedding, $173'60, furniture, $791'23, pictures and engravings, 
$2eJ7'18, books, $1649'19, plate and plated ware, $307'18. Required 
the totat value of my household furniture. A "s. $3469'26. 

22. Toronto has a population of 45000, Hamilton, 20000, Brock­
ville, 4000, Prescott, 2500, Kingston, 15000, Ottawa Oity, 10000, 
Ohatham, 4000, Goderich, 2000, London, 10000, Port Hope, 4000, 
Oobourg, 5000, Montreal, 70000, and Quebec, 50000. What is the 
entire popUlation of these 13 cities and toWllS? Ans. 241500. 

20. The pupil should not be allo,;ed. to leave a.ddition u~til he 
can read up the column without heSItatIOn. For mstance, ~n t~e 
follOwing questions, which are inserted for the sake of practICe m 
rapid addition, he should not be permitted to spell the columns thus, 
6 and 4 are 10 and 4 are 14 and 4 are 18, and 5 are 23, &c., but 
should be requi~ed to read them, i. e., simply touch each digit with 
his pencil and name the sum, thus :-6, 10, 14, 18, 23, 31,32,35, 42, 
43, 44, 49, 53, &c., &c. . 
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I. II. III. IV. 

244658 2751334 135790 123456 
492327 386731 246824 786123 
635425 987654 135790 456789 
321465 3214~6 864212 123456 
732849 989123 579246 788123 
376731 ·456789 835792 459789 
935746 123456 468357 123456 
847963 789123 924689 789123 
745143 456789 753246 456789 
234561 123456 835792 123456 
746874 789123 468357 789123 
934746 456789 924683 456789 
872345 123459 579246 123456 
934756 789123 835798 789123 
842345 456789 642875 456789 
873456 123456 334683 123456 
864580 789123 579864 789123 
234672 456789 297531 456789 
3258'71 246842 135795 87Il78 
479234 357931 246834 936639 
845645 642248 824248 248842 
823456 756139 357964 52/)255 
245734 246842 872278 736376 
872475 657931 375946 875578 
896731 642248 624862 473468 
456841 753139 375937 934579 
314567 246842 872459 894645 
814563 357931 837645 123875 
427831 642248 644875 767457 
932768 753913 472963 875345 
456345 375913 875847 874563 
345634 42U428 8C4314 375534 
734734 5739;11 734561 937565 
734564 624824 273475 875734 
834756 735813 845675 698945 

RECAPITULATION 

I. Addition is the process of finding the sum of two or 
more numbers. 

II. The numbers to be added are called Addends. 
III. The result of the addition is called the sum of the 

addends. 
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IV. In writing numbers down preparatory to adding 
them, we write units under units, tens under tens, &c., be­
cause it is more convenient, since only like quantities, i. e., 
quantities of the same name, can be added together. 

V. 'We draw a line under the addends in order to sepa-
rate them from the 8wn. . 

VI. We begin the addition at the column containing 
the lowest denomination, and work from right to left, be­
cause, by so doing, we are enabled to carTY, from the 
column added, the number of units of the next higher de­
nomination it contains, to their appropriate column, and 
thus perform the work by one addition, which would other­
wise require two or more. 

VII. We divide the sum of the units of auy one denom­
ination by the number required to make one of the next 
higher, in order to know how many we are to carry to the 
next higher. 

VIII. . The addition of simple numbers was formerly 
called Simple Addition; and the addition of compound or 
denominate numbers, Compound Addition. As the ~ame 
rule applies to the addition of all nurubBrs, there IS no 
reason why, in a second course, we should treat of thB ad­
dition of simple and denominate numbers separately. 

QUESTIONS. 

NOTE.-Arabic 91.Wlneral .. ~, tkU!J (1<1-), r~lfr to thp. (wfJicles o/the, /3("cZiorl, and 
.'?(JJiIU.In 11JlIImerals, thus (VI.), to tile Rwapilulcdiorz. 

1. Into what parts may Arithmetic be divided? (1) 
2. Of wha.t (loes the Aritbm.otic of w~oJe ll1~mbel's trpat1., (1). . '? " 
3. What rules are included 1ll the ArIthmetIc of Whole Numbers. C··) 
4. or what docs the Arithmetic of Fractions treat? (I) 
5. How is the Arithmetic of Fraction" divided? (3) . 
6. How is the unit dividE'd In Vulp-l1l' or Co~mo~ ~mctlOns? (3) 
7 How is the unit divided tn DeCImal FractIOns. (8) 
S' Of what docs the Arithmetic of Ratios treat? (1) . ,:, 
9' What rules of Arithmetic are embraced in the ArithmetIC of 1,atlOs. (<\) 

10' What are the fundamental rules of Arithmetic? (5) 
11: Why are they so called? (5) . 
12. Upon what rules do all the operatlOns of Arithmetic ultimately do-

13. -Wha~~. (~6e BUm of two numbers? (7) 
14. What is Addition? (8 or I.) 
15. What are addends? (9 or .11.) 
16. What kind of quantities only can bo added? (10) 
17. What is the rulc fol' Adflition? (15) .., ·f I 
18. Why must we place unit. of the SAme denomtnatlOll tn tho same ve, lea 

column? (IV.) 



7(j SUBTRACTION. [SECT. !I. 

19. Wby do we draw a line undel the addends? (V.) 
20. Why do we begin to add at ollP lowest denominationR? (VI.) 
21. WLy do we divide the snm 0, <he units of anyone denomination by 08 

many as make one oithe next "igher? (V II.) 
22. How do we prove addition? (lu) 
28. Upon what axiom is the 2nd method of proof founded? (19) 
24. 80 far 88 the result i. concerned, does it make any difference where wo 

commence to add? (12) 
2~. Exhibit the work when we commence adding at the left-hand side, or 

highest denomination. (12) 
26. When the addends are very numerous, what plans may we adopt? (IS) 
21. Upon what plinciple doe" the former of these plans proceed? (19) 
28. What different rules were formerly made in addition? (VIII.) 
29. Is this distinction necessary? Wby not? (VIII.) 
80. Illustrate the difference between spelling and r-eadir.g in addition. (20) 

SUBTRAOTION. 

21. Subtraction is the process of finding the difference 
between two numbers. 

22. The greater of the two given numbers, or that 
which is to be lessened, is called the Minuend (Lat. Minuen­
dus, " to be lessened"); the smaller, or that which is to be 
Subtracted, the Sltbtmhend (Lat. Subtmhendus, "to be 
subtracted "). 

23. If anything is left after making the subtraction, it 
is called the remainde1·, difference, or excess. 

24. Only quantities of the same denomination (i. e. 
which have the same unit) can be subtracted the one from 
the other. 

25. Subtraction is indicated by -, called the minus, or 
negative sign. Thus 5-4=1, read five minus four equal 
to one, indicates that if 4 is subtracted from 5, unity is left. 

Quantities connected by the negative sign cannot be taken, indif­
ferently, in any order; because, for example, 5-4 is not the same as 
4-5. In the former case the positive quantity is the greater, and 1 
(which means + 1) is left; in the latter, the negative quantity is the 
greater, and-I, or one to be subtracted, still remains. To illustrate 
yet further the use and nature of the signs, let us suppose that we 
have five pounds and owe four i-the five pounds we have will be rep­
resented by 5, and our debt by-4; taking the 4 from the 5 we shall 
have 1 pound (+1) remaining. Next, let us Suppose that' we have 
only four pounds and owe five; if we take the 5 from the 4 (that is 
if we pay as far as we can) a debt of one pound represented bv-l' 
will still remain; consequently 5-4=1; but 4"':'5=-1. . , 
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26. When several numbers, connected by the si"ns+and- are 
placed within brackets, thus, (7+4-6-3+9,) the whole expression 
is to be considered as one quantity. The negative si= before such 
an expression indicates that the valne of the whole expression within 
the brackets, is to be subtracted, or, what amounts to the same thing, 
that the numbers having the sign+before them are to be subtracted, 
and those having the sign-, added. Hence a minus sign before a 
bracket, has the effect of changing the signs of all the quantities 
within the brackets, when the brackets are removed. So, also, when 
we desire to place a quantity within brackets, we must change its 
sign, if the sign preceding the first bracket be minus. 

The following examples will show how the brackets affect num­
bers, according as we make them include an additive, or a subtractive 
quantity:-

27--4 + 7--3;=27 
27-(4+7-3)=19 

But 27-(4-7 +3)=27. [cbangillg all the sigus of tbe original qua!itities, but the 
firs!.] 

oI.gain 48+7-3-8+7-2=49. 
48+(7--3-8+7-2)=49; wllat is in, tho brackets boing additive, it ia nut 

necessary to change any signs. . 
48+7-(3 +8-7 +2)=49; it i. now necessary to cbange all the sigus .n the 

braCKets. 
48+7-3-(8-7 ~2):::::=.49; it is necessary in this case, also, to cbange the 

Slg'.I~. 

48+7--3-8+<7--'2)=49; it is not necessary in this case. 

27. When the numbers are small they can be subtracted 
mentally, thus: from I; shillings take 4 shillings, and the 
result is evidently 2 shillings; from 9 pounus take 4 pounds, 
and the remainder is 5 pounds; from 16 days, take 9 days, 
and the remainder is 7 days; from 14 sixteenths take 5 
sixteenths and the remainder is 9 si..~teenths, &c. 

When the numbers are too large to be conveniently re­
tained in the mind, they may be written as in addition .. 

EXAMPLE I.-From 97 take 42, that is, from 9 tens and 7 uwts 
take 4 tens and 3 units. 

90+7 ~:9f~M?:';'end. EXPLANATION.-3 units from 7 uni~s lea,es 4 
~0+3 or 43=Subtrahend. nnils, and 40 units or 4 tens from 90 UDlts or 9 tens, 
__ _ lea,'o 50 uults or 5 tellS. 
;0 + 4 or 54=Remainder. 

EXAMPLE 2.-Let it be required to subtract 74G from 978, or 
from 900+70+8 to take ,Ou+40+6 

.,;~~ 
dPERATION. ..5 j § 
900 +70+80r 978 
700+1O+60r 746 
2--_ 
00+30+2 or 232 

EXPLANATION.-6 units from 8 urt,tSt and 2 units rd 
main; 40 units or 4 tens from 70 lllll:ts or 7 tens, an 
80 units or 3 tens remain; and 700 umls or 7 hun~eds, 
from 900 units or 9 hundredd, and 200 nr.lts, or 2 un· 
dl'cds remain. 
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EXAMPLE S.-From 842 take 661. 
EXPLANATION.-In placing the subtrahend under th~ minnend, in this ex· 

oP.nATION. ample, we find that, while we can subtract 
1. II. III. tbe units from the units, we cannot subtract 

842 or 800 + 40 + 2 or 700 + 140 + 2 the tens from the tenB, since we have 6 tens 
661 or 600 + 60 + 1 or 600 + 60 + 1 in the Bubtrahelld and only 4 tens in the 
- ---- minuelld., We get o,.-er this difficulty by 
lil1 or 100 +80 + 1 cOusidering the miouend to be, not 800+40+ 
2, bllt 700 + 140 +2, or ill other words, we borrow one of tbe order of hundreds 
sud rrduce it to tens. Now wo have 1 unit from 2 units and 1 unit remain8~ 
60 units or 6 tells from 140 units or 14 tens, Rfld 80 nrits or 8 tens remain; 600 
units or 6 bundreds, from 700 uoits or 7 bundreds, and 100 nnits or 1 hundred 
remain. 

EXAMPLE 4.-Let it be required to subtract 3 cm. 2 qrs. 'llbs. 
from 9 cwt. 1 qr. 8 Ibs. . ' 

EXPLANATION.-As we can:lot subtract 2 qrs. from 1 qr. we borrow 1 cwt. 
OPERATION. snd reducc it to quarters. The 9 cwll qr. 8 lb. we 

cwt. qrs. lb. cwt. qr •. lb. then consider as 8 cwt. Ii qrs. 8. lb. and from it 
9 1 8 8 Ii 8 subtract the 8 cwt. 2 qr •. 7 lb. 'rhus, 7 lbs: from 
3 2 7 = 3 2 7 8 lb •. and 1 lb. remair·s; 2 qrs. from I) qrs. and 8 

qr •. remain, and 8 cwt. from 8 cwt. and Ii cwt. 
5 8 1 Ii 8' 1 remain. 

28. Hence, to find the difference between two numbers, 
we deduce the following;-

RVLE. 

IVrite the subtrahend under the minuend, so that units of the same 
denomination may be in the same ve1·tical column (24). Draw a line 
under the subtrahend to separate it from the remairuler. Subtract 
each digit in tlie subtl'aliend from the one over it in the minuertd, be· 
ginning at the lowest denomination. 

When the units of anyone denomination of the minuend fall ,qhort 
of those of the same denomination in the S1.lbtrah.end, borrow one 'of 
the' next higher denomination in the mimlend, reduce it to its equiva· 
lent units of the required denomination, add them to the unit,~ of that 
den,omination given in the minuend, and fi'O'In their sum subtract the 
u:nits of that denomination given in the subtrahend. 

29. The following is the complete work of a question 
in Subtraction; 

EXAMPLE 5.-From MOO Ibs. 0 oz. 0 dwt. 7'0006 grs. take 987 
Ibs. 3 oz. 17 dwt. 22'6349 grs. . 

(10) 9 9 
5 3.l~ .l~ 
fJ ~ 0 0 Ibs. 

987 

5412 

11 
.l7 
o oz. 
3 

8 

OPERATION. 

19 ·24' 9 9 9 
f!~ 6'l~.l~.l~( 10) 
o dwt. ;r·o 0 0 6 grs. Minuend. 

17 22'6 3 4 9 Subtrahend. 

8'3 6 5 7 Remainder. 
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EXPLANATION.-Here, U$ we cannot take 9 tenths of thousandths of s grain 
from 6 tenths of thousandths of a grain, we borrow, one grain, there being no 
tenths, hundredths, or thousandths in the minuend. N uw this ODe grain is 
equivalent to ten oftbe order of tenths of grains. Borrow one tenth and there 
·remain 9 ten~hs, and the one tenth we borrowed i. equal to 10 hundredth •. 
Borruw 1 hundredth, there remain 9 hundredths, and the one hundredth we 
borrowerl is equal to 10 thousandths. Borrow 1 thousandth, there remain 9, and 
thc 1 thousandth is equal to 10 of the order uf tenths oftLousandths-the order 
for which it was ueceasary to bo1'l'ow. 10 of the orner of tenths of thoufifmdtbs 
of grains and 6 of the orner uf tenths of thonsaudtlls of grains, make 16, frum 
wbi3h take 9 of the order of tentbs ofthous:wr1ths of grains, and there remain 7 
ofth.{'. orner of tent.hs of thollsa.ndths of grains; 4 orthe order of thoUEmndths 
from 9 of the order of thousanllths nou 5 of tiLe a ,'Jer of thousandths remain; 3 
of the ol'rlel' of hundredtbs from 9 of the order "I' hundredths and 6 hundredths 
remain; 6 tenths f'l'om 9 tenths and 3 tentbs remain . 

.A.ga:n, as we call not take '.!:t grains from 6 gl'aius, we bon-ow from th{'; next 
availahle hi~her order, which, in this case, is hundreds of pounds. 1 of the 
ord~r of uundreds of pound::; reduced, as above, to its equivalent lower uelJolni­
na.tion, is equal to 9 tens oflbs .. 9 nnits ofibs 11 oz. 19 (lwt. 24 grs. 24 grains, 
added to 6, make :30 grains, and 22 grains f1·om 30 grains, lea-ve 8 graills; 17 dwt. 
from 19 dwt. leave 2 awt.; 3 oz. f("om 11 oz. leave 8 uz ; 7 units of lbs. from 9 
U! its of lbs. leave 2 units of Ibs.; 8 tens of Jhs. from 9 tens of Ibs. loave 1 ten (If 
Ibs. We cannot tnlte 9 hundreds oflbs. from 8 hundreds oflbs., so we arc com­
pelled to borrow 1 of the order of thousands of Ibs., which is equal to 10 hUD­
dreds of Ibs., and 8 hundreds of lbs., make 13 hundreds of Ibs.; 9 hundreds of 
Ibs. from 13 hundreds oflhs. and 4 hundreds of Ibs. remain; 0 thousands of Ibs. 
from 5 thousands of Ibs. and (; thousands uf Ibs. remain. 

30. If any digit of the minuend be smaller than the correspondin2 digit of 
the subtl'ahend, practically, we can pl'oceed in eithe1' of two ways. First, we 
may increase that denomination of the minuend which is too small, b)r borrow­
ing one from the next higher (considered as so mauy of the lower denominatio?, 
or that which is to be increased), and adding it to thOSE! of the lower, llh:eady In 
the minupnd. In tllis case we alter the form, but not tlle value of thl\ ullnuend; 
which, in the example given below, would become-

hundreds. tens. units. 
7 8 12 = 792, the minuend. 
4 2 7 = 427, the subtrahend. 
3 6 (; - ~65, tho difference. 

Or, secondly. we may add equal quantities to both minuend and subtrahend, 
which will not alter the difference; then we would have-

hundreds. tens. nnits. 
1 9 2+10 = 792+10, the minuend +10 
4 2 + 1 7 = 427 + 10, the subtrahend + 10. 
B 6 5 - 365 + 0, the same difference. 

In this mode of proceeding we do not use the given minuend and subtrahend, 
but others ~hich produce the same remainder. 

PROOF OF SUBTRACTION. 

31. FIRST METHOD.-Add tor/ether the remaindej' and subtrahend; 
the sum should be equal to the minuend. 

For the l'HlJlaincler expresses by how much tbe subtrahend is smaller than 
the> ro nUl'nd: llc1rlin~, tberefore, the remainder to the subtrailend, should make 
it equal to tile minuend; thus, 

8754 minuend. 
5889 subtrahend. l 
29]5 difference. ) 

Sum of difference find Rnbtrahend, 8754 = minuend. 
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SECOND METHOD.-Subtract the remainder from the minuend, and 
what is left should be equal to the subtrahend. 

For tho remainder is the excess of the minMnd over tbe 8U btrahend; 
therefore, taking away this excess should leave both equal; thus, 

8634 minueud. PROOF: 8034 minuend. 
7985 subtrahend. 649 remainder. 

649 remainder. New remainder, 7985 = subtrahend. 

In practice, it is sufficient to set down the quantities once; thWl, 

8634 minuend. 
,9,.5 subtrahend. 

649 remainder. 

Difference tetween remainder and minuend, 7985 = subtrahend. 

EXERCISE 11. 

(1) (2) (3) (4) (~\ 

From 11000000 3000001 8000800 8000000 40400~3 
Take 9919919 2199077 377776 62358 220~02 

---
1080081 

(6) (7) (8) (9) (10) 

From 85'73 864'5 594'763 47'630 52'137 
Take 42'16 73'2 85'6 0'078 20'005 

43'57 

(11) (12) (18) (14) . (15) 
From 0'00063 874'32 57'004 47632'0 400'3270 
Take 0'00048 0'63705 2'3 

0'00015 

16. 7465676 -567456=6898220. 
17. 566789- 75674= 491115. 
18. 941000- 5007= 935993. 
19. 97001- 50077= 46924. 
20. 76734- 977= 75757. 
21. 56400- 100= 56300. 
22. 700000- 99= 699901. 
23. 5700- 500= 5200. 
24. 9777- 89= 9688. 
25. 76000- 1= 75999. 
26. 90017 - 3= 90014. 

0'845003 0'006 
---

27. 97777- 4= 97773. 
28. 60000- 1 = 59999. 
29. 75477- 76= 75401. 
30. 7'97 - 1'05= 6'92. 
31. 1'75-0'074= 1'676. 
32. 97'07-4'769= 92'301. 
33. 7'05-4'776= 2'274. 
34. 10'761-9'001= 1'76. 
35. '10009-7'121=4'97909. 
36. 1'76'1-0'007=176'093. 
37. 10'OG-7'863= 7'179. 



ART.8Ll SUBTRACTION. 

MONEY . 

• (88) (39) (40) 
From $9876'43 $427'63 . $721'73 
Take 987'49 1 D7'21 91'00 

----
$8888'94 $230'42 8 

(42) (43) (44) 
From $1234'50 $671'98 $280'29 
Take 999'96 99'67 611'89 

----
$234'54 $572'31 $ 

(46) (47) (48) (49) 
£ 8. d. £ 8. d. £ 8. d. £ 8. d. 

From 1098 12 6 767 14 8 76 15 6 47 16 7 
Take 434 15 8 486 13 9 145 39 17 4 

----- --- ---- ----
£663 16 10 

(51) (52) (53) (54) 
£ B. d. 

From 98 14 2 
Take 77 15 3 

£ s. d. 
47 14 6 
38 19 9 

£ s. d. 
97 16 6 
88 17 7 

£ B. d. 
147 14 4 
120 10 8 

AVOIRDuPOIS WEIGHT. 

(56) (57) (58) 
em. qrs. lb. ewt. qrs. lb. cwt. qrs. lb. 

From 200 2 24 175 2 15 9664 2 23 
Take 99 3 15 27 2 7 9073 0 24 

-----
100 3 9 

TROY WEIGHT. 

(60) (61) 
lb. oz. dwt. grs. lb. oz. dwt. grs. 10. 

From 554 9 19 4 946 0 10 0 !1l7 
Tab 97 0 1.; 15 17 23 798 

457 9 2 13 
F 

8! 

(41) 

SlG':25 
9'75 

$ 

(45) 

87.19 
1'86 

$ 

(50) 
£ s. d. 
97 14 6 
o 15 7 

(55) 
£ 8. d. 

560 15 6 
477 17 7 

(59) 
cwt. ql's. lb. 
554 0 0 
476 3 5 

(62) 
oz. dwt. grs. 
0 14 9 
0 18 17 



82 SUBTRACTlON. 

TIME. 

(63) (64) (65) . 
yrs. ds. hrs. ms. yrs. ds. hrs. ms. yrs. ds. hra. niB. 

From 767 131 6 30 475 14 13 16 567 126 14 12 
Take 476 110 14 13 160 16 13 17 400 0 15 0 

291 20 16 17 

APPLICATIONS. 

1. A shopkeeper bought a piece of cloth containing 42 yards for 
£22 lOs., of which he sells 27 yards for £15 15s.; how many yards 
has he left, and what have they cost him? 

An.s. 15 yards; and they cost him £6 15s. 
2. A merchant bought 234 tons, 17 cwt., 1 quarter, 23 lb., and 

sold 147 tons, 18 cwt., 2 quarters, 24 lb. ; how much remained un, 
sold? 4ns. 86 tons, 18 cwt. 2 qrs. 24 lb. 

3. In 1856, the revenue of Canada was as follows :-customs, 
$4500000; public works, $500000; crown lands, $500000; and 
casual, $320000. ]'or the same year the expenditure was as follows:­
interest on public debt, &c., $1000000; civil government, $225000; 
legislation, $450000; administration of justice, $450000; education, 
$380000; collection of revenue, $940000; public works, &c., $1755· 
000. How much did the total revenue of that year exceed t.he totR.] 
expenditure? Ans. $620000. 

4. The census of 1.852 gives the population of Upper Canada as 
962004, and that of Lower Canada as 89026l. By how much did the 
population of the formei' exeeed that of the latter? Ans. 71743. 

5. Upper Canada contains 147832 square miles; Lower Canada, 
209990 square miles; Nova Scotia and Cape Breton, 18746 square 
miles; New Brunswick, 27620 sqnare miles; Prince Edward's Island, 
2173 square miles; Newfoundland, 36000 square miles; and Hudson's 
Bay Territory, 2436000 square miles. By how much does the aggre· 
gate extent of these British N ol'th .American Provinces fall short of 
!the total area of the United StateE-the latter being 2936116 square 
miles? Am. 57'155 square miles. 

6. A merchant has 209 casks of butter, weighing 400 cwt. 2 qrs. 
14 lb. ; and ships off 173 casks, weighing 213 ewt. 2 qrs. 241b. How 
lllany easks has he left; and what is their weight? 

Ans. 36 casks, weighing 186 cwt. 3 qrs. 15 lb. 
7. If from a piece of cloth containing 496 yards, 1; quarters, and 

3 nails, I cut 247 yards, 2 qrs., 2 nails, what is the length of the reo 
mainder. Ans. 249 yards, 1 quarter, 1 nail. 

8 . .A field contains 769 acres, 3 roods, and 20 perches, of which 
576 acres, 2 roods, 23 perches, are tilled; how much remains un­
tilled? Ans. 193 acres, 37 perches. 



ARTs. 81, 32.] RECAPITULATION. 83 

9. lowed my friend a bill of £76 1Gs. 9~·d., out of which I paid 
£59 17s. 10!.; how much remained due? Ans. £16 18s. 10td. 

10. The population of London is 2363141, and that of Paris is 
1053262. How much does the population of Loudon exceed that of 
Paris? Aus. 13098'i'l. 

11. The population of Liverpool is 384.265, and that of New York 
515547. How much does the population of New York exceed that 
of Liverpool? Ans. 13128~. 
. 12. Lake Huron contains 20000 square miles: by how much does 
It exceed the area of Lakes Erie and Ontario-the former containing 
11000 square miles, and the latter 7000 square miles? 

Ans. 2000 square miles. 
13. A merchant has $6947'87 in bank; $4789'63 in stock; 

$9491'11 in property; and $14167'93 on his books against his cus­
tamers: his debts amount to ;~l\)4.78·25. How much is he worth 
after paying what he owes? ' Ans. $1::>918'29. 

14. What is the value ofli-3+1G-4? Ans. U. 
15.0f43+(7-3-14)? Ans.33. 
16. Of 47·6-(2+1-24+16-0·3-4.? Ans. 52'94. 
17. What is the difference between 15+13-6-81 and IG+13-

(6-81+62)? Ans. 100. 

32. Before the pupil leaves subtraction he should be able to take 
any of the nine digits, continually, from a given number, without 
stopping or hesitating, thus, in subtracting 7 continually from 94, he 
should say, 94, 87, 80, 73, 66, 59, &c. In the following examples, 
which are inserteu for practice, he should not be allowed to spell the 
subtraction, thus, 6. from 9 and 3 remain, 4 from 2, >,:e can't, but 4 
from 12 and 8 remain, &c.; bnt shonld be required to read as fol­
lows:-6, 9 .. 3; 4,12 .. 8; 9,13 .. 4; 10,11..1; 10,18 .. 8, &0. 

(18) 
9800046043019181697800041081329 

19134781319168147319991619G846 

(19) 
74321913047123098706540456007139 

1342345678912345678912345678912 

RECAPITULATION. 

I. Subtraction is the process of finding the difference be­
tween two numbers. 

II. The grea~er of the two nUIl!lbers is called the mi­
nuend. 



QUESTIONS. 

III. The smaller of the two ll\.~mbers is called the suo­
trahend. 

IV. What is left after making the subtraction is calleel 
the remainder or difference. 

V. Only quantities of the same denomination can be 
subtracted. 

VI. Subtraction is indicated by the sign -, which is 
called minus, or the negative sign. 

VII. When several numbers are inclosed in brackets, 
they are to be considered as constituting only one quantity. 

VIII. When a negative sign precedes the first bracket it 
indicates that all the quantities within the brackets are to 
have tbeir signs changed when the brackets are removed. 

IX.' When qnantiLies are removed into brackets, pre­
ceded by the negati,'e sign, all their signs must be changed. 

X. We begin subtraction at the lowest denomination, be­
cause it is sometimes necessary to borrow from the higher 
denominations and reduce. 

XI. Instead of thus borrowing and reducing, we may 
consider any denomination in the minuend increased by as 
many units of that denomination as make one of the next 
higher, and then add one to the next higher denomination 
in the subtraheud. This is merely adding the same quan­
tity under different forms to both minuend and subtrahend, 
and consequently cannot affect the value of the remainder. 
(30.) 

QUESTIONS TO BE ANSWERED BY THE PUPIL. 

NOTE.-Number .. in Roman. n.wm.erals, thus (V), re/,,' to tke Recapit"la. 
Idon,. th08e in Arabic ""meraI8, thUB (25), refer to tke article" of the SectiUl, 

1. Wbat is Snbtraction? (I.) 
2. Wbat is the minuend P (II.) 
3. Wh:lt is the derivation of the word minuend f (22) 
4. What is the subtrahend? (IlL) . 
5. What is the derivation of the word 8'I,btrahendf (22) 
6. What is the remain dol' ? (IV.) 
7. What kind of quantities can be subtracted? (V.) 
8. How is subtraction indicated? (yr.) 
9. When several numbers are inclosed together in brackets, how are they to 

b. taken? (VII and 26.) 
10. What effect has a negatIve sign precedin!( brackets P (VIII and 26) 
11. When quantities are removed into brackets, preceded by the sign - wha\ 

must be done with them? (IX and 26) , 
12. What is the rule for subtraction f (28) 
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13. Why must we put units of tho same denomination in the same vertical 
column? (21) 

14. When a digit in the subtrahend is greater than the corresponding dht 
in the minuend, what is done? (27 Example 3, or 29) b 

15. What other plan may be adopted? (30) 
Iii. Upon what principle. does this plan l'roceed? (XL) 
17. Why do we begin to subtract at the right-hand side? (X.) 
18. How do we prove subtraction? (31) 
19. Upon what principles are these methods of proof founded? (31) 
20. Illustrate the difference between spelling anu reading in subtraction. 

(82) 

M:ULTIPLICATION. 

33 .. MultIplication is a short process of taking one num­
ber'as many times as there are units in another. Hence 
multiplication is a short method of perfOl'ming addition. 

34. The number to be taken or multiplied is called the 
multiplicand, and in additi.on would be called an addend. 

35. The number denoting how many times the multi­
plicand is to be taken, or, in other words, that by which 
we multiply, is called lhe mlbltiplier. 

36. The number arising from taking the multiplicand 
as many times as there are units in the multiplier, is called 
the product, and corresponds to the SlI111 of the addends in 
addition. 

The multiplicand and multiplier are called the factol's 
of the product because they make or produce it, (Lat. 
factol', "a maker, agent, or producer.") . 

37. A prime nur;ber is one ,,·hieh cannot be exactly 
divided by any whole number, except the unit one and itdClf· 

38. A composite number is the product of two or n::ore 
integral factors, neither of which is unity. Thus 16 18 a 
composite number and its factors are 8 and 2, or 4 and 4. 

39. Since the 'product is the result which arises fr~m 
taking the multiplicand as many times as there are umts 
in the multiplier, it follows: . 

1st. If the multiplier be equal to unity, the product WIll 
be equal to the multiplicand. . 

2nd. If the multiplier be greater than UDl.ty,. the product 
will be as many times greater than the IDuhlrhcs,nJ as tlle . 
multiplier is greater than unity. . ., '. 

3d. If the multiplier be less than umty, tllat IS, If It ,be 
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a proper fraction, the product will be as many times. les8 
than the multiplicand as the multiplier is less than unity. 

40. Let it be required to multiply any two numbers 
together, say 7 and 6. 

If we make in R. horizontal line as many stars as 7 
there :lrc unitt:; in th(~ multiplicand, and wake a8 many 
Rueh lines of .sta:r8 a:; th~l'e are units in the IDllltivlier, * * * * =1= * * 
it is manifeHt that the entire number of stars ,,{ill * * * * :;; • * 
l'eprf'sent the number of units which result ftom 1 * * * * * .. * 
t.."t.king the lllllltipli(~and as many times as there are 6 * * .. * * * * 
unit..-; in the multiplier. " * * * * * * 

But it is cvid(~nt that we mny consider the 42 * * III * * .. .. 
stars ill the above fig-nrc, either as 7 stars taken 6 times, or 88 6 sbll's taken 7 
times, that i8, 6 x 7 =-4~=7 x 6. 

Hence ei.ther of the factors may be used as' multiplier 
without altering the product. 

41. Let it be required to multiply the number 8 by the composite nUll' 
ber 6, of which the iuctol's are 3 and 2. 

8 
r-------~---~ 

{ "1: : : : : : : -:}2' 1 
8 x 3=24 u. * * * * * * * I " 

24x2=4S 6 \ * • * * * * * * \ 2 u 

3 * * * * * * * *"} 
I**'****'f"~ 

8x 6=48. 

8x2=16 
16 x 3=48 

If "'0 write 8 stars in a horizontal line and make 6 such lines, we shall 
evidently have ~n all 8 x 6=48, tho number of units in all the lines. 

But we may consider the 6 lines as ~ sets of 3 lines each. and in each set of 
8 linos there are S:< 3::::::~4 unit3. Therefore in the 2 sets there are 24 x 2=48 
units. Again we may consider the 6 lines as 3 sets of 2 lines each, and in each 
set of 2 lines thero are 8 x 2=16 units. Therefore in 8 Sllch sets there are 
16 x 3=48 units. 

Honce S x 6=48 
8 x 3=24 and 21,<2=~';=S>-6 
S x 2=16 and 16 x 3=4S=8 x 6 

And as tho same may bo shewn for any other composite number 3S well as 
for 6, we may concludo that, 

When the multiplier is a composite number we may 
multiply by each of the factors in succession, and the last 
product will be the entire product sought. 

42. As the multiplication of the higher numbers may be resolved 
into the multiplication of one digit by another the pupil" should make 
himself perfectly familiar with t~e following t~ble: 

This tahle Is "aUe(1 the !\,!ultiplication Table, an,l was calculated by Pythag­
or .... a celebrate,\ Greek phllosopb"r who tio'Hishcd about 500 years before 
Chnst It was calculated after the following manner :-2 and 2 are 4-twioe 
2 ~re 4 ; 3 and 3 are 6-twice ~ a.re 6; 4 and 4 are 8-twke .t are 8, .xc. 
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MULTIPLICATION TABLE. 

Twice 3 times 4 times 5 times I 6 times 7 times 
1 are 2 1 are 3 1 are 4 1 are 5 1 are 6 1 are 7 
2- 4 2- 6 2- 8 2 - lO 2 - 12 2 - 14 
3- 6 ,3 - 9 3 - 12 3 -'15 3 - 18 8 - 21 
4- 8 4 - 12 4 - 16 4 - 20 4 - 24 4 - 28 
15 - 10 5 - 15 15 - 20 5 - 25 5 - 30 5 - 85 
6 - 12 6 - 18 6 - 24 6 - 30 6 - 36 6 - 42 
7 - 14 7 - 21 7 - 28 7 - 35 7 - 42 7 - 49 
8 - 16 8 - 24 8 - 33 8 - 40 8 --'- 48 8 - 56 
9 - 18 9- 27 9 - 36 9 - 45 9 - 54 9 - 63 

10 - 20 10 - 30 10 - 40 10 - 50 10 - 60 lO - 70 
11 - 22 11 - 33 11 - 44 11 - 55 11 - 66 11 - 77 
12 - 24 12 - 86 12 - 48 J 2 - 60 , 12 - 72 12 - 84 

8 times 

I 
9 times 10 times 11 times 12 times 

1 are 8 1 are 9 1 are 10 1 are 11 1 are 12 
2 - 16 2- 18 2- 20 2- 2~ 2- 24 
3 - 24 3- 27 3- 30 3- 33 3- 36 
4 - 32 4- 36 4- 40 4- 44 4- 48 
5 - 40 15- 45 5- 50 5- 05 5- 60 
6 - 48 6- 54 6- 60 6- 66 6- 72 
7 - 56 7-=- 63 7 - 70 7- 77 7- 84 
8 - 64 8- 72 8- 80 8- 88 8- 96 
9 - 72 9- Bl 9 - 90 9- 99 9 - 108 

10 - 80 10 - 90 10 '- 100 10 - 110 

I 
10 - .120 

11 - 88 11- 99 11 - 110 11 - 121 11 - 13'3 
12, - 96 12 - 108 1'3 - 120 12 - 1"2 12 - 144 

It appears from this table, that the multiplication of the same two 
nl.\mbers in whatever order [air en, produce the same product. 

NOTE,-Thongh the part of the ml1ltiplico.1ion tab1e glv('o fl~bove is enough 
for the pupil to commit to memnry at TI.I"st.; yet, after he has made some pro­
ficiency in arithmetic, he mny finel it advantag-eolls to commit what follows, as 
it,will enaole him, in many cases, to-shOl'teD his wOl'k in a eUDsiriel"a.ul(:' degree. 
The labonr of committing a still more extended table would. be sca1'cely com­
pensated by the advantage reoulting: 

18 t1mes 14 times 15 times 16 times 17 times 18 times 19 time. 
2 are 26 2 are 28 2 are 30 2 are 82 2 are 34 2 are 86 2 me 38 
3- 39 8- 42 8- 45 3- 48 3- 51 3- M 3- 57 
4- 52 4- 56 4- flO 4- 64 4- U8 4- 72 4- 76 
5- 65 5- 70 5- 75 5- 80 5- 85 5- 90 5- 95 
6- 78 6- 84 6- 90 6- 96 6 - 102 6 - IDS 6 - 114 
7- 91 7- 98 7 - 105 7 - 112 7 - 119 7 - 126 6 - 133, 
B ~ 104 g ~ 112 8 ~ 120 8 -128 8 - 136 8 -144 7 -152 
~ m p ~ l~Q ~ = 135 9 -' 14.4 9 -163 9 - 162 9 - 171 

, 43. The multiplication of one quantity by anotl;er. is 
ef(:presseq by X ; thus 7 X 9::;::0 631 means that 7 multIplIed 
by 9 is eqJ.+~.1 to 68, 



88 MULTIPLICATION. [SEOT. II. 

44. Quantities connected by the sign of multiplication are. mul­
tiplied by any number, if we multiply anyone of the factors by that 
number; thus (9 x 10 x 2) x :l7=f) x 10 x 54, or 9 x 270 x ~; that is, 
if we multiply the factor 2 or the factor 10 by 27, we, in effect, mul· 
tiply the whole number (9 x 10 x 2) by 27. 

45. When a quantity within brackets, consisting of several terms 
connel'ted by the signs +- and -, is to be multiplied by any number, 
each of its parts or terms must be multiplied. This arises from the 
tact that we consider the several terms within the bracket as con· 
stituting but one quantity, amI to multiply the whole, we must mul· 
tiply each of its parts. Thus (7 +8-3) x 3=7 x 3+8 x 3-3 x 3; 
and (8+7 -5) x (13-2) means that each of the terms within the for· 
Iner bracket is to be ~ultiplied by each of the terms within the latter, 
or by their difference. 

46. Let it be required to multiply 768 by 9. 
Now 168')(9=(700+60+8) ')(9=700X9+60')(9+8X9 (Art. 45). Hencesofar 

as the result is concerned, it ruatters Dot whether we COIDmence multip1yIng at 
the lowest or at the highest denomination ; 700X9+60X9+8X9being evidently 
equal to 8X9+60X9+700X9. 

Commencing the multiplication at the left·band side, or highest denomina, 
tiOD, the work is follows :-

OPERATION. EXPLANATION.-1 hundreds multiplied by 9, or 
7r.8 which may 168 taken 9 times, are 63 hundreds: 6 tens multiplied by 9, 
9 be thus abo 9 are 54 tens; aml 8 units multiplied by 9, are 72 units. 

6300 
540 
12 

6912 

breviated. 63 hundreds, 54 tellS, and 12 units, added together, 
63 make 6912. The second operation shows the only 
54 abbre,~ation possible when we commence at the high· 

72 est denomination. 

6912 
Let us now take the same question and commence at the right·hand or 

lowest denominatiun. 
OPERATION. 

I. which may II. and thus still In. 
168 be thus ab· 168 farther abbre! 7G8 

9 breviated. 9 viated. 9 

72 
540 

6300 

12 
54 

63 

EXPLAN,\TION.-No. II. dif· 
fers from No. I. only in baving 
the llnnecesl:mry 0'8 omitted. In 
No. III. the principle of carry· 

6912 ing is taken advantage of, thus 
-8 units, multiplied by 9, are 
72 units, equal to 2 units aDd 7 
tens to curry-6 tens, multiplie<l 
by 9, are 54 tens, and 7 ten~, 
make 61 tens. equal to 1 ten, and 6912 6912 

6 hundreds to Cfirry j 7 bundreds, multiplied by 9, are 63 hundreds, and 6 hun. 
dreds, make 69 hunareds, equal to 6 thousands and 9 hundreds. 

Hence, in order that we may b. enabled to take advanta(le qfth_ prin ciple 
~f CARRYING, 1('e commence the 'IlbultiplicaUon at the right·hand or lowut 
denuminatiun. 

4;7 .. From the la3t article (46), for multiplying by any integral 
multIplier, not exceeding 12, (or 20 if the extended Multiplication 
Table be used) we deduce the following:-

RULE. 

Multh)ly o'fry order 0/ 1~nit8 in the multiplicand in ~uccession 
oeginning with tlUi lowest, by tM multiplier, and divide ~ach product) 
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80 formed, by Ilia nI<mbel' of that denomination which makes one unit 
of the next higher; write down each remaillder under units of its own 
order, and carry the quotient to the next product. 

EX.OIPLE I.-Multiply $7896,43 by 11. 
OPERATION. 

$.896-48 
11 

EXPLANATION.-3 hundredths of dolhrs, or cents, multipHed 
by 11. lii~h:e 33 hundredths, equal Lu 3 h\llldredths, to tiet down, 
amI 3 tenths to carry; 4 t(~nths of dollars, 01' tens of cents, mul· 
tiplied by 11, make 44 tenths of dollars, and 3 tenths we carried, 

$66860'73 make 47 tenLhs, equal to 7 tenths, anti .. units to carry; 6 units, 
multiplied by 11, mok. 66 units, amI 4 nnits we carried, make 70 

units, eqnal to 0 unit~ to set clown, and 7 tens to carry; 9 tens, multiplied by!l, 
make 99 tens,a.nd 7 tens, make Ht6 tens, equal to G tens and 10 hundl'eus; g hun­
dreds, multipliod by 11, make 88 hundreds, and 10. make 98 hundreds. equal to 
8 hundreds ~nd 9 thousands; 7 thousands, multiplied by 11, make 77 thousand" 
and 9, make 86 thous.n.]s, equal to 6 thousands and 8 tens of thousands. 

EXA~[PLE 2.-Multiply 3 cwt. 2 qrs. 11 lbs. 7 oz. 6 drs. by 7. 
OPE!lATION. EXPLA~ATION.-7 times G drams are 42 drams, equal 

ewt. qrs. lbs. oz. dr. to 10 drams to ~et down! anll 2 oz. to carry; 7 times 7 oz. 
3 2 11 'i 6 nrc 4.9 oz., and 2 oz., make 51 oz., equal to 3 oz. to set 

7 <lown, and 3 lb •. to carry; 7 time.s 11 lbs. are 77 Ih. , an,l 
~-- 3 Ibs., make 80 los., equal to 5 Ibs. to set down, and :-~ qr~. 
25 5 3 10 to carry; 7 times 2 qrs. are H qrs., and 3 qrs .• 10\"1." 11 

qrs., eqnal to 1 qr. to set down, and 4 C\vt. to carry; 1 
till'''S 3 cwt. are 21 owt., anel! ewt., make 25 cwt. 

Multiply 
By 

Multiply 
By 

Multiply 
By 

J,lultiply 
By 

(1 ) 
48960 

5 

244800 

(5) 
5'2736 

2 

10'5472 

(9) 
::;767'62 

2 

$1535'24 

(13) 
SCJ:";·12 

11 

EXERCISE 

(2) 
75460 

9 

(6) 
8'7563 

4 

(10) 
$672'56 

2 

(14) 
738579 

12 

17. Multiply £.3~ 8s. 6!d, by 5. 
lB, Multip:Y £43 11s. 11d. by B. 

12. 
(3) 

678000 
8 

(7) 
0'21375 

6 

(ll) 
8789'76 

6 

( 15) 
4716375 

II 

(4) 
57800 

6 

(8) 
0'0067 

8 

(12) 
8573'46 

5 

(10) 
842Vi03 

1~ 

Ans. £162 28. 8~d. 
A as. £348 115. 2d. 
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19. Multiply £125 13s. 0id. by 12. Ans. £150'1168. 3d. 
20. Multiply 10 cwt. 3 qrs. 5 lbs. by 3. An •. 32 cwt. 1 qr. 15 lbs. 
21. Multiply 7 yds. 3 qrs. 1 na. by '1. An •. 54 yds. 2 qrs. 3 na. 
22. Multiply 11 oz. 10 dwt. 19 grs. by 12. 

An.. 11 lbs. 6 oz. 9 dwt. 12 gr. 

48. When the multiplier is a composite number, and 
can be resolved into two or more factors, neither of which 
is greater than 12; we de'duce from (41) the following:-

RULE. 

j[ultiply by each of the factors in succession and the last product 
will be the entire product sought . 

• EXAMPLE I.-Multiply 3 hrs. 7 min. 14 sec. by 64. 
OPERATION. 

hrs. min. sec. X64=8X8 
EXPLANATWN.-MuJtiplying 3 hrs. 1 min. 14 

Bec. by 8, we obtain 1 day 0 hrs. 51 min. 52 sec., 
which we again mUltiply by 8, and obtain 8 daye1 
hrs. 42 min. 56 8ec., which is the product of 3 hrB. 
7 min. 14 Bec, by 8 times 8 or 64. 

3 7 14 
8 

o 57 52 
8 

8 7 42 56 An,s. 

EXAMPLE 2.-Multiply 796'437 by 132. 
OPERATlON. 

796'437X182=l1X1 2 
11 

8760'807=11 times multiplicand. 
12 

EXI'LANATION.-We first multiply the 
given number by eleven, or, in other words, 
toke it 11 times, and then take this result 
12 times, which is evidently equivalent to 
taking the given number 12 times 11 or 132 
times. 

105129'684=12 times 11 times multiplicand. 

EXAMPLE 3.-Multiply 16 cwt. 3 qrs. 11 lbs. by 270. 
OPERATION. 

ewt. qr •. lb. 
16 8 11 X270 

3 

50 2 8 
9 

45{) 0 22 
10 

4552 0 20 

EXPLANATION.-21'0=10 times 27 or 10X3X9. If, 
tbet'efllre t we take the given mnl tiplicsnn 3 times, and 
then this product 9 times, and then this seconrl pro­
duct 10 times, it is evident we shall have, in effect 
taken the given multiplicand 3X9XI0 or 270 times. ' 

EXERCISE 13. 

1. Multiply $169'78 by 36. Ans. $6112'08. 
dns. 96357418'3. 2. Multiply $796342'3 by 121. 

3. Multiply $33460 by 144. 
4. Multiply 735 by 648. 
5. MUltiply £3 78. 6d. by 18. 

A118. $4818240. 
Ans. 476280. 

Ans. £60 15s. Od, 
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6. Multiply £J) 148. 6td. by 22. Ans. £125 19s. lld. 
7. Multiply £3 48. 7d. by 810. Ans. £2615 12s. 6d. 
8. Multiply 11 cwt. 3 qrs. Hlb. 7 oz. by 54. 

Ans. 642 cwt. 1 qr. 4lbs. 10 oz. 
9. Multiply 26 bush. 3 pks. 1 gal. 1 qt. 1 pt. by 49. 

Ans. 1319 bush. 0 pks. 1 gal. 1 qt. 1 pt. 
10. Multi!lly 2 yds. 2 qrs. 2 na. 2 in. by 63. 

Ans. 168 yds. 3 qrs. 2 na. 0 in. 
11. Multiply 5 days 17 hrs. 33 milL. 11 sec. by 288. 

Ans. 1650 days, 15 hI's. 16 min. 48 sec. 

49. When the multiplicand is a denominate number 
and the multiplier is greater than 12, but not a composite 
number, we proceed according to the following :-

RULE. 

Take tlte nem'est composite number to the given mltltiplier, mltl­
tipty sltccessively by its factors, and add tOOl' sltbtract fi'om the 
product so many times tlte mu,ltiplicand as the assumed composite 
number is less or greater, than the given m~,l.tiplier. 

EXAMPLE I.-Multiply £62 12s. 6d. by 76. 

OPBRATION. 
.f! s. d. 
62 12 6 

8 
5iJl 0, 0 

9 

EXPU.NA.TION.-We take 16=Ox 
8 +4, and tbus we get 72 times tbe 
multiplicand, and to it adding 4 times 
tbe multiplicand, obtain tb. desired 
product, viz., 76 times the multipli­
cand. 

'4·509 0 0 = 72 times multiplicand. 
2~0 10 0 = 4 times multiplicand. 

£475iJ1OO = 76 times multiplicand. 
rnstead ofmnItiplying as above, wo might have roulti~lied by 7 and],o and 

i JCfoH.s€',d the result by 6 times the multiplicand, or w~ I~llg-ht have lllultlphed 
by 7 "ud II, and decreased the result by once the multlpltcand, &c. 

EXA.MPLE -2.-Multiply 171bs. 30z, 7 dr. ~ SCI': 16 gl's. by 789. 

OPERATION. 

lbs. oz. ilr. Ber. grs. 
9 times multiplicand. 17 8 7 2 16 x 9 = 

10 

178 8 1 o x 8 = SO times multiplicand. 
10 

1138 3 0 
7 

12132 10 1 1 o = roo times multiplicand. 
1386 7 2' 2 o = 80 tim ... multiplicand. 
155 11 7 1 4 = 9 times multiplicand. 

13675 5 :3 4 = 789 times multiplicalld, 
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EXPLANATION.-We divide the given multiplier into 700 + 80 +9, and obtain 
the 3 partial products, which we add to~alher, for the entire product. 

EXAMPLE 3.-Multiply 3 wks. ,~V8 1'7 hrs. 21 min. 12 sec. by 
4'736. 

OPERATIO ... 

WkB. ds. h. min. sec. wks. dB. h. lJ:ln c;ec. 
3 6 11 21 12 x 6::; 23 :; 8 .,- 6 times Dlultivlican<1. 

10 
89 4 :; 32 Ox3= 118 :; 16 36 0= 80 times mllltiplicancl. 

10 
396 0 7 20 Ox7= 2772 2 3 20 0= 100 times multiplicand. 

10 
2960 3 20 0 x 4 = U,841 5 5 20 0 = 4000 times multiplicanrL 

AM. i87564-9-2312 = 4736 times multiplicand. 

EXAMPLE 4.-Multiply £4'7 16s. 2d. by 5'783. 

5783 = 5 x 1000+ T x 100+8 x10+3. 

OPERATION. 

£ s. d. £ s. d. 
47 16 2 x 3 = 143 8 6 = product by units of the multiplicand. 

10 
478 1 8 x 8 = 3824 13 4 = product by tens of the multiplicand. 

10 
4780 16 8 x 7 = 33465 16 8 = product by hundreds of the multiplicand. 

10 
47808 6 8 x 5 = 2390·jJ 13 4 = product by thousands of the multiplicand. 

An8. 2f6-~i51fl0 = product by entire multiplier. 

EXERCISE 14. 

1. Multiply £12 28. 4d. by 83. Ans. £1005 13s. 8d. 
2. Multiply £963 08. Old. by 999. 
3. Multiply £3 68. 51d. by 3178. 

Ans. 962040 2s. 5!d. 
Ana. £10556 18s. 4·~d. 

4. Multiply 1'6 bush. 3 p)is. 1 gal. by 6'78. 
Ans. 11441 bush. 1 pk. o gal. 

5. Multiply 23 m. 6 fur. 33 rds. 4 yds. by 24'7. 
Ans. 5892 m. 2 fur. 10 rds. 3} yus. 

6. Multiply 3 S. 16° 30' 45" by 721. Ans. 2559 S. 25° 30' 41i". 

50. It may be proper here to caution the pupil against the absurd attempt 
to multiply one denominate nnmber by another. Multiplication is merely 8 
particular kind of addition, and when we are roquired to multiply a quantity 
by any number, we are simply required to repeat it 8S many times 88 there 
are units in the multiplier. It u. evident, then, thnt to talk of multiplying 
£19 19s. 11ld., by £19 19s. 1l.~.d., 0y, i~ other .words. of adding or repeatfng 
£1.9198. Ilta. £19 198. 11t<l. tllnes, IS SImply rtc1lClllous .. Nevertbeless, great 
pam. have beell taken to show tbat 28. 6d. mfty be Dlulttplied by 2 •. 6<1., nnd 
that the prod~ct will be either 3td. or 68. 3d.! I Undoubtedly, 20. 6d. can be 
taken 2t times, and tbe result will be 6 •. 3d. ; or it can be taken one-eighth 
of a time, and the resolt will be 8!d.; but this is 8 very different thing from 
taking it 2 •. 6d. times. In fact it Ll q,-!ite as non~ensieal to talk of tlIltioll 
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2s. 6d. 2s. 6d. times as it would be to talk of takina 6lbs. of beef 6 Ibs. of beef 
t~mes; ~r, 1. bars of ,music 7 bars of music times, &.c. Duodecimal multiplicrLw 
tIon, whlCh IS sometimes adduced, as a proof tha.t one denominate number can 
bo multiplied by another, affords DO slIpport whatever to the theory, as will be 
fully shown hereafter. (See Sec. IlL) 

51. Let it be required to' multiply 729 by 47S. 
07ERATION. 

729 
478 

5832 
5103 

2916 

K'lPLANATION.-From the preeediDg examples it is evident 
that when units are multiplied into any oreler whatever, the pro~ 
duct will alwa.ys be of that order. Hure, then, we first multipJy 
by the 8 units, as in (47). Next we multiply by the 7 ter .. ;, 
thus:-9 units, multiplied by 7 tens, give 63 tens, equal to 3 tens, 
which we set down ill the column of tens, and G hundreds, whkh 
we carry ~ 2 tens, multiplied by 7 tens, gi~e 14 hundreds, and 6 
hunrlreds "'hich we carried, make twenty hundreds, equal to 0 

34,8462 hundreds to Bet down and 2 tbousands to carry, &0. Next we 
multiply by tbe 4 bundreds as followB :-9 units multiplied by 4 

hundreds, give 36 hundreds, equal to six hUlldl'eus to set down in the hnndreus 
(!oinmn, and 3 thousands to carry, &c. Lastly, we add the sev("ral partial pro­
ducts together. 

Hence, when the multiplicand is an abstract number; 
the multiplier being greater than 12 and not a composite 
number, we have the following:~ 

I\ULE. 

Multiply tlte . multiplicand b!1 each figure ~! the ?nultiplie)' sepa­
rately, beginning with the lowest, and '01'ite the partial products in 
separate tines, placing the first fig"re of each line dil'cctty unde)' t"e 
figure by ,ohich you multiply, and, lastlZI, add the several partial 
products togethe)·. 

EXAMPLE.-Multiply 7423 by G7[;~. 
OPERATION. 

7423 
6709 

66807 
519610 

44538 

EXPLANATION.-Here, as there a.re no tens in the multiplier, 
we may either proceed directly to the hundreds after multiplying 
by the units, 01' we mr,Y set down a. 0 under the tens, and then 
write the product by the hundreds in the sa.me line, nlways l'e· 
membering to place tho first dig-it of the partial Pl'of1uot under 
the figure by which we are ID.ultiplying in ord.el' that nll the digits 
bf the same ol'd~r ma.y COIne In the same vertIcal column. 

49800907 

EXERCISE 1;). 

(1) 

1-Iultiply . 325 
By 95 

(2) 

765 
76[l 

6. M";ltiply 7071 by 556. 
7. Multiply 15607 by 3094. 
8. Multiply 39948123 by 6007. 
9. Multiply 2778588 by 986'7. 

(3) 
732 
456 

(4) 

997 
345 

(5) 

6G7 
3-17 -

Ans. 3931476. 
Ans. 48288058. 

Ans. 239968374861. 
Ans. 27416327796. 
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52. Let it be required to multiply 63'5 by '9'7. 
OPERATION. 

63'5 
'97 

4'445 
57'15 

61'595 

EXPLANATION.-Since (51) any order, multiplied by unita, will 
give that order-tenths, multiplied by units, will give tenths. 
Hence it is obvious that tenths, multiplied by tenths will give the 
next lower oreler, or hundredths; and also that tenths, multiplied 
by hundredths, will give tbe next lower order again, or thou­
sandths. In tne above example, therefore, we proceed thus;-5 
tenths, multiplied by 7 hundredths, give 35 thousandths, equal to 
5 thousandths to set down and 3 hundredths to carry; 8 unitg, 
multiplied by 7 hundredths, give 21 hundredths, and three bun­

drerlths we carried, make 24 hundredths, equal to 4 hundredths to set down anll 
2 tenths to carry; 6 tens, multiplied hy 7 hundredths, give 42 tenths, and 2 
tenths we carried, make 44 tenths, equal to 4 tenths and 4 units. Again, 5 
tenths, multiplied by 9 tenths, give 45 hundredths, equal to 5 hundredths to set 
clown and 4 tenths to cany, &c. 

63. Strictly speaking, all examples in multiplication 
of decimals should be worked according to the above 
method. An attentive consideration of the reasonings in 
(52) will, however, show that the lowest digit of the pro­
duct of any two numbers containing decimals, must al­
ways be a number of places to the right of the decimal 
point, equal to the sum of the decimal' places, in both 
multiplicand and multiplier. . 

Hence, when the multiplicand or multiplier, or both, 
contain decimals, we deduce the following-

RULE. 

Multiply as thO?tgh therc were no decimals, and then remove tlte 
decimal point in the product as many places to the left as there al'~ 
decimals in both the multiplicand and the multiplier. 

EXAMPI.E I.-Multiply 5'63 by 0'00005. 
OPERATIO!<. EXPLANATloN.-We multiply 568 hy 5. ancl remove the deei-

663 mal pOint •• ,)en places to the left, since there a,'e flm. decimal 
5 places in the multiplier and 1'1£0 in t~e multiplicand, that is. we 

have taken 8 nnmber fL hunrlred tImes too great a hundred 
2,.-15 thousand times too often, and the product 2815 is therefore ten 

AlI •. '0002815 million times too ~reat, and to make it what it should be we 
divide it by ten mIllions; Of, in other words, remove tbe deci­

mnl point seven places to tho left. 

EXAMPLE 2.-Multiply 2'0'73 by 5'12. 
OPERATION. 

2'078 
5'12 

4146 
2078 

10865 

10'61376 

EXPLANATION.-We multiply. as though hoth were whole num­
bers, "lid cut oft' foe decimals, since there are tTvree in the multi­
plicand and two in the multiplier. 
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EXERCISE 16. 

Multiply 
By 

(1) 
'003296 

5'782 

Product '019057472 

4. Multiply 3'2517 by -023. 
5. Multiply 6,,'001 by 340. 
6. Multiply 482000' by '37. 
7. Multiply 3782'4 by '00917. 
8. Multiply 87'96 by 220. 

(2) 
41'78 

'0629 

2'627962 

PROOF OF MULTIPLICATION. 

(3) 
36'1234 

2'0006 

.Ans. ·074789l. 

.Ans. 21760'34. 
.Ans. 178340. 

.A 1/.s. 34 '684608. 
.Ans. 19351'2. 

54. If. the multiplier is not greata than 12, muUiply the multi· 
plicand by the multiplier, minus one, and add the multiplicand to 
the product. The wm .~h01.dd be the smne a8 th" product of the mul­
tiplicand by the whole mutiiplie,'. 

If the multiplier be greater than 12 and the mnltipli­
cand an abstract nnmber :-

FIRST MJ>THoD.-]Jfnltipl.'l the multiplier by Ihe multiplicand, 
and if the product thU8 obtained ag"ee with the othe,', the work may 
be considered correct. 

This method of proof depends upon the principle (40) that the product of 
two numbers is the same whichever is taken a.'3 multiplier. 

SECOND METIIOD.-Divide the product by one of the factors, and 
if tlte quotient thus obtained is equal to the other factor, the work is 
cor'rect. 

This is simply'reversing the operation, i. e., breaking up the product into 
Its factors. 

THIRD METHOD.-Dividc the sum of the dipits of the rmdtiplicand 
by 9 and set down the rema'inder; divide also the sum of the digits of 
the multiplie>' by G and spt dOiv11. the remainde,'; multiply these two 
remainders together, divide the .~um of the di,gits in their ,[n'oduct by 9, 
and if the remainder thus obtail1ed is equal to the remainde,· obtained 
by dividing the sum of the digits in the product of the multiplicand 
and the rnultiplim' 0.'/51, tlze wurk is ge'llCrally correct: if these two 
last remainder.~ al'e different, it must be wrong. 

EXAMPLE I.-Let the quantities multiplied be 9126 and 3785. 
Taking the nines from 9426, we got 3 as remainder, 

And from B78:;, we get 5. 

47130 
75408 3 x 5 = 15, from which 9 being taken, 6 "1'6 Jeft. 

65982 
28278 

Taking the nines from 85617410, 6 are /-oft, 
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The remainders brin~ equal,we are to presume the multiplication is cor· 
recto 'fhe F.ame re.sult, however. wou1<l have been obtamed even if we had 
displaced di,.its, added or omitted cyphers, or fallen into errors which had 
connteracted each other; but, with ordinary care, none of these are likely to 
occur. 

EXAMPLE 2.-Let the numbers be 76542 and 8436. 
Taking the nines from 76542, the remainder is 6. 
'faking them from 8436, it is 3. 

459252 
229626 6 x 3 = 18, the remainder from which is O. 

306168 
612336 

Taking the nines from 645i08312 also, the remainder is O. 
The ,"mainders being the same, the multil,lication may he considered 

correct. 
NOTE.-This proof applies. whatever may be the position of the decimal 

point in either of the given numbers. 

EXA~PLE 3.-Let the numbers be 4'63 and 5'4. 
From 4'63, the remainder is 4. 
From 5'4, it is O. 

1852 4 x 0 = 0, from which the remainder is O. 
2315 

From 25-002 the remainder i, O. 

56. The principle on which this process depends is, that if any 
number is divided by 9, and the Rum of its digits also be divided by 
9, the remainders are, iu both cases, the same. 

ThuB taking the number i82,J, we bave: 

~\U = 7000+80
9
0+20+5 = ~ll9QQ+.8~;+-ll..11.+~ 

= 7 x l..%'!!! + 8 x 132 + 2 x luo.. + ~ 
= 7 x (111 + ;) + 8 x (11 + ~) + 2 x (1 + ~) + ~ 
= 777 + , + 88 + a + 2 + ~ + i 
= 'ii7 + SS + 2 + ~ + -~ + i + ~ 

= 117 + 88 + 2 + 7+8+2+' 
9 

Hence the remainder arising from the division of '7825 by 9 is 
evidently the same as that arising from dividing 7+8+2+5 Or 22, 
which is the sum of its digits, by 9. 

56. Casting the nines from the factors, multiplying the resulting 
remainders, and casting the nines from the product, will leave the 
same remainder as if the nines were cast from the product of the 
factors-provided the multiplication has been correctly performed. 

ThUl!, let the factors be 518 and 464. 
C!Il'ting the nines from 5+7 +8 (which we have just seen is the same as 

clISting the nines from (18), we obtain 6 as remainder. Casting the nines from 
4+6+4, we get 5 as remaiooer. Multiplying 6 nnd 5 we obtain 80 as product, 
-whicb, when the nines are taken awaYl will give 3 as a remainder. 
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We can show that 3 will be the remainder, also, if we cast the nines fro)1l 
the produot of the factors ;-which is \-'fJ'l'cted by setting down this product, and 
ta.king, in succession, ,quantities that arl' equal to it-as follows:-

573 x 464=(the product of the factors). 
=(5 x 100+7 x 10+3) x (4 x 100+ 6 x 10+4) 

={ 5x (99+1)+7x(9+1)+3} x {4x(90+1)+6x(9x1)+4} 

=(5 x99+5+7 x 9 +7 +3) x (4x 99+4+6 x 9 +6+4.) 
5 x 99 expressE"S a number of nines' it will continue to do so when multi­

plied by.all the quantities within the second brackets, and is, therefore, to be 
cast ont; and, for a similar reason, 7x9. Again 4X99 expresses a number of 
nines; it will continue to do so wben multip18d by the quantities within the 
first brackets, and is, therr.fore, to be cast out; and for a ~imihtl' renSOD. 6X9. 
There will then be left only (5+7 +3) x (4+6+4)-from which the 'line, are still 
to be cast out, the 'remainders to be multiplied togE'ther, and tb e nineR to be 
Cll.'lt from their prodnct;-but we have done all this already, and Dbtained 3 ll.'l 
remainder. -

CONTRACTIONS IN MULTIPLICATION. 

57. I. To multiply by 5 : 
Affix a 0 to the multiplicand and divide the ,'esult I y 2. 

Reason 5=V-
II. To multiply by 15.: 

Affix a 0 to the multiplicand and to the result rvfl(/,i half of itself· 

Reason 15=10+V-. 
III. To multiply by 25 : 

Affix two Os to the multiplicand an.d divide Illr I.'esult by 4. 

Reason 25=1~O. 
IV. To multiply by 125 : 

A/fix three Os to the multiplicanrll1n-l £:i·;id~ ~he result by 8. 

Reason 125 = .l...Pl.Jl.· 
V. To multiply by' 75 : 

Affix two Os to the m.tlt;plic'Ind ani from the result take one­
jonl'th of itself· 

Reason 75 =100 _.L~.ll. 
VI. To multiply by 175: 

Affix two Os-multiply the result by 7 and ~vide by <1,. 

Reason 175=~~.!l. 
VII. To multiply by 275 : 

4ffix two Os-multiply the result by 11 ar;d divide by 4. 

Reason 27:i= u/-..!!.. 
VIII. To multiply by 13, 14, 15, &c.; or by 1 with either 

of the other digits affixed to it: 
G 
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EXAMPLE. 
2325 x 13 

6975 

.J>[ultiply by the units' figure of the multiplier, 
and write each .figure of tlte partial product one 
place to the right of tfiat from which it arises; 
finally, add the partial product to the multipli. 

A ns. 30225 cand, and the result will be the answer required. 
REASON.-This is the s.me in e1l'""t as if we actnally multiplied by the 

common method. We morely make the multiplicand serve for the second 
partial product. 

IX. To multiply by 21, 31, 41, &c., or by 1 with either 
of the other significant figures prefixed to it: 

EXAMPLE. Multiply by the tens' figure of the multiplier, 
365 x 21 and write the first figure of the partial product in 
730 the tens' place; finally, aJ:d this partial product to 

the multiplicand, and the result 10ill be the answer 
Ans. 7665 requi,·ed. 

REABON.-The reSBon of this method of contraction iI! substantially the 
same lIB that of the preceding. -

X. To multiply by 101, 102, 103, 104, &c., or by 10 
with either of the other digits affixed to it : 

Multiply by the units' figure of the multiplier and write the partial 
product, thus obtained, two places to the right of the multiplicand; 
finally, add the partial product to the multiplicand. 

RUBON.-Substantially the same SB No. 8. 

XI. To multiply by any number of nines: 
Remove the decimal point of the multiplicand, so many places to 

the right (by affixing 0'8 if necessary) as there are nines in the mul· 
tiplier; and subtract the multiplicand f"om the ,·esult. 

EXAMPLE I.-Multiply 7347 by 999. 
7847 x 999=7347000-7347=7SS9653. 

We, In such II case, merely multiply hy the next higher convenient com. 
poslte number, and subtract the multiplicand SB many times SB we have taken 
It too often; thus, in the example just given-

7347 x 999=7847 x (1000-1)=7847000-7347=7SS961S8. 

EXAMPLE 2.-Multiply 678943 by 999999. 
678948 x 1000000=678948000000 

678948 x 1= 678948 

678948 x 999999=67&942821057 

EXAMPLE S.-Multiply 78'9645 by 99993. 
78'9645 x 100000=7896450 
78'9645 x 7 = 552'7515 

78'9&15 x 99998 =7895897'2485 

XII. When it is not necessary to have as many decimal 
places in the product, as are in both multiplicand and mul. 
tiplier-
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Revel'se the. mu.ztip!ic,', puttinf/ ~ts units' place under the place 
of that denomlnatwn .11. the mult.phcand ,ohieh is the lowest of the 
required p,·oduct. - ' -

fl!ult~ply by e.ach digit of .th~ multiplier beginning with the de­
nom.natLOn over .t .11. the mult.plzcand; but adding what would have 
been ~btai.ned, on multiplyin.g the preceding digit <if the multiplicand 
-umty, if the numbe~' obtamed would be between 5 and 15 j 2, if be­
tween 15 and 25; 3, if between 25 and 35, &0. 

Let the lowest denominations of the products, at'ising fi'om the 
diffel'ent digits of the multiplicand, stand in the same vertical 
co{"mn. 

Add up all the p"oducls fm' the total p"oduct; from which cut off 
the )'equired number of dei!imal places. _ 

EXAMPLE I.-Multiply 5'6784 by 9'7324, so as to have foul' deci­
mals in the product. 

Short method. 
56784 
42379 

511056 
39749 
1703 
113 

22 

55'2643 

Ordinary method. 
5'6784 
9-7324 

2217136 
11356B 

170352 

39748IB 511056 

55'2644 6016 

9 in the multiplier expresses units; it is therefore put under the fou,11, 
rl~Gimal place of the multiplicand-that being the place of the lowest decimal 
tOquired in the product. _ 

In multiplying by eacb succeeding digit of the multiplier we neglect an ad­
ditional digit of the mnltjplicand; because, as the multiplier decreases, the 
number multiplied must increase-to ke.ep the lowest denomination of tbe dif~ 
ferent products, the same as the lowest denomination required in tlJe tutal pro­
duct. In the example g-iven, 7 (the second uigit of the multiplier) multiplied 
by B (the second digit of the multiplicand) will evidently produce the same de­
nomination as 9 (one denomination higher than the 7), multiplied by 4 (one 
denomination lower t.han the 8). Were we to mUltiply the lowest denomina­
tion of the multiplicand by 7, we should get (53) a result in thejifth place to the 
right of the decimal point; which is a df'DOminatioD supposed to be, in the pres­
ent instance, too inconsiderable for notice-since we are to have only.four deci .. 
mals in the product. But we add unity for every ten that wou.1d arise, from 
the multiplication of an additional digit of the multiplica.nd ~ since every ten 
constitute!:! oue in the lowest denomination of the required product. When the 
multiplication of an additional digit of the multiplicand would give more than 
5, and le88 than 15, it is nearer to the truth to suppose we have ten thll.n either 
o or 20; and therefore it is more conect to add 1 than either 0 or 2. When 
it would give more tllao 15 and less than 25, it b nearer to the truth to sup­
pose we have 20, than either 10 or 30; and thereiore it is more correct to 
add 2 than 1 or 3; &c. _We may consider 5 either as 0 or 10; 15 eith.,. as 1 ~ 
01'.20; &c. 

On inspecting the .results ob!ained .by the abridged, and ordinary methods, 
the rlifference is percelvecl to be InconSIderable. When greater Rp.curRcy IS de­
Sired, we should procee~l as if we intended to have more decimals in the pro ... 
duct, aud afterwards reject those that are unnecessary. 
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EXAMPLE 2.-Multiply 8'7653~ by 0'5764, so lis to have three 
decimal places. 

876582 
4675 

4383 
613 
52 
8 

5'051 
There are no units in the multiplier; hut, as the rule directs, we put its 

units' place under tbe third decimal place of the muitiplicand. In multiplying 
by 4, since there is no digit over itin the multiplicand, we merely set down what 
would have resulted from the multiplying the preceding denomination of the 
multiplicand. 

EXAMPLE 3.-Multiply 0'23257 by 0'2.\3, so as to have four deci­
mal places. 

23257 
342 

465 
98 

7 

0'0565 
We are ohliged to place a cipher in the product to make up the required 

number of decimals. 
EXERCISE 17. 

1. The canals in Canada amount to 216 miles in length, and their 
average cost was $83469 per mile. What was the total cost of the 
canals of Canada? 

2. The Great Western Railroad is 229 miles in length, and' its 
cost was about $61135'37 per mile. What was the total cost of this 
road? 

3. The' Austdan empire contains 255226 square miles, and th4, 
population averages 143 per square mile. What is the entire popu­
lation of the Austrian fmpire ? 

4. France contains 203736 Fquare miles, and the population' 
aycrages 176 per square mile. What is the entire population of 
France? 

5. Great Britain contains 116700 square miles, and the popula. 
tion averages 235 per square mile. What is the entite popUlation d 
Great Britain? 
. 6. The total number of Common Schools in operation in Canada 

West, during the year 1857, was 3721; allowing an average of 73 
pupils to each, bow many children were in attendance at the Common 
Schools? 

7. 32000 see.ds have been counted in a single poppy; how mallY 
would be found III 297 of these? 

8. 9344000 eggs have been found in a single cod fish· how many 
would there be in 35 BUch? ' 
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9. Multiply 123 lbs. 4 oz. '7 drs. 2 SCI'. 17 gr. by 749. 
10. Multiply 1698732 by 999998. 
11. Multiply 123 bush. 1 pk. 1 gal. 1 qt. 1 pt. by 640. 
12. What will be the cost of a chest of tea coutaining 89 lbs. at 

'73 cents per lb. ? 
13. How much cloth will it take to make the clothes for a regi­

ment of soldiers containing 1143 men, if each suit requires 7 yds. 3 
~2~1~? -

14. Multiply 1634'5789 by 635000. 
15. A person dying bequeathed the whole of his property to his 

three sons. To the youngest he g'ave $968'49; to the second 3'4 
times as much as the young0st; and to the eldest 3'7 times as dtuch 
as to the second. Required the value of his property. 

QUESTIONS TO BE ANSWERED BY THE PUPIL. 

NOTE.-The numbers ctfter the questions ,.efer to the ct1'ticlos of the 
section. 
1. What is multiplication? (33) 2. Wbat is the multiplicand? (34) 
3. What is tbe Illultiplier? ('35) 4. Wbat is tbe product? (36) 
5. Why aFe the multiplier a,.d mu1t'plica;,d c~lled the'loctors of the product? 

(36) 
6. What is a prime number? (:37) 
7. What is a composite number? (38) 
8. If the multiplier be greater thall unity, ho,v will the product compare witb 

tbe multiplicand? (39) 
9. If tbe multiplier be equal to unity, how w:ll the prodnct compare with the 

multiplicand? (39) 
10. If tbe multiplier be less tban ullity, bow will the product compare with the 

multiplicand? (39) 
11. Show that either of ,the factors may be used as J?lultiplier without altering 

the value of tbe product. (40) 
12. Show that when the,multiplier is a composite number we may obtain the 

entire prodnct by multiplying by each of the factors in succession. (41) 
13. By whom was the multiplication table calculated" (42) 
14. How was it calculated? (42) 
] '. What is the sign of multiplication? (43) 
16. How do we multiply a quantity consi.,ting uf several factors connected by 

tbe sign of multiplication? (44) 
17. How do we multiply a quantity consisting of several terms, connected by 

the signs+aud - enclosed within a bracket? (45) 
18. What. is meant by (7+3-2+5) x (9+3-7)? (43) 
19. Why rio we begin multiplying a number at the rii.(ht-hand side? ( .. Ii) 
20. What is the rule for multiplication when the ill 'ltipUt:r is not greater t1~an 

12? (47) 
21. What is the rule when the multiplier is a .. -,.!:'u::;ite number, none of its 

factors being f;'I'eater than 12? (48) 
22. What is the rule when the multiplican ... · denominate number, aDd the 

, multiplier greater than 12, but nor ",;" '1posite nnmber? (49) 
23. Show the absurdity of attempting .... rll'J1L.iviy one denomiuate number by 

another. (50) . 
24. When tbe mnltiplica"d is a" abstract number, and the mnltipher greater 

than 12 but not a composite number, ",hat is the rule,? (51) 
25. When the' multiplicand or ruultiplicr, or both, contain decimals, what is the 

rule? (53) 
26. Glve tbe reason "f this rrue. (52 and 53) . (fA) 
~7. How do we proJl" multiplication whell tbe mnltiplier is loss than 12? "" 
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28. lIow do we prove multiplication when the multiplicand i8 an abstract num-
ber and the multiplier is greater than 12? (54) 

2~. Upon what does the proof by casting out the nines depend? (55) 
3l1. Prove this principle. (55) 
'31. Prove that casti,.g the nines from the factors, multiplying the resnlting re­

mainder!', and casting the nines from the pr duct, will leave the same re­
mainder as if the nines were cast from the toduct of the factors. (56) 

32. What short methods have we for multiplyill \y 5, 25 and 125? (57) 
33. What short methods lOf multiplying by 15 ana 15? (57) 
34. lIow may we multiply by 175? lIow by 275? (57) 
35. lIow may we multiply by 13, 14,15, &c.? lIow by 101,102, lOB, &c.? (57) 
36. lIow may we multiply by 21, 31, 41, &c.? (57) 
37. lIow may we mUltiply by any number of nines? (57) 
38. lIow may we contract the work when we require only a limited number 0\ 

decimals? (57) 

DIVISION. 

68. Division is the process of finding how many times 
one number is contained in another. 

69. The number by which we divide is called the 
divisor. 

60. The number to be divided is called the dividend. 
61. The number obtained by division, that is, the 

number which shows how rnany times the divisor is con­
tained in the dividend is called the quotient (Lat. quoties, 
" how many times.") 

62. If the divisor be less than the dividend, the quo­
tient will be greater than unity. 

If the divisor be equal to the dividend, the quotient 
will be equal to unity. 

If the divisor be greater than the dividend, the quotient 
will be less than unity. 

63. It is sometimes found that the dividend does not con­
tain the divisor an exact number of times; in such cases the 
quantity left after the division is called the 1·emainde1'. 

'rhe remainder, being a part of the dividend, is, of 
course, of the same denomination. 

The remainder must be less than the div'isor-otherwise 
the divisor would be contained once rnore in the dividend. 

64. Division is merely a short method of performing a 
particular kind of subtraction (Art. 6, Sec. II.) The divi­
dend corresponds to the minuend, the divisor to the 
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subtrahend, and the remainder to the difference. The 
quotient has no corresponding quantity in subtraction­
since it simply tells how many times the divisor can be 
subtracted from the dividend. 
. It will. help us to understand how greatly division ahbreviates subtraction, 
if we conslder how long n. process would be reqnired to discoT"er-by actually 
subtracting it-how often 7 is contained in 856A95724, while as we shall find 
the same thing can be effected by d;'vi.8ion in less than a minute. ' 

65. Since the quotient shows how many times the divi­
dend contains the divisor, it follows that the divisor and 
quotient are the factors of the dividend. Hence if the 
divisor and qnotient be mnltiplied. together, and the re­
mainder, if any, added to the product, the result will be 
equal to the dividend. 

66. We have three ways of expressing the division of 
one quantity by another :-

1st. By the sign -;-. written between them; thus, 15-;-. 
3=5. 

2nd. By the sign: written between them; thus, 15: 3=5. 
3rd. By writing- the dividend above and the divisor be­

Iowa horizontal line ; thus, ),,'-=5. 
Two quantities written thus ·IT constitute what is called a fraction, and the 

expression is read sia:r-eleventns. 
It is usual and proper to write the remainder obtained in di dsioD, in the 

form ofa fraction; thuS' 17+3 gives 5 as a quotient and 2 as a remaindt'T. Now 
the remainder, 2, is written above the line. and divil:)or 3 below tbe line; the 
whole qnotient being expresser! thus 5t (read flve anil two-third.); thc meaning 
of which is, that 3 is contained in 17, 5 times and i ofa time. 

67. When a quantity consisting of several terms con· 
nected by the sign of multiplication is to be divided. divi­
ding anyone of the factors will be the same as dividing 
the product; thus 5XlOX25-;-.5=4X10X25, for each is 
equal to 250. 

68. When a quantity consisting of several terms con·· 
nected by the signs + and -, contained within brackets, 
is to be divided, it is necessary, on removing the brackets, 
to put the divisor under each of the terms of the quantity; 

6+3-7+9 6 3 7 9 
thus (6+3~7...k9H3, Of -+---+-; for 

, 3 3 3 :3 :3 
we do not divide the whole unless we divide all its parts. 

(j 9. It will be fjeeU f.olIl (68) that the horilwutalline 
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which separates the dividend from the divIsor assumes thl; 
place of a pair of brackets when the dividend consists of 
several terms; and, therefore, when the quantity to be 
divided is subtractive, it will sometimes be necessary to 
change the signs, as already directed (26); thus: 

6 13-3 6+13-3 27 15-6+9 27-15+6-9 
-+---=----j but-
2 2 2 3 3 3 
EXAMPLE 1. Let it be required to divide 798 by 3. 

OPERATION. 
3)798 

266 

R"PLANATION.-Place the divisor a little to the left of the divi­
d.nd and separate them by " sbort curve line. Also draw a 
straigbt line beneath tbe dividend. 

798 700+90+8 600+190+8 600+180+18 600 180 18 
Now -= --- = ---- = ---- = -+-+- = 200 

S 8 8 8 888 
+ 60 + 6=266 (See 68). 

I"stead of going througb tbis long operation it is endent that we may 
proceed as follows: 3 units into 7 hundreds will go 2 (hundreds) times and 
leave a remainder 1, wbich being of tbe order of hundreds, is equal to 10 tens; 
10 tens and 9 tens make 19 tens. and 8 iI,to 19 goes 6 (tens) times and leaves 
a remainder 1, which, being of the order of tens is equal to 10 units: 10 
units and 8 unit. make 18 units, and 3 units into 18 units goes 6 (units) 
times. 

EXAMPLE 2. Let it be required to divide 917 lb. 13 oz. 12 dr. 
by 4. 
OPERATION. EXPLAN ATION.-Placi'lg tbe dividend and divisor as before, 

We proceed thus: 4 in 9. 2 (bundreds) times and 1 OTer; 1 hlln­
lb. oz. dr. dred, equal to 10 tens, and 1 ten make 11 tells; 4 in 11, 2 (tens) 

4)917 18 12 times and S over; 8 tens, equal to 30 units; and 7 units make 37 
units; 4 in 87. 9 times and 1 over, which is lib. because the 917 

229 7 7 are pounds (63): lib., equal to 160z. and 180z. make 29 oz., 4 
in 29, 7 times and lover, which is 1 oz., since the 29 are oz.; 1 oz. 

i. equal to 16 drams and 12 drams make 28 drams; 4 in 28, 7 times. 
Ob8erve that a'lll!f order divided by <""its gime8 that order in the quotient. 

EXAMPLE 3. Let it be required to divide 9789 by 26. 
OPERATION. 
26)9789(376 

78 

19S 
182 

EXPLANATION.-Placing the dividend apd diTisor as be­
fore, we say 26 in 9 (thuusand_) no times; 26 in 97 {hun­
dreds),3 (hundreds) times. We place the 8 (bundreds) to the 
right of the dividend and multiplving the divisor 2u by it 
get 78 hundred, which we subtract from tbe 97 hundred nnll 
obtain n. remainder 19 hundreds. 19 hurioreds 81'e eqll~l to 
190 t~ns, .and 8 tens, make 198 tens; 26 in 198,7 (tens) times. 
Mnltlplymg tbe 26 by the 7 tens, we get 182 tellS, which, sub, 
tl'llcted from198 tens, leaves a remainder of16 tells. 16 tens 
are eqnnl to 160 nnits and 9 nnits make 169 units· 26 in 169 

18 rem. I'oes 6 times. and leaves a remainder 18. ThIS 18' should b~ 
Am. 376a divided by 26, but since 13 does not contain 26 the division 

ca.nnot be effected, a.nd we can only ir'dicnte it' which we do 
by placing tbe 26 nnder tbe 18, a. is explained in CA.rt. 66). ' 

Tbo complete quotient ts ,herefore 876U read 376 and thil'tee~-twent~'Bixtb§ 
or 376 aoo 13 divided by 26. .. 
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71. From the preceding illustration and example we 
deduce, for the division of numbers, the following general 

RULE. 

Beginning with the highest ordm' of units in the dividend, pass on 
to the lower orders untit the fewest number of figures be found that 
will contain the divisor; divide these figures by it, for the first figw'e 
of the quotient; this figure wilt be of the same orda as that of the 
lowest used in the pal,tial dividend. 

Multiply the divisor by the quotient figuI'e so found, and subtract 
the product from the dividend, being careful to place units of the same 
m'de,' in the same vel'tical colwnn, R~juee the remainder to units ~f 
the next lower order, and add in the units of that ordel' found in the 
dividend: ",is will fumish a new dividend. 

Proceed in a similal' manner until units of every order shall have 
been divided. 

EXAMPLE I.-Divide 98765 by 7. 
jPERATION. 

7)98765 
EXPL.ANATION.-Here we say 7 ip 9, 1 and 2 over; in 28, 4 

and 0 over; in 1, 1 and 0 over; in 6, 0 times a.nd 6 over; in 65) 
9 ann 2 over. Beneath this 2 we write the divisor 71 to indicate 

14109~ its division. We may, however, carryon the division by con· 
sidel'ing the 2 units reduced to tenths, &c., and the quotient 

becomes 14109'2857. 
Thus 2 units, equal to 20 tenths, 7 in 20, 2 and 6 over; 6 tenths are equal 

:. 60 bundredths, 7 in 60. 8 times anel 4 over; 4 hundredths are equal to 40 
thousandths, 7 in 40, 5 antl 5 over; 5 tllOuHundtbs are equal to 50 tenths of 
thousandths, &0. 

EXAMPLE 2.-Divide 1~4789 by C. 

4\")ERATION. 
12)124789 

10399r.-
or 

1:3)124789 

10399'088+ 

EXPL.!.NATION.-Hcre again we may either stop at the units 
and write the remainder lover the divisor 12, or we may reduce 
the 1 unit to tenths, &c., as in the second JIH3::ation. 

EXAMPLE 3.-Divide £1986 14s, nd. by 9. 
OPERATION. EXPLANATION.-9 in 19,2 and lover; 9 in IS, 2 and 0 

9) £1936 14 7t over; V in 6, 0 and 6 over; £6 are equal to 1208. and 148. 
_ ----- ll1aka 1348.; 9 in 134, 1,1: and 8 over; Ss. are equal to 96d. 

£~20 14 11i anti 7<1. make 103<1.; 9 in 103,11 times and 4 over; 4d. are 
equal to 10 farthings ant! 2 farthings wake 18 farthings; n 

in 19,2,1. e., one ninth of IS farthings is 2 farthing" VJ·~tt('l'"' 1-h--s 1,-

72. In example 3, we are, in reality, required to find ollc-llinth 
of the uividend. The obvious meaning is, not that 9 is contained ill 
£1986 14s. nd. £220 14s. lI~d. times, which would be nonsense, but 
that £220 14s. lltd. is the ninth part of £198G 14s. n-d.: so also in 
all similar questions. 

NotwHhstanding this, all such examples arc reducible to a specie~ 
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of subtraction. Thus, in the above example, we, for the moment, 
consider the divisor 9 to be of the same denomination as the dividend, 
and ascertain how many times £9 will go into (i. e., can be subtracted 
from) £1986. We get, as a result, 220 times, and a remainder of £Il 
Then we argue, from the principles already established, that since £~ 
is contained in £1986 220 times, with a remainder of £6; £220 i~ 
eontained in £1986 9 times, with a remainder of £6; that is, that the 
ninth part of £1986 is £220, with a remainder of £6. Next reducin~; 
this £1:\ to shillings, and addillg in the 14s., we obtain a total of 1345., 
and we find that 9s. is contained in 134s. 14 times, with a remainder 
of 8s., whence we conclude that 14s. is contained in 1348. 9 times, 
with a remainder of 8s., that is, that the ninth part of 134s. is 14s., 
with a remainder of 8s., or that the ninth part of £1986 14s. is 
£220 14s., with 8s. still undivided, &c. 

EXAMPLE 4.-Divide 978964 by 3429. 
OPERATION. EXPLANATION.-3429 into 9789 (the smallest num-

3429)978964(285¥.H. ber of figures that will contain the divisor) goes 2 times, 
6858 we therefore put 2 in the quotient. Multiplying 3429 

by 2, we get 6858, which we subtract from 9189; and 
29316 obtain as remainder 2931, which we reduce to the next 
21432 lower order (tens) and add in the 6 tens, 34~9 into 29816 

goes 8 times. We therefore place 8 in the ,quotient. 
18844 Multiplying 3429 by 8 we get 27432, which we subtract 
11145 from 29816, and obtain 1884 as a remainder. Reducing 

to units alld adrling in the 4, or what amouuts to tbe 
1699 same tbing, bringing down tbe 4 and writing it after the 

1884 we !let 18844' and 3429 into 18844 goes 5 times, 
with a remainder 1699, under w blCb we write tbe divisor 3429. 

73. When the dividend is an abstract number, it is evident that 
bringing down the next figure and writing it t6 the right of the re­
mainder, is the same in effect as reducing the remainder to the next 
lower denomination and adding in the units of that order found in 
the dividend. Thus, in the last example, bringing down the 6 and 
writing it directly to the right of the first remainder, 2931, makes the 
next partial dividend 29316, which is the same as reducing the 2931 
to the next lower order and adding to the result the 6 of that order 
found in the dividend. 

EXA)IPLE 5.-Divide 6421284 by 642. 
OPERATION. 

642)6421284(10002 
642 

EXPLANATION.-642 goes once into 642, and leaves 
no remainder. Bringing down the next digit <1f the 
dividend gives no digit in the quotient, in which, there. 
fore, we put a cipber after tbe 1. Tbe next digit of ths 

1284 dividend, in the same way, gi\'"es no digit in the quo. 
1284 tien~) i~ which, consequently,_ we I?ut.another cipher, an"-; 

fnr slIDllar reasons, another In brmglng down the next.' 
but the next digit makes the quantity brougbt down 1234, which con;.;;:. .. • LX 
divisor twice, and gives no remainder '-we put 2 in the quotient. 

NOTE.-Ajter the first quotient figure is obtained,jor eachfigur~ 
0/ the dividend whic~, is brough~ down, either a significant ,figure! or ~ 
czphCl', must be put m tlte ~uQtze/1t, . 
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, _ .74a!' Wj hen there is a remainder, we may ce"Unue the division adding 
""Clm p aces to the qnotient, as fOllows- ' 

EXAMPLE 6. Divide '19634'1 by 84'1, and the mlUlt by 7234. 
OPERATION. 

S47)z.~~47(n40·197166, &c, 

3404 
8888 

1670 
847 

8230 
7623 

6070 
5929 

1410 
841 

5689 
5082 

5480 
5082 

398, &c. 
7234)i~g:19T16G(O'129969, &c, 

216'79 
144'68 

72'117 
65'106 

7'0111 
6'5106 

'50056 
'43404 

66526 
65106 

1420, &0. 

75. When the divisor is large, the pupil will find assistance in 
determining the quotient figure, by finding how many times the first 
figure of the divisor is contained in the first figure, or, if necessary, 
the first two figures of the dividend. This will give pretty neady the 
right figure. Some allowance, must, however, be made for carrying 
from the product of the other figures of the divisor, to the product of 
the first into the quotient figure. After multiplying the divisor by the 
quotient figure, if the product is greater than the corresponding partial 
dividend, this shows the quotient was taken too great, and must be 
!limiuished. If the remainder, after subtraction, is greater than the 
"<l.visor, the quotient was tak~n too small, ~d must be increased, 
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EXAMPLE 7.'-:"Divide 279 ewt. 3. qrs. 14 lb. 9 oz. by 129. 

OllERATIO]J. 
cwt. qrs. lb. oz. cwt. qr. lb. oz. dr. 

129)279 3 14 9( 2 0 16 159ft. 
258 

21 
4=qrs. iu cwt. 

81=qr •. 
25=lbs. in qr. 

449 
174 

2189=lbs. 
129 

899 
774 

125 
16=oz. in lb. 

759 
125 

2009=oz. 
129 

719 
645 

74 
16=drams in oz. 

444 
7·l 

1184=drams. 
~1l6 

2S l'emainder. 

EXPLANATION.-129 in 219, L e., 
the 129th part of 219 cwt., is 2 
cwt., with a remainder of 21 cwt. 
This 21 cwt. we reduce to quar­
ters by multiplying by 4 and ad­
lling in the 8 qr.. The 129th 
part of 87 qrs. is equal to 0 qr. 
and we therefore place a 0 in the 
quarters' place of the quotient. 
We next reduce qrs. to Ibs. by 
muhiplying by 25 and .ddingln 
the 14 Ibs. of tbe dividend. W ~ 
thus obtain 2189 lbs., of which 
the 129th part is 16 lb., with an 
undivided remainder of 125 Ibs. 
Reducing 125 lb •. to oz., and ad­
ding in the 9 oz., we obtain 2009 
oz., of w bich the 129th part is 15 
OZ., with an undividedl'emainder 
of 74 oz. Reducing the 74 oz. to 
drams, we obtain 1184 drams, of 
which the~129th part is 9 drams, 
with an undivided remainder of 
23 drams, under wbich we place 
the divisor 129 to indicate its di­
vision. Thus we find the total 
quotient to be 2 cwt. 0 qr. 161b. 
15 oz. 9T'l"!i\ drs. 

76. The general principles on which the operations in 
division depend are :-

1st. The quotient arising from the division of the whole 
dividend by the divisor, is equal to the sum of the quo­
tients arising from the division of the several parts of the 
dividend by the divisor. (68) 

2nd. The divisor and quotient are the factor~ of the di­
vidend. (65) 

3rd. 1'he product of the divisor, by the entire quotient, 
is equal to the sum of the products of the divisor l.:J:y tb\l 
I$eve~al parts of the ~u0tient. (45) . 
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We ask how many times the divisor is contained in a part of the dividend, 

and thus a part of the quotient is found; the product of the divisor by this 
part is taken from the dividend, showing how mnch of the bttcr rema.ins un .. 
divided; then a part of the remaining dividend ia taken and another part oftha 
quotient is found, and the product of the divisor, by it, is taken away from 
what before remained; and thus tbe operation proceeds till the whole of the 
dividend is divided, or till the remainder is less than the diviso,·. 

77 . We begin at the left-hand sic1e, because what re­
mains of the higher denomination may still give a quo­
tient in a lower; and the question is, how often the divisor 
will go into the dividend-its different denominations be­
ing taken in any convenient way. We cannot know how 
many of the higher we shall have to add. to the lower de­
nominations, unless we begin with the higher. 

PROOF OF DIVISION. 

'78. FIRST METHOD.-Multiply the quotient by the di?Jis01', and t. 
the product add the j·emaindel', if any; the result should be equai t. 
the dividend. (65) 

EXAMPLE S.-Divide £5681 13s. 4d. by 700 . 
.£ s. d . .£ s. d. PROOF. 

700)5681 18 4 (8 2 4 .£ 8. d. 
5600 ·824 

81 
20 

1633 
1400 

233 
12 

2800 
2800 

10 

81 3 4 
10 

811 13 4 
7 

-'"--
5631 18 4=.£8 2s. 4d. x 700=dividend. 

SECOND METHOD.-Sl.btract the nmainder, if any, from the di,)i­
dend; eli "i de the dividend, thus diminished, by the quotient; and {f 
the result is equal to the given divisOl', the work is j·ight. 

This is merely doing the same work by a different metho,l. 

THIRD METBoD.-Cast the nines out of the divisor and quotient, 
and multiply the j·emainde,·s togethej'; add to t!lei,· pr",lud. the ,·e· 

. 7nainder, if any, after division, and cast the 1It:}W"': (;1((.0.7 {Jus :S1~.'tI~~· 
the re,lli/ludc,· thu., obtained should be equal to the J"chw/,l/dC!" uut"u,cd 
by casting the nine.lo,,! of the dividend. 

Since the divisor and quotient answer to the mnltiplier and multi~licand. 
and the dividend to tho product, it is evident tbat the princ:pie 0'£ ~astl.ng out 
the 98. will apply to the proof of divi,ion as well as to tbat of muitlphcatlOn. 
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FOURTH METHOD.-Add the remainder and the respective products 
of the divisor into each quotient figure together; and if the sum is 
equal to the dividend, the work is 1·ight. 

This mode of proof depends npon the principle that the whole of a quan­
Up!! is eq"al to the sum. of aU its parts. 

EXAMPLE 9.-Divide 147856 by 97. 

97)147856(1524 
97* 

508 
485* 

285 
194* 

416 
888* 

28* 

147856 

NOTE.-The asterisks show the lines to be added. 

EXERCISE 18. 

(1) (2) (3) 
12)876967 7)89lO23 9)763457 

73080l. 127289 84828~ 

(5) (6) (7) 
$ cts. $ cts. £ s. d. 

9)6789'60 11)4298'76 4)19 6 4 

(4) 
8)65432'978 
-----

8179'12225 

(8) 
wks. ds. hI'S. min. 

9)69 4 19 30 
------

$754'40 $390'79?-! 4 16 7 7 5 4 50 

9. Divide 798965 by 6423. Ans. 12·i~Hi. 
10. Divide £176 14s. 6d. by 12. Ans. £14 14s. 6id. 
11. Divide 56789 by 741. Av,s. 76~H. 
12. Divide 6785158 by 7894. Ans. 859HU. 
13. Divide £4728 16s. 2d. by 317. £14 18s. 4fl"'fd. 
14. Divide $97896'64 by 429. Ans. $228·19tH. 
15. Divide 970763 by 6. Am. 161793'8333+. 
16. Divide 71234 by 9. Ans. 7914~. 
17. Divide 977076 by 47600. Ans. 20~H-tfr.· 
18. Divide 7289 lbs. 6 oz. 4 drs. 2 SCI'. 13 gl's. by 498. 

Ans. 14 lbs. 7 oz. 5 dr. 0 scr. 12~'H gr. 
19. Divide £1.07 16s. 7d. by 487. Am. 6s. 5td. -l'sll.r. 
20. Divide 7867674 by 9712. Am. 810gfr

7Ji.,\-. 
21. Divide 422 m. 3 fur. 38 rds. by 37. Ans. 11 m. 3 ful'. 14 rda. 
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GENERAL PRINCIPLES. 

79. If a given divisor is contained in a given dividend a certain 
number of times, the same divisor-will be contained in double that 
dividend twice as many times; in thl'ee times that dividend thrice as 
many times, &c. Hence, 

When the divisor remains the same, multiplying the 
dividend by any number has the effect of multiplying the 
quotient by the same number. 

Thus 9+8=3; 9 x 2 or 18+8=6=3 x 2, 9 x 5 or 45+8=15=3 x 5, &c. 
80. If a given divisor is contained in a given dividend a certain 

number of times, the same divisor will be contained in half that 
dividend half as many times; in 6ne-thi1·d of. that dividend one-thil'd 
as many times, &c. Hence, 

When the divisor rema:ins the same, dividing the divi­
dend by any number has the effect of dividing the quo­
tient by the same number. 

Thus 48+t~=16; !ijli+8 01' 24+3=8=ll; ¥+3 or 6+8=2=-1/, &c. 
81. If a given divisor is contaIned in a given dividend a certain 

number of times, half that divisor will be contained in the same 
dividend twice as many times, one-thil'd of that divisor thlice as many 
times, &c. Hence, 

When the dividend remains the same, dividing the 
divisor by any number has the effect of multiplying the 
qnotient by that number. 

Thus 48~6=8; 48~~ or 48+3=16=8 x 2; 48+3 or 48+2=24=8 x 3, &c. 
82. If a given divisor is contained in a given dividend a certain 

number of times, twice that divisor will be contaiued in the same 
dividend only half as many times, three times that di',isor only one­
third as many times, &c. Hence, 

When the dividend remains the same, muI6ply[r;g the 
divisor by any number has the effect of dividing :he /I,UO­

tient by the same number. 
Thus 48+2=24; 48+twice 2 01' 4S+4=12=half of ~4. 

48+eight times 2 or 48+16=3=one-eighth of 24·, &c. 
83. If a given divisor is contained in a given dividend a certain 

number of times, twice that divisor is contained in twice t~at dividend 
the same number of times; thrice that divisor in thrice that dividend 
the same number of times, &c. Hence, 

When the divisor and dividend are both multiplied by 
the same number, the quotient will remain unchanged. 

Thus 12+4=8; 24 or twice 12+8 or twice 4=8; 12 or thrice 24+24 or 
thrice 8=3, &c. • 

84. If a given divisor is contained in a given dividend a certain 
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number of times, half that divisor is contained in half that dividend 
the same number of times; one-tlth'd that divisor in one-third that 
dividend the same number of times, &c. Hence, 

When the divisor and dividend are both divided by the 
same number, the quotient will remain unchanged. 

Thus 48..;-24=2; 24 or half of 48..;-12 01' half of 2--1=2, &0. 

TO DIVIDE BY A COMPOSITE NUMBER. 
RULE. 

86.-Divide the dividend by one of the factol's of the divisOl' ; 
then tke resulting quotient by another factor; and so on till all tlte 
factors m'e used. Tlte last quotient will be the answer. 

Multiply each remaindm' by all tlte preceding divisors and add 
their pToducts to tlte jil'st I'emainder, if any, for thc tTue remainder. 

When the divisor is separated into only two factors, the 
rule for finding the true remainder may be thus expressed­

Multiply the last remainder by tIle first divisor, and to their 
pl"odu,ct add the jirst Temaindel', if any; the result will be the tl'1M 

remainder. 
EXAMPLE;-Divide 71S Ibs. by 72. 

OPERATION. 
1st remainder = lib. 3)718 

4)239-1 

6)59-3 

2nd remainde=3 x 3 ;::: 9 lb. 

3rd remainde=5 x 4 x 3=60 lb. 

9-5 true remainder 70 lb. .Ans. 9H. 

Tbat dividing by the factors of a Dumber will give the same quotient as 
dividing by the uumber itself, follows directly from A.rt. 84. 

In the last example, dividing by 8 dicitributes the 718 lbs. into 239 parcels 
of 3 Ibs. each, and leaves a remainder of 1 lb.; dividing next by 4 distributes 
the 239 parcels into 59 still larger parcels, each contfdnio2' 4 of the smaller OT 3 
lb. parcels, and leaves a remainder 3, which is not 3 lbs. but 3 parcels, each of 
3 lb.; lastly. dividing the 59 by 6 distributes it into 9 large. parcels of 721bs. each, 
and leaves a remainder 5, which is, of course, 5 of the 12 lb. parcels. Hence the 
reason of the rulBfor finding the true remainder. 

EXERCISE 19. 
1. Divide 3766 by 25. 
2. Divide 26406 by 42. 
3. Divide 25431 by 96. 
4. Divide £24 178. 6d. by 24. 
5. Divide £740 13s. 4d. by 49. 
6. Divide £547 12s. 4d. by 56. 
7. Divide 6789436 by 35. 

.Ans. 150U. 
Ans. 628H-. 
.Ans. 264H. 

Ans. £1 Os. Sid. 
.Al1S. £15 28. 3di'4lg. 
.Arts. £9 15s. 6dH'~' 

.Am. 193983H. 
8. Divide 753293 by 147 (=7 x 7'.3). 
9. Divide 1798 Ibs. 6 oz. 11 dwt. '9 grs. by 81. • 

Am. 5124/b-. 

Ans. 22 Ibs. 2 oz. 9 dwt. OH grs. 
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86. When both the divisor and the dividend are deno­
minate numbers-

RULE. 

Reduce botlt the divisor and the dividend to the lowest denomitUl,· 
tion contained i1t either, and then proceed as in Art. '71. 

EXAMPLE I.-Divide £3'7. 5s. 9id. by 3s. 6td. 
8. d. 
86+ 

12 

42 
4 

170 farthings. 

£ •. d. 
87 5 9! 
20 

745 
12 

8949 

" 
170lM~97(210N .. times. 

179 
170 

91 

8'7. In the above and all similar questions we are required to find 
what fraction the divisor is of the dividend; or, in other words, how 
often the divisor is contained in, or can be subtracted from, the divi· 
dend, and the quotient must necessarily be an abstract number. 

EXAMPLE 2.-Divide '729 cwt. 3 qrs. 16 lb. by 3 qrs. 9 lb. '7 oz. 
qrs. Ibs. oz. 

8 V 7 
25 

B4 
16 

1511 
B4 

1M1oz. 

cwt. qr •. Ibs. 
"'29 3 16 

" 
2919 

25 

14611 
11888 

72991 
16 

'37946 
72991 

1851)~~~~~6 02. (864flH times. 

8705 
8106 

6996 
11104 -H8 

" 
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EXitRC1Sll 20. 
1. Divide £8968 l3s. 7td, by £491 12s. Oid. .A?>.s. l8!H-an. 
2. Divide 1027 m. 1 fur. 6rds. by 17 m. 5 fur. 27 rda. Ans. 58. 
3. Divide £171 Is. 10td. by £57 Os. 71d. Ans. 3. 
4. Divide 9 lb. 9 oz. 3 dwts. 12 grs. by 5 dwts. 9 grs, Ans. 436. 
5. ,Divide 2366 acres 3 roods 36 rds. by 91 acres 6 rd3. Ans. 26. 

88. When the dividend alone contains decimal places, 
the preceding rules are sufficient·; but when the divisor 
contains decimals, it becomes necessary to prepare the 
quantities for the division according to the following-

RULE. 

Remove the delJimal point as many places to the right in both the 
dividend and the divisor, as there are decimals in the divisor, and then 
proceed as in Art, 71. 

This is simply mUltiplying both dividend and divisor by the same 
number, and therefore (Art, 83) does not affect the quotient. Thus 
removing the decimal point one place to the right, in both divi.dend 
and divisor, is equivalent to multiplying each by 10; two places, the 
same as multiplying each by 100; three places, by 1000, &c.' 

EXAMPLE I.-Divide 87'6 by '0009. 
Multiplying eacb by 10000, or, in other worde, removing the decimal point 

four places to the right, in' ench, (Rince there are JOW' decimals in the divisor,) 
gives us 876000+9,and this (Art. 88) must give the same quotient as 87'6+'0009. 
therefore 

8'r'6+'0009=876000+9=97883'88, &c. 
EXAloIPLIIl 2.-Divide '06 by 8'934. 

'06+8'934=60+8934. 
8934)~~'~~~(O'0067, &c. 

6'a960 
6'2588 

14211 
Removing the decimal point thf'ee places to the light, in each, we get 

60+8984, and we thon froceed thus: 8934 into 60 (units), 0 (units) times; set 
down 0 with the decima point after it; 8984 into 600 (tenths\ 0 times; into 6000 
(hund,'edths) 0 times; into 60000 (thousandths), 6 (thousandtns) times, &c. 

EXAMPLE a.-Prepare 93'004-F0000069 for division. 
Ans. 93'004+'0000069=930040000+69. 

EXERCISE 21. 
1. 43+'0006947=430000000+6947. 
2. 93'78:92+9'7891=93789200+9'7891. 
3. 4'96'723+23'934=4967'23+23934. 
4. '793+'49=79'0+49. 
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5. '001-;-674'93'1=1+6'14937. 
6. Divide 47'655 by 4'5. 
7. !Divide 756'98 by 76'73612. 
8. Divide 47'5782975 by 26'175. 
9. Divide 1 by 7'6345. 

115 

.An8. 10'59. 
.Am. 9'864+. 
Am. 1'8177. 

.An8. 0'1309+. 
10. Divide 75'347 by 0'3829. Ans. 196'7798+. 
11. Divide '0002 by '000000008. 

jONTRACTIONS IN DIVISION. 

89. To divide oy 10, 100, 1000, &c. 

Am. 25000. 

Remove the decimal point as many places to the left in the dividend 
as there are Os in the divisOl·. 

90. To divide by 25. 
Multiply by 4, and divide by 100. 
REA.80N.-25= 1 ~o. 

91. To divide by 15, 35, 45, or 55. 
Double tlte dividend, and divide the pl'oduct by 30, 70, 90, or 110, 

as the case may be. 
REASON.-Tbls method is simply rlouhlin~ ooth the di,isor aml dividend. 

We must therefore divide the remainder, if any, bv 9, for the true remainder. 

92. To divide by 125. 
Multiply the dividend by 8, and divide the produet by 1000. 
REABON.-This contraction is multiplying- both the dividend and divisor by8. 

For the true remainder, therefore, we must divide the remainder, if any, by 8. 

93. To divide by 75, 175, 225, or 275. 
Multiply the dividend by 4, and divide the product by 300, 700, 

900, 01' 1100, as the case'may be. 
REASON.-75='¥, 175='¥, &c. For the t"ue remainder, divide the re-

mainder, if any thus found, by 4. • 

94. When there are many decimals in the' dividend 
and but few are required in the quotient, we may abbre­
viate the division by the following-

RULE. 

Proceed ds in Art. 71 till tlte decimal point is placed in the quo­
tient, and then cut off a digit to the rigM hand of the divisor, at each 
new digit of the quotient; remembering to carry what would have bee? 
obtained by the multiplication of the digit neglected-unity if this 
multiplication would have produeed more than 6 and ['11M tll.(J1). 15; 2 
if more than 15 and leB8 than 26, &c. 
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EXAMPLE.-Divide '154'33'1385 by 6H4'7. 
Ordinary Method. 

61847)754887'885(12'296 
61847 

14086 7' 
12269 4' 

18178'8 
12269'4 

5903'98 
652 1-28 

882'755 
86 8'082 

14'6780 

Contracted Method. 
61847)754837'885(12'296 

61847 

140867' 
122694' 

18liS' 
12269' 

1'>904' 
11521' 

888' 
868' 

15' 

According as the denominations of the quotient hecome sman, their pro- . 
ducts by the lower denomination of tile divisor become inconsiderable, and 
may be neglected, and consequently, the portions of the dividend f"om 'which 
they woul,d have Deen subtracted. What should have been carried from the 
mnltlplicatlon of the digit neglected-since it belongs to a higher denominqtlon 
than what is neglected-mnst still be retsined. -

EXERCISE 22. 

1. The Ontario, Simcoe, and Huron Railwa.y is 95 miles in length, 
and cost $3300000. What was the cost per mile? 

.2. '1,'he Rideau Canal is 126 miles in length, and cost $3860000_. -
What was the average cost per mile? 

3. The distance of the earth from the sun· is 95270400 miles. 
How long would it take a cannon ball, going at the rate of 28800 
miles per day, to reach th~ sun? 

4. The national.debt of France is 1145012096 dollars, and the 
number of inhabitants is 35781628. What is the amount of indebted­
ness of each individual? 

5. The national debt of Great Britain is 3764112127 dollars, and 
the number of inhabitants is 27475271. What is' the amount of in­
debtedness of each individual? 

6. What is the ninth part of $972 ? 
7. What is each man's part, if $972 be divided equally among 108 

men? 
8. Divide a legacy of $8526 equally between 294 persons. 
9. Divide 340480 ounces of bread equally between 792 persons. 

10. A cubic foot of distilled water weighs 1000 ounces. What will 
be the weight.of one cubic inch? 

11. How many Sabbath days' journeys (each 1155 yards) in the Jew­
ish day's journey, which was equal to 33 miles and 2 furlongs English? 

12. How many pounds of butter, 19 cents per lb., would purchase 
1\ oow, the price of which is $47'50 P 

13. Dividli 978'634 by 96'34762. 
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14. Divide '729 bush. 1 pk. 1 gal. 1 qt. 1 pt. by 297. 
15. Divide 179 cwt. 3 qr. 4 lb. 16 oz. by 9 lb. 7 oz. 8 drs. 
16. The circumference of the earth is about 25000 miles' if It 

vessel sails 93 m. 4 fur. 7 rds. a day, how long will it Tequire to sail 
round the earth ? 

QUESTIONS TO BE ANSWERED BY TilE PUPIL. 

NOTE.-The number8 after the questions refo,. to the articles of the •• aim,. 
1. What Is division? (58) 
2. What is the divisor? (59) 
B. What is the dividend?' (60) 
4. What is the quotient? What is the deri vation of the word" quotient?" (61) 
5. Explain when the quotient will be equal to unity, and when greater or 

less than unity. (62) 
6. Under what circumstaNces does a remainder arise in division? (63) 
7. What is the denomination of the remainder? ~63) 
8. Why can it never be as great as the divisor? (68) 
9. What is the correspondence between the minuend and the subtrabend in 

subtract jon and tbe divisor and the dividend in division? (64) 
10. What may we consider as the factors of the dividend? (65) 
11. How mRny ways have we of expressing the division of one quantity by 

another? What are they? (66) 
19. When a quantity consisting of several terms, connected by the sign x, 

is to be divided by any number, how may the work be performed? (61) 
18. -When a quantity consisting of several terms, connected by the SigDS + 

or -, contained within brackets, is to be divided, whll.t must be dono 
upon removing the brackets? (68) 

14. mvo the general rule for division. (71) 
15. In the question" Divide 11 m. 7 fur. 20 per. 3 yrds. by 279," explain 

what is really required. (72) Show that alI such qnestions are reducible 
to a species of subtraction. (72) 

16. In dividing abstract numbers, explain what bringing down the next 
figure of the dividend is equivalent to. (73) 

17. When there is a remainder,how is it to be written? (71, Example 1) 
18. What are the three general principles upon which the operations of divi· 

sian depend? (76) 
19. Why do we begin di viding at the left-hand side? (77) 
20. How may divi.ion be proved? (78) 
21. The divisor remaining unchanged, what effect has mnltiplying the divi­

dend by any number? (79) 
22. The divisor remaining unchanged, what effect has dividing the dividend 

by any number? (80) 
23. The dividend remaining unchanged, what effect has dividing the divisor 

by any number? (Sl) 
24. The dividend remaining unchanged, what effect has multiplying the 

divisor by any number? (82) 
25. What is the effect upon the quotient when the divisor and the dividend 

are both multiplied by the same number? (88) 
26. What is the enect upon the quotient when the divisor and the dividend 

are both divided by the same number? (84) 
27. How do we divide by a composite number? (85) 
28. When we divide by the divisors of " composite divisor, how do we ob-

tain the correct remainder? (85) . 
29. When tho divisor is separated into only two factors, how may tlie rule 

for obtaining the correct remalncler be worded? (85) 
110. When the divisor and the dividend are both denominate nnmbe,.., what 

Is the rule? (S6) 
81. When one denominate nnmber is divided by lIollotber, what kind of a 

l!1»IlQer I!lust tpe quotiellt always be 7 (81) 
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82.' In the question" Divide 871h. 2 oZ. 15 dr. by lIb. 9 oz. 11 dr.," what are 
we in reality required to do? (87) 

38. When the divisor con~ns decimals, how do we proceed? (88) Upon 
what principle do we do this? (88) 

84. How do' we divide by 1, followed by any number of Os? (89) 
35. How do we contract tho work when dividing by 25? How by 15, IllS, 

45, or 55? (90, 91) 
36. How do we divide by 1~5? How by 75, 175, 225, or 275? (92, 98) 
37. How do we abbreviate the work when there are mltflX decimals in the 

~ividend and but few are required in the quotient? (94) 

EXERCISE 23.' 

MISCELLAl.\TEOUS EXERCISE. 

(On preceding rules.) 

1. Multiply '789643 by 999998. 
2. Read the following numhers: 6'7813420'021030046, 

'72000000'000000072, 1001000100'0010000010000001. 
3. Express 709, 4376, 999.9, 86004, and 3947596 in Roman nu-

merals. 
4_ Multiply 749 lb. 10,oz. avoirdupois by 72., 
5. What is the price of 17 pairs of gloves at 4s. '7£d. per pair? 
6. The planet Neptune is 2850 millions of miles from the sun. 

JIow long'would it take a locomotive to travel from the sun to Nep­
tune, at the rate of 30 miles an hour? 

7. Reduce £729 17s. 6~d. to dollars and cents. 
8. From $1000,0 subtract $98'76'23. 
9. Write down five hundred and twentY,billions, six millions, two 

thousand and forty-three, and five thousand and sixteen trillionths. 
10. Reduce '7964327 inches to acres, rooas, &c. ' 
11. Add together the following quantities: $729'43, $16''70, 

$976'81, $9987'17, $429'00, $129'19. 
12. Multiply 6 weeks 4 days 3 hours 17 minutes by 429. 
13. Take the nqmber 741, and, by removing the decimal. point: 

(1) multiply it by 1000000; (2) divide it by 100000; (3) make it mil­
lions; (4) make it billionths; (5) make it trillionths; (6) make it hun­
dredths of thousandths; (7) make it tenths~ 

14. Multiply 78'96 by '00042. 
15. How many hogsheads of sugar, each containing 13·cwt. 2 qrs. 

14 Ibs., may be put on board a ship of 32'1 tons burden P 
16. A farmer's yearly income was 9237 dollars. He paid for re­

pairing his house 136 dollars) for hired help on his farm 4 times as 
much lacking 95 dollars, and for other expenses 1902 dollars. How 
much does he save yearly? . 

17. How many suits of clothes can be made from a piece of clotli, 
containing 39 yrds. 2 qrs. 3 nls.; each suit l'eqniring 3 Yl'ds. 1 qr. 
2 nIs.? 

18. There is a farm consistin~ of 782 acres; 26 acres ofwhic~ i~ 
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planted with corn and potatoes; 197 acres sown with rye; 156 with 
oats; 97 with wheat; 199 is past.ured; and the remainder is meadow. 
How many acres of meadow? 

19. Bought 96 acres 3 roods 17 perches of land, for which I pay 
$771;4; what did I p~~y for it per perch ? 

20. A lady, having 312 dollars, paid for a bonnet 20 dollars, for a 
shawl 75 dollars. for a silk dress 97 dolJars, and for some delaineB 83 
dollars; how much had she remaining ~ 

21. A silversmith received 361b. 8 oz. 14 dwt. 16 grs. of silver to 
make 12 tankards: what would the weight of each tankard be? 

,22. I bought four fields; in the first there were 6 acres 3 rds. 
12 percnes; in the second, 'I ,acres 2 roods; in the third, 9 acres 
and 13 perches j in the fourth, 5 acres 2 roods 36 perches. How 
much in all. 

23. A merchant expended 294 dollars for broaddoth, consisting 
of three different kinds; the first at 5 dollars a yard; the second at 7 
dollars j and the third at 9 dollars a yard. He had as many yards of 
one kind as of another-how many yards of each kind did he buy? 

24. A silversmith' made three dozen spoons, weighing 5 lb. 9 oz. 
8 dwt.; a tea-pot weighing 3 lb. 2 oz. 16 dwt. 16 grs.; two pail' of 
silver candlesticks, weighiug 4 lb. 6 oz. 1'1 dwt. ; a dozen silver forks, 
weighing 1 lb. 8 oz. 19 d wt. 22 grs.; what was the weight of all the 
articles? . 

25. Reduce £972 lIs. llid. to dollars and cents.' 
26. Reduce 179 Ibs. 3 oz. 3 dr. 1 SCI'. 14 grs. to grains. 
27. There is a house 56 feet long, and each of the two sides of the 

roof is 25 feet wide; how many shingles will it take to cover it, if it 
require 6 Rhingles to cover a square foot? . 

28. A merchant bought 4 bales of cotton; the first contained 6 
cwt. 2 qr. 11 lb.; the second, 5 cwt. 3 qr. 16 lb.; the third, 8 cwt. 
o qr. 7 lb.; the fourth, 3 cwt. 1 qr. 17 lb. He sold the whole at 15 
cents a pound; what did it amount to? 

29. A merchant has 29 bales of cotton cloth, each bale centaining 
57 yards; what i~ the value of the whole at 10 cents a yard? 

30. A man willed an estate .of $370129 to bis two children and 
wife, as follows: to his son, $139468; to his daughter, $98579 j and 
to his wife tbe remaihder. How much did he will to his wife? 

31. Divide £1694 16s. OHd. by £9 19s. ll~d. 
32. Reduce £19 19s. l1!d. to dollars and cents. 
33. A merchant haying purchased 12 cwt. of sugar, sold at one 

time 3 cwt. 2 qrs. 11 lB., and at another time he sold 4 cwt. 1 qr. 15 
lb.; what is the remainder worth, at 15 cents per pound? 

34. Bought 4 chests of hyson tea; the weight of the first was 2 
cwt. 0 qt'. 17 lp.; the second, 3 cwt. 2 qrs. 1~ lb.; the third, 2 cwt. 
I qr. 20 lb.; the fourth, 5 cwt. 3 qr. 17 lb.; what is the value of the 
whole at 37t cents a pound? 

35. Express 100200300709 in Roman numerals. 
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86. Divide 43'2 by '16'843'1. 
3'1. Divide 123'4 by '000000066. 
38. From $2789'27 take 17 times $68'29. 
39. Add together $278-43, $417'16, 1$11'2'1, $2110'40, $'128'15, 

and £29 6s. l1£d. and divide the sum by 173. 
40. In 1857 the total number of volumes in the Common School 

and other Public Libraries of Canada West was estimated at 4911544 
and the number of libraries at 2076. How many volumes were there 
upon an average to each library? 

SEOTION III. 
PROPERTIES OF NUMBERS, PRIME NUMBERS, MEASURES, GREATEST 

COMMON MEASURE, LEAST COMMON MULTIPLE, SCALES OF NOTA­
TION, AND ApPLICATION ,OF THE FUNDAMENTAL RULES TO DIFFERc 
ENT SCALES. DUODECIMALS. 

1. A divisor, or measure of a number, is a number 
which will divide it exactly; that is leaving no remainder. 

2. A multiple of a number is a number of which the 
given number is a divisor. _ 

3. An integer,' or integral number, is a whole number. 
4. Integers are either prime or composite, odd or even. 
6. An Even Number is that of which 2 is a divisor. 
6. An odd number is that of which 2 is not a divisor. 
? A Prime Number is one which has no integral divi-

sor except unity and itself, thus 2, 3, 5, 7, 11, 13, 17, 
19, 23, 29, &c., are primes. 

8. A Composite Number is a number which is not 
prime ;' or is a number which has other integral divisors 
besides unity and itself, thus 4, 6, 9, 10, 12, 14, 15, 16, 
21, &c., are composite numbers. 

9. The Factors of a number are those numbers which, 
when multiplied together, produce or make it. 

10. Factors are sometimes palled measures, submulti-
ples, or aliquot parts: ' 

11. A Common Measure of two or more numbers, is a 
number which will divide each of them without a remain­
der; thus 7 is a common measure of 14, 35, and 63. 

12. Two or more numbers' are prime to one another 
whe'n they- have no common divisor excep-t unity; thus, 9 
and 14 are " pl.'ime to each other." 
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Hence all prime numbers are prime to each other; but composite numbers 
mayor may not be prime to one another. 

13. Commensurable Numbers are those which have 
some common divisor. 

Thus 55 and 33 are commensurable, the common divisor being 1l. 

14. Incommensurable Numbers are those which are 
prime to one' another. 

Thus 55 and 34 are incommensOl'abIe. 

15. A Square Number is one which is composed of 
two equal factors. 

Thus 25=5 x 5 is a square number; so alBa 64=8 x 8, &0. 

16. A Cube Number is one which is composed of three 
equal factors. 

Thus 843==7 ;( 7 x 7 is a cube number; so also 21==3 x 3 x 3, &c. 

17. A perfect Number is one which is exactly equal to 
the sum of all its divisors. 

Thus 6=1+2+3 is a perfect n~mber; so also 28=1+2+4+7+14 is a perfeot 
number. 

All the numbers known to which this property reaIly belongs, are the 
eight following: 6; 28; 496; 8128; 83550886; 8589869056; 137488691828; Rnd 
2805848008139952128. 

NOTE.-AIl perfect numbers terminate with 6, or 28. 

18. Amicable Numbers are such pairs of integers that 
each of them is exactly equal to the sum of all the divisors 
of the other. 

Thus 220 and 234 Ilre amicable; for, 220=1+2+4+71+142, which are all 
the divisors of 281, and 284=1 +2+5+11+4+10 +22+20+44 +55+110, which are 
all divisors of 220. 

Otber amicable number. are 17296 and 18416; alBo 9868588 and 9487056. 

19. By the term properties of numbers, is meant those 
qualities or elements which are inseparable from them. 
Some of the most important properties of numbers are the 
following-

1. The sum of two or more even numbers is an even 
number. 

II. The difference of two even numbers is an even 
number. 

III. The sum or difference of two odd numbers is an 
even number. 
. IV. The sum of 'three, five, seven, &c.) odd numbers, is 
an odd num.ber. 
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V. The Bum,of two, four, six, eight, &c., odd numbers, is 
an even number. " 

VI. The sum or difference of an even and an odd num· 
bel', is an odd number; 

VII. The prodQ-ct of two. even numbers, or of an even 
and an odd number, is an even number: 

VIII. If an even number be divisible by an odd num· 
be.r, the quotient will be an even number. 

IX. The product of any number of factors will be even 
if one of the factors be even. 

X. An odd number is not divisible by any even number. 
XI. The product of any number of factors is odd if 

they are all odd. ' 
XII. If an odd number divide an even number, it will 

also divide half of it. 
XIII. Any number that measures two others must like­

wise measure their sum, their difference, and their product. 
Thus, if 6 goes into 24 four times, and into 18 three times, it will go Into 

24 + 18 or 42, three plus four, or seven times. ' 
Also, if 6 goes into 24 four times, and into 42 seven times, It will go Into 

42-24 or 18! seven minus four, or thJ,'ee times. . 
Lastly, if 6 goes into 24 four times, and iuto 12 twice, It wUl evidently go 

Into 12 times 24, twelve times 4 times, or' 48 times. 

XIV. If one number measure another, it must like­
wise measure any multiple of that other. 

Thus. if 7 measures 21, it must evidently measure 6 times 21, or 11 times 21, 
or 17 times 21, &c. 

XV. Any number, expressed by the decimal notation, 
divided by 9, will leave the same remainder as the sum of 
its digits divided by 9. (See Art. 55, Sec. II.) 

This property of the number 9 affords an ingenions method of proving each 
of the fnndamental rules. The sarno property belongs to the Dumbel' 8; for 8 

, is a measure of 9, and will therefore be contained an exact number of times in 
any number of ~s. But it belongs to no other di~it. 

The preceding is not a necessary but an inc.dental property of the num. 
ber 9. It arises from the law ojMwl'easo in the decimal notation. Ifthera(li., 
of the system were 8, it would belong to 7; if tlie radix were 12, it would be­
long to 11; and, universally, it belongs to the number that is 0110 Z/J88 than the 
radiO) of the system of notation. , 

XVI. If the number 9 be multiplied by any Single digit, 
the sum of the figures composing the product will make 9. 

Thus 9 ~ 4=36, and 3 + 6=9~; so also 8 x 9=72 and 7 + 2=9. 

XVII. If we, take any two numbers whatever; then one 
of theml or their 8um~ o~ their difference, is divisible by 3. 
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Thus, take 11 aud 11; thoul'h neither the numbers themselves, nor their 

8um, Is divisible by 3, yet thoir difference is, for it is 6. 

XVIII. Any number divided by 11, will leave the same 
remainder all the sum of i~s alternate digits in the even 
places, reckoning from the right, taken from the sum of its 
alternate digits in the odd places, incre3.j3ed by 11, if 
necessary. 

Take any numbor as 88405603, Bod mark the alternate figures. Now the 
sum of those marked, viz: 8+0+6+3=17. The sum of the others, viz: 8+4+ 
~ +0=12. And 17-12=5, tbe remainder Bougllt. That is, 384-05603 di7ided by 
11, will leave 5 remainder. " 

Again, take 5847362, the sum of the marked flJrIlres I. 14; the sum of those 
not marked is 21. Now 21 takeu from 25, (I. e. 14 "increa.'ed by 11) leaves 4, the 
remainder sought=remainder obta.ined by dividing 5847362 by 11. 

XIX. Any number ending in 0, or an even number, is 
divisible by 2. 

XX. Any number ending in 5 or 0 is divisible by 5. 
XXI. Any number ending in 0 is divisible by 10. 
XXII. When two right-hand figures are divisible by 4, 

the whole is divisible by 4. 
XXIII. When the three right-hand figures are divisible 

by 8, the whole number is divisible by 8. 
XXIV. When the sum of the digits of a number is di­

visible by 9, the number itself is divisible by 9. 
XXV. When the sum of the digits of a number is divi· 

sible by 3, the number itself is divisible by 3. 
XXVI. When the sum of the digits, standing in the 

even places, is equal to the sum of the digits standing in 
the odd places, the number is divisible by 11. 
Thus to illustrate the last five properties. . . 

The number 7416 is divisible by 4, because 16, the last two digits, Ia 
divisible by 4·. 

is divisible by 8, be.caUBe 416, its last three digits, is 
divisible by 8. 

Is divisible by 9, because the sum of its digits, 7 +4+ 1 
+6-18, is divisible by 9. ., . 

is divisible by 3, because the sum or Its digIts, 7 +4+1 
+ 6=18, is di visible by 3. 

80 alBo the number 4567821 i. divisible by 11, since the sum of the di~its In 
the odd' pl"ces, 1 +8+6+4=14=2+ 7 +5, the sum of the digits in the even placeB. 

XXVII. Every composite number may be resolved into 
prime /acturs. 

For since" composite number Is produced by multiplying two or more fac· 
tors together, it may "videutly ::Je resolved into those f.ct~rs; and If these 
ractors themselves .re compo~f, they also may be resolved mto .other factors, 
~nd thu8 the 8n&lyli~ DllIy be continued until ~ Ilia fa.cton are yr~'IM nlUllllel'll, 
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XXVIII. The least divisor of any number if! a prime 
number. 

For evory whole numher is either prime or composite (Art. 4)' hut a coni·" 
posite number can be resolved into factoV' (XXVII): consequently, the 'e<t8' 
divisor of any numb,er must be a prime number. "" 

XXIX. Ev;ery prime number, e;cept 2, if increased or 
diminished by 1 is divisible by 4. ' (See table of prime 
numbers on next page.) 

XXX. Every prime number except 2, is odd; and 
therefore terminates in an odd digit. 

NOTE.-It must not be inferred from this that all odd numbers are prime. 

XXXI. All prime numbers, except 2 and 5, must ter­
minate with 1, 3, 7, or 9. Every number that ends in 
any o~her digit than 1, 3, 7, or 9, is a composite number. 

For all prime numbers, except 2, must end in an odd digit (XXX), and" all 
nnmbers enaing In 5 are divisible by 5. 

XXXII. Every prime number, except 2 and 3, if in· 
creased or diminished by 1, is divisible by 6. ' 

20. To find the prime numbers' between any given 
limits. 

RULE. 

Wr~te down all the odd numbers, I, ?, 5, '1," 9, &;c. Over ellery 
third f"om 3 write 3; over every jifth from 5 write 5; over every 
seventh from 7 write 7; over every eleventh from 11 write 11; and 
so on. 

Then all the numbers which a"e thus marked are composite; and 
the others, togeth~r with 2, m'e prime. " 
" Also the jigure§ thus placed over, are the factors of the numbllT$ 
over which they stand. 

EXAMPLE. 

Find all thep\ime numbers less than 100. 
3 3'~ 

8 5 7 9 11 13 15 1'7 
8"7 5 3 8'1l 6"7 

19 21 23 215 27 " 29 31 83 85 
8'18 8'5 1 8'11 

3'1 89 41 43 45 47 49 51 53 
1\'11 8'19 8'7 5'18 " 3'28 
55 5'1 59 61 63 61) 67 69 71 

8'5 1'11 8 5'11 3'29 
73 '15 7'1 79 81 88 85 8'1 8P 

7'18 8.81 0.19 S'l1 
n ~a 95' 97 ~., 
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Hence, ~ejecting all the numbers which h~ve 8uperiors, the primes 
less than 100 are 1, 3, 5,7,11,13,17,19,23,29,31, 37, 4~, 43, 47, 53, 
59,61,67,71,73,79,83,89,97, together with t;:'o number 2. 
. This proce ... may be extend~d indefiniteiy, ElnG.·' the method by wbich 

primes are found even by modern computntors. J~'" ""!IS in vented by Eratos· 
thenes, a learned librarian at Alexandria (Born.' V. 275). He inscribed tbe 
series of odd numbers npon parchment, then cutLmQ' out such numbers M be 
found to be composite, his parchment with its hol~s somewhat resembled a 
sieve; hence, this method is called" Erato8then&J' Sieve." 

TABLE OF PRIME NUMBERS FROM 1 TO 3407. 

1 173 409 659 941 \ 122311511 1811 2129 2423 2741 

1

3079 
2 179 419 661. 947 1229 1523 1823 2131 2437 2749 3033 
8 181 0421 673 953 1231 11531 1881 2137 2441 2753 8089 
5 191 431 677 967 1231 1543 1841 2141 2447 2761 8109 
7 198 433 683 971 1249 1549 1861 214.3 2459 2777 3119 

11 197 439 891 917 1259 1553 1867 2153 2461 2789 3121 
18 '199 ' 443 701 983 1217 1559 1871 2161 2473 2791 3131 
17 211 449 709 991 1219 1561 1873 2179 2477 2791 3163 
19 228 457 719 997 1283 1511 1817 2203 2503 2801 3167 
23 227 461 721 1009 1289 1519 1879 2201 2521 2803 8169 
29 229 463 733 1013 1291 1583 188912213 2531 2819 8181 
31 233 461 739 1019 1297 1597 1901 2221 2539 2833 3187 
87 239 479 743 1021 1301 1601 1907 2231 2543 2837 8191 
41 241 437 751 1031 1303 1607 1913 2239 25-19 2843 3203 
.43 251 491 151 1033 1301 1609 1931 2243 2551 2851 3209 
47 251 499 761 103911319 1613 1933 2251 2551 2851 8211 
53 263 503 .769 1049 1321 1619 1949 2261 2579 2861 3221 
59 269 ,509 713 1051 1321 1621 1951 2269 2591 2879 3229

1 
61 271 521 781 1061 1361 1621 1913 2213 2593 2887 8251 
67 277 523 797 1063 1361 1631 1979 2281 2609 ' 2891 8253 
71 281 541 809 1069 1318 1657 1981 2287 2617 2903 8251 
73 283 547 811 1081 1381 1663 1993 2293 2621 2909 8259 

·79 293 557 821 1091 1399 1667 1991 2291 2633 2917 8211 
33 307 563 823 1093 1409 1669 1999 2309 2641 2927 3299 
89 311 569 821 1097 1423 1693 2003 2311 2651 2939 3301 
97 313 ' 571 829 1103 1421 1697 2011 2333 2659 2953 8807 

101 817 577 839 1109 1429 1699 2017 2339 2663 2951 3318 
103 831 581 853 1117 114.33 1709 2021 2341 2671 2963 8319 

101 337 593 851 1128 1439 1721 2029 2341 2611 2969 3323 
109 34T 599 859 112911447 1723 2039 2351 2683 2971 3329 
113 349 601 863 1151 1451 1733 20:;S 2357 2687 2999 3331 

127 353 607 877 1153 1453 1741 ' 2063 2311 2689 3001 8343 

181 859 613 881 1163 1409 1741 2069 2377 2693 3011 3347 

131 867 ;)IT 888 1171 1471 1753 2081 2381 2699 8019 8359 

189 873 619 887 1181 1481 1159 2083 2383 2701 3023 3361 

149 319 631 901 1187 1433 1777 2081 2389 2111 8037 3371 

151 383 641 911 1193 1487 178-3 2089 2393 2718 8041 3378 

11'11 839 643 919[1201 1489 1787 2099 2399 2119 8049 3389 

163 891 647 929 _1213 1493 1789 2111 2411 2729 8061 8391 

161 401 653 937 1217 1499 1801 2113 2417 2731 8061 8401 

When it is required to determine whether a given nnmber is a prime, we 
lli-st notice the terminating figure; if it is different from 1, 8, 7, or 9, the num­
ber is composite; but if it terminate with one of the above digits, we must en­
deavour to divide it with 80me one of the primes, as found in the table, com­
mencing with 8. There is no necessity for trying 2, for 2 will divide only the 
even numbers. If we Jlroceed to try all the successive primes of the table until 
we reach a prilDe whloij is not les8 th.an the square-root of the Dumber, without 
~IDIII41mor, ",e ilia,. oonllludtWlfll ~.~RlllIt,. tlult tht IIlllllher Ii a prlmf. 
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The reRson why we UMd not try any prim •• greater than tbe square-roo~ 
of the number, is drawn from the following conside,ration: If a composite -Dum­
ber is resolved into two factors, Gne of which is leEls than the square-roht 6f tqe 
number, the other must be greater than tbe square-root. 

The square of the last prime given in our taLle is 11607649; henee, tbl. 
table is .~ufficiently extended to enable us to determine whether any number 
not exceadine: 11607649 is a prime. It is obvious that numbers may be proposed 
which would require by this method very great labor to determine whether they 
are primes, still this is the only sure and general method as yet discovered. 

21. To RESOLVE A COMPOSITE NUMBER INTO ITS PRiME FACTORS. 

RULE. 

IJivide tlte given number by tlte smallest number which will divide 
it without a remainder; then divide the quotient in the same way, 
and thus continue the ope.ra:tion till a quotient is -obtained which can 
be divided by no number greatel' than 1. The sevel'al divisors with the 
last quotient, will be the prime factors requi1'ed. (19-XXVII.) 

REASON.-Every di'1!ision of a number, It is plain, resolves it into tMofac­
tors, viz.: the divisor and the quotient. But according to the rule, tlie divisors, 
in every case, are the smallest numbers that win divid.e the given number 01 
the successive quotients without a remaiDder~ conse.quently they are an prime 
numbers. (19-XXVIIl.) And since the division is continued till a quotient is 
obtained, which cannot be divided by any number but unity or itself, it follows 
that the last quotient must a.lso be a pr"ime number; for, a. prime number is 
one whIch cannot be exactly divided by any whole nnmber except wndty and 
itself. (Art. 7.) 

Ii[oTE.-Since tbe least di'1!iSor of every number is It prime nnmber, it is 
evident that .. composite number may be resolved into its prime factors by 
dividing it continnally by any prime number that will divide the given nnm­
ber and the successive quotients without a remainder. Hence, ' 

.A. composite number "an be divided by any of its prime factor8 without 
a remainder, and by tbe product of •. ny two or more of them, but by f> ath&-
nwmber., " 

Thus the prime factors of 42 are 2, 3, and 1. Ii[ ow 42 can be divided by 2, 3, 
~!~~~r~lso by 2 x 3, 2 x 7, 3 x 7, and 2 x a x 7; but it can be divided' by no other 

EXAMPLE I.-Resolve 2] 0 into its prime factors. 
OPERATION. 

2)210 

8)105 

6)85 

'[ 
PROOF. 

2><8><5x.7=210 

We first divide the given number by 2, which is tbe 
least number t.hat will divide it without a remainder, and 
which is also 0. prime nnmber. We bext divide by 8, then 
by 5. The several di visors and the llUlt quotient are the 
prime factors required. 

Am. 2, 8, 5, and 7. 

EXAMPLE 2.-Resolve '728 into its prime factors. 
OPERATION. 

2)728 

2)364 

2)182 

7}Ill 

Therefore, 2 x 2 x 2 x 'T x 18, or 
2" x 7>< 18, are tho .primo factol'll 
fit 7118. . 
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EXERCISE 24. 
1. Resolve 11368 into its prime factors. 
2. What are the prime factors of 2934? 
3. What itre the prime :factors of 1011 ? 
4. Whnt are the prime factors of 1000? 
Ii. What are the prime factors of 1024? 
6. What are the prime .factors of 32320? 
'1. What are the prime factors of 707 ? 
8. What are the prime factors of 1118 ? 

DIVISORS. 

12'7 

Ans.*' 2' x 7' x 29. 
Am. 2 x 32 x 163. 

Ans. 3 x 33'1. 
Ans. 2' x 0'. 

Ans.210. 
Ans. 2' x Ii x 101. 

Ans. 7 x 101. 
Am. 2 x 13 x 43. 

22. From Art. 21, Note, for finding all the divisors of 
any number, we deduce the following-

RULE. 

Resolve the number in~o its prime factors; form as many .series 
oj terms as the)'e are prime factors, by makin,g 1 the fi)'st telm of each 

. series, th.e first powe,' of one of the prime factors for the second term, 
the second power of this factor f01' the third te1'm, and so on until Ille 
relIch the highest that occU1'!'ea in the decomposition. Then multiply 
tliese series together, and the partial pl'od'ucts thus obtained will be the 
di'llisors sought. ' 

EXAMPLE I.-What are the divisors of48? 
Here we find 48=24 x 3, Therefore onr series of. terms will·he 1 .. 2 .. 4 ' . 8 

16 and 1 .. 8; multiplying these together. 
1"2"4"S"16 
1"3 

1"2 "4"S "16"8"6 "12"24 "48 
Therefore the divisors of 48 are 1, 2, 8, 4, 6, 8, 12, 16, 24, and 48, 
We begin each series with 1, because, were we not to do .0, fhe different 

powers of the prime factors would not themselves appear among the partial 
products. 

EXAMPLE 2.-What are the divisors of 360. 
The prime factors of 360 are 2' X3' X5 and therefore the series are 1 .. 2 .. 4, 

- 8; 1 ,.!!,'.g and 1"6, 

OPERATION. 

f:r4"s"3"6"12''U''9''18''36''72=prodncts ofist and 2nd 8~ri •• 

1"2"4"8"3"6"12"24"9"1S"36"72"5"10"~0"4O"15"30"60"120"45"90"180"360. 
Therefore the divisors of 860 are 1, 2, 8, 1, 5, 6, 8, 9, 10, 12, 15, IS, 20, 24, 80, 

86, 40, 45, 60, 72, 90, 120, 180, 860 . 

.. The small figures written to the right of the factors and above the line 
are called exponents, and show how oftan the dla1t 18 takall as factor. 
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1. What are the divisors of 100? 'Am. 1, 2, 4, 5, 10, 20, 25, 50, 100. 
2. What are the divisors of 81O? 

A { 1, 2, 3, 5, 6, 9, 10, Hi, 18, 2'7, 30, 45, 54, 81, 90, 135, 162; 
.n.ns. 270,405, 810. 
3. What are the divisors of 920? 

Ans. 1, 2, 4, 5, 8, 10, 20, 23, 40, 46, 92, 115, 184, 280, 460, 920. 
4. What are the di visors of 25000? 
A {I, 2,4, 5, 8, 10, 20, 25,40,50, 100, 125,200,250,500,625, 

?lS. 1000, 1250, 2500, 3125, 5000, ,6250,' 12500, 25000. 

NUMBER OF DIVISORS. 

23. Since the series of terms which we multiplied to­
gether, by the last rule, to obtain the divisors of any num· 
ber commenced with 1, it follows that the number of terms 
in each series will be one more than the units in the expo­
nent of the factors used. 

Hence, to find the number of divisors of any number 
without actually setting them down, we have the following-

RULE. 
Resolve the number into its prime factm's and exp'l'ess them as in 

examples 3, 4, and 6, in Art. 21. Increase each expoilent by unity 
and multiply' the resulting numbers together. The pt'oduc't will be the 
number of divisors. . 

EX.A.MPLE.-How many divisors has 43201 
4320=2'x3'x5. Here the exponents are 5, 3, and 1: each of which being 

increased by one, we obtain 6, 4, nnd 2, the continued product of which iB 
6X4X2=48=the number of divisors sought. 

EXERCISK 26. 
1. How many divisors has 8B200? 
2. How many divisors has 35001 
3. How many divisors has 6336? 
4. How many divisors has 824? 
5. How many divisors has 49000? 
6. How many divisors has B1000? 
7. How many divisors has 756001 
8. How many divisors has 25600? 

GREATEST COMMON MEASURE. 

Ans. lOB. 
Ans.24. 
Ana. 42. 
'Ans. B. 
Ans.48. 
Ans. BO. 

Ans. i20. 
Ans.33. 

24. The greatest common measure, or greatest com­
mon divisor of two or more numbeJs, is the greatest num. 
ber that will divide each of them without a remainder. 
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25. To find a common divisor or common measure of 
two or more numbers-

RULE. 
Resolve tlte given numbers into thei,' p"ime factm's, then if any 

fa.etor be common to all, it would be a common measure. 
If the given numbers have not a common factm' they cannot have 

a common measure greater than unity, and consequently are either 
prime numbers or are prime to each other, (Arts. 7 and 12.) 

EXAMPLE.-Find a coroUlOn divisor of 14, 35, and 63. 
14==2X7; 35==5XT, and 63=3X3X7. The factor 7 is common to all the 

given numbers, and is therefore a. common measure of them. 

EXERCISE 27. 
1. Find a common divisor of 21, 18, 27 and 36. 
2. Find a common divisor of 21, 77, 42 and 35. 
3. Find a common divisor of 26, 52, 91 and 143. 
4. Find a common divisor of 82, U8·and 146. 

Ans.3. 
Ans.7. 

Am. 13. 
Ans.2. 

25. To find the greatest common measure of two 
quantities-

RULE. 
Divide the large!' by the smaller; then the divisor by the remain­

der; next tlie preceding divisor by the new remainder :-continue tMs 
process until nothing remains, and the last divism' will be the greatest 
common meawre. If this be unity, the given numbers are prime to 
each other. 

EXAMPLE.-Find the greatest common measure of 3252 and 4248. 
3252)4248(1 

8252 

996)3252(3 
2988 
'-
264)f:~(8 

204):81(1 

60)204{3 
180 

24)~(2 

12)24(2 
24 

990, the first remlllDd$r, becomes the second divisor; 264, the second. r(lb 
l 
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Illainder, becomes the tbird divisor, &c. 12,the last dinaor, is the required 
greatest common measure.. ~ 

PRooF.-In order to establish the trutb of this rule, it is necessary to re­
member (19-XIII. and XIV.) that if one number measure another it will like­
'Vise measure any integrt"ll multiple of that other; and if one number measure 
t«"O others, it will also men sure their Bum or their difference. 

First, then; 12 is a common measnre of 3252 and 4248. Beginning at the 
eud of the process; beca,llse 12 measnres 12, it also measures 24, a multiple of 
12; becauBe 12 measures 24, it meaBures 48, a multiple of 24; he cause 12 mens­
ures 12 and also 48, jt measures 60, w:o.ich is their sum; because 12 measures 60, 

. it measures 180, a multiple of 60; because 12 measures 180,RJ;1d also 24,.it meus­
ures their sum,!which is 204; because 12 measures '204, and likewise 60, it meas­
nreB their sum, 264; because 12 measures 264, it measures 792, a multiple of 
264; and becanse 12 measures 792, and also 204, it measures their sum, which 
is 996; because 1,2 measures 996, it measures 2988, a multiple of 996; and qe­
cause 12 measures 2988, and also 264, it measures theiT sum, 3252; and be'cause 
12 mensures 3252, and also 996, it measures their sum, which is 4248. 12, there­
fore, measnres each of the given numbers, and is a common measure; next it is 
their greatest common measure. \ 

Fol', if not, let some other as 13, he greater. Then, (beg;nning now at the 
top of the process) because 13 rneasures3252, and also 4248, it measures their 
difference, which is 996; because 13 measures 996. it measures 2988, a multiple 
of 996, and because 13 measul'~s 3252, and also 2988, it also measnres their differ­
ence, which is 264: because 13 measures 264, it also measures 792 a multiple of 
264; and, because 13 measures 792, and also 996, it measure.s their difference, 
which is 204: because 13 me.sures 264. and also 204, it measures their differ­
ence, which is 60; because 13 measures 60, it measures 180, a multiple of 60; 
and because 18 measures 180, and also 204, it measures their difference, which 
is 24; becaus!' 13 measures 24, it measureS 48,.a multiple of 24; and because 13 
measures 60, ,and also 48. it measures their difference, which is 12. That is, 13 
measures or divides 12-& greater number mea.8ures a less, which is impossible. 

Therefore 13 is.flot a common measure of 3252 and 4248; and in a similar 
manner it may be shown that no number greater than 12 is a common measure. 
Therefore 12 is the greatest common measure_ 

As the rnle might be proved for any other example equally well, it is true 
in all c.ses_ . . 

EXERCISE 28-
1. What is the greatest common measure of 296 and 407 ? .tins. 37. 
2. What is the greatest common measure of 506 and 308? Ans. 22_ 
3_ What is the greatest common measure of 74 and 84? Ans. 2_ 
4. What is the greatest common measure of 1825 and 2555 ? 

. Ans_ 365_ 
5. What is the greatest common measure of 1556 and 672? Ans. 4. 

27. To find the greatest common measure of more 
than two numbel's-

RULE_ 

Find the g"eates't cO?nm~n measure of two of them; the?t, of this 
common measure and a third,' next of this last common meaSU7'e and 
a fourth, &:e. The last common measure found will be the g,-eatest 
common measure of all the given mtmbe"I(_ 

EXAMPLE I.-Find the greatest common measure of 679; 5901, 
and 6'734. 
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Bv the last rule we find that 7 is the greatest common measure of 679 and 

5901; 'and. by the same rule that it ·is the !<toatest common measure of 7 and 
6784 (the remaining number), for 6734+7=962, with no remainder. Therefore 
7 is the.requir~d nnmber. 

EXAMPLE 2.-Find the greatest common measure of 936, '736, 
and 142. 

The g,:,eatest common measure of 936 and 'l36 is 8, and the greatest cammon 
measure of 8 and 142 is 2; therefot"e 2 to) the greatest common mea.sUl'e of the 
given numbers. 

'Phis rule may be shown to be Correct in the Bame way as the last; except 
that in prOYi.~lg the nuuiber found to be a CO'1rwnon measure, we are to begin at 
tbe ond of all tho proce'sses, and go through all of them in succession; and in 
proving that it is the greatest common mea.8ure, we are to be.gin ~t the com~ 
mcncomcnt of the first process, or that used to find tbe common measure of the 
two first number", and proceed successively througb aU. 

EXEROISE 49. 

1. ""hat is the greatest common measure of 110, 140, and 680? 
Ans. 10. 

2. What 1S the greatest common measure of 1326, 3094, and 4420? 
4ns.442. 

3. What is the greatest common measure of 468, 922, and 375? 
An'S. They have none. 

4. What is the greatest common measure of 204, 1190, 1445, and 
2006? .A.ns. 17, 

SECOND METHOD. 
28. It is manifest that the greatest common measure 

or g'l'ea.testcommon divisor of two or more numbers, must 
be their greatest common fact.or, and that this greatest 
common factor must be the product of all the prime factors 
that are common to all the given numbers. 

Hence to find the greatest common measure of two or 
more numbers, we have the following-

RULE. 

Resolve eacll of the given nltmbel's into its prime factors; and the 
product of those factors, ~ahich w'e common to all, will be the greatest 
common m8aSU1"e. 

EXAMPLE I.-What is the greatest common measure of 1365 and 
1995" 

3)1365 

5)455 

7)91 

13 
Henoe, 8, 5, 7, lind 18 are the prime 

factors. ' 

3)1995 

5)665 

.7)183 

19 
Hence, 8, 5, 7, and 19 a1'e tbe prima 

factors. 
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And the factors that are common to both are 3,5,1. Hence 3X5X1::=\05 
=greatest common measure. 

EXAMPLE 2.-What is the greatest common measure 9f 108, 126, 
and 162? ' 

10a=2'x3s, 126=2X32 X7, and 162=2X3'. 
Hence. the factors tbo.t are common are 2 ancl 8', and the greatest 9om'mon 

measure=2x3'=lS, 
EXEr.cJSE 30. 

1. Work by this method all the pj'eceding exa?nples. 
2. What is the greatest common measure of 56,84,11(0, 168? .Ans. 28. 
3. Whatis the greatest co=on measure of 241920, 380160, 69120, 

103680? .Ans. 34560. 
4. What is the greatest common measUl;e of 10800, 28040, and 

~160? .Ana. 40. 

LEAST COMMON MULTIPLE. 

29. One number is a common multiple of two or more 
others when it can be divided by each of them without a 
remainder. -

30. One number is the least common multiple (1. c. m.) 
of two or more others when it is the least number that can 
be divided by each of them without a remainder. 

31. It is evident that a dividend will contain a divisor 
an exact number of times, when it contains, as factors, 
every factor of that divisor; and hence, the question of 
finding the least common multiple of several numbers is 
reduced to finding a number which shall contain all the 
prime factors of each number and none others. If the 
numbers. have no common prime factor, their product will 
be their least common multiple. 

Suppose we wish to see what is the least common multiple of 9, 12, 16, 20, 
and 35. Resolving these into tbeir p"ime facto),s, we obtain 9=3', 12=2'X3, 
16=24 , 20=2'X5, and 35=7X5. Now it is plain that 2' must eljter into the' 
least common multiple as a.Jactor, 3~ld, since 24 is a multiple of 22, we do not 
consider 2' also a factor of the least common multiple. So also 32 must be a ' 
factor of the least common multiple; and since it contaills 8, we do not again 
multiply by 3. Lastly, 5 and 1 must enter il1to the least common multiple. 

The factors of the least common multiple are then 24, 3', 5 and 7; and' 
tbeBe, multiplied together, give 2'X3'Xil)<7=5040=least common multiple. 

Hence, to find the least common multiple of two or 
more numbers, we have the following~ 

RULE. 

Resolve the numbers into their prime factors (Art. 21), select all 
the different factors which occur, Obsel'ving when the same factor has 
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aijJ'erent powers, to take the highest power. The continued pj'oduct of 
the factors thus selectea will be the least common m~dtiple. 

EXEROISE 31. 
1. What is the least,common multiple of 8, 9, 10, 12, 25, 32, 75, 

and SO? 
lIere 8=23

, 9=3', 10=2 x 5,12=2' x 3, 25=5",32=2',75=5' x 3, 
80=24 

X 5. 'l;'herefore the least common multiple = 2' x 32 X 5' 
=70200. 

2. What is the least coIIlllion multiple of 6, 7, 42, 9, 10, and 630? 
Ans. 2 x 3' x 5 x 7=630. 

S. What is the least common multiple of the nine digits? ' 
,Ans. 2' x 32 

X 5 x 7=2520. 
4. What is the least common multiple of 6,9,12,15,18,21, and 30? 

Ans. 1260. 
5. What is the least common multiple of 670, 100, 335, and25? 

Ans. 6700. 
6. What is the least common multiple of 8, 10, 18,27, 36, 44, and 

396? Am. 11880. 
SECOND METHOD. 

32. We may also find the least common multiple of 
two or more numbers by the following-

RULE. 

lV'fite the given m,muel's in a line, with two points between them. 
lJiviae by the LEAST number which will divide any two or more of 
tRem wit/lOut a j'emainder, and set the quotients and the undivided 
numbers .in a line below. ' 

lJivide this line and set down the results as befm'e;, thus continue 
the operation till there are no two numbers which can, be divided by 
any number greater than 1. 

The continued product of the divisors and the numbers in the last 
line will be the least common multiple sought. 

EXAMPLE I.-What is the least commOEl multiple of 16, 48, and 
lOS? 

2)3 .. 24 .. 54 

<2)4 .. 12 .. 21 

2)2 .. 6" 21 

8)1 .. 3 .. 27 

1 .. 1 .. 9 
Ans. 2x2)(2x2 xS x9=432=lellSt common multiple. 

The least common multiple oi'l,.1, :md 9, is 9. aud the I.lISt common multi­
pI~ ofl, 1. "fit! 9" R, will he tile least Qommon muWp! .. ofl, 8, and 27, tile nm.n-
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bers ~f the fifth line; the least common multiple of 1, 3, and 27, x 2, will be the 
least common multiple of 2,. 6, and 27, the numbers of the fourth lin~; the least 
common multiple of 2, 6, and 27,!, 2, will be the least common multIple of 4, 12, 
and 27, the numb.rs in the third line; the least common multiple of 4, 12, and 
27, x 2, will be the least common multiple of 13, 24, and 54, the numbers in the 
second line.; and the least common multiple of 8, 24, and 54, x 2, will be the least 
common multiple of 16,48, and 108, the given numbers. 

The reason of the preceding rule depends upon the principle that 
the least common multiple of two or more numbers, is composed of 
all the prime factors of the given numbers, each taken the greatest 
number of times it is found in either of the 'giveri numbers. 

NOTE.-In finding the least common multiple by this method, it is neces­
sary to divide by the "mallest number, which will divide two or more of them 
without a remainder, because. the divisor may otherwise be a composite num­
ber (Art. 21), and have a factor common to it, and one of the quotients in the 
last line. Consequently the continued product of the divisors and these quo­
tients or undivided numbers in the last line, would be too great for the least 
common multiple. 

Thus in the third of the following operations the divisor 9 is a' composite 
number, containing the factor 3. common to it and the 8 in the quotient: con­
sequently the product is three Umes too larue. In the second operation the 
divisor 12 is a composite nnmber, and contains the factor 6 common to it, and 
the 6 in the quotient: therefore the product is lSi", tkmes too large. 

Tbe object of arranging the giveunnmbers in a line, is that all of them may 
be re~olved into their prime factors at the same time; and also to present at a 
glance the factors that compose the least common mUltiple requIred. 

EXAMPLE 2.-What is the least common multiple of 12,18, 36? 
I. II. III. 

2)12, . 18 .. 86 12)12 .. 18 .. 36 2)12 .. 18 •. 36 

1l)6 .. 9 .. 18 3)1. : 18 .. 3 2)6.. 9 .. 18 

3)3 .. 9 .. 9 

3)1 .. 8,. 3 

1 .. 1 .. 1 
2x2x3x8=36=1. c. m. 

1 .. 6 .. 1 
12x8 x 6=216 

EXERCISE 32. 

9)8 .. 9 .. 9 

8 .. 1 .. 1 
2 x2 x 9 x 8=108. 

1. Find the least common multiple of 12, 20, and 24. Ans. 120. 
2. Find the least common multiple of 14, 21, 3, 2, and 63. 

Ans. 126. 
3. Find the least common multiple of 18, 12, 39, 216, and 234. 

Ans. 2808. 
4. Find the least common multiple of 8, 18, 11>, 20, and 70. . 

- . Ans. 2520. 
5. Find the least common multiple of 24, 16, 18, and 20. 

Am. 720. 
6. Find the least common multiple of 60, 50, 144,35, and 18. 

, ' Ans. 25200. 
'1. Find the leaRt commolllllUltipie of 27,54,81,14, arid·63. 

Am. 1134, 
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THIRD METHOD, 

33. The least common multiple of several numbers is 
roost expeditiously found by the following-

RULE, 

Wi'ita the given n1tmbers in a line; take anyone of them as divi­
sor, and st,'ike out of each of the given numheJ's all the factors that al'e 
common to it and the assumed mtnthe,', , 

Armnge the uncancelled factors of the given .nwnber,9, and the un­
cancelled numbers in a line; take the least other numbeJ' which exactly 
contains one OJ' more of them, and strike out all the factors of the num­
bers in the second line wkich M'e comrrwn to any of them and the sec­
ond assumed numbe1'. 

P,'oeeed thlts until t{te assumed numbe,'s cctncel aU the factmw of 
the gi.jen numbe,'s. . .... 

Multiply aU the assumed mtmbers together fm' the least common 
multiple of the given numbel'.9. , 

:EXAMPLE I.-What is the least common mUltiple of 16, 27, 4G, 
60, 88, 96, 100? 

Assume 100 '% .. 27 .. iff! .. %91, ,'SS, ·~iL ,.19191 
Assume 24 4 .. 7,1'., 9 .. ;6 .. ;2;Z .. ;lif 
Assume' 99 f/ .. ;6.. 1.1 

100 x 24 x 99=237600=1. c, m. 
EXPLA.NATION.-4, a factor of 100, reduces 16 to 4, 88 to 22, and 96 to 24; 

5, another factor of 100, reelLlces 45 to 9; am120, another factor of 100, reduces 
60 to 3. The numbers in the socond lino tlleD are 4, 27, 9,8, 22, and 24. We 
assume 24, of which" factor, 4, cancels 4; another factor, 2, reduces 22 to 11; on,l 
another factor, B,reduces 27 to 9 and 9 to 8. The numbers in the third line 
then are 9, 3, and 11. For this line we assumed 99, of which a factor, 3, can­
cels 3; auother jactor, 9, cancels 9; and 11 third, 11, cancels 11. 

Now since the least common multiple of a series of numbers is n. number 
which still contains all the prime factors of each Dumbf'r, and none others, it is 
manifest that the least common multiple ofthe given numbers will be the sarno 
as the least common multiple oCIOO, and 4, 27, 9,3,22, and 24, becanse only those 
faators which were common to the given numbers and 100 were struck out. 

Similarly, the least comtnon m,iltiple of 100, 24, and 9,8, and 11, will be the 
same as the least common multiple of 100, and the nnmbers in the second line, 
since only those factora which were common to 24 and the numbers of the sec-
ond liue are struck out. ' 

Finally the least common multiple of 100, 24, and 99, is e'lual to the least 
common multiple of'the given nnmbers. 

1j:XAMPLE 2.-What is the least common multiple of 120, 40, 8:', 
65, 88, and 10 ? 

Assume 120 \ J;lp .. )f~, ,;6~, .%%. ,88. ,16 
A~uriJ.e 131 ;r;6 .. .1;6 .. 11.. ~ 
Assume 22 1.1-. f! 

120 x 13 x 22=34320=1.c, m. 
}~XPL"N A.TION. -We first assume 120. Now this cancels 120 and 40. Also 

:3, a factor of 120, reduces 39 l~' 13, and 5, another f~c(or, reduces 65. to 13. 
Also 8 another ractor, rednees ss to 11 811<116 to 2. Next assume 18; th,S CUll­
eels 13·n.nd 18. Next u.ssume :2:!, of which 11, ODtj factor, mmcels tbe U, t\n(~ 
truotQer factor, 2, cllueels ;2, 
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EXAMPLE 8.-Find the least common multiple of 12, 16, 20, 24, 
30, 48, 56, and 64, . 

.Assume 961 ;l~ . .. ;lJL .7fJ. ·7!-· .~fJ .. !l~ .. IJ%. ·fJ!t 
Assume 70 fJ fJ.... 71 .. 7 

96 x 70=6720=1. c. m. 

EXERCISE 33. 
1. What is the least common multiple of'300, 200, 150, 50, 60,75, 

and 125? .£Ins. 3000. 
2. What is the least common multiple of 20, 60, 15, 165, 210, 63, 

and 27 ? - .Ans. 41580. 
3. What is the least common multiple of 12, 132, 144, 60, 96, 

and 1728? .£Ins. 95040. 
Wark also by thi8 method all the preceding que8tions in least com­

mon multiple. 

DIFFERENT SCALES OF NOTATION. 

34. The radix or base of a scale of notation is its com­
mon ratio. Thus in our system the mdix is 10;' in the 
duodecimal system the radix is 12, &c. 

35. If the expression 12345 represents a number in 
the common or decimal scale of notation, we read it twelve 
thousand three hundred and forty-five; but if it expresse§ 
a number in any other scale, we cannot so read it, because 
the names thousands, hundreds, &c., belong orily to the 
decimal scale. In order to read it properly in any other 
scale, we should have to invent names for the different or· 
ders. In place, however, of doing this, we simply read over 
the digits and indicate the scale. For example, if the ex­
pression 24678 be a number in the non.ary scale, we re~d 
it thus-two, four, six, seven, eight in the nonaryscale. 

36_ We may express the number 4578 (decimal,scale) 
by writing the order of each digit beneath it, thus, 

4 5 7 8 
10 10 10 
3 2 

and then read it 8 units, 7 of the order Of tens, 5 of the 
order of hundreds or tens squared, or second order of tens, 
4 of the third order of tens, &c. Similarly if 4578 expresfl 
a number in the nonary scale, we may write it, 

4578 
9. 9 V 
~ ~ 
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and read it 8 units, 7 nines, 5 of the second order of nines, 
4 of the third order of nines, &c. 

37. The expression 10 always represents the radix of' 
the scale. In the decimal scale 10 is equal ten; in the 
binary scale 10 is equal two; in the 1mdenary scale 10 is 
equal eleven, &c. 

38. It is obvious that, in any scale, the highest digit 
used must be one les8 than the radix. Thus, in the deci­
mal scale, the highest digit is 9 ; in the temary, 2; in the 
octenary, 7, &c. In writing numbers in the duodenary 
scale we use the letter t to represent ten, and e, eleven j 
and in the undenary scale t likewise represents ten. 

39. Let it be required to reduce 337 from the decimal to the 
octenary Bcale. 

OPERATION. 
8)337 

8)42-1 

EXPLA.NATION.-Ifwe divide 337 by 8, we distribute it into 
42 groups of 8 each, and have a remainder of 1 unit. If now 
we divide these groups of 8 by 8, we obtain 5 groups of a still 
higher order, each co~aining 8 of the former groups, with a. 
remainder of 2 of these groups. 

337 in the decimal Bcale, iB therefore equal to 521 in the 00-
tenary scale; i. e., the successive remainders written in order 

cOlliltitute the equivalent expresBion in the required scale. 

5-2 

Hence, to reduce a number from one scale to another, 
we have the following-

RULE. 

Divide the number continually by the radix of tlte'proposed 3cale, 
till the quotient is le,s than the radix. 

Write aU the remainders, thus obtained, in "egular order from 
left to 1'ight, beginning with the last, and placing Os where there are 
no remainders. The result will be the required number. 

EXA~lPLE I.-Reduce 7342 from the co=on to the quinary 
scale .. 

OPEP..A.'.rION. 
5)7342 

5)1468-2 

5)293-8 

5)58-8 

5)11-3 

2·-1 

Therefore 7348 denary=213332 qw"nary. 
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EXAMPLE 2.-ExpresB nine millions, three hundred and forty·two 
thousand and twenty·seven, in the duodenary scale, 

OPERATION. 
12)9342021 

12)118502-·3 

12)64815-2 

12)5406-3 

12)450-6 

12)37-6 

3 ...... 1 

Therefore 9342027 denary=3166323 duodenary. 

EXERCISE 34. 

l. Change 592835 from the decim,al to the duodenm'Y scale. 
Ans. 2470te. 

2. Express the common number 3700 in the iJttinary scale. 
Ans. 104300. 

3. Express 10000 in the ~tndenary scale. Am. 7571. 
4. Express a million in the senary scale. Ans. 33233344. 
5. Express 10000 in the octenary scale. Ans. 23420. 
6. Transform 12345654321 into the duodenal'y scale. 

. Am. 248664et69. 
7. Express 10000 in the nonm'y scale. Am. 14641. 
8. Transform 300 from the common to the binm'y scale. 

Ans. 100101100. 

EXAMPLE I.-Transform 2313042 from the quinm'Y to the octc· 
nal'y scale. 

OPERATION. 
V. 

8)2313042 

8)131310-1 

8)10100-5 

8)311-2 

8)20-1 

1-2 

EXPLANATION. -We divide here as before, bear· 
ing ill mind, however, that the ratio is no longer 
ten, butflve. We proceed thns.~8 in 2, 110 times; 
twice five (the radix) is ten, and 3 make thirteen; 
8 in 13. 1 and I) over; I) times I) are 25, and 1 make 
26; 8 in 26,3 times and 2 over; twice 5 are 10, and 
3 make 18, 8 in 13, once lind 5 ever, &c. 

Therefore 2313042 qi",i~a.1'Y=121257 octenary. 

NOTE.-The Roman Numeral writteu over the number indicates 
(.he radix of the scalp, 
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EXAMPLE 2.-Transform 3'18t13 from the undenary 'to the duode· 
nary scale. 

OPE~ATION. 

XI. 
12)878t13 

12)344.56-8 

12)3182-4 

12)294-9 

12)26-9 

12)2-4 

Observe the first two figures here are not thirty· 
seven, but 3 xll+7=4O. We say 12 into 40,8 
times aud 4 over; next, 12 into 4 x 11 + 8=or 52, &c. 

378t13 Und8nal'y=249948, dilwdenary. An8. 

EXAMPLE 3.-Tr~,nsfol'm t423t from the duod,enary to the nonary 
scale. 

OPERATION. 
XII. 

9)t42Bt 

9)11971-1 

9)1649-4 

9)206-3 

9)28-6 

3-5 

Observe here we Bay 9 into t ten, 1 and lover; 
9 into 16, (1 x 12+4) 1 and 7 over; 9 into 86, (7 x 
12+2) 9 and 5 over; 9 into 63, (5x12+3) 7; 9 into 
t, 1 and lover. 

And we proceecl in the other lines in the B8mB 
manner. 

t428t duodenaJ·y=3563411Wna1'Y. 

EXERCISE 35. 

1. Transform 3'1'704 from the nonary to the octenm'y scale. 
Ans. 61415. 

2. Transform 444 and 4821 from the quina!'y to the septenary scale. 
Ans. 235 and 1465. 

3. Transform 1212201 from the quaternary to the nona?'y scale. 
Ans. 10000. 

40. A number may be transformed from any scale to 
the decimal by the precedibg rule, but the following is 
more convenient. 

~lYfultiply the l~ft hand figure by the given j'adix, and to the pro­
duct add the next figure. . 

Tlten multiply this sum by the radix and add the next .figUl·e. 
Oontinue this process until all the figures have been used. Then the 
last product will be the number in the decimal scale. 

NOTE.-Both this and the preceding rule are the same in princi­
ple as reducing denominate numbers from one Ilenomination ,to all,­
Qther. ' 
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EXAMPLE I.-Reduce 76345 from the octenary scale to the decimal 
scale. 

OPERATION. 
VIII. 
76345 
8 

62 of the fourth order. 
S 

499 of the third order. 
S 

3996 of the second order. 
S 

31973 units=required number in decimal scale. 

EXAMPLE 2.-Transform ettete from the duodenary to the common 
or decimal scale. 

OPERATION. 
XII: 
ettete 
12 

142=number of fifth order. 
12 

1714=number offourth order. 
12 

20579=number of third order. 
12 

246958=number of second order. 
12 

2963507=units=reqoired number in docimalscale. 

EXERCISE 36. 

1. Change 20212331 from the quq,ternary into the decimal scale. , 
.Am. 3526I. 

2. Change 101202220 from the (ernary into the decimal scale . 
.Ans. 7854. 

3. Transform 1522365 from the nonaj'y into the decimal scale. 
Ans. 841568. 

4. Transform 33233344 from the senaj'y into the decimal scale. 
. . Ans. 1000000. 

E;KAJ4PLE 5.-Transform 2734, octenary sc8J.e, into the undenaj'y, 
.,eptenary, and quinary. scales, and prove tlle re~ults by reducing', 'aU 
Ibur nl\mber~ to tbe decirru,ll scale. -
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VIII. VIII. VIII. 

11)2784 7)2784 5)2784 

11)210~4 7)326-2 5)454-0 

11)14-4 7)36-4 5)74-0 

1 4-2 (;)14-0 

2-2 
Therefore 2784 octenary=l144 undena"'y=4242 septena>'y=22000 q1lina/y. 

8 11 7 5 

23 
8 

187 
8 

12 
11 

136 
11 

30 
7 

214 
7 

12 
o 

60 
25 

1500 lknar1j. 1500 denary. 1500 denary, 1500 denary. 
Since the resultS all agree when reduced to the denary scale, we conclude 

the work is correct. ' 
6: Transform 132713 nona1'y, into the tema,'Y, duodenary, and 

octena1'y scales, and prove the resnlts by reducing all four numbers to 
the denm'Y scale. 

7. Transform t2t290 duodenary, into the nonar!!, senary, quater­
nary, and binar,?j scales, and prove the result by reducing all five 
numbers to the decimal scale. 

FUNDAMENTAL RULES. 
41. The fundamental rules of arithmetic are carried on 

in the different scales as with numbers in the ordinary or de­
cimal scale; observing that, when we wish to find what to 
carry in addition, subtraction, multiplication, &c.; we divide, 
not by ten, but by the radix of the particular scale used. 

EXAMPLE I.-Add together 34120, 3121, 13102, -31410, 12314, 
112243 and 444444 in the senary scale. 
OPERATION. Observe the sum of the first line is 14, which, divided by 6, the 

VI. radix of the scale, gives us 2 to set down and 2 to canoy; the Bum 
34120 of the second line fs 16, which, divided by the radix, 6, gives ns 4 
19~~~ to set down and 2 to carry, &0. 

31410 
12814 

112243 
444444 

1144042 An8. 
EXAMPLE 2,-From 43t76 take 9t.09, in the undenary seale. 

OPERATION. Observe, here we say 9 from 6, we cannot, but 9 from 17 (1 bor-
XI. rowed",l1 and 6) and B rema.ins, ~c. 

48176 
9t09 

135068 
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EXAlI!PLil': S.-Multiply 3426 by 56'1, in t~e octenary scale. 
OPERATION. 

VIII. 
342&-

567 

:30632 
25204 

21556 

Observe, we say 7 times 6 are 4~, 8 (the radix) into 42 (; to 
carry and 2 to set down; 7 times 2 are 14 and 5 maj<e 19, 
e,quoJ to ~ to set down (Iud 2 to ""'T)', &c. 

--r-
246047~ 41108, 

EXAMPLE 4.-Divide 671384 by 7876, in the nonary scale. 
OPERATION. 
IX. IX. 

7876)611384(75HWr AI108. 
61786 

52424 
43823 

7501 

Here 7876 ",ill go into 61138 7 timeR (observe it 
;would go 8 times in the rkcimal scaJe); aud 7876 
multiplied by 7 gives 61786. this being Bubtracted, 
gives a remainder, 5242, to which we bling down 
the next digit., 4, and proceed a~ in common divi· 
sion. 

NOTE.-After the units' figure is brought down, we may either 
, write the remainder in the form of a fraction, as in example 29, or we 
may place a point, and annexing Os, continue the division as in the' 
following example . 

. Observe, this point is called the decimal or denw'Y point only in 
the decimal system. In every other scale of notation it takes its 
name from the system-thus, in the duodenary or duodecimal system 
it is called the d~tOdenal'Y or duodecimal point, in the senary system, 
the senm'Y point, &c. . ' 

EXAMPLE 5.-Divide t134567 hy e473, in the (i?lO(ltm(l1'?-/ scale. 
OPERATION. 

XII. XII. 
e473)tl34.567(t7t· 1e, &0. 

95/06 

753e6 
67829 

97897 
95t06 

lt91'O 
047'3 

e45'90 
162'79 

EXERCISE 37. 
1. Multiply 252 by 252, in the senal'y scale. Ans. 122024. 
2. Divide !l2e75721 by 62te, il'l the duodenal'y scale. Ans. 62te. 
3. From 201·210 take 102221, in the ternary scale. Ans. 21212. 
4. Multiply 57264 by 675, in the octenary Bcale. Ana. 51117344. 
5. Add together 101, 1001, 1111, 1011, 1000; 1111, and 10101, in 

the binal'y scale. . Ans. 1010100. 
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6. Divide 14-2613 by 2143, in the septenm'y scale. Ans. 50'5254+. 
'7. Add together 65432, 43210, 1444, 6/)00], and 54321, in the sep-

tena?'y Bcale. Ans. 326041. 
8. From '7t34& take 5e6t4, in the dttodenary scale. Ans. 1t864. 
9. Multiply 34t'7 by 6666, in the duodenary scale. An.,. 1t36e296. 

HI. Divide 1010100001 by 10010], in the bina1'Y scale. 
. An.,. ]0010 Jul.ul.,J"-f' 

42. All the methods of proof given in Sec. II., for the 
fundamental rules in the common scale, apply to the various 
other scales; but it must be remembered that, in using the 
principle of the proof by nines for multiplication and divi­
sion, we use, not nine, but a number one less than the radix 
of the scale. 

Thus, in applying this principle to the proof in Example 4, BIl1>ens Cll8t out 
of 51264, give a remainder 3; sevens cast out of 67n, ~ive. a remai:p.der 4, 4 x 3, 
and 8tYVen::l cast out, give a l'ema.inder 5: sevens cast out of 511173441 give' arc· 
m.inder 5. . 

If the radix be 1.2, we cast out the 118; if the radix be 6, we cast out the 
5s, &c. 

43. Numbers containing digits to the right of the sep­
arating point, are dealt with according to the rules given 
in Arts. 53 and 88, Sec. II. . 

EXAMPLE.-Multiply 3'7'14t3 by 6'let, in the duodenary scale. 
OPERATION. We plnee the separating point in the produdt 50 as to bave 

XII. seven digits to the right of it, because there are four to the 
37'14t3 right of the point in the multiplicand and three in the multi-
6'let plier, and 4+3=7. (Art. 53, Sect. II.) 

2ee~066 
3363549 
371413 

1968516 

It1·t08e836 

DUODECIMAL MULTIPLICATION. 
44~ The term duodecimal is commonly applied to a set 

of denominate fractions having 1 foot (linear, squa1'e, or 
cttbic measure) for their unit. . 

The foot is supposed to be divided into 12 equal parts, 
caned primes )' each of which is divided into 12 equal parts, 
caned secQnds, &c. 

TABLE. . 
12 fourths"t/ make 1 third, marked'" 
12 thirds "1 second, " II 

.12 seconds 'I 1 prime, " 
'i2 primes "t foot" "ft. 
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45. The term" inch," sometimes used in this table, is 
objectionable, corresponding to "prime" only when the 
unit is a linear foot. When the unit is a square foot, the 
prime is )1]" of a square foot, or is a surfa.ce 12 inches long 
and 1. inch wide; when the unit is a cubic foot, the prime 
is T]"of a cubic foot,. or is a solid 12 inches long, 12 inches 
wide, and 1 inch thick. 

46. Let AEHO 'represent the surface of a rectangular 
table/ou.r feet in length and three in breadth. Now, if AD be 
divided into four equal parts, and AH into three equal parts, / 
each of these parts, Ab, be, fl, &c., will be 1 foot long, and if 
lines bk, ee, d'fn are drs wn through b, c, and d, parallel to AD, 
and lineslp, lo tbrough/and /, parallel to AE, theY' will di-
vide the whole snrface into the small figures, Ab .. j, b8re, &c. 

And, since Ab=='l foot, and A/=l foot, A/sb is a,8quare 

Abe dE 
I 

1= 
-- -
8 ,. 0) 

y s n 

p 

o 

foot, so likewise i" each of the other figures, DB"., erred, &c. H k " m (} 
" Now it is evident tbat there are as many vertical rows of these sqnare feet 

as there are linear feet in: AE, and as many squares in each ro\v as there are 
linear feet in AU, tbat is in tbis case the number of squ,rt'l'e feet in the surface 
=4 x 3=12. ' 
tbat::" tbe same metho,l of pI'oof would apply in any similar case, it appears 

The area of a rectdngulm'sul:face is found in .~qUa1'e feet, and 
fractions of a square foot, by multiplying the number expressing how 
many linear feet, &c., then an in the length, by the 'number express­
ing how many linear feet, &c., t1w'e are in the breadth.. 

NOTE.-In linear measure, primes a.re linear inches; in square measure, 
seconds are-square inches; and in cubic measure, thirds are cubic inches. 

47. The example. under Section 43, page 143, is, in 
effect, equivalent to finding the area of a rectangle, one 
side of which is 43 feet I' 4" 10'" and 3"" long, and the 
other 6 ft. I' 11" 10'" long. The answer may be trans­
lated 265 sq. ft. 10' 0" 8'11 11"" 8'''11 3""" and 6'''''''. 

NOTE.~ltl, tbe number to tbe left of the separating point, is a number in 
the duodenary scale. In order to read it in common terms, we convert it to lin 
equivalent number in tlJe decimal scale (Art. 40), and thus obtain 265. It is 
obvious that, since the orders primes, seconds, thirds, &c., fOl'm a series of num­
bers descending in a 12-fold proportion from Jeft to rigbt, we must allow the 
digits to t1)e rigbt of tbe point to remain as they are. 

EXAMPLE.-Find the area of a rectangular ceiling 43 ft. 4' 7" long 
by 20 ft. 11' 10" wide.' ' 

OPERATION. 
XOII. 
31'41 
18'e! 

3019t 
S.392~ 

24,,08 
3141 

Here, since 43 and 20 are numbers in the common scale, 
we mnst reduce them to tbe duodenary scale before attach­
ing tbem by the point to the other parts of the 'numbers, 
We tbus obtain for the first, 87, and for tbe second, 18. 
After mUltiplying and pointing off four plllces in the .pro. 
duct; we,find 68t to tbe rigbt of tbe point; tbis, reduced to 
an eqnlvalent number in tbe cOlDmon s,c~le, gives us 910, 
to wlilch we attach the otber four digits, With their indlce~, 
as below. 
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48. The common arithmetica,l rule for duodecimal muIg 
tiplication is as follows :-

RULE. 

Write the multiplier undel' the multiplicand hewing quantities of 
the same denomination under each other: 

Multiply each term of the multiplicand by each term of the multi· 
plier sepamtely. 

TV rite the partial products under one another, so as to have quan' 
tities of the same name in the same vertical column, and add the 
several partial products together. 

NOTE.-Considering the foot to have no index, the denomination 
of tpe product of any two factors is found by adding their indices. 

Tllus, 3" x 2'" give 6"'''; 4 ft. x 7'"'' give 28'"'' j 2 ft. x 3 ft. give 6 ft. ; 9' x 11 
give 99", &c. 

This is commonly expressed, for the sake of brevity, by saying-feet into 
feet produce feet, feet into primes produce primes, &c., pl'imes into feet produce 
primes, primes into primes produce seconds, &c.) seconds into seconds produce 
fourths, seconds into thirds produce fifths, &c. 

EXAMPLE 1.-Multiply 43 ft. 4' '1" by 20 ft. 11' 10". 
OPERATION. 

43 4' T' 
20 11 10 

----
3 0 1 9'" 10"" 

39 9 2 5 
867 7 8 

910 5' 0" 2'" 10"" 

Here 7 and 10. multiplied together, give us 70, and 
adding their indices, we see that the product is so 
many fourths-70"". are equal to 10"" to Bet down 
and 5'" to carry. Next4'x10"=40'" and 5'" make 
45"'=3" 9''', &'1 

49. In comparing this example with the previous num­
ber it will be seen that the two methods very closely agree 
-the only difference being that, in the latter method, upon 
reaching the units or feet, we drop the duodecimal scale and 
carryon the process in the decimal scale, while, in the for­
mer, we carryon the whole process in the duodecimal scale, 
and afterwards reduce that part of the expression to the 
left of the separating point to the common or decimal scale. 

50. Provided we multiply every part of the multipli­
cand by every part of the multiplier, it is perfectly imma­
terial where we commence the process. It is customary, 
however, to commence, not as we have done in the last 
example, with the lowest denomination of both multiplier 
and multiplicand, but with the highest of the multiplier 
and the lowest of the multiplicand. Hence duodecimal 
multiplication is frequently called Cross Multiplication. 

K 
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EXAMPLE 2.-Multiply 3 ft. 2' '7" 4'" by l' 3" '1'" 
OPERATION. 

S ft. 2' 7" 4'" 
1 8 7 

8 2 1 4"" 
9 1 10 0'"'' 
1 10 6 3 4""" 

4' 2" 1'" 8"" 8"'" 4'''''' Ana, 

EXERCISE 38. 
1. Multiply 4 ft. '7' 6" 10'" by 9 ft, '7' 11" 11"'. 

Ans. 44 sq. ft. 9' I" B'rt 0"" 5'1111 2'11111. 
2. Multiply 19 ft. 10' 3" by 11 ft. 2' 'I", Ans. 222 sq. ft. 8' 0" 5'" 9"". 
3. Multiply 9" '7'" 4"" by '7'" 3"" 11"'''. 

Ans. 5"11 10'1l1f 411f111 11",1I1f 8"111111. 8" 11111 "/. 

4. How many square inches, &c" are there in a sheet of paper 91 inches 
and 5 inches 7" 4'" wide? Ans.* 4' 6" 8'" 6"" or 54H sq. inches. 

5. What is the superficial contents of a sheet of glass whose length is '7 
ft. 4' 11" and breadth 3 ft. 2' 2",\, Ans. 23 sq, ft. 6' 9" 7'" 10"". 

51. The solid contents are found by multiplying to­
gether the length, breadth, and thickness. 

EXAMPLE.-How many cords of wood are there in a pile 79 ft. 8 
inches long, 4 ft. 2 inches wide, and 7 ft, 11 inches high? 

FIRST METHOD. 
61'S 
4'2 

1134 
2268 

28h4 
7'8 

21434S 
141774 

OPERATION. 

No. offt. in cord;t8)162e't88(1S'64469 dJuorZenary 
tS 

". 

76e 
'114 

57"t 
54'0 

20mu· com. scale. 

S·tS 
8'68, &0. 

SEOOND METHOD. 
79 ,S' 
4 2' 

1S S' 4" 
81S S' 

88111' 4" 
711' 

304 S' 4" S'" 
2323 l' 4" 

2627 10' S" S'" +128, 
(nnmber of ft. in cord) 
=20J\*H cord..,. Ans. 

..\ + rh+ n\r, &0" of a BfJuarefoot. 
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EXERCISE 39. 

1. Multiply together 15 ft., 1 ft., 1 ft. 2', and 8'. . 
Ans. 11 cubic ft. 8'=11 cubic ft. 1152 cubic in. 

2. Multiply togethe-l' 53 ft. 6 in., 10 ft. 3 in., and 2 ft. 
Ans. 1096 cubic ft. 9'. 

3. How many cords of wood in a pile 10 ft. long, 5 ft. high, and 7 ft. 
wide? . Ans. 2 cords 94 cubic ft. 

4. How many cords of wood are there in a pile 4 ft. wide, 5 ft. 3 in. 
high, and 70 ft. long? Ans. llH. 

D. What are the exact cubic contents of a block of marble 4 ft. 7' 8" 
long by 9 ft. 6' wide and 2 ft. 11' thick? 

Ans. 128 cubic ft. 6' 5" 2'''. 
6. How many bricks, 8 inches long, 4 inches wide, and 2 inches thick, 

will it require to make a wall 25 ft. long, 20 ft. high, and 2 ft. 
6 inches thick? Arts. 33750 bricks. 

52. It is sometime.s asked how we can multiply feet, inchcs, &c., by feet, 
inches, &c., while we cannot Inultiply pounds, shillings and pence by puunds, 
shillings and pence. The answer is "Very simple. 

1st. When we say that feet multiplied by feet give sqMre feet, we merely 
lIse, as we have seen, (Art. 46), an abbreviated form of expression for the follov,r­
ing, viz: that" the number of squar~ feet contained in any rectangular snl'f'ace~ 
is equal to the product of two numbers, one ofwliich represents the number of 
linear fcet in one side; and the other tho number of linear reet in the adjacent 
side." 

2nd. When we arc multiplying together primes, seconds, &c.,. we arc 
merely multiplying togetber a set of factors having 12 or powers of 12 for de-
1l0miDator6~ and when wet?ay that seconds multiplied by.tburtlts, give &iroth(J; 
1Jrimes, multiplied by seconds, give thirds, &c., we simply mean that the pro­
duct of any two of these fractions is a fraction having for its denominator a IJOW­
cr of 12, which power is indicated by the BUill of the indices of the factors. 

It is hence obvious that duodecimal multiplication alfords 110 support what­
ever to the idea that money may be multiplied by money. 

QUESTIONS TO BE ANSWERED BY TIlE PUPIL. 

NOTE.-The number8 aft<'lr the que8tions rifer to the articZ(JlJ oft!Le Section. 
1. What is the mea&1M',J3 of a number? (1) 
2. What is tho mullJiple of a number? (2) 
3. What is an intcUe?' ? (3) 
4. Of how many kinds are integers? (4) 
5. What is an even. number ?" 
6. What is an odd number? 
7. What is "prime number 
8. What is " composite number? (8) 
9. What are the .factors ofa nnmber? (9) 

10. By what other llames are factors knowu? (10) _ 
11. '''"hat is a common mea81W(3 of two or more numhers P (11) 
12· Wben are two or more numbers prime to each olker' f (12) 
13. Are nn prime numbers prime to eaeb other? (12) 
14 . .are all composite numbers prime to each otber? (12) • 
15, What [Ire COm7l!e1ufwl'able numbers? (13) 
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16. mat are inaommensUII'able numbers? (14) 
17. What is a square number? (15) 
18. What is .. cube number? (16) 
19. What is a perfect number? (17) 
20. Mention some pedect numbers. How do all perfect numbers terminate Y 

(17) 
21. What are amicable numbers? Mention some amicable numbers. (18) 
22. What is meant by the p,'oparties o/numbe,·s r (19) 
23. Whnt is the sum oftwo or more even uumbers? (19-1.) 
24. What is the difference of two even uumbers? (19-11.) 
25. What is the sum of3, 5, 7, &c., odd numbers? (19-IV.) 
26. Whnt is the sum 01"2, 4, 6, S, &e., odd numbers? (19-V.) 
27. Wh:tt is the sum or difference of an odd and an even number? (19-VI.) 
28. When is the product of any number of factors evon? (l9-IX.) 
29. When is the product of any number of factors odd? (19-XI.) 
30. When will anum ber measure the 8mn, difference and product of two num. 

bel's? (19-XIII.) 
31. If the numb",' 9 be multiplied by any single digit to what is the sum of the 

digits in the product equal? (l9-XVI.) 
32. By wbat is any number ending in 0 divisible? I9-XIX, &c.) 
33. By what is any number endil gin 5 divisible 1 (19-XX.) 
34. By what is any nuruber curling ill 2 nivisible? (19-XIX.) 
35. When is a number dh'isible by 41 (19-:S:XII.) 
36. When is a number divisible by 8? (I9-XXII!.) 
37. When is a 11umber divisible by 91 (19-XXIV.) 
38. When is a number divi3ible by 3? (19-XXV.) 
39. When is a number divisible by 1.1 1 (19-XXV!') 
40. Show tbat every composite nurube .. may be resolved into prime factors. (19-

XXVII.) 
41. Show that tbe least divisor of any number is a prime number. (19-XXVIII.) 
42. With what digits must all prime numbers except 2 and 5 terminate? (19-

XXXL) . 
43. How do you find tbe prime numbers between any limits 1 (20) 
44. W hat is this process called and why? (20) 
45. When it is required to ascertain wl1etb\3r a given number is prime or not, 

what is tue first thing we do? (2(\) 
46. When we try the primes of the table as divisors, which is the highest we 

need use? (20) 
47. Why is it uunecessary to try any divisor greater than the squnre root of the 

number? (1l0) 
48. How do we resolvo n composite Dumber into its prime factors? (21) 
49. By what numbers can :l composite nUmbl?T be divided? (21·Note.) 
50. Whnt is the rule for finding all the di\'lsors of fl.. Dumber ? (2~) 
51. How do we find simply how m(yny divisors a nnmber has 1 (23) 
52. What is the greatest common measnre of two or more numbers ~ (24) 
53. How do we find a common measure of two or more numbers? (25) 
54. How do we .find the greatest common measure of two"llnmbers? (26) 
55. Prove the rule in Art. 26. 
50. How do we find the G. C. M. of three or more numbers? (27) 
57. Wbat is the second metbod of fillding the G. C. M.? (28) 
58. Upon what principle does this method restli' 
59. W bat is " common ruu Itiple of two or mol' , bel's? (29) 
60. What is the least common multiple of two 0 O1"e numbers 1 (30) 
61. Give the first rule for findinp: tbc I. c. m. oftwo or 'more numbers. (81) 
62. Give the second rule. (32) What is the reason of this rule? (32) 
63. Give the most. convenient and expeditious rule for finding the I. c. m. of· 

several Dum bel'S. (33) 
M. What is meunt by the radlflJ or base of a system of notation? (34) 
65. How do we read numbers in different scales? (35) 
66. Express the numb"" 234218 quinary as in Art. 36. 
67. What docs the expression 10 always represent? (37) 
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68. Wh.t is the highest digit used in any scale? (38) 
69. How do we reduce a number from one Bc.le to another? (39) 
70. What is the rule for transforming a number from any scale into the deci· 

mal? (40) 
11. How are tbe fundamental operations carried on in the different scales? (41) 
72. How is the separating point named in the different scales? (41-Note.) 
73. How are operations in the different Bc.les proved? (42) 
74. What are duodecimals? (44) 
75. Give the table of duodecimals. (44) 
76. What is a prime? (45) 
77. How is the area of a rectangular smfaee found? (46) 
78. What is the rule for duodecimal multiplication? (48) 
19. How may the rule for finding the denomillation of the product be concisely 

worded? (48) 
SO. How are solid contents found? (51) 
81. Show that duodecimal multiplication affords no Bupport to the idea tbat 

money may be multiplied by money, &c. (52) 

EXERCISE 40. 

MISCELLANEOUS EXERCISE. 

On preceding 1'ules. 

1. Add together $729'18, $710'50, $166'78, £93 148. 7td., £276 19s. 
10~d., $497'81, and £275 4s. l1!d. 

2. Multiply 47 miles 6 fur. 17 per. 4 yds. 2 ft. 7 in. by 576. 
3. How many divisors has the number 243000? 
4. From 713427 octenary take 4234434 quinm'y and give the answer 

in both scales. 
5. Divide 79'342 by '00006378. 
6. Express 79423 and 234567 in Roman numerals. 
7. What is the I. c. m. of 5, 7,9,11, 15, 18,20,21, 22, 24, 28, 30, 33, 

35,36,40,42,44,..45,48, and 50? 
8. Give all the readings of 376'342. 
9. Multiply 64276'3427 by 9999993000. 

10. Transform 78263 nonm'y into the quinm'Y and ~tndena1'y scales 
and prove the results by reducing all the numbers to the sep­
tenary scale. 

11. Form a table of all the prime numbers less than 200. 
~ '2. Reduce £672 7s. 7d. to dollars aud cents. 
H. What is the G. C. M. of 243000, 891, 37800 and 35100? 
14. Give all the readings of 6 yards 3 qrs. 3 nails 2 inches. 
15. Write down as one mi,fuber, seven hundred and forty-two quin­

tillions, nine hundred and five billions, seventy·eight thousand 
and fourteen, and eighty-seven Illillion, two hundred thousand 
and eleven tenths of trillionths. 

16. Read the follOwing riumbers-

71300100200401'000000070402 
1~4900101000100100'000200020002 

;':'';100000000020007'00000000000278 
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17. Add together £178 16s. <!id., £97 15s. Hid., £693 198. ll!d., 
£216 118. 9td., £678 14s. 7~d., £197 13s. 11!d., £117 68. M., 
and £91 Is. l!d. 

18. What are the prime factors of 2'76000? 
19. Multiply 6 ft. 2' 7" 9'" 10'''' by 13 ft. 11' 11" 11'" 7"". 
20. Divide 7te9'047 by 713t96 in the duodenal'Y scale. 
21. What number in the common 8cale is the greatest that can be ex-

pressed by seven figures in the quaterna?'Y scale? . 
22. What number in the common scale is the. least that can be ex­

pressed as an integral Rumber by five figures in the octenary 
scale? 

23. Reduce 74002702 square inches to acres. 
24. What is the least common multiple of 240, '780, 1620, and 1728? 
25. Divide $7894'16 among 3 men, 4 women, and 6 children, so that 

each woman shall have twice as much as a child and each man 
5 times as much as a woman. What is the shllre of each? 

26. What are the greatest and least integral numbers in the co=on 
scale that can be expressed by 10 figures in the bina?'y scale? 

27. Divide 729 yds. 3 qrs. 3 na. 1 in. by 7 yqs. 1 qr. 1 na. 1 in. 
28. Multiply 762'4978 by 63'423. 
29. From 723426 take 938'9126141. 
30. From 129 lb. take 63 lb. 4 oz. 7 drs. 2 scr. 
31. What are the divisors of 1064 ? 
32. How many yards of carpet 2 ft. 7 in. wide, will be required to 

cover a floor 30 ft. 6 in. long and 20 ft. 11 in. wide? 

SECTION IV. 
VULGAR AND DECIMAL FRACTIONS, &0. 

1. A fraction is an expression representing one or more 
of the equal parts into which any quantity may be div' Jed. 

2. If a quantity be divided into 2, 5, 9, or 34, &c., equal 
parts,' then one of these pai'ts is called on~ half, one-fijth, 
one-ninth, or one.thil'ty·joM·th, &c., as the case may be. 

me-half is written_ ....... ! 
~ me-third is written. . . . . .. f 
QUe-fourth is written ...... ! 
one-fifth is written .....•.. t 
one-ninth is written ....•.. ! 

one-hundredth is' 'written ,h 
one-sixty-eighth is written -i'f 
eleven-seventeenths is written 

H,&c. 

3. The division of one number by another may be in-
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dicated in three different ways, viz: by using the full sign 
J- division, ...;-, or either of its parts, -.J or : 

Thus we may indicate the (livision of 17 by S, by writing them thus 17+8, 
br thus 17: 8, or thus ¥. 

Now the last of these, viz: ~7.. is a fraction, and so in 
every other case, a fraction indicates the division of one 
number, called the wumerat01·, by another number, called 
the denominator. 

4. In a fraction the number below the line is called the 
denominator, because it indicates into how many equal 
parts the unit is divided,-i. e., it tells the denomination 
of the parts. The number above the line is called the nu­
merator, because it numerates or tells how many of these 
equal parts are to be taken. (Art. 2) 

5. The numerator and denominator are called the terms 
of the fraction. 

6. Since every fraction expresses the division of the nu­
merator by the denominator, it follows that-

The value of the fraction is the quotient obtained by 
dividing the numerator by the denominator. 

7. Hence,lst. When the numerator is less than the de­
nominator, the value of the fraction is less than 1. 
2nd. When the numerator is equal to the denominator, the 

value of the fraction is equal to 1.' 
Srd. When the numerator is greater than the denominator, 

the value of the fraction is greater than L 
8. From (Art. 6) and (Arts. 79-84, Sect. II.) it is mani­

fest that-
1st. Multiplying the numerator of a fraction by any num­

ber multiplies the fraction by that number. 
2nd. Multiplying the denominator of a fraction by any 

number divides the fraction by that number. 
3rd. Multiplying both numerato! and denominator of a 

fraction by the same number does not affect the 
value of the fraction. 

4th. Dividing the numerator 9f a fraction by any number 
divides the fraction by that number . 

.5th. Dividing the denominator of a fraction by any num­
ber multiplies the fraction by that number. 
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6th. Dividing both numerator and denominator of a frac­
tion by the same number does not affect its va,lue. 

9- Fractions are divided into two classes :-vulgar and 
decimal. 

10. A Decimal Fraction is a fraction in which the de-
1"fWinator is 1, followed by 1 or more Os. 

11. All other fractions are called Vulgar or Common 
·j'actions. 

N OTE.-The word vulgar is here used in the sense of common. 

12. There are six kinds of vulgar fractions-proper, 
improper, mixed, simple, compound, and complex. -

13. A Proper Fraction is one in which the denominator 
is greater than the numerator . 

.A Proper Fraction may also be defined to be a fraction whose value 
is less than 1. 

Thus fl, :, ft, ill, &, "10 are proper fractions. 
The f-:!lowing diagrams represent unity, seven-sevenths, 

and the proper fraction, five-sevenths. 

[ Unity. 

The very: faint lines Indicate what ~ wants to make it equal to unity and 
.a"",Ucal Wttk t. In the diagrams which are to follow, we shall, in this manne~. 
generally snbjoin the difference between the fraction and unity. . 

The teacher should impress on the mind of tbe pupil tbat he "'Jgbt bave 
chosen any other unity to exemplify the nature of a fraction. ' 

14. The following will show that t may be considered 
as either the t of 1 or the -,} of 5, both-though Dot identi­
cal-being perfectly equal. 

+ of 5 units. 

I 1111 

II " I 
I Unity. 

--to 11·111 0< t of 1 unit. 

I 1111 
11111 JIIIIITI 

In oue case we may suppose that th .• five parts belong to but 1 ur!t; in the 
6lther, tb~t each of the five llelonge to different units of the SlIme kind. 
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Lastly, t may be supposed as the t of one unit five times as large as the 
fonner; thus-

t of 1 unit. t of 5 units. 

equal to 

15. An Improper Fraction is a fraction whose deno­
minator is not greater than its numerator. 

An Improper Fraction may also be defined to be a fraction whose 
value is equal to or greater tb.an 1. 

Thus, t, ¥, fr, i-h ¥i9.., ill, ~, i£, &c., are improper fractions. 

16. A Mixed Number is a number made up of iI, whole 
number and a fraction. 

Thus, 16£, 193~, I}}, 999~, 6ft, 2l, &c. are mixed numbers. 

17. An Improper Fraction is always equal either to a 
whole number or to a mixed number. The following will 
exemplify an improper fraction, and its equivalent mixed 
number: 

Unity. 

Unity + t 

18. A Simple Fraction expresses one or more equal 
parts of unity. 

ThUB, *, *, t, !-t, ~, ~-H, &c., are simple fractions. 

19. A Oompound Fraction expresses one or more equal 
parts of a fraction; or in other words, is a fraction of a 
fraction. 

Thus, i of~, ~ of i of it of ~ of !.i~, &c", ~r9 compound fractio~s. 
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, 
20. ;of ~ means, not the four-ninths of unity, but the four-uinths of the 

three-fourths of unity ·-that is, unity being divided into four p~rts, three of 
these DIre to be divided into nine parts, and then foul' of these Ulne are to be 
taken; th us- ' 

Unity. 

. .. 
~"-I--I­
:~=\=I= 

1
_--1-
==11:\ !---u 

NOTE.-The wO"d "01;" placed between the several parts of a componn ... 
fraction, is equal to and may be replaced by x, the sign of multiplication. 

21. A Complex Fraction is one having a fraction or a 
mix·'\d number in its numerator or denominator, or in both. 

6t 
2 1)\ 3 ~ 9t ~ 7t 

'Thus, -, -, -, -, --, -, -, &c., are complex. fractions. 
! '[ "i"r y\ lSr~j 2It ~ 

o 
5i 

NOTE. 2. means, that we o.re'to take the fourth part, not'ofunity, but of the 
4 

~ of nnity. This will be exemplified by-

22. Since fractions, like integers, are capable of being 
increased or diminished, they may be added, subtracted, &c. 

23. Every integer may be considered as a fraction 
having ~tnity for its denominator. 

Thus, 13 may be written J.I; 6, ~; 29, ¥, &c. 

REDUCTION OF FRACTIONS_ 

24. Since (Art. 8) multiplying both numerator and 
denominator by the same number dues not alter the value 
of the fraction, we may reduce an integer to a fraction 
having any f'toposed denominator, by the following :-
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RULE. 

Write the integral number in the fOl'm of a fraction having 1 for 
its denominat01·. (Art. 23.) 

And 1n1dtiply both numerator and denominator of the resulting 
exp1"ession by the proposed denominator. (Art. 8.) 

EXAMPLE I.-Reduce 16 to a fraction)laving 11 for its denomi· 
nator. 

16=¥-xH-=W 

EX~MPLE 2.-Reduce 173 to a fraction having 31 for its denomi· 
nator. 

EXERCISE 4l. 

1. Reduce 29 to a fraction having 12 for its denominator. Ans. !iN1. 
2. Reduce 243 to a fraction having 3 for its denominator. Ans. 1.%il.. 
3. Reduce 7, 23, and 101 to fractions having 13 for denominator. 

Ans. 11-, ~-l1Jl.., ~H;t· 
4. Reduce 4, 37, 126, 73, and 1007 to fractions having 101 for de· 

nominator. 
5. Reduce 204, 7011, and 1999 to fractions having 207 for denomi­

nator. 

25. Let it be required to reduce the mixed number s,'r to an improper 
fraction. 
8,',. is equal to the whole number 8, and the fraction in anu by (Art. 24.) 
8=H, therefore 8{T=H+i'1:=H. 

Hence, to reduce a mixed number to an improper frac­
tion, we deduce the following-

RULE. 

Multiplying the whole nUmbel" by,tlle denominat01' of the fraction, 
to the pl'oduct add the given n7tmerator and place the sum over the 
given denominator. 

EXAMPLE I.-Reduce 73t to ~n improper fraction. 

OPERATION. 

7t~ 

~1..An8. 

EXPLANATION.-We multiply the whole number, 73, by 9 and 
add in the numerator, 4. This gives us 661, which we write over 
the given denominator. 9, and·the resulting fruction, ~~\ is the 

. improper fraction Bought. 

EXAMPLE 2.-Reduce 276H to an improper fraction. 

276H=!J'16 x ~g+17=.2W .Ans. 
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EXERCISE 42. 

1. Reduce the mixed numbers, '73-/,-g, 18n, and 128l!i to improper 
fractions. Ans. lfF, ~f!l"&' and -4-!J!.. 

2. Reduce the mixed numbers 384~, 6'73-l':f, 4'792i6, and 568Ji1g- to 
improper fractions. Ans. H gfi.1., B.f¥, ~, and l4z¥!l.. 

26. Since every fraction indicates the division of the 
numerator by the denominator-to reduce an improper 
fraction to a mixed number, we have the following-

RULE. 

Divide the numerator by the denominator and the quotient will be 
the required mixed number. 

EXAMPLE I.-Reduce ~!l. to a mixed number. 
2~4 =204+ 7=29lAm. 

EXAMPLE 2.-Reduce li!Pl-1. to a mixed number. 
20047 +11=1~22t' • ..111,8. 

EXEU'lSE 4&. 

1. Reduce the improper fractions !J...¥, Je11V-, and ~9.N-l'- to mixed 
Ans. 31f:;-, 4'7;h, and 16m,­

improper fractions Je~p-, .3.*", and Je¥S!l. to mixed 
Ans. S8H, 158H, and '78. 

numbers. 
2. Reduce the 

numbers. 

27. To reduce a fraction to its lowest terms-

RULE. 

IJivirle Doth tel'ms by their greatest common measure. 
This is simply dividing botb terms by the same number-which does not­

affect the value of the fraction. (Art. 8.) 

The gre~test common measure may be found by (Art. 
26, Sec. Ill.) or, very frequently, by inspection. 

EXAMPLE I.-Reduce ~ll- to its lowest terms. 
Greate~t com~on measure=25. Dividing both terms by 25; t~=i Ana. 
EXAMPLE 2.-Reduce tH to its lowest terms. . 
Greatest common mensure of 126 and 162=18. 
Dividing both terms by 18 we get m=~ An •. 

EXERCISE 44. 

1. Reduce ,,~"-r tQ it@ lowest terms. 
2. Reduce Hh~ to its loweat terlIlAl. 

Ans. ,-h. 
Ans. Wi-. 
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3. Reduce ~ffi and tu to their lowest terms. Ans. t and t .. 
4. Reduce HH, flls and UtH to their lowest terms. 

Ans. H, 'Ii, and HH. 
28. Instead 0.( dividing both terms by their gl'eatest common 

mea8"1,j'e we may divide both by any common measw·e. We thus re­
duce the fmction to lower terms, and, continuing the division as long 
as the terms have a common measuTe, ~oe shall finally have reduced 
the ii'action to its lowest te1·ms. 

NOTE.-It -is advisable to commit to memory the properties of 
numbers given in Art. 19, Sec. III, from XVIII to XXIV. 

EXAMPLE I.-Reduce HHS-1!- to its lowest terms. 
~-Hilti} dividing by 10. (XXI. of AI·t. 19, Sec. 111.) 

= tmt dividing by 8. (XXIII. pf Art. 19, Sec. Ill.) 
= HH dividing by 9. (XXIV. of Art. 19, Sec. IlL) 
= M1K dividing by 3. (XXV. of Art. 19, Sec. III.) 

!iHtAns. 
EXAMPLE 2.-Reduce ntt to its lowest terms. 

i!fi d~v!d~Dg by 5. (XX. in ~rt. 19, Sec. rILl 
= 'Ii dlV!d!ng by 9. (XXIV .. III Art. 19, Sec. I I.) 
= IT Jmdlllg by 3. (XX V. III Art. 19, Sec. IlL) 
= !~ Ans. 

EXERCISE 45. 

1. Reduce H! to its lowest terms. 
2. Reduce T~ ~ ~ ~ 0 to lis lowest terms. 
3. Reduce ?:iH-%%% to its lowest terms. 
4. Reduce Hlin to its lowest terms. 
5. Reduce -:i',Jis, 4\,;l'J and tnW to their lowest terms .. 

Ans. TY, -tlin and U-Ir· 

29. To reduce fractions of different denominators to 
equivalent fractions having the same denominator-

RULE. 

fflultiply each numerator by all the denominators except its own 
fOI' a new numemtor, and all the denominators together fm' a new 
denominat01·. 

This is merely multiplying both numerator and denominator of each frac­
tion by the same quantity, viz: the product of all the other denominators, and 
conse'luently (Art. 8.) it does not alter the value of the fraction. 

EXAMPLE I.-Rednce t, rr and t to a common denominator. 
3 x 11 x 9=297=lst numerator. 
7 x 4 x 9=252=2nd numerator. 
5 x 4 x 11=220=3rd numerator. 
4 x 11 x 9=396=common denominator. 

Therefore the equivalent fractions are ~~~, l-U, and t{£. 
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EXAMPLE 2.-Reduce t, t, t, and l(to equivalent fractions hav-
ing a commOl! denominator. 

1" 5" 1" 11=385=lst l1umerator. 
3 x 2 x 1 x 11=462=2nd numerator. 
4 x 2 x 5 x 21=440=8rd numerator. 
9x2x5x 1=630=4thnumerator. 
2 x 5 x 7 x 11==170=common denominator. 

And the equivalent fractiolls are ~~~, ~g~, m and ~;g. 

EXERCISE 46. 

1. Reduce %, 1-, ~,%, and '{'-B to equivalent fractions havil1g a common 
denominator. Ans. Hit\}, 1-Bt&, MWo, HH&, -ilNo· 

2. Reduce 'h, t~, and !-4 to fractions having a common denominator. 
Ans. 'HM, tW!, ,,7.M·· 

3. Reduce ft, ,.4.i , !-3' t and t to fractions having a common denomi-
nator. .Ans: H%t!, t400!!1~' 15lofJP4) ·-;¥OQl~' and -l1.l-tfl4.--. 

4. Reduce fi' t, and 1\ to a common denominator. 
Ans. l'o.4.Jir, !-lo\, and fo¥r. 

o. Reduce %, t, ~', and -fr to a common denominator. 
Ans. tH-tr, un 'H11, and -llfo· 

6. Reduce t, %, t, and t to a common denomil1ator. 
Ans. H-&, ill, tH, and -l'"[!o' 

30. To reduce fractions to equivalent fractions having 
their least common denominator-

RULE. 

Find the least common multiple"of all the denominators. (.A1't. 
33, Sec. IIL)" " 

~Multiply both te1'ms of each fraction by the quotient obtained by 
dividing this least common multiple by the denominator of that 
fmction. ' 

This is merely mnltiplying both terms by the same quantity, as in Art. 29. 

EXAMPLE I.-Reduce t, -i., %, and ill(f to their least common de­
nominator. 

The least common multiple of 4,12,3, and 16, is 48. 
Multiplying both terms of the 1st fraction by 12 (i. e. ;~) it becomes H . 

. , " "2nd" by 4 (i. e. 4~) it becomes ~"*. 
" "3rd u by 16 (1. G. -\It) it becomes *~. 
" "4th" by 3 (1. c. 4. ") i.t beC01JleS ~!. 

The equivalent fractions having their Zea8t common 'if.nomlnator, ~;o 
therefore H, ~-l, H, and ~t. 
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EXAMPLE 2.-Reduce t, l'r, H, tt, H, and ~ to their least com­
mon denominator. 

The least common multiple of 5, 11, 20, 44, 55, and 4, is 220. 
The multiplier for both terms of the first fraction is "j!Q=44, for second, 

¥f?-=20; for the third, 1'I"22<P-=11;" for the fourth, ~i2r=5; for the fifth, 215°=4; 
and for the sixth, ":°=55. 

MulUplying by these numbers, we obtain !fa., t~s, £~, Hi, l'I8o) and !£! for 
the required fmctions. 

EXERCISE 47. 

1. Reduce t, %, t, !, and -1-5- to their least common denominator . 
.A.ns. 1R

2!iO' n!i6 , lJi2
Q
O-.-1\flo-, and flJ.o-' 

2. Reduce -t,r. ~, t, H-, and H to their least common denominator. 
Ans. H~, t%1-, t!t, -l-ir, and kti. 

3, Reduce t, 1, t, -fr, {r, ;%-, H, fij, and H to their least common de­
nominator. ~ 

Ans. t~%, H%, ttu-, H%, q-H, rt~, t~~, t~t-, and H~· 
4. Reduce t, TIs, ."'0, H, H, and ttr to their least common denomina-

tor. .Ans. t~%, ~*ft, ~fr, ~~%} la%, and fr!fr· 
5, Reduce H, -lo, t/;, and -lo to their least common denominator. 

Ana. flr&, -H%, it%, and -l-o'1u· 
6. Reduce t, t, ·t, -fr, {r, H, H, and H to their least common de-

'. nominator. Ans . . ti, -il, t~, i-%, *, t{, t~, and !t. 7. Reduce t, -H-, -h, .fir, .%-, and H to their least common denomina­
. ~·tor. Ans. H%%, !!-tt-a, tt~s-, HW, H-H, and ¥-tW· 

8. Reduce H, 1" 1, H, ;61', H, !,J-, and U to their least common de-
nominator. 

Ans. UH, ~-Htr, \\\~, HH, ~n&, HH, Hf&, and HH-· 

31. Let it be required to reduce H- of i'r to "sirn,ple fraction. 
t?- of t\ means 12 times T1"if of -&. 

We get -I, of i'r, i. e. divide ,0, by 11, when we multiply the denominator 
11 by 17 (Art. 8). Therefore.f. of t"r=n:+rr, and to multiply this result b:r 12, 
we m1Jl.tiply the numerator, 6, by 12, (Art. 8.) 

6x12 
Therefore H of i'r=11 x 17=""'" 

Hence to reduce a compound fraction to a simple one 
we deduce-the following":"'; 

RULE. 

Multiply all the numeratO'l's toge\her for a new numemtor, and all 
the denominators together for a new ·denominator. 
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EXAMPLE.-Reduce i of t of t to a simple fraction. 

~ oftofi=2x4x5=ls\ An8. 
8x7x9 

[BEOT. IV. 

NOTE.-In all COBes the answer must be reduced to its lowest terms. 

EXERCISE 48. 

1. Reduce t of ~ of -fr of H to a simple fraction. .Am. -,7. 
2. Reduce i of Y- of ~ of N-rj of H to a simplefraction. .Ans. f-,. 
3. Reduce it of 1~- of it to a simple fraction. .Am. -(-6' 
4. Reduce t of t of -iii of tt to a simple fraction. .Ans. -lil,;-. 

32. Since the several numerators of the compound 
fraction form the factors of the numerator of the simple 
fraction, and also the several denominators of the com­
pound fraction, the factors of the denominator of the sim. 
pIe fraction, it fonows (Art. 8.) that,-

Before applying the rule in (Art. 31) we may cast out or cancel 
all the factors that are common to a numerator and a denominator of 
the compmmd fmction_ 

EXAMPLE I.-Reduce -f'r of t of ~ of H of H to a simple frac­
tion. 

STATEMENT. OL"IlCELLED. 

7 7;a 
~of~of~ of':: Of~ = 6x4x~2x35 = f5 x,tx ~ x 77x ~;a 1 
11 7 5 27 16 11x7x5x27x16 ;r:;r:xlxf)x7lfx;r:f5 3 .tins. 

~ ~ 
3 ,r 

Here 6 an(l 27 contain a common factor, 3, which is cast out, and these 
numbers thus reduced to 2 and 9. Next this 2 reduces 16 to 8, and the 9 is re­
duced to 3 by the third numerator, which is thus cancelled. Again, 11 cancels 
11 (the first denominator) and reduces 22 to 2, and this 2 reduces the 8, before 
obtained from the 16, to 4, Next, this 4 is cancelled by the 4 in the numerator. 
Again,7 cancels the 7 in the denominator and reduces the 35, in the numerator, 
to 5, and this 5 cancels the 5 in the denominator. All the numerators are n(lW 
rednced to unity, as also all the denominators but the fourth, which is 3. The 

.. 1x1x1x1x1. _ . 
resulting fractIOn IS therefore1 x 1 x 1 x 3 x 1 but this 18 SImply 1;-

EXAMPLE 2.-Reduce if of ~- of f of tfr to a simple fraction. 
STATEMENT. CANOELLED. 

~ 
7 4 3 55 7x4x3x55 7x,r>(~xfl~ 
-of-of-of- ---- = 
11 6 I) 20 11 x 6 x 5 x 20 J;r: x f5 x ~ x ;Z~ 

7 7 
2 x 5 '" 10 .tins. 

2 5 
, . NOTE.-If any of the terms of the compound fraction are whole or mixed 
numbers, they must be reduced to fractions (Arts. 23 and 25.) 
_ The P!ocess of cancelling exemplUied abov:e should always be adopted 
when pOSSIble. . 
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EXERCISE 49. 
1. Reduce t of.f} of t of -h to a simple fraction. Am. -s\. 
2. Reduce i of ~ of 112- of fr of H of H- to a simple fraction. 

Ans. i-lr. 
3., Reduce t of 1'-i of 5i- to a simple fraction. Ans. t. 
4. Reduce ~ of f-a of ill of ff!f of H- of 2t to a simple fraction. 

Am. fr. 
5. Reduce i\ of t of lJ of H of H of 6t to a simple fraction. 

Ans. ,,\. 
6. Reduce t of fr of 154 to a simple fraction. Ans. 24 . 

. 
33. Let it be required to reduce the complex fraction:;: to " simple 

fraction. " 
Since (Art. 8) we may multiply both numerator and denominator of a frac­

tion by the same number, without altering its value-we may multiply both 
terms of the given fraction by t, i. e., by the deuominator with its terms in· 
verted, without altering fts value. 

S 6X'il 0x'f< 6x4 
Therefore!" = if-.! = L..-2 = f x ! = 7--3' 1- !x~ 1 x 

Hence to reduce a complex fraction to a simple one, we 
deduce the following;-

RULE. 

. (A nd) h ~ ,., fraction Reduce the expresswn rts. 23 a 25 to t e J orm oJ ---. - . 
jract'ton' 

i. e., reduce both numerator and denominator to simple fractions. 
Then multiply the extremes or outside numbers together for a new 

numeratOl', and the means or intermediate numbers together for a new 
denominator. 

EXAMPLE I.-Reduce 4-t to a simple fraction_ .r-,-
..2. := .1 t= 9 x 11 = ~ =: 1l.; .Ans. 
i.: i.: 2 x 1 14 

Non-Factors that are common to one of the extremes and one of the 
means, are to be strnck out or cancelled. (Art. 82). 

EXAMPLE 2.-Reduoe '111: to a simple fraction. Itt 
9 

lbI 
'111: ~~ 3 '1 x 9 = 63 = 6fa- A.m. 
Itt::;::~l=lo 10 

'Ii'! 
7 
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EXERCISE 50. 
H. 

1. Reduce It! to a simple fraction. Ana. -fr. 

2. Reduce '1tt to a simple fraction. Ans. -hi. 

R d 15t . If' A 3. e uce '1t to a sunp e ractlOn. 4n8. 2. 

III 3t t 
4. Reduce 12t' 9" and f to simple fractions. 

. Ans. Ht, H, and H· 
iT 51. 22. . 

5. Reduce l~t' hand 3t to eimple fractions. 

R d 16% 6t 1'1 2lt and 6. e uee -) -, _, _ 
IIi 18 1St IO~ 

Ans. -IT, 31t, and n. 
.J: to simple fractions. 4! • 
Ans. If, H, n, 2-r-o·, and-h. 

34. A denominate fraction is a fraction of a denomi­
nate number. 

Thus, i of a lb., ir: of Ii mile, ! of 1\ day, &0., are denominate fractions. 

35. Reduction of denominate fractions consists in 
changing them from one denomination to another without 
altering their values. 

36. Let it be required to reduce * of" pint to the fraction of a busheL 
Bince 1 qt. = 2 pints, * of a pint = i of t of a quart. 
Also because 1 gal. = 4 qts. ~ of a pint = ! of t of * of a gal. 
Similarly t ofapint=! oft ofi of toft ofa bushel=m=rh bushel. 

Hence to reduce a denominate fraction from· a lower to 
a higher denomination, we deduce the following :-

RULE. 

Take the number exp"essing how. many of the given denomination 
are required to make one of the next higher; also the number ex­
pressing how many of this denomination are required to make one 
of the next higher again, and so on until the required denomination 
lie reached. 

Write the fraetions formed lJy these numoers as denominators, 
with 1 as numerator and the given fraction in the form of a com­
Round/raction, which reduce to a simple fraction. (Art. 31.) 
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EXAMPLE I.-Reduce -lr of a minute to the fraction of a week. 
Ans. -IT of -do of -h of t=m1lO of a week. 

EXAMPLE 2.-Reduce H of a grain troy, to the fraction of an 
ounce. * of -h of io=9h of an oz. Troy. 

EXERCISE 51. 

1. Reduce * of an oz. to the fraction' of a pound, avoirdupois. 
Am·folb. 

2. Reduce t of t of a penny to the fraction of a pound. Ans. £.-tu. 
3. Reduce ~ of 8i days to the fraction of a week. Am. -h wk. 
4. Reduce -fr of 16k nails to the fraction of an English ell. 

Ans . • en E. e. 
5. Reduce t of iT of a yard to the fraction of a pel'ch. 

Am. t-.~ per. 
6. Reduce t of t of 21 IT of a cord foot to the fraction of a cord. 

Ans. l.n cord. 
7. Reduce n of rr of 9t square perches to the fraction of an acre. 

Ans. 13%<; acre; 

37: Let it be required to reduce ~ of Q day to the fraction of a minute. 

Since there are 24 hours in a day and 60 minutes in an hour; 
I of" day will be 24 times ~ of an hour and 60 times 24 times ~ of. minnte ; 

that i8, ! of a day is equal to ~ x 24 x 60 of a minute. 
Therefore t of a day=~ of ¥- of;"- of a minute=ll,u minute. 

Hence, to reduce a denominate fraction from a hig'her 
to a lower denomination, we have the following-

RULE. 

Take the number exp"essing how many of the next lower denomi­
'1Iation make one of the given denomination; also, the number, ex­
pressing how many of the next lower again make one of this denomi­
nation, and so on till the 1'equired denomination be reached. 

Write the f!'action.~ formed by these numbers as numerators, with-
1 as denominator, as the given fraction in the form of a compound 
fraction, which reduce to a simple fraction. (Art. 31.) 

EXAMPLE I.-Reduce t of a £ to the fraction of a penny. 
-i of ¥ of ¥=.q.o-=160 pence. 

EXAMPLE 2.-Reduce 1 of t of tt of a furlong to the fraction of 
a foot. 

1 of t of H- of J.f!- of \,1. of t=300 ft. Ans. 
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EXERCISE 52. 

1. Reduce H of a bushel to the fraction of a quart. .Ans. W qt. 
2. Reduce t of a gallon to the fraction of -if of f of a gill . 

.Am. 1111.. 
3. Reduce ~ of 2 pecks to the fraction of t of 11 of a pint. 

, . .Ana. ll.i1.. 
4. Reduce H of a pound to the fraction of a scruple . 

.Ans. ll.f¥ ser. 
5. Reduce -.ko of i of t of l'r of ¥ of a lb. avoirdupoiB to the frac-

tion of a dram. Am. i!-[l'. dr. 

38. To find the value of a denominate fraction in 
terms of a lower denornination-

!lULE • 

.Divide the numerator by the denaminator according to the rule 
given in Art. 71, Sec. IL 

This is only actually performing th& work which the fraction !ndicate~. 
(Art. 8.) 

EXAMPLE.-What is the value of H of a mile P 
11 mile8+ 13 

13)11 miles (6 fUT. 30 per. 4-,', yds. Am. 
8=fur. in a mile. 

88=number of furlongs. 
78 

10 
40=perches in furlong. 

400=perches. 
890 

10 
5t=yards in " perch. 

M=number of yards. 
52 

8 

EXERCISE 53. 

1. What is the value of fr of a bushel and also of.q. of a lb. avoirdu· 
pois? Ans. 1 pk. 0 gal. 0 qt. 1ft pt. and 13 oz. llt drams. 

2. What is the value of fA of a yard of cloth? 
An8. 2 qrs. 0 na. Ih inches. 

3. What is the value of t of a lb. troy; and also of -tf":i sq. mile? 
Ans. 10 oz. 13 dwt. 8 grs.; and 62 acres, 1 rood, 8 sq. per. 4 

Sq. yds. 2 ft. 79m ill, 
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4. What is the value of t of a furlong; and of t of d. f.,? 
Ans. 35 rds. 3 yds. 0 ft. 2 in. j and lIs. !ltd. 

39. Let it be required to reduce 2s. 7id. to the fraction of £118s. 

28. 7td 121 farthings. 127 
--=----Therefore 2s. 7!d.=- of £718. 
£7 18s. 7584 farthings. 7584 

Hence, to reduce one denominate number to the fraction of ,moth­
er, we deduce the following~ 

RULE. 

Reduce both quantities to the lowest den017iination contained in 
either. 

Then place that quantity which is to be the fmction of the other 
as numerator and the remaining q1tantity as denominator. 

EXAMPLE I.-Reduce 3 days 4 hours to the fraction of a week. 
8 days .4 hours=76 hours. 
1 week=168 hours. 

And the required fraction is l;i',,=H Ans. 

EXAMPLE 2.-What fraction is 3 Ib: 4 oz. 2 dr. 2 SCI', '1 grs. of 63 
lb. 4 oz. '1 dr. Apothecaries' weight? 

SIb. 4 oz. 2 dr. 2 ser. 7 grs.=19361 gr •• 
63 lb. 4 oz. 7 dr. =365220 gr •. 

And the fra.ction is "3"'!G37jfJoJo .AM. 

EXERCISE 54. 

1. What fraction is 6 bush. 1 pk. 1 gal. 1 qt. 1 pt. of 50 bush. ? 
Ans. 'J1.2VtJ. 

2. What fraction is 35 per. 9 ft. 2 in. of a furlong? Ans. l 
3. What fraction is '1 h. 12 m. of a day? Ans. -fo. 
4. What fraction is 2 sq. yds. 2 ft. 120 in. of 3' sq. per. 13t yds. 1 

ft. '12 in.? Ans. n. 
5. What fraction is '1 oz. '1 dr. 2 scr. 14 grs. of 21 Ibs. Apoth.? 

Ans. rlh. 
6. Reduce 9 min. 48 sec. to the fraction of a day. Ans. 7th. 
'1. Reduce 16 bush. 1 pk. 1 pt. to the fraction of 69 bush. 

Ans. -,i.4!l..k. 
8. Reduce 3 qrs. 3t na. to the fraction of an ell Eng. Ans. H. 
9. What part of a lb. Troy is 13 dwt. '1 grs. ? Ans. -i\\'4i. 

~o. What part of 54 cor(ls of wood is 4800 cubic feet? Ans. *~ 
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ADDITION OF VULGAR FRACTIONS. 

40. Addition of fractions is the process of finding a 
single fraction which shall express the value of all the 
fractions addfd. . ' 

Addition may be illustrated as follows :-

hir-rlTl ~ I ~ +' I EJ LW.ulJ lLlillu IIIIIII I'll 
41. In order that fractions may be added they must 

have a common denominator. 
Thus t+:i make neither i nor i; but if we reduce them to equivalent frac .. 

tions having a common denominator, as :l~ and 1'21 we are ena1Jled to add them 
and thns obtain for their sum H. 

These fractions, before and after they receive a co=on denomi· 
nator, will be represeJlted as follows :-

Unity. 

ttb equalto III II III 

ttriJ ,q~1 00 mmm 
We have increased the number of the parts just as much as we 

have diminished their size. 
42. For the addition of fractions we have therefore the 

following :-
RULE. 

Reduce compQund and complex fractions to simple ones, and all 
to a common denominator. (Arts. 29, 31, and 33.) 

Add all the ·numerators together, and beneath their sum place the 
common denominator. . 

Reduce the resulting fraction, when it is an improper fraction, to 
a mixed number. (Art. 26.) 

NOTE.-.lf mixed numbers occur among the addenlls, the integral 
portions are to be added scpamtely and their S~tm added tf) the sum 
of the /1·aCti01!)3. . 
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EXAMPLE I.-Add together TI, ff, Tr, ir and H. 
Here, since the fractions have already a common denominator, we have 

simply to add the nnmerators and place 11, the common denominator, heneath 
their SDm. 

'Th • , • • +'0 4+3+2+7+10 'l'=O' .AM~ ns rr+rr+Tl. +rr rr= 11 r ... uyy ' ....... 

EXAMPLE,2.-Add together i-, t, t, -9- and it. 
These fractions reduced to their lellSt common denominator by .ATt. 30, be-

come i!, It, !!, ~A, i~· 
And 2,!,+"+"+'ft+H 28+24+28+48+44 U2_4 1-8 1 An8 

"50 1>'6 56 1;0 lJ'n 56 -GiJ-Y",- n . 

EXAMPLE 3.-Add together t, t, l~f and t of 4- of It of H of 5t· 
~ of ~ of -A of * of 5~ is equal to t (Art. 31). 

The fractions to be added are therefore f+~+rt+l. 
These reduced to a commou denominator (.Art. 29), become 

-!-m + ~*1 + ~&-~ + i%~ ~-I~-£&=2i~3 .A.m. 
4t 

EXAMPLE 4.-Add together 9t, Ill, 16t, 43~, and 7t 
Here the last fraction is a complex fraction and is eqnal to i, 

9~+ 11~ + 16~ +43i +i=9 +11+ 16+43 +,(t+% +'i +~ +t). 
And 9+11+16+48=79. 

Also ~+i+i +i+l=m+~..g+!-:-%+ m+m=!ji!J-=3~. 
Therefore the sum of the given quantities is 7::1 + 3~l-J!o=82&. 
EXAMPLE 5.-Add together ~, t, and oil-. 
Here adding tbe three fractions together we obtain ','.,ft" for their snm, to 

which we add the integral number 5 and thus obtain the entire sum 6~M. 

EXERCISE 55. 

1. Add together H, Hand 13' Ans. H=2·l3 · 

2. Add together Yll' lll' ,7ll, /ll' Hand i'll' 
Ans. H=Jf=3t. 

3. Add together 4t, 114, 169, 2lt and 19~. 
Ans. 71+J711.=73f. 

4. Add together 16t'h HE, 18'h, 17g, and 112ft. 
Ans.177H· 

5. Add together 4t, It and ,7,. Ans. 6Nll' 
6. Add together t, ~, f' t. i, 4, t and t· Ans_ 6llV,lo· 
7. Add together f, t, and t· Ans. 2H· 
8. Add together t, t, ~,t and IT' Ans.3aH· 
9. Add together t, ,h ;},·h t and t· Ans. 11'10-
10. Add together 16fy, 47~, 2IH, ,78 , and I9J. 

Ans.104H· 
11. Add together 17 t, 43t, 168!, 2072'\ and 506Ht­

Ana. 943H. 
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12. Add together 6t, llt, s\' 1616, t, -IT and 17 H· 
Ans. 53tH· 

13. Add together t, t, t and 68t. Ana. 69tH. 
14. Add together 173/., 84 and 9lH. .L'/.ns. 273tH-· 
15. Add together Itt, 2H, 3H and 4H· Ans. 13iH· 
16. Add together -h I., 4\' "2\' -16' t, t, and t. \ Ans. 3/.· 
17. Add together 7, llt, 18, 26, and 79y'\. 

Ans. l42-H4' 
18. Add together t, 7/n and t of t of lOt· Ans. UNs' 

4.1 20~ 
19. Add together 2 t of 31r of T4s of 2i, and 7 6

4 

i'a, n' 
Ans. 15 li.· 

20. Add togetber 3f, Ut and14H- Ans. 29B-. 
21. Add together t of t, t of 4, t of i, ~ of Ii. and 4t 

of t of t of t oft of t· Ans. IttH-· 
22. Add together 4It, 105t, 300t, 241t, and 472t. 

Ans. U6lH-. 
23. Add together 92/4> 37-h and 7t. Ans.137,H. 

10l! 
24. Add together 2It, 35t, 2~ 5 ,and t of t. Ans. 6If· 

5 

25. Add together 2t of 3t, V-l. 21 of 4t of It, and 4t 
of is of 2t of It· Ans. 34tHt. 

43. In order to add denominate fractions they must not only have 
a common denominator, but they m1tst be fractions of the same unit, 
i. e., must be of the same denomination. 

Thus £f. ~!. and ~d. cannot be added together, .8 the result would be 
neither ~ of a pound, ! of a shilling, nor f of a penny. 

But if we reduce them all to the fraction of a pound, or all to tbe fraction 
of a shilling, or all to the fraction of a penny, it is obvious that we may then 
add the resulting fractions, having first reduced them to a cornman' denomina· 

. tor. . 

Hence, for the addition of denominate fractions, we 
have the following-

RULE. 

Reduce all the fractions to the same denomination (.Arts. 36 and 
87). Reduce the resulting fractions to a common denominator (.Arts. 
29 and 30). ..d dd (as in .Art. 42) and find the value oj the resulti1lf/ 
fraction (.Art. 38). _ 
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ExAMPLE I.-Add together t of a day and t of an hour. 
~ of a day=! of ¥=~ =].36.. of an hour. 

Jall.h.+ih.=J2V·+29,=J/,1.=5Hh.=5h. 35m. 424 sec. 
EXAMPLE 2.-Add together·if of a pound, ~ of a shilling, and t 

ofa penny. 
";y of a £=Ir of -¥- of _If.- = .lr¥ of a penny=152/t. pence. 

iota .hilling=l of';! = '.' ofa penny = .... '- pence. 
280+308+ 165 

152, 8,-+4i+t=156+ 157~-H pence=13s. l¥.~d. 
385 

NOTE.-In place of proceeding as above, we may find the value 
of each fraction separately (Art. 38) and add the results. 

EXAMPLE S.-Add together i of a bushel, t of a peck, and -fr of 
a gallon. 

~ ofa bushel = 3 pk •. 0 gru.1 qt. 1! pta. 
i of a peck = 1 gal. 8 qt •. 
-i'r of a gal. = 1", pte. 
Sum _1 bUllh. 0 pb. 0 gal. 1 qt. OH pts. Am. 

EXERCISE 55. 

1. What is the sum of ,4, lb. Apothecaries' weight, t oz. 
lr dr. and t scr. '? Ans. 4 oz. 6 drs. 2 scrs. 18tH grs~ 

2. Add together t yd. -+ ell Eng. and t qr. 
Ans. 3 qrs. 3 na. 1tf! in. 

3. Add together t of a yard, t of a foot, and t of an in. 
Ans. 7 inches. 

4. What is the sum of l, of a mile, ,4a of a furlong, and 
12 of a yard ~ Ans. 5 fur. 16 rds. 0 yds. 0 ft. 3li \- in. 

5. What is the sum of t wk. t day, t h. '? 
Ans. 2 days 2 h. 12 m. 

6. Add together £t, ~s., and l2d.. Ans. 3s. IUd. 
7. What is the sum of t of21s. t of 5s. t of £3 12s. 6d. 

£la and ltd ~ Ans. £3 12s. 4+td. 

SUBTRAOTION OF VULGAR FRAOTIONS. 

44. Subtraction of vulgar fractions is the process of 
finding the difference between two fractions. 

We have seen that before fractions can be added they must have a common 
denominator and that when denominate fractions are to be added they must be 
alBa of the same denomination, anq thili is manifestly the CaBe also in the BUb-
traction of fractions, ' 
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Hence, for the subtraction of fractions, we have the f01-
lowing:-

RULE. 

Reduce compound and complex fractions to simple ones and all 1-0 
the 8<Lme denomination, if not already such. 

Reduce both of the 1'esulting f1'actions to a common denominator. 
Subt1'act the numeratm' of the subtrahend from the numerator of 

the minuend, and beneath the d~tfe1'ence write the common denominator. 
NOTE.-In the case of mixed numbers it frequently happens that 

the' fractional part of the subtrahend is greater than the fractional 
part of the minuend. When this occurs, instead of reducing J;loth 
quantities to improper fractions and then applying the rule, it is much 
better to borrow unity from the integral part of the minuend and con­
sidering it as a fraction, having the common denominator, add it to 
the fractional part of the minuend. (See 3rd, 4th and 5th Exam]2les 
below.) 

EXAMPLE I.-From ~ take ;~. 
~-11,r=-N9--H-9=-fl-9' Ans. 

Here reducing ~ and I, to a common denominator they become:Mr and M 
Sll. 

EXAMPLE 2.-From t of f of -No of 49 take si of t of t· 
Here i of ~ of 1>:"0 of 49=l· 

And 8t f1 f1 , 3! 0 :r 0 'S":::::U' 

And l-!-=¥o--sl'>o=~ . .AM. 
EXAMPLE S.-From 192fr take 16H . 

.fr and it reduced to a common denominator become M and ill. 
1921~-16H = 192/-h-16ffi = 191+1ya'1\-16tH- = 191m'" 

16ffi=1~51~\' Ans. 
Here~ since we cannot subtract *~ from Irk we ha.ve to borrow 1 from tl;tg 

integral part of the minuend, and considering it as W. add it to 1ft. We thus 
reduce 192M to 191~£ and then make the subtraction. 

EXAMPLE 4.-From 291\ take 164-. 
291\ - 164- = 29H - 16H = 28 + 1# - 16* = 28* - 16# = 

12*. Ans. 
EXAMPLE 5.-From 117;\ take 6~ ¥,-. 

117fg--6~tf= 11~m-6~H~ = 116+1ffi-B7tH = 116lfH-
6~H%=49H1- Ans. 

EXAMPLE 6.-What is the difference between t of l of t of 2~ 
days and i/- of ~ of 5~ hours ~ 
It of i of t of ~ days=t of s daY=f of ¥ of an honr='~Q hQnrs=17t hours; lIni! 

f of ~ of 5~ hOUY8= II hour8=lh hour. 
And l1f h.-I,'. h.=17.'.-1~'t=16." hours • .Ana. 
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ExERCISE 57. 
1. From t take ,lo' Ans. t. 
2. From lR4~% + -1-1" of -f-4 of tt take ~. 

61"r 
Ans. O. 

3. From 982H take 29tlJ-. Ans. 952-H¥0. 
4. What is the difference between 69,h and 18111f,,? Ans. 50~¥Z1. 
5. What is the difference between lOOt and 9% ? Ans. 90~. 
6. What is the difference between 6i and t of 91- ? A ns. 1 %. 
7. From 611-,~dl.[ take 610tH. Ans. ,flo~)\. 
8. From ~- of 2 take t of t + ?,. Ans. H. 
0. From l of a lb. avoirdupois take ~ of a dram. 

Ans. 10 oz. 9y drs. 
10. What is the difference between 24lh and 21"J'I ~ Ans. 2t%!. 
11. What is the difference between ~ of a mile, and if of a furlong? 

Ans. 1 fur. 5 rd. 3 yds. 1 ft. 10 in. 
12. Find the value of t of ~P- - 1~6 of 28t· An". 5it. 

10~- 17-i\-
13. Find the value of 121~~6\ + t of t of t of 8t of --f - -U-. 

6 5 1 a-" 
. Ans.2H· 
14. Find the value of 3n- + 8~ - 3,~ - 2% +5t + 6! -16t· II 

Ans. 46' 
15. From rr of an acre take t of a perch. 

Ans. 1 rood 17 p. 22 yds. 2 ft. 108 in. 
16. From 16t take 9H, and from 169No take 83H· 

Ana. 6l'-3\ and 85;'iUo' 

MULTIPLICATION OF VULGAR FRACTIONS. 
45. Let 1t be required to multiply A by f. 
Here we are required to multiply iT by ii, that is by k of 7. 
Now if we multiply -fT by 7 we shall have multiplied by a quantity 8 times 

too great, and the product will be 8 times too great. 
If, therefore, we multiply -f, by 7 we shall have to divide the resnlt by 8 

in order to get the prodnct of fr: x ~. 
But (Art. 8) we multiply A by 7, when we mnltiply the numerator by 7, 

and we divide the result by 8 when we multiply the denominator by 8. 

Therefore, ya, x t = 1: : !, that is to multiply fractions together, we mul· 

tiply the numerators together for a new numerator, and the denomInators, to­
gether for a new denominator. 

Hence, for the multiplication of vulgar fractions we 
deduce the following :-

RULE. 

Reduce compound and complex fractions to simple ones (..4.1·tS. 31 
and 33) and whole and mixed numbers to improper fmctions (A1·ts. 
23 and 25). 

Oancel any factors that are common to a l1JUmerat01' and a de­
'/W1'1!inator of tile resulting fraetions (Art. 32). 
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;}Iultiply all tlte reduced numerators togetlter for a new numerator, 
and all tlte reduced denominators togetlter fm' a new denmninator. 

Reduce tlte iesult, if necessary, to a mixed number. 

EXAMPLE I.-Multiply t by H. 
t x H=1- x -f-i=l9.r Ans. 

Here we cancel the first denominator and rednce the second nnmerator to 3. 

EXAMPLE 2.-Multiply together -j-,-, t, 3t and H. 
STATEMENT. CANCELLED. 

;Z ~ 
1 " 1 ~pJ 1 n x t x! x H=-'- x - x - x -=-Ans. 

J-l- pJ 7 ~~ 1 
~~ ,. 

EXAMPLE 3.-Multiply together t, ,!if, 6f, 9t, 2t, and 63. 

STATEMENT. 

txfrx-¥x~.axtx¥ 

CANCELLED. 

2. 4 'II 
" 3 "" 48 i3 f3~ 2x3x4x48 
-x-x-x-x-x 
~ XX ;; ~ ;Z 1 1 

1152 Am. 

EXAMPLE 4.-Multiply together Tts, 18/r, 9t, t of!- of 7, and t 
of tt of 25 .. 

, • STATEMENT. 

TIll" x W xj.l x~l' x¥l'-

3 3 
f3 3 ~~ 

CANCELLE:D. 

1 205 ,,~ ';.x Xf3pJ 205 x 3 x 3 x 3 5535 
-x-x-x-x 
179 rJ. pJ ~ U 179 179 

;l 

30tH Am. 

EXAMPLE 5.-Multiply together ~, 3s\, 4t, t, 6t and 5/0. 

STATEMENT. 

~x¥fxtxtxV·xn. 

CANCELLED. 

'II 247 ~ 7 43 77 247 x 43 x 77 817817 
-x-x-x-x-x 134fHt, 
~ SI ;Z I) '!I 15 .81 x 5 x 15 6075 
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EXERCISE 58. 
1. What is the product of +. x %? Ans. it. 
2. What is the product of txt? Ans. t. 
3. What is the product of -I~ x f-~? Ans. -ta. 
4. Multiply together t, % and +6-? Ans. Hi. 
5. Multiply together 14, 15n- and 3t. Ana. 749t. 
6. Multiply together To, 8£-, 'iT and #. Ans. 5n. 
7. Required the product of t, -fT, n-, H%- and t. Ana. mo. 
8. Required the product of t, l.j-, -fa, 21, t and 5. Am. 13t. 
9. Required the product of t, t, -fl, -1\ and 209. Ans. 9t. 

10. Find the value of 6t x llt x 16-b- x -fax -io of irs. Ans. fi. 
11. Find the value of t of fr of t6 of 77 x t of fa of 91 x 6H-. 

Ans. 1127f, 
.1. Ji 7.1. 4£-

12. Multiply together 2.., 2..., -'!.., -'-, /r, and It. Ans. rh. 
8 9t ~ 7-h-

13. Multiply tof 8 by t of 19. Ans. lOt. 
14. Multiply To of 7 by H- of 87-A-. An-s. 403,t. 
15. Find the value of 61 x i x txt. Ans. 2ir;. 
16. Find the value of 3i x 4~ x 15. Ans. 268t. 
17. Multiply t of 8it of /9 of 9t by 8fr x 14 of 61i of t of H of 15t 

of ITh-. Ans. 4729~*. 

18. Find the value of ~ x 87~ x t x 81-fr. Ana. fa. 
37! 98t 2t 128 

19. Multiply $8-lr by t of t of ft· Ans. $H. 

20 F· d half 75i t of8.! x rt of 28 7!- 1- 14.3. 
. ill t e v ue 0 - x .L ..L X - X - X 1 X 

6n- II of 6% x 11 of 24 15 t 
100 x ~ x !. Ans. 17H8. 
121 51- 9 

46. To multiply an integral denominate numberoy a 
fraction, we have the following :-

RULE. 

Multiply the denominate number by the numerator of the fraction 
and divide the result by ~he denominator. 

NOTB.-This is merely considering the denominate numher as 11 fraction 
having 1 for its denominator (Art. 28), and applying the preceding rule. 

EXAMPLE I.-How much is t of $129:63. 

t of $129'63 = $129'68 x 4, = $518'52 = 57'611.; AM. 
9 9 

EXAMPLE 2.-How much is ir of t of 10 lb. 6 oz. 4 dr. Avoir. ? 
• . b' 10 lb. 6 oz. 4 dr. x 7 

{r of i of 10 lb. 6 oz. 4, dr. == .... 01 10 lb. 6 oz. 4 dr. '" 22 

8 lbs. 4 ()Z. 14,f,; draw. AnQ. 
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EXERCISE 59. 
1. How much is 1-16 of 4 days 5 h. ? .Ans. 5 days 38 m. 20 sec. 
2. How much is H- of £29? Ans. £8 198. 6fd. 
3. How much is Y- of 186 acres 3 roods? .Ans. 145 acres I rood. 
4. How much is H of t of fo of 23! times 24 h. 30 m. ? .An8. I h.38 m. 
5. How much is t of t of:Hi of Y- of 33 bush. 2 pk. I gal. ? 

.Ana. 2 bush. 2 pk. 0 gal. 3 qt. Itt pt. 

47. From the principles already established, it is evi­
dent that-

1st. When the multiplier is less than unity, the prod­
uct is less than the multiplicand. 

2nd. To multiply a fraction by a whole number, we 
may either multiply the numerator of the fraction or divide 
the denominator by that number. (Art. 8.) 

3rd. To multiply a whole number by any fraction hav­
ing unity for its numerator, we simply divide the whole 
number by the denominator. 

Thus, to multiply by 1:, t, t, t, tt, &c., we divide by 2, 8, 4, 7, 11, &c. 

4th. When multiplying by a mixed number of which 
the fractional part has unity for its numerator, it is better 
to multiply by the integral part of the multiplier first and 
then by the fractional part, afterwards adding the two 
partial products together. 

DIVISION OF VULGAR FRACTIONS. 

43. Let it be required to divide t by fro 
Here we are required to divide ~ by for, that is, by iT of 5. 
Now if we divide f by 5, we use a divisor 11 times too great, and the qno. 

tient is 11 timesl.ss than the required quotient. 
Therefore, to obtain the correct quotient of f : ,'" a.11;er dividing f by 5, we 

shall have to multiply the result by 11. 
But (Art. 8) we divide the fraction .~ by 5, when we multiply the denomi. 

nator 7 by 5, and we multiply the result by 11 when we multiply the numera • 
. tor Sby 11. 8x11 ' , 

Therefore ~+ft+-7----;;5=~ x - V =divid.n<l x ~ivisor with its terms inverted. 

Hence for the division of fractio~sw~ have the follow 
in~:-
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RULE. 

Reduce compound and complex jracti9ns to simple ones; whole and 
mixed numbers to improper fractions. 

Invert the terms oj the aivisor and proceed as in multiplication. 

In addition to the foregoing analysis, the following may be given 
as a proof of the truth of this ru1e. 

o 
~ + fr = :. because the dividend of auy question in division may be made 

the numerator ~~d the divisor the denominator of a 'fraction. 

Now since we may multiply both terms of the fraction : byanynumber, 
IT 

we may multiply them by '.\ I. e., the denominator with its terms inverted. 
~ t x \' Ox" Therefore ,= _. __ ,_- = .,. 1-'- (because,,< x J.' =1)= it x \': whence 

TY IT x ~ 
the truth of the rule. 

EXAMPLE I.-Divide Ts by ri' 
Ts -+- IT = -fg x ~i' = » Ans. 

EXAMPLE 2.-Divide! of ir by +r of 8!. 
l~ir-+-+r~¥=ti+H=HxH=~A­

EXAMPLE 3.-Divide 8~ by 3fr. 
8t -+- 31.\ = !.if -+- H = li.f- X * = t x l} = if = 2H Ans. 

.. 8f 9t 
EXAMPLE 4.-DlVlde fr of n of.a x 3+ by -IT of - x q. 

Ii 8! 
STATEMENT. TERMS OF DIVISOR IN'!ERTED. 

fr x -b: x:![if x ~?.+n- x i-H x :l{l.=fr x 17 x :iN· x ¥ x ¥ x Ht x jllg­

CANCELLED. 

J.J. 7 35 

= £ X .t. x p~i' x 77 x PI x ~~ x 1. = ~ = 35 = ~ Ans. 
~if J.J. n· ';I !- 7%!- ~IJ 2 x S 6 

f. 2 7!-' 
3 

EnROISE 60. 

1. Divide t of * by t of 8t· 
2. Divide H- by It and divide the resu1t by fr, 
3. Divide 82& by 26/r. _ '''';, 
4. Divide 2t by t + t. ' ~r;~I:l~\< 
o. Divide It by t of-2f of 16 of 8f of fJr. 
6. Divide 2t by (t T * of 9.) 
'7. Divide 481' by t +! of 6. 
e. Divide 6! by ! of 1\ T ~, 

Ans·Th· 
Ans. t. 
Ans. S-l-l-b. 
Ans. 11\, 

Am. 2'h. 
Am. '716' 
Ans. 19H-. 
Arw. 6~H. 
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9. Divide 4t of 3t by 2i of 6i. 
10 D"d '1t b t • IV! e - y-. 

III 4t 
11. Divide i of 7fr by n of 17t. 
12. Divide Itt of H- of i: of It by i of..Js of i of 5. 

13. Divide Ii: by ~. 
4t 2.! 

1 
14. Divide h by ~. 

l'7t 

15. Divide 14b of ~ by t of 8h of 6t . 
, 19t 

tSildi'. tV'. 

Ana. It.. 
Ans. 6-tlrJ . 

.Ana. Ml 
Ans. 3H. 

Am. i. 

An8. t. 

16. Divide 15t of t of!. of fa by 4f of ~ of .i of 21. 
t i 3 7 4i: 3t t 

Ans. 28#-.".-. 

49. To divide an integral denominate number by a 
fraction :-

RULE. 
Multiply it by the denominator and divide the result by the nume· 

rator of the fraction. 
NOTl'l.-Thls is, in eifect, merely considering the denominate number as a 

fraction having 1 for its denominator (Art. 23) and applying the foregoing rnle. 
EXAMPLE.-Divide 6 days 17 hours 11 minutes by fro 

11 6 days] 7h. 11m. x 11 
6 days 17h. 11m.+fi=6daysl7h.1lm. x --g;-= {; 

= 14 days 1Sh. 86m. 12 sec. .Ans. 

EXERCISB 61. 

1. Divide £8 148. 6id. by !1~' Am. £8 8s. 5id. 

2. Divide 1m. 5 fur. 91 yds. 2 feet by 2tof Ih' 
Ana. 2 fur. 124 ydB. 2 ft._ 

3. Divide 3 acres, 11 roods and 3 perches by t. 
Ana. 6 acres I rood 5 per. 

4. Divide £7 16s. 2d. by t. Ans. £17 lIs. 4td. 

60. 'ro reduce a fraction having a complex fraction in 
its numerator or denominator or both to a simple fraction 
we have simply to apply as often as necessary the rule 
given in Art. 33. -

NOTE.-Particular attention must be paid to the relative length 
and heaviness of the separating lines, AS the1 determine the VluioUij 
UUnlerlltors and denominatol'l!. -
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EXAMPLE l.~Simplify 

EXAMPLE 2.-Simplify 

st 
t 
7!­
.3t 
j 

OPERATION. 

ll.6 
4 

} 

15 x 35 

2 x 198 

2~ 

-
IS 
-
! 

65 x 2 x 198 13 x 33 

4x 15 x 35 35 

: }} J1 :; r~~N}' 
st ¥- f J 13 

13 x 13 13 x 13 

20x 24 20x 24 
= --=-- =--=--

~}_t l-t 1 
:d :dJ ~}f 

17 

15 

13x13xl'7 2873:A 
20x24x1x5 16800 nil •. 

101 

7x5 

17 
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EXERCISE 62. 
12t 

'1 i of 82 --
8t i 

1. Multiply by .A"".2Hr 
9 9i-

t 3t -- --
~ i 

_ IS 

4!-

l-
'1 

6t t 
2. Divide by ..4.11.8. TH"&'. 

9t '1 

8 

! 
2t 
-' 12! IS 

lit 4! 
8. Divide by .Ana.8ft, 

8! 3! --
lit 16i 

-
! 

. 51. From what has already been said, the truth of the 
following principles is evident. 

1st. When the dividend is equal to the divisor, the 
quotient will be 1 .. 

2nd. When the. dividend is greater than the divisor, 
the quotient will be greater than 1. 

3rd. When thei dividend is less than the divisor, the 
quotient will be less than 1. . . 

4th. The quotient will be as many times greater or less 
than 1 as the dividend is greater or less than the divisor. 
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5th. To divide a fraction by a whole number, we may 
either divide the numerator or multiply the denominator 
by that number. J 

6th. To divide a whole number by a fraction having 1 
for its numerator, we simply multiply the whole number 
by the denominator of the fraction. 

Thw;, to divide by ~, ~, t, ~, &0., we multiply by 2, 8, ~, 7, &C. 

QUESTIONS TO BE ANSWERED BY THE PUPIL. 

NOT •. -1'M nwmer'alB after the Questions ,·tfer to (II£, 11I111mbtrGd artiol .. 
of the Section. . 

1. What is a fraction 1 (1 a~d 3) 
2. What does overy fractiou in<iicate? (3) 
3. What is the denominator of a fraction, and why is it caned so? (~) 
4. Wha.t is the numerator ofa fraction, and why is it so called? (4) 
e. What are the term. of a fraction? (5) 
6. How is the value of a fraction obtained? (6) 
'l. When is the fraction equal to 1, and when gre.ater or less than 1? (7) 
8. What effect has multiplying the numerator of a fraction by auy num­

ber? (8) 
9. How does multiplying the denominator of "fraction by any number affect 

the value of tho fraction? (8) 
10. How does multiplying both terms of a fraction by the same number affect 

its value? (8) 
11. How does dividing the numerator by any number affect the value of the 

fraction? (8) 
12. How does dividing the denominator by any number affect the value of the 

fraction? (8) , 
18. How does dividing both numerator and denominator by the same Dumber 

affect the value? (8) . 
14. Into whit classes are (mctions divifled? (9) 
15. What is the distinction between vulgar and decimal fraetlons? (10 

andU) . 
16. What is the meaning of the word" vulgar" as applied to fractions r (11) 
17. Enumerate the six different kinds of vulgar fractiona. (12) 
18. What is a proper fraction? (13) 
19. What is an improper fraction? (15) 
20. What is a mixed number? (16) 
21. To what must an improper fraction always be equal! (17) 
2'2. What is a simple fraction? (18) 
28. What is a compound fraction? (19) 
24. What is" compl.x fraction? (21) 
25. How may we convert an integer into a fraction? (28) 
26. How may we reduce a whole number to a fraction having a given denomi· 

nator? (24) . 
27. How i. a mixed number reduced to an improper fraction? (25) 
28. How is an improper fraction reduced to 1t mixed number? (26) 
29. How is It fraction reduced to its lowest terms? (27 and 28) 
80. How are fraCtions reduced to a common denominator? (29) 
81. How are fractions rerluced to their least common <ienominator? (80) 
32. How is a compound fraction rcduced to a simple one? (31) 
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88. What is meant by cancelling? (R2) 
34. Upon what principle may we cancel factors common to numerator and de-

nominator? (32 and 8) . 
85. How do we reduce complex fractions to simple ones? (83) 
36. What is 8 denominate fraction? (84) 
37. In what does reduction of denominate fractions consist? (85) 
38. How do we rednce a denominate fraction from a lower to a hlgber denomi­

nation? (36) 
89. How do we rednce a denominate fraction from a higher to a lower denomI­

nation? (37) 
40. How do we find the value of a denominate fractipn? (38) 
41. How do we roduce one denominate nnmber to the fraction of another? 

(89) 
42. What is a<ldition of fractions ? (40) 
43. What kind of fractions only can be added? (41) 
44. What is the tule for addition offmctions? (42) 
45. When mixed numbers are to be added how do we proc'led? (42, note) 
46, What is the rule for the addition of denominate fmctions? (43) 
47. What is the rule for the su ht.raction of fractio".? (44) 
48. What is the rule for multiplication of fractions? (45) 
49. Give a proof of the truth of this rule. (45) 
50. How do we multiply an integral denominate number by a fraction P (46) 
51. How may we multiply n fraction hy a whole number? (47) . 
52. How do we multiply's whole number by a fraction having 1 for numera­

tor? (47) 
58. How do we multiply a whole numher by a mixed number, the fractional 

. part of which has 1 for numerator? (47) 
54. What is the rule for division of fractions ? (48) 
55. Give a proof of the truth of this rule. (48) 
56. How do we divide an integral denominate number hy a fraction! (49) 
57. How do we divide a fraction hy a whole numher? (51) 
58. How do we divide a whole numher by a fra0tion having 1 for its numera­

tor? (51) 

EXERCISE 63. 

MISCELLANEOUS EXERCISE ON VULGAR FRACTIONS. 

1. The Ottawa River is 800 miles long; the Gatineau 420 miles, the 
Chaudiere 100,milcs, the Richelieu 160 miles, and the Niagara 
315 miles. The entire length of the St. Lawrep.ce, from the 
upper end of Lake Superior to the Sea is 2000 miles. How will 
the lengths of these different rivers be expressed as fractions of 
that of the St. Lawrence? 

2. The population of Goderich is 1 of that of Peterborough, the popu­
lation of Peterborough is 1 t of that of Brockville, the popula' 
tion of Brockville is I! of that of Prescott, the popUlation of 
Prescott is t of that of Ottawa Cit.y, the population of Ottawa 
City is 2t of that of Port Hope, and the populatiOli of Port 
Hope is 4~ of that of Toronto. What fraction is the population 
of Goderich of that of Toronto? 

3. What will 6! pounds of tea cost, at 65! cents per lb, ? 
4. Supp~se I have t of a ship, and that I buy n more i wpat is my 

entIre share? , 
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II. .A boy diviil~cl hiB marbles in the following manner: he gave to 
A t Of them, to B to, to C i, and to D t, keeping the rest to 
himself; now many did be give away, and how many did h .. 
keep? 

6. Flnd the value of 5i--:2l; of ~+5H of 2%+11-
3t+i?li 42~ 7U-2;\; 

7. What cost 1670 -,'1-. pounds of coffee at 12t centsper pound? 
8: A tree whose length was 136 feet, was broken into two pieces by 

falling; ! of the length of the longer piece equalled t of the 
length of the shorter. What was the length of the two pieces 
respectively? 

9. A farmer bought at one time 97-1- acres ofland, for 1000 dollars; 
at another, 127§ acres for 1375t dollars; at another, 500t acres 
for 6831 dollars; and at another, 333t acres for 4013l6' dollars. 
What was the whole quantity of land that he purchased, and the. 
sum that he paid for it ? 

10. Find the !,alue of (12~-8t-1io+r\) x 4t x (7n-6t), and also 
of (%+It)-(%+3fd. 

11. What is the value of 191; barrels of flour at $8i a barrel? 
12. What is the value of 376ti acres of land, at $75t per acre? 
18. Bought at one time 147~ bushels of coal, and at another time 

820t bushels. Having conHumed 156t bushels, I desire to 
know· what quantity of the coal purchased is still on hand. 

7 (It oft)· t + t + t 
14. Divide -( 3 \' by n; and find the value of 1 1 1 

t3i of7
) 2t+3f+:ij 

Hi. If 17+ bushels of wheat sow 7+ acres, how IIllll?Y bushels will it re­
quire to sow one acre? 

16. Multiply the sum of St, 4i, and 4i, by the difference of 7t and 
5~; and divide the product by the sum of 94l; and 9St· 

17. Divide 2 by the sum of 2i, i, and 4; add IH to the quotient; 
and multiply the result by the difference of 5t and 4t. 

18. Find the value of (t+t) x (It+2i) x (2-14 - It) x (3fu -;); 
and also of(li+2t) + (5t+3t). . 

19. A person dies worth $40000, and leaves t of his property to his 
wife, t to his son, and the rest to his daughter. The wife at her 

- death leaves % of ber legacy to the SOD, and the rest to her 
daughter; but the son adds his fortune to his sister's and gives 
her t of the whole. How much will the sister gain by this, and 
what fl'8,ction will her gain be of the whole? 



182 DECIMAL FRACTIONS. [SECT. IV. 

PECIMALS AND DECJJ4AL FRACTIONS. 
52. A decimal fraction is a fraction having unity with 

one or more Os to the right of it for denO)ninator: 
Thus ro\-1I"' rl1l"' la, rotha, &c., are decimal fractions. 
53. A decimal fraction is reduced to its corresponding 

decimal by dividing the. numerator by the denominator; 
but. since (Art. 52) this denominator is unity followed by 
one or more Os, we divide the numerator by the denomina­
tor when we xnov:ethe decimal point as many places to the 
left in the numerator as there are Os in the denomina.tor. 

EXAMPL.E 1. Reduce .7l11l" to a decimal. Ana. ''148. 
2. Reduce T1rnHho to a decimal. Ans. '000923'16. 

EXERCISE 64. 

1. Reduce ·N,,?, .1I"~ho and .'0 to decimals. 
. . Ans. '56'1, '00098 and ''1. 

2. Reduce TOo?hoo and roJo7J ... to decimals. 
Ans. '0000023 and '00001'16. 

8. Reduce TOHHHoo to a decimal. An8. '0002'18643. 

64. It is as inaccurate to confound a decimal fraction with its 
corresponding decimal as to confound a vulgar fraction with 
its quotient:: Thus the value of ! is ''15, so' also, the value of 
-fn'tr is . ''15; but ''15 and M are no more identical than are 
t and ''15. 

55 .. To reduce a decimal to its corresponding decimal 
fraction:-

RULE. 

Consider· the significant part of the decimalasnumeratm: and 
beneath it write for denominator 1 followed by as many O. as there 
are plac,es ,ir,dlte decimal. 

EXAMPLE. 1 .• ReQuce '043 to a.decimal fraction. .Ans~:'1:i-O' 

2. Reduce '000005'16 to a decimal fraction. Ans. T1ronhOlf' 
EXERCISE. 65~ 

1. Reduce ''13, '092 and '0003 to decimal fractions. 

Ana . • '111"' .~o, and .rlO1l"' 
2. Reduce '13'1 and '000006943 to decimal fractions. 

Ans. N1I"'o, and .0000~~H .... 
2. RllduCG '135'1896'1 and '0118004003 to decimal fractions . 

..4118. rtlu5DVrNo'o, 8Jl.d I ns ga~UT' 
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56. Decimal fractions follow exactly the' same rules as rulga1"' 
fractions. It is, however, generally more convenient to obtain their, 
quotients, and then perform on them the required processes of addi­
tion, &c., by the methods already described (Sect. II). 

To reduce a vulgar fractioJi to .~ decimal or to a decimal 
fraction- . 

RULE. 

IJivide the numerator by the denominator and the 'l'totient wit{ be 
the requi"ed " decimal" " the latter may be changed to its corresponilr 
ing decimal fmction by (Art. 55). 

This is merely aotually performing the division which the fraction indi­
cates. 

EXAMPLE I.-Reduce i- to a decimal and also to a decimal frac­
tion. 

8)'1' 
'. '87,1) Ans.=-N-JirJ Am. 

2. Reduce 19.6 to II. decimal. 
16)9' . 

'5625 A1III. 

E:PI:RCIS;' 66. 

1. Reduce·i and 1 to decimals. 
2. Reduce ~f!,; and t to decimal fractions. 
8. Reduce n. H1, and H to decimals. 

,,&IlS: '5 and '375. 
Am. M' and Nr;. 

An8. '9733+. 4'666+and '44117+.-
4. Reduce~, -ft. and V to decimals . 

.Ans. '857142+, '4166 + and '44444+. 
fl. Reduce ill-I and -l-M to decimals. 

Am. '151 'T8G'71428+and '554012+ . 

.6'7. ,Let it be required to reduce £3 78. 6id- to the decimal of a 
pound. 

OPERATION. 

t-d='75cl bence 6td=6'75d, If now we divide thle by 12 we shall b.ve its value 
'as the decimal of 0. sbllling. 

6td=6'75d='5625s, hence 7s 6td=7'5625s,-
Next if we dlv.ide this hy 20 we &hall have its value as a decimal ofapouud. 
780 6id=7'5625s=£'378125, ' 
1'here{ore £3 7. 6Id=£3'878125. 

Hence to reduce a denominate number of diffe~ent de-

,. The sign + written after these answel'8 simply indlcnteslthat-therooiBstIll 
A remainder and consequently that the division may be carried on further. 
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Dominations to an equivalent decimal of a given denomi~ 
nation we deduce the following-

RULE. 

IJivide the l~west denomination named by that number which 
makes one of the next Mgher denomination. 

Annex this quotient to the mJITrWer of tlte next higlLer denomina. 
tion ,given and divide a.~ before. 

Proceed thus through all the denominations to the one required, 
and the last result will be the one sought. 

EXAMPLE l.-Reduce 8 days, 12 hours, S minutes, 80 seconds,to 
the decimal of a week. 

: 60)8()::::,ec.=80 se(,. 
60)3'5=declmal of a mlnute=3 min. 80 Ber. 
24)12'0588~decimal of an bou=12 b. 8 m. 80 Bec. 
7)3'~024-305=decimal of a day=3 days 12 h. 8 m. 80 sec. 

AnB. ----;M03472=declmal of a weok=8 days 12 h. 8 m. 80 sec. 

EXAMPLE 2.-Reduce 187 lb. '18 oz. 11 drams to the decimal of It 

ton. 
OPEItATiOli. 

16)11' drams. 
16)13'6875 -onnces. 

2000)187·S55468751l1s. 
'093927734375 ton. AM. 

Here we divide the 11 dram. by 16 and 
thus obtain '6875 to whicb we prefix the 
glv{'n 13 oz. Next we divide tbis by 16 
and obtain '85546875 to wldch we bring 
down the 187Ib .. and divide the result by 
2000, the number of Ibs. lu a tOll. 

N oTE.-To divide by 2000 remov~ tbe decimal point three places. to tbe 
left and divide by 2: similarly to divide by 60, 20, &c., remove tbe decimal 
point one place to tbe left I\nd,divide by 6, 2, &0. 

EXERCISE 67. 
1. Reduce 8 yds. 2 ft. 1 in. to the decimal of a furlong. 

- .t1n,~. '01679+. 
2. Reduce 3 dwt. 17 grs. Troy, to the decimal of a pound. 

Ans. ·015451118+. 
S. ~educe 2 scr.7 grs. to the decimal of a pound, Apoth. 

, Ans. '0081597+. 
4. Reduce 5 fur. 35 per. 2 yd. 2 ft. 9 in. to the decimal of a mile. 

. Ans. ''73603+. 
5. Reduce S qr. 2 na. to the decimal of a yard. Ans. '8'75. 
6. Reduce 5s. to the decimal of 13s. 4d. Ans. '375.'" 

* RefllleD 5s. first to tbe fraction of 13s. 4d. and tben reduce the reaulting 
fmctlon to a decimal. 

Thua Dli.rednced to the f'raotioD.ofl3a. 4d.-.".6-&<=:<875. 
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'1. Reduce 12 h. 155 min. 21 sec. to the decimal of n day. 
Ans. '5384375. 

8. Reduce t of t of 6id. to the decimal of £t. 'Ans. '012053+. 
9. Reduce t of ! of a mile to the decimal of 3t inches. 

An8. 3620'5'71428+. 
10. Reduce t of t of 3t lb. Avoir. to the decimal of it of an oz. 

Ang. 9'2444+. 
11. Reduce 3 pk. 1 gall qt. 1 pt. to the decimal of a bushel. -

Ans. '921875. 

68. Let it be required to find the value in terms of a lower de· 
Ilomination of '7825 of a yard. I 

OPERATION. 

1'825 
8 

2'8415 
19 

4'1700 
12 

EXPLANATION.-Since therA. are 3 feet in 8 
yard, it is evident that any decimal of a yard I. 
three timp,s as great a decimal of a foot. Hence 
to renuce the decimal of a yarn to a deci mal of 
a foot we multiply it by 3. This gives us two 
reet and 'an5 of a j"ot. Similarly multiplying 
the decimal of a foot hy 12 reduces it to an 
equlvalellt decimal of an inch. We thus find 
'8475 of a foot equal to 4, inches ami ']7 of an 
inch. Again, multiplYing this last hy ]2 redu­
ces it to the decimn of n line, and WE:! thus find 

Ans. 2 ft. 41~~~og4 lines. :~e4 ~~~'M ,\1~~~:ty "78215 of a yard equal to 9 

NOTE.-In these mnltlplications we only multiply the nnmber to the tight 
of the separating point. 

Hence, to find the va1ue of a denominate number in 
terms of integeJ;s of a lower denomination we have the 
following-

RULE. 

Multiply the given decimal by the number of units of the flezt 
lower denomina.tion that make one of the given denomination. 

Point off as many decimal places a,~ there were in the multiplier, 
and the integml pm·tion, if any, will be units of tltat lowe)' denomina­
tion; tlte decimal part may be 1'educed to a still lower denomination, 
and so on. 

EXAMPLE I.-Find the value of £'978'15. 
OPERATION. 

'97875 
20 

19'575009. 
12 

Am. 19s. 6!d.+! of II. farthing. 
6·90000d. 

4 

8'60000£ 
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EXAMFLlI: 2.-Find the value of ''1863625 of a. pound Apothecaries 
weight. 

OPERATION. 
"7868625 

III 

9'4863500 oz. 
8 

Am. 9 oz. 3 dr. 1 SCT. 9'448 grains. 
8'4908000 drs. 

8 
1'47114000 ser. 

20 

9 '4480000 grs. 

EXERCISE 68. 

1. Find the value of 0'3945 of a day. 
f' Ana. 9 h()ur8 28 min. 4'8 sec. 

2. Find ,the value of 0'3965 of a mile. 
Ans. 3 fur. e per. 4 yds. 2 ft. 6.24 in. 

3. Find the value of 0'309153 of an oz. Troy. . 
Ana. 6 dwt. 4'39344 grains. 

4. Find the value of 22'75 of £229. 6d; Ans. £486~. IOtd. 
II. Find the value of 11'17825 of 7 bush. 1 pk. 1 gal. 1 qt. 

Ans. 82 bush. 3pks. 0 gaL 1 qt. 0'4905 pt.· 
6. Find th _ value of '2057 of a lb. Troy. • 

Ans. 2 oz. 9 dwt. 8'832 grains. 
1. Find the value of '176 of 1 fur. 36 per. 2 Yds' 5 in. f 

Ana. 13 per. 2 yde. 1 ft. 4 in. 
8. Find the value of '625 of a league. Ana. 1 mile 7 fur. 
9. What is the value of '015625 of a bushel? Ana. 1 pint. 

10. What is the value of '»378 of an acre? 
Ana. 3 roods 30 per. 1 yd. 4 ft. 91n inches. 

11. Find the value of '2775 of 1 sq. yd. 3 ft. 72 in. 
Ana. 8 sq. ft. 67* in. 

CIRCULATING OR REPEATING DECIMALS. 
69. Let it be required to reduce t and :Ii- to decimals. 

OPRRA.TION. 
9)5 

'555555, &0. 
7)6 

'857142857141l857141l, &9. 
,I . 

.. If too given qnnntity be expressed in more than one denomination It 
should be r~duced to one before applying the rule. Thus in this' ~~ample 7 
bush. 1 pk. 1 gal. 1 qt. =287 qts. and IH7825 x 287=2649'2<1525 qts.=82 bllBh. 3 
pks. 0 gal. 1 qt. 0'4905 pints. . 
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In these and many other cases the division does not 
terminate, and the value of the fraction can only be 
approximately expressed. In the former of the above 
examples the figure 5 is constantly repeated, and in the 
latter the series of figures 85714.2. 

60. Decimals which do not terminate, i. e., which con­
sist of the same digit or set of digits constantly repeated, 
are called Repeating or Circulating Decimals. 

61. The digit or set of digits, which repeats, is called 
a repetend, period or circle. 

NOTE.-The terms period and circle are commonly used only when 
the repetend contains two or more digits. 

62. A single Repetend is one in which only a single 
digit repeats, 

Thus '3333 &Q,; "1171 &c.; '88888 &0. are single repetends. 

63. A single Repetend is expressed by writing the 
digit that repeats with a dot over it, 

Thus, '333 &0. Is written '3; '777 &c. ill written -1. 
64. A Circulating Decimal or Compound Repetend is 

one in which more than one digit repeats, 
Thos, '341347341 &c.; '202020 &c.; '123412341234, &c., ere Circulating Decimals 

or Oom pound Rep.tend •. 

65. A Circulating Decimal is expressed by writing the 
recurring period once with a dot over its first and last digits, 

Thus, '841841 &c. is written ·il4i; '2020 &0. '20; '12341234 &c. is written ·i234. 
66. A Pure Repetend or Circulating Decimal is one in 

which the repetend commences immediately after the deci­
mal p.oint." 

67. A Mixed Repetend or Circulating Decimal is one 
which contains one or' more ciphers or significant figures 
between the repetend and the decimal point, 

Thus, '8, '7, ·i are Pure Repctends. 

"1891 T, '0378, 'OQ2 ere Mixed Repetends. _ 

,-72, :048, -81876 are Pure Oirel,ll~~g :Decimals. 

'1378, '673205, -(inn66 ara M.b:ed Ciruu1&tlng D.cl~. 
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68. Similar Repetends are those which commence at 
the same number of places from the decimal point, 

Th1lS, '71345, '912186 and '00071846 are Similar Repetends. 

69. Dissimilar Repetends are those which commence at 
a different number of places from the decimal point, 

Thus, '7342, '928627 and '9134278 are Dissimilar Repetends. 

70. Cotermino~s Repetends are those which terminate 
a.t the same number of places from the decimal point, 

Thus, '7437, '6243 and ·1347 are Cotermlnons Repetends. 

? 1. Similar and Coterminous Repetends are those which 
both commence and end at the same distance from the deci­
mal point, 

Tbus, '784267, 16'47i212, 198'161341 are Similar and Coterminous Repetends. 
72. Iii redncing a fmotion to a oocimal we place R point after the nnmerator, 

and nnnek Os to it UI1t.i1 It is exactly divisible by the denominator. But since 
tbe point ooes not affect the division, merely determining tbe place of tbe point 
.!' tbe resulting quoti"nt, it is manifest tbat we may leave it altogetber out of 
conSIderation, so tbat annexing Os to tbe numerator becomes in effect multiply­
ing it by 8UC" a pow.,' 'if 10 08 will make it contain the denominator. Now 
If tbe fraction, befure proceeding to tbe division, be reduced to its lowest terms, 
tbe denominator can bave no factor In common witb tbe numerator; and if the 
denominator be exactly contained in the numerator with the. Os annexed, it can 
only be from its being contained in tbat power of 10 by which tbe original nu­
memtor was multiplied. But since 10 (lonla!ns only the factors 2 and 5, any 
power of 10 can conlain only the factors 2 and 5; and bence, in order tbat the 
denominator may be exactly contained in the numerator with Os annexed, it 
must contain only the l;'ctors 2 and 5, or powers of 2 lind 5. ' 

Hence, when a vulgar fraction is reduced tb its lowest 
terms, if the denominator contain no factors other than 2 
and 5, the corresponding decimal will be finite; but if the 
denominator contain any other factor than 2 and 5, as 3, 
7, 11, &c., the corresponding decimal will be infinite, i. e., 
will be a repetend. . ~ 

EXAMPLE,-Can 1~' it, ft and m be exactly expl'essed as deci­
mals? 

16, the denominator of the first, = 2 x 2 x 2 x 2, (i. e, contaInS no 
prime factor other than 2 01' 5) therefore it can be exactly expressed 
by a decimal. 

25 = 5 x 5 (i, e. no prime factor other thaD 2 or 5) therefore H can 
be exactly expressed by a decimal. 

12=2 x 2 x 3 (i, e. does contain a factor other than 2 or '11) there­
fore -& cannot be exactly decimated_ 

125=5 x 5?< I) (i, e. no factor other thm 2 or 5) therefore tiT c/lln 
~ enetly decimated. 
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EXERCISE 69. 

Of the following fractions, which can and which cannot 
be exactly decimated, i. e., reduced to equivalent decimals ~ 

1. I, -J-h, U, .!h-, and hli%· 
2. Th, t, ;2-' aBu, ii-i· 
3. H, fir, obi, %, and .th-· 
'13. We may determine the number of places in the 

decimal or finite part of the decimal corresponding to a 
vulgar fraction by the following-

RULE. 

Reduce the fl'action to its lowest t61'ms, and decompose the denomi­
nato?' into its, prime factors. 

If the denominator contains no factors othe~ than 2 or 5, or pow­
ers of 2 or 5, the whole decimal is finite. 

lj the denominator does not contain 2 or 5 as factor, the decimal 
contains no finite pal·t. _ 

The highest exponent of 2 or 5 will indicate the n~tmber of deci­
mal places in the finite pa?·t of the cor?'esponding decimal. 

EXAMPLE -I.-How many decimal places will be required to ex­
press '.l1.,¥. ? 

Here, 3125=5 x 5 x 5 x 5 x 5=5". Therefore the eqnivalent decimal will can· 
tain 6 placeB_ 

EXAMPLE 2.-How many decimal places will be required to ex­
press i¥,h? 

Here, 1600=2 x 2 x 2 x 2 x 2 x 2 x 5 X 5=2' X 52. Hence 6 is the highest ex· 
ponent, and the number of decimal places wiU thEll'~fore be 6. 

EXERCISE 70. 
1. How many decimal places will be required to express the follow­

ing fractions, viz :-tt, -h, il~u and fJ-l.? 
..dns. 4, 3, 6 and 10. 

2. How many places will there be in the finite part of the decimals 
corresponding to ft, Hi, nth and til.,,\? 

Am. 5, 7, 4 and 11. 

74. In decimating vulgar fractions where many plaees 
a.re required in the decimal, the method of continually 
dividing becomes very tedious. In such cases we may 
sometimes shorten the work as follows:-

EXAMPLE.-What decimal is equivalent to the vulgar fractioD n? 
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OPBRATION. 
29)1'00(0'08448 

81 

130 
116 

140 
116 

240 
232 

8 

[BECT. IV. 

n=0·03448/g-. Therefore 2!il/=0'27586-/g- and substituting this 
value for /g- we get:-

n=0·0344827586.li9" Hence fg-=O'2068965517n and sul;lstituting 
this for .fig we get :- _ 

n=0·034482758~2068965517;lg. Hence n=O·241379810344827· 
1i8620H and substituting this value for i-9' we get:­

n=O·034482758620689655172413'793i. Ans. 

75. The number of places in a period cannot exceed 
the units in the denominator minus one. 

This is manifest from the faet that all the rema.iniders that occnr must be 
less than the denominator, and their nnmber cannot be greater than the de· 
nominator, minus one; because we calTY on the dlvisionQY affixing Os, and It 
follows that whenever we obta.in a remainder like one that has previously oc­
ourred, the digits of the decimal will begin to repeat. 

461326 . 
Thus ~=O'857142, where the s~all figures above the line represent' 

the successive remainders, none of which, of course, can be as 
great as 7, the divisor,-the next remainder after the 6 would be 
4, and consequently the digits would commence to repeat. 

76. Those repetends that have as many places, minus 
one, as there are units in the denominators of their equiva­
lent vulgar fractionf are sometimes called perfect '1'epe· 
tends. 

The following are the only fractions' having a denominator leB8 
than 100 that give perfect repetends when decimated:....! , 

t, Y" n,n, -h, n. -h. fr and f.r. 
77. To reduce a pure repetend to an equivalent vulgar 

fraction :-
RULE. 

Put the period for numerator, and as many nims a8 there are 
places in the period f(!!' ,de11-ominator. 
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EXAMPLE.-What vulgar fractions are equivalent to .~, '93, '704 
and ·007048 P 

Ana. '~=v; '93=~=H; '~04=Ht; ·00'1043=rlHh. 
R6lllIColl ·i=·i therefore l, t, t, &0.,='2, '8, '4, &0., hence {'Ii, '8. &C.,=l. !, II. 

Similarly n=·oi, therefore .. ~=·i)'i; N='28; ~~=·i9; &0. 

Helice ·oi=.\; "07=,',; -23=ta; ·i1=H; &0. 

So also .-h-=·Ooi; .t.=005; *~=·i6T; &0. 

Hence ·oOi=.i~; -248=Hi; &c., whence the reason of the rule Ie evident. 

EXERCISE '11. 

1. Reduce '8, '05, '342, '7004 and '002003 to equivalent vulgar frac-
tions.. Ana. ~, Is, H~=fh, HH and d*h. 

2. Reduoe ·ili, 'iOB'l, ·iU15 and '704103 to equivalent vulgar frac-
tions.. . 

Ans. H, HH=Ng, HUt=Ni1fr and HH-~=*n·H. 

8. Reduce ·i02, '0013, '0000'1103, '01020304 and '98765482i to 
equivalent vulgar fractions. _ 

Ana .• 3..f.s, 9!h, mah9, #l'-9!l9\!l9~ and tH-HHn. 

'18. To reduce a mixed repetend to an equivalent 
vUlgar" fraction.....;.. 

RULE. 

Subtract the finite part from the whole and set aown the aifference 
for the numerator. 

For denominator put as many 98 a& there are place8 in the • infi­
nite' part followed by as many 08 as there are places in the 'finite' 
part. 

EXA.MPLE.-Reduce '73, '1284 and ''1132092 to their equivalent 
vulgar fractions. 

OPERATION. 

78- 7= 66=nnmerator of first fraction. 
1234-- 12= 1222=." second" 

7182092-718=7131379= third " 
9O=lst Denominator, since the repetend contains one place in the finite, 

and one place in the infinite part. 
9900=2nd Denominator, Bince the repetend contains two places in the finite 

. part and two in the infinite part. 
9999000=3rd Denominator, Bince the infinite part of the decimal contains 
.lour places and.the finite parte"., •• places, 
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Hence, '73=%=tt, '1234=H-it%-=i\,Vo and ·'7132092=H~HM. 
RUsoN.-Let it be required to reduce '978734 to a;l equivalent 

vulgar fraction. 

Let x ='978'734 (I) 

Then 100 x =9'7'8'734 (II) 

And 1000000 x =978734'8734 (III); subtracting (II) from (III) gives 
999900 x =978734-97. 

978734-97 
Whence x =--'---= Whole repetend minus the finite part for II> 

999900 
1t1tmerator; and as many -98 as there are places in infinite part, 
followed by as many Os as there are places tn finite part for de· 
nominator. 

The rule may also be explained as follows:-

Taking the same example '97imi4 and multiplying it by 100, we- get 
"9787S<h 100=97:8734=97 -dmM=97+HU (Art. 77.) 

Now, since we multiplied by 100 this result is 100 times too grea.t. There· 

fore ·978734=,.;',+.,j:H~ and 1;0 add these fractions we must reduce them to 8 
common denominator wnen they become: 

97x (10000-1) 

999900 
978734-97 

97 x 9999 8iSol 
---+--=(sinoe 9999=10000-1) 

999900 999900 
8734 97 x 10000-97 8730l 970000-97 

+--= +--=----+ 
999900 999900 999900 999900 999900 

=---= W7IOZ. repetend mi1llU8 finite part for numerator; and as 
999900 , 

many 98 (lR tkt'JT"e are pZace8 in the finite part, foZZowed by as many 08 IU 
there are place, in the finite part for denominator. 

Whence the truthfor the rule is manifest. 

EXERCISE 72. 

1. Reduce '8325, '147658, and '4320075 to their equivalent vulgar 
fractions. Ans. n~%-=HH, tHliM-, and HH~H=HUiH-. 

2. Reduce 875'4965 and 301'82'75'6 to their equivalent mixed num·· 
bers. Ana. 875HH and 30l-HU. 

3. Reduce '083, '0714285, and '123456 to their equivalent vulgar 
fractions. Ans. A, n, and flhlJrJ. 

4. Reduce '7034, '96432, '00207, and '14327i to their equivalent 
vulgar fractions. Am. m!, tH-;nMro, and ~~. 
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'19. There are several properties belonging to repetends 
which it is necessary to remember. They are as follows: 

1st. Any finite decimal may be regarded as a repetend 
if we make the Os recur : 

Thns, '27='270='2700='27000='2700000, &c. 

2nd. A repetend ha.ving any numher of places may be re­
duced to one having twice, thrice, &c., that number of places. 

Thus a repetend having 2 places may be reduced to one having 
4, 6, 8, 10, 12, &c., places. 

.. .. 
For example, '372='37272='8727272, &c. 

'232U14= '2321342134='28213421342134, &c. 

Brd. Two or more repetends, having a different number 
of places in each, may be reduced to others having the 
same number of place3 in each, by the following-

RULE. 

Take the numbers indicating how many places there are in each 
repetend, and find thei,' least common multiple. Reduce each repe­
tend to that numbel' of places. 

Thus, let it be required to reduce '147, '932, '8417, to repetends 
having the same number of places. 

Here the D11mbers of places are 1, 2, and 3, and the least common multiple 
of 1, 2 and 3 is 6, and hence each new repetend mnst have 6 places. 

Therefore '147='14777777, '932='9323232, and '8417='8417417. 

4th. Any repetend may be transformed into another 
having a finite part and an illfillite part containing as 
many places as the original repetend, and hence any two 
or more repetends may b3 made similar, 

Thus, '4i23='4123i='412312, &c. 

7 ·ii5432i=7 '6543216=7 '65432165, &0. 

5th. Havirig made two or more repetends similar by 
the last article, they may be made coterminous by the 
preceding one, and hence two or more repetends may al­
ways be madc similar and coterminoHs. 

6th. If several repetends of equal places be added to­
gether their sum will be a repetend of the same number of 
places; since every set of periods will give the same IlUDl. 

1;1 



194 CIROULATING DECIMALS. [SEcr. Iv' 

ADDITION OF cmCULATING DECIMALS. 

SO. To add circulating decim.als-

RULE. 
Malee the repetends similar, and coterminous and wrlte them wuler 

one another, 80 as to have the units of the same order in the same 
vertical column. , 

Add, beginning at the right hand side and carrying what luould 
have been obtained if the decimals had been carried out two or three 
places fUl·th~r. . .. 

EXillPLE.-Add together ''783, '92'7, '421 and 9'123456. 
Dissimilar. Similar. Similar and Coterminous. 

' . 
'783 '783 '78333388383388 

'921 -9212 '92127272727272 

'421 '42142 '42i421421~142 

9'123456 9'123456 
. , 

9'12345634563456 
1 carried. 

Sum, = 
EXERCISE '73. 

1. Add together '9, 6'32'7, 19'43, 2'7'02'78 and '034'7123. 

Ans. 53'8198638274, 

2. Add together '7'427, 9'1234, 1'7'2987643 and 18'6'7. 

Ans. 52'5262282039014'7i. 
. .. 

3. Add together 4'95, '7'164,4'7123 and '9731 '7. Ans. 17'8092502138. 
. . . 

4, Add together 1'0, 99'083, '162, '814, 2'93, 3'769230, 97'26 and 

134'09. Ans. 339'626177443. 

SUBTRACTION OF CIRCULATING DECIMALS. 

81. To subtract one repetend from another~ 

RULE. 

Make the repetends similar and coterminous, and wHte one 6e· 
neath the otlter, 80 as to have unita 0/ the same oj'der in tlte same '/Jer. 
ficql column. 
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S"btract as in whole numbers, taking notice whether one .oould 
have been borrowed if the pe?'iods had been extended. 

EXAMPLE.-From 97'03429 take 11'03876. 
Dissimilar. Similar. Similar and Ootermlnous. 

97'084~9 

11'03876 

97'08429 

11-038768 

91'084292929 

11'038768168 

True difference, 85'995524160 
If the periods h~d hee,n extended, we would have had to borrow one from 

the last figure of the minuend period; and bearing this in mind, we say 9 froill 
9,0, &c. 

EXERCISE 74.. 

1. From 729'3427 take 93'126. Ans. 636'216742. 
. . 

2. From l'43729i take ·007i3. Ans. 1'4301600597824. 
. . 

3. From 1'2754 take '47384. Ans. '65:)70016280907. 

4. From 42'18763 take 17'0000003432. Ans. 25'1876324900. 

MULTIPLICATION OF CIRCULATING DECIMALS. 

82. To multiply ODe repetend by another or hya finite 
decimal- ' 

RULE. 
Ohange the decimals into thei,' equi,Jale:lt vulgar fractions (Arts. 

77 and 78), multiply tliese together, and reduce the product to its 
eq,,:,ivalent decimal. 

EXAMPLE i.-Multiply '3 by '78. 

'3=~=J aud ·7S=H=%1· 

Therefore, '3 x '7S=J x H=~=26 Ans. 

EXAMPLE 2.-Multiply '3is by '7432. 

'3is=2Z" and ·7432=H·. 

Therefore, '3is x '7432=i,z" x *=fi\,-=·23648. 

EXERCISE 75. 

1. Multiply 7'25 by 2'9. 

2. Multiply '297 by 7'72. 

Ans. 21'75. 

A1J,s. 2'29513. 
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3. Multiply '8is by '77. ..1118. '63. 

4. Multiply 1'735 by '47053._ Ans. '81654168350. 

5. Multiply 4'722 by '198. Ans. '935. 

DIVISION OF CIRCULATING DECIMALS. 

83. To divide one repetenc1 by arother or by a finite 
decimal-

RULE. 

Change the decimals into theij' equivalent vulgar fractions, divide 
_as in Art. 48, and j'educe, the j'e.sult to its cOI'responding decimal. 

EXAMPLE.-Divide -427 by '818. 

'427=-H-o a..ud ·8is=IS,. 
Therefore, '427+ SiS=I1.,IO+l11,-=f-,zO x V-=H-=0·52. 

EXERCISE 76. 

1. Divide '082 by '123. Ans. '6. 

2. Divide 389·is5 by 15'7. Ans. 24'6. 

3. Divide 'S1654i68350 by '47053. Ans. 1'735. 
.. . . . . 

4. Divide '45 by ·U8881. Ans. 3'8235294117647058. 

EX"l~C:,E 77. 

MISCELLANEOUS EXERCISE ON DECIMALS. 

1. Reduce ~- of ij- of 11.. of 14 to its equivalent decimal. 

2. Mult.iply '67 by 2'13. 
3. Find the value of '678125 of a week. 

4. Reduce '92437 to its equivalent fraction. 

5. Add together 67'234, 98'713, and 91'02471234, and from their 

sum take 100'123406789. 
(). Reduce 5 fur. 36 rds. 2 yds. 2 ft. 9 in. to the dec!mal of a mile. 

7. Find the difference between 17'42857i sq. ft. and 100'8 ~q. in_ 

B. What is the value of '91789772 of two acres? 
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9. Reuuce 11'287 and 1'042857i to vulgar fractions. 

10. Divide 47'345 by 1'76. 
11. From 85'62 take 13'76432. 
1 .) What is the difference between '734 of' a lb. and '10S of an oz. 

~~d~~? . 
13. How many yards of carpet 2 ft. 51- in. wide will be required to 

cover a floor 27'3 ft. long and 20'16 ft. wide? 

14. MUltiply 3'145 by 4'297. 
15. How many finite places are there in the decimals corresponding 

to iu, -i,,) -/'5) fi:b 960, and ;h,18~4? 

16. Add together 81%, 61'126, 328~~) and u·624. 

(

4'4-2'83 
17. Reduce 

1'6+2'629 
quantity. 

6'8 of 3) 2'8 of 2'27 
of --- + .. to a simple 

2'25 1'136 

QUES1'IO}[S TO BE ANSWERED BY THE PUPIL. 
N OTE.-The n,umbers after the queBtions Telel'to the articles o/tlte Seotion. 

1. What is a dechnal fraction? (52) 
2. What is the distinction Letween a decimal and its corresponding decimal 

li'action? (54 lIll'] ATt. .17, Sec. 1.) 
3. How is a decim:tl reduced to its corresponclil~g' decimal fraction? (55) 
4. How is a vulgar fraction reduced to tl. u~cirnnl? (56) 
5. How would you reduce 4 oz. 17 dwt. 16 grs. to the decimal ofa lb.? (57) 
6. How would you find the valne of '71345 of a French ell? (58) 
7. What is meant by repeating Or circulati0l$ decimals? (60) 
8. What is a repeLend, period, or circle? (61) 
~. What is a single repetend, and bow L it expl'essed? (C,Z Rnd 01) 

1(;, What is a cjl'cula.ting decimal or compullnd repetenu, and how is it exprof:s-
ed? (64 all(l 65) 

11. What is a pure repetend? (66) 
12. What is a mixed repetend? (67) 
1~. What are simple repctend,? Giye an example. (68) 
14. What are dissimibr repetends? Give exarr1ples. (6~) 
15. What are qotel'millOll8 npetends? Give exulllples. (70) 
16. When are repetendssaid to be both similar and coterminous? Give exam-

ples. (71) 
11. When can a vulgar fraction be exactly expressed by a decimal? (72) 
18. Show that this must necessarily be the caBe. (72) 
1~. How can we ascertain the number of places in the finite part of the decimal 

correspoo~illg to any vulgar fraction? (73) 
20. If the decimal corresponding to tlny vulgar fraction contain 9: rcp~~end, 

what is the greatest number of places that r.petend can contam? (,;) 
21. Show that this must necessarily be the caBe. 
2~. What are perfect repetonds? (76) 
23. How is a pure repetend reduced to a vulgar fraction? (77) 
2-1. How is a mixc(ll'epetenrl reduced'to a vulgnr fraction? (78) 
25. Show the truth ofthig role. (78) 
?6. Show tb.t any finite decim~l JlJay be made into a repetend. (79) 



198 14ISCELLANEOUS EXERCISE. [SECT. IV. 

21. Show that any repetend may he reduced to another having twice, thrice, 
. &c., as many places. (19) . 

28. Show tbat any number of repetends may be made to have the same nnm-
bel' of places, and give tbe rule. (19) . 

29. Show that any pure repetend may be transformed into a mixed repetend? 
(i9) . 

30. Show that two or more repetends may be made similar and coterminous. 
(79) 

81. How are cirenlatiDg decimals added? (80) 
82. How are circulatin~ decimals subtracted 1 (81) 
-33. How do }vemultiply circulating decimals together? (82) 
34. How do wo divide one circulating decimal by another? (83) 

EXERCISE 78. 
MISCELLANEOUS EXERCISE. 

< On pTeceding Rules.) 
1. Transform 4312131 qttinaTY, into the nonary, ternary, and octe­

?Ut1·y scales, and prove the results by reducing all four numbers 
to the decimaJ scaJe. 

2. Write down seven hundred and two trillions seven millions thirty 
thousand and seventeen, and tour millions and seventy-six 
tenths of quadrillionths. 

3. Divide 976'432 by ·000000()6 . 
. .,.,-:.< 2..:i~:..+;.,.;·5.;.6_2,;,.5-....;I .. ·5,;,.+~_;L:;:;6-):..+,;,.1l~8"""",,,,",,! 

4. What is the value of-
(11.8r x t x 296 x rlT+1.f)+9472941 

19 

6 
5. Divide 97 lb. 3 oz. 4 dr. 1 scr. 17 gr8. by 9 lb. 7 oz. 7 dr. 2 scr. 
6. A wall is to be built 15 yards long, 7 feet high, and 13 in. thick, 

with a doorway 6 ft .. high and 4 ft. wide; how many bricks will 
it require, the solid contents of each being 108 cubic inches? 

7. Multiply 9 ft. 6' 4" 7'" by 11 ft. 7' 9" 11'''. 

8 Find the value of 4t+~n-
. it of -t":i-+t of ~. 

9. Reduce 782436 pints to bushels, &c. 
10. Find the least common multiple of 77, 42, 27, 21, 33, 14, 7, 11, 

63, and 30. 
11. Divide 36t87942 by 28e4 in the duodecimal scale. Also change 

3762814 from the nonary to the decimaJ scale. 
12. ,How many divisors has the number 150528? 
13. Find the value of '1234625 of 2 weeks and 2 days. 
14. Multiply 27 lb. 4 oz. 3 dr., avoirdupois, by 728t. 
15. Add together $98'17, $42'29, £16 38. 8!d., $97'19, $127.S7t 

and from their sum subtract £67 17s. 7td. ' 

16. Reduc? '8, '~6, '9123, and '003327 to their equivalent vulgar 
fractIons, . 
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17. Take the number 704, and by removing the decimal point, (1) Make 
it 10000 times greater; (2) make it 10000000 times less; (3) 
make it billions; (4) make it hundredths of billionths; (0) make 
it tenths of millionths; (6) make it hundredths. 

[{(2t x'5 of 1~)+9H+'(Hj+2;tl-d -l1f.r]+(!t of'16)* 

[( '7632763 xlI) x t of ill] x (t of'2 of'S of '25 of 96)+'2 

18. Reduce t of :6732467+~. 
19. Divide £550 3s. ltd. among 4 men, 6 women, and 8 children, 

giving to each man double of a woman's share; and to each 
woman triple of a child's. , 

20. Add together 16ir, 19}, 23~, and 129~. 
21. Write down aU the divisors of 8100. 
22. Find the G. C. M. of 2691, 11817 and .9828. 
23. Find the exact length of the lunar month which contains 2551"43 

seconds, and of the Bolar year, which contains 31556928 seconds. 
24. How many times will a carriage wheel turn in going from Toronto 

to Hamilton, a distance of 38 miles, the circumference of the 
wheel being 14 feet 11 inches? 

25. What is the weight of the water contained in a rectangular cis­
tern 11 feet wide, 13 feet long, and 15 feet deep, and how many 
gallons of water does it contain'? 

N OTE.-a cubic foot of water weighs 62'5 Ibs. and a gallon weighs 10 Ibs. 

26. Reduce £73 17s. Hid. to dollars and cents. 
27. From 93IT take 76M and divide the result by -lla. 
28. F' d th I f 5t + t it f It of 4u-

III eva ue 0 It of t + lOt x 6 0 13t of 51' 
29. Transform 91342 undenary into the quinary, duodenary and 

binary scales and prove the reslllts by reducing all four num­
bers to the decimal scale. 

~O. What are the prime factors of 7680 ? 
;,1. Reduce 72 miles, 3 fur., 7 per., 2 yds., 1 ft., 7 in. to lines. 
32. Find the price of 97 pairs of gloves at 47 cents per pair. 
33. What is the worth of a pile of cord wood 73 feet long, 4 feet wide 

and 11 feet high, at $3'62t per cord? 
34. Divide 93'723 by 29-4i 7R. 
35. How many bushels of oats are there in 73429 lbs. ? 
36. What is the worth of 719630 lbs. of wheat at $1'80 per bushel? 
37. Add together $72'14 and $93'76; mUltiply the sum by 9'47 and 

divide the product equally among 11 persons. 
38. Find the G. C. M. of 21389 and 180781. 

* These qnest~on~ though ~pparent1y difficult 8~e not so in >eality-theyar., 
designed for exerCIse m cancelhng, and do Dot reqUIre much work. 
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39. Reduce -h, t, ~'/3' H, t-rj, and i to equivalent fractions, having 
a common denominator. 

40. Purchased 17 yards of cotton at 11 cents per yard, 19 yards of 
ribbon at 37t cents a yard, 14tyards of silk at $2-17 a yard, a 
parasol $4-75, a bonnet $11-50, 67 yards of sheeting at 27 cents 
a yard, 15 yards of French merino at $1-37t a yard, and trim· 
mings $7'93, Required the amount of my bill. 

SEOTION V. 

RATIO AND PROPORTION. 

1. Two numbers having the same unit may be com, 
pared with one another in two ways. 

1st. By considering how much greater or less one is than 
the other; and 

2nd. By considering how many times one contains the 
other. 

2. Ratio is the relation which one number bears to 
another with respect to magnitude, when the numbers are 
compared by considering, not how mucl! greater 01' less one 
is than the other, but how many times or parts of a time 
one contains the other. Hence: 

The ratio of two numbers is the quotient arising from 
the division of one by the other. 

Thus the ratio of 18 to 6 is S, since 18 ~ 6 = 3, the ratio of 7 to 21 is t, si,nee 
7+21 =-"y =1._ 

3. Tfie ratio of one nnmher to another, when measured with respect to 
their dJijfere;nce, is sometimes called (JJIitltmeUcal ratio, to distinguish it from 
the ratio considered lIS in (Art. 2), which is called geometrical ratio. 

In the following pages, whenever the term ratio is used, geometrical ratio 
Is meant; we shall use the term difference in place of arithmetical ratio. -

4. Since ratio simply expresses the quotient arising 
from the division of one number by another, and since 
(Art. 66, Sect. II.) we have three ways of indicating divi­
sion, it follows that we have three ways of expressing the 
ratio of one number to another. 

Thus the ratio of 9 to 4 is expressed either by 9 + 4, or hy t, or by 9: 4. 
The ratio of 7 to 13 is indicated either hy 7 + 13, or by i., or by 7: 13. 

6. Ratio can exist only between numbers of the same 
kiud. 
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Thus it is obvious that no compaxison with respect to magnitude can be 
made between 6 hours and 11 pfYUnds, or between 19 days and 16 mile<J, &c., 
l. e., these numbers are not of the same kind, and therefore no ratio can exist 
between them. 

6. Numbers are of the same kind when they are of the 
same denomination, or when they have the same unit, or 
when one can be multiplied so as to exceed the other. 

'7. 'l'he two given numbers which constitute the ratio 
are called the terms of the ratio j when spoken of together 
they are called a couplet. 

8. The first term of a couplet is called the antecedent; 
the last term, the conseq1~ent. 

When the ratio is expressed in the form of a fraction, the nu­
merator is the antecedent and th~ denominator the consequent. 

9. Ratio is either direct or inverse, simple or compound. 
10. A Direct ratio is that which arises from the divi­

sion of the antecedent by the conseqrrent. 
11. An Inverse or Inverted Ratio is that which arises 

from the division of the consequent by the antecedent. 
Thus the inverse ratio of 15 to 3 is 3 : 15 or T'" or 3+15, or t. 
12. An Inverse Ratio is sometimes called a reciprocal 

ratio. 
Thns the reciprocal ratio of 15 to 3 is 3 . 15 or 1.= 1 =inverse ratio of 15 

to 8. 

13. The reciprocal of a quantity is unity divided by 
that quantity. 

Thus the reciprocal of8 is f; ol11, IT; of ·1,i"; T\' ]./-; of i, 9 j of tTl, "l,i', &0. 

14. When the dil'eat ratio of two numbers is ercpi'essed by points, 
the inverse 01' "eaipl'ocal l'atio is expressed by in'Jel·tinu the order of 
the terms; wIlen by a fraction, by inverting the fraction. 

15. A Simple Ratio is one that has but one antecedent 
and one consequent. 

Thus 9 : 8, 7: 11, 18 : 2, &c., are Bimple ratios. 

16. A Compound Ratio is a ratio produced by com­
pounding or multiplying together the corresponding terms 
of two or more simple ratios. 

'l'hus, the simple ratio of................ 9: 8 is 3. 
the simple ratio of ................ 24: 2 is 12. 
The ratio compounded of these is 21G: G=3G. 

17. It must be distinctly remembered that a compound ratio is of the Eame 
nature as any other !'atio, and, like a simple ratio, consists of one antecedent 
and one consequent. The term oompound ratio is used merely to indicate tho 
oripm of the ratio in l?articular caSBS, 
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13. Ratios are compO'tllnded by multiply?ng together all the ante­
cedents for a new antecedent, and all tM consequents for a new conse­
quent. 

Thus, the ratioB compounded of 2: T, 2: 3, 5: 11, and 4: 3 is 2x2x5x4: 7 
x3x Itx3 or 80: 963. 

EXERCISE '79. 

1. What is the ratio of 2'7 to 3 ? 
2. What is the ratio of 7 to 11 ? 
3. What is the ratio of 9 to 27? 
4. What is the ratio of 42 to 5 ? 
5. What is the ratio of 72 to 6? 

Required the ratio of the following numbers:-
6. 5 to 25. Ans. t. 13. $1'7 to $S·5O. 
'7. 49 to '7. Ans. '7. 14. $93 to $31. 
8. 83 to '7. Ans. 11~. 15. 14 bus. to 2 pks. 
9. 187 to 11. Ans. 1'7. 16. 40 m. to 12 fur. 

10. 19 to 152. 1'7. 24 lb. to 12 oz. 
11. 23 to 299. IS. 1'7 shillings to £51. 

Ans.9. 
Ans. r-i' 
Am. t. 

Ans. Si. 
Ans.12. 

Ans. 2. 
Ans. 3. 

Ans. 28. 
Ans. 26i. 

12. JA'7 to 21. 19. 16 acres to 30 sq. per. 

Required the inverse ratio of the following numbers: 
20. 7 to 21. Ans. 3. 2'7. 6 days to 4 weeks. Ans. 4i. 
21. 12 to 2. Ans. t. 28. 11 min. to 30 sec. Ans. n' 
22. 2'7 to 6. Ans.l 29. 4lbs. to 12 oz. Av. Am.-frJ. 
23. 9 to 36, Ans. 4. 30. 3 qts. to 43 gals. Am. 57-!;-. 
24. 19 to 57. 31. '70 per. to 2 miles. 
25. 81 to 9. 32. '7 FIero. ells to 9 Eng. ells. 
26. IS'7 to 17. 33. 11 oz. to 68 scruples. 

Required the reciprocal ratio of the following numbers:-
34. '7 to 42. Ans. t : n==6. 39. -.1-4 to is. Ans. ~. 
35. t to t. Ans. 8 : 2==4. 40. '72 to 18. Ans. t. 
36. 42 to 28. Ans. n° : -h==~. 41. 512 to 32. Ans. n. 
:>'7. 17 to 68. 42. t to i· 
38. 19 to 1 '7. 43. ~ to t. 

Required the ratios compounded of the following ratios:-
44. 2 to 3, 5 to 7 and 1 to '7. Ans. 10 to 14'7. 
45. 8 to 6 and 1'7 to 3. Ans. 136 to 18. 
46. 9 to 8, 7 to 6, 5 to 6, 4 to 3 and 2 to 1. Ans. 2520; 864. 
47. 1 to '7, 1 to 3, 3 to 1 and 5 to 1. Ans. 15: 21. 
48. 2 to 5, 3 to 7, 4 to 5, 21 to 2 and 1 to 9. . Ans. 504: 3150. 

19. Since the antecedent of a couplet is a dividend, 
the consequent a divisor, and the ratio the quotient, it 
follows from the principles established in Arts. 79-84~ 
Sect. n., that;-
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1st. Multiplying the antecedent of a couplet or dividing 
the consequent by any number multiplies the ratio by that 
number. . 

Thus the ratio of 28 to 112=-}. 
The ratio of 28 x 8 to 112 = t = t x 8 = three times the ratio of 28 to 112. 

2nd. Dividing the antecedent of a couplet or multiply­
ing the consequent by any number divides the ratio by 
that number. 

Thus the ratio of 64 to 16 = 4. 
The ratio of64+2 to 16= 3~: 16=2=4+ 2=hslf the ratio of 64 to 16. 

3rd. Multiplying or dividing both antecedent and con-
sequent of a couplet by the same number does not alter 
the value of the ratio. 

Thus the ratio ofI8 to 6 is 3. 
Theratio of18x7: 6,,7=126 :4~=3=ratio of18+2: 6+2=9:3. 

20. Since any number of ratios to be compounded to-
gether may be expressed as fractions and then compound­
ed by 'the rule for multiplication of fractions (Art. 45, 
Sect. IV.) it follows that :-

When several ratiqs aI'e to be compM",ded together, we may, befm'e 
multiplying the cO'M'fJsf.0nding terms togethe?', cancel any fac/m' tlute is 
common to an a,iteceaent and a consequent. 

EXAMPLE I.-Compound together 4: 17, 34 : 55, 11 : 2, 13: 7, 
and' 21 : 65. . 

OPERATION. EXPLANATION.-17 cancels 17 and 1'e-
J'lI 1 duces 34 to 2 and this 2 cancels 2, the 

5 third consequent; 11 reduces 55 to 5; 13 
reduces 65 to 5 and 7 reduces 21 to 3. 

IiJIiJ The only anteo.edents now ldt are <I and 3 
;2 =4 X S : 5 X 5 which multiplied together make 12, and 
'115 I or the onl~ remaining consequents are 5and 

12 : 25 Ans. ~h:~~~iO ~~~i~~ei~ :~~~!f;:e TI:'~~a~~ 
%13 J compounded of all the given ratios. 

EXAMP.LE 2.-Compouud 
following ratios:­

OPERATION. 

the EXAMPLE 3.-Fiud the ratio 

f3 
;l% 

13 

=9 X 2: 13 
or 

18 : 13 Ans. 

compounded of the following 
ratios :-

OPERATION. 

JI 
;2~ 
;lf. 

f~ 
~;li1 

4 
%'1. 

=1:4 Ans. 
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EXERCISE 80. 

1. Find the ratio compounded of 9 : 16, \!5: 31, 341 : 18 and 48: 
100. Ans. 33 : 8. 

2. Find the ratio compounded of 18: 25, '7 : 9, 11 : 12, and 91: 49. 
Ans. 143 : 150. 

3. Find the ratio compounded of 1 : 2, 2 : 3, 3 : 4, 4·: 5, 5 : 6 and 
7 : 11. Ans. 7: 66. 

4. Find the ratio compounded of 2 : 5, 8 : 11, 14 : 17 and 18'7 : 112. 
Ans. 2: 5. 

5. Find the ratio compounded of 3 : 5, '7 : 9, 11 : 13, 15 : 1'7 and 
19 : 21. Ans. 209 : 663. 

21. If the antecedent of a couplet be equal to the con­
sequent, the ratio is equal to 1 and is called a ratio of 
eq~,ality. 

If the antecedent be greater than the consequent the 
ratio is greater than 1 and is called a ratio of greater ine­
quality. 

If the antecedent be less than the consequent the ratio 
is less than 1, and is called a 1'atio of le88 inequality. 

Thus the ratio of T: T = 1 is a ratio of equaJi ty. 
The ratio of 7: 2 = Sf is a ratio of greater inequality. 
The ratio of 7 14 = t is a ratio of less inequality. 

EXERCISE 81. 

In examples 1-43 of Exercise '79 point out which are ratios of greater 
and which ratios of less inequality. 

22. Ratios m'e compa;'ed with one anotlter by expressing them in 
tlte f01'm of fractions-'l'educing these to their eqltivalent fractio'M 
having a common denominatm' and compm'ing the numerators. . 

Ratios may also be compared by actually dividing the antecedent by 
tlte conseqltcnt and thus asc{;l'taining which gives the greatest quotient. 

NOTll.-The latter method is usually the more convenient. 

EXAMPLE 1.-Which is the greatest and which the least of the fol­
lowing ratios, viz: 3: 4, '7 : 8, and 9 : 10? 

3' 4- ~_.3.D} 
By 1st Rule '7; 8;;;; t;;;;tK Hence 9; 10 is greatest and 3 : 4 

9 . 10-.lL-.3.Ji least. 
, -10-40 

By 2nd Rule '7: 8 = '7+ 8 = '8'75 Hence 9 : 10 IS greatest 
3, 4 = 3+ 4 = '75} . 

9: 10 = 9+10 ='9 and 3 : 4 least. 

EXAMPLE 2.-Compare together the following ratios, '7 : 8, 2 : 3 
and 11 : J 3 aDd 5 : 6. 
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'I 

By 1st Rule 1 ~ 
5 

3= 1=ffi Hence 'I: 8 is the greatest and 8= i=WI>} 
13=tt=Ht 2 : 3 is the least. . 
6= t=H% 

'I: 8= '1+ 8='8'15 } 
2: 3= 2+ 3='6 Hence 'I : 8 is the 

By 2nd Method 11 . 13-11-'-13-'846159 greatest alld 2: 3 
. - . -. " the least. 

5.: 6= 5+ 6='83 

,EXERCISE 82. 

1. Point out which is greatest and which least of the ratios 'I: 4, 
6 : 3, 1'1 : 8, and 11 : 5. 

A ns. 11 : 5 is greatest and 'I : 4 least. 
2. Point out which is greatest and which least of the ratios 16 : 9, 

10 : 3, 'I : 2, and 8 : 3. Ans. 'I: 2 is greatest and 16 : 9 least. 
3. Point out which is greatest and which least of the ratios 'I: 33~ 

11 : 49, 16 : '11, and 21 : 106. 
Ans. 16 : '11 is the greatest and 21 : 106 least. 

23. If the terms of two or more couplets, having the 
same ratio, be added together,. the resulting couplet will 
have the same ratio. 

. Thus, the ratio of 6 : 2=8, the ratio of 21 : 7=3, and the ratio of 33 : 11=3, 
and the ratio 6+21+33 to 2+7 +11, that is, of 60 to 20 is also 3. 

Th~t is, if 6: 2=21 : 7=83: 11, then 6+21+83 : 2+7 +11=6: 2. 

24. If from the terms of any couplet the terms of an­
other couplet having the same ratio be subtracted, then the 
resulting couplet will have the rame ratio. 

Thus, the ratio of 35 to 5 is 7, and the ratio of 14 to 2 Is 7. So also the ratio 
of 85-14: 5-2, that is, of 21: 8 is 7, or, if 35 : 5=14 : 2, then 35-14: 5-2= 
85: 5. 

25. A ratio of greater inequality is diminished by add­
ing the same number to both terms. 

Thus, the ratio of 48 : 8=6. 
The ratio of 48+ 12: 8+ 12 or 60 : 20=3 which is less than ratio 4S : 8. 

26. A ratio of less inequality is increase a by adding 
the same number to both terms. 

Thus, the ratio of 8: 48=~. 
The ratio of 8 + 12: i8 + 12 or 20 : eO=i wllich Is greater than ratio, of 8: 48. 
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PROPORTION. 

27. Proportion is an equality of ratios. 
Thus, the ratios 15: 3 and 25: 5 constitute a proportion, since 15: 8;=,5= 

25: 5. 

I 28. The terms of the two couplets are called propor. 
tionals. 

29. Proportion may be expressed in two ways, 
1st. By placing =, the sign of equality, between the 

ratios. 
2nd. By placing four points, thus: : , between the two 

ratios. 
Thu's, we may expre.s the proportion existing between 15, 3, 25, and 5 by 

15 : 3 = 25 5, or by 15 : 3 : : 25 : 5. 
We read either of them by saying the ratio of 15 to S equals the ratio of 25 

to 5; or simply 15 is to S as 25 is to 5. 
NOTE.-The sign: : is supposed to be derived from =, the sign of equality, 

tbe four point8 being _rely the e0tremiU .. of the lines. 

30. In every proportion there must be four terms, 
since there must be two couplets, and each couplet consists 
of two terms. 

31. When three numbers constitute a proportion, one 
of them is repeated so as to form two terms. 

Thus, if 18, 6, and 2 are proportionals. 
18: 6: : 6 : 2. 
In this case tbe 6, i. e., the term repeated, is ca.lled tbe middle term or 8 

mean proportional between the other two numbers. 
The 2 is called the thiJrd term or a thiJrd prop()T'Uonal to the other two 

numbers. ' 

32. It is important to remember the distinction between ratio 
and pm portion. 

A ratio consists of two terms, an antecedent and a consequent. 
A proportion consists of two couplets 01' four terms. 
One ratio may be greater or less than another 
One proportion cannot be greater or less than another, since 

equality does not admit of degrees. 

33. The outer terms of a proportion are called the ex­
tremes, and the two intermediate ones, the means. 

Thus in the proportion S : 17 : : 21 : 119. 
8 and 119 are the extremes. 
17 and 21 are the means. 

34. If four quantities be proportionals, the product of 
~ extremes is equal to the product of the means. 

, 6: 11 ; : 1~ ; sa. ',l.'1I~1l G x 88 == 11 x l~ 
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This may be established in the following manner :-6 : 11 = T"r and 18 : 33 = 
H, and.ince 6: 11 : : 18: 38,,.,. = H (Art. 27). Now, since multiplying equals by 
the same number does not destroy their equality, if we multiply these fractions 

18 x 11 .. 
by 11 we get 6 = ----s3; and mulbplymg each of these by 83,.we have 6 , 88 = 
18 x 11; but 6 and 83 are the extremes, and 18 and 11 are the means; there· 
fore in any geometrical proportion the prodnct of the extremes equals the pro· 
duct of the means. 

The same fact may be established more generally as 
follows:-

Let a, b, c and d be any four proportionals whatever, 
Thena:b::c:d 

a c 
But a: b = li and c : d = d 

Therefore ~ = i-Multiplying each of these equals by b x d, we have 

a x d = b x c. But a and d are the extremes and band' c are the means, 
T heretore, &c. 

35. This principle then may be considered the test of a geometrical pro· 
portion. If the product of the extremes equals the product of the means, the 
four quantities are proportional; if the products are not equal, the numbers are 
not proportional. 

36. It follows from Art. 34 that:-
1st. If the product of the means be divided by one extreme, the 

quotient will be the other extl·eme. 
2nd. If the p"oduct of the extremes be divided by one mean, the 

quotient will be the other m<Jan. 
and hence, 
3rd. If any three terms of a proportion be given, the fot!rth may 

be found thus: 

lst term = 2nd term x 3rd term 

4th term. 
1st term x 4th term 

2nd term = . 
3rd term. 

ht term x 4th term 
3rd term = 

2nd term. 
2nd term x 3rd term 

4th term = 
1st term. 

EXAMPLE I.-What is the fourth proportional to 7, 11 and 35? 

4th term = 2nd term x 3rd term = 11 x 85 = 55 ..Il n-8. 
1st term. 'I" 

EXAMPLE 2.-The first, second and fourth terms of a proportion 
are 9, 16 and 128. Required the third term. 

. 1st x 4th .9 x 128 
3rd term = ~ ;;;; lr ::; 72 ..Iln8. 



SIMPLE PROPORTiON. tSBCT. V. 

EXERCISE 83. 

1. The second, third and fourth terms of a proportion are 17, 11 
and 93t. What is the first term? Ans. 2. 

2. The first, third and fourth terms of a proportion are 2.1, 63 and 39. 
Required the second term. Ans. 13. 

3. The first three terms of a proportion are 2,3 and 7. What is 
the fourth term? Ans. lOt. 

4. The last three terms of a proportion are 91, 88 and 104. Re-
quired the first term. Ans. 77. 

Find the fourth proportional to 
O. 4 yds. 18 yds. and $96. 
6. 5 lb. 2 lb. and $3'75. 
7. 1 cwt. 215 cwt. and $7'50. 
8. 6 miles, 1 mile and 27 shillings. 
9. 10 lb. 150 lb. and £6 3s. 9d. 

10. 4 days, 27 days and $100. 

Ans. $432. 
Ans. $1'50. 

Ans. $1612'50. 
Ans. 4s. 6d. 

Ans. £92 16s. 3d. 
Ans. $6'75. 

3'1. It will be useful to remember the following properties of a 
Geometrical proportion. As the proofs are given in every common 
work on Algebra, it has not been thought advisable to insert them 
here j a, b, c and d stand for any four proportionaIs whatever. 

If a: b : : c: d Or if 15: 6 : : 10: 4 
Alternately a : c : : b : d 15: 10 : : 6 : 4 
Inversely b:a::d: c 6: 15::4 :10 
By Composition a + b : b : : c + d : Ii 15 + 6 : 6 : : 10 + 4 : 4, or 21 : 6 : : 14 : 4 
By Division a - b : b : : ,,- d : Ii 15 - 6 : 6 : : 10 - 4 : 4, or 9: 6 : : 6 : 4 
By Convel'sion a : a + b : : c: c + Ii 15 '15 + 6 : : 10: 10 + 4, or15 : 21: : 10: 14 

Or a : a - b : : c : c - Ii 15 : 15 - 6 : : 10 : 15 - 4, or 15 : 9 : : 10: 6 

38. Proportion in Arithmetic is usually divided into 
simple, compound and conjoined. 

SIMPLE PROPORTION. 

39. Simple proportion is frequently called t.he Rule of 
Three, because when three terms are given, by means of 
them a fourth may be found. It is also sometimes called 
the Golden Rule from its extensive utility. 

40. EXAMPLE.-If 16 barrels of flour cost $112, what will 129 
barrels cost? 

In this and every other qnestion in Simple Proportion there are two ratios, 
one of which is perfect (i. e. has both terms given) and the other imperfect, and 
from the nature of proportion we know tbat these two ratios must be both of 
the Bame kind, that is, they must be both ratios of greater ine'luaUty or both 
ratios of less 1/nequality. 

Now in the above example, the ratio cf $112 to the answer is a ratio of 
les8 ine'luaUty since it Is evident that, If 16 barrels cost $112, 129 barrels will 
cost more. Therefore the other flltlo l~ "!.so a rlltio Qf IliBq m6f/.UaWlllllld IllU~~ 
lie written 16 : 129. 
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And since the ratios ar.;- equal 
barrels. dollars. 

16: 129 : : 112 : AM. 
112 x 129 

Also (Art. 36) A'IIAl'=-1-6-=$903. 

PlIool'.-Set 903 in the foul~~ fJ~~e~ m~ :903 

and see if the product of eW~9~3~f#11~~~: ~li2~s (Art. 35.) 

209 

From the preceding illustrations and principles we de­
duce for Simple Proportion the following general 

RULE. 

Set the given tel'm of the impeliect ratio in the third place, and 
the letter x, to rep,'esent the answer, in the fourth. 

Then, if, by the nature of the question, the mtio of the third term 
to the answer is a mtio of greate1' inequality, make the remaining 
;'aiio a 'ratio of greater inequality also; b"t if the ratio of the third 
term to the answe1' be a ratio of less inequality, make' the othel' mtio 
a ratio of less ineq"ality also. 

Lastly, (Art. 36,) multiply the second and third terms together, 
divide the prowltct by the fint te1'm, and the quotient will be the an­
swe1' in the same denomination as the third tenn. 

PROOF.-lJ.fultiply the first term and the answer togethm', and, ~f 
the product is equal to the {J1'oduct of the second and thi1'd terms, the 
work is correct. (Art. 35.) 

EXAMPLE l.-If a man can walk 155 miles in 12 days, how many 
miles can he walk in 60 days? 

Here the imperfect ratio is 155 miles to Ill, and, in order to ascertain wheth­
er it is a ratio of greater 01' less inequalit.y, we have merely to ask the following 
simple· question : If a man can walk 155 miles in 12 days, can he walk more 
or les., in 60 days? Evidently more. Therefore the ratio of 155 : III is "ratio 
"f lesB inequality, OT, in other wordB, the antecedent must be the least of the 
twe numbers, and the st~tement is 

days. miles. 
12:60::155:",. 

60x155 . 
Whence the answer, = -~=775 mdes. 

41. Since the second and third terms multiplicd together, consti­
tute a dividend, and the first term is a divisor, it is manifest, from the 
principles of division (Arts. 79-84, Sect. II.), that we may cancel any 
factor that is common to the first term and either of the other terms. 

Thus in the last example we have 12 : 60: : 155; III anil, dividing the first 
and second by 12, we get 1 ; 5, : 135 : '" and 155 x 5=775 An8. 

EXAMPLE 2 . ....:..Jf 96 bushels of wheat cost $128, what will ~5 
bushels cost? 

.As the answer to the question must be in dollars, the imperfect ratio ill 
$128 I Ill, and from the nature of the question, we know that 15 bushels will cost 

o 
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iess than 96 bushels; we therefore place 15, the smaller of the remaining terms, 
in the 8econd plaoe, and the other term, 96, in the jl;rst plaoe. Hence the 
statement is 96 : 15 bushels: : $128·: Ill. 

OPERATION. 
bush. $ Here 32 reduces 96 to 3 and 128 to 4, and 3 

PiS : llii : : ;Z!l~ : z cancels 8 and reduces 15 to 5. 
~ 5 X 4 = $20 Ans. 

The teacher would do well to insist upon his pupils 
performing all questions in Proportion by analysis. 

Thus, to solve the last question. we begin as follows: If 96 bushels cost, 
$128,1 bushel will cost I" of $128, or $1·38j. Then if 1 bushel'cost $1'33j,15 
bushels will cost 15 times as much, which is $20. 

EXAMPLE 3.-If 2'1 men can mow 60 acres of grass in a day, how 
many acres can 93 men ;now? 

OPERATION. 
men. acres. Here the imperfect rstio is 60 : OJ acres, and 

since 93 men will evidently mow more than 27 
men, we make 93 the second term and 27 the 
jl;rst. Hence the statement is 27 : 98 : : 60 : ... 
Then 3 reduces 27 to 9 and 93 to 31, and 3 again 
reduces 9 to 3 and 60 to 20, and the answer is 
equal to 81 multiplied by 20, aud divided by 3. 

~1 : P~ : : iSf! : x 
j1 31 20 
8 

81x20 
---=2061 acres .<ins. 

3 
This question may be performed thus by analysis: 
If 27 men mow 60 Rcres a day, 1 man will mow Ir of 60 acres, or 2~ acrGS; 

18 men will therefore mow 9g +,;,mes ~ acres=206} .tins. 

EXERCISE 84. 

1. If 11 baskets of peaches cost $13'42, what will 5'1 baskets cost? 
Ans. $106'14. 

2. If 28 cords of wood cost $266, whitt will 25 cords cost? 
Ans. $23'1'50. 

3. If a man receives $29'20 for 16 days' work, for how many days 
should he work for $83'60? Ans. 45f~ days. 

4. If 16 bags of potatoes are sold for $12'80, what will 156 bags 
bring? Ans. $124 .. ~0. 

5. If a stick '1 feet long cast 0. shadow of 5 feet, what will be the 
height of a tree which casts a shadow of 112 feet long? 

Ans. 156! feet. 
6. If a stack of hay will feed 2'1 cows for 99 days, how long will it 

feed 55 cows? Ans. 48!- days. 
'1. If 9 bushels of peas sow 5 acres, how many bushels will be re-

quired to sow 48 acres? Ans. 86! bushels. 
8. If 3 men put up '13 percher -;;'l fencing in 2 days, how long will 

they take to put up 803 perclles? .Ans. 22 days. 
9. If 1 '16 pails of maple sap l1.ake 100 lbs. of s~gal', how much sugar 

will 1128 pails make? Ans. 640ft lbs. 
10. If it cost $20'88 to weave HiB yards of cloth, what will it cost tel 

weave 465 yards? Ans. $89'9l/ 
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11. If $16 pay for the carriap;e 'of72 barrels of flour, for the carriage 
of how many barrels will $1278 pay? Ans. 5751 barrels. 

12. If 11 men plough 165 acres in a week, how mauy acres would 3 
men plough in the same time? Ans. 45 acres. 

13. If 4 barrels of flour make 250 four-pound loaves of bread, how 
many such loaves will 67 barrels make? Ans. 4187+ loaves. 

14. If 190 bushels of apples make 16 banels of cider, how many 
barrels of cider will 38 bushels of apples make? 

A ns. 3t barrels. 
H5. If 90 men can build a wall in 12 days, how many men could 

build it in 15 days? , Ans. 72 men. 
16. If 17 days' work pay for two barrels of flour, .fOr how many bar-

rels will 279 days' work pay? Ans. 32H barrels. 
1 '7. If a train travel 27 miles per hour, how ."ar will it travel in 24 

hours? Ans. 648 miles. 
1.8. If 7 cows make 30 Ibs. of butter a week, how much may be ex-

pected from 23 cows? Ans. 984 lbs. 

~:J. If any of the te1-ms contain fmctions 01" mixed numbel's, 
apply the 'rilles in Section TV: 

EXAMPLE I.-If l of a basket of peaches cost t of a dollar, how 
much will iai of a basket of peaches cost? 

OPER.A.TION. 

~: f-[:: t: x. Therefore answer = f x -h -;- t =:n x -h x t = 19H 
cents. 

EXAMPLE 2.-If i\' of a bushel cost rr of a pound, what will U 
of a bushel cost? 

OPERT.AION. 

-h : H : : £-,,,. : x. Therefore answer = li x U -;- -l-tJ = rr x U x \f>. 
= £H· = 11s. 10~d. 

NOTE.-Ifthe first term be a fraction, invert it and connect it to the others 
by the sign of multiplication. 

EXERCISE 85. 

1. If -A; oCa ship cost $9750, what will it cost? Ans. $42000. 
2. How much will t of a yard come to if 1. of a yard cost % of a 

shilling? . Ans. 2~d. 
3. If $7'49 pay for ~ of a ton of coals, what will 8t tons cost? 

Ans. $80'25. 
4. If 5i- yards of broadcloth cost $28'42, what will} of a yard come 

to ? Ans. $2'80. 
5. If H of a dollar pay for t of a bag of apples, for what part of a 

bag will ";0 of a dollar pay? Ans. -il .. -of a bag. 
6. If $100 stock is worth $981., what will $472* stock be worth? 

.A.ns. $467-I2!-
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7. If 17% tons of hay last a certain number of horses 107fy days, 
how many days will 11 H tons last the same number of horses? 

, A11,8. 70m days. 
8. If 22U- cords of wood last as long as 15-13 tons of coal, how many 

cords of wood will last as long as 11 ~H6 tons of coal ? 
.Ans. 16-,28- cords of wood. 

9. If J of t of 3t yards of broadcloth cost t of fr of $4~, what will 
i of t of H of a yard cost? .A11,8. ~¥.r or $0'0669. 

43. When the first and second terms are not of the 
same denomination or contain different denominations-

RULE. 

Rednce Doth to the lowest denomination contained in eithe,', and 
then apply the rule in .A,·t. 40. 

EXAMPLE.-If 11 bushels 2 pks. 1 gal. cost $74, what will 76 
bushels 1 pk. 1 gal. 1 qt. 1 pt. cost? 

OPERATION. 

The Iowust denomina.tion contained in either is pints. \ 
11 bush. 2 pks.l gal.: 76 bush. 1 pk.l gal. 1 qt. 1 pt. :: $74: "'; this reduced 

hecomes 744: 4S91:: $74: ro. 
Ans $74 x 4S91 = $486'47 + 

. 744 
In this example 11 bush. 2 pks. 1 gal. = 744 pints and 76 hush. 1 pk. 1 gal. 

1 qt. 1 pt. = 4S91 pints. 

EXERCISE 86. 

1. What will 37 sq. yds. 4 ft. 120 in. of painting cost, if 9 sq. yds. 2 
ft. cost $3'50? .Ans. $14'245. 

2. How much will 12 lb. 10 oz. of silver come to at $1'25 per oz. ? 
A11,8. $192'50. 

3. If 10 yards of ribbon cost $3'40, what will 3 yds. 2 qrs. cost? 
Ans. $1'19. 

4. If 15 oz. 12 dwt. 16 grs. cost $3'80, what will 13 oz. 14 grs. cost. ? 
. Ans. $3'167; 

5. What will 3 lb. 1 oz. 1I dwt. cost, if 12 lb. 6 oz. 4 dwt. cost 
$600? A11,8. $150. 

6. If a man 'can pump 54 barrels of water in 2 hrs. 46 min. 30 sec., 
in what time will he pump 24 barrels? 

• Ans. 1 h. 14 min. 
7. What will 73 yds. 3 qrs. 2 na. 1 in. of velvet cost, if 3 }'lem. ells 

2 qrs. 1 na. cost £4 17s. 8id.? Ans. £128 6s. 10~!d. 
8. If 4~ oz. avoirdupois cost 8% shillings, what will 8* lbs. cost? 

. A11,8. £13 9s. Old. 
9. In the copy of a work containing 327 pages, a remarka.ble passage 

~ommences at the end of the 156th page. On what page might 
It be expected to begin in a copy containing 400 pages? 

cAns. On the 191st page. 
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10. If the rent of 46 acres, 3 roods, and 14 percJ;les be £100, what 
will be the rent of 35 acres, 2 roods, and 10 perches? 

.Ans. £75 18s. 6HHd. 
11. When A had travelled 68 days at the rate of 12 miles a day, B, 

who had travelled 48 days, overtook him. How many miles a 
day did B travel, allowing both to have started from the same 
place? .Ans. 17. 

12. If 21t shillings pay for 16t lbs. of prunes, how many pounds can 
be bought for 32'1- shillings? .Ans. 24fltfo lbs. 

13. A ton of coal yields about 9000 cubic feet of gas; a street lamp 
consumes about 5, and an argand burner (one in which the air 
passes through the centre of the flame) 4 cubic feet in an hour. 
How many tons of coal would be required to keep 17493 street 
lamps, and 192724 argand burnet'S in shops, &c., lighted for 1000 
hours? \ .Ans. 95373~. 

14. The gas consumed in London requires about 50000 tons of coal 
per annum. For how long a time w0'1ld the gas this quantity 
may be supposed to prodnce (at the rate of 9000 cubic feet per 
ton), keep one argand light, (consuming 4 cubic feet per hour) 
constantly burning? .Ans. 12842 years and 170 days. 

15. Suppose 11270 Ibs. of beef for .a sbip's use were to be cut up in 
pieces of 4 lb., 3 lb., 2 lb., 1 lb., and t lb.-there being an equal 
number of each. How many pieces would there btl of each? 

.Ans. 1073; and 3llb. left. 
16. The sloth does not advance more than 100 yards in a dn. How 

long would it take to crawl from Toronto to Kingston, 'ailowing 
the distance to be 180 miles? 

.Am. 3168 days, or about 8~ years. 
17. Suppose that a greyhound makes 27 springs while a hare makes 

25, and that their springs are of equal length. How many 
springs must the hound make to overtake the hare, if the latter 
has a start of 50 springs? .Ans. 675. 

COMPOUND PROPORTION. 

44. Compound Proportion is an equality between a 
compound ratio aind a simple ratio. 

Thus 7 : 11 compounded with 22 : 21 : : 34 : 51, is a compound ratio. 
Or T x 22 : 11 x 21 : : 3-1 : 51, and applying Art. 40 we have 7 x 22 x 51 = 11 

x21x34. 

46. Compound Proportion is also called the Double 
Rule of Three. It enables us to obtain the answer by a 
single statement, although two or more questions are con­
tained in the question, 
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46. In Compound Proportion there are three or more 
ratios, one of which is imperfect and all the others perfect. 

4'1. Let is be required to solve the following question: If 18 men 
dig a trench 30 yards long, in 24 days, by working 8 hours a day, 
how many men will dig a trench 60 yards long, in 64 days, working 
6 hours a day? 

Let us suppose ·tbe time to be tbe s.me in both C'''''9, and thIs question be. 
comes the same as the following: 

If 13 men dig 30 yartls of trench, how many men will (Jig 60 yards? 
Here it is evident the answer will be the same fraction of18 that 60 yimlsis 

of 30 ya.rds; Of, in other words, the required number of men = ~ of 18 men. 
N ext let us take into account the num ber of days; but Buppose they work 

the same numb,·r of hours per day in both c.ses. 
'1'he question then becomes, if ~1: of 18 IDen require 24 days to dig a trench, 

how many men will dig it in 64 days? 
III tllis c..,e it is plain tbat the aoswer will be the same fraction of ~ of 18 

men that 24 days is of 64 days; that is, the required number of men = ~t of H 
of 18 men. 

Lostly, let us take into co',shleration the time worked each day . 
. 'l'he question then becomes It' ~ of !-X of 18 men dig a tre.nch in a certain 

l1um bel' of days, working 8 hours per day, how many men will dig it working 
ti hOUTS pel' da.y ? . 

In this case the answer is obviously = f of * of g-g of 1S men, or dividing 
- Answer 8 'l 0 

;hese equals by 18, --18- = if x rt x %0. 

Or taking the reciprocals A~ == ~- x H: x 1%. n.swer 

That is the ratio compounded of 6 : 8, 64.24, and 30 : 60 = ratio of 18: An-
30: 60 ~ 

;wer, or, 64 : 24 :: 18 : Answer. 
6: 8 

The aDswer is equal to the continued product of tbe third,term, and all the 
second terms, divided by the continued product of all the first terms. 

From the preceding principles and illustrations, we de· 
dU.u8 the following general 

RULE FOR COMPOUND PROPORTION . 

... "O~aC"" t)~<J,t numbel' which is of the same kind as th~ answer in the 
tl'~I·,Ji,'·rn, an.:l the letter x to j·epresent the answer in the fourth term. 

Then take tke otlte!· numbel·s in ·pail·s, or two of a kind, and ar­
I·ange thw! (0<8 ii". simple propol·tion. 

Finally lIn,!f.ip'1/ to.1ethel· all the ·second terms and the t7til·d term, 
divide the I·esult 0i:' t.'!p. pl'Oduct of the first tel·m, and tlte quotient will 
be the fottrih term (»" answe!· required. . 

. NOTE.-Since the ~hil><3. term and second terms multiplied together 
constitute a dividend, and i;~e tl~st terms multiplied tOg'lt.l"el' a divisor; 
we may (Arts. '79-84, Sect. l~} CS'lcel aD:" f"()t()~~ thA.t ".rf' (,flIPWOI' to 
any of the first terms and to tile ~hh<l te"lli or aJlf~f t.~!! 1i3~'Y):lU t~qc",. 



ARTS. 46, 47.] COMPOUND PROPORTION. 215 

EXAMPLE I.-If 5 compositors, in 16 days, 11 hours long, can 
compose 25 sheets of 24 pages in each sheet, 44 lines in each page, 
and 40 letters in a line; in how many days, each 10 hours long, may 
9 compositors compose a volume, to be printed in the same letter, 
consisting of 36 sheets, 16 pages to a sheet, 50 lines to a page, and 
45 letters to a line? 

STATEMENT. SA.lI!E CANCELLED. 

9 comp.: 5 compo } ~ : fi J 10 hours : 11 hours. .IlJ: .r.r 
25 sheets : 36 sheets. days. :;lfi : ;fl'~ 
24 ~ages : 16 ~ages. :: 16 : x .!.I;lif: .II'.If! 
44 hnes : 50 hnes. )f;lf!il)f : filJ;rf>~ 
40 letters : 45 letters. iff! : iff> 

4 

: : .II': x. 

Ans. 3 x4=12 
days. 

EXPLANATION.-The imperfect ratio is that of 16 days to an unknown num­
her of days. We placo this ratio to the right-hand side, as in Simple Propor­
tion. Now we compare each pair of terms with this ratio, in order to decide 
whether they constitute a ratio of greater 01' less inequality. Thna, if 5 com­
positors require 16 days, will 9 compositors require more or less? Evidently 
less; therefore it is a ratio of greater inequality, and we must write it 9: 5. 
Next, ifl! hours to the day require 16 day;, will 10 hours to the day require 
more or less?-more; therefore we must write 10: 11. Next, if 25 sheets re­
quire 16 days, will 36 sheets require ~ore 01' less ?-more; therefore we write 
25: 36. Next, if 44 lines to a pa~e requit·c 16 days, will 50 lines to a page re­
quire more or less ?-more; therefore we write 44: 50. Lastly, if 40 letters to 
a °line require 16 days, will 45 letters to a line require mOl'e or less Y-more; 
therefore we write 40 : 45. 

The statement is now complete, and we cancel as follows: 5 cancels 5, the 
first consequent1 and rednces 25, the thiru autecedent, to 5, and 5 cancels this 5, 
and reduces 50, the fifth oonsequent, to ]0, and 10 cancels this 10 and 10, the 
second antecedent. Again, 9 cancels the first antecedent and reduces 36, the 
third consequent, to 4, amI 4 cancels this 4 and reduces 44, the fifth antecedent, 
to 11, and 11 cancels this 11 and 11, the second consequent. Again, 8 reduces 
24 to 3 and 16 to 2, 3 cancels this 3 and reduces 45 to 15. 2 cancels the 2 re­
sulting from the 16 mid reduces 40 to 20, and 5 rednces this 20 to 4 an~ the 15 
resulting from dfj to 8. Lastly, 4 cancels this 4 and reduces 16, the third term, 
to 4. There remain hut 3 and 4 which multiplied together make 12. An8. 

EXAMPLE 2.-If 24 men can saw 90 cords of wood in 6 days when 
the days are 9 hours long, how many cords can 8 men saw in 36 days, 
when they are 12 hours long? 

STATEMENT. SAME CANCELLED. 

]I: .2} 10 cords. ;lil . ~ I' : : ~fJ : x. 
: : 90 : x. I' : ~~ Ans. 10 x 2 x 12 = 

~ : 12 240 cords. 

24 men 8 men. } 
6 days 36 days. 
9 hours : 12 hours. 

Here the imperfect ratio is 90 : Ana. If 24 men saw 90 cords, will 8 men 
saw more or less ?-less; therefore it is a ratio of greater ineqnality, a.nd we 
write 24: 8. Next, if 6 days saw 90 cords of wood, will 36 days saw more or 
less ?-more; therefore it is a ratio ofless inequality, and we write 6 : 36. Last­
ly, if 9 hours per day saw 90 cords, will 12 honrs per day saw more or less 1-
more; tberefore it is a ratio of less inequality, and we write 9 : 12. 
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EXaMPLE 3.-If 248 men, in 5i- days, of 11 hours .each, dig a 
trench of 7 degrees of hardness, 232i- yards long, 3i wide, and 2f' 
deep; in how many days, of 9 hours long, will 24 men dig a trench 
of 4 degrees of hardness, 337+ yards IOJig, 5! wide, and 31 deep? 

STATEMENT. 

24 : 248 men. ) 9 ,11 hours. 
7 : 4 degrees. . . . 

232~ : fl3T~ yds. long. . . 5t days . .ins. or, 
3} : 51 yd •. wide. 
2! : 3t yds deep. 

The answer will be (!/.fax If x t x .6f6. x ¥ x i x .It )+(-\1. X txt 
x~x1fd) . 

=Ji.p. x It x t x lip X ¥ x t X \1. X h x txt x :.t. x -r-i x t. 

CANCELLED. 

J.13 
~ :z lpl 4 

iil}l~:Z:Z ]l %lpl f~ 1 11 1 1 l· 7 ;l 3 
-X-X-X-. x-x-x-x-x-x-x-x-x-

1 1 1 7 pi 7 7 7}! i1 li }!%f) :z:z 'J 
=4x3x11=132 days. ;l ill 

EXERCISE 87. 

1. If 120 bushels of corn last 14 horses 56 days, how many days will 
90 bushels last 6 horses? Ans. 98 days. 

2. If a wall of 28 feet high were built in 15 days by 63 men, how 
many men would build a wall 32 feet high in 8 days? 

, Ans. 135 men. 
3. If 1 lb. of thread make 3 yards of linen of Ii yards wide, how 

many pounds of thread would be required to make a piece of 
linen of 45 yards long and 1 yard wide? Ans. 121b. 

4. If 3 lb. of worsted make 10 yards of stuff of It yards broad, how 
many pounds would make a piece 100 yards long and Ii broad? 

Ans. 251b. 
5. If 12 horses in 5 days draw 44 tons of stones, how many horses 

would draw 132 tons the same distance in 18 days? . 
Ans. 10 horses. 

6. If 27s. are the wages of 4 men for 7 days, what will be the wages 
of 14 men for 10 days? Ans. £6 1.58. 

7. 3 masters, who have each 8 apprentices, earn $144 in 5 weeks­
each consisting of 6 working days. How much would 5 masters, 
each having 10 apprentices, earn in 8 weeks, working 5! days 
per week-the wages being in both cases the same? 

AZ/,s. $440. 
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8. If 6 shoemakers, jn 4 weeks, make 36 pair of i:nen's and 24 pair 
of women's shoes, how many pair of each kind would 18 shoe­
makers make in 5 weeks? 

Ans. 135 pair of men's and 90 pair of women's shoes. 
9. A wall is to be built of the height of 27 feet; and 9 feet high of 

10. 

11. 

12. 

13. 

u. 

15. 

it are built by 12 men in 6 daYB. How many men must be em­
ployed to finish the remainder in 4 days?' Ans. 3G. 
If a footman travels 130 miles in 3 days, when the days are 14 
hours-long, in how many days of 7 hours each will he travel 390 
miles?' Ans. 18. 
If the price of 10 oz. of bread, when the flour is Is. 10·}d. per 
stone, is 1d., what must be paid for 31b. 12 oz. when the !lout' is 
2s. 6d. per stone? Ans. 8d. 
If 5 compositors in 16 days of 14 hours long, can compose 20 
sheets of 24 pages in each sheet, 50 lines in a page, and 40 let-
ters in a line, in how many days of 7 hours long may 10 com­
positors compose a volume to be prillted in the same letter, eon­
taining 40 sheets, 16 pages in a sheet, 60 lines in a page, aud 50 
letters in a line? Ans. 32 days. 
If 336 men, in 5 days of ten hours each, dig a trench of 5 de­
grees of hardness, 70 yards long, 3 wide, and 2 deep, what 
length of trench of 6 degrees of hardness, 5 yards wide, and 3 
deep, may be dug by 240 men in 9 days of 12 hours eaeh? 

A ns. 36 yards. 
If a pasture of 16 acres will feed 6 horses for 4 months, how 
many acres will feed 12 horses for 9 months? Ans. 72 acres. 
If 25 persons consume 300 bushels of corn in one year, how 
much will 139 persons consume in 7 years at the same rate? 

Ans. 11676 bushels. 
16. If 32 men build It wall 36 fce~long, 8 feet high, and 4 feet wide, 

in 4 days, in what time will 48 men build a wall 864 feet long, 5 
feet high, and 3 feet wide? Ans. 30 days. 

17. If a regiment of 679 soldiers consume '702 bushels of wheat in 336 
days, how mauy bushels will an army of 22407 soldiers consume 
in 112 days? Ans. '7'722 bushels. 

18. If 12 tailors in 2'7 days can finish 13 suits of clothes, how many 
tailors in 19 days of the same length can finish the clothes of a 
regiment of soldiel's consisting of 494 men? 

19. 

20. 

Ans. 648 tailors. 
If 1'7 head of cattle consume 5 acres 2 roods 10 perches of pas­
ture in 30 days, how many acres would be consumed by 40 head 
in 51 days? Ans. 22 acres 1 rood. 
If 180 bricks, 8 inches long, and 2 wide, are required for a walk 
20 feet long, and 6 feet wide, how many bricks will be requireu. 
for a walk 100 feet long and 4 feet wide? 

Ans. 600 bricks. 
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CONJOINED PROPORTION. 

48. Conjoined Proportion is akind of Compound Pro­
portion, in which the ratio of one of the terms to its corre­
sponding term i:;; made to depend on equivalencies among 
the intermediate terms of the proportion. 

4e. Conjoined Proportion is sometimes called the 
Chain Rule from the peculiar manner in which the differ. 
ent pairs of terms are linked, as it were, together. It reo 
lates principally to exchanges between different countries, 
in respect to specie, weights, and measures, but is applica­
ble to common business transactions. 

50. EXAMPLE l.-Suppos,e 'T yards of velvet in Toronto cost as 
much as 9 in Montreal, and 16 in Montreal as much as 24 in Paris, 
how many yards in Toronto will cost as much as 54 in Paris? 

EXPLANATION.-This question may be stated lIS a problem in Componnd 
Proportioll as follows: 

Tbe imperfect ratio is 7 yards Toronto 'to an nnknown 
9: 16} .. 7' '" nnmber of yards Toronto. Then, if9 yards Montreal pay for 

24: 54 .., 7 yards 1'oronto, will 16 yards pay for more or less I-more; 
, tborefore we write 9: 16. Next, if 24 yards Paris pay for,.' 

certain number (16;7) yards Toronto, will 54 yards Paris pay for more or 

les.l-more; therefore we write the ratio 24: 54. Now (Art. 47) the answer 
16X54X1 

=---; and it is evident tbat we may consider all the factors of the nn-
9X24 

merator as antecedents, and all the factors of the denominator as consequents, 
and then make the statement thus: 

STATEMENT. 

'T yds. Toronto = 9 yds. Montreal. 
16 " Montreal = 24 " Paris. 
54 " Paris x " Toronto. 

Since the left-hand numbers constitute a dividend"and the right·hand num­
bers a divisor, we may cancel factors that are common. Merely writing the 
numbers and doing this we have-

SAME CANCELLED. 

4 ,I~ ~ ~4]1 
f1l 13]1 = x = 4 X 'T = 28 yds. .Ans. 

From the preceding principles and illustrations we de­
duce th!i following: 
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RULE FOR CONJOINED PROPORTION. 

Write the equivalent terms, as they occur, right and left of the 
8ign of equality, taking care that terms of the same name shall always 
be on opposite sides_ 

M1!ltiply all the telms on the same side as tlte odd term for a divi­
dend and all on the othel' side for a divisor. The quotient will be the 
required term. 

EXAMPLE 2.-If' 25 sheep eat as much hay as 19 goats, and 33 
goats as much as 10 cows, and 38 cows as much as 22 horses, how 
many horses will eat as much as 60 sheep? 

STATEMENT. SAME CANCELLEl>. 

25 sheep = 19 goats} Or writing the J Iii "Iii - ;rlJ 
33 goats =10 cows numbers merely, ~ ~i = '; 2 
,18 COWB =22 horses cancelling and ap- L7 $~ =~)J 4 

x horses=60 sheep plying the:: rule. x ~ %p7l'l 

Ans. 4 x 2=8 horses. 
Here, since the term 25 sheep is on the left-hand side, we put the odd 

term, 60 sheep, on the right~hand Hide. 
N OTE.-The sign = in such questions, merely means equal in -value, 0):' 

equal in time, or eq nal in 8.tfect, &c. 

EXAMPLE 3.-If 19 Ibs. of tea in Guelph cost as much as 20 lbs. 
in Hamilton, and 7 in Hamilton as much as 9} lbs. in Quebec, and 
30 lbs. in Quebe(' as much as 29! lbs. in Boston, and 8;!- lbs. in Bos­
ton as much as 5t Ibs. in London, and 10 lbs. in Londou as much as 
57 lbs. in Hong Kong; how many Ibs. in Hong Kong are worth 100 
Ibs. in Guelph? 

STATEMENT. SAME CANCELLED. 

19 Guelph =20 Hamilton 1 10 
7 Hamilton =9} Quebec ;rlJ=7l'l 

30 Quebec =29! Boston 1f=9} 
8!- Boston =5!- London ~ ~~=iW! )It 
10 London =57 Hong Kong 9l~=5i ;fjJ 
x lIang Kong= 100 Guelph J ;rl'l=fJlf ~Il'l 

x=;rp~ 
Ans. 10 x 9! x 5~=506% Ibs. 

EXERCISE 88. 

1. If 17 cords of wood are equivalent to 116 Ibs. of tea, and 87 lb~, 
of tea to 23 barrels of flour, and 19 barrels of flour to 34 day~' 
work, and 92 days' work to 57 baskets of peaches, and 31 baskets 
of peaches to 24 dollars, and 12 dollars to 2 tons of coal; how 
many cords of wood may be purchased for 35 tons of coal? 

Ans. 135t. 
2. If 6 Ibs. of tea are worth 29 lbs. of sugar, and 17 Ibs. of sugar pay 

for 1 bushel of wheat, and 27 bushels of wheat are equivalent 
to 4 tons of Qoal, and M tODIl of coal purcbase 15 cows, and ~ 
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cows cost $1160 i how many pounds of tea can be purchased for 
$20 ? Ans. 26Wu. 

3. If 11 bushels of barley pay for 21 bushels of potatoes, and 19 
bushels of potatoes for 29 bushels of oats, and 115 bushels of 
oats for 44 bushels of wheat, and 14t bushels of wheat for 38 
bushels of peas, and 60 bushels of peas for 55 bushels of rye, 
and 75 bushels of rye for 11 t bnshels of clover seed; for how 
many bushels of barley will 36 bushels of clover seed pay? 

Ans. 87ft, 
4. If 16 baskets of pears pay for 29 turkeys, and 17 turkeys for 1, 

days' work, and 7t days' work for 187 loaves of bread, and 3t 
loa ,es of bread cost as much as 4 lbs. of veal, and veal is 11 
cents per pound, and $7'92 pay for 63 lbs. of sugar i how many 
pounds of sugar will 21 baskets of pears purchase? Ans. 404t. 

5. Suppose A can do as much work in 7 days as B can in 11 days, 
and B as much in 5 days as C can in 8 days, and C as much in 
15 days as D can in 21 days, and D as much in 11 days as E can 
in 5 days; in how many days would A do as much work as E 
can do in 42 days? Am. 26t. 

6. If '1 barrels of flour pay for 23 cords of wood, and 6 cords of wood 
pay for 11 cwt. of beef, and 46 cwt. of beef cost £28, and £71 
pay for 9 sheep, and 5 sheep are worth .as much as 8 tons of 
coal; how many barrels of flour may be purchased for 9 tons of 
coal? - Ans. 1St. 

7. If 15s. in N. England be the same in value as 20s. in N. York, and 
24s. in N. York the Same as 228. 6d. in N. Jersey, and 30s. in,N, 
Jersey the same as 20s. in Canada; how many pounds in N. 
England are the same in value as £240 "Is. 6d. in Canada? 

Ans. £288 9s. 

'QUESTIONS TO BE ANSWERED BY THE PUPIL. 

NOTE,-The nwrnbersjoUowing the questions reffA' to the nwrnbe1'ed MU­
des of the secUon. 
1. In how many ways may oue number be compared with another with reo 

spect to magnitude? (1) 
2. What is mtio ?, (2) 
8. Wbat is tbe difference between the Geometrical and the Arithmetical ratio 

of numbers? (3) 
4. How many ways have we of expressing the ratio of one number to anoth· 

er? (4) 
5. Between what kind of quantities only can ratio exist? (5) , 
6. When are quantities said to be of the sallie kind? \6~ 
7. What is a conplet? (7) 
8. What is tbe autecedent ?-the consequent? (8) 
9. How many kinds of ratio are there? (9) 

10. What is a direct ratio? (10) , 
11. Wbat is an iuverse ratio? (11) 
12. What is the reciprocal of a quantity? (13) 
18. Wbat is a reciprocal ratio? (12) 
14. How is the reciprocal ratio of two numbers expressed? (14) 
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15. Show that "reciprocal ratio" and "inverse ratio" are interchangeable 
terms. (12) 

16. What is a simple ratio? (1il) 
17. What is a compound ratio I (16) 
18. Since a compouDiI ratio does not differ in nature from a simple ratio, why 

is the term used 1 (17) 
19. How are ratios compounded together 1 (18) 
20. How does multiplying the antecedent or dividing the consequent of a coup­

let by any number, affect the ratio? (19) 
21. How does dividing the antecedent or multiplying the consequent of a coup­

let by any number, affect tho ratio? Wby? (19) 
22. How does mUltiplying or dividing both antecedent and consequent of a 

cou plet by any number, affect the ratio? Why? (19) 
23. How does it happen that we may cancel any factors common to an antece~ 

dent and a consequent, before compounding ratios together? (20) 
24.. When is a ratio called a 'ratio ~f equalifAJ 1 (21) 
25. When is a ratio called a ratio of gf'eater inequality r (21) 
26. When is a ratio called a TaUa of les8 inequality? (21) 
27. How are ratios compared with one another? (22) 
28. When equal ratios are added together, what is the nature of the resulting 

ratio? (2.3) 
29. What effect has adding the same numher to both terms of a ratio 1 (25 and 

26) 
30. What i8 Proportion? (27) 
31. What are the terms of the two equal ratios called? (28) 
8~. lIow many ways are there of expressing Proportion 1 (29) 
83. What is the supposed deri .. ation of the sign! !? (29-Note) 
84. How many term8 mnst there be in every proportion? (80) 
85. When three nwmbers constitute a proportion, what is the repeated term 

called? What is the last term called? (81) 
36. Point out the distinctions between ratio and proportion. (32) 
37. What are ~'eootTe/nu~8" and "means" t (33) 
88. Prove that if four quantities are proportional, the product of the extremes 

is equal to the product of the means. (34) 
39. What is the test of geometrical ratio? (35) 
40. Deduce from this principle a rule for finding any ODe of the terms when the 

other three are giveIl. (86) 
41. If r : w : : '" : y, what does the proportion become? 1st, by composition; 

2nd, alternately; 3rd, by convel'sion; 4th, by division; 5th, inversely .. 
(37) 

42. What are the diferent kinds of Proportion? (38) . 
48. What other names has Simple Proportion? Why 80 called? (39) 
44. Give the rule for making the statement in Simple Proportion. (40) 
45. Give the rule for finding the unknown quantity after the statement is 

made. (40) 
46. Show that we may cancel any factors that are common to the first term and 

either of the others, before applying the rule. (41) 
47. If any of the terms contain fractions, what is done? (42) 
48. If the first and second terms are not of the same denomination, what is the 

rule? (48) 
49. What is Compound Proportion? (44) 
50. What other name has Compound Proportion? (45) 
51. How many ratios are there in Compound Proportion, and how many of them 

are perfect? (46) 
52. In stating a question in Compound Proportion, what do you make the third 

term? (47) 
53. How do you know whether the other ratios are ratios of greatcr or lcss in­

equality? (47) 
54. Whcn tbe statement is made, how is the answer obtained? (47) 
55. Show that before applying the rule we may cancel any factors, that are 

common to any of the first terms, and to the second and third terms. (47 
-Note) 
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56. What is Conjoined Proportion? (48) 
57. Why is it sometimes caUed the Chain Rnle? (49) 
58. Give the ruleior Conjoined Proportion. (50) 
59. In what sense is the sign == taken in these statements? (50) 

EXERCISE 89. 

MISCELLANEOUS EXERCISE. 

(On preceding Rules.) 

[BECT. y, 

1. What is the ratio compounded of the ratios 7 : 8, 17 : 11, 23 : 29, 
319: 119, and 16: 69? ' 

2. Reduce £119 16s. 6td. to dollars and cents. 
3. How many days are there from 12th March to the 17th of the 

following February? ' 
4. Compare togetber the following ratios, and point out which is 

greatest and which least, 9 : 13, 21 : 27, 7 : 10, and 11 : 15. 

O. From 76'23478 take 19·134229i. 
6. Multiply 71324t undenary by 23421 quinary and divide the reo 

suIt by t4e7 duodenary. Give the answer in each scale. , 
7. If 0'63 cubic inches of water weigh 3'254 ounces avoirdupoiS;' 

what will be the weight of 7'9 cubic inches of nitric acid havirig 
a specific gravity of 1'220? 

8. Divide 63 yds. 3 qrs.. 2 na. 1 in. of ribbon equally among 17 
persons. 

9. What is the value of '!H3625 of an acre at 6J cents per sq. yard? 

10. Multiply t of t of i of 20 bushels by '5 x '6 x t. 
11. Of the ratios 6: 7, 17: 8, 23: 11, and 88: 176, point out (I) 

which is the greatest, (2) which is the least, (3) which are ratios 
ef greater inequality, (4) which are ratios of less inequality, (5) 
what is the ratio compounded of these ratios. 

12. Tina population in Canada in 1851 was 1842265, and in 1857 it 
was estimated at 2571437. What was the rate per cent. of 
i.ll.crease? 

13. From one-half of two-thirds of eighteen twenty-ninths subtract 
one-eighth of two-thirds of five-sevenths. 

14. Deduct 7 per cent. from 11 feet. 
15. What is the value of79 lbs. of tea at £'00163 per ounce? 
16. If 3 men in 2t days, working 12 hours a day, can cradle a field 

of wheat containing 20 acres, in how many days can 4 men, 
working 10 hours a day, cradle a field of wheat containing 35 
acres? / . . 

17. Find the value of (t of ft x '02 x ·456)+(H of ~ oft of 51). 
18. A certain nu~ber is ~ivided by 5, the result is divided by if this 

result by V, and thiS last resuU by t. The last quotient is 2; 
what was the original number? 
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19. If 50 barrels of Bour in Toronto are worth 125 yards of cloth in 
New York, and 80 yards of cloth in New York 6 bales of cotton 
in Charleston, and 13 bales of cotton in Charleston 3t hogs­
heads of sngar in New Orleans i how many hogsheads of sugar 
in New Orleans are worth 1000 barrels of Hour in l'oronto ? 

~O. Multiply 73'47 by '0063, and divide the result by 17·~345. 
~ 1. Reduce 2 roods 7 per. 4 yds. 3 ft. 117 in. to the decimal of 7 

acrcs. 
9'3. Deduct '73 of 11 furlongs from ~ of t of t of 70 miles. 
~J . .!!'rom 274312 nonary take 1101011010 binary, and multiply the 

result by 5555 septenary. Gi \" J the answer in all three scales. 
24. Find the I. c. m. of 44, 275, 18, 190, 209, and 225. 
25. If 60 men in 6 weeks of 5 working days, of 10 hours each, build 

an embankment 800 yards in length, 18 feet in mean breadth 
and 11 ft. in mean height, how many men will make an em­
nankment 8742 feet 10llg, 20 feet wide and 8 ft. high, in 10 
weeks, of 6 days each, and eleven working hours to each day ~ 

26. How many divisors has the number 1720002 

27. ?{ultiply 42'7 by 9'7123. 
28. Deduct 27 per cent .. from :11;73'42. 
29. What are all the divisors of 6300 ? 
30. If ~ of t of 3t lbs. of coffee cost r of ~ of it of -} of a dollar, 

what will t of '7 of '6 of H- of 90 lbs. cost? 
31. If $2739'18 be divided among 7 men, 2 women, and 11 children, 

so that each child shall have t of a woman's share, and each 
woman -lr of a man's share, what will be the amount received 
by each? 

32. What is the reciprocal ratio of t : l,}. i the direct ratio of 93 : 17, 
and the inverse ratio of f of i ? 

33. Add together t of 6t yards, t of -+ of 81 ft., and t of 12r of 71~ 
inches. 

34. What is the ratio compounded of 23 : 7, 4 : 11, 6 : 5, 13 : 11-h 
and 38t : 3? 

35 . .A pint contains 9000 grains of barley, and each grain is one third 
of an inch long. How far would the grains in 23 bush. 2 pks. 
1 gal. 1 qt. 1 pt. reach if placed one after another? 

36. Reduce -N-I'rh to its lowest terms. 
37. Add together t, t, t, and ~ in the octenary scale. 
38. If 17 sheep eat as much grass as 6 cows, and 26 cows require 

27t acres, and 12 acres supply 13 horses, and 11 horses eat as 
much as 28 goats, how many goats will eat as m)lch as 68 sheep? 

39. Suppose that 50 men, by working 5 hours each day, can dig, in 
,54 days, 24 cellars, which are each 36 feet long, 21 feet wide, 

and 10 feet deep, how many men would be required to dig, in 
27 days, 18 cellars, which are each 48 feet long, 28 feet wide, 
and 9 feet deep.-~~ ~ ~" :3 hours each day? 
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SEOTION VI. 

PRACTICE. 

1. Frac~ice is EO called from its being the method of 
calculation pra.ctised by mercantile men; it is an abridged 
mode of performing processes dependent on the Rule ot 
Three-particularly when one of the terms is unity. 

The stat6ment of a question in practice, in general terms, would be­

One quantity oj goods: another quantity oj goods: : price oj jl)rmer : price oj 
latter. 

2. The simplification of the Rule of Three by means of 
practice, is principally effected, either by dividing the 
given q~tantity into" parts," and finding the sum of the 
price,S of these parts; or by dividing ths price into" parts," 
and finding the sum of the prices of each of these parts; 
in either case, as is evident, we obtain the required price. 

3. An Aliquot Part is an exact or even part. 

Thus, 2 shillings is an aliquot part of a pound; 12t cents is an aliquot part 
of • dollar; 6 months, 4 months, 8 montl.s, 2 months, 1i months are aliquot 
parts of a year, &c. 

TABLE OF ALIQUOT PARTS. 

Parts of $1. Parts of a I Parts of a IpaTts of £1. Parts of Parte of R cwt.* I 
year. month. ls. of 112 Ibe. 

----
50 cts. = > 6 m'ths= i l15 dny= t lOs = t 6d = t 561b = t 
38k = l4 = -pO = ~, 6sSd = -k4d= k2SIb = t 
25 = t 3 = t 7t = t, 5s = t 3d = t 16 Ib = t, 
20 = '1'2 = i 6 = l 4s = I; 2d = "Hlb = t 
16~ = >11t = t 5 = ltl8S 4d = .pi = i SIb =-h 
12, =,11 =~; 8 = fo 2s 6cI = t 1d = i. 7lb = i. 
10 = T"u 2 = lr: 2s = .f!o parts of a qr. 

8!- = <2 1 = /011 Is 8d = -0/2 of 2B lbs. 
6t = YO 1s 40 = ~, 14lb = i 
5 =.f. 1 1s3d =* 71b = t i ~ .;. 1s =.'. Silb = t 

.. 1tlb = rtr 

* Although we allow but 100 lbs. to the cwt. in Canada, it is often neces· 
sary to make calculations with the old owt. of 112 lbs. This arises from the 
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EXAMPLE 1.-Find the price of 2783 yards of silk at $S'87t per 
yard. 

OPERATION. 
25 e. t 2783 The cost of 2783 yardB at $8'37t=cost at $8 +cost at Sn 

8 cents. 
2783 yOB. at $3 comes to 3 times as much as at $1; i. e., 

8349 to 8 times $2783, or $8349. B7! cW. equals 25 ets. + 12t cents, 
12t c. t 695'75 hence, 2783 ydB. at 87t cents=price at 25 cents + price at lzt 

347'87t cents. 
-- Since 2783 yardB at $1 colne to $Z783, and 25 cents=t of 

..I!n8. $9B92'62t a dollar; 2788 yal'ds at 25 cents come to t of $2783, i. e., to 
$695'75. Again, because 2783 yards at 25 cents come to 

$695'75 and 12t cents equals ~ of 25 cents, 2783 yaras at 12t cents would come to 
t of $695'75; i. e., to $347·87t. 

Then 2783 yards at $3'3Tt=price at$S + price at 25 cents+prlce at 12t cents 
=$8-349 + $695'75 + $347 ·87t=$9392·62t. 

EXAMPLE 2.-What is the cost of 972 oz. of gold dust at £3 148. 
Sid. per oz. ? 

lOs. t 

8s.4d. t 
lOd. t 
M. t 

ltd. t 

OPERATION. 

972 
3 

£2916 
486 
162 

40 lOB. 
20 5 
5 13d. 

= cost at £3 0 0 
= cost at 0 10 0 
= cost at 0 3 4 
= cost at 0 010 
= cost at 0 0 5 
= cost at 0 0 1t 

£8629 16 8 =cost at £3 14 81 

EXAMPLE S.-Find the price of 729 days' work at £1 78. lid. per 
day. 

OPERATION. 

ed'l Z I £729 0 0 "" price at £1 0 0 lB. Sd. * 182 1\ 0 = price at 0 5 0 
M. t 60 15 0 = price at 0 1 8 
ta. I.. 15 8 9 = price at 0 0 1\ 

15 2t= pl'ice at 0 0 Ol -----------
£987 18 llt=price at £1 7 1i 

EXAMPLE 4.-What is the cost of 624 bush. 1 pk. 1 gal. 8 qt. of 
'Wheat at $2'87t per bushel? 

50 cts. t 

25 ctB. t 
12t cts. t 

OPERATION. 

624 
2 

$124S ::::: price of 624 bush. at $2'00 
812 = price .. .. at 50 
156 = price " "at 25 
78 = price "at 12;: 

$1794 = price of 624 bnBh. at $2'87t 

fact that the latter Is still in comolOD use in Great Britain, Beveral of the Statea 
of the American UnloD; &0. The aliquot pa~\8 ot the DeW owt. of lOQ lba. aro 
tile samo ae the aliquot parts of $1. p 
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1 pit. t $2'8'j} '" l>r!ea of 1 bush. 

19a1. i 
2 qt. t 
1 qt. t 

'71~ = l>rice of 1 pk. 
'35t~ = price ofl gal. 
'17H = pr!ee of 2 qt. 
'08~i = prlCe of! qt. 

$1'~ = price ofl pit. 1 gal. S qt. 

[SOOT. Vi. 

Then *1794 = price of 624 bushels at $2'87i per busbel, 
1'~ = price ofl pk. 1 gal. 8 qt. at $2'87t per bush. 

$1795'3~ '" price of 624 busb. 1 pk. 1 ga.!. 8 qt. at $2'87t per bUB!.. 

EXAMPLE 5.-What is the price of 96 acres 1 rood 14t per. at 
£'7 lIs. 5id. per acre? 

lOa. t 96 
7 

la.3d. t 
ltd. YO 

fd. t 

£672 0 = price of 96 acres at ~r 0 0 
48 0 = U U H at 0 10 0 
60=" .. tOlS 
12=" .""atOOH 
6=H ""atOGOt 

£726 18 = price of 96 acres at £7 11 lit 

1 rood i £7 11 5i 

10 per. t 
4 per. "'::0 
t per. , 

1 17 10t+t = price ofl rood. 
9 5t+t\r = price oflO perches. 
8 9t+.... = price of 4 perches. 

5t + i* = price of t perch. 

£211 7 + .. kf. = price ofl rd. 14t per. nt £711s. &d. per all. 
£726 18 = price of 96 acres. 

An8 . .£729 9s. 7d. +..l-. f. = price of96 acres 1 rood 14t per. 

EXAMPLE 6.-What is the cost of 964ti square yards of plastlll' 
ing at 22t cents per square yard P 

20 efe. '\! I 
2t eta. t 

964 

$192'80 = cost of 984 yds. at 20 cte. 
24'10 = cast of 964 yds. at 2t cts. 

$216'90 = cost of 964 yds. lit 22t cte. 
'16t = cost of H of a yd. at 22t ets. 

~~ x 11 = 1st cents. 
115 ' 

.4118. $217'06+ = cost of 964jJ yda. at 22t eta. per '18-
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EXERCISE 90. 
1. Required the value of 92647 Ibs. of tea at 35 cents per lb. 

Ans. $32426'45. 
2. What is the cost of 94937 pails at IS. 5d. each? 

Ans. £6723 14s. ld. 
3. What is the worth of 95972 boxes at 7t cents? Ans. $7197'90. 
4. What is the cost of 62 acres at $28'80 per acre? Ans. $1785'60. 
5. Find the price of 2310 Ibs. at 32t cents per lb. Ans. $750'75. 
6. Find the price of 2117 bags at 3n cents 'each. Ans. $793·87t. 
7. Find the price of 7506 pair of shoes at Is. 9!d. a pak 

Ans. £680 4s. 7 id. 
8. What is the value of 1217 Ibs. of coffee at In cents per Ib? 

Ans. $212·97t. 
9. Find the price of 2103 cords of wood at $3'0n per cord. 

Ans. $6466·72t. 
10. What is the cost of 2096 oz. of gold dust at £3 18s. 10td. per oz. ? 

Ans. £8266 2s. Od. 
11. Required the value of 6, oz. 18 dwt. 20 grs. of silver at $1'55 per 

oz. Ans. 10·75~t. 
12. What is the cost of 98 yds. 3 qrs. 1 na. of cloth at £1 15s. per 

yard? Ans. £172 18s. 5td. 
13. What is the rent of 344 acres 3 roods 15 per. at £4 Is. Id. per 

acre? Ans. £1398 Is. OH-d. 
14. What is the price of 5 oz. 6 dwt. 17 grs. of mercury at 5s. 10d. 

per oz. ? Ans. £1 118. IH-d. 
15. Find the price of 4 yards 2 qrs. 3 hails of satin at £1 2s. 4d. per 

yard. Ans. £5 4s. 8id. 
16. Find the price of 32 acres 1 rood 14 perches at £1 16s. per acre. 

Ans. £58 4s. ltd. 
17. Find the price of 3 gals. {) pts. of spirits of wine at 7s. 6d. per 

gallon. Ans. £1 7s. 2:ld. 
18. How much will 724 bushels of apples come to at $1'67 ~ per 

'bushel? Ans. $1212'70. 
19. What is the cost of 721 bush. of wheat at $1'93t per bush. ? 

Ans. $1396·93t. 
20. What is the cost of 4514 rods of fencing at £2 17s. 7td. per rod? 

Ans. £13005 19s. Sd. 
21. What is the price of 3749t acres at £3 15s. 6d. per acre? . 

Ans. £14153 17s. 9~d . 

.Allowing 112 lbs to the cwt., find the value of-

22. 17 cwt. 1 qr. 17lbs.at £1 4s. 9d. per ewt. 
Ans. £21 lOs. 8i'\~d. 

23. 78 ewt. 3 qra. 12 Ibs. at $11'55 per ewt. Ans. $910'80. 
24. 20 tons 19 ewt. 3 qrs. 27t lbs. at £10 lOs. per ton. 

Ans. £220 9a. lltd. nearly. 
25. 219 tOns 16 owt. :3 qrs. at $4I5'l!Q per ton, ·An9. $l0002·60t. 
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EXERCISE 91. 

BILLS OF PARCELS. 

(No.!.) 

[BI!OT. Vl 

Mr. JOHN D.u, 
QUEBEC, 16th April, 1859. 

Bought of RICHARD JONES. 
S. d. £ s.d. 

15 yards of fine broadcloth, at ................ 13 6 per yard, 10 2 6 
24 yards of superfine ditto, at ................ -18 9" 22 10 0 
27 yards of yard wide ditto, at....... ......... 8 4" 11 5 0 
16 yards of drugget, at......................... 6 3 5 0 0 
12 yards of serge, at ......... I" ,..... ......... 2 10" 1 14 0 
32 yards of shailoon, at... ...... ............... 1 8" 2 13 4 

Ans. £53 4 10 

(No.2.) 

Mr. JAMES PAUL, 
MONTREAL, 24th June, 1859. 

Bought of THOMAS NORTON. 

9 pair of worsted stockings, at ............. . 
6 pair of silk ditto, at ........................ . 

17 pair of thread ditto, at .................... .. 
23 pair of cotton ditto, at .................... .. 
14 pair of yarn ditto, at ...................... .. 
18 pair of women's silk gloves, at ........... . 
19 yards of flannel, at ......................... .. 

(No.3.) 

s. d. 
4 6 per pair, 

15 9 " 
5 4 " 
4 10 
24" 
4 2 " 
1 7t per yard, 

Ans. £23 15 41 

Mr. WILLIAM FILBERT, 
TORONTO, 10th July, 1859: 

Bought of GEORGF PRICE. 
75t lbs. of sugar, at...... ...... 71 cents per lb., 
63 lbs. of tea, at....... ...... 93 " 

126 Ibs. of butter, at........... 13 " 
35! Ibs. of raisins, at ,...... ... IS! " 
17 lbs. of sago, at............. 15 " 
23 Ibs. of rice, at.............. 9 (' 
1\8t Ibs. of 2tarch, at ...... :.... 22 " 
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(No.4.) 

HAMILTON, 12th August, 18159. 
Mr. JOHN JAMES, 

Bought of JAMES THOMAS. 
$ cte. 

198 Sangster's National Arithmetic, at ....................... 0'60 
19'7 Robertson's Philosophy of Grammar, at ................ 0'50 
83 Hodgins' Geography, at .................................... 1'00 
5'7 Sangster's Algebraic Formula, at ........................ 0'121-

21'7 Strachan's Canadian Penmanship, at .................... 0'3'7t 
143 Hodgins' Geography of British Provinces, at .......... 0'45 
227 Sangster's Elementary Arithmetic, at ................... 0'30 

Ans. $521'25 

(No.5.) 

Mr. ALEX. LEITH, 
NIAGARA, 1 '7th Septembet·, 1859. 

Bought of LAWRENCE MERCER. 

S. d. 
9t yitrdB of silk, at ............................ 12 9 per yard, 

13 yards of flowered ditto, at ............... 15 6 " 
llt yards oflustring, at....................... 6 10 
14 yards of brocade, at ....................... 11 8 " 
12t yards of satin, at.. ......................... 10 8 
IIi yards of velvet, at ....... u .. u ............ 18 0 " 

Ans. £44 HI 10 

(N:o. 6.) 

n". ALEX. HAMILTON, 
KINGSTON, 11th July, 1859. 

Bought of TIMOTHY PESTLE. 

14 oz. ipecacuanha, at ........................ $0'6'7 
23 " laudanum, at.......................... 0'89 
1'7" emetic tartar, at ...................... 1'25 
25 " cantharides, at...... .................. 2'1'7 
2'7 " gum mastic, at........................ 0'61 
156" gum camphor, at..................... 0'27 
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(~o. 7.) 
LONDON, C. W., 1st Hay, 1859. 

Mr.JAs. GREY, 
Bought of MICHAEL LEWIS." 

s. d. 
l5t lbs. of currants, at ........................ · 0 4 per lb., 

~~t ~~:: ~~!~a~!~::~:t .. ~~:::::::::::::::::: g ~t :: 
1'7 lbs. of rice, at ............................... 0 3t :: 
8t lbs. of pepper, at ........................... 1 6 
3 loaves of sugar, .weight 32t lbs., at ..•• 0 8~ " 

13 oz. of cloves, at ............................ 0 9 per oz. 
--~ 

Ana. £3 13 ~t 

TARE AND TRET. 

4. Tare and Tret is the. name given to a rule by means 
of which merchants calculate the amount of certain allow­
ances which were formerly made in buying and selling 
goods by weight in large quantities. They were as fol. 
lbws: 

1. Tret, an allowance for waste in weighing. 
2. Tare, an allowance for the actual or supposed 

weight of the bo,,}, bag, barrel, &c., containing the goods. 
And 

3. Cloff, an allowance of 2 Ibs. in every 336 for the 
turn of the scale in retailing goods. 
Of these the only one known in Canada is Tare; and 

as this is always set down in full in the invoice, Tare and 
Tret, as a rule, has no existence in Canadian mercantile 
transactions, and has therefore 'been altogether omitted. 

QUESTIONS TO BE ANSWERED BY THE PUPIL. 

ti01':' OTE.-T"e 11IUhlIbers after the questions refer to the MUcle8 of the Bec· 

1. What is Practice? (1) 
2. Why is it so called? (1) 
8. Of what rulo is Practice merely a modification 1 (1) . 
4. What, would be the genel',,:l stateme~t of a question in Practice Y (1) 
5. How IS the process of findmg the prIce of a number of articlas simplified 

by Practice i (2) 
6. What Is an aliquot part i (3) 
7. What ure the aliquot parts of II dollar! (8) 
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8. What are the aliquot parts of a year! (8) 
9. What are the aliquot parts of a month? (8) 

10. What are the aliquot p~rts of a £? (3) 
11. What are the aliquot parts of a shilliD~? (3) 
12. What are the aliquot parts of a cwt. (112 lbs.)? (8) 

EXERCISE 92. 

MISCELLANEOUS EXERCISE. 

( On preceding Rules.) 

1. Take the number 70204, and by removing the decimal point (1) 
multiply it by 100000; (2) divide it by 10000; (3) make it 
thousandths,. (4) make it tenths of billionths; (5) make it 
tenths,. and (6) make it hundredths of billionths. 

2. Divide 42'7'1 by '0000637. 
3. Wha~ will 19 tons 19 cwt. 3 qrs. 27 t lbs. of hops cost, at £19 

19s. ll£d. per ton? . .. . . . . 
4. Add together 73'723, 11'342, 16'713, 19'034. 713'213437, and 

12'345678. 
~. Oft-he ratios 5: 7, 9: 13, 12: 17, and 7: 10, point out (1) which 

is greatest, (2) which is least, (3) what is the ratio compounded 
of these? 

6. In acre of land cost $80'50, what will 25 acres, 2 roods, 311 rods 
cost? 

7. What is the G. C. M. of 144, 485, and 63. 
8. What is the price of 7439 cords of wood at $3'68£ a cord? 
9. Reduce HiH"~, ~H-H~, t-&~%btr, and t'H-'H- to their lowest 

terms. . 
10. If 34t bushels of turnips are worth 17 bushels of potatoes, and 9 

bushels of potatoes 59! lbs. of tea, and 6 lbs. of tea n~ stone 
of flour, and 13 stone of flour $3'60, and 38 cents pay for 12 
Ibs. of bread; how many bushels of turnips are worth 119 lbs. 
of bread? 

11. If 27 men in 7 days, working 8 hours a day, paint 42 floors, each 
20 feet long and Hi feet wide, with three coats of paint to each; 
in how many days, of 11 hours each, will 54 men paint 7'1 
floors, each 24 feet long and 22 feet wide, giving each 5 coats 
of paint? 

12. Take the number 7449164 and by removing the decimal point, 
make it (1) One hundred thousand times greater. 

(2) One million times less. 
(3) Hundredths of quadrillionths. 

~
4) Thousandths. 
5) Tenths of billionths. 

. B) Tenths. 
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13. Reduce '12842 nonary to equivalent expressions in the duodena· 
ry senary, and ternary scales, and prove the results by reducing. 
an' four numbers to' the decimal scale. 

14. Express in the decimal scale the greatest and least numbers that 
can be formed with six digits in the binary, quaternary, senary, 
octenary. and duodenary scales. 

15. Write down all the divisors of 1 '128. 
16. What is the 1. o. m. of the first fifteen even numbers, 2, 4, 6, 8, 

&0. ? 

1'1. From 9'7'91342 take 18'1234567. 
18. What would be the cos~ of painting a ceiling 20 ft. 'l in. long and 

19 ft. 5 in. '7" wide, at $2'8'7!- per square yarn? 
19. Divide 916 acres, 3 roods, 17 per., '7 ya.rd~, by 43 acres, 1 rood, 

2 per., 1'7 ydB. . 

SECTION VII. 

PEROENTAGE, COMMISSION, BROKERAGE, STOCKS, iNSU· 
RANCE, CUSTOM·HOUSE BUSThTESS, ASSESSMENT. 

1. The term Per Cent. is derived from the Latin word 
per, "by" or "for" and centum, "a hundred," and means 
"for a hundred." The term is usually employed to indi­
cate the allowance paid for the use of money, but may also 
be used to express so much the hundred units of any other 
quantity. -

Thus, the term :> per cent. on so many dollars, gallons, miles, days, &0" 
signifies $5 on every $100, 01' 5 gallons on every 100 gr.iIons, or 5 miles on every 
100 miles, or 5 days on every 100 days, &c. 

2. When the rate per cent. is known, the rate per unit 
is easily obtained by dividing the rate per cent. by 100. 

Thus, 1 per cent. is equal to clio or '01 per unit. 
2 per cent. is equal to :rh or '02 per unit. 
7 per cent. is equal to m or '07 per unit. 
9 per cent. is equal to ~ or '09 per unit. 

10 per cent. is equal to ,>t" or '10 per unit. 
18 per cent. is equal to -Po. or '18 per unit. 
89 per cent. is eq ual to -No or '39 per unit. 
95 per oent. is eql'al to I"" or '95 pel' unit. 

125 per cent. is equal to t~ or 1'25 per unit. 
878 per cent. is eq llal to W. or 8-'T81'er ulllt;_ 



A:tTS. 1-8.] , PERCENTAGE. 

i per cent. Is equal to-±"or '005 per unit. 
100 ' 

l per cent. is equal toJ:..or '0025 per unit. 
100 

i per cent. is equal to-±-or '0075 per unit. 
100 

h per cent. is equal toJ:..or '00125 pel' unit. 
100 

6f per cent. is equal to.!i!.or '065 per unit, &0. 
100 

EXERCISE 93. 
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1. What rate per unit is equivalent to 1'6 per cent., 11 per cent., 
17 per cent., 63 per cent. ? 

2. What rate per unit is equivalent to 6 per cent.) 25 per cent.) 137 
pel' cent.? 

3. What rate per unit is equivalent to 8t per cent., 9i per cent., 2t 
per cent.? 

4. What rate per unit is equivalent to t per cent.) ~ per cent.) 8t 
per cent. ? 

o. At 6i per cent.) how much is it for 1 ? 
6.' At 18! per cent.) how much is it for 1 ? 
7. At 23i per cent.) how much is it for 1 ? 
B. At 2'734 per cent.) how much is it for 1 ? 
9. At 82'7 per cent.) how much is it for I? 

10. At 19t per cent., how much is it for 1 ? 

Ans. '0625. 
Ans. '186. 

Ans. '23625. 
Am. '02734. 

Ans. '827. 
Ans. '193. 

3. To find the percentage of any given number"":' 
RULE. 

Multiply the given number by the rate per unit expressed decimal­
ly) and point off the product as directed in Art. 53, Sec. IL ' 

EXAMPLE I.-What is 7 per cent. on 1$673'93? 
OPERATION. 

$673'93 x '07=$47"1751. 
EXPLANATION.-7 per cent. is equivalent to '07 per unit; or, in other 

words, the percentage on each dollar is 7 cents. It Is ohvious then that the 
percentage on the wnole Bum will be as many times 7 cents as the sum contains 
dollars; that is '01 x 673'98. 

ExAMPLE 2.-What is 6! per cent. on $2934? 
Ans. $2934 x '065=$190'71. 

EXAMPLE 3.-What is 47! per cent. on 7893 gallons of molasses? 
Ans. 7893 gal. x '4775=3768'9075 gallons. 

EXERCISE 94. 
J.. What is IS per cent. of $742'10? Ans. $37·10!-. 
2. What is 11 per cent. of $1000 ? Ans. $110. 
3. How much is 10 per cent. of $734'19? Am. $73'419, 
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4. How much is 87t per cent. of $1624'50? An8. $1421'43'75. 
5. What is 12t per cent. on $994'70? Ana. $124'33'75. 
6. What is 8! per cent. on $777'50? Ans. $6S·03i. 
7. What is 2t per cent. of $7135'80? Ans. $160l5555. 
8. A merchant imports 2740 boxes of oranges, and finds, upon re­

ceiving them, that 20 per cent. of the whole quantity are de­
cayed. To how many boxes was his loss equivalent? 

Ans. 548 boxes. 
9. A gentleman purchases a farm for $7490, agreeing to pay 10 per 

cent. down, 17 per cent. at the end of the first year, 27 per 
cent. at the end of the second year, and 46 per cent. at the end 
of the third year. What is the amount of each payment? 

Ans.· $749 down. 
$1273'30 at the end of 1st year._ 
$2022'30 at the end of 2nd year. 
$3445'40 at. the end of 3rd year. 

10. What is the difference between 4t per cent. of $740 and 2! per 
cent. of $1680? Ans. $8''70. 

11. If I purchase 729 gallons of brandy and lose 11 per cent. by 
leakage, &c.,.how much have I remaining? 

Ana. 6481£olo gallons. 
12. Add together 25 per cent. of $763'22, 16 per cent. of $847'16, 

and 6t per cent. of $1234'17. Ans. $403'486225. 
13. A person dying leaves an estate worth $17429'40 to be divided 

among his three sons. The eldest is to receive 43 per cent. of 
the whole, the second 37 per cent. of the whole, and the young­
est Bon the remainder; . what is the share of each? 

Ans. The eldest receives $7494'64t, the second $64.48·87t, and 
the youngest $3485'88. 

14. A merchant purchases vinegar to the amount of 68978 gallons, 
and finds, upon receiving it, that 36 per cent. had leaked away. 
What was his loss? Ans. 24832'08 gallons. 

15. A brick kiln contains 29800 bricks, and it is found after burning 
that 17 per cent. of the entire quantity are worthless; how many 
good bricks were there in the kiln? Ana. 24734. 

COMMISSION. 

4. Commission is the percentage charged by agents, 
or commission merchants, for their services in purchasing 
or selling goods, collecting bills) &c . 

. The person who buys or sells goods for another is. called an Agent, a Com, 
Ull8slon Merchant, It Factor, or a OQrres!,ond~nt, 
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o. To find the commission of any sum at a given rate 
per cent. is simply to find the percentage on that sum, and 
the rule employed is the same as that in Art. 3, viz : 

Multiply the given amount by the rate per unit expressed dec'i­
mally. 
EXAMPLE I.-What is the commission on $790'80 at 3 per cent.? 

.Ans. $790'80 x '03 = $23'724. 

EXAMPLE 2.-A commission mercpant sells goods to the amount of 
$7982'75; what is his commission at 2;} per cent. ? 

Ans. $7982'75 x '0275 = 219'525625. 

EXERCISE 95. 

1. What is the commission on $1000 at 4t per cent. ? Ans. $45. 
2. What is the commission on $1678'30 at 2i per cent.? 

Ans. $37'76171'1. 
3. What is the commission on $7531'19 at 3;} per cent. ? 

Ans. $282'419625. 
4. Find the commission on $508'60 at It per cent. 

.Ans. $6'3575. 
5. Find the commission on $7862'50 at Ii per cent . 

.Ans. $137'61121'1. 
6. An agent collects debts to the amount of $878.30; what is his 

commission at 2t per cent. ? Ans. $21'9575. 
7. A correspondent purchases teas for me to the amount of $7193'16 ; 

what have I to pay him for commission at 3t per cent. ? 
$224'78625. 

8. A commission merChant sells goods to the amount of $6734'10; 
what is his commission at 17 per cent.? .Ans. $114.4'797. 

9. An agent sells 718 barrels of flour at $7'13 a barrel; what is his 
commission at 4t per cent. ? .Ans. $217'57195. 

10. A commission merchant disposes of 8243 bushels of wheat at 
$1'85 per bushel; what is the amount of his commission at 5j 
per cent. .Am. $857.7871875. 

BROkERAGE. 

6. Brokerage· is the percentage charged by money 
dealers, called Brokers, for negotiating notes, mm·tga.qes, 
bills of exchange, &c., or for buying or selling stocks, &c. 

7. Brokerage is merely another name for commission, 
and is computed by the same rule1 
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EXERCISE 96. 

1. What is the brokerage on $'1893'87 at 2 per cent. ? ' 
Ans. $15'1.8'1'14. 

2. What is the brokerage on $8000 at t per cent. ? Ans. $7@. 
3. What is the brokerage on $8643'22 at It per cent. ? 

Ans. $108'04025. 
4. What is the brokerage on $'18963'80 at t per cent.? 

A'lis. $690'93325. 
5. What is the brokerage on $1987'27 at 3t per cent.? 

Ans. $74'522625. 

8. Commission and Brokerage should both be com· 
puted on the 'amount of money collected or invested. 

For example: If I receive $10000 to invest, and charge 5 per 
cent., my brokerage would be $500 if I invested the whole $10000; 
but if, as is usually the case, I am requested to deduct, from the 
amount sent, my brokerage or commission, and invest the remainder, 
it would obviously be unjust to charge commission on the whole 
amount-i. e., on the sum invested and also on the sum I retain for, 
commission. Hence, in all cases, the sum actually expended is the 
proper basis upon which to compute the commission, brokerage, &c. 

9. To compute commission or brokerage when it is to 
be deducted in advance from a given amount, and the 
balance invested;-

RULE. 

1. Divide the given amount by $1, plus tTte cotnmission on $1, and 
the 1'esult will be the sum to be invested. 

2, Subt1'act tlte part to be invested from the given amount, and 
the remainder will be the commission or brokerage. 

EXAMPLE.-A correspondent receives $16782, with instructions t() 
deduct his commission at 3t per cent., and invest the balance in 
sugar at 9t cents per pound, How much sugar does he ship to hiB 
employer, and what is his commission? , 

OPERA.TION. 

$16782 + 1'035 = $16214'49275= sum to be invested, 
$16782 - $16214'49275 = $567'1>0725 = commi .. ion. 
$16214'49215 + 9t cents = 1706T8'811lbs. Ans. 

EXPLANATION,-The com~ission on $1, at the rateof3t per cent"is $0'035. 
Hence, for every time he recelves $1'085, he keeps $0'035 for commission, lind 
invests $1" It is plain, then, that if we divide the given amount, $16182, by . 
$1'035, or. m other words, find how often the latter sum is cont.~jned In the for­
mer, we shall find how olten he invests $1; i. e., how man;v dollars he invests, 
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The work may be p'roved by finding the commission on tke sum in­
vested (Art. 5), and comparing it with the commission as found by 
deducting the. sum invested from the whole sum sent. If these are 
equal, the work is corl'eet. 

EXERCISE 97. 

1. An agent receives $4000, with instructions to purchase Great 
Western Railway Stock. After deducting his brokerage at It 
per cent., how much money had he to invest, and what was his 
brokerage? Ans. Invested $3950'61728. 

Commission $49'38271. 
2. A merchant sends his agent $7500, with instructions to deduct his 

commission at 4t per cent., and purchase laces with the re­
mainder. What is the commission, and what sum was expended 
in laces? Ans. Commission $322'96651. 

Invested $7177'03349. 
3. A commission merchant receives $8470, with instructions to pur­

chase the best brand of Canadian superfine flour at $6 '40 per 
barrel. He . is to receive out of this sum 5 per cent. on the 
amount he invests. How many barrels of flour does he pur­
chase? Ans. 12601'\ barrels. 

4. A broker receives $11000, with instructions to invest it in Bank 
stock-deducting his brokerage at t per cent. What sum had 
he to invest? Ans. $10904'584882. 

IS. If I remit to my agent $13000, instructing him to purchase broad 
cloth at $3.63 per yard, and he keeps 4t per cent. on the sum 
invested, for commission; how much cloth does he send me, 
and what is his commission? Ans. 3427'0499 yards of cloth. 

$559'8086 commission. 

STOCK. 

10. Stock is a term used to denote the Oapital of 
moneyed institutions, as Banks, Railroad Companies, Gas 
Companies, Insurance Companies, Manufactories, &c. 

11. 'Stock is usually divided into portions of $100 or 
£100 each, called shares, and the different individuals 
owning these are called shareholders or stockholders. 

12. The Association of Shal'eholders is called a Oom­
pany or Oorporation / and the Act of Parliament specify. 
ing their corporate powers, rights, and privileges is called 
a charter. 

13. The nominal or par value Cilf a share is its original 
cost of valuation, . . 
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14. The market or real value of a share is the sum for 
which it can be sold. 

15. The rise and fall in the value of Stock is reckoned 
at a certain per cent. on its nominal or par value. 

16. When stocks sell for their original cost or·valua­
tion, they are said to be at par; when they sell for more 
than their original valuation, they are said to be at a pre. 
mium 01' advance, or above par; when they do not bring 
their original cost or valuation, they are said to be at a dis· 
count, or below par. 

NOTE.-Par is a Latin word, and means equal or it 8tate of equa~. 
Stock is at par when a hundred-dollar share sells for $100; it is ab01Je par 
when it brings more than $100, and below par when it will not bring. as much 
,as $100. 

17. Persons who deal in stocks are called stock·brokers 
or stock-jobbers. 

18. To find how much stock either above or below par 
a given sum will purc~ase:-

RULE. 

Divide the given amount by the worth 0/$1 stock, and::the result will 
be the stock ?·equired. 

EXAMPLE I.-How much stock at 10 per cent. below par can be 
purchased for $25000? Ans. $25000 -;- 0'90 = $27777'771;. 

EXPLo!.No!.TION.-When stock is 10 per cent. below par, eaoh share ot$iOO. 
Bells for only $90, i. e. $90 money will purchase $100 stock, therefore $0'90 
money will purchase $1 stock, and the given sum will purchase $1 stock .. 
often as it (the given Bum) contains $0'90. 

EXAMPLE 2.-How much stock at 15 per cent. premium may be 
purchased for $7000?' Ans. $7000 -;- 1'15 = $6086'9565. 

EXPLo!.No!.TION.-When stock is 15 per cent. above par, it requir,~ $U5,rp:otuIY' 
to purchase $100 stock, or $1'15 money to purchase $1 stock. Henceifwe.div!~e 
the whole sum to be invested by the value of $1 stock, it is eviden1l-we most,get 
the amount of stock produced. ' 

EXAMPLE 3.-I own $16400 stock of the Bank of Montreal; and 
eell out at 13 per cent. premium. What do I receive? • 

Ans. $16400 x 1'13 = $18532. 
EXPLANo!.TION.-Each $100 stock brings me $118 money, or $1 stock brings 

$1'13 money. therefore $16400 stock must bring $16400X1'18 money. 

EXERCISE 98. 
1. A person has $9000 which he wishes to invest in Grand Trunk 

Railway shares, then selling at 17 per cent. discount, What 
amount of stock can he purchaae? Ans,' $10843'3'13. 

2. If I invest $8500 in Upper Canada Bank stOCk, which is selling It 
per cent, above par, what amou.nt of stock do I receive f 

. Ans.$7607'O'~76. 
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3. If I remit to my agent $17500, with instructions to deduct his 
brokerage at It per cent., and invest the remainder in Great 
Western Railroad stock, then selling at 7 per cent. premium, 
what amount of stock do I receive? Ans. $16153'22. 

4. If I receive $20000, with instructions to deduct my commission at 
It per cent., and invest the balance in stock, which is then sell­
ing at 3 per cent. discount, what amount of stock do I remit to 
my employer? Ans. $20263'937. 

1'). Mr. A. owns 200 shares in the Canada Life Assurance Company. 
The par value is $100 a share, the stock at a premium of 5t per 
cent.; if I purchase it through a broker who charges me t per 
cent. for the transaction, how much do my 200 shares cost me? 

Ans. $21284'625. 

INSURANCE. 

19. Insurance is a written agreement by which an in­
dividual or an incorporated company becomes bound, in 
consideration of a certain sum paid in advance, to exempt 
the owners of certain kinds of property, as houses, house­
hold furniture, merchandise, ships, &c., from loss by fire, 
shipwreck, or other calamity. 

20. The Written Inst1'ument, or contract between the 
parties, is called a Policy oj Inwrance. 

21. The sum paid for the insurance is called the 
Premium, and is usually a certain per cent. on the sum 
for which the property is insured. 

22. Houses, merchandise, furniture, &c;, are usually 
insured against risk of fire for the year, or other specified 
time. 

NOTE.-The rate of insurance on dwelling houses, stores, goods, household 
furniture,,&c., varies from.!. to 2 per cent. per annum, on the sum insured ac .. 
cording to the character and position of the tenement; vessels are insured for 
the voyage or the year. 

23. To compute the premium for insurance for 1 year, 
or a specified time, we use the same rule as for Commis­
sion or Brokerage. 

EXAMPLE.-If I insure my house and fUrniture for $7389, at the 
rate of It per cent. per annum, what premium must I pay yearly? 

Ans. $7389 x '0125=$92"3625. 
EXPLANATION.-l~ per cent., i. e. $1'25 per $100, is eqnnl to $0'0125 per dol­

lar. The premium therefore will be II'! many times $0'0125 as the eum insured 
1I000talni ,1 i 1, e, the preml UID wlU bt O'012fi x 7689. 
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EXERCISE 99. 

1. What is the premium for insurance on $7000, at 11 per cent.? 
Ans. $131'25. 

2. What is the premium for insurance on $8370, at ! per cent.? 
. Ans. $62'8125. 

3. What is the premium for insurance on $6000, at Ii per cent.? 
An8. $112'50. 

4. What is the premium for insurance on $5000 at $1'17 per cent., 
(i. e. per $100)? Ans. $58'50. 

IS. What is the premium for insurance on $6400, at $0'90 per cent:? 
Ans. $57'60, 

6. What is the premium for insurance on $4500, at $0'35 per cent.? 
Ans. $15'75. 

7. What premium must! pay for insuring a cargo of flour worth 
$36000, from Quebec to Liverpool, at $3 per cent. ? 

Ans. $1080. 
8. A firm, owning four steamers running on Lake Ontario, effect 

an insurance with a company in Toronto to the amount of 
$27000 on each, paying $4'82 per cent. (i. e. 4'lio~ per cent.) 
What is the total premium on the four steamers? 

Ans. $5200'60. 
9. What is the annual premium on an mSUl'ance for $39000, at 2t 

per cent. ? Ans. $858. 
10. A farmer insures his barns and their contents to the amount of 

$17800. What premium does he pay at t per cent? 
Ans. $89. 

11. A vessel running between Hamilton and Oswego is insured for 
$12350, at the rate of It per cent. per month. To what does 
the premium of insurance amount for 7 months, -beginning with 
the 10th of April and ending with the lOth of November?. 

Ans. $123Q{ 

24. To find what sum must be insured {)n property so 
that, if destroyed, .its value and the premium may both be 
recovered-

RULE, 

.Divide the value of the property by $1, minus the premium on $1 
at the given mte per cent. , 

EXAMPLE I.-A ship-owner wishes to insure a veSSel valued at 
$17450, so that if it be wrecked he may recover both the value 
of the vessel and the I2remium. In order to do 80 for what 
lum must he insure, P.t ~'60 per cent. ? ' . 

.dm. $17450+'1}1)4=$18291 ~40461. 
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EXPT.ANATlml.-If I insure gooels to the valne of :il10n, at 4'6 pe.r cent .• and 
they are destroyed, I receive only $95'40 towards my loss, since I paid $400 for 
insurance; that is, for every $1 of my loss I receive $0'954. Siuce, then, the 
recovery of $0'954 reqnires $1 to be insnred, the recovery of $17450 will requir~ 
as many dollars to be insured as $0'954 is contained times in $17450. 
. P HooF.-$lS291 '40461 x '046=$841'40461=the premium, and $18291'40461-
$841'40461=$17450=value oIthe vessel. 

EXHIPLE 2.-vVhat sum must be insured on a house valued at 
$6000, at 3 per cent. so that in case of fire the value of both premium 
and property may be secured? Ans. $6000-;,-'97=$6185'567. 

EXPLANATlON.-For every dollar I lose (taking premium into acconnt) I 
receive 91 cents; that lB, in oreler to receive 97 cen ts, I must insure for $1, and 
in order to receive $6000, without auy loss. I must insure for $6000+97= 
$6185'567. 

EXERCISE 100. 

1. For what Bum must I insure a cargo valued at $17000, so that in 
case the whole is lost I may recover both the value of the 
property aud the premium of 3t per cent. ? Ans. $17616'58. 

2. For what sum must I iusure on $22750 in order to cover both the 
premium of 6 per cent. and the value of the property insured? 

Ans. $24202'127. 
3. What sum must be insured at 2-1 per cent. on property worth 

$15000 so that the owner may be secured against all loss? 
Ans. $15345'2685. 

4 . .A. steamer worth $.33000 is insured at 5!per cent. for such a sum, 
that in case of its becoming a total wreck, the owners may re­
cover. both the worth of the vessel, and the premium of insu­
rance. For what sum is it insured? Ans. $35013'2625. 

CUSTOM HOUSE BUSINESS. 

. 25. All goods coming into Oanada from Foreign c~mn­
tries are required by law to be landed at certain places or 
ports called Ports of Entry. 

26. At every Port of Entry in Canada, the Government 
has an establishment called a (Ju.stom HO~t8e, with one or 
more officers attached to it, called (Justom_-House Officers. 

27. A certain charge called a Duty, fixed by Act of 
Parliament, is made upon nearly all goods entering Oan­
ada from Foreign countries. 

28. It is the business of the Oustom-House Officers to 
inspect the cargoes of all vessels entering at any of these 

Q 
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ports, to examine the invoice of goods, collect the duties, 
&c., &c. 

29. Besides the duties on merchandise, all vessels en· 
gaged in commerce are required to pay certain charges for 
the privilege of entering the port, &c.; these charges are 
called harbor dues. 

30. The duties levied by law on goods imported into 
Canada are of two kinds: 

1st. Specific duties. 
2nd. .Ad Valorem duties. 

31. A specific duty is a certain sum levied on the ton, 
cwt., lb., gallon, square yard, &c., Of a particular kind of 
merchandise, as so much per square yard on woollens, 
flannels or cloths, so much per lb. on tea, so much per 
gallon on brandy, wine, &c. 

32. An ad valorem duty is a certain percentage on 
the actual cost of the goods in the country in which they 
were purchased. 

Thus an ad valorem duty of 10 per cent. on satin purchased in France is a 
charge for dnty at 10 per cent. of the sum the invoice of satin cost in France. 

NOTE 1.-The term ad valorem is from the Latin; and means accord;i;ng 
tp the va""., i. e., upon the va"".. . 

NOTE 2.-A.u invoice is a written statement of the goods,showlngthe quan· 
tity of each sort and its value or price. 

33. In the United States Oustom Houses certain legal 
allowances are made for draft, tare, leakage, &c., before 
specific duties are imposed. In 'Oanada, however, as be· 
fore remarked, (Art. 4, Sect. VI.,) these are not known, 
the tare being found by actually weighing one or more of 
the boxes, &c., containing the goods, and the leakage by 
gauging the cask. 

NOTE.-At present (18159) the va.rious kinds of spirits are the only articles 
upon which specific dutIeS are charged by the Canadi&n Ta.riff. 

34. To calculate the specific duty on an invoice of 
goods-

RULE. 

I)educt the tare, leakage, &0., and m.ultiply the rem.ainder by th, 
given d,uty per gallon, lb., yard, &c. "'. -

EXAMPLE 1. .At 4! cents per lb. what is the specific duty on 7 !J,.gt 
of coffee weighing 73 lbs., each, allOwing 4 lbs.pel- lOu 01' ~are? 
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OPERATION. 

73 x 7 = 511 lbs.= gross weight. 
511 x '04 = 20n lbs. = tare. 

490u=net at 4l cents per lb. = 490H x 4l = $20'8488. = Ans. 
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EXAMPLE 2.-What is the specific duty on 10 chests of tea, the 
net weight 783 lbs., at 11 cents per lb. ? 

OPERATION. 

783 x 11=8613 cents=S86·13. Ans. 

EXERCISE 101. 
1. What is the specific duty, at 3t cents pel' lb., on 5 hhds. of sugar, 

each weighing 1347 lbs., allowing tare 6 Ibs. per 100? 
Ans. $221'58. 

2. What is the specific duty, at $1'20 per 100 Ibs., on 11 bags of 
rice, each weighing 127 lbs., allowing 3 lbs. per 100 for tare? 

Ans. $16'26. 
3. What is the specific duty, at 13 cents per gallon, on 129 gallons 

of oil ? Ans. $16'77. 
4. What is the specific duty, at 5! cents per lb., on 207 drun!iJ of 

figs, each weighing 31 Ibs., allowing 2t Ibs. a drum for tare? 
Ans. $342'1968. 

15. What is the specific duty, at 47 cents per yard, on 214 yards of 
black silk velvet? Ans. $100'58. 

35. T'o find the ad valorem duty on an invoice of 
merchandise-

RULE. 

Multiply the value oj the goods at the place in -which they were 
purchased by the per cent. charged, expressed decimally, and the re­
sult will be the duty requil·ed. 

EXAMPLE I.-What is the ad valorem duty, at 27 per cent. on an 
in'l:oice of brandy which cost $7493'70 ? 

OPERATION. 

$7493·70 x '27=$2023'299. Am. 
EXAMPLE 2.-What is the ad valorem duty, at 19 per cent. on a 

quantity of broadcloth which cost $4116'40 ? 
OPERATION. 

$4116'40 x '19=$782'116 . .Am. 

EXERCISE 102. 
1. What is the ad valorem duty, at 21 per cent. on an invoice of silks 

which cost $17429'80? An ... $3660'2580. 
2. What is the ad valorem duty, at 7* per cent. on 40 boxes of tea 

which cost $2920'16? Ans. $2HJ·012. 
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3. What is the ad valorem duty, at 25 per cent. on an invoice of 
jowelry which cost $71342'90? Ans. $17835'725. 

-:'.. What is the ad valorem duty, at 20 per cent. on an invoice of 
boots and shoes which cost $913'73? Ans. $182'746. 

5. What is the ad valorem dutY,at 33 per cent. on an invoice of 
French silks which cost $14713'19? Ans. $4855'3527. 

ASSESSMENT OF TAXES. 

36. A tax is a certain sum required to be raised by a 
municipality for local improvement, payment of officers, 
and other general purposes. It is collected from each 
citizen in proportion to the value of his property. 

!?7, In levying taxes the ·l1rst thing to be done is to 
make a complete inventory of the value of all the property 
in the city, town, to\vnship, &c., in which the tax is to be 
raised.. This inventory is ma,de by officers called Asses· 
sors appointed by the municipality. 

38. To calculate the amollut of taxes anyone individ­
~wl has to pay-

RULE. 

JJivide the 10hole sum to be levied by the whole value of. rateable 
pl'opert:'! in the town, township, &:e.: the quotient will be the sum to 
be paid on each dollal· . 

. lYIultiply the ?'ate pel' dollar by the amonnt of the pll1"son's prop­
eJ·ty, and the pl'odl,et will be the amount oj his tax. 

EXAiIlPLE.-A certain township requires to raise the sum of 
$14729'00 for general purposes; the whole amount of rateable prop­
e;i;y in the municipality being set down at $2743500, what proportion 
must I bear if my property is assessed at $7490'00? 

OPERATTON. 

5i14729..;-.$2748500=$O·005868=rate per dollar. 
$0'005868 x 7490=$40'20682. An". 

EXERCISE 103. 
1. The assessment rolls of a town show the value of the rateable 

property to be $7142300. A tax of $23900 is to be levied for 
general purposes; how much is my proportion, my property be­
ing set down at $14729'50? .Ans. $49'2878. 

2. A tax of $100000 is to be levied on a county having rateable 
property to the value of $5793000; what is the amount borne 
by A, whose property is valued at $18600? Ans. $321 -0'732. 
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3. In the last example what would be the 
value of his property being $7500? 

4. In the . same example what weuld be the 
property being assessed at $11400. 

amount of B's tax, the 
Ans. 129'465. 

amount of e's tax, his 
Ans. $196'7868. 

QUESTIONS TO BE ANSWERED BY THE PUPIL. 

N OTE.-The numerals after the Questions ,.efer to the numberea artioles 
oj th" Section. 
1. What is the meaning and derivation of the term per cent. ? (1) 
2. When the' rate per cent. is known, how is the rate per unit obtained? (2) 
8. How do we ascertain the percentage on any given number 1 (3) 
4. What is commission? .(4) 
5. What is the person who sells goods for another called? (4) 
6. How do we find the commission on any given sum? (5) 
7. What is brokerage? (6) 
8. How is the bro.kerage on any sum computed? (7) 
9. Upon what sum should commission and brukerage be computed? (8) 

10. Explain this by an example. 
11. How do we compute commission or 'brokerage when it is to ~e deducted in 

advance from a given amount, and the balance inve.ted? (9) 
12. How is this rule proved? (9) 
18. What is understood by the t~rm Stock? (10) 
14. How is Stock usually divided? (11) . 
15. What is meant by the terms Shareholders, Corporation, and Charter 1 (11 

and 12) 
16. What do you understand by the nom1lnal or par value of Stock 1 (13) 
17. What is meant by the market or real value of Stock? (14) 
18. When is Stock said to be at Jjar' when at a premium or above par? 

and when at a aiscoum,t or below PO,"' (16) 
19. What is the meaning of the term par' (16, note) 
20. What are persons who deal in Stocks called? (17) 
21. When Stock is either above or below par, how do we find how much of it 

a given sum will purchase? (18) 
22. What is Insurance? (19) 
23. What is a Policy of Insurance? (20) 
24.> Wilat is meant by the Premium of Insurance? (21) 
20. For what length of timo is property u8ually insured? (22) 
26. Row do we cumputo the pI'emium of insurance 011 any amount of goods, 

property, &0. ? (23) 
27. How do we compute the amount for which we must insure in order to 

cove·r both tbe value of the property and the premiulU paid? (24) 
28. How may the trut.h of this rule be proved? (24) 
29. What are Ports of Entry ¥ (25) 
30. What is the duty of Custom· House Officers? (28) 
31. What are duties? (27) 
82. What are harbor dues? (29) 
Hll. What difi"erellt kinds of duties are levied Oll goods iu Canada? (80) 
34. What are specijic d,,,tie,, 1 (81) 
35. What is on ad valorem duty 1 (82) -
36. What is the mealling of the term ad valorem 1 (32) 
37. What is an invoice? (82) 
88. What is the rule f6r computing specific duties.? (34) 
39. What is the rule for calculating aa valorem duties? (35) 
40. What is a tax ? (66) 
41. 1Iow are taxes imposed? (9 and 88) 



246 INTEREST. [SECT. VIII. 

SECTION VIII. 

INTEREST, DISCOUNT, EQUATION OF PAYMENTS, AND 
PARTNERSHIP. 

1. Interest is the sum allowed for the use of money, 
and is usually reckoned at a certain rate per cent. per an­
num; that is, so many pounds for the use of £100 for one 
year, so many dollars for the use of $100 for one year, &0. 

NOTE.-The term per cent. meansper hund!red,. per annwm means pep 
year. . 

2. Interest 'differs from Commission, BrQkerage, &c., 
in that the latter are computed at a certain per cent. with­
out regard to time, while interest js calculated at a certain 
rate per cent. for one year, and consequently for longer 
and shorter periods in like proportion. 

3. The Prin'cipal is the sum lent. 
4. 'l;'he Rate per cent. is the sum paid for the use of 

each hundred dollars, pounds, &c. 
5. The Rate per unit is the sum paid for the use of 

each dollar, pound, &c. 
6. The Interest is the whole sum received for the use 

of the principal. 
'7. The Amount is the sum obtained by adding together 

the p:incipal and the interest. 
Thus. if I lend $200 for a year, on tbe agreement that I am to receive Illt~r· . 

est at the rate of 7 per cent. (per annwm, undel'stood), at the end of the year I 
reoelve back the $200, and in addition $14 for interest. Here, 

$200'00 is the principal. 
7'00 is the rate per oent. 
0'07 is the rate per unit. 

14'00 is the interest. 
214'00 Is the amount=principal + interest. 

S. Interest is either Simple or Compound. 
9. Money is lent at Simple Interest when the Interest 

is not added to the principal so as so bear interest. 
Thus, If $100 be lent at si'![lple Interest at 5 per cent., the prilncipa! reo 

mains unchanged, being always $100, and the intereat for each sucoessive year 
is $5. 
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10. Money is lent at Compound Interest when the in­
terest, as it falls due from time to time, is added to the 
principal; the sum thus obtained constituting a new prin­
cipal for the ensuing year, half year, quarter, &c., as the 
case may be. 

Thus, if $100 be lent at 5 per cent. per annum compound interest, the prin. 
cipal ohange, at the end of each year; being $100 for the first year, $105 (i. e. 
former principal+its interest) for the second, $110'25 for the third, &c. The 
interest is consequently $5 for the first year, $5'25 for the second, $5'5125 for 
the third, &c. 

SIMPLE INTEREST. 

11. Questions in Interest are dependent on Proportion, 
and ·may all readily be solved by one or more statements 
in the Rule of Three; but in order to deduce special rules, 
we shall represent the different quantities by their initial 
letters, and thus obtain a series of algebraic formulre, 
which, translated, become the common arithmetical rul~s 
for interest. 

It Is to be presumed that the pupil has made sufficient progress in Algebra 
before he arrives at this point, to readily understand what follows. The opera­
tions involved are of the simplest kind, alld may without difficulty be compre­
henned l even by those wholly"- ignorant in Algebra. The only part, however, 
absolutely necessary for working any problem in interest, is the interpretation 
of the formula, i. e. the arithmetical rule, and this we have al ways appended . 
.A. glance at the formnl'" and the corresponding rules will show how much less 
labor is necessary to remember the former than the latter i aod Indeed the pu­
pil should be required to deduce from time to time any Iormulre he may find 
it necessary to use, 

N OTE.-When two or more letters are written together thus, prt. 
the meaning is that the values of these letters are to be multiplied 
together. Thus, Prt means that the valne of P is to be multiplied 
by the value of r, and that by the value of t. 

A-P 
When letters are written in the form of a fraction, thus Pr 

the meaning is the same as in common arithmetical fractions; i. e., 
that the part constituting the numerator is to be divided by the part 
constituting the denominator. 

A~ . 
Thus, --means that the value of P is to be subtracted from 

Pr 
the value of A, and this difference is to be divided by the value of P 
multiplied by the value of r. 
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12. Let P=Principat, I=Interest, A=..I1mownt, r:.rate per unit, and t= 
time (I. e" numbe!' uf years). , 

I= Prt (J.) 
I 

P = ;:( (JI.) 

I 
j' == Pt (IIJ.) 

t = ~r (IT;:) 

A = P (1+rt) (V:) 
A 

P=-(VJ.) 
l+rt 
A-P 

j' = Pe (VII) 

A-P 
t=-(VIIl) 

Pr 

_,,-1 1%) t,- -r- ( , 

n-1 
" = -t-- (X) 

n =tr+l (XI.) 

Then because r=lnterest of $1 for 1 year, nDd t= 
number of years, rt=lnterest of $1 for the given 
time, and Prt=inlerest of given principal for gil'en 
time and at ~ven rate, Therefore 1=1',t and: dlvl, 
ding each orthese equals, 1st by ,'t, 2nd by Pt, ~Jd 
Brd by Pr, we get furmulas (II,) (IlL) and (IV.) In 
the mm'gin. 

Again, because rt=interest of $1 at given r.~ and 
for given time, 1 + ,>t=the (Mnount of $1 at given rate 
Bnd time, alld l' times 1 + ,'t, tllat is, l' (1 +rt)= 
amount of given principal at tlle given rate and tiiD •• 
Therefore ..11=1' (1+?'t), which is formula (V,) in the 
margin, and ,II viding each of these equals by 1 +1't, 
we get formula (Vr.) in tbe margin, Taking (V,) 
and actually multiplying as indicatell, the part "ilh· 
in the brackets by 1', we j!"et ..I1=1'+1'l't; and sub· 
tracting l' from each of tbese, we get A-1'=Prl, 
Dividing these equals, 1st by Pt and 2nd by Pr', we 
get formulas (VII:) anu (VIlL) in the margin,' 

Lastly, if we arp required to find in what timo any 
sum of money will amount to any given number of 
timE'S it&elf at a given rate per cent., or, in ot~6r 
words, in what time any principal will amomittoin 
times that principal where n simply stands fOl', tb,. 
l'eqllired numbel' of timeB, we have in fo:rmu~8 
(VIII,) in the margin,' . ,; 

,,1~p n1'-P , 
t= Pr =--p;:-' because the amount is, to:ba'"p,i 

and dividing both numemtor and denominato".f 
tbls fraction hy p. we get formula (IX,) in the ·maT· 
j!"in, multiplying (IX,) byr we get t1"=o":"l; nnd'divi· 
<ling these equals by t, we get formula eX,) ; and, 
"gain. arMing 1 to each of tbese same equals, :we'get 
formula (XL) 

APPLICATIONS. 

13. 'Yhen the principal, rate per cent., and time are 
given, to .find the intel'est-

RULE I = PI·t (L) 
INTERPRETATION;-The interest is found by multiplying the princi. 

pal by the mte per unit, and the 7'esulting product by the time. 
EXAMPLE.-vYhat is--the interest on $342'20 for 7 yeUl'S at 8 per 

cent.? ' 
OPERATION. 

Here P = $342'20, r = '08, and t = 7, 
Then 1 = 1'rt = $342'20 x '08 x 7 =,$191'632, ,,1n.s. 

14. When the interest, rate per cent., and time are 
given to find the pj'incipal-

'RULE. P I (" ) = it 11, 

INTERPRllTATIoN.-'-Tlte prin~ipal is found by dividing tlie int6l'est 
by the product of the rate pel' unit and the ,time. . . .. 
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EXAMPLE.-what ·principal will give $207'00 interest ill 6} years' 
at 4! per cent. ? 

OPERATION. 

, Here I = $207'50, &=6'5, aud '1'='0475, 
I $207'50 $207'50. -0, ' 

Then P""ri=6'5x'0475= '30875 =,G," 01)", Ans. 

15. When the interest, principal, and time are given, 
to find the rate per cent.-

I, I (',.) ,ULE. r = Pt Ill. 

INTERPRETATION.-T71.e ?YMte per 1tmt i" fDund bil div'iding the in­
tetest by the p"Dduct Df the pr'incipai and time, and tlte rate pe'f cent. 
is fo.und from tlte rate pe,' unit by multiplying the latter by 100. 

EXAMPLE,-At what rate per cent. will $72918 give $109'11 in-
terest in \) )(ears ? . 

OPERATION . 

. Here P=$729'18, I=$109'11, and t=9. 
'rhell r = J.... = _ . .!c0'?'!!' = 109'11 = 0'01602 = rate pel' unit. 

Pt . 729'18 x 9 656%2 . 
Therefore tile !'ate pel' cent. = 0'01662 x 100 =1'662 = 1~ nearly, An •. 

16. When the interest, principal, and rate pel' cent. 
are given, to find tke time-

RULE. 
I . 

t = Pr (IV.) 

INTJ!:RPRETATION.-1Yw time is found by dividing the inte;'est by 
the pDduct Dj the. principal and rate per 'unit. 

EXAMPLE.-In wh\tt time will $850 give $89'75 interest, at 13 pOl' 
cent,? ' 

Here P = $850, i = $89'75, and '1' = '13. 
Then t - J.... = 89, 7~_ = 8g~~5 = 897:5 = 0'812217 years = 0 months 

- PI' S60 x '13 110'0 1105 
22 ""ys. 

17. When the principal, rate per cent., and time are 
g'iven,tofind the amount-

RULE. A = P (1+1·t) (v.) 
INTERPRETATJON.:"'-The amDunt is fDund by nmltiplY'ing the prin· 

cipal by the amount Df $1 fm' the given ,'ate and time. 

EXAMPLil.-To what sum will $789'80 amount in 11 years, at 3 
pel' cent. ? 

OPERATION. 

Here P = $189'80, .: =. '08. andt = 11. . 
Then A = P (l+rt) = $789.80 x l'S3 = 1050'484. 411-8. 
NOTB.-(l+'l't) in this 'question ~. 1+'3><11 = 1+'33 = 1'88. 
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18. When the amount, rate per cent., and time are 
given, to find the principal-

RULE. P = ~ (vi.) 
l+rt 

INTERPRETATION.-The principal is found by dividing the given 
amount by the amount of $1 for the given time at the given rate. 

EXAMPLE,-What principal put to interest at 7l per cent. will 
amount to $2000 in 8 years? 

OPERATION. 

Here A = $2000, j' = '075 and t = 8. 
A 2000 20000 

Then P = l+rt = 1'60 = :til = $1250. Aw. 

19. When the amount, principal, and time are given, 
to find the rate per cent.-

RULE. l' = A P (vii.) 
Pt 

INTERPRETATloN,-17~e !"ate pel' unit is found by subtracting the 
p"incipal fi'om the amount, and dividing the difference by the princi· 
pal multiplied by the time. 'lThe !"ate per cent" is found by multiply· 
~~~~~~~ . 

EXAMPLE.-At what rate per cent. will $730 amount to $2788'80 
in 23 years? 

OPERATION. 

Here A = $2783'80, P = $730 and t = 23. 
Th A-P $2783'80-$780 $2053'80 1228 t 't. 

enr=-pe = ~Ox21.1 =. $16790 =' =:aeperuDi 
Hence rate per cent. = 12'23 = 121 nearly. 

20. When the amount, principal, and rate per cent. 
are given, to find the time-

A-P 
RULE. t = p-;:- (viii,) 

INTERPRETATloN,-17oe time is found by subtracting the principal 
from the amount, and dividing the diffel'ence by the principal multi· 
plied by the rate per unit. ' 

EXAMPLE.-In what time will $666'33 amount to $983'73 at 12 
per cent. ? 

OPERATION, 

Here A = $983'73, P = $666'88 aud r = '12. 
Then t = A-~ = 983'78-666'88 _ 817-40 _ 3174000 _ , _ 

Pr 666'88 x '12 - 79 9596 - 799596 - 3 9695 year~ -
8 year~ 11 months 19 days. AlioS. 
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21. To find the time in which any sum will amount to 
any given number of times itself at a given rate per cent,-

RULE. 
n-1 

t = -r- (ix.) 

INTERPRETATION.-To"".!ind the time in which a given s'um will 
amount to n times itself at a given rate per cent., subt,'act 1 Irom n, 
and divide the 1'emainder by the rate pel' unit. 

EXAMPLE I.-In what time will any sum of money amount to 
eleven .times itself at 8 per cent. ? 

OPERATION. 

Here n = 11 and r = '08 .. 
Then t = n - 1 = 11 - 1 = ~ = 1000 = 125 years. Ans. 

,.. '08 '08 8 

EXAMPLE 2.-ln what time will $6'7'83 quad"uple itself at 4t per 
cent. ? 

OPERATION. 

Here n = 4, since the money is to quadruple itself, and,.. = '0475. 
n-14-1 8 30000 

Then t = -,..- = ~ =:' '0475 = 475- = 88'157 year •. Ans. 

22. To find the ra.te per cent. at which any sum will 
amount _to a given number of times itself in a given time-

n-l 
RULE, j' = -t-" " (x.) 

INTERPRETATION.-The j'ate pej' unit is lound by sltbtracting 1 
from n, the number 01 times itself to which the given principal is to 
amount, and dividing the remainde,' by the given number 01 years. 

EXAMPLE.-At what rate per cent, will a given sum amount to 25 
times itself in '72 years? 

OPERATION. 
Here n = 25, t = 72. 
Then 'I' = n - 1 = 25 - 1 = ~ = l; ='83j; = rate per unit. 

t 72 72 
Hence rate per cent. = S3i. Ana. 

23. To find to how 'fI'l.any times itself a given sum will 
amount in a given time at a given rate per cent.-

RULE. n = t" + 1. (xi.) 
INTERPRETATloN,-The numbel' 01 times, or n, is found by mltl­

tiplying the time by the rate pel' unit, and adding 1 to the product. 

EXAMPLE.-To how many times. itself wil~ foul' cents amount in 20 
years at 1'7 per ceut. ? " 
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OPERATION. 
Here t '" 20 and " = '17. 
Then n = tl' + 1 = 20 x '17 + 1 = 3'4 + 1 = 4'4 = 411 times itself. '£118. 

EXEIWISE 104. 
1. What is the interest on $723'19 for 7'32 years, at 6'7 per cent.? 

, .Ans. $354'6813036. 
2. To wha~ sum will $857'19 amount in 6! years, at 6t per cent:? 

.Ans. $1219'352775. 
3. To how many times itself will £2198. 9id. amount in 11 years,at, 

72-~ per cent. ? .Ans, 8'975, or nearly 9 times. 
4. In what time will $654'32 give $234'56 interest, at 7 per cent.? 

Am. 5'12112, or 5 years 1 m. 13 days. 
ri. At what rate per cent. will e;700 amount to $1200 in 5 years? 

, Ans. 14~- per cent. 
6. In what time will any sum of money quadruple itself, at 23 per 

cent. ? Ans. 13 years 15 ~ays. 
7. Find tbe time in which $270 will give $87 interest, at 7 per cent. 

, Ans. 4 years 7ft months.. 
8. To what sum will $680 amount in lli years, at 11 pel' cent.? 

Am. $1540'20. 
9. What principal will amount to $2000 in 20 years, at 8 per 'cent. ? 

Ans. $769:23n· 
10. At what rate per ceut. will any sum of money amount to 21 times 

itself in 24 years? Ans. $83i\- per cent. 
11. In what time will a given sum of money amount to 23 times itself, 

at 16 per cent. ? _ Ans. 137i yeal~. 
12. Find the interest on $679'18 at 71 per cent., for 11'73 years. 

Ans. $617'4255. 
13. At what rate per cent. will $950 amount to $1763"12 in 10 years? 

Ans: 8'562 per cent., or rather over 8il- per cent. 
14. In what time will $666 amount to 81347'50, ai 6 'per cent. ? 

, Ans. 17'054 + years, or 17 years 19 days. 
15. In what time will $273 give $100 intcrest,at \) per cent. ? 

, .Ans, 4 years 25 days. 
16. At what rate pel' cent. will $476'30 amonnt to $500 in 2 years 1 

An-s. 2}% per cent. 
17. At what rate per cent~ will $74V'49 give $257 interest in 7 y~a1'8? 

Am. 4'898 per cent. 
18. What principal will amonnt to $1111'11 in 11 years, at 11 per 

cent, ? . _.Ans: $502'7647. 
19. Find the interest on £167'47. at 11 per cent. for 9 yeaEs.-

Am. £165 His. lOilld. 

SPECIAL RULES. 

'24. The interpst of $lOO' at 6 per cent., for one year. is $6,; hence the in­
terest o.n $1 at 6 per cent., for one year, is $0'06, lind· for -flwo' 'llumt/U! it ,is! of 
$0'06; 1. e., 1 c."t. ' 
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Hence, to find the interest of $1, at 6 per cent. per an· 
numfor any number of months, vve deduce the following-

RULE. 

JJivide the number of months by 2, and call the quotient cents. 

EXAMPLE 1.-:What is the interest of $1 at 6 per cent. for 7 years 
and 9 months? 

OPERATION. 

7 years and 9 months=93 months, and 93+2=46I cents=$O·465. Ans. 
EXAMPLE 2.-Find the interest on $72'93 for 7 years and 8 

months at 6 per cent. 
OPERATION. 

7 years 8 mO.=92 months, half of 92=45 cents=interest of $1 forgiven rate and 
time. 

Then $0'46 x 72'93=$83'5478. A" ... 

EXERCISE 105. 

1. Find the interest of $1 for 11 months at 6 per cent. 
Ana. 5t cents. 

2. Find the interest on $1 for 16 months at 6 per cent. 
Ans. $0'08, or 8 cents. 

S. Find the interest" on $1 for 9 years 8 months at 6 per cent. 
Ans. $0'58. 

4. What is the interest on $1 for 16 years 3 months at 6 per cent. ? 
An.s. $·97t. 

5. What is the interest on $1 for 11 years 7 months at 6 per cent. ? 
. An ... $0'695. 

B. What IS the interest on $1 for 12 years I> months at B per cent. ? 
. Ans. $0'745. 

7. FiJ;ld.the iIlterest on $279:40 for 3 years 2 months at 6 per cent. 
. _ Ans. $53'086. 

8. Find the interest on $189'70 for 6 years 7 months at 6 per cent. 
Am. $'74'9315. 

9. Find the interest on $1463 for 3 years 11 months at 6 per cent. 
Ans. $343'805. 

10. Find the interest on $28967'50 for 11 years 1 month at 6 per 
cent. Ans. $19263'3875. 

25. Since in computlngiJ'l·te.re.st the month is taken as 30 days, two months 
will contain 60 (lays, and, by Art. 24, the interest on $1 at 6 per cent. for 2 
months or 60 day. is one cent, the interest on $1 at 6 per cent. por annum, for 
6 days, will therefore be If1I of one cent; i. e. one milt or 1.01.00 of $1. > 

Hence, to find the interest on $1 at 6 per cent. per an­
num for days; we have the following-'-
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RULE.* 

Call one-sixth of the number of days mills or thou8andths oj a 
dollar. 

EXAMPLE. -What is the interest on $1 at 6 per cent. for 16 days? 

OPERATION. 

16+6=2~ millB=$O·0026 . .Ana. 

EXERCISE 106. 

]. What is the interest on $1 for 2 days at 6 per cent. ? 
Ans. $0'0003. 

2. What is the interest on $1 for 7 days at 6 per cent. ? 
Ans. $o·oOli. 

3. What is the interest on $1 for 11 days at 6 per cent. ? 
An8. $0'001%. 

4. What is the interest on $1 for 27 days at 6 per cent. ? 
Ans. $0'0041-. 

6. What is the interest on $1 for 47 days at 6 per cent. ? 
An8. $0'00'7%. 

6. Required the interest on $1 for 8 months 12 days at 6 per cent. 
Ans. $0'042. 

7. Required the interest on $1 for 66 days at 6 per cent. 
Ans. $0·01l. 

8. Required the interest on $1 for 2 years 2 months 19 days at 6 per 
cent. Ans. $0·133!. 

9. Find the interest on $1 for '7 years 8 months 9 days at 6 per cent. 
Ans. $0·461t· 

10. What is the interest on $1 for 1'7 years 11 months 23 days at 6 
per cent. ? ,Ans. $1'0'78%. 

11. Required the interest on $1 for 12 years 7 months 1'7 days at 6 
per cent. Ans. 0·'75'7t· 

26. To find the interest on any sum of money at 6 per 
cent. per annum for any time-

RULE. 

Find the interest on $1 for the given time, by Arts. 24 and 25, 
and multiply this by the given principal. 

EXAMPLE.-What is the interest on $763'20 at 6 per cent. for 6 
years 7 months and 26 days? 

.. This is the method in common use for computing interest for day.: but, 
since it considers th~ year as containing only 360 days instead of 865, the resnlt 
is too llnge by gh", or -Is of itself. Hence, wh.gn perfect accuracy is desired, the 
interest for the aays when ohtalned by the rule must be dimiuished by -Jt. part 
of Itself. 
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OPERATION, 

In terest on $1 for 6 years 7 months = $0'895 
Interest on $1 for 26 days 4! 

Therefore interest on $1 for 6 yrs, 7 months 26 days = $0 399! 
Then* $O'399t x 763'20=$304'7712, .Ans, 

EXERCISE 107. 

255 

1. Find the interest on $91 '7'30 for '7 months 1'7 days at 6 per cent. 
Ana, $34''704516. 

2. Find the interest on $842'50 for 3 months 13 days at 6 per cent. 
Ana. $14'462916. 

3, Required the interest on $5'73'83 at 6 per cent. for 2 years 11 
months 10 days. Ana, $101'3'766. 

4. Required the interest on $642'30 at 6 per cent. for 6 years 9 
months 19 days. Ana. $262'16545. 

5. Required the interest on $142'7'8'7t at 6 per cent, for 5 years /) 
months '7 days. Ana. 465'7252. 

6. Find the interest on $'709'63 for 4 years '7 months 16 days at 6 
per cent. An,l, $197'040596. 

7. Find the amount of $2463'20 at 6 per cent, for '7 years '7 months 
22 days. Ana, $3592'98'7'7. 

8. What is the interest on $999'99 at 6 per cent, for 9 years 9 
months 9 days? Ana. $586'494135. 

9. What is the interest on $68''70 for 3 years 4 months 2'7 days at 6 
per cent. ? Ana. $14'04915. 

10. Find the interest on $'742'63 at 6 per cent. for 3 years 28 days. 
Ana. $13'7'139. 

11. To what sum will $200 amount in '7 years 4 months 11 days at 6 
per cent. ? Ana. 288'366. 

12. To what sum will $'743'63 amount in 9 years 3 months 9 days at 
6 per cent.? Ans. $115'7'460095. 

27. To find the interest on any sum at any other rate 
per cent. for any given time-' . 

RULE. 

Find the interest on the given principal for the given time at 6 
per cent. by Art. 26. 

,'I'h~n add to or subtract from this interest such a fractional part 
of ttBelf as the given rate exceeds or falls ahort of 6 pe~' cent. per an­
num. 

The amount is obtained by adding the interest and the principal 
together. 

• In order to obtain the correct answer, this fraction when it OCCU1'8 must 
be retained in the form of a vulgf1/T' fraction,. and In that case it is better to 
make the interest of $1 for the given time tbe m;u,lflipUer. 
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EXAMPLE.-What is the interest on $450 [or 3 years 6 months 11 
days at 8 per cent. ? 

OPERATION. 

Interest 011 ~1 at 6 per cent. for given.time=$0·211fr. 
Interest Oil $450 at 6 per cent. for given time=$O'211~ x 450=$95'325. 
Hence iutere.st on $4-50 at 8 per cent. for given time=$95'325+ 01U1 thi"d of 

$95'825=$127'10. An-s. 
NOTE.-Since 8=6+2=6+ ~ of 6 we :find the interest at 6 per cent., and increase 

it by one third ofitseIff"r the interest at 8 per cent. 
80 for interest at 9 per cent., we should find the interest at 6 per cpnt., and 

increa-se it by one-half of itse1f; for 7 per cent., increase the :Lnterest at 6 per 
cent. by one-siwth; at 14 per cent., double the interest at 6 per cent., and in­
crease it by t of the interest at 6 per cent.; at. 5 per cent., find the interest at 6 
per cent. and deduct one-sia!th,'. at <it per cent., find the interest at 6 per cent., 
and deduct one-j"o1.l!1'tfl., O<c., &c., . 

EXERCISE 108. 

1. Required the interest on $1234'56 for 8 years 9 months 10 days 
at 7 per cent. An.~. $758'5685 .. 

2. Required the interest on $9876-54 for 2 years 1 month 11 days 
at 3 per cent. Ans. $626'337245. 

3. Required the interest on $'115'30 for 3 years 7 months 10 days-
at 8 per cent. Ans. $206'6422. 

4. To what sum will $555'55 amount in 2 years 4 months 8 days at 
12 pel' cent. ? Ans. $712'58546. 

5. To what sum will $7766'55 amount in 100 days at 5 per cent.? 
Ans. $78'14'41875. 

6. To what sum will $500 amount in 8 years 8 months 8 days at 16 
per eent.? Ans. $1195'111.. 

7. What is the interest on $576 for 3 years 5 months 7 days at 5 
per cent. ? Am. $98'96. 

8. What is the interest on $2478'91 for 2 years 6 months 11 days at 
4t per cent. ? Ans. $282 285. 

9. What is the interest on $780 from May 9, to December 11, at 6 
per cent. ? Ans. $28'08. 

10. What is the interest on a note of $1830'63 from August 1q, 1851, 
to June 19, 1852, at 7 per cent.? . Ans. $109'63439. 

11. What is the amount of a note of $6200 from Sept. 3; 1858, to 
January 9,1859, at 6 per cent. ? An.s. $.6332'266. 

PARTIAL PAYMENTS. 

29. To compute the interest, on notes or bonds, when 
partial payments have been made-

RULE. 

If th.e intel'est be pa·id by days: 
Multiply the sum by the numbm' oj days which haYe clap .• ed before 

any payment was made. Subtract the first payment, and multiply. 
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the remainder by th.e number of days which passed between the first 
and second payments. Subtract the second payment, and multiply 
this remainder by the number of days which passed between the ~econd 
and third payments. Subtract the third payment, &:e. 

Add all the pl'Oducts together, and find the interest of their sum 
for one day. 

If the interest is to be paid by the week or month, substitute weeks 
0'1' months for days, in the above rule. 

EXAMPLE.-How much principal and interest have I to pay on the 
following note on the 10th November, 1859? 

TORONTO, 18th October, 1858. 
For value received, I promise to pay Timothy Thomas, or order, 

the sum of six hundred and twenty dollars, on demand, with interest 
at 6 per cent. 

THOMAS VVILLUMB. 

The following endorsements were made on this note :-
1858.-November 25th, there waS endorsed $ 47'50 

.. December 28th " " " 108'93 
1859.-February 11th,' " 216'18 

" June 6th "" 60'10 
" Septemb~r 2nd, " "183'25 

OPERATION. 

From 18th October to 25tb November there are 38 days. 
.. 25th N o.v. to 28th December " 38" 

28th Dec, to 11th February 45 " 
11th February to 6th June 115 " 

~ 6th June to 2nd September " 88 h 

" 2nd September to 10th Nov. " 69" 
Whol. sam $620'00 for 38 daya = $2-3560'00 for 1 day. 

First endorsement 47'50 

Balance $572'50 for 83 days = ~18892'50 for 1 day. 
Second endorsement 108'93 

Balance $468'57 for 45 days = $20860-65 for 1 da7' 
'Third endorsement· 216'18 

. Balance $247'39 for 115 days = $28449'8/i for 1 day. 
Fonrth endorsement 60'10 

Balance $187'29 for 88 daye = $16481'52 for 1 day. 
Fl1th el)dorsement 188'25 

Balance $4'04 for 69 days = 278'76 for 1 day. 

Whole interest = that of $108528'28 for 1 day. 
Interest on $108528'28 at 6 per cent. for 1 year = $6511'8968 
Hence interest forI day = $6511'3968 .;- 365 = $17'8394 
Then interest dne .. _. = $178394 
Balance on note 4'04 

PrIncipal and interest dne 
E, 

= C,21'S794 
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EXERCISE 109. 

1. What principal and interest was due on the following note on the 
7th October, 1860? 

GUELPH, June 2nd, 1859. 
For value received, I promise to pay, on demand, to James Georg&, 

or order, the sum of twelve hundred and seventeen dollars and thirty 
cents, with interest from date at 6 per cent. _ 

JOSEPH JOHNS. 

On this note there were endorsed the following payments :-
1859.-July 17th, received $207'80 

" Oct. 6th, " 209'60 
" Dec. 11 tb," 320'90 

1860.-March 29th," 421'83 
Ans. $98'6816. 

2. What principal and interest was due on the following note on the 
1st May, 1863? 

PORT HOPE,- June 17th, 1860. 
For value received,- I promise to pay, Oli demand, to Messrs. 

Henly & Jobson, or order, the sum of seven thousand, three hundred 
and forty-eight dollars and twenty-five cents, with interest from date 
at 8 per cent. 

HENRY GOODPAY. 

On this note there were endorsed the following payments-: 

1860.-September 5th, received $2463'80 
" December 7th, " 392'20 

1861.-June 11th, 982'20 
1862.-February 7th, " 2842'90 

" December 19th, 317 '23 
Ans. $1003'1333. 

COMPOUND INTEREST. 

29. In the present article 'We shall merely take some of the simpler jYfob. 
lems in Compol1nd Inter.st, leaving tho full ruBeussion of the rule until.after 
the pupU is familiar with the use of Logarithtm. (Soe Sect XI.) 

30. We have seen (Art. 10) that when money is lent 
at compound interest, the interest is added to the principal 
at the close of each period, and, with it, constitutes a new 
principal for the next term. _ 
-. Hence to find tbe compound interest of any sum for- any 

glVen time at a given rate per cent. :-
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RULE. 

Find the interest on the given p"incipal for one period, i. e., ONE 

YEAR, HALF YEAR, or QUARTER, as the case may be, and add it to the 
principal. . 

Then .find the interest on this amount for the NEXT PERIOD and add 
it to the p"incipal used for that pel'iod, as befm·e. 

Proceed in this manner with each successive year or period of the 
proposed time._ 

Then the last )'esult will be the amount of the given principal, at 
the given rate, f~r the given time. Subtract the given principal fl'om 
~his, q,nd the "emaindm' will be the Compound Interest nquiTed. 

EXAMPLE.-What is the Compound Interest on $1000 for 4 years 
at 5 per cent. per annum ? 

OPERATION. 

$1000'00 Principal. 
50'00 Interest for 1st year. 

$1050'00 Amonnt for 1 year = principal for 2nd year. 
52'50 Interest for 2nd year. 

$1102'50 Amount for 2 years = principal for 3rd year. 
55'125 Interest for 3rd year. 

$1157'625 Amount for 3 years = principal for 4th year. 
57 '88125 Interest for 4th year. 

$1215'50625 Aniount for 4 years. 
1000'00 Given Principal. 

Ana. $215'50625 = Compound Interest required. 

EXERCISE 110. 

1. What is the Compound Interest of $1800 for 5 years at 6 per cent. 
per,annum? • . Ans. $608'806. 

2. What is the Compound Interest of $700 for at years at 7 per cent. 
half-yearly? Ans. $424'040. 

NOTE.-Since the payments are made ',alf-1/ectrly. and bear iDterest at the 
ra~e of 7 per cent per l)alf year, we ~imply finel the amount of the given 
prmcIpal at 1 pel' cent. for 7 payments. 

3. What are the amount and Compound Interest of $673'40 for 2 
years at 3 per cent. quarterly? 

Ans. $853'0429 = Amount. $179'6429 = Interest. 
4. What are the amount and Compound Interest of $860 for 3 years 

at 4 per cent. half-yearly? 
. Ans. $1088'1743 = Amount. $228'1743 = Interest . . 

-.--.j 

31. Compound Interest is most expeditiously calcu­
lated by the f{)Uowing- -
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TABLE 
SHOWING THE AMOUNTS OF $1 OR £1 AT COMPOUND INTEREST, 

FOR ANY NUMBER OF PAYMENTS FROM 1 TO 50. _ 

No. of 
8 per 14 per 15 per 6 per No.ot 

3 per 1 4 per 5 per 6 per 
Pay. cent. cent. cent. cent. Pay- cent. cent. cent. cent. menu. menta. 

------
1 1'08000 l'O4<lOO _1'05000 1'060ll0 26 2'15659,2'77247 8'55567 4'549116 
2 1'060901'08160;1'102501'12360 27 2'22129r'88387 8'79846 4-&!23Ii 
8 1'092731'12486'1-15763 11'19102 28 2'287982'99870 3-92013 5'11169 
4 l'125511'1698611'~15i)111-26248 29 2'35657 g'11865 4'11614 5'41839 5 1"1592711'21605!1'21625'1';.:3828 80 2-42726 3'24840 4'S2194 514849 • 

6 ,1"194051'265321'8401011-41852 31 2'50008'3'37313 4-53804 6'08810 
711'22987,1'31593 1-407101'50868 22 2'5750818-50506 4-76494 6'45889 
8 1'26677 1-')6857 1'47745'1'59385 83 2-65288 3'64838 5-00319 6'84059 
9 1-30477'1-42881 1'55]33'1'68948 1 84 2-131903'79432 5-25335 7i1l109 

10 1-34392 1-48024 1"92889,H9085 35 2 -81386 8 94609 0'51601 7'68609_ 

11 1-88423
1
1-53945 1 -71084 1 89880 36 2'89S2814-10~93 5-79182 8'14~ , 

12 1'425161'601031'795862'01220 -87 2'98528 4'26S0~ 6-08141 8'88609 
18 1-4685*-665671'885652-18293 S8 3'07478 4'43581 6S8MS 9-15425 
14 ,1'5125911-78168!1-979932'26090 89 'S'167034'616:lj 6'70475 970851 
1511-557~'1"SOO94 2'07893 2'89656 40 '3'2620414'80102 ,'08999 10'28572 

16 1'60471 11'8729812'18287 2'54035 41 18'359904'99806 7-89169 10'9098& 
17 1'6ilS: 5 '1-94790: 2 -29202 i 2 -69277 42 3'46070'5'19276 7-761,,9 1l'6li708 
18 1 702-:ll~'02582:No662 2'85484 48 18-56452'5-40049 8'14967 12i5046 
19 11-7535112-1068512-5269518'02560 44 -S'67145'5'ijI6!l1 8'55715 12-98M8 
20 1'8061112'19112'2'65<8018'20713 45 8-78160

'
5'84118 8-98501 18"i6461 

21 1 -86029 i 2-27877
1 ~ -7f'59613 '89956 4R 3'8950416'07482 9-48426 14'1i9M11 

22 1-01610'2-369,'2 '; ~"3"6'8'60:'l54 47 9-9059T 10·481599 4'0119":631782 
28 1'9735t'46472iS'07lii2i3'81975 48 4-18225,6-5705810'40127116~= 
24 2-082792'56880'8-225104'048,,8 49 4-25622,6'88885 W-92188171lf 00 
25 ?'09378 2-6658418'38<>85 4-29187 00 4:38S91 17'10668 ll'4(j74<l118'MllI5 

32. To compute' Compound Interest by the above 
Table:-

RULE, 

. Find by t!le table the amou1~t of $1 for the given time. aM at tkB 
gwen rate, 

Multiply tlte sum thus found by the given principal and tllB I'BBUlt 
will be the required amount. ' _ -

Subtract tlie p"incipal from this amount and tlte remainder will 
be the Compound Interes-t. ' 

EXAMPLE 1.-What are the amount and CQmpoun!l- Interest of 
$8400 at 5 per cent. for Hi years? ' -

OPImA'l'ION'. 

By the table the amount of 11I!1 at 5 per cent. for 15 years = $2il7S98. 
Theu $2'07803 x 8400 = $706S'8()1l = .Amount. -

8400 = Prl.DIllPJIJ. 
eB66S'8G2 = Interest. 
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EXAMPLE 2.-What is the amount and compound interest of 
£47 lOs. ior 6 years at 3 per cent. half yearly? 

We find by the table that 

OPERATION. 

£47 lOs. = £47'5. 

£1'42576 is the amount of £1 for the given time and rate. 
47'5 iB the multiplier. 

£ 8. d. 
£67'7286 = 67 14 5t is the required amount. 

47 10 0 is th,e given principal. 

And £20 4 5t is the required interest. 

EXERCISE Ill. 

1. What are the amount and compound interest on $875 for 11 years 
at 6 per cent. ? Am. Amount = $1661'0125. 

Interest = $786'0125. 
2. What are the amount and compouud interest on $643'98 for 13 

years at 4 per cent. half-yearly? Ans. Amount = $1785'41523. 
Interest = $1141'43523. 

~. What are the amount and compound interest of 1 cent at 6 per 
cent. per annum for 45 years? Ans. Amount = $'137646. 

Interest = $'127646. 
4. What are the amount and compound interest of $78'20 for 7 years 

at 3 'per cent. quarterly? Ans. Amount = $178'916. 
Interest = $100''716. 

5. What are the amount and compound interest of $777'77 for 9 years 
at 5· per cent. half-yearly? Ans. Amount = $1871'7968. 

. Interest = $1094'0268. 
6. What are the amount aud compound interest of £44 5s. 9d. for 

11 years at 6 per cent. per annum? 
4.ns. Amount = £84 Is. 5d. 

. Interest = £39 15s. Sd. 
7. What are the amount and compound interest of £32 4s. 9td. for 

3 years at 4 per cent. half-yearly? 
Ans. Amount = £40 15s. 10~d. nearly. 

Interest = £8 lIs. 1d. 

33. Given the amou,nt, time and rate-to find the 
principal; that is, to find the p1'esent worth of any sum to 
be due hereafter-a certain rate of interest being allowed 
for the money now paid-

RULE. 

Fini! by tlU! Table the amOunt' 0/ $1 at a given rate aryl for the 
given time, ani! divide it int(j the given amount. The quOtie'lli will be 
the pl-ineipal. . 
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EXAMPLE.-What principal will amount to $10000' in 12 years at 
6 per cent. compound interest? 

OPERATION. 

Amount of $1 for 12 years at six per cent. = $2'0122. 
$10000 -:- 2'0122 = $4969'684 . .LIns. 

EXERCISE 112. 

1. What principal will amount to $7439'87 in 7 years at 4 per cent. 
compound interest? Am. $5653'69'1, 

2. What principal will amount to $9193·90·in 20 years at o'per coot. 
compound interest? Am. $3465'081, 

3. What ready money ought to be paid for a debt of £595 lOs. 2td. 
to be due 3 years hence, allowing 6 per cent. per annum com-

o pound interest? Ans. £500. 
4. What ready money ought to be paid for a debt of $7111'11, to be 

due 7 years hence, allowing 6 per cent. compound interest? 
Am. $4729'295.' 

5. What principal, put to interest for 6 years, would amount to 
.£268 Os. 4td. at 5 per cent. per annum? Am. £200. 

DISCOUKT. 

34. Discount is an allowance made for payment of a 
debt before it is due. 

35. The present worth of a debt payable at some future 
time, without interest, is that sum of money which, being 
put out at legal interest, will amount to the debt by the 
time it becomes due. . 

Thus, if lowe a man $100 and give him a note for that amount,' 
payable one year hence without interest, the p'esent value of. my note 
is less than $100, since $100 being put out at interest for 1 year at 6 
per cent. will R!llOl.int to $106. 

36. From Art. 18 it is evident that to find the present worth of a note, 
payable at some future time, without interest, is simply to find what prinCipal, 
put to interest at the rate specified, will amount to the sum named on the face 
of the note in the given time; i. e. by the time the note becomes due. 

Hence to find the present worth of any sum to be paid 
at some future time without interest, we have (Art. 18) the 
following :-

RULE. p=~ 
1 + rt 

lNTERPRETATION.-Tlle present. 'Worth i8 found by div.irlJ,ng the 
OImount of the note, debt, &e., by tIle amount of $1, at tlui specified 
rate per cent. for the given time. " . ' 
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NOTE.-17ui discount isjound by deducting the pl'esent valuej1'om 
tlte note, debt, &;c. 

EXA~PLE I.-What is the present value of a note for $860 pay­
able 3 years, hence, alloWlng discount at the rate of 6 per cent. per 
annum? 

OPERATION. 

Here A = $860, l' = '06, and t = 3. Whence 1 + Tt = 1'18. 

Th P - A _ 860 _ $"28'81" A en - l+1't - 1'18 -, ". -",?lS. 

PRooF.-Interest on $728'81!~; for 3 years a\ 6 per cent. = $131"1Sl~, 
Added principaL ....................... = 728 81~:. 

Amount. ................... , ...••...... = $860'00 

EXAMPLE 2.-What is the discount on a note for $728'63 due 
9 months hence, allowing discount at 7 per cent. per annum? 

OPERATION. 

Here A = $728'63, r = '07. and t = '75 year. Whence 1 + j't = 1'0525 
A 728'63 _ 

Then P = 1 + j't = 1'0525 = $692'285 present worth. 
Then amount on face of note" $'i28'63 

Present value .. " .. . .... 602'285 

Discount.", ., .. $ 36'344 Am, 

EXERCISE 113. 

1. What is the present worth of a note for $962, payable in one year, 
at 4 per cent. discount? Ans. $925. 

2. What is the present wOl,th of )!:~~n?, pn,'nh'c in r, ,ro1's Rnd 9 
lnonths, at (3 per ~cut pu UU\JL.111 Ui;:;CUUlll ~ .A1IS. G,l0;Yi' 174. 

3. What sum will discharge a debt of $1003'50, to be due in 8 
months hence, allowing 6 per cent. per annum discount? 

Ans. $964'9038. 
4. What ready money will now pay a debt of $716 due 7 months 

hence, allowing discount at 8 per cent. ? Am. $684'0764, 
5. What ready money will now pay a debt of $1342'50, due 125 

days hence, at 6iper cent, ? Ans. $1313'21>6. 
6. If a legacy of $2400 is left to me on the 3rd of May, to be p,;id 

on the Christmas day following, what must I receive as pl'eScllt 
payment, allowing 5 pel' cent. per annum discount? 

Ans. $2324'84. 
7. Find the discount on a bill of $2202 at 5 per cent., payable 9 

months hence. . Ans. $79'59036. 
8. What is the present worth of a note for $4360, payable one year 

5 months hence, at 6 per cent. ? Ans. $4018'43317. 
9. What is the present worth of a note for $1647, due 11 months 

hence, at 6 per cent.? Ans. $1561'13744. 
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10. Required the present worth of a note for $2000 due 3 years '1 
months hence, at 6 per cent. .Ans. $1646'09053. 

11. What is the discount on a note for $20'10'90, payable 1 year '1 
months hence, at 5 per cent. ? Ans. $1,51'019. 

12. What is the present worth of a note of $9'10'63, payable in 11 
months, at 8 per cent. ? Ans. $904'313. 

N OTE.-When the payments are to be made at different times, find the 
present value of the sums separately; their sum will be the present value ortbe 
note, and, as before, this subtracted from the whole amount will give the di.· 
count. 
13. What is the discount on $3024, the one half payable in 6 and the 

remainder in 12 months, 7 per cent. per annum being allowed? 
Ans. $150'0464. 

14. A merchant owes $440, payable in 20 months, and $896, payable 
in 24 months; the first he pays in 5 months, and the second in 
one month after that. What did he pay, allowing 8 per cent. 
per annum? Ans. $1200. 

BANK DISCOUNT. 

37, Bank Discount is a charge made by a banv- :or the 
paywcLJt of illoneyon a' note before the note is (~'.le, and 
differs materially from discount as commonly calculated. 

38. Banks consider the discount to be the same as the 
interest on the whole amount of the note, from the time it 
is discounted until the time it becomes due. Bank Dis­
count is therefore greater th,m the true discount by the in­
terest on the disconilt. 

39. The three days of grace, which by mercantile usag~ 
are allowed to elapse after a note falls due, before it is pay­
able, are always included by banks in the time for which 
they calculate the discount. 

40. Two kinds of notes ar8.discounted at banks: 
1st. BusinB88 notes 01' busines8 paper. These are notes actnaUy given by 

one individual to another for property sold or value received. 
2nd. Accommodation Dotes, called also accommodation paper. These are 

Dotes made for the purpose of borrowing money from the banks. 

41. To find the bank discount on a note:-
RULE. 

Add 3 days to tlle time wl!~cll the note has to run before it become. 
due, and calculate the interest for this time at the given j'ate per cent. 

EXAMPLE.-What is'the bank discount on a note of $100, payable 
in 69 days, allowing'discount at 6 per cent. ? 
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OPERATION. 

HI'If'6 the Urn. the note has to rwn, .. 72 days = 2 rrwnth8 12 day •• 

Interest of $1 at 6 pOl' cent. for 2 months 12 days, is $0'012. 
Interest of $700 at 6 per cent. for 2 months 12 days=$O012 x 700""$8'40. Ana. 

EXERCISE'* .114. 

1. What is the bank discount on a note for $986, having 2 years and 
3 months to run, allowing discount at 7 per cent. ? 

Ans. $155'8701. 
2. If I have a note for $640, payable in 100 days, and get it dis­

counted at. the rate of 8 per cent. per annum, -what discount am 
I charged? Ans. $14'6488. 

3. I sell a horse and carriage for $563 '80, and receive a note for that 
sum, payable, without interest, 91 days hence. Now if I get this 
discounted at the rate of 6 per cent. per annum, what sum do I 
receive? Ans. $554'967. 

42. It is often necessary to make a note of which the 
present value shall be a certain sum. 

T',,,c sl1:>/ose I require to receive from the bank liilOOO, and wish 
to give my note, payaLle in 7 months, at 6 per cent., what amount 
must I put on the face of the note? 

Now the interest on $1 at 6 per cent. for 7 montlls amI 3 days (i. e. days of 
grace) i. $0'0355, and this will be the bank discount on $1 for 7 months at 6 per 
cent. 

To get the present vaIn. of ;:1. we snbtraet $0'0855 from $1, which gives ns 
$0'9645. 

Hence for every $0'9645 I receive, I must pnt $1 on tbe face of the note; 
. 1000 . 

. and therefore to receIve $1000, I must put 0'9645 1. e. $1036'806 on the face of the 

note. 

PnooF.-Face ornote ............................................ $1036'806 
Bank discount on '~1036'806 at 6 per cent. per an. for 7 mon.. 36'806 

Present value.. .. . .. .. .. . .. .. .. .. . .. . .. .. .. .... .. . .. .. .. .. $1000'00 

Hence to find the face of a note, due at some future 
time and discounted at a given rate per cent. per annum, 
that shall have a known present value, we have the follow­
ing:-

* These examples 5re "'"rked by the rule given III Arts. 26 and 27. If the 
absolutely correct answer i:i required, it must be obtained by deductmg from 
~hese results,'~ of the interest lor the days used, as before explained. In ex­
ample 2, it will be observed, this makes" difference of 20 cents. 
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RUL·E. 

Find the present value of $1 for the same time (adding the three 
days of gmce) and at the same rate; divide the requir.ed pre8entval~ 
of the note by this, and the quotient will be the face of the note. 

EXAMPLE.-For what sum must a note be. drawn at 8 months 18 
days, so that discounted immediately at 6 per cent. it shall produce 
$670 ? 

OPERATION. 

Interest on $1 for 8 months 21 days at 6 per cent.=$0·0435, and this taken from 
$1 gives us $O'9565=present worth of $1. 

670 
Then 0.9565 = $700'41. Ana. 

EXERCISE* 115. 
1. What sum must I put on the face of a note payable in 90 days 80 

that I may obtain $3755 when discounted at a bank at 7 per 
cent? Ans. $3824'15. 

2. For what sum must a note be drawn payable in 6 months in order 
that its proceeds at 5 per cent. bank discount may be $1147'80? 

Ans. $1177'734. 
3. For what sum must a note be drawn payable in 45 days so that its 

proceeds at 3t per cent. bank discount may be $713'90? 
Ans. $71'1-2471. 

EQUATION OF PAYMENTS. 

43. Equation of payments is the process of finding tTle 
equated or average time when two or more payments, due 
at different times, may be made at once without loss to 
either party. 

44. The average time for t;le payment of several sums 
due at different times is called the mean time or equated 
~& • 

45. To find the equated time for any number of pay­
ments:-

RULE·t 
. ,First multiply each debt by the time before it becomes due; then 

d~v,de the sum of the pj'oducts thus obtai" ed by tlte sum of the pay· 
ments, and the quotient will be the equated time requij·ed. 

" Work by Arts. 26 and 21. 
. t Thi~ rule is hu.sed upon the supposition that what is gained by keep. 
mg , ceTtam payments after they become due is equal to What is lost' by 
paymg othel' payments before they become due. This, boweve~ is'not 
exactly true; for the gain is the interest, while the loss Is equal on1t to tM 
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XOTE.-When there are both days and months, tlley must all be re­
duced to the same unit; i. e., the payments must all be reckoned 
for so many days, or so many months or parts of a month. If 
one of the ,payments is due on the day from which the equated 
time is reckoned, the corresponding product will be nothing; 

, but in finding the 81<m of the debts, this payment must be added 
with the others. (See Example 3 below.) 

EXAMPLE I.-A merchant purchases a vessel for $7000, $2000 to 
be paid in 3 months, $2000 in 5 months, and the balance in 11 
'months. Now if he wishes to make the whole in one payment for 
what time must his note be drawn? 

OPERATION. 
$2000 x 3=$ GOOO xl 
2000 x 5= 10000 x 1 
3000 x 11= 33000 x 1 

EXPLANATION.-The interest of $2000 
for tbree· months is equal to the interest 
of $6000 for one month. Similarly, the 
interest of the second payment is equal 
to the interest of $10000 for one month, 

$49000(7 months. Ans. and the interest of the third payment is 
. ,equal to the interest of $33000 for one 

7000) 

month. Hence, the interest of the several payments, at the given times, will 
be equal to that of $49000 for one montb; and if we divide this $49000 by tbe 
sum of the paym~nts, $7000, we obtain 7 months for the equated time. 

. $49000 x 1 
Tbat IS, $7000 : $49000 : ; 1 month; Ans.= $7000 =7 months. 

EXAMPLE 2.-A person owes another £20, payable in 6 months; 
£50, payable in 8 months; and £90, payable in 12 months. At what 
time may all be paid together, witb,out loss or gain to either party? 

OPERATION. 

£, £, 
20 x 6= 120 
50x 8= 400 
90x 12=1080 

160 160)1600(10 montbs. Ans. 
1600 

EXAMPLE 3.-A debt of $450 is to be paid thus; $100 imme­
diately, $300 in four, and the rest in 6 months. When should it be 
paid altogether? 

discount, whicb (Al·t. 38) is always less tban the interest; but tile discrepancy 
is so trifling as not to make any material difference in the result. 

With this exception, the rule is true, and may be demonstrated as fol­
lows:-Lct p=first payment, anil t=the time before it becomes due: 

p' = other payment, anil t' = tile time before it becomes due; 
w=(l:quated time, and r=the rate of interest per unit. 

Anel aince ro, the equatcd time, lies between t and t' tile time between t and '" 
is="'-t, and 1lhat between t' and", ia=t'-",. ' 

The interest of p for the time oo-t is (from Art. 13) pr (oo-t). 
AI.o interest ofp' for the time t'-oo is p'r (t'-",). 
Hence pr (",-t = p'r (t'-re). 

All'd'" = pt + yt', which is the rule, and may be similarly proved for any 
, p+p' 

number of payments. 
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OPERATION. 

$100xO= 0 
300 x 4=1200 
5Ox6= 300 

460 4fiO)1MO(3j months. A?t8. 
1350 

1OOL, 
450 f 

EXERCISE 116. 

[SIICT. VIn. 

1. A owes B $600, of which $200 is payable in 3 months, $150 in 4 
months, and the rest in 6 months; but it is agreed that the whole 
sum shall be paid at one payment. When should the payment 
be made? Ans. In 4t months. 

2. A debt is to be discharged in the following manner: t at present, 
and t every three months after until all is paid. What is the 
equated time? An.~. 4t month&. 

3. A debt of $120 will be due as follows: $50 in 2 months, $40 in 5, 
and the rest in 7 months. When may the whole be paid togeth· 
er? Ans. In 4t monthR. 

4. lowe $1000 to be paid down, $1500 in one month, $600 in 3 
months, $700 in 5 months, and $1400 in 7 months. For what 
time must my note be drawn so that the whole may be paid in 
one payment? Ans.' 3-16 months. 

o. Bought of Messrs. Hendrie & Robarts, goods to the following 
amounts, on the credit of six months: 

15th of Janu~ry, a bill of $3750. 
lOth of February, a hill of 3000. 
6th of March, a bill of 2400. 
8th of June, a bill of 2250. 

I wish on 1st of July to give my note for the amount; at what time 
must it be made payable? Ans, 31st August. 

PARTNERSHIP OR FELLOWSHIP. 

46. Partnership or Fellowship is the joining together 
of two or more persons for the transaction of business, 
agreeing to share-the profits and losses in proportion to 
the amount of money each invests in the'business. 

47. The persons thus associated a,re called Partnbrs., 
and the association itself a Company or Firm. 

48. The money employed is called the Capital or Stock. 
49. The gain or loss to be shared is called the Dividend. 
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SIMPLE PARTNERSHIP. 

50. When the partners employ their shares of the 
capital for the same period of time, the partnership is call­
ed Simple Partnership. 

It is al50 called Simple PartnerRhip or Partnership without Time. 
51. It is evident that the whole stock which 8u1l'er8 the gain or loss must 

bear tbe same proportion to tbe stock of each partner that the whole gain or 
los8 hear8 to hil; share of the gain or loss. 

Hence, for partnership without time, we have the fol­
lowing ;-

RULE. 

As the whole stock is to each mau's sha;re of the stock, so is the 
whole gain or l08s to each man's share of the gain or loss. 

EXAMPLE.-A and B enter into trade with a capital of $3700, of 
which A contributes $2000 and B the remainder. They gain $1200. 
What is each man's share of the profits? 

OPERATION. 

Whol" stock: A's stook : : whole profit: A's profit. 
. 2000 x 1200 

That IS, $8700: $2000 : : $1200 : -aroO' = $648'648 = A's share. 

Again, whole stock: B's stock' : whole profit: B's profit. 
1700 x 1200 _ , 

That i8, $3100: $1100: :1200: --swo- = $!lal'S:;1 = B s share. 

NOTE.-After A's share has be"n found, B'B sh~re may be obtained by sub­
tracting A's prodt from the whole prodt. 

EXERCISE 11 '1. 
l. Two merchants enter into partnership with a stock of $4300, of 

which A contributes $3000. They gain $1117. How should 
this be divided between them? Am. A's share = $779'302. 

B's share = $337'697. 
2. Three persons A, Band C, agree to form a company for the man· 

ufacture of woollen cloths. A puts in $6470, B $3780, and C 
$9860. By the end of the year they find that they have gained 
$78~0. What partion of this profit belongs to each? 

Am. A's share = $2538'453. 
B's share = $1483'053. 
O's share = $3868'493. 

3. Band C buy certain merchandize, amounting to $320, of which 
B pays $120, and C $:lOO; and they gain $80. How is it to be 
divided? Am. B $30 and C $50. 

4. Band C gain by trade $728; B put in $1200, and C $1600. 
What is the gain of each ~ Arts. B $312 and C $416. 

5. Two peraoDil are to share $100 in the proportions of :; to Band 1 
to C. What Is the share of each P 

Ana. B ~66'6S% and C $33'33t-
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6. A merchant failing, owes to B £500 and C £900; but has ~nly 
£1100 to meet these demands. How much should each creditor 
receive Y Ans. B £392~ and C £'70'7t. 

'7. Three merchants load a ship with butter; B gives 200 casks, C 
300 and D 400' but when they are at sea it is found necessary 
to throw] 80 ca~ks overboard. How much of this loss should 
fall to the share of each merchant? 

Ans. B should lose 40 cask'8, C 60, and D 80. 
S. Three persons are to pay a tax of $100, according to their estate~. 

B's yearly property is $800, C's $600, and D's $400. How much 
is each person's share? 

Ans. B's $44'44~, C's $33'33t, and D's $22·22~. 
9. Divide 120 into three such parts as shall be to each other as 1, 2, 

and 3. Ans. 20, 40, and 60. 
10. A ship worth $900 is entirely lost; ~ of it belonged to B, i to C, 

and the rest to D. What should be the loss of each, $540 being 
received as insurance? Ans. B $45, C $90, and D $225. 

11. Three persons have gained $1320 j if B were to take $6, C ought 
to take $4, and D $2. What is each person's share? 

Ans. B's $660, e'g $440, and D's $220. 
12. Three persons join j Band C put in a certain stock, and D puts 

in £1090; they gain £110, of which B takes £35, and C £29: 
How much did B and C put in j and D's share of the gain? 

Ans. B put in £S29 6s. lIB-d., 
C " £68'7 3s. 5Hd., 

anti D's part of the profit is £4.6 . 

. COMPOUND PARTNERSHIP. 

52. When the partners employ their capital for differ­
ent periods of time, the partnership is called Compound 
Partnership or Compound,Fellowship. . 

It is likewise called Double Partnership, or Partnership With Time. 
For example; suppose A puts in $200 for 3 years, and B $300 for 4 yeats, 

and they make a certain gain or 105s. This would give a case of Componnd 
Partnership. . . 

In such cases it is plain that each man's share of the profit depend~'upon 
two circnmstances : . 

1st. The amount of his stook; and 
2nd. The period for which it is continued in the business. 
Also that when the times are equal, the shares of the gain or loss are as the 

stocks; when the stooks are equal, the shares are 8S the times; and when neith~r 
the times nor the stocks are eGual, the shares are as their producl& 

Hen..:e, for Comp0unCl 'Oartnership we have, tpe follow­
ing :.....:... 

RULE. 

Multiply each man' 8 8tock by the time lw continues it in tirade ; 
Uten 8ay, as tlw 8um of the products is to· each pa'JIticubrir. 'protltuct, 80 
is the wlwle gain or loss to each man's shU/Y'e of tM gain:w lou. 
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EXAMPLE-A contributes $120 for 6 months, B $336 for 11 
months, and 0 $384 for 8. months; and they lose $56. What is O's 
share of the loss? 

OPERATION. 

$120 x 6=$720 for one month} 
336x11=3696 for one month =(;T4SS for one month. 
384 x 8=3072 for one month 

$3072 x 56 _ 
$7488: $3072:: $56 : C's share; 01'7488" == $22'0.4. 

EXP~ilIATION.-It is clea,' tbat $120 contributed for 6 months are, as far as 
ithe gain or loss is concerned l the same as 6 times $120, or $720, contributed for 
one mon~h. Hence Ns contribntion may be taken as $720 for 1 month; and, 
for the same reasoll, B's as $3696 for the same time; and C's as $2072, also for 
the same time. This reduces the question to one in SiUlple Fellowship. 

EXERCISE 118. 

1. Three merchants enter into partnership; B puts in $357 for 5 
months, 0 $371 for 7 months, and D $154 for 11 months; and 
they gain $347'20. What should be each person's share of it? 

Ans. B's $102, O's $148'40, and D's $96·SO. 
2. B, 0, and D pay $160 as the year's rent of a pasture. B puts 40 

cows on it for 6 months, Q 30 for 5 months, and D 50 for the 
rest of the time. How much of the rent should each person 
pay? 1'1ns. B$87·27l.-, 0 $54·54}i.-, and D $lS·18}r_ 

3. Three dealers, A, B, and 0, enter into partnership, and in a certain 
time make £291 13s. 4d. A's stock, £150, was in trade 6 
months; B's, £200, 3 months; and O's, £125, 16 months. 
What is each person's share of the gain? 

An-s.' A's is £75, B's, £50, and O's, £166 13s. 4d. 
4. Three persons have received $665 interest; B had put in $4000 

for 12 months, C $3000 for 15 months, and D $5000 for 8 
months. How much is each person's part of the interest? 

Ans. B's $240, O's $225, and D's $200. 
5. Three troops of horse rent a field, for which they pay $320; the 

first sent inte it 56 horses for 12 days, the second 64 for IS days, 
and the third 80 for 18 days. What must each pay? 

Ans. The first must pay $\ 70, 
The second "100, 
The third "150. 

6. Three merchants are concerned in a steam-vessel; the first, A, 
puts in $960 for 6 months; the second, B, a sum unknown for 
12 months ; and the third, 0, $640, for a time not known when 
the accounts were settled. A received :)1;1200 for his stock and 
profit, B $2400 for his, and 0 $1040 for his: what was B's stock, 
and O's time? 

Ans. B's stock was $1600 j and e's time was 15 months. 
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NOTB.-If A gain ~240 In 6 months, he would gain $480 In 12 months; that ,I&, 
A's stook .. nd profit at the end of12 months would be $960+$480=$1440. 

2400 x 960 
Then $1440: 2400: : $960: B's stock; orl440-=$1600 B's stock. 

Again, B'. stock: C's stock: : B's profit ~': K~ofit for same time, viz.: 12 

months. That is .1600: $640 : : $800: -16-00- = $820 = C's profit tor 12 
month •. 

Lastly, C's profit for 12 months: C's given profit: : 12 months; C's time; 
. . "12 h .400xI2_1~ h C' . that IS, $320 • $400 . . mont s. 820 - v mont s, 5 time. 

'T. In the foregoing question A's gain was $240 during 6 months, B'$ 
$800 during 12 months, and C's $400 during 15 months; and 
the sum of the products of their stocks and times is 34660. 
What were their stocks? Ans. A's was $ 960, 

B's " 1600, 
C's" 64ql 

8. In the same question the sum of the' stocks is $3200; A's sto,cl[ 
was in trade 6 months, B's 12 months, and C's 15months;aud 
at the settling of accounts, A is paid $240 of the gain, B Il~QQ, 
and C $400. What was each person s stock? 

Ans. A's was $960, B's $1600, and C's $640. 

QUESTIONS TO BE ANSWERED BY, THE PUPIL. 

NOTE.-The '1IIUmb&r8 fo/kn.oiJng th61}UeIMons ref ... to the arUcl88 of the 
Section. 
1. What is interest? (1) 
2. What is the meaning of the termsp&r cent. and per an1VW11t1 (1) 
8. In what ro.pect doe. in tereat differ from (Jommission and Brokerage y. (2) 
4. What i. the principal? (8) " , , 
6. What is meant by the rate p&r cent, (4) 
6. What Is meant by the rate p ... unit, (5) 
7. What is the interest? (6) 
S. What is the amonnt? (7) 
9. Of how many kinds is interest? (8) . 

10. Explain the distinction between Simple snd Compound Interest. '. (9' snd 10) 
11. In using formulas for interest, what ill the meaning of the Jetten·P. ,A, 1, 

t and r' (12) , 
12. Deduce algebraIcally a full set of rnles 'for Simple Interest. (12) 
18. How is the interest found when the prinuipal, rat. PM' """t., and Ume are 

jtlven Y (18) 
NOTIi:.-Answer this and succeeding similar ques,tlons by glvJng the for~. 

ul... , 
14. I<1terpret this formula. (18) 
15. When the interest, rats pM' <lent., lLlld Um6 are given what is the rule for 

finding the principal Y (14) , 
16. Interpret this formula. (14) 
17. How is the rate per cent. found when the intere8t,principal, and two. arB 

given? (15) 
18. Interpret this formula. (15) 
19. When the 1m.terest, t»'mcipa~. and rate are gI,ven, how Is the time- fsund ? 

. (16) 
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20. interpret this formula. (16) 
21. When the fI'I"l'nc1pal, rate, and Urns are given, how iii the amoullt found? 

(17) . 
22. Interpret this fonnula. (17) ___ _ 
23. When the <WII<JW1,t, r(~t8, and ti (itt are given, how do we lind the principal? 

(18) 
24. Interpret this formula. (18) 
25. When the amount, prirwipat, Rnd time are given, how do we lind the rate? 

(19) 
26. Interpret this formula. (19) 
21. When the amullmt, pI'im,cipal, and "ate are given, how do we find the time? 

(20) 
28. Interpret this formul •. (20) 
29. How do we find the time in which any sum of money will amount to allY 

given num ber of times its.lf at II given rate? (21) 
80. Interpl'et this tormullI;(21) 
31. Hp,w do we find the rate at which any sum will amount to II given nombH 

J oftime&'1tselnn a given time? (2't) 
82. lnterpret this formula. (22) 
88. When the time and rate are given, how do we find to how many times itself 

a given sum will amouut? (28) 
84. Interpret this formula. (28) 
30. How do we find the interest on $1 at 6 per cent. pel' annum for any num­

ber of months? (24) 
36. How do we find the interest on $1 nt 6 per cent. for any Duruber of days? 

ai. HS~~o we find the interest of a.ny sum fOl' lilly given time at 6 per oent. ? 
. (26) 

38. How may we find the interest at any other rate than 6 per cent. ? (27) 
39. How do wo compute interest on Dotes, &c., when p"rti~1 payments Bre 

made? (28) 
40. What is the rule for calculating Compound Interest? (80) 
41. How is Compound Interest calculated by the table given in Art. 31? (82) 
.12. How do we ascertain the present worth of " debt due some given time 

bence, allowing Componnd Interest at a given rate? (83) 
43. What is Discount ? (84) 
44. What is meant by the present worth of a dobt, note, &c.? (35) 
015. How do we compute the present worth of a debt or note? (36) 
46. Wbat is Bank Discount? (87) . 
47. Whilt is the distinction between Bank Discount and Trlle DIBCOllDL? (ij8 

aud 85) . 
48. Wbat arc days of grace? (89) 
49. What are the two kinds of notO/! discounted at banks? (40) 

_50. How do we calculate the bank discount on notes, &o.? (41) 
.51. 110W:. do we find what lIJllOUDt to put on the face ofa note so that its preseIJt 

value shall be a certain sum? (42) ' .. 
52. Whans ",.ant by the Eqnation of Payments? (48) 
5~. What is mea)lt by the mea'" time or eql~ted time of payment? (44) 
54. How do we find the equate,l time of payment? (45) 
l?5. What is Partnership or Fellowship? (46) .. 
06. What ~re the· persons associated together in partner~hlp called? (47) 
~7. What!s the money employed in the business called 1 (48) 
oS. What 18 meant hr. the dividend? (49) . • 
59. What is the distmction between Simple and Compound Fellowship. (50 

and 52) 
60. By wha.t other name is Simple Partnership known? (50) 
61. What is the rule for Simple Pa.rtnership? (li1) 
62. What Is the Tille for Oom~ound Pa.rtnership? (52il 

- S 
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SECTION IX .. 

PROFIT .AND LOSS, BARTER, ALLIGATION, CURRENCIES, 
EXCHANGE, &c. 

PROFIT .AND LOSS. 

1. Profit and loss is a rule by which we are enabled 
to ascertain what we gain 01' lose in mercantile transac­
tions. It a1so instructs us how much we must increase or 
diminish the price of our goods in order that our gain or 
loss may be so much per cent. 

CASE I. 

2. To find the total gain or loss on a certain quantity 
of goods when the prime cost and selling price are given: 

FIRST RULE. 

Find the price of the goods at prime cost and also at the seUi11fl 
price. The diJlerence will be the whole gain or 108s. 

EXAMPLE 1.-What do I gain if I buy 207 ~ords of wood at $3'·78 
per cord and sell it at $4 ·25 ? 

OPERATION. 

201 cords @ $4·25 = $879·75 = whole sum for which goods were sold. 
207 cord. @ $8·78 = $782·46 = whole cost. 

Difference = $97"29 =. whole gain = A,.,. 

EXAMPLE 2.-If I purchase 900 bushels of wheat at $1·47 per 
bushel and Bell it at $1·25, what do I lose upon the whole trsllB8.C­
tion? 

OPERATION. 

900 bushels @ $1·47 = $1828 = whole cost. 
900 bushels @ $1"25 = $1125 = whole sum received for wheat. 

$198 = whole loss = Am. 

SECOND RULE. 

Find the d~tJerehce between the buying and selling price of a 
busTlel, lb., yard, &c. 

Multiply the gain or los8 per bushel, lb., yard, &:c., by the number 
of bushels, lbs., or yards, aM the result will be the whole gain or losB. 
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EXAMPLE.-Bought 211 yards of flannel at an- cents per yard, 
and sold it at 45 cents. Required my total gain? 

OPERAT[QN. 

$0'375 = buying price. 
$0'45 = selling price. 

$0'075 = gain per yar<l $0'075 x 211 = $15'825 . .4u •. 
<>r lo!~TE.-This second rule alfords the shorter method of fiu<liug the gain 

EXERCISE 119. 

1. Bought 317 Ibs. of butter at 9 cents per lb., and sold it at J:.!.-} 
cents. :What was my gain on the whole? .11"8. $1l·09ii. 

2. Bought 2138 bushels of potatocs at 87t cents per bushel, and sold 
them at $1'20. What was my gain on the whole ~ 

.Au.,. $694:85. 
8. Bought 13 barreI.~ of sugar} each weighing 317 lbs. net at 15 cent~ 

pCI' lb., and sold the whole for $735; How much did I ijain ot· 

lose on the transaction? All". Gaillcd $110·8D. 
4. Bought 17 kegs of wine, each containing 22 gallons, at 8'3'15 peL' 

gallon, and paid in addition $26'33 for carriage, &c., alld an 
ad valol'em duty of 37t per cent. I sold the whole for ~162u. 
What was my gain or loss? AI'S. Loss :iii~1·2175. 

CASE II. 

3. Let it be required to find for what sum I must sell a I){)usc 
which cost $2900 80 that I may gain 15 per cent. 

Here for every $100 the house cost me I am to receive $11.5, or lUI' "\"C'ry ~I 
COBt I am to receive $1'15. 

The selling price must evidently be as many timtls $1'15 as the buying pl'icu 
contains $1; i. e., $1'15 x 2900 = $3335'00 . .4n8. 

Again: If a person buys a horse for $230, anti afterwa.l'ds sells it so U::o to lot'C 
11 per cent.; how much does he I;'cceive for it? 

Here for every $1 he paid for the horse he receives only $OB9 (,illca 11" 
loses 11 per cent., i. e. 11 cents on the $1.) 

Then, the selling price will obviously be ~0'89 x 230 = $204·,0. A", . 
. Hence, to find at what tn'ice an article must be sold so 

as to gain or lose a specified per centag'e, the cost price 
being given :-

RULE. 

Find (Art. 2, Sect. VII.) how much mad be 'I"cce;oed fo,' NlCIt. dol­
lar of tlte buying prwe, and multiply this by the whole bnying P'" ;01'. 
TIle result will be the selling pI ice. 

EXAMPLE I.-Bought a quantiLY of oatllleal·for $17US·SO. For 
what must I sell it ao as to gain 8 peL' cent. ~ 

OPERATION • 

. Here for every $1 I expend I desire to receive $I'U8; henee, the selling price 
w,lll be $1:08 x 1793'80 = $1937'304 . .4M. . 
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EXAMPLE 2.-Bought a lot of sheep for $7000, and am ~i~g ,to 
lose 3 per cent. For what sum must I sell ? 

OPERATION. 

Hero for overy $1 I expend I am willing to receive $0'91, and hence selling 
price will be $0'97 x 1000 = $6790. Am. 

EXERCISE 120. 

1. Bought cordwood at $3'25 per cord. At what rate per cord must 
I sell it iu order to gain 30 pCI' cent? .Ans. $4·22f. 

~. Bought a stock of goods for $13420. For how much must it be 
sold in order to gain 5 per cent? .An8. $14091. 

3. Bought It quantity of wool at 11 cents a lb., and wish to sell so as 
to gain 15 pCI' ccnt. At what rate perlb. must I sell it ? : 

.Am. I2Pu cents. 
4. Bought axes at $15'25 a doz., and dcsire to sell them so as to gain 

23 pel' cent. At what rate ]lC!' doz. must I sell? .Ans. $18'751. 
5. Bought a farm for $7890, and am willing to lose 11 per cent. At 

what price must I >lcll ? .Ans. $7022'10. 

CASE III. 
4. Let. it be required to find what per cent. of profit a merchant 

makes by buying tea at 43 cents per lb. ami selling it at 67 ·cents. 
Hore tbe gain 011 each lb. is 24 cellts. 
"I'hat is every 43 cents invested gives a gain of 24 cents. 
Therefore every cent invested gains -/3 of 24 cents,= ·it cents. 
And ht'l1ce, the gain per cent. ~ ~~ x 100 = gl~ = OO'S llcr cent. 

Ilence to find the rate pe?' cenf. of profit 01' loss when 
t he prime cost and selling price are given, we have the 
folluwing :- . 

RULE. 
F'iud tlte diffcj'ence bet'IIJeeu the buying and selling price, and hence 

the guin 01' l08.~ per 'Unit. 
1Ilultiply this by lon, and tlte )'esnlt will be the gain or los8 per 

CI''ld. 

EXA)[PLE.-A speclllat.ol' invests $44400 in stocks, and sells out 
till' $50000. What pel' cent. does he make hy the opel'ation? 

OPERATION. 

Here the whole gain b $50000 - $44400 = $5600. 
That is $44400 gain $5600, and therefore $1 gains i:fi%"o = r\h of" dollar. 
Hence gain per cent. = NT: x 100 = ¥N' = 12'6. Ans. 
NOTE.-The above ,md all similar questions may b .. solved' by Proportion. 

'rhus this questioll is, If $44400 gilin $5600, what will $100 @In ~ . . 

And the statement is $44400 : $100 : : .'600: ..11"8. = ~o )('1~ = 12'6, ... . • 4«00 .. ·· . 
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EXERCISE 121. 

1. Bought tea at 60 cents a lb" and sold it at 87t a lb.; now much 
did 1 gain per cent, ? Ans, 45t. 

2. Bought coffee at 13 cents and sold it. at 11 cents a pound; wh~t 
was my loss per cent, ? An.~, 15-P'f. 

3. Bought flour. at $6 ~o a barrel, and sold it at $7'80; what was 
the per cent. of profit.· Ans. ~"J pel' cent. 

4. Bought cloth at $2'75 per y:ml, and solr! it at *3'111; what. wa' 
my gain pel' ceut.? Ans. 12-h pCI' cent. 

o. Bought oats at $0'47 pel' bnshel, and sold them at $0'56; what 
• was my gain pel' cent.? Ans. 19,h pCI' cent. 

6. Bought meat at 12 cents per lb., and sold it at. lOt cents a 
pound; what was iny loss per cent. ? A ns. 124- per cent. 

7. Bought a horse for $93, and solC! it fol' $127; what pel' cent. of 
profit did I make? Ans. 36~~. 

8. A man bought a farm for $6742'50, and sold it fol' $6000; what 
was hi8 108s per cent? An8. ni:Jii pel' cent. 

9. If I purchase a house for $G700, a horse for $275, and pay 
$1987 '32 for household furniture und a carriage, and then sell 
the whole for $8750, what is my gain 01' loss pel' cent. ? 

An .. ~. (:}ain 9'89 01' nearly 10 pel' cent. 
10. I purchase 723 Y1' ,t i. L ____ ~ .. " velvet in Paris and pay $4'25 a 

J'ard; I further pay 7 pel' cent_ for insurance, $23'70 for car­
ri~ge, $2'70 for harbor dues, $3'16 for wharfage anrl storage, 
and an ad valOl'em duty of 22 per cent., and then sell the whole 
for $5270; what is my gain or 103s pel' cent. ? 

Ans. Gain 31'96749 or nearly 32 per cent. 

CASE IV. 

6._ Let it be required to find the prime cost of cloth which I sold 
for $4 and gained 10 per cent. thereby. 

Here the gain on' $1 was 10 cents. or what I sold for $1'10 cost m~ <lilly ~1. 
Therefore the cost price will contn~n $1 as ma.ny times as tlJe selling prICe 

contains $1'10. 
That is the cost price=,..io=lf;8·G36. An •. 

Hence, to find the cost pn'ce, the selling price and tll~ 
gain or loss percent. being given, we have the following:-

RULE. 

Find .the [Jain 01' lo.s., per unit, and add it to 1l.nil y if it be .'fai n., 
but 8ubtr.qct it from u1~ity if it be loss. . 

lJivide the selling price by the q~tantity thus obtamed, and tlte 1'e-
sutt will be the cost p,-ice. . 

, 01' say as $100+ga.in pel' cent. (0'1' a~ $100-10ss per cent.) ~s to 
$100 Sf; is the selli1'fU price to the coat prwe. 
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EXAMPLtI.-Sold a quantity of coal for $'119, and lost '1 per cont. 
by the transaction; what was the prime cost ? 

OPERATION. 

lijT RULE.-J,oss on $11s 7 cents, or for every $1 paid I receive S01l8. 
Hence cost='F.t!=$i78·118. 

- lOOx719 "-r3118 2"1l RULE.-ili93::t;100::$.19: A"8'=-9~='" .. 

EXERCISE 122. 
1. Fot· wltat did I buy a quantity of sugar which 1 sold for $24-60, 

losing 4 pel' cent. ? .Ans. $25·625. 
:!. A gentleman sold his library for $2360, which was 10 per cent. . 

less than COgt; what did he give for it? .Ans. $2622'22. 
3. A farmer sold his farm for $'1400, gaining 11 per cent. on the 

prime co~t; what dia he gi,re for it? .Am. $6666'666. 
4. A merchant sold a quantity of silk velvet for $3'189'40, gaining 

17 pel' cent .. by the transaction; required the buying price? 
.Ans. $3238'803, 

5. Raid It lot of cattle for $2740, losing 13 per cent. by the tranSllC-
tion; what did I give for them? .An.~. $3149'425. 

BARTER. 

6. Barter signifies an exchange of goods 01" article~ of 
commerce atyrices agreed upon so that neithel' party in 
the t.ransaction may snstain loss. . 

7. TIl' p1';ucil'lr of so/uti(>'n depends uppnjin.ding tlie value f)f tll1l 
NlInmodit.'1 ",h,;.,,· price llrul qltan.tU,1J Qj'e given, a.nd tllenee the ctpJiva. 
1"lIt quail tit.'! n.f a second commodity of a gi1!en price, or tile equ.iva· 
lent price of a given quantity of a second commodity. 

EXA~!PLE I.-How much tea at $1'10 per lb. ought to be given 
for 712 lb. of sugar at 13 cents per lb. ? . 

OPBRATION. 

712 lb •. of sugar at 18 cents iJel·lb.=$92·56, lIml $9\l·56+$1·10=S4!14/i4lbs. 
=84 Ibs. 2~ oz. A"8. . 

EXA)!PLE 2.-1 desire to barter 96 lbs. of sugar, which cost-me 8 
cents per lb., but which I sell at 13 cents, giving 9 months' creditffor 
calico which another merchant sells for 1'T cents per yard, giving 6 
mont.hs' credit. How much calico ought 1 to receive? 

OPERATION. 

I first find at what price 1 could sell my sugar, were I to give 
the same credit as he does-

If 9 months give me [; cents profit, what ought 6 months to give? 
6xli SO .. 

9: 6::5: '9- = jj"=8i cents. 
Hence, were I to gIve 6 montb,' credit, I should ollarge 8 +8i=l1t C.Dta 

per lb. Next-
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'As my 80Jllrig price t; to my buying price, ';0 ought hiB selling to be to 1,18 
bnying price, both giving the same credit. 

8x17 
llt: 8: : 17: nF = 12 cente. 

The plice of my sugar, therefore, is 96 x 8 cents, or $1'68; and of hl.a oallo.o, 
12 cents per yard. 

$7'68 
Hence 12 = 64, is the required number of yard3. 

EXERCISE 123. 

1. A has coffee which he barters at 10 cents the lb. more than it cost 
him, against tea which stands B in $2, but which he rates at 
$2'50 per lb. How much did the coffee cost at first? 

Ans. 40 Cel1t8. 
'.l.A has silk which cost $2'80 per lb.; B has cloth at $2'00, which 

cost only $2 the yard. How milch must A charge for his silk, 
to make his profit equal to that of B? A,,"~. $3'00. 

3. I have cloth at 8 cents the yard, And in barter charge for it 18 
cents, and give 9 montts' time for payment; another merchant 
has goods which cost him 12 cents pel' lb., and with which he 
gives 6 months' time for payment. How high must he charge 
hi~ goods to make an Ilqual barter? Ans. At 17 cents. 

4. K and L barter. K bas cloth worth $1-60 the yard, which he bar· 
tel'S at $1'85 with L, for linen cloth at 60 cents per yard, which 
is worth only 55 cents. --Who h:.IB the advantage; and how milch 
linen does L give to K for 70 yards of his cloth? 

Ans. L gives K 2HHi- yards, and K has the advantage. 
o. B has five tons of butter, at $102 per ton, and lOt tons of tallow, 

at $135 pel' ton, which he barters with C; agreeing to receive 
$600'30 in ready money, and the rest in 1?eef at $4'20 per barrel. 
How many barrels is he to receive?' AnR. 316. 

ALLIGATION. 

8. Alligation is the method of finding the value of a 
mixture of ingredients of different valnes, or of forming a 
compound w.hich shall have a given value . 

• NOTE.-The term alUqation is derived from the Latin word (lINgo" to tie 
or hind," the reference b{'in~ to the manner of connecting or tying the numbers 
together in a ~rtaln claBS of questions. 

9. Alligation is divided into Alligation Medial and. 
Alligation Altemate. 

10. Alligation Medial (Latin medius, "mean or aver­
age,") enables us til find the value of a mixture when the 
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ingredients, of which it is composed and their prices are 
known. 

11. Alligation Alternate enables us to find what pro­
portion must be taken of several ingredients, whose prices 
are known, in order to form a compound of a given price. 

ALLIGATION MEDIAL. 

12. Let it be required to find the price per lb. of a mixture con­
taining 4'1 lbs. of sugar at 11 cents per lb., 29 lbs. at 18 cents, and 
24 lbs. at 1'1 cenls. 

OPERATION. 

411bs, at 11 centB=511 cents. 
29 lb •. at 18 centB=871 cents. 
24 lbs. at 17 centB=408 cent •. 

Tben 100 lbs. cost 1802 cents and lib. will cost VN- == 18/0 coots. 

Hence for Alligation Medial we deduce the following-
RULE. 

Divide the ellti,'€ cost of the ,vhole mixture by tlte sum of the in­
gredients, and tlte quotient will be tlte price per unit of the mixture. 

EXAMPLE I.-What will be the price per lb. of a mixture of tea 
containing '1lbs. at $0'50 per lb., 11 lbs. at $0'80, 19 at $1'06, and 3 
lbs. at $}'23 ? 

~ Ibs. 
11 u 
19 ~. 

3 .. 

OPERATION. 

$0'50 $8'50 
$0&0 $8'80 
$1'06 = $20'14 
$1'28 $8'69 

40 Ibs. =sum of Ingredients, $86'18=Total ~ost. 
4O)~~:~8($O'901l An ... 

'13 

EXAMPLE 2.-A goldsmith has 3 lbs. of gold 22 carats fine, and 
2 lbs. 21 carats fine. What will be the fineness of the mixture f 

ber:r ,!~;,,:~_e tbe value of each kind of Ingredi~nt is represented by a Dum­
OI"ERATTON. 

3 Ibs. , 22=66 carats, 
2 " x21=42 .. 

6 6)108" 

Tlle mixture I. 21, carat. dne. 
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En:aCISE 124. 

1. Having melted together 7 oz. of gold 22 carats fine, 12:t oz. 21 
carats fine, and Pl-oZ: 9 carats fine, I wish to know the fineness 
of each ounce of: the mixture? Al1S. 15Hcarats. 

2. A vintner mixed 2 gallons of wine, at 14s. per gallon, with 1 gallon 
at 12s., 2 gallons at 9s., and 4 gallons at 8s. What is one gallon 
of the mixture worth? A 118. 10e. 

3. A farmer'mixes 15 bushels of wheat worth $1'20 with 30 bushcJ~ 
worth $1'00, and 60 bushels worth :!;I'10, and 83 bushels worth 
$1'75. What is one bushel of the mixture worth? 

Am. $1'458. 
4. A grocer mixes together 12 Ibs. of tea at 50 cents, 16 Ibs. at 72 

cents, 12 Ibs. at 65 centS. 18 Ibs. at 85 cents, and 100 Ills. at 4~ 
cents. How much per lb. is the mixture worth? 

A 118. 53-lr cents4 

ALLIGATION ALTERNATE. 

13. Alligation Alternate is the reverse of Alligation 
Medial, and may be proved by it. ' 

CASE I. 

14. Given the prices of' the ingredients, to find the 
proportion in which they must be mixed in order that the 
compound may be worth a given price :-

RULE. 

Set down tlte prices of the infl"edients in two columns, placinfl 
those fI'reater than the pice of the compound to the left, and those less 
than it to the right. . 

Between these columns fO'l'm two otlte,·s composed of the d~ffel'ence& 
between the piees of the seiJel'al ingredient.~ and of the compound; 
wiling each difference next to the number by wlt.ich it was obtained. 

Link, by means of a line, the left-hand difel'enceg to the right­
hand7f,ijfe?·e.nces in any m'de,,, 

Then each d~f.erence 10ill expreRs hpw much of the quantity' with 
whose diference 2t is connected, should be taken to 101m tlte reqnired 
mixture. 

If any dffference is connected wilh more than one olhel' difference, 
it is to be considered a8 repeated fO'r each of the ,diferences with which 
it is connected; and the sum of tlul dijj'e!~encos witlt which it is con­
nected is to be takelt as the' requil'ed a?nount of the q,-tantity whose 
difference it is. 

E~J.'LlI: I.-How many pounds of tea, at 68. andSs. per lb., 
WQ1l1d"forni' a mixture worth ·75. pedb. ? 
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OPERATION. 
Prices. Dltrereucee. Pricea. 
~ 

7=8-1--2+5=7 

[ElliOT. Xl, 

1 is connected with 2s., the difference between the 7; the required price, 
nnd fiB.; hence there mu.t be I lb. at fiB. 2 is connected with 1, the difference 
between 8s. and the required price; hence there must be 2 Ibs. at Sa. Then 
I lb. of tea at fiB. and 2 Ibs. at 8s. per lb., will form" mixture worth 78. per Ib.­
as may be proved by the l ... t rule. 

It is o,ident that anv equimultiples of theae quantities would answer equally 
as well; hence a great number of answers may be given to such a. question. 

EXAMPLE 2.-How much imgar at 9d., 7d., 5d., and lOd., will 
produce sugar at 8d. per lb. ? 

OPERATION. 
Prioes. Differences, Prices, 
~ 

8={1~=~!H=8 
I is connected with 1, the difference between 7d. and the menn, S; hence 

tbere is to be lIb. of sugar at Td. per lb. 2 i. connected with 8, the difference 
between 5d. and the mean; hence there Is to be 2 Ibs. at 5d. 1 is connected 
with I, the difference between 9d. and the mean; hence there i. to be 1 lb. at 
9d. And 8 is connected with 2, the difference between 1Od. and the mean; 
hence there are to be 3 Ibs. at IOd. per Ib 

Consequently we are to take 1 lb. at Td. and 2 lbs. at /'id., lIb. at 9d. and 
3 lbs. at 10d. If we examine the price of the mixture these will give (Art. 12) 
we shall find it to be the given menno 

EXAMPLE 3.-What quantities of tea at 48., 6ii., 8s., and 9s. per 
lb., will produce a mixture worth 5s.? 

OPERATION. 
Prlce9. Differences. Prl~e,. 

~ 

jB-S---1 + 4 = 5 
r. = l~=t:::~ 

3.1, and 4 are connected with Is., the difference between 48. and the mean; 
tberefore We are to tak~ 8 Ibs. + I lb. + 4 Ibs. of tea, at 48. per lb. 1 is connected 
with 38., Is .• and 48., the di1ferenees between 8 •. , tie., and 96., nnd the mean; 
therefore we nre to take 1 lb. of tea at 88., 1 lb. of tea at 68. and lIb. at 98. 
~~ , 

EXAMPLE 4.-How much of any thing at 88., 48., 58., 7s., 8a., 9a., 
lIs., and 12s. per lb., would form a mixture worth 6s. per lb. ? 

OPERATION. 
Prjf'es. Differences. Priees. 
~ 

6=! i=t HH=6 1 g=~:::::::::===== ) 
lIb. at 88., 21be. at 48., Bibs. at 7e., 21bs. at Sa., 8+11+6; I. 8., 141bs. at ~8., 

1 lb. at 98" 1 lb. ot 11s., and 1 lb. at 128. per lb. will form the requIred mlxture. 
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NOTJ<.-The principle upen whloh this role proceeds i. that the excess of 
one ingredient above the mean Is made to counterbalance what the other wnnts 
of being equal to the mean. Thus in example 7, lib. at 58. per lb. gives a de­
ficiency of 2 •. ; but this is corrected by 2s. ea:cees in tbe 2lbs. at Ss. per lb. 

In example 8, lib. at 7d. gives !I deficiency of Id., 1 lb. at 9d. gives an em­
eeS8 of ld.; but the eX0eBS of Id. and the deficiency of Id. exactly neutralize 
each other. 

Again, it is evident-t'",t 2 lb •. at 5d. and 3 Ibs. at 10d. are wortl, just I1S 

mnch as 5 lb •. at Sd.-th.t is, 8d. will be the average price if we mix 211> •. "t, 5,1. 
with 8 lb •. at IOd. 

EXERCISE 125. 

1. How much wheat at $1'60, $1'40, $1'10, and $1 pel' bu"he1 llJUHt 
be mixed together in order to form a mixture, worth $1 '25 pel' 
bushel? Give at least two sefs of answers . 

.An .•. 3D bushels at $1'10,15 at $1'60, 15 at $1'00, and 25 at $1'40. 
85 bushels at $1'00, 15 at $1'40, 15 at $1'10, find 25 at $1'60. 

2. How much wine at 60 cents, 50 cents, 42 cent-s, 38 cents, and :iO 
cents per quart, will make a mixture worth 45 cents a quart? 
Ans. 15 qts. at 42 c., 5 qts. at 30 c., 3 qt8. at 60 c., and 22 qts. 
at 50 c., and 5 quarts at 38 cents. 

3. A merchant has sugar worth 10 cents, 12 cents, 14 cents, l!'i cents, 
16 cents, 17 cents, anq 18 cents per pound, and wishes to form 
a mixture worth 12t cents a lb. How many ponnds of each 
must he use. Ans. 2t lbs. at 14 c., q. lbs. at 10 c., 16 Ibs. at 
12 c., and t lb. at each other price. . 

4. A grocer has sugar at 5d., 7d., 12d., and l3d. per lb. How mueh 
-of each kind will form a mixture worth 10d. per lb. ? 

Ans. 2 Ibs. at 5d., 3lbs. at 7d., 5 Ibs. at 12d., and 31b8. at lSd. 

CASE II. 

15_ When a given quantity of one of the ingredients is 
to be taken :-

L Find tlte p'l'opm·tional quantities 0/ the i1~gl·edient.~ a.s .in On.:" I 
II Then sa.y, as the amount of the m[vedtent a.' thu.s jmtnd ,s to 

the given amount of tlte same ingredient, 80 is the amount ~l any oiher 
in!J1'cdient (found by Oase L) to tlte j'equi1'ed quantity of that other. 

EXAl!PLE 1.-29 lbs. of tea at 48. per lb. is to be mixed with ten., 
at 69., 8s., and 9s. per lb., so as to produce what will be wort-h 59. 
per lb. What quantitie9 must be used? 

OPERATION. 

By Case I we find that 8 lb •. of tea at 48., and 1 lb. at 68., I lb. at 8s., amI 
lib. at 9s., will make a mixture worth 5s. per lb. 

Therefore 8 Ibs. (the quantity of tea a,t 48. per lb., as fo.und by the rnle): 
29100. (the given quantity of the same tea) :: lIb. (the quantity of tea at G .•. per 

, 1 x 29 
lb., as foond by the role;) or -S-lb. = 8t IbB . .An8. 

We may In the Bamo mannor find -whBtquantitles often at So. and 9 •. per lb., 
colTeSp9nd with 29 lb. of tea at 41!. per lb. 
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EXAMPLE 2.-Arefiner has 10 oz. of g9ld.2Q ca't:ats fine, and.me!t/I 
it with Hi oz. 18. carais'fine. What must be added to maketlre)m~ 
ture 22 carats fine P 

100z, of 20 carats fine = 10 x 20, = 200 carats. 
16 oz. (If 18 CBrats line = 16 x 18 = 288 

26 ' 1:: 488: I8H carats, the line· 
neas of the mixture. 

24 - 22 = 2 c.rats boser metal iJl n mixture 22 carats fine. 
24 - lS}~ = 5l-s carats baser metal in a mixture 1SH carats fine. 

Then 2 C9rats: 22 carats: : 5/, : 57 r'. carats of pure gold-required to change 
or'. carats baser metal into II mixture 22 carats fine, But there are already in 
the mixture ISH carats gold: therefore 57 r. - ISH = 3SH carats gold arq to b. 
added to every ounce. There are 26 OZ,; therefore 26 x 38M = 1008 (l8,l'ai. 01 gold 
are wanting. There are 24 ·carats in every oz. ~ therefore 1¥tt carats = 42 oz. of 
gold mnst be added. There will then be B mixture containing :-

oz. ear. car. 
10 x 20= 200 
16x18= 288 
42 x 24 = 1008 

6S: 1 oz. : : 1496 ; 22 carats, the reqnired IIneness. 

EXERCISE 126. 

1. How much molasses at 16 cents, at 19 cents, aud at 23 cents per 
quart must be mixed with 87 quarts at 31 cents in order that the 
ll,ixtlll'C may be worth 25 cents per quart? 

..1.11.8. 30H qts. at eacb price. 
2. How much oats at 37 cents per bushel and barley at 68 cents per, 

bushel must be mixed with 70 bushels of peas at 80 cents a bushel' 
so that the mixture may be worth 75 cents per bushel? ' 

..1.11.8. 7 t bush. at each priP4!' 
3. How mucb brass at 14d. per Ib" and pewter at 10id per lb., must 

I melt with 50 Ibs. of copper at 16d. per lb., so as to make the 
mixture worth Is. per lb. ? 

An8. 50 Ibs. of brass, and 200 lbs. of pewter. 
4. How much gold of 21 and 23 carats fine must be mixed with SO 

oz. of 20 carats fine, so that the mixture may be 22 carats l41e ? 
An8. 80 of 21, and 90 of 23. 

CASE III. 

16. When the quantity of the compound is given as 
wen as the price :- . 

1. Find tlle proportional quantitie.s as in Oa8e l 
Il Then say, as the Sum Clf tlls propO'l'tional quantitUil is to eail!, 

propqrtiooal quantity, 80 is tlis given quantity tl1t1IS' eO'lYl'upcmding 
part of sech. 
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EXAMPLE,-What must be the amount of tea at 48. per 10. in 736 
lb. of a mixture worth5s. per lb., and containing tea at 68., 88., and 
98., per lb. ? 

To produce" mixture worth 5s. per lb., we require 8 Ibs. at 4s., 1 at 88., 1 
at 68., and I at 9a"per lb. (Art. 14.) But an of these added together, will make 
IUbs. In which there are S lba. at 48. Therefore 

Iba. lb.. lb.. ibs. 'lbs. oz. 
8x736 . . 

11: 8:: 736: 11-=p~5 4tr,the required quantIty of tea at 4 •. 

Tbat is, in 786 Ibs. of the mLxture there will be 535 lbs. 41,. oz. at 48. per lb . 
. The amoant· of each of the other ingredients may be found in the same way. 

EXERCISE 12'7. 

1. A druggist is desirous of producing, from medicine at $1 '00, 
$1'20; $1'60, and $1'80 per lb., 168 los. of a mixture worth 
$1'40 per lb.; how much of each kind must he use for the pur­
pose? Ans. 281bs. at $1 '00, 561b8. at $1 '20, 5tilbH, at $1'60, 

and 281b8. at $1' 80 per lb. 
~. 27 Ibs. of a mixture worth 48. 4d. per lb. are required. It is to 

contain tea at 58. and at 3s. 6d. per lb.; how much of each must 
be used~ .A.n.~. 15lb8. at 58., and 121b8. at 38. 6d. 

8. How much brandy at $2'40,$2'60, $2'80, and $2'90, pel' gallon, 
must there be'in one hogshead of a mixture worth $2'70 pel' gal­
lon 1 Ans. IS gals. at $2'40, 9 gallons at $2'60, $9 gals. at 

$2'80, and 27 gals. at $2'90 pel' gallon. 

EXCHANGE OF CURRENCIES. 

17. Exchange of Currencies is the process of changing 
a sum of money expressecl in the denomination of one 
couJitry to an equivalent sum expressed in the denomina­
tions of another country. 

lB. By the cur1'ency of a countr'y is meant the coins, 
or money, or circulating medi1tm of trade of that country. 

19. The int1'insic vahte of a coin is determined by the 
.kind, pu.rity, and qu~tntity, of metal it contains. 

20. The 1'elative value or commm'cial vahte of a coin is 
its market value, and is fixed by law and commercial 
usage. 
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FOREIGN MONEYS OF ACCOUNT, 

WITH THE PAR VALUE OF THE UNIT, AS FIXED BY COMMERCIAL 
USAGE, EXPRESSED IN DOLLARS AND CENTS. 

AUBTItIA.-60 kreutzers=1 florin (silver)= ............................ . 
BELGIUM.-I00 cents=1 guilder or florin; 1 guilder (silver)= ......... .. 
BI<AZIL.-IOOO rees=1 milree= ....................................... . 
BREMEN.-5 schwar"s=1 grote; 72 gr()tes=l xix·dollar (silver)= ....... . 
BRITISH INDIA.-12 pice=l aDDa; 16 annas=l Company's* rupee= ... . 
BUENOS AVREB.-8 rials=1 dollar currency (variable), mean value= .. .. 
CANTON.-IO cash t=1 candarines; 10 cand.=1 mace; 10 mace=1 tael= 
CAPE OF GOOl) HOPE.-6 stivers=1 schiling ; 8 Bchilings=l rix·dolla.r= •. 
CKYLON.-4 pice=l fanam; 12 fanllms=1 rix·dollar= ................. . 
CUBa, COLO~BIA AND CUILI.-S rials.=l dollar. = .................... . 
DE""ARK.-l~ pfenning=1 skilling; 16 skillings=1 marc; 6 marcs= 1 

rix-dollar. =.. .. .. .. .. .. .. .. .. .. .. .... . ........................ .. 
ENGLAND.--4 farthings = 1 penny; 12 pence = 1 shilling; 20 shil. =.£1= 
FHANCE.-I0 centimes = 1 decime; 10 decimes=1 franc= .......... .. 
GUEEcE.-I00 lepta = 1 drachme; 1 drachme (silver)= .............. .. 
HOLLA;m.-100 cent~ = 1 florin or guilder; 1 florin (silver)= .......... . 
HAMBURGH.-12 pfenning = 1 schiling; 16 achil.=1 marc; 8 marcs=l 

rix-dollar = ............................... - ................... , .. 
MALTA.-20 grains =1 taro; 12 tari=1 scudo; 2t scudi=l pezza= .. . 
MILAN.-12 denarl=lsoldo; 2Osoldi=ll1ra= ..................... .. 
MExICo.-8 rials = 1 dollar= ........................................ . 
MONTE VIDEO.-100 centesimos=1 rial; 8 rials = 1 doIJIlr= .......... . 
NAPLEs.-10 grani=l carlino; 10 carlini=l ducat (silver) = .......... . 
N ORW A Y.-i20 skillings = 1 rix·dollar specie (silver) = ............... .. 
PAPAL STATEs.-10 bajocchi=l paolo; 10 paoli =1 scudo orCl'own= .. 
PERU.-8 rlals=1 dollar (silver) = .................................. .. 
PORTUGAL.-400 rees = 1 cruzado; 1000 rees = 1 milree or crown = ...• 
PuusslA.-12 pfennings=l grosch (silver); 30 groachen=l thaler or 

dollar .......................................................... .. 
RusslA.-100 copecks = 1 ruble (silver) = ............................ . 
8AUDINlA.-l00 centesimi=llira= .................................. . 
SWEDEN.-48 sk!llings = 1 rix·dollar specie = ....••...........••••...•. 
SICILY.-20 grani =1 taro; 30 tari=l oncia (gold)= ................. . 
SPAIN.-84 maravedis=l real of old plate :1:= ...................... .. 

S reslB= 1 piastre; 4 piastres = 1 piatole of exchange. 
20 reals vellon = 1 Spanish dollar = ......................... .. 

$O'48l! 
'40 
'S2S 
'7sf 
'44,:1 
'98 

1"48 
'31~ 

'40 
1'00 

'~2 

4'S6f 
'la« 
'160 
'40 

'84 
1'00 
'20 

1'00 
'883 
·ao 

1-06 
1'00 
lilO 
l'll! 

'69 
'18 
'Jae 

1'06 
2'40 

'10 

* The cUl'~ent silver rupee of .Bombay, Madras, Bnd Beno-al, is worth 
$0'444. In Indta also they use cowrt.es for coin. These are smo.lf shells fODnd 
in the Maldives and elBewhere: 2~0 cowries make a rupee, and 100000 rupees 
make a lac. 

t The cash, made of copper and lead, ie said to be the only money ooined 
In Ohina. 

; The old plate real is not a coin, but is the denomination in which ex· 
change~ /lJ'e llsnally made. 
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ST. DOMiNGO.-1OOcentlmes=1 dollar= ............................. $0'883 
TUBOANY.-12 ~en8ri dl pezza.= 1 soldi dl pezza; 2 soldi ·di pezza = 1 

pezza of 8 rials; 1 pezza (silver) = ......... .... .... ..... ... ..... .. '90 
TUBKEY.-3 aspers = 1 para; 40 paras = 1 piastre (variable) about...... '096 
VBNIOE.-lOO centesimi = I lira = ......... .... ...... .. ......... ..... . '186 
UNITED STATES OF AMERICA.-IO mills = 1 cent; 10 centa = 1 dime; 10 

dimes = I dollar = ...... .. . . .. . . .. . .. .. .. .. .. .. . .. . . .. . .. .. .. .. . . I'UO 

21. The following table exhibits the cO/tulleJ'ciat Nt/WI 

of the Foreign coins most freqnently met willi. 

GuI)(EA ..................................................... . 
80VEREIS" of Grant Britain ......................................... .. 
CROWN of England ................................................ .. 
HALF,CROWN of England. ........................................... . 
SHILLING of England ................................................ . 
DOLLAR of the United States ..................................... . 
FRANO of France ................................................... .. 
FIVE·FRANC PIECE of France..... .... .... ..... .. .................. .. 
LIVRE TOURNOIS of France ................. ~ ................... . 
FORTY·FRANC PIECE of France .................................. . 
CBOWN of France .................................................. .. 
LOUIB·D'OR of France ............................................... . 
FLORIN of the Netherlands .......................................... . 
GUILDER of the N etherlamls ......................................... . 
~'LORIN of Southern Germany ...................................... .. 
TOALER 01' RIX·DoLLAR of Prussia nnd Northern Germany .......... .. 
RIX·DoLUR of Bremen ............................................ .. 
FLORIN of Pmssia ............... : .................................. .. 
Muc·BANOO of Hamburgh ......................................... .. 
FLORIN of Austria and city of Augsburg ............................ .. 
FLORIN of Saxony, Bohemia, and Trieste ............................. . 
FLORIN of Nnrembnrg, Frankfort, and Cre,veld ...................... .. 
Rtl·DoLLAR of Denmark. ........................................... . 
SPECIE·DoLLAR of Denmark .............. " ........................ .. 
DOLLAR of 8weden and Norway ..................................... .. 
MILREE of Portugal .................................................. . 
MILRE. of Madeira ............ ~. . ... .. .. ... .. ...................... . 
MILREE of Azores .................................................. .. 
REAL,VELLON of Spa1n .............................................. . 

::~!L:rT::~~~.~i~:::::::::::::::::::::::: .. ::::::::.:::::::::: ::::: 
RIAL of Spain ....................................................... . 
PrsTAREEN ......................................................... .. 
CROSS PrsTA1IEEN ................................................... .. 
RUBLE (silver) of RUBSla ............................................. . 
bt"ERIAL of Russia ................................................. .. 

$:i'10 
4'861 
1'216 

'u08 
-24{ 

100 
'lS~ 

'D3 
'18> 

7'66 
1'06 
4'56 

'JO 

'40 
'40 
'69 
·7.'! 

'4,,* 
'4>< 
'40 

1'00 
1-05 
1'06 
1'12 
1'00 

'881 
'0.) 

'10 
3'97 

'12 
'18 
'16 
'75 

7'88 
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DOUBLOO~ of_Me~QO .............................................. . 
HALF-JOE of Portugal. ............. , ......................... _ .... .. 
LIRA of Tuscany and Lombardy .................................. .. 
LIRA of Sardinia ......................... ;' ........................ . 
OUNOE of Sicily ........................... ; : ..................... " 
DUOAT of Naples ................................................. .. 
GROWN of Tuscany ............................................... .. 
Florence LIVRE ................ -..................................... . 

Genon. ...................................................... . 
Geneva ................................................... . 
Leghorn DOLLAR .................................................. . 
Swiss LIVRE ....................................................... . 
scuDo of Malta ............................................... '" ... 
Turkish PIASTRE ................................... _ .............. . 
PAGODA of India .................................................. . 
RUPEE of India ......................... '.' ......................... . 
TAEr~ of China .................................................... . 

310'60 
8'00 
'16 
'18t 

2.40 
'SO 

1'05 
'15 
'1st 
'21 
'90 
''1:1 
'40' 
'05 

1"84 

·ut 
1"48 

22. In Canada all accoun.ta wer. ke.pt in Pnuuds, shillings, pence, and 
farthings, previous to the adoption ... f the decimal coiIl!8ge by Act of Provincial 
Parliament in 1858. In the United States also accounts were similarly kept 
prior to the adoption of Federal Money in 1786. In the States, at the time 
r<'ederal Money was adopted, the Oolonial ewrrMlcy or billlJ oj credit had be· 
come more or less depreciated in value, 1. e., a colonial shilling was worth less 
than a shilling sterling, III c., and the depreciation in value being greater in the 
currencies of some colonies than in others-gave rise to the dijfe7'mt 'oalues of 
the I?l'esent old curmncies of the difterent States. 

TABLE OF CURRENCIES 

IN CANA.DA. A.ND THE UNITED STATES. 

In Canada, Nova Scotia, New Brunswick, &c., $1 = 5s. 
In N. Y., N. C., Ohio, and Mich., $1 = Ss. 
In N. Eng., Va., Ky., Ten., la., Ill., Miss., , 

and Missouri, $1 = Sa. or £-j!o. 
In Penn., New Jer., Del., and Md., $1 = '7s. Sd. or £1. 
In Georgia and S. C., $1 = 45. Sd. or £-/0' 

NOTE.-The remaining States use the Federal money exclusively. 

23. To reduce dollars and cents to old Canadian Cur­
rency, 01' to any State Currency:-

RULE. 

Multiply the given 8um by the value of $1 in the required cur­
renCJI expressed _ ti8 a fraction of (. pound. The product will be 
pouiJ,ds and decimals of a pound. _ . 

R&:l!uce (Art. 58, Sect; IV.) deeimals to 8ltillings, pellef, and 
!m·tlii"'98• -
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EXAMPLE I.-Reduce $493'72 to Old Canadian Currency. 

OPERATION. 
493'72 x l = £123'43 = £12388. 71d . .An8. 

EXAMPLE 2.-Reduce $749'80 to New England Currency. 

OPERATION. 
749'80 x ... = £22J94 = £224 ISs. 9~d . .Ans. 

EXAMPLE 3.-Reduce $llll'll to New York Currency. 

OPERATION. 
1111'11 x i = £444'444 = £44488. 10gd . .Ana. 

EXERCISE 128. 

1. Reduce $1974'SO to New Jersey Currency. Am;. £740 lls. 
2. Reduce $765'43 to Michigan Currency. Am. £306 3s. 5l"d. 
3. Reduce $8172'19 to Old Canadian Currency. 

Ans. £2043 Os. lltd. 

24. To Reduce Old Canadian Currency or any State 
Currency to dollars and cents :-

RULE. 
Express the given sum decimally and divide it by the ?Jalue of a 

dollar expressed as a fraction of a pound; the quotient will be dol­
lars, cents, &:c. 

EXAMPLE I.-Reduce £179 18,. 4!d., Old Canadian Currency, to 
dollars and cents. 

OPERATION. 
£17918s. <ltd. = £179'9197916 and 179'9197916+t = $719'67916 • .An8. 

NOTE.-Old Canadian Currency may be most expeditionsly reduced to dol· 
lars and cents by the rule glYan in Art. 80, Sect. I. 

EXAMPLE 2.-Reduce £234 ISs. 9id., Ohio Currency, to dollars 
and cents. 

OPERATION. 
£234 18s. 9td = £234'9385416 and 234'9385416 + ~ = $587'34685416. .Ans. 

EXERCISE 129. 

1. Reduce £743 18s. lId., New England Currency, to dollars and 
cents. Am;. $2479·SI94. 

2. Reduce £1l9 9s. Sid., Maryland Currency, to dollars Ilnd cents . 
.A 118. $31S·625. 

3. Reduce £473 17s. ltd., Georgia Currency, to dollars and cents. 
Ana. $2030'816964. 

i 
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25. To reduce dollars and cents to sterling money :-
RULE. 

])ivide the given sum by the value of £1 sterling ($4'8674), the 
quotient will be pounds sterling and decimals of a p~url;d. 

Reduce the decimal part (Art. 58, Sect. IV) to shzlhngs and pence. 
EXAMPLE.-Reduce $749'83 to sterling mO,ney. 

OPERATION. 
749'83 -;- 4'867 = .£154'0641 = .£154 ls. std. Am. 

EXERCISE 130. 
1. Reduce $1006'90 to sterling money. 
2. Reduce $916'87 to sterling money. 
3. Reduce $2114'81 to sterling money. 

Ans. £206 17s. 71·d. 
Ans. £188 7s. 8td. 

.Ans. £434 lOs. 4£d. 

26. To reduce sterling money to dollars and cents :-

RULE. 
Expj'ess the given sum aecimally and multiply by the legal valve 

of £1 sterling ($4'867). 
Ex.L\!PLE.-Reduce £78 11s. 4£d. to dollars and cents. 

OPERATION . 
.£78 lIB. 4td. = .£78'5697916 and 78'5697916 x 4'861 = $382'399. Ans. 

EXERCISE 131. 
1. Reduce £2043 lIs. 3d. sterling to dollars and cents . 

.Am. $9946'01868. 
2. Reduce £777 78. 7d. sterling to dollars and cents. 

Am. $3783'50437. 
3. Reduce £557 19s. 5td. sterling to dollars and cents. 

A 11.8. $2715'65418. 

EXCHA.t~GE. 

27. Exchange is a commercial term, denoting the pay­
ment of money by a person residing in one place to a per­
son residing in another, by draft or bill of exchange. 

28. A bill of exchauge is a written order addressed to 
a person directing him to pay, at a specified time and 
p1ace, a certain sum of money to another person or his 
order. 

29. The person who signs the bi11 of exchange is called 
the d1'Clwer or maker of the bi11. 
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SO. The person on whom it is drawn is called the 
drawee, and, after he bas accepted it, the acceptor. 

SI. The person to whom the money is directed to be 
paid is called the payee. . 

32. The person who purchases the bill of exchange, 
i. e., the person in whose favor it is drawn, is called the 
buyer or remitter. 

33. The person who has legal possession of the bill is 
called the holder. 

34. The acceptance of a bill or draft is a promise on the 
part of the drawee to pay it at matllTity or the specified 
time. The usual mode of accepting a bill is for the drawee 
to attach his signature to the word "accepled," written 

. either across the face of the note or on its back. 
NOTE.-A draft 01' bill of exchange should be preseuted to the drawee, for 

his acceptance, immediately on its receipt. 

35. If the payee or holder of a bill or draft wishes to 
sell ·it or transfer it, he endorses it, i. e., he writes his 
name on the back. 

NOTE.-Ifthe endorser directs the bill to be paid to a particular person, the 
endorsement is called a 8pecial endo'Psement and the person therein Damed is 
caller! the "ndor8ee. 

If the endorser simply writes his name on the back of tl.e bill, the emlorsc­
ment is callcel a blCllnJc en,dorse7nent. 

When the endorsement is blank, or when tile bill is made payable to bearer, 
it may be transferred from one to another at pleasure, and the drctwee is bound 
to pay it to tbe holder at maturity. If the drawee or acceptor of a bill fail to 
pay it1 the endorsers arc l'esponsible for the paYIllent. 

. 36. When the drawee of a bill refL1ses acccpta.ncC', or, having n~(lepte(l, 
fIuIs t,o make pnyment when it becomes dne, the bill is immediately protpf·;tecl. 

37. A prote8t 1.'3 a formal declaration in wl'iting, made by a pub1ic officer 
callcel' Notary Pub!;ic, at the request of the holders of the bill, noti()'ing the 
drawer, endol'tlcrs, &0, of its non-acceptnnce or nOll-payment. 

NOTE.-If the drawer and endorsers are not notified within a rC>a8onnble 
time of the non-acceptance. or non-payment of the bill, they are not responsible 
for its payment. 

. When R.b,ill is protested for non-a.cceptance, the drawer must pay it imme­
diately, even though the specified time has not arrived. 

38. Tne time specified fnr the payment of a bill varies, and iB it matter of 
agreement between the drawer and buyer. Some nrc paya.ble at sight, som~ 
,~t.a certainnnmber of day8 or months after sight or after date. III both cases 
It IS customary to allow tll/f'ee dcw" of (frace . 

.a~ .. Bills of Exchange al'e divided into inla;nd and foreign lJiUs . • When 
b?th drlawe1' and drawee reside in the same country, they are called <nland 
b.Us 01' d"aft8; when in dlfi'ol'ent countries, foreign bill8. 

NOTE.-Three bins are commonly drawn for the same amonnt, &c., and 
are callod respectively the Fi!",t, Second, and Tlvird of E,"chn"ge, and to· 
gether ~ODsti.tute a set. These n:'e S(!"t hy different ships or conveyances; and 
whenth~fo8t that arri~es 10. "" '~r' 'd '" pairl, the others become void. This 
plan is afloptc(l in Ol'der to avu;,J ; ,ll~ ,1clIY;; which might arise from accidents, 
miscarriages, &0. 
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FORM OF AN INLAND BILL OR DRAFT. \ • 

TORONTO, 1st July, 1859. 

Ten days after sight, pay to the order of George McCallum, Esq., 
Three Thousand Dollars, value received, and charge the sanIe to 

Messrs. Hardman & Morris, 
_ Bankers, Hamilton. 

RIDOUT & STEVEN. 

FORM OF A FOREIGN BILL OF EXCHANGE. 

Exchange 8000 francs. TORONTO, 17th July, 1859. 

At sixty days sight of this first of exchange (the second and third 
of the same date and tenor unpaid) pay to Edward Atkinson, Esq., or 
o~der, the sum of Eight Tbousand -Francs, with or without further 
advice. . 

Messrs. Duhamel & Beauharnois, 
Bankers, Paris. 

JOHN HENDERSON. 

40. The par of exchange is that amount of the money 
of one country actually equal to a given sum of the money' 
of another, and is either intrinsic or commercial. 

41. The intrinsic par of exchange is the real value of 
the money of different countries, as determined by the 
weight and purity of their standard coins. 

Thus, the English sovereign is intrinsicaJ.Jy worth $4'861 of the gold coin 
of the United States. 

42. The commercial par of exchange is a comparison 
of the coins of different countries, according to their nomi-
nal or market value. ' 

Tbus, tbe English sovereign varies in market value from $4'88 to $4'85. 
NOTE.-Tbe intrinsic par is always t.be same 80 long as tbe standard coin! 

aro of the same kind, quantity, and quality of metal; tbe commerci.1 par is 
determined by commercial usage, and fluctuates, being different at different 
times. 

43. The 001trSe of Exchange signifies the current price 
paid in one country for bills of exchange drawn on another. 

NOTE.-The course of excbange is constantly fluctuating from various 
cR.uses, When the exports of a country just equal its imports, the exchange 
~111 be at par; wben the balance of trade is a,,"'lIinst a place, i. e., when its 
Imports excee? its exports, bills on foreign countries will be aooos: l'aT, be­
canse there WIll be" greater demand for tbem to pay tbe bills due abroad' 
~h~n the bal~nce of trade is in favor of" countl'y, i. e" when its exports exceed 
Its Imports, bills of exchange on foreign countt'ies will be O£W'ID par since fewer 
of tbem will be reqUired. ' ' 
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The course of excbange can never very greatly exceed tbe int1'in8ic pa", 
'Dalue, because when the premium on bills of exchange becomes great it is less 
expensive to importers to pa.y for the insurance and transportation of bullion 
and coin to meet their payments than to transmit bills of excbange. 

44. By an old act of Provincial Parliament it was enacted tbat £100 ster­
lings or 100 sovereigns should be equivalent to .£111fi Canadian money, i. e. to 
$444'444 or £1 sterling = $4'444. It was found bowever that this was very 
much below the real or intrinsic value of tHe sterling pound. accordingly, 
wbile its legal value was only $4'444, the market or commercial volue varied 
from $4'83 to $4'86. By an act recently passed by tbe Provincial Parliament 
the value of tbe pound sterling was fixed at $4'866. . 

Now the new par is equal to the old par piu., nine and a-balf per cent. of 
tbe old par, that is, $4'#1 + 9t per cent. of SJ·.ui, which is, '4"2, make $4'866 = 
the new par. Consequently tbe rate of exchange between Canada and Great 
Britain must reach the nominal premium or 9! per cent. before it is at par, ac­
cording to the new stanMrd. 

45. Rates of exchange between Canada and Great 
~ritain are commonly reckoned, at a certain per cent. on 
the old par of exchange; instead of on the new par. 

EXAMPLE I.-A merchant in Hamilton wishes to remit to London 
£749 3s. 6d. sterling; exchange being at 10 per cent. premium. How 
much must he pay for the bill of exchange? 

OPERATION. 

Old commercial par of £1 sterling = :04'444 
To which add 10 per cent. of itself = '444 

Gives price of £1 = 4'888 
Then £749 3s. 6d. = £749'175 x 4'888 = $8662·63t. Ans. 

EXAMPLE 2.-A merchant in Toronto wishes to remit 144479 
francs to Paris, exchange being at a premium .of 2 per cent. _ What 
will b~ the cost of his bill in dollars and cents ? 

OPERATION. 

Commercial valne of the franc = 18'6 cent •. 
Add 2 per cent. '372 .. 

Gives value for remittinl!: = 18'972 " 
Then 18'972 x 144479 = $27410'55588. Ans. 

EXAMPLE 3.-What sum in dollars and cents will purchase a bill 
of exchange on Hamburg for 14667 mares banco, exchange being at 
it per cent. discount? 

OPERATION. 

Commercia] value of the marc banco = 85 cents. 
Deduct 1i per cent. ·525 01 

Gives "aluo for remitting = 34'475 " 
Then 84'475 cents x 14G67 = $50~6·448. An8. 
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EXERCISE 132. 

1. If I wish to remit $16785'25 to Paris, for how many francs and 
centimes can I obtain a bill-exchange being 5 francs 4 cen· 
times to the dollar? .Ans. 84597 francs· 66 centimes. 

2. ·,Vhat is the cost of a bill of exchange for 4000 mares banco at one 
per cent. above par? .Ans. $1414. 

3. How much must I giveJor a draft on New York for $356~8 at 2l 
per cent. premium? .Am. $36480'755. 

4. What will a bill of exchange on St. Petersburg for 2560 rubles 
cost in dollars and cents, at 2 per cent. discount, the par being 
75 cents per ruble? .Am. $1881'60. 

5. What will be the cost of a bill of exchange on Great Britain for 
£800 sterling, at 8 per cent. premium? .An8. $3840'00 

ARBITRATION OF EXCHANGE. 

46. Arbitration of exchange is the process of changing 
a given amount of the money of one country into an equiva­
lent sum of the money of another, through the medium of 
one or more intervening. currencies with which the first 
and last are compared. 

NOTE.-A.rbitration enables a person to ascertain whether it is more ad· 
vantageous to draw or remit a bill of exchange direct from ooe country,to,an' 
other or indirectly through other ploces. 

47. When there is but one intervening country, the 
operation is termed simple arbitration; when there are two 
or more intervening countries, compound arbit:ration. ' 

48. All questions in arbitration of exchange may be 
solved by one or more statements in simple proportiol).·; it 
is more convenient, however, to consider them as problems 
in Conjoined Proportion, and work them by the rule given 
in Art. 50, Sec. V. 

NOTE.-Oare must be taken to reduce all the money of the same 
country to the same denomination before linking them as directed in 
tlte rule. 

EXAMPLE 1.-A merchant in Toronto wishes to remit 2000 mares 
banco to Hamburg, and the exchange between Toronto and Hamburg 
is 35 cents for one marc banco. He finds, however, that the ex· 
change between 'I'oronto and Lisbon is $1'08 for 1 mil~ee, that be· 
tween Lisbon and Paris is 6 milrees for 38 francs, and that between 
Paris and Hamburg is 19 francs for 10 mares banco. How much will 
he gain by the circuitous exchange? 
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OPERATION. 
STATEME~T. SAME CANCELLED. 

108 cents = 1 milree. 3108 = I '1 

6 milrees = 38 francs. fiI' = IIW' 
19 francs = 10 marcs banco. '>00 ,IjI = JjJ 

2000 mares banco = x. - 7jJjJjJ = x. 
x = 200 x 3 x ]08=$648. 

2000 x 35=$700'OO=what he has to pay by direct exchange. 
648'00=what he has to pay by circuitous exchange. 

Differenee=$ 52'00=what he gains by the latter mode. 
EXAMPLE 2.-£824 Flemish being due to me at Amsterdam, it is 

remitted to France at 16d. Flemish per franc; from France to Venice 
at 300 francs per 60 ducats; from Venice to Hamburg at 100d. per 
ducat; from Hamburg to Lisbon at 50d. per 400 rees; from Lisbon 
to England at 5s. 8d. sterling per milree; and from England to Cana­
da at $4'867 per £1 sterling. Shall I gain or lose, and how much, 
the exchange between Canada and Amsterdam being 7s. Id. Flemish 
per dollar? OPERATION. STATEMENT. 

16d. Flemish = 1 franc. 
300 francs = 60 ducats. 

1 ducat = 100d. Flemish. 
50d. Flemish = 400 rees. 

1000 rees . = 68d. British. 
240d. British = $4'867. 

x = 197760d. Flemish. 
17 x 4'867 x 3296 "'= ~ 5-0-- = :l.~; ":7'07! =amount remitted. 

SAME CANCELLED. 

3296, 
JW1Jlfil' 

Then since exchange between Canada and Amsterdam 181s. 1d. Flemish 
per dollar we have 

85d. Flemish=100 cents. 
'" .. =lGiiGOJ. Flemish. 

Here", = 197760 x 100 = $2326'5S=sum I should have received had it been 
85 

tran.mitted direct from Amsterdam to Canada. 
Hence by the circuitous exchange I gain the difference between $2727'071 

and $2326'58 that i8 $400 '491. 

EXERCISE 133. 
t. If London would remit £1000 sterling to Spain, the direct ex­

change being 42td. per piastce of 272 ~ar~yedis; it is aske.d 
whether it will be more profitable to remit dn'ectly, or to remit 
first to Holland at 35s. per pound; thence to France at H)~d. 
per franc; thence to Venice at 300 francs per 60 ducats; and 
thence to Spain at 360 maravedis per ducat? 

,Am. The circular exchange is more advantageous ?y 
103 piastres, 3 reals, 20 maravedis. 
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2. A merchant wishes to remit $4888'40 from Montreal to London, 
and the exchange is 10 per cent. He finds that he can remit to 
Paris at 5 francs 15 centimes to the dollar, and to Hamburg at 
35 cents per marc banco. Now, the exchange between Paris and 
London is 25 francs 80 centimes for £1 sterling, and between 
Hamburg and London 13t mares banco for £1 sterling. How 
had he better remit? 

Ans. If he remits direct to London he will obtain a 
bill for £1000. 

If he remits through Paris he will obtain a bill 
for only £975 15s, 8!d. 

If he remits through Hamburg he will obtain 
a bill for £1015 15s. 5d. '::1 

Hence the best way to remit is through lllMll" 
burg, and the next best way is direct to London. 

3, A merchant in Quebec wishes to remit 1200 marcs banco to HI\!!!" 
burg, and the exchange of Quebec on Hamburg is 35 cents for 1 
marc. He finds the exchange of Quebec on Paris is 18 cents for 
1 franc; that of Paris on London, is 25 francs for £1 sterling; 
that of London on Lisbon, is 180 pence for 3 milrees; that of 
Lisbon on Hamburg, is 5 milrees for 18 mares banco. How 
mlich will he gain by the circuitous exchange? 

Ans. Direct exchange $420; circuitous exchange 
$375; gain $45. 

QUESTIONS TO BE ANSWERED BY THE PUPIL. 
NOTE,-The nwrnblj'P8 after the quesUons refer to the numbered arlicleB 

of the secUon. ' 
1. Wbat is profit and loss? (1) 
2. How do we find tbe totsl gain or loss on a qnantity of goods wben the cost 

price and selling price are given? (2) , 
S. How do we find at. wbat price an article must be sold so as to gain or lose a 

specifiod percentBge, the cost price being, given? (8) , ' 
4. How do we find tbe rate per cent. of profit or loss? (4) 
5. How do we find the cost price wben tbe selling price and the gain or 1088 

per cent. are given? (5) 
6. What is barter? (6) 
7. What is allil(ation? (8) 
8. Into what rules is alligation subdivided? (9) 
9. Wbat is alligation mcdial? (10) 

10, What is alligation alternate? (11) 
11. How is alligation alternate proved' (18) 
12. Give the different rules for alligation? (12, 14-16) 
18. Wbat is meant by the exchange of currencies? (17) 
14. What is meant by the currency of a country? (18) 
Iii. How is the intrinsic value of a. coin determined? (19) 
16. What fixes the commercial value of a coin? (20) , 
17. How do yon account for the fact that the $ is of different valnes'in the 

American States? (22) , 
18. Give the value of the pound currency in Canada, and in the diiferent States. 

(22) , 
19. How do we rednce dollars and cents to old Canadian'cnrrencT'Or'to anr 

stste currency 1 (28) 
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20. How do we reduce old Canadian Currency or any state currency to dollars 
and cents? (24) 

21. How do we reduce dollars and cents to sterling money? (25) 
22. How do we reduce sterling money to dollars and cents? (26) 
23. What is a bill of Exchange? (28) 
24. Explain the terms drawer, drawee, acceptor, payee, holder, endorser, and 

endorsee. (29-35) 
25. How is a bill accerted? (34) 
26. What is the difference between a blank endorsement and a special endorse-

ment? (35) .. 
27. What is meant by protestiny a bill? (86, 87) 
28. Explain what is meant by the First, Second, and Third of Exchange. (39) 
29. What is the par of Exchange? (40) 
30. Explain the difference between the intrinsic par and the commercial par of 

Exchange. (41,42) 
81. What is the course of Exchange? (43) 
82. Explain what is meant by saying the par of Exchange between Canada and 

Britain is 9t per cent. (44) 
88. Upon what is the rate of Exchange between Canada and Britain reckon-

ed? (45) 
34 What is arbitration of Exchange? (46) 
35. What is the difference between simple and compound arbitration? (47) 
36. By what rule are questions in arbitratiou of Exchange worked? (48) 

SEOTION X. 

INVOLUTION, EVOLUTION, LOGARITHMS, AND LOGARITHMIC 
ARITHMETIC. 

1. A power of any number is the product obtained by 
multiplying that number by itself one or more times. 

Thns 25 = 5 x 5 is a power of 5; 81 = 3 x 3 x 3 x S is a power of 8, &c. 

2. The number which, being mnltiplied once or oftener 
by itself, produces the power, is called the root of that 
power. 

Thus 5 is the root of 25, since 5 x 5 = 25; 8 is the root of 81, since 3 x 3 x 
8x8=81. 

3. The powers of a number are called the first, second, 
third, fourth, fifth, d·C., according as the root is taken 
once, twice, thrice, four times, five times, &c_, as factor. 

Thus 81 is called the fourth power of 8, because 8 is taken 4 times as factor, 
in order to produce 81. 

4. The second power of a number is also called its 
square, because a square surface, the length of one of 
whose sides is expressed by a given number, will have its 
area expressed by the second power of that number. (See 
Art. 62, Sec. L) 



298 INVOLUTION. [SECT. X. 

5. The third power of a number is also called its cube;\ 
because if the length of one side of a cube be expressed by 
a given number, the solid contents of the cube will be ex­
pressed by the third power of that number. (See Art. 64, 
Sec. 1.) 

6. The index or exponent of a power is a small figure 
written to the right, indicating how often the root has to 
be taken as factor in order to produce the given power. 

Thus 21 = 2 = 2 = First power "f 2. 
22 = 2 x 2 = 4 = Second power of 2. 
2' = 2 x 2 x 2 = 8 = Third power of 2. 
24 = 2 x 2 x 2 x 2 = 16 = Fourth.p0wer of 2. 
2· = 2 x 2 x 2 x 2 x 2 = 32 = Fifth power of 2. 

So also 81 means the seventh power of S; i. e., a number produced by 
taking 8 seven times as factor, &c. 

7. (5 + 8)2 means that the sum of 5 and 8 is to be squared 'as one number, 
and is a very different thing from 52 + 82, which means the sum of the squares 
of 5 and 8. 

'rhus (5 + 8)2 =' 13' =169, while 52 + 8' = 25 + 64 = 89. 
Therefore (5 + 8)2 = 25 + 80 + 64 = 18t part 8quared, plluB flwic8 prod'l.l&t 

of 1st part by 2nd part, plus 2nd part 8qU(})red. ' 

8. The process of finding a power of a given number 
by multiplying it into itself is called Involution. 

9. To involve a number to any required power :­
RULE. 

Take the given number as factor as many times as there are unit8 
in the index of the required power and jind the continued product of 
these fact01·., ' 

NOTE.-Fractions are involved by multiplying both numerator8 
and denominators as above, and mixed numbers sliould be reduced to 
fractions before applying the rule. 

EXAMPLE 1.-What is the fifth power of '7? 
OPERATION. • 

Here the index of the required power is 5, and hence the given number 7 
must be taken 5 times as factor. ' 

'i x 7 x 'i x 7 x 'i = 16807 .Am. 
EXAMPLE 2.-What is the thlrd power of ! ? 

27 
.Am. (I)' = I x txt = 64 .AnB. 

EXERCISE 134. 
l. Find the fifth power of 3. 
2. Required the tenth power of 20. 
3. Required the sixth power of 1'05. 
4. Find the seventh power of t. 
5. Find the fifth power of t. 
6. Required the third power of lIt. 

Ana. 243. 
An8. 10240000000000. 
Ana. 1'340095640625. 
An.. ~~;.. ' 
A7Is . • ¥o'J..h. 
Ans., Uft-l!~ = 1481 f/&. 



ARTS. 5-14.]" EVOLUTION. 299 

10. Let it be required to find the product of 4' by 4'. 
4'=4x4x4 and 4'=4x4. Therefore 4' x4'=(4x4x4)x(4x4)=4x4x4x4x4 

=45 =43 + ~. 

Hence two or more powers of the same number are 
multiplied together by adding their indices or exponents. 

Thus, 65 x 62 X 63 =66 + 2 + 3=610, 

5x52 x5s xfF=51 +2+3 +7=513, &c., &0. 

11. Let it be required to divide 36 by 32 • 

8'=3 x3 x3 x 3 x 3 and 3'=8 x3. 
3' Bx3x3x3x3 

Therefol'e, 3'-:-3'=3' =----sxs--=B x8 x3=3'=3'-'. 

Hence, to divide one power of a number by another 
power of the same number, we subtract the index of the 
div¥;or from the index of the dividend. 

Thus,7S +''{3=7 5 _ 3 =72 

311.+3·1 =311._.t=3 7 , &c., &c. 

12. Let it be required to find the third povyer of 72 • 

(7')'=7' x 7' x7'=7 x 7 x 7 x 7 x 7 x 7=7'=7' x'. 

Hence to find any required power of a given power, we 
multiply the index of the given power by the index of the 
required power. 

Thus) (2''')5=2* x 5 =2~~; (3 2)1:=8 2 X 1=SH., &0., &0. 

EXERCISE 135. 

1. Multiply together 4 2 , 4', 40, and 47. Ans. 4'8. 
2. Divide 13" by 132 .' Ans. 139 • 

3. Find the fifth power of 33 . A 1tS. 3' 6. 

4. Find the value of {(74 x 73 )-:-(7 2 x 72)}6 Ans. 7'8 • 

5. Find the value of {(53 x 54 X 5" X 59)+(53 X 52 X 57 X 55)}3. 
Am. 530. 

EVOLUTION. 

13. Evolution. is the process of finding any required 
root of a given power. 

NOTE.-Evolution is the reverse of involution; the latter tenches how to 
find a power of a numbor by multiplying it into itself; the former, how to find 
the root of a power by resolving it into equal factor'8. It jollows that pO,wer~ 
and roots are conelative terms. If one number IS a. power of a.nother the latter 
is a root of the former. 

14. A root of a Dumber may be indicated by either of 
two methods. 
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1st. By using tI, called the radical sign (Lat. radix, 
a root). 

·2nd. By using a fractional index having unity for its 
numerator, and the number expressing the degree of the 
root for denominator. 

Thus, The square root of '7 is expressed either by V 7 or by 7t. 

Tho cube root of 6 is '!.j 6 or by 6i. 

The seventh root of 2 is V 2 or by 2t. 
NOTE.-The figure placed in the radical sign,or as denominator of the frac­

tional index denotes the root. 
A fractional index with numerator greater than one i. sometimes used; in 

euch cases the doomninator denotes the root, and the numerator the power to 
be taken. 

Thus, 2* means either the cube root of the square of 2 or the sq aare of the 
cube root of 2. 

The radical sign V a corrupted form of the letter r, the initial letter of the 
Latin word 'l'adiro, " a. root." 

EXERCISE 136. 

1. Express the square root of 17 and_the cube root of 11. 
Am. vI7 or 17t and ViI or Hi 

2. Express the fifth root of 4. Ans. V4 or 4t 

3. Express the fourth root of 5' Ans. W or 5! 
6 - ~ 1I. 

4. Express the sixth root of 74 Ans. 'V74 or '7 6 ='7" 
5. Express the third power of the fifth root of 1. An8. <V2)" or 2i 
6. Express the eleventh power of the tenth root of 161. 

An8. (,VI6I) 11 or 16IH 

15. Lot it be required to extract the fifth root of 8". 
The fifth root of 8" is expressed e~~her by V8", or by 8'l.­
Taking the latter mode, we have 8-' ;=8' =815+' 

Hence, to extract any root of a given power of a number, 
we divide the index of the power by the index of the root. 

Thus, The seventh root of2" is 2"+7=2" 
The fourth root of 210 is 210+4=2', &0., &0. 

EXTRACTION OF THE SQUARE ROOT. 

16. To extract the square root of a number is to find 
a number ~hich, being multiplied once by itself, will prq. 
duce the gtven number. .. 
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RULE. 

L Point off the given number into periods of two figures each Jf­
ginning at the tkcimal point. 

IL Find the highest squan contained in the left-hand PNU',: .. and 
place its root to the right of the number, in the place occu' ",. oy the 
quotient in division. 

IlL Subtmct the square of the digit put in the root, J '"m the left­
hand period, and to the remainder bring down the next period to the 
right, for a new dividend. 

IV. Double the part of the root already found for a TRIAL DIVISOR. 
V. Find ·howmany times the trial divisor is contained in the divi­

dend, exclusive of the right-hand digit, and place the figure thus ob­
tained both in tlie ,-oot and also to the "ight of the trial divis01·. 

VL Multiply the divisor thus completed by the digit last put in 
the ,'oot; ,subtmct the product from the dividend, and to the remainder 
b1'ing down the next period f01' a new dividend. 

VIL Again, double the pa,'t of the ,'oot all'eady found f01' a new 
TRIAL DIVISOR j proceed as in V. and VL, and continue the process 
'IlIfItil all the periods a,'e brought down. 

NOTE.-If tbe given number is not a perfect square, its exact square root 
cannot be found; but by annexing periods of cipbers, we can obtain any re­
quired approximation to it. 

EXAMPLE I.-What is the square root of 22420225? 
EXPLANATION,-Here 22 is tbe left 

2z420225(4785, is the reqnired root. hand period, and the bighest sqllaru 
16 in 22 is 16, of wbicb tbe square roc>t 

is 4. We place 4 in tbe root and 
87)642 subtract 16 from 22. Tbis leave. a 

609 remainder 6, to wbich we bring do<il'n 
tbe next period,42, and tbus oMmn 

948)3302 642 for tbe new dividend. Our next 
2829 step is to lind the trial di{iSao'1', 

wbich we obtain by dOllbliD~s the 
9465)47325 part of the root already found. Tbis 

47825 gives us 8, (= 4 doo bled) aud ~e ask 
how many times 8 will go hlto 64 

(the dividend exclusive of the rigbt hand digit). B~aring in ~ind tb •• we are 
to.put the digit tbus obtained both in the root and m t!>e dIV!S~ll',. and that the 
completed divisor will be over 80, we find that the reqmred dIgIt IS 7, ·"'blcb we 
accordingly place both in the root and in tbe divisor. Tbe complete .divisor is 
81, wbich'multiplied by 7, gives 609, and this subtracted from 642, grves a re­
mainder 33,. to which we bring down the next perlO(l, 02, and thus get 3302 for 
tbe next divid'ond, , 

Again, doubling the part of the ro?t ah'~ady found, w~ ~btain 94 (=.47 
doubled) for " trial divisor, and as this WIll go lD~O 330 (the dlvl~eDd ex~l!,slve 
of tbe rigbt hand digit) 3 times, we place 3 both lD t~e root and. m.tbe diVIsor. 

MultiplY'ijlg.tbe 948 thus obtained by ~ subtractmg and brmP!'1I do~n tbe 
next period we aet 47325 for the next diVidend. Tbe Dext trml diVIsor IS 946 
( = 478 ' 0 which will go into 4732 (the dividend exclusive of the right 
band fig . and we tberefore place 5 botb in the rOot and in the divi-
sor. M blracting, we find no remainder; 4735 is therefore tbe 
square roo 0 

j.>ROOF.-4735 x 4185 = 22420225. 
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EXPLANATION AND REASON. 

17. We may consider every number 98 consisting of its ten8, plus its _til 
that is, if the tens be represented by the letter a and the units by the letter b. 

Number = a + b; , 
, Number squared = (0; + b)' = 0;2 + 2ab + b'. 

Hence the square of a number is equal to the square of 
the tens, plus twice the produet of the tens by the units, 
plus the squar~ of the units. 

Thus, 69 = 60 + 9 
And (69)' = (60 + 9)2 = (GO)' + 2 + 60 x 9 + 92 = 3600 + 1080 + 81 = 4761. 

1 S. Let it now be required to extract the square root of 4'761. 
I. It is evident that the square of a number consisting of a single digit can 

never contain more than two di~its or less than one; conversely the square root 
at a number of one or two digits must be a number of one digit. Again the 
square of a number consisting of two digit.c; can I!ever contaiD more than four or 
less than three digits; conversely the square root of 3 number of three or folll' 
digits must be a number consisting of two digits. Similarly, the square of a 
number consisting of three digits can c6ntain neither more than six nor less 
than five digits, and conversely, the square root of a number consistin~ of five 
or six digits. must be a number of thl'p.e digits, &c.; that is, one digit in the root 
is equivalent to two di,,;its in the square, or conversely, two digits in the square 
are equivalent to one digit in the root. 

Hence, if we divide the given number into periods of two figures, 
each beginning at the decimal point, the number of periods will in­
dicate the number of digits in the root. . 

II. Taking the number 4761, we divide it into periods, thus, 47131, and since 
there are two peliods in the square there must be two digits in tbe root. We 
thus learn that 4761 is. the square of 8 certain number of tens, plus a certsin 
num ber of units. Now it is manifest that the .quare of the tens can only be 
found in the seconri periocl, 47, since tens squared can ¢ve no digit of "lowei 
order than hundreds. Also, that no part of the square of tbe noits can be found 
in the second period,47, since any single unit squared can give no digit oj' .. 
higher order than tens. • 

Therefore the square of the units is found only in the first or 
lowest period, the square of the tens only in the second period, the 
square of the hundreds only in ~he third period, &c. 

OPERATION. 

4761(69 = square root. . 
86 = highest square in 2nd period. 

6 tens x 2= 12 tens + 9 units = 129) 1161 = remainder which contains,.1st, 
twice product of tens by 
units, 2nd, the square of 
the units. 

1161 = twice 6 tens x 9 + 92• 

III. In extracting the square root of this number, we look first for the digit 
!,ccnpyi!,g th~ place of tens in ~he root. We kno.w (II.) tha~ the square of tens 
IS contalOed In the second perIOd, 47, and t.he hIghest square contained in 41 
must. b. the square of the highest digit that can possibly stand in the place of' 
tenB lD the root. But the highest square in 47 is 86. the square root·c\f which 
is 6. Pl":,,ing 86 under the 47, 6 in the root, we subtract and bring: down thl" 
Dext perIod, 61, and thus get a totBi remainder of 1161. Now (Art. 17)" the 
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whole number 4161 cobsists of the square of tho tens, plus twice the product 
of the tens by the units, plus the square of the units: and since we ha,e sub­
tracted from it 36, (or if the ciphers be annexerl3600) the square of the tens, 
the remainder, 1161, must cont.in twice the product of the tens by the units, 
plus the square of the units; that is, twice 6 tens x by a certain number of 
units, plus the square of tha.t number of units; and because we do not know 
as yet what the units' figure of the root is, we use twice the tens for a trial 
divisor. 

IV. Since we are now secking the units' digit of the root, and since tens 
multiplied by units can give no dig"it of a lower order than tells, the right hand 
digit of the dividend can form no part of twice the product of the tens by the 
units, and we have simply to ascertain how often 12 tens (=twico 6 tens) will 
go in 116 tens. El'idently 9 times. 

V. Lastly, we place the digit thus found in the root, becnuse it is a figure 
of the root, and in the diviAor, because the dividend contuins not only twice the 
product of the tens by the units, but also the square of the units. Now when 
we multiply the 9 by 9 we get the square of the units, and when we multiply 
the 12 tens by 9 units, we get twice the product of the tens of the root by the 
units. 

EXAMPLE 2,-Extract the square root of 127449. 

OPERATION. 

127449(35. 
9 

65)374 
824 

707)4949 
4949 

EXPLANATION AND REASOY.-From the pointing' off we learn that the given 
Dumber is the square of a certa.in number of hundreds, plus a certain number 
of tens, plus n. certain Dumber of units. 

I. We are first then to look for the digit in the place of hundrer]s, and since 
hunrlreds squared can give no dig-it of a lower order than tem8 of thousanrls or 
of a higher order than hundreds of thousands, we see tbat the square ot' the 
hundreds ran be found only in the left hand period. The highest square cou­
tained in tbe left hand period is 9, the square root of which is the left hand digit 
of the entire root. 

II. After subtracting. we bring down the next period on.ly, b(,Cl1n~l~ we are 
now looking for the digit in the place of tens in the root. And SInce t~nR 
Bquared can give no rligit·of a lower order than h1.lrndreds, the lowest penod 
cannot enter into any part of the square of tens, much less can it enter into any 
part of twice the product of the hnndreds by the tens, and therefore when lnok­
in~ for the tens of the root, we pay no attention to the right hand period of tbe 
Bquare. . 

III. Tbe rcmnhder of tbe process is similar, and the reason for the varIOUS 
steps the .ame as in example 1, 

19. To extract the square root of a uecimal-

Rf'LE, 

I. Annex one cipher, if necessary, in m'del' that tlw nmnbel' of 
decimal place.9 may be even. 

II. Point off into pel'iods of two figures each, beginn'ing at the 
decimal poil/t, and extract tlte squw'e l'oot as ilt whole numoel's, I e-
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membering that tlte number of decimal places in tlte ,'oot will be equal 
to tlte number of periolk in tlte square. 

EXERCISE 137. 

1. Extract the square root of 195364. An8. 442. 
2. Extract the square root of '0676. Am. '26. 
3. Extract the square root of 984064. Ans. 992. 
4. Extract the square root of 6, true to five decimal places. 

An8. 2'23606. 
6. Extract the square root of '5, true to six decimal places. 

Am. ·7O'a06. 
6. Extract the square root of 60'487129. Ans. 7'777. 
7. Extract the square root of 79792266297612001. Am. 282476249. 
8. Extract the square root of 0'0000012321. Ans. 0'00111. 

20. To extract the square root of a fraction.....:.... 

RULE. 

L Reduce mixed numbers to jmproper fractions, and compoUnd 
and complex fractions to simple ones, and tlte resulting fraction to its 
lowest tel·ms. 

IL Extract tlte square root of botlt numemtor and denominator 
separately, if tltey Itave exact roots; but if tltey have not botlt exact, 
roots, reduce tlte fraction to its' corresponding decimal, by Art. 56, 
Sec. IV., and tlten extract the root as in Art. 19. 

EXAMPLE I.-Extract the square root of 2:1. 

OPERATION. 
1"9 

An8. 2!-=! and t'!=-=i=lt. 
1"4 

EXAMPLE 2.-Extract the square root of 3t. 

OPERATION. 

3t=\4 =3'42857142 and '113'42867142= 1'8516. 

EXERCISE 138. 

1. Find the square root of'!. Ans. "to 
2. Find the square root of Th. Ana. ii" 
3. Find the square root of 5t. An8. 2'26'1786. 
4. Find the square root of tHo Ans. '63509. 
5. Find the square root of 13t. An8. 3'63318. 

21. Let it be required to extract the square root of 63513'423 
septenary. ' 
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OPERATION. 

685i342s0(236'155 + 
4 

EXPLANATION.-We point off into periods of 
~wo places each, as in the decimal or common 
8cole. - Then the higbest square in 6, the first 
period 184. of wbicb the square root is 2. Sub­
tracting 4 from the 6 ann bringing- down the next 
period, 85, we get 2ab for the dividond. Next 
doubling the 2 we obtain 4. and we find that tbis 
will go into 23, the dividend exclusive of the 
right band figure, 3 times. Placin ... tbis 3 in both 
root and divisor, multiplying (bearing- in mind 
that 7 is the common ratio of the sy.tem) and 
subtracting, we obtain a remainoer of 48, to which 
we bring down the next period, 18, and thus get 
4818 for the llext dividend, &c. 

48)235 
162 

466)4.318 
4161 

5051)122'42 
50'51 

505'25)41'6130 
343564 

505'385)4'22.3'300 
8'486344 

'453623 

EXAMPLE.-Extract the square root of 4731392 undenary true to 
~wo places to the right of the separating point. 

OPERATION. 

4 73i392(2182·99. .A ns. 
4 

(1)78 
41 

428)3213 
80t9 

4352)11592 
86t4 

4854'9j3999-00 
8594·t4 

4355'79)404'0700 
859'5744 

55'5t67 

EXERCISE 139. 

1. Extract the square root of 11333311 septenary. 
2. Extract the square root of 33233344 senary. 
3. Extract the square root of 4234'10123 quinary. 
4. Extract the square root of 888888'888 nonary. 
. 5. Extract the square root of 248664et69 duodenary. 

APPLICATION OF SQUARE ROOT. 

Ans. 2626. 
Am. 4344. 
Am. 43'412. 
Ans. 888 '88. 
Ans. 54373 . 

22. A triangle is a figure having three sides, and con­
sequently three angles. When one of the angles is a right 
angle, like the corner of a square, the triangle is called a 
right angled triangle. 

11, 
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23. In a right angled triangle the side opposit~ the right 
angle is called the hypothenus8, and the sides containing 
the right angle, are called the base and the perpendicular. 

24. It is shown by elementary geometry that the square 
described on the hypothenuse of a right angled triangle is 

'equal to the sum of the squares described on the other two 
sides. 

Or if " be tho hypothenuse, b the base, and p the perpendicular; tben 

'" == b' + p', and hence 

" =Vb2 + p' 
b =V"'-p' 
p =V"'-b2 

That is-to find the hypothenuse of a right angled triangle when 
the other sides are gi'oen we add the square of the base to the square 
of the perpendicular and extract the square root of the sum. 

To find the length of the base we subtract the square of the per· 
pendicular from tlte square of the hypothenuse and extract the square 
root of the j'emainder. 

To find the length of the perpendicular we subtract the square of 
the base from the square of the hypothen16se and extract the square 
root of the remainder. 

25. The following principles are also established by 
geolI\etry :-

Oircles are to each other as the squares of their diameters. 
If the diameter of a circle be multiplied by 3 '1416, the product is 

the circumference. . 
If the square of half the diamste?' of a circle be m'ultipliecl by. 

3'1416, the product is the a?'ea, 
If the squa?'e l'oot of-half the square of the diameter of a' cil'cle be 

extracted, it is the side of an insoribed squa?'e, 
If the area of a circle be divided by 3'1416, the quotient is tM 

square of half the diameter • 

. ELu!PLE I.-If the hypothenuse of a right angled triangle is 12, 
feet long and the base 10 feet, how long is 1be perpeudicula.r: ~ 

OPERATION. 

12' = 144 
102 = 100 

difference -, .!b a,nd·y'44 = 6'63324. Ans. ' 

, EXAMPLE 2,-If the foot of a ladder be plaqed 20 feeUrom the 
SIde of a house, how long must it, be in ordcr- to reaqh to the top of 
the house, the latter being 46 wet lllgh? 
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OPERATION. 

46'=2116 
20'= 400 

sum=2516 nndy'2Gi6=50·15. Ans. 

EXERCISE 140. 

3(, 

1. Suppose a ladder 100 feet long be placed 60 feet from the foot 
of a tree; how far up the tree will the top of the ladder reach? 

Ans. 80 feet. 
2. Two p~rsons start from the same place, and go, the one due north 

50 miles, the other due west 80 miles. HolY far apart are they? 
Ans. 94'34 miles, nearly. 

3. How large a square stick of timber can be hewn from a round 
stick 24 inches in diameter? Ans. 16'97 in. to the side. 

4. A man has a ladder 36 feet long, which, when put on the outside 
of a ditch 20 feet wide, exactly reaches the top of the wall. 
Requ.ired, the height of the wall. Ans. 29'933. 

5. A.ladder 40 feet long is placed against a wall 14 feet high, and 
Just reaches the top; it is then turned over and touches the top 
of another wall 26 feet high. Required the breadth of the 
street, Ans. 2~'6:J2 yds. 

6. If the area of a circle be 1760 yards, how many. feet must there 
be in the side of a square to contain that quantity? 

--ins. 125'857, 
~. A certain general has an army of 141376 men. How many must 

he place in rank and file to form them into a square? 
AilS. 376. 

8. What is the distance through the opposite corners of a square 
yard? , Ans. 4'24264 feet. 

9. The qistance between the lower ends of two equal rafters, in the 
different sides of a roof, is 32 feet, and the height of the ridge 
above the foot of tilu rafters is 12 feet. What is the length of 
a rafter? Ans. 20 feet. 

10. What is the distance measured through the centre of a cube from 
one corner to its opposite corner, the cube being 3 feet, or 1 
yard, on a side? Ans. 5'196 feet. 

11. If an iron wire 'n inch in diameter will sustain a weight of 450 
, pounds, what wcio-ht might be sustained by a wire an inch in 

diameter? 0, Ans. 45000 lbs. 
12, What length of rope must be tied to a horse's neck, in order that 

, he may feed over an acre'? Ans. 7·136+perches. 
13. Four men, A, B, C, D, bought a grindstone, t~e diam~ter of 

which was 4 feet· they a"rced that -A shuuld grmd off his share 
first and that ea~h man ~hould have it alternately until he had 
WOl'~ off his share; bow llU,'~1 ,'i,! l'"ch man grind off? 

, NOTF..-Jn this qnestion we, disregnrd tho thickness oftbe grindstone. Af· 
ter the til'St ho. t;l'ouud oil' lli. l'orLion, thero will remuiu 1 of tho stone. 



)08 CUBE ROOr. 

Then the whole stone: part remaining: : square .'-_ .L.,--2Jter of whole 
8tone : square of diameter of part remaining. (Art. 25.) 

That is, 1 : t : : 4' : m', and hence m=4 x vt=4 x '1/ '75='866 x 4=8'464= 
diameter of stone after the first has ground off his portion. 

Similarly. after the second has ground off his portion there will remain t of 
tho atone, and after the third has taken his portion, i of the stone. 

Hence 1 : t :: 4' : m', whence m=4Vt=2'828 ft. = diameter after 2nd has 
taken his portion. 

1 : i:: 4': m', whence ",=4x '1/1=2 ft.=diameter after 3rd has taken off 
hls portion. 

Hence A takes off 4-3'464='586 ft.=6'482 inches, 
B" 3'464-2'828= '636 ft,=7'632 inches, 
e 2'828-2 ='828 ft,=9'936 inches, 
D remaining 2 ft,= 24 inches. 

CUBE ROOT. 

26. To extract the cube root of a number is to find a 
number which taken three times as factor will produce the 
given number-

RULE, 

L Point off the number into periods of three figures each begin· 
ning at the decimal point, . 

IL Find the highest cube contained in the left hand p~riod and 
place its root to the right of the numbel", in the place occupied by the 
quotient in division,. 

IlL Subtmct the cube of the digit put in the root from the left 
hand period, and to the remainder bl'ing down the next pel'iod to. the 
j'ight f01' a new dividend. . . 

IV,. Multiply the squal'e of the pal·t of the root already found by 
300 for a TRIAL DIVISOR. . 

V. Find how many times the tlial divis01' is contained in the divi­
dend and pitt the figure thus obtained in the root. 

VL Complete the TRI.,I.L DIVISOR by adding to it : 
1st. The part of the l'Oot pl'elliously found x the last digit 

put in the root x 30 and 
2",l, The square of the last digit put in the root. , 

VIL Multiply the divisor thus completed by the digit last put in 
the "oot; subtract the pI'oduct from the dividend, and to the remainder 
bring down the next period fOi' a new dividend. 

V IlL .Again multiply the square of the part of the root already 
found by 300 for a new TRI.ll.L DIVISOR, find what digit to place next 
%n the root as in V, complete the divisor by making the two additions 
to th.,e third,divis01' descl'ibed,in VI, multiply, subtract and bringd()'!l!l! 

.as d%I'ected %n VII, and cont%nUe the pl'ocess until all the pe'riQds are 
brought down. . 



AlITS. 26-28.) CUBE ROOT. 309 

EXAMPLE.-What is the cube root of 4.29172932007? 
OPERA.TION. 

429172932007 
343 

17543 .A.ns. 

1st trial divisor = 7' x 800 
1st increment = 7" x 5 x 30 
2nd" 52 

1st complete divisor 

2~d trial divisor = 75' x 300 
1st increment = 75 x 4 x 80 
. 2nd " 4' 

2nd complete divisor 

14700 
1050 

25 

15775 

1687500 
9000 

16 

1696516 

86172 = 1st dividend. 

78875 = product of compo div 
byo. 

7297932 = 2nd dividend. 

6786064 = product of compo div. 
by 4. 

3rd trial divisor = 7542 x 300 = 170554800 511868007 =3rd dividend. 
1st increment = 754 x 3 x 80 = 67860 
2nd " 32 = 9 

Srd complete divisor = 170622669 511868007 = product of compo div. 
by 3. 

E:<PLANATION.-A!ter pointing off we find that the highest cube number 
.con.lained in the left hand period is 343, ofwhich the cube root is 7. We there­
fore place 7 in t.he root and subtract 34B from the first period. This gives us a 
remninder of 86, to which we bring down the next period 172, and thns obtain 
86172 ror a new dividend. 

Next we take 7, the part of tbe root ah'cady found, square it and multiply 
th.e 49 thus obtained by 300, this gives the first trial divisor 14700 which we find 
WIll go into the dividend 861'12 (making due allowance for the increase of the 
divisor) :; times. 

Next we complete the divisor hy adding to it 
1st, 7 x 5 x 30 = 1050, and 2nd, 52 = 25 which gives us 

15775 for a complete divisor. This we multiply by 5, the digit last put in the 
root, Bubt"act the product 78875 from the 1st dividond, and to the remainder 
7297 bring down the next period 932, &c., &c. 

27. EXPLANATION AND REABON.-We have Been (Art. 17) that we may 
consider every numbe·r as consisting of its t8118, plus its units, or" if a = tens and 
b = units, tll~n 

Nnmber= a.+b .. and 
Number cubed=(a+b)' =a' +3a2b+3ab2 +b'. 

Hence the cube of a number is equal to the cube of the 
:tens, plus three times the product of the tens, squared 
multiplied by the units, plus three times the product of 
the tens multiplied by the square of the units, plus the, 
cube of the units. 

Thns 69=(60+9).; and 

69" = (60+9)' ~~~~to~9~g~o";i~80~72~2+9" 
.::828509. 

28. Let it now be required to extract the cube root of 328509. 
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I. It is m,nifest that the cuhe ofa single digit can never contain more than 
tbree digits or less thun one digit, and hence the cube root of n number (i. e., 
perfect cube) of aile, two or three digits must be a number of one digit. Again 
the cube of a number consisting of two digits can never contain more than six 
or less than four digits, and conversely the cube root of a perfect cube consisting 
of four five 01' six digits must be a number of two digits. Similarly the cube 
root or's perf(.ct cube consisting of seven, eight or nine d.igit~ must be a number 
of three digits, &c. 

Hence, one digit in the root is equivalent to three digits in the 
cube, and conversely three digits in the cube are equivalent to one 
digit in the root, and therefore if we divide the given number into 
periods of three digits each, beginning at the decimal point,'the num· 
ber of periods will indicate the number of digits in the root. 

II. The cube of the units can be found only in the period immediately to 
the left of the decimal point, since any unit cubed can give nll digit of a higher 
order than hundreds. Also the cube of the tens can be found only in the sec· 
ond period to the left of the decimal point, since tens cuhed can give no di".;t 
of a higher order tban h"'''-tiffeds qf th01J,8and8, or a lower order tban th()'/",an~8. 
Similarly the cube of the hundreds can be found only in the tbird period to the 
left oftbe decimal point, &c. 

Hence, counting from the decimal point towards the left, the cube 
of the units can be founel only in the first period, the cube of the tens 
only in the second period, the cube of the hundreds only in the third 
period, &c. 

III. Taking the nnmber 328509 we divide it into periods, thus 828509, and 
since there are two periods in the c.nbt' there must be two digits in the ,fOOt. 

OPERATION. 

328509(69 
216 

62 = 36 x 200 = 10S00 /112509 
6x9=54x30= 1620 

9'= 81 

12501 112509 

,Ve tbus learn that 328509 is the cube of 
a e<>rtain number of tens, plus a certain 
number of units. We first then look for 
the digit in the place of tens in the i'oot. 
We know (II) t~nt the cube of the tens 
is contained in the second period 328, and 
the highest cube contained in 328 must 
evidently be the cube of tl,e highest digit 
that can occupy the place of tens in th& 
root-which digit we are seeking. .The, 
higbest cube contained in 328 is 216, of 
which the cnbe·root is 6. We then sub· 

tract 216 fl'om 828 and to tbe remainder bring down 509, the next period, wbich 
gives us 112509 for (\ new dividend. 

IV. From tbe given number we have only subtracted 216 (or if the cipbers 
be affixed, 216000) the remainder, 11250:1 therefore consists (art. 27) of three times 
the product of the square of the tens by the units, plus three timos the product 
of the tems by tbe square of tbe units, plus the cube of the units; that is, 112609 
consists of (6 tens)' x3x a certain number of units + (6 tens)x3x (that number 
of units)' + (~hat number of units~' ; and because we do not know as yet what,. 
the units' figure is. we use (6 tens 2 x 3 fOT a trial divisor. " 

But (6tel1s)' x 3 = (60)' x 3= 6 xl0)' x3= 6' x 102 x3= 62 x 300' or. in other 
'Words, any number of tens squared, multiplied by 3, is eqnal to that'Silme num· 
bel' of units squared and multiplied by 300. Hence we obtain the constant mul-
tiplier 300. ' . . 

. y. 62 = .36, n'.'d this multiplied by 300 gives us 10800. In asking how often 
lhis l~ contamed 10 112609 we have to bear in mind that we must increase the 
trial.ulvisor by tbe two additions indicated in the sixth section of the rule. 
Makmg allowance for these additions, we find the units' figure of the root to 
be 9. 
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, vr. If we were to Inultiply the 10800 we have obtained as "trial divisor by 
9, the units' figure of the root, we should only get th"ee times tbe product of 
th~ 'quare, of the tens by tbe units; but we require also' three times the pl'O­
'dqct,iif the tens by the square of the units, and lastly tbe cube of the units. 
OIll"colDplete divisor must therefore evidently consist of-

,J,t. 'Three tiIDe',tbe squ"re root of tens. 
2nd. Three times the tens multiplied by the units. 
Srd. The square of the units; 01' representing the tens by a and the units 

by Ii, the divisor must=3a' +3ab+b', and this multiplied by b, tbe 
digit in the units' place will give 

(3a'+8ab+b') b=3a'b+3ab'+7"=tbe dividend. 
Now (6 tens) x 3=(60) x 3=6 x 10 x 8=6 x 30. i. e" the product of any number, 

of tlln8 multiplied by 3 is equal to the product of tbat same number of 'IJIlIJits 
multiplied by 30. ' 

Hence we obtain the constant multiplier 80. 
The additions we make then are 6 x 30 x 9=1620, and 9'=81, and thus we 

obtain the complete divisor 125U1=(60)~ x3+60 xax 9+9', and multiplying this 
by9,weget, ' 
1(60)' <3+60 x3 x 9+9" f 9=60' x 3 x 9+ 60 x 3 x 9' +9' =three times the square 
oflhe,tens multiplied by the units, phIS tbree times the tens multiplied by tbe 
square 'of the units, plus the cube o!"the units. 
. N ~TB.-When there are more than two periods, the reasons nre analogous, 

smce we" Dever have to do with more. than tens and 1tnits of the root at OOB 
time; 'f e., when we aTe seeking the second digit of the root, we call the first 
digit tens and the second, units; when we are seeking the third digit of the 
root, we,coll~ider the first two as so many teus, nod the third as U011:.8. &c. 

-The reason for bringing down only one perio(l at a time is similar to the 
reilSon fOJ' the same step in the extraction of the square root (for which see Art. 
18, Example.2). , 

29. To extract the cube root of a decimal-
RULE. 

I Annex two ciphers, if necessary .. in ol'der to make the last' 
pe'l'iod complete. ' . . 

II. Point off into periods of three places each, beg.nmng at the 
decimal point, and extract the cube root as in whole numbers, remem­
b""ing th.at tke number ~f decimal place,\ in the?"Oni will be equal to 
th. numbel' of peria:/; 'It lhe !:UJo. 

EXERCISE 141. 
1. What lsthe cube root of 62'712728317? 
2. Extract the cube root of 1953125. 
3. Extract the cube root of i.076890625. 
4. What is the cube root of '697864103? 
5. What is. the cube root ofl02503'232? 
6, Find the :cube root of 179597'069288. 
7. Find the cube root of 483'736625. 
8, Find the cube root of '636056. 

.Ans. 3973. 
.Ans. 125. 

.Ans. 1025 . 
.Ans. '887. 
.Ans. 46'8. 

.Ans. 56''+2. 
.Ans. 7'85. 

.Ans. '86. 

30_ To extraCt the cube root of a mixed number or a 
vulgar fraction-

RULE. 

Reduce, mixed numbers to impro~er fractionS, and compound or 
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complex fractions to simple ones, and the resulting fraction to its low­
est terms. 

IL Extract the cube root of both numerator and denominator 
separately if they have exact roots; but if they have not both exact 
roots red~ce the fraction to its corresponding decimal by .Art. 56, 
Sect. 'IV, and then extract the root as in .Art. 29. 

EXAMPLE I.-What is the cube root of 3~? 
OPERATION. 

s- s- V'ii 
Vst = V¥= Vs=I=1i • .Ans. 

EXAMPLE 2.-Extract the cube root of 171;. 
OPERATION. 

171-=17'125, and '1117'l25=2'571, nearly. 

EXERCISE 142. 
1. Extract the cube root of~. .Ans. '4721. 
2. Extract the cube root of la.,. .Ans. '0609. 
3. Extract the cube root of t of 2t. .Ana. '941. 
4. Extract the cube root of 28t. .Ans. 3 '063. 

, O. Extract the cube root of 32-,\. Ana. 3'198. 

31. In extracting the cube root of a number in any 
scale, other than the decimal, we proceed in the same man­
ner, pointing off into· periods of three figures each, finding 
a trial divisor and afterwards completing it as in the pre­
ceding examples. 

NOTE.-In all scales havin!la radix higher than'S, the constant multipliers 
are 800 and 80; but as in the b,nOll'Y and ternaJl''V scale we cannot use a digit so 
high as 8, these multipliers become respectively 1100 DJld 110 for the b1in.arg 
.... 1., and 1000 and 100 for the ternOll"V Bcale. . 

EXAMPLE 3.-Extract the cube root of 613412'132 septenary. 
OPERATION. 

61a412'182(65il4 
426 

6'=51 x 800=21S00 1M412 
6xSO=240x5= 1560 

5'= 84 

28224 152456 

65'=6804 x 800 2521500 1628'182 
650'=680400x800 =252150000 1628'182000 
650 x 80 = 26100 x 4= 148400 

4'=- 22 

'252828422 1402'680821 

~O'201846 
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EXERCISE 143. 

1. Express one million in the senary scale and then extract its cube 
root. Ans. 244. 

Extract the cube root of 6131271 octenary. Ans. 165'32. 
3. Extract the cube root of 10221012'102 temary. Ans. 112'012. 
4. Extract the cube root of teteet in the duodenary scale true to two 

places to the right of the separating point. Ans. e7·t2. 
o. Extract the cube root of 421030'4412 quinary true to two places 

to· the right of the separating point. Ans. 44'004. 

32. Since many teacbers prefer Horner's metbod of extracting tbe cube 
root to the common method, we shall give it here. Upon closely examining it 
the student will find that the reasons for the several steps of the process are 
identical with those given in Arts. 27 and 28. The constant multipliers 800 and 
80' are still used, bufin a disguised form. 

RULE. 

L Point off as in the common method. 

II .Find the greatest cube in the fi"st period on the left hand; 
pluc; its ,..,,)1, on the right of the numbe,' fm' the first fignre of the 
root, and also in col. I. on the left of the mlmber. Tllen multiplying 
this fignre into itself, set the product fOI' the fi"st term in col. IL; and 
multiplying this tenn by th.e same figure again, snbtract this p,'odnct 
from the period, and to the "emainder bring down the next period fa" 
a' dividend. 

IlL Addinr/' the fi,fJure placed in the "oot to the first t81°m in col. 
I, mnltiply the sum by the saine figure, add the product to the first 
term in col. IL, and to this sum annex two ciphers, fa" a divis01'; 
also ·add the figure of the ,'oot to the second term of col. L 

IV. Find how many times the divisor is contained in the dividend, 
and place the reSldt in the "oot, and also on the right of the t!!ira 
ter'l!/- of col. L Neo'c~ multiply the third te1'7Tt thus increased by the 
figUre last placed in the Toot, and add the product to the divisor; then 
multiply this sum by the same figure, and subtract the prod-uct f"om 
the dividend. To the "emainder bring down the next period fm' a new 
dividend. 

V. Find a new divisor in the saine manner that tke last divisOl" 
was /o'lf"d, then divide, <fe., as before; thus continue the ope"ation 
till the root of all the periods is found. 

EXA.HPLE.-What is the cube root of 78314'6, true to two decimal 
places. 
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OPERATION. 

Col. I. Vol. II. 78Si4!600( 42'78 +. 
1st term 4 16x4 = 64 

2nd ., 8 4800, 1st divisor) 14814 

3rd " 122 5044x2 = 10088 

4th u 124 529200, 2nd di visor) 4226600 

. 5th " 1261 538069 x 7 = 3766483 

6th " 1274 54698100, 3d divisor) 460111000 

7th " 12818 54801244x8 = 438409952 

EXPLANATIoN.-The cube root of the greatest cube in 78 is 4, which is 
placed in thc root and also in column I, then mnltiplying this 4 by itself give. 
us 16 which is the 1st term in column II, and ag·B.in multiplying this 16 by 4 
gives us 64, the number which we are to subtract from the first period 78. 

Subtracting and bringing down the next period 314 we get 14814 for tbe 
ne"t <lividenel. 

Now adding 4, the fig-ure plneeo in the root, to 4 theIst term in col. I. give. 
us 8, the 2nd term in col. I, multiplying this 8 by the 4, i. e., tbe figure in the 
root, gives us 32 which we ado to the 1st term of col. II, anel affix two ciphers. 
We thus obtain 4800 the second term of col. II, which is our trial divisor. 

We tben fiud that 4800 goes 2 times in the divideno. This 2 we place in 
the root and also to tbe righ t of the sum of tbe 1st and 2nd terms of col. I. 'fhe 
1st and 2nd terms of col. I, aelded together make 12 and the 2 of the root aflixed 
makes 122, the third term of col. I. Then we multiply this 122 by 2, the last 
digit put in the root, this gives us 244 which we add to 4800, the second tet'Dl of 
col. II. and thus obtain 5044, tbe Srd term. Lastly this third term multiplied: 
by 2, gives us the number to subtract. . 

NOTIO.-For exampJes in this method work any of the preceding <).uestions. 

APPLICATION OF THE CTillE ROOT. 
4 

33. Principles .Ass1lmcd.-L' Spheres are to one another a8 the 
cubes of their diametc1's. 

IL Cubes and all other regula)' solids are to one another as the 
cubes of their like dimensions. 

EXERCISE 144. 

1. If a cannon ball 3 inches in diameter weighs 8 Ibs., what will be 
the weight of a ball of the same metal 4 inches in diameter? 

33 
: 4 3 

: : 8 lbs. : .Ans.:;::1814 lbs. 
2. If a ball 3' inches in diameter weighs 4 lbs., what will be the. weight 

of a ball that is 6 inches in diameter ~ .Ans. 32 lbs. 
3. If a globe of gold one inch in diameter be worth $120, what is the 

value of a globe 3t inches in diameter? .Ans. $514<5. 
4. !f the weight of a well proportioned man, I> feet 10 inches in height 

~e 180 pounds, what must have been the weight of Goliath of 
Gath, who was 10 feet 4t inches in: heJgl'.t» . . .J&..lOllj·llbs. 
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5. A. person has a cube of clay whose siues are 973 ft. Ion"" hc 
wishes to take out of the same 5 cubes whose sides are 45 feet, 
62 feet, 30 feet, 80 feet, and 20 feet. He requires to know the 
length of the side of the cube that can be formed out of the re­
maining clay.' Am. 972'69 ft. 

6. What is the side of a cube which will contain as much as a chest 
8 feet 3 inches long, 3 feet wide, and 2 feet 7 inches deep? 

Ans. 47'9843 inches. 
7. r 0ur ladies purchased a ball of exceeding fine thread, 3 in. in 

diameter. What portion of the diameter must each wind off so 
as to share off the thread equally? 

Am. 1st lady must wind off '2'7432 inches. 
2nd" " '34458 " 
3rd" '49122 " 
4th " 1'88988 

NOT".-This question is solved by " metbod similar to that adopted in 
Example 18, Exercise 140. 

EXTRA.CTION OF THE ROOTS OF HIGHER ORDERS. 

34. When the index of the root is a power of 2 or 3, 
or a multiple of any power of 2 by any power of 3-

RoLE. 

Resolve tlte given index into its prime factors. 
Extract the root denoted by one of these faetors, then of this "oot, 

extract the root denoted by another factm', and so on till all the prime 
factors be used. 

Thus, for the 4th root extract tbe square root of the square root. 
for the 6th root extract the cube root of the square root. 
for the 8th root- extract the square root of the square root of the 

o square root. 
for the 12th root extract the cube root of the square root of the 

squal'e root. 
for the 16th root extract the square root four times. 
for the 18th root extract the cube root of the cube root of the square 

root;-&c., &0. 

EXERCISE 14;:;. 

1. What is the fourth root of 19987173376 ? 
2. What is the sixth root of 308915776? 
3. Extract the ninth root of 40353607. 
4. Extract the eighteenth root of 387420489. 
5. Extract the twenty·seventh root of 134217728. 

Am. 
Ans. 
Am. 
Am. 
Am. 

376. 
26. 
7. 
3. 
2. 
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LOGARITHMS. 

35. The Logarithm of a number is the index of the 
power to which it is necessary to raise a given root or 
base, in order to produce the given number. 

36. The Base of a system of logarithms is the' fixed 
number to which aU the logarithms of that system belong 
as indices. 

Thus 10' = 1000; here 3 Is called the logarithm of 1000, to the base 10. 
So also 2' =82; here 5 is called the logarithm of 32, to the base 2, &0., &C. 

37. A System of Logarithms is a collection of the 
logarithms of a series of numbers corresponding to the 
same base. 

Any number whatever may be taken as the base of the system; but it is 
obvious that Bome numbers are much more convenient than others. 

38. Two systems of logarithms have been constructed 
and tables calculated with great care. They are-
1st. The Common System or Briggean System, whose 

base is 10. 
2nd. Napierian System, whose base is 2'71828. 

The Napierian System was invented by BaTon Napier, and the peculiar ba.e 
2'71828, was adopted chiefly because the loaarithms having that base are more 
simply expressed and more easily calcu latea than any other. It has hence been 
caller! the NatlVral Syst",,, of Logal·ithms. These Logarithms were also for­
merly called 1I1I1Je,roolic logarithms, from certain relations found to exist be­
tween them and the asymptotic spaces of tho hyperhola, and which were 
~rroneously believed to be peculiar to them. .. 

The Common System was shortly afterwards invented by Briggs and 
adopted by Baron Napier, and is the system now un iversally employed for the 
purposes of calculation. 

29. The Characteri8tic of a logarithm is the part which 
stands to the left of the decimal point. 

40. The Mantissa (handju.l) is that part of the loga­
rithm which stands to the right of the decimal point. 

41. Since 10 is the base of the common system of 
logarithms and at the same time the radix of our system 
of notation, we have-

100000 10'· 
10000 10'; 
1000 10·; 
100 10'; 

1~ ~g~i 
'1 10-~ 

'01 10-' 
'001 10-' 

'0001 10-< 

whence 
whence 
whence 
whonce 
whence 
whence 
whence 
whence 
whence 
whence 

log. 
log. 
log. 
log. 
log. 
log. 
log. 
log. 
log. 
log. 

100000 
10000 
1000 
100 
10 
1 
'1 
'01 
'001 
'0001 

5 
4 
3 
2 
1 
o 

-1 
-2 
-8 
-4 
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42. From this it appears tbat tbe logaritbm of any number between 1 and 

10 will be more tban 0 and less tban 1 ; i. e., will be a fraction or " decimal; so 
also tbe logaritbm of any number between 10 and 100 will be greater than 1 
and Ie •• tban 2; i. e., will be 1 and a fraction, or a decimal; so also the loga. 
rithm of any number between 100 and 10uO will be 2 and a decimal, &c. 

Hence, the characteristic of any number containing 
digits to the left of the decimal point is positive and nu­
merically one lcss than the number of such digits. 

Thus the characteristic of 7842 is 3; of 978'26 it is 2; of $813426789 it is 8; 
of8'00429 iti. 0; of 26789'426789 it is 4, &c. 

43. It also appears, from Art. 41, that the logarithm of every number be· 
tween 1 and '1 will be less than 0 and greater tban -1; tbat is, it will be equal 
to ':1, plus some decimal; tbe lo~.ritbm of every number between '1 and '01 
will be less than -1 and gre3ter than -2; or, in other words, will be -2 plU8 
some decimal; so also the logaritbm of every number between '01 and '001 will 
be -8 plus some decimal, &c., &c. 

Hence, the' characteristic of the logarithm of a decimal 
is negative and numerically one greater than the number 
of Os which come between the decimal point and the first 
significan t figure. 

Thus, tbe cbaracteristic of tbe logarithm of '000001 is '6; the characteristic 
9f the logarltbm of '00000000002347 isll; the cbaracteristic of tbe logarithm of 
'000278926845 is 4, &c., &c. 

NOTE.-The negative sign affects only the characte)'istic-the 
mantissa or decimal portion of a logarithm is always positive. To 
indicate this it is customary to write the negative sign over the charac· 
teristic, as in the above examples, and not before it. 

EXERCISE 146. 
What are the characteristics of the logarithms of the following 

numbers: 
1. '723, 9126'4, 81234'56'7, 912678'96124567, 23'912342 . 

.A ns. 2, 3, 4, 5, and 1. 
2. '027, '002134, '000000698, '8126714, '0000000002134 • 

.Ans. 2, 3, 7, 1, and 10. 
3. 1'1111111, llUU'U, 1000000000, '000000002162, 7!..12"78 . 

.Ans. 0, 5, 9, 9, 0, and 1. 
44. Since (Art. 11), to divide one power of .. numbe! by anothor P?wer of 

the same we subtract the index of tbe aivisor from the mdex of tbe d.vidend, 
and since common logarithms are indices to tb~ base 10, let us take the number 
41~SO a"d snccesoivoly dividing it hy 10, examme the results. 

Numbers. Logaritbms. 
47280 ........... " .................. = 4'674677 

411h~B ~ ~ ~~ ~~~~ ~ ~ ~ ~~;;;; ;;;;;;;;;;; ~;~ rmi~! 
'472B .............................. =:f·674677 
'04728 ................ " ............. = 2'674677 
'00472B ........... " .. "" .............. == ii'67467i 
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Here we bave simply performed the same operation by two different meth­
ods, 1st, dividing the 9vwmoerB by 10, and 2nd, from the logaritlllmB correspond­
ing to the numbers, subtracting 1, the logarithm oflO. 

From this illustration it is evident that,-
1st. The characteristic of the logarithm of a number is 

dependent wholly upon the position of the decimal point 
in that number, and is not at all affected by the sequenoe 
of the digits that compose that number; and 

2nd. The Mantissa or decimal part of the logarithm of 
a number is dependent wholly upon the sequence of the 
digits that compose that number, and it is not at all affect­
ed by the position of the decimal point. 

NOTE.-It is only common logarithms (i. e., those having 10 for their base) 
that possess the important property of having the same mantissa for the sarne 
figure, whether integral or decimal, or both, and it was this property that in­
duced Briggs to adopt that bose in preference to the Napierian base, 2'71828. 

45. Since the characteristic of the logarithm of any number does not de­
pend upon the value of the digits composing that number, and is so eMily found 
by attention to the rules found in Arts. 42, 48, it is customary to omit it alto­
gether in logarithmic tables, and merely give the mantissa. 

The annexed tsbles contain the logarithms of all numbers from 1 to 10000 
calculated to 6 decimal placea. When greater accuracy is required, tables cal­
culated to a greater nnm ber of places Bre used. By means of the proportional 
parts and difference given in the tables, the logarithm corresponding to all 
numbers whatever, may he found with sufficient accuracy for all practical pur­
poses. 

46. T.o find the logarithm of any number not greater 
than 100-

RULE. 

Find on the first page of the table of logarithmIJ, the given number 
in the column marked No., and directly opposite to it,-in the column 
marked log., will be found the logarithm. 

EXAMPLE I.-What is the logarithm of 4'7? .Am. 1'6'72098. 
NOTE.-By saying that 1'672098 is the logarithm of 47, we simply mean 

i~~~.,tf.~. ~:7.10, raised to the power 1'672098, is equa.! to 47, or brielly 

EXAMPLE 2.-What is the logarithm of 93? Am. 1'968488. 

4'1. To find the logarithm of any number consisting 
of not more than four digits-

RULE. 

Find, il~ the column marked N, the first three disits of tll6 given 
nnmb". . 

Then the mantissa will b~ found in the int"section of the hori­
zontalline containing these three digits and the v"tical co1umn· at the 
head of which stands the fourth digit. 

To this mantissa attaeh .the ck",raeterMie' as found by tke rules in 
.Arts. 42, 43. . 
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EXAMPLE I.-What is the logarithm of '7983? 
Looking in the column marked N, we find the fir.t three digits 798, on page 

898 in the fourth horizontal division, counting from the top of the page and in 
the last line but one of that division. Carrying the eye along this horizontal 
line till we come to the vertical column, at the head of which stands the re­
maining digit, 8, we obtain for the mantissa of the required logarithm '902166, 
to which we prefix the characteristic 3 (since there are four digits to the left of 
the decimal point in the givcn number), and thus obtaiu the required logarithm 
8"902166. 

EXAMPLE 2.-What is the logarithm of '0000001234? 
The first three digits, viz: 123, are found in the fourth line of the third 

horizontal division on !lage 882, and at the intersection of this line with tbe 
column beaded 4, is fODn~ '091815. To this we attach the characteristic 7, 
(since there are BUn Os, between the decimal point and the first significant fig­
ure) and thus obtain the required logarithm, 7'091315. 

EXERCISE 14'7. 
1. What are the logarithms of 5'794, 5'7'94, 5'794000, and '0005'794? 

Ans. 3'762978, 1''7629'78, 6'762978, and 4'7629'78. 
2. What are the logarithms of 1'169, 11690, alld Y#o~J!60? 

Ans. 0'06'7815,4'06'7815, and -3'06'7815. 
3. What are the logarithms of ''734, '7340000000, and '00000000734? 

Ans. 1'865694, 9'865696, and 9'865696. 
4. What are the logarithms of 978'4, 9''784, 978400, and '9784? 

Ans. 2'990516,0'990516,5'990516, and 1'990516. 

48. To find the logarithm of ~ number containing 
more than four digits-

RULE. 

FIRST METHOD.-Find the mantissa corresponding to the loga­
rithm of the first four digits by the last rule. Subtract this mantissa 
from the next following mantissa in the tables. jJ[ultiply the differ­
ence thus obtained by the remaining digits of the given number, and 
(JUt off from the product a.~ many digits as tliere were itt the multiplier 
(but at the same time adding unity if the highest cut off be not less 
tkan 5). 

Add the numlJer thUll obtained to the mantissa of the logarithm 
. corresponding to the first four digits, and the result will be the man· 
ti&sa of the given number. 

Lastly attach the characteristic to this mantissa. 
EXAM'LE I.-What is the logarithm of 53803'2? 

OPERATION. 

The mantissa of the logarithm of 0080 (the first four digits) is '730782 and 
the next following mantissa is ·~80668. 

Then from '780868 
Subtract '780182 

Di1I'erence 81 i and 81 X 82 'reIWlilliDg digits ot given nu~ 



320 LOGARITHMS. [SECT .. X, 

=2502, from which we cut off flwo digits, since we mnltiplied by a number of 
two digits, and sinM the highest digit cut off is not less than 5, we add unity to 
the part retained, which gives us 26. . 

Then man.a of logarithm of firstlddr digita '7301~~ 

Mantissa oflogarithm. of given number '730808 
To which attach the characteristic 4 and required logarithm=4·130S08. 

NOTE. -Except at the beginning of the tables, where the mantissas Increase 
rapidly in magnitude, the difference maybe taken from the right hand column, 
(headed D) and opposite the first three digits of the given number, where the 
mean difference of the mautissas In that line will be found. 

EXAMPLE 2.-What is the logarithm of 832'17242? 
OPERATION. 

Mantissa o£logarithm of 8321. ......................................... '920176 
Difference from column D=52' and 52" 1242=316584 from which we 

cut off four digits and add................. .................. .. 38 

'920214, 
To which we attach the characteristic 2 and reqnired logarlthm=2'920214 

49. The difference given in the column headed D in tho tables, isthattlue 
to an increment of ona wnit in the fourth figure of natural number, thus 

Logarithm of57B8 ....................................... 8·158761 
Logarithm of 5189 ....................................... 8'758836 

Difference of natural numbers=1; differenceoflogarithms=75 

And since it is shown iu common works on Algebra that, with small incre. 
mente in the natural numbers the lO~8rithmB corresponding to them increase in 
arithmetical progression, in order to find the logarithm of aoy number between 
those given ahove, we consider that tho increment of the logarithm to be added 
to 8'158761, bears the same proportion to 75 (the increment for 1), that the in· 
crement of the natuTal numher does to 1. 

For example.-Let it he re'l.nired to find the logarithm of 5188'47. 
Here the IDcrement of the gIven numher being '47, we form the proportion 

1: '47: : 75: '47 x 75=85'25, the increIl!ent to be added to 8'758161, and this ad­
dition having been made, we get 8'158796 for the 10g;l.rlthm of 5788'47. 

Similarly, if the increment of the natural number had been '047 or '0047, the 
corresponding incroment of the log. would have been 8'525 or '8525. 

Tllese illustrations sufficiently explain the reasons of the last rule. 
50. Taking the same number as in the last article and dividing the differ. 

ence 75 by 10, we obtain 1'5 the difference corresponding to an increase of one 
unit in the fifth place of the natural number; the donble of this, or 15 for two 
units, the treble or 22'5 for the three units, and so on; and each of the num­
bers thus obtained will be the increment of the logarithm corresponding to an 
increase of that number of units in thefl.fth place of the natural number. The 
incrementa thus obtained, and corresponding to each of the nine digits are in­
ser,ed in tho left hand column of the tables, headed P. P. (Proportional'Parts) 

51. The numbers in the colnmn headed P. P., as already explained are 
tHe incroments in the logarithm for an increase in thefitth plac",of the natural 
numbers. They express also the increments for the digits in the 8WJth, 86'1)6'fIt,., 
eight,., 'TIIint,., &c., places of the na.tural numher, when they lire divided by 10 
100,,1000, &0., lIS the case may be. ' 

52. Hence to find the Iogarit~ of any number con-. 
taining more than four digits-. . 
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RULE. 

SECOND METHOD.-Jilind tlle manti8,~a Of the logal·~thm correspond­
ing to the first four digits of the given number. 

Find in the same horizontal division as that in which the mantissa 
is found, the proportional part in the column headed P. P., corre-
3Jionding to the digit in the .fifth place of the given number, and set it 
down beneath the part of the mantissa already found, so that their 
right hand digits may be in the same vatical line. Find the P. P. 
corresponding to the digit in the sixth place of the given number, and 
set it down so that its right hand figure may be one place to the right 
of the last. Mnd the P. P. corresponding to the digit in the seventh 
place of the given number and set it down one place to the right of the 
last, and so on till all the digits of the given number be used . 

.Add the part of the mantissa already found, and the P. Ps. as 
written, together, and reject from the 1'esult all but the first six digits 
.to the left, adding one to the last retained, if the highest of the rejected 
digits be not less than 5-the result will be the mantissa of the loga­
rithm of given number. 

Lastly, attach the proper characteristic to tltis mantissa, and the 
result will be the required logarithm. 

EXAMPLE I.-What .is the logarithm of 83'72'468 ? 

OPERATION, 

Manti,sa of logarithm of 8372 
p, P. corresponding to '4 
p, p, .. to '06 = 

='922829 
21 
81 
42 p, P. .. to '008= 

Sum= '922858152 
Therefore required mantissa='922854 and required log,=3'922i!M. 

E:U.MPLE 2.-WhaUs the logarithm of 40356'7? 
OPERATION. 

Mantissa of logarithm of 408500= '605844 
P. p, corresponding to 60= 64 
P. P. .. to 7= 75 

Snm='6059155 
Therefore reqljired logarithm is 5 605916. 

EXERCiSE 148. 

FIND THE LOGARITHMS OF THE FOLLOWING NUMBERS BY THE FIRST 
METHOD-OBTAINING THE DIFFERENCES BY SUBTRACTION. 

1. What are the logarithms correspondiDg to 819321 '7, '73'9245, and 

'843'742? .Ana. 6 '913455, 1'868'789, and 1'926210. 

2. Find thelogarithma corresponding to '000284564 and '00100'7013. 
. ,.4.n8. 4'8'10261 and 3:01)8085. 

V 
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USING THE TABULAR DIFFERENCES. . 

8. Find the logarithms corresponding to 52'3'76 and 129'4'76 • 
..1718. 1''719133 and 2'112189. 

USING THE PROPORTIONAL PARTS. 

4. Find the logarithms corresponding to '0004'71398 and 9136'712. 
Am. 4'6'7338'7 and 6'960'790. 

5. Find the logarithms corresponding to 4'23429 and '763'1298'7. 
. Am. 0'626'780 and 2'882598. 

53. To find the logarithm of a vulgar fraction­
RULE. 

Subtract the logarithm of the denominator from the logarithm of 
the numerator. 

54. To find the loga~ithm of a mixed number­
RULE. 

Either reduce the mixed number to a fraction and proceed as in 
Art. 53, or reduce the fractional part to a decimal, attach it to tlte 
whole number and proceed as in Arts. 48-52. 

55. T~ find the natural number corresponding to any 
given logarithm-

RULE. 

FIRST METHoD.-Find the logarithm in the table which is next 
lower than the given one, and the four digits corresponding to it will 
6e the .first f<YUr digits of the required number. " 

If: Subtract this logarithm from the given logarithm, to the re­
mainder annex one cipher and rli'llide by the tabular difference- corres­
ponding to the f<YUr digits already obtained, the quotient will be the 
fifth digit. . . 

III. To the remainder attach another cipher and again divide by 
the tabular difference, the quotient will be the sixth digit, and thus 
proceed till a sufficient n'llllilher of digit8 has been obtained. 

IV. The characteristic of the logarithm 8hows where to place the 
decimal point: . 

NOTlC.-The number cannot be ,carried with accuracy to more places than 
the logarithm has decimal places. (See Art. 56.) , 

EXAMPLE I.-Find the number corresponding to the logarithm 
4'92826'7. 

OPEBATION. 

Given log. 1128267 
N en lower in tables, ·928244;=log. of 8880. 

-'-' 
Dl1I'erenee'" 28 Tabttlar d1l1'erence .. 52. 

Then 28000+52 lives 442 for digiti in lith, 8th, Bn. 7th pJaeq. 
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HenCl! the digits of the natural number are S3S0~-1~; and since tbe charac­

teristic is 4, i. e. <me les8 than the number of digits to the left of the decimal 
point, the reqoired number is 83804'42. 

SECOND METHOD.-Find the first foul" digits of the requij'ed num­
ber and also the difference between the given logarithm and the next 
lower in the table as in the last rule. 

II. Find in the same hOl'izontal division of the table the highest 
P. P. that does not exceed this d~tference. Opposite to it in the 
column headed N. will be found the digit of the fifth place. 

III. Subtract this P. P. from the d~tfel"ence, to the remaindej' 
annex one cipher and.find the highest P. P. not exceeding the number 
thus formed. Opposite to it in column N. will be found the sixth 
digit. 

IV. Continue this p)'ocess by the addition of ciphers, till the re­
quired numbe)' of digits be fO,tnd. 

EXAMPLE 2.-Find the natural number corresponding to the 
logarithm 3'553259. 

OPERATION. 

Gi ven log. '553259 
Next lower in the table '553155= log. of 3574 

Difference = 
Highest P. P. not greater than 104 = 

Highest P. P. not greater than 60 = 
Highest P. P. not greater than 110 = 

104 
98 corresponds to 8 for fifth place. 

60 
49 corresponds to 4 in 8ireth place. 

[place. 
110 corresponds to 9 in seventh 
110 

Therefore digits of required number are 3574849; and since the characteristic 
Is 8, there must be four digits to the left of the decimal point. 

Heoce required number is 3574'849. 

EXERCISE 149. 

BY FIRST METHOD. 

1. Find the natural numbers corresponding to the logarithms 

4'13'1139, 0'718134 and 4'635421. 
Ans. 13713'227, 5'225578 and '0004319376. 

2. Of what numbers are 2'921686 and 1'922165 the logarithms? 
Am. 835 and '8359211. 

BY SECOND METHOD. 

3. Of what numbers are' 5'407968, 7'408386 and 3'416369 the 
logarithms? Ans. 255839'4, 25608588 and '0026083. 

4. What are the natural number~ corresponding to the logarithms 
4'877777 and O·;'.j·)~,:,J; . AriS. 75470'5168 and 3'5938. 
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56. In order to ascertain how many figares of these results may be relied 
upon as correct, let us take from the tables any logarithm, as 4'285685. 

N ow the real value ofthis 10j1.'arithm if carried to a greater number of places 
might be anything between 4'2856835 and 4'2856845, and might therefore differ 
from tbe given logarithm by very lU'arly '0000005, which is therefore the ex· 
treme limit of the error attached to tables of six places; i. e. any difference 
less than '0000005 might occur without producing any change in the logarithm 
as given ill the table. 

Now it i. demonstrated in works treating of the theory of logarithms that 
the difference between the logarithms of numbers, which differ only by unity, 
is less than the modulus of the system divided by tbe smaller number. The 
modulns of the common system of logarithms is '4842945, and If we let n repr .. 
sent tbe smaller number, the difference between the logaritbms of .. and of 
n+ 1 is less than '4842945+1>. ' 

Now we have shown that the difference between the true logarithm JlDd, 
that given in the table to siX places, may be nearly equal to '0000005, which 

'4842945 '4842945 
is therefore less than '4842945+1>, or n is less than -0000005 But '0000005 

= 868589. That is, unless tbe number whose logarithm is given be less tban 
868589 its value cannot be found accurately beyond 'the first j/lDe digits, but if 
it be less than 868589, then the first .im figures found from the table will be 
correct. 

If tsbles of seven or eight places are used, the resnlt can be depended on 
to seven or eight places, if the number be less than 868589 or if the mantissa 
be less than '9878; but if greater, then the resnlt can be relied on only to one, 
less number of figures than the decimals of the logarithm. 

LOGARITHMIC ARITHMETIC. 

57. The A.rithmetical Oomplement of a logarithm is the 
remainder obtained. by subtracting the logarithm from 10. 

Thus the arithmetical complement of 2'718426 is 10-2'718426=1'286574., 

EXERCISE 150. 
1. Find the arithmetical complements of 5'631642 and 0''714000. 

Ans. 4'368358 and 9'286000. 
2. Find the arithmetical complements of 3'123456 and 7'213149. 

Ans. 12'8'76544 and 16''786851. 
3. Find the arithmetical complements of 6'12435'7 and 2'00083'7. 

A .. s. 3'8'75643 and 11'999163. 

58. To multiply two or more numbers 'together by 
means of logarithms :-

RULE. 

I. Add their logarithm8 and tlw sum will be the logarithm of 
their product. ' 

II. Find the natural'll/umber corresponding to this logarithm. 
N 0'1'11: i.-For reason see Art. 10. 
NOTE !I.-The 'following.exercises are all worked by the difference, and Dot 

by the proportional parts: ' 
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EXAMPLE.-Multiply 5631 by 4'7. 
Logarithm of 5631 =3'750586 

.. .. 47=1'672098 

5'422684 
5'422590=logarithm of 264600 

94= 

EXERCISE 15l. 

1. Multiply 61, 22, and 65 together. 
2. Multiply 52, 734, and 6 together. 

57 

.dn&. 264657 

3. Multiply together 35'86, 2'1046, '8372 and '00294. 

325 

Ans. 87230. 
Ans. 229008. 

Ans. ·18576l. 
4. Multiply '00008764 by '86359. Ans. '000075685. 

59. To divide numbers by means of their logarithms-
RULE. 

I Subtract the logarithm of the diviso)' from the logarithm of the 
dividend: the result will be the logarithm of the req"i"ed quotient. 

II Find the natural number corresponding to this. 
NOTE.-for reason see Art. 11. 

EXAMPLE I.-Divide 6732'7 by 478. 
OPERATION. 

Logarithm of 6732'7=3'828189 
Logarithm of 478 =2'679428 

Difference =1'148761 
1·148603=log.rithm of 14'0800 

158= 51 

.dn8. 14'0851 

EXAMPLE 2.-Divide '036584 by '00078593. 

OPERATION. 

Logarithm of '036584=2'568291 
Logarithm of '00078593=4'895384 

Difference=1'667907 
l'667826=logarithm of 46'5400 _____ 87 

81= 
.dns. 46'5487 

60. Instead of subtracting the logarithm of the divisor, we may 
add its arithmeticat complement-tlte result, with 10 subtracted from 
the characteriBtic, will be the logarithm of the quotient. 
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Thus, in the last example the arithmetical complement of 4'89lS884 is 
18'104616, and this added to 2'568291 gives 11'667901, and subtracting 10 from 
this characteristic, 'gives us 1'661907, thEj same as obtained by the other method. 

NOTE.-This method of using the arithmetical complemeut is very cou· 
veuient when we have to divide one number by the product of several others. 

EXERCISE 152. 
1. Divide '6734 by '0009278. Am. 725'8033. 
2. Divide 437'89 by 62'735. Am. 6'98. 
3. Divide 93'217 by ·000'1i32. Am. 130'102'4. 
4. Divide 983526'1 by the product of 23, 189 and 2''148. 

An8. 823'339. 

61. To raise a quantity to any power by means of 
logaritbms-

RULE. 

L Multiply the logarithm of the given number by the indez of the 
required power, the result will be the logarithm of the required power. 

IL Find the natural number corresponding to this logarithm. 
NOTE.-For reason see Art. 12., 

EUMPLE I.-Find the 10th power of 2. 
OPERATION. 

Logarithm of 2=0'801080. 
0'301080 x 10=8'01~300=log&rithm of 1024. Ana. 

EUMPLE 2.-Fin4 the 7th power of 2''11. 
OPERATION .. 

Logarithm of 2·n = 0'482969. 
Then 0'482969 x 7 =3'080788= logarithm ofl078·45., Am. 
NOTE.-In order to obtain the correct result when the characteristic hap· 

pens to be negative, it must be recollected that the mantissa is alJway8 posi· 
tive. 

EXERCISE 153. 

1. What is the 5th power of 5 ? 
2. What is the 6th power of 1'073? 
3. What is the 4th power of '0279? 
4. What is the 11th power of 1'111 ? 

Ans. 

Ans. 3125. 
4ns. ~ '5261. 

'000000/10592. 
Ans. 3'1831. 

62. To extract any root of a given numbeI by means 
of logarithms-

RULE. 

L Find the logarithm of the given number and divide it by the 
iruUz of the required root, the result will be the logarithm of the root, 
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IL Find the natural number corresponding to this logarithm. 
NOTE.-For reason Bee Art. 15. 
EXA.lIPL~.-What is the cube root of 12345? 

QPKRATION. 
Lo~arithm of 1234.5=4'091491. 
Then 4'091491+3=l'3ti3i;.30=logarithm of 23'11159. An.<). 

63. To extract any root when the characteristic of the 
logarithm of the given number is negative ;-

RULE. 

L If the characteristic is exactly divisible by the divisor, divide in 
the ordinary way, but make the characte"istic of the quotient negative. 

iL If the negative oharacteristic is not exactly divisible, add what 
will make it so, both to it and to the decimal part of the logarithm. 
Then proceed with the division. 

EXAMPLE 22.-Extract the fourth root of '0076542. 

OPERATION. 

Logarithm of '0016542=3'833899. 

Now since 3 Is n~t exactly divisible by 4 we add-l to the characteristic 

aDd + 1 to the mantissa. which gives us 4 + 1'833899 and this is evidently = 

if333899. 

Than 4+ 1'883899+4=l'4709747=logarithm of '295784, .1118. 

EXERCISE 154. 

1. Extract the 7th root of 913426000. 
2. Extract the 11th root of 1'61342. 
3. Extract the 5th root of '000007139. 
4. Extract the 7th root of '002147. 

Ans. 
Am. 
Ans. 
Ans. 

19'0588. 
1'04444. 
'0934817. 
'41575. 

64. When the logarithms of two or more prime num· 
bers are given, the logarithm of any multiples of these 
factors by each other can be easily obtained by attention 
to the foregoing rules. 

Thus If the logarithm of 2 and 3 be given :-
1st. We can obtain the logarithm of any power of 2 or 8 by Art. 61, and any 

root of 2 or 8 by Art. 62. 
2nd. We know the logtrithm of 10 to be 1, and hence we can obtain the 

logarithm of 5, since 10+2=5 and also of 3'3 since 10+3=33, hence we can also 
obtain the logarithm of any power or root of 5 or 3':i. 

8rd. By Arts. 58, 59, we can obtain the logaritbm of any power or root of 
2,8, 5 and 8'3 mnltiplied by any power or root of 2,3, 5 or S'3. 

EUMPLE.-Ui,cn the logarithm of 2 = 0'301030 and the loga· 
rithm of 3 = 0'477121. Find the logarithms of 500, 24, 54, 120, 
75000, 161, t, and 13'0. 
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()PEBATI()N. 

Since 1)=10+2 the logarithm of 5=log. 10-log. 9=1-01l011l80=O·69~70. 
Then logarithm of 000=2'698970. 
24=8 x8=23 xB.·.log. 24=(log. 2)x 8+ (log. 8.) 

log. 2=0'301080 x 3=0-908090 
log. 8= '477121 

, Su.m=1·SS0211 =log. 24. ' 
M=27x2=8' d.'. log. M=(log. 8) x8+(log. 2.) , 

log. 3=0-471121 x 3=1'431868 
log. 2= 0'801080 

Sum=1·782898=log.54. 
190=4x8x10=2I x8x10.·.log. 120=(log. 2)x2+(log. 8) + (log. 10.) 

log. 2=0'801080 x 2=0'602060 
log. 8= 0'477121 
10g.10= 1 

Sum=2-D79181=log. 120. 
15000 = 25 x 8 x 1000 = 51 x 8 x 1000 •.• log. 75000 = (log. 5) x 2 + (log. 8) 

+ (log. 1000.) 
log. 1)=0'698970 x 2=1'897940 
log. . 8= 0'477121 
log. 1000= 8 

Bum=4·875061=log. 75000. 

16f=8·8x5.·. logarithm of 16f=(log. 8:8) + (log, 5.) 
Slnce10+8=8·8,log. 8·8=log,10-10g. 8=1-0'477121=0'522879 

logarithm 5 = 0'698970 

Sum = 1'221849= log. I6l . 

• = '5 • '. by changing only the characteristic =1'698970 = logarithm •• 
IS'5= '5><27='5 x8'. ·.Iogarithm 18-5=(10/1'. 8)x8+(log. '5) 

logarithm 8 = 0'417121 x 3 = 1'431368 

logarithm 'IS = 1'698970 

Bum = 1-180333 = log. 18'5. 

EXERCISE 155. 

1. Given logarithm 2 = 0'801030 and log. 7 = 0'845098, find the 
logarithms of 14000, 4'9, -00196, 1750, 1428'571428, 
'00000112 and 3'0625. 

Ans. Log. HOOO = 4-14612&. 
Log. 4'9 = 0'690196. 

Log. '00196 = 3'292256. 
, Log. 1750 = 3'243038. 

Log. 1428'571428 = 3'154902. 

Log: '00000112 = 6'049218. 
Log. 3'0625, = U·486076. 

NOT&-1428·1;n428=~ x 10000, also 8'0625=49+16. 
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ExAJIPLE 2.-Given logarithm 
logarithm 
logarithm 

t=1-698970 
3=0'477121 

11=1'041393 

Find the log:1Tithms of 49t, 363, 4'09, 2'.1, 392'72, 293333~t and 
19'965. 

Ana. Logarithm of 49t=1·694605. 
Logarithm of 363=2'559907. 

Logarithm of 

Logarithm of 

4'09=0'611819. 

2'4=0'388181. 

Logarithm of 392'72=2'594090. 
Logarithm of 293333t=5·467362. 
Logarithm of 19'965 = 1'300270. 

QUESTIONS TO BE ANSWERED BY THE PUPIL. 

NOTE.-Tke numbers aJter tke questions refer to the numbered articles 
of the sscUon. 

1. What is the power of anum ber? (1) 
2. What is the root of It num ber? (2) 
8. Why is the second power of. number caned its square? (4) 
4. Why is the third power ofs number called its cube? (5) 
5. What is the index or exponent of a power? (6) 
6. What is involution? (8) 
1. How do we multiply two or more uifferent powers of the same number to­

gether? (10) 
8. How uo we divide any power of a number by another power of the same 

nnmber? (11) 
9. How do we find any required power ofa given power? (12) 

10. What i8 evolution? (13) 
11. By what methods do we indicate a root of a number? (14) 
12. How do we extract any root of a givon power of a number? (15) 
13. What is meant by extracting the square root of a number? (16) 
14. What is the first step in extracting the square root of a number? (16) 
15. Why do we point off into periods of two figures each? (1S-I) 
16. What i8 the second step in tbe process of extracting the square root? (16) 
11. How do we know that the square root of the highest square in the left hand 

period is the highest digit of tbe root? (IS-If) 
18. Wbat is the third step in the process of extracting tbe square root? (16) 
19. Wby uo we bring down only the next period to tbe right? (IS-II in Ex. 2) 
20. Wbat is the fourth part of the process for extracting the square root? (16) 
21. Why do we double the part of the root already found for a trial uivisor? 

(IS-III) 
22. Wbat is tbe next ster in extracting tbe square root ofa number? (16) 
28. Wby do we not include the right hand figure of the dividend when seeking 

how maoy times the trial divisor is contained in it? (lS-IV) 
24. Why do we place the digit thus found in both tbe divisor and the root? 

(lS-V) 
25. What are the other steps nsed in extractir11( the square root 1 (16) 
26. How do we extract the square root of" decimal? (19) 
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21. Hnw do we extract the square root ofa fraction or mixed number' (20) 
2S. What i. a triangle f (22) What Is a right-angled triangle f (28) . 
29. How may nny one side of a right-angled triangle be found when the other 

two are givpn? (24) . 
30. What proportion exists between different circles f (25) 
81. How may the area of a circle be found when the diameter Is known' (25) 
82. What is m~ant by extracting the cube root of a number? (26) 
33. Give the different steps of the process of extracting the cube root. (26) 
34. If a number consist of a certain number of tens, plus a certain nnmber of 

units, of what does its cube consist? (21) 
35. Why do we divide off into periods of three figures each f (28-1) 
36. How do we know that the cube root of the highest cube contained In the 

left hand period is the hil(hest digit of the root i (28-II) 
81. Whence do we obtain, in the cube root. the constant Illultipliers 800 and 30. 

Illustrate hy an example. (28 IV, and VI) 
8S. Why do we make the two additions, indicated in the rule, to tile trisl dlvi· 

sor? (2S· VI) . 
89. How do we extract the cube root of a decimal? (29) 
40. How do we extract the cube root of a fraction or mixed nnmber? (80) 
41. In extracting the cube root of a number in 'any other scale, what changes 

must we make in the rule? (81) 
42. Give the dlfi'erent steps of Horner's method at extracting the cube root 

(32) . 
43. What proportion exista between the msguitude of similar solids' (88) 
44. How do we extract the higher roots when the index is a power of 2 or 8 or 

a multiple of 2 by 8? (84) 
45. What is a 10l(8rithm? (35) 
46. What is the base of a system of logarithms? (86) _ 
47. What is a system of logarithms i (81) • 
48. What systems of logarithms have been constructed and how do they dlfi'er 

. from one another f (38) 
49. What is the characteristic of a logarithm? (39) . 
50. What is the decimal part of the logarithm called' (40) 
51. How do we find the characteristic oca logarithm? (4\1 and 43) 
52. Why is the negative sign written over the characteristic of the logarithm of 

a decimal? (43, Note) 
58. Show that the characteristic of the logarithm of a number d~pends only on 

the position of the decimal point in the number, and the mantissa only 
in the sequence of figures. (44) . 

M. Explain clearly what is meant.by the numbers in column D of the tables. 
(49) 

liS. Explain how the proportional parts in column P. P. are obtained. (50) 
56. Explain how the numbers in the column headed P. P. become the incre. 

ments to be added to the logarithms for an increase in the sixth, seventb, 
eighth, &c., place in the natural number. (51) 

51. How do we find the logarithm of a vulgar fraction? (58) 
58. Explain to how many figures we may rely upon the accuracy of the resulta 

obtained by logarithmic tables. (56) I 
59. Whnt is the arithmetical complement of a 10!!8rithm? (51) 
60. How do we multiply numbers hy meanA of their lo~arithms 9 (58) 
61. How do we divide numbers by means of their logallthms? (59, eO) 
62. How do we involve aud evolve quantities by means of logllrithms? (61,62, 

68) 
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SECTION XI. 

PROGRESSION, POSITION, COMPOUND INTEREST, 
AND ANNUITIES. 

PROGRESSION. 

1531 

1. Quantities are said to be in Arithmetical Progreso 
sion when they increase or decrease by a common differ­
ence. 

Thus, 2, 5, 8, 11, 14, &c., are in arithmetical progreosion, the common dif· 
ference being 8 . 

. 12, 10,8, 6, &c., are in arithmetical progression, the common difference 
bemg2. 

2. In every progression the first and the last terms 
are called the extremes, and the intermediate terms the 
means. 

ARITHMETICAL PROGRESSION. 

3. In arithmetical progression there are five things to 
be considered: 

1. The fir8t term. 
2. The la8t term. 
S. The common difference. 
4. The 'l'l/Umoer of terms • 

. 5. The 8WIn of the Berie8. 
These quautities are so related to one another that any three of them being 

given, the other two can be found, and hence there are 20 distinct cases arising 
from these combinations. 

4. Ifwe represent these five quantities by letters, thus: 

a = the fir8t term. 
l = the last term. 
d = the common difference. 
n = the 'l'llUmber oftermB. 
• = the 8um of the .eries. 

We shall be able easily to deduce algebraic formulre wbicb, bei~g interpreted, 
become the common arithmetical rules for arithmetical progressIOn . 

. 5. The general expression for an arithmetical series then becomes 

a + (a+d) + (a+2d) + (a+3d) + (a+4d) + (a+5d) +, &c. 
where the coefficient of d is always 1 less than the number of the terms. Thus 
In the third term the coefficient of d is 2, which is 1 le58 than the number of 
the term: in the fifth term the coefficient of d. is 4, which is 1 less than the 
number of the term, &c. 

Hence l = a + (n -l)d; that is, the la8t term of an aritb?"etical series is 
equal to thejtrBt term added to the product of the common difference by one 
leBB fhan the number 01 terms. 
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6. Since the sum of the series' is equal to the sum of aU the terms taken 
in IulY order whatever, we h&ve 

8 = a+Ja+cl+!a+2d+ !a+Sil+!:. l-Scl+!'l-2tZ+!l_cl+ i/l 
Also '8 = 1+ l--:cl+ 1-2cl+ l-Scl+ .. a+8cl+a+2tZ+ a+cl+' ,a 

Hence 28 = (a+l)+ a+l)+(a+l)+(a+l)+ .... to n terms. 
But (a+l)+(a+l) .... tonterma= (a+l)n. ' 

Therefore 2s==(a+l)n, and dividing these equals by 2, we have 8==(aTl)~ 
That is, the = of the series is found' by adding together the first and la8t 
tm'1lM aIfd multiplying their = by haifthe,nilmlber of tlJt'1//,8. 

NOTE.-In adding the corresponding terms of the foregoing series: together 
the cl's canoel out, thus adding the second terms of the right hl\nd member. 
together we h&ve a+cl+l-cl, where the a's cancel, &nd the sum becoines a+l: 
so also in the third terma'we have a+2d+l-2cl == a+l, &c.' 

'7. From the formula obtained in Art. 5, we find by transposing the terma 

1= ai',(n-1)cl 

a = l-(n-1)d 

cl= I-a 
n-1 
l"':'a 

n = --;r- +1 

and snbstituting these values of l, a, d, &nd n in the formula obtained in Art. 6, 
we finC! - ' 

8== 

8= 

{ 2a+(n-l)~} ~ 

{ 21-(n-1)d } ~ 

8= { 
(l-a)(l+ a) l+ a 

2cl + 2'"' 

We thus obtain the five fundamental formule.s from which the other fifteen 
are derived by transposing the terms, &c. Thus, " 

I :::;: a+(n-1)d gives forl!;i~ for I" a, n, cl = ~ 
8 == (a+l)"!:. 8, a, l, n ==, 4; 2-

8 == . { 2a+(n-1)cl } ~ 

8 = { 21-(n-1)cl }] 

_ (l+a)(l-a) l+a " 
8- 2cl + ~ 

8, l,n, d = 4, 

8"a, l,d = 4 

Tot&J, 20 
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8. THE FOLLOWING TABLE GIVES THE 20 FORMULAS FOR 
ARITHMETICAL PROGRESSION WITH THEIR RELATIONS, &0. 

No. Given. 'Required. Formulas. Whence derived. 
------- ------

I. a,d,n 1= a+(n-I)d fundamental. 
II. a, d, 8 1= -fd + ..j2d8+(a-td)2 VIII. 

m. a, 72., 8 I l=~-a V. ... 
IV. d, 11, 8 I = ~ + (n-l)d VII. 

n 2 
-----

V. a, lr 1t 8 = (a+l)~ fundamental. 

VI. a,d,n 8 = { 2a+(n-I)d} i V. and I. 
8 

VII. d, I, 11 8 = { 21-(n-l)d } i V. and XVII. 

VIII. a, d, 1 (l+a) (I-a) l+a 
8= 2d + 2 V. and XIII. 

-- --- ------
IX. a, 'fl., 1 d= I-a 

n-l 
I. 

X. a,n,8 d = 28-2an VI. 

a n(n-I) 

XI. at I, 8 
a =(l+a) (I-a) VIII. 

28-1-a 

XII. 1, n,8 d = 2nl-28 VII. 
n(n-l) -----

XIII. a, dt 1 I-a 
n=d + 1 I. 

XIV. a, ti, 8 
d-2a ~2a-d)2 

n=--u-+ d+--U- VI. 
n . 28 

XV. a, l, 8 n--- V. 
-I + a 

n_21+~ + .y'(21+~)2_~ VII. I 
XVI. ti, I, 8 I 

- 2d 2d d I 
----- I 
XVII. d, n, 1 a = l-(n-I)d L 

XVIII. at'n,B 
8 (n-l)d VI. a=-- --
n ~ 

a 
a=~ -I XIX. it fl.,8 V. 

n 

XX. d, I, 8 a = td + ..j(l+td)" - 2ds VIII. 

9. The following examples will enable the student to 
understand clearly the interpretation and application of 
these formula!. 
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10. To find the last term of an arithmetical series 
when the first term, the common difference, f1nd the num­
ber of terms are given:-

RULE. 
l = a + (n-l) d. (I.) 

INTERPRETATION.-%e last term of a series is found by adding 
the first te~m to the product of the common dijj'erence by 1 lesB than 
the number of terms. 

EXAMPLE.-"What is the tenth term of the arithmetical ~eries 1, 3, 
5, &c.? 

OPERATION. 

Here we have given the first term 1, 'the common diJftrMUJe 2, and the 
'II/umber of term8 10; to find the tenth or ZaBt term. . 

Then Z= a + (""':'1) d=l + (10-'-1) x2=1 + 9x2=1 + 18= 19 • .AnB. 

11. To find the common difference of an arithmetical 
series when the first term, the last term, and the number 
of terms are given:-

d= l-a. (IX.) 
n-l 

RULE. 

INTERPRETATION.-To find the common difference of an arithmet­
ical serie,~,-Subtract the first term from the last term 'ltnd divide the 
difference thus obtained by one less than the number of terms. 

EXAMPLE.-The first term of an arithmetical series is 3, the 13th 
term 55: find the common difference. 

OPERATION. 

Here we have given the first term 8, tile ZaBt tel'm 55, and the numlJer of 
terms 18, to find the common difference. 

z..-,o, 55-ll 62 . 
Then d= ,,-1 = 18-1 =12=41 =.AnB. 

12. To find the sum of an arithmetical series when 
t~e first term, the last term, and the number of terms are 
glven :-

RULE. 
n 

8=(a+l) 2' (v.) 

I~RPRETATION.-.hdd the first and last terms together and multi-
ply tltelr sum by half the number of terms. . 

EXAYPLE.-Find the sum of an arithmetical serieS whose first 
t1lrJll is 2, lalit tllrm 50, and number of terms 1'1. 
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OPERATION 

Her. we have ~ven the first torm 2, the last term 50 and the number of 
terms 17 to tlnd 8, the sum of tbe series. 

n 17 17 
Then 8 = (1I+l) "2 = (2+50)"2 == 52 x2" == 26 x 17 == 442. A118. 

13. To find the common diffm'ence when the last term, 
the number of terms, and the sum of the series are given: 

2nl-2s 
d = -(--)' (xii.) nn-1 

RULE. 

INTERPRETATION.-Take twice the product of the number of terms 
by. t~ last term, .and f1'(nn it subtract twice the sum of the series. 
Dlvzde the resulting d{ffel'ence by the p,'oduct of the number of terms 
by 1 le88 than the number of te,'ms and the quotient will be the com­
mon difference. 

EXAMPLE.-In an aritlnnetical series the last term is 80, the num­
ber of terms 11, and the sum of the series 746, required the common 
difference. 

OPERATION. 

ws h~~~~ we have given I, n, and 8 to find d and since 1=80, n=l1, and 8=146 

d'= 2n1-~ _ (2xll x 80)-(2 x 746) _ 1760-1492 _ 268 _ Q04 

(11-1)- 11x(1l-1) - llxlO -110-"'" 

14. To find the number of terms of an arithmetical 
series when the first term, the common difference, ahd the 
sum of the series are given:-

RULE. 

n = d-2a • /~ (2a-d) 2 
2d + V d + 2d .. (xiv.) 

lNTERPRETATION.-L Subtmct the common diffel'ence fl'om twice 
the first tel'm, divide the remainder by twice the common difference, 
square the quotient, add the result to tlte quotient obta£ned by dividing 
twice the sum of the sel'ies by the common diffel'ence and extmct the 
squal'e root of this sum. 

II Next, from the common difference subtract twice the first tel'm, 
divide the remainder by twice the common difference, and to the quo~ 
tient add the square root obtained in L The s1lm will be the numbel' 
of terms. 

EXAMPLE.-The first term of an arithmetical progression is 7, the 
common difference t, and the sum of all the terms 142. What iii the 
DllIBbir of termll ? 



336 ARlTHMETICAL PROGREssION'. [SBOT.,XL, 

OPE&J.TJ°N'· 

.Here we bave given a, d, and 8, to find n, and since a = 7, d = t, and 
8 = 142, we have 

n= d-2a V~ (2a d)' = t-'2x1 v'142 x 2 (2x7-t)" = 
2d + d + 2d 2xt + t + 2xt 

t-14 , /284 (14-t )' 13t, / (131)' 
-t- + V T + t = - t + V 1186+ T = - 27t + 

'111136 + (27ti' = - 27t + V1136+756t = - 27t + V1892t = - 27t + 481 
= 16. Am. 

EXERCISE 156. 

1. In an arithmetical series the first term is 4, the number of terms 
1 '1, and the sum of the series 884. What is the last term ? 

.Am. 100. 
2. The extremes of an arithmetical series are 21 and 49'1, and the 

l}umber of terms is 41. What is the common difference? 
• .An8. ll&-. 

3. In an arithmetical series the first term is 12, the last term 96, 
and the common difference is 6. Required the number of 
terms? .Am. 15. 

4. In an arithmetical series the last term is 14, the common differ­
ence 1, and the sum of the series 105. Required the number 
of terms? .Ans. 15. 

5. The first term of an arithmetical series is i, the common differ-
ence !, and the sum of the series 1180. What is the last term? 

.Ans. 39t. 
6. If the extremes of an arithmetical series are 8 and 1 '10, and the 

sum of the series 4895, what is the common difference ? 
.An8. 3. 

'1. If the extremes of an arithmetical series are 5 and 2'1i, and the 
common difference 2t, what is the number of terms? .Am. 11. 

8. If the first term of a series is 2; the last term 4'18 and the num· 
bel' of terms 86, what is the sum of the series? .Am. 20640. 

9. In an arithmetical series the last term is 998, the first term 2 and 
the common difference 6. What is the sum of the series? 

.Ans. 83500. 
10. In an arithmetical series the first term is 5, the number of terms 

11 and the common difference 2t. What is the last term'? 
.Am.2'rj-. 

11. In an arithmetical series the last term is 199, the common differ· 
ence is 11 and the number of terms 19. Required the sum 
of the series? . .Ans. 1900. 

12. The sum of an arithmetical series is 39840, and the extremes are 
2 and 4'18. What is the ,number of terms? .Ans. 166. 

13. The sum of an arit1tll!~tp,~Bel'ie8 is 881500, ,and the extremes are 
998 and.2. Re9.UIl'edthe common ~ifference? ..tns.6. 
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14. A snail crawls up a flag staff 130 feet high and upon reaching 
" the top begins to descend. In what time will he again reach 

the ground if he goes 2 feet the first day, 4 feet the second, 6 
feet the third, and so on ? 

Ans. 15 days, 15 hours, 10 min. 27'264 sec. 
15. The sum of an arithmetical series is 83500, the first term is 2 and 

the common difference 6, what is the last term? 
Ans. 998. 

16. A person wishes to discharge a debt of $1125 in 18 annual pay­
ments which shall increase in arithmetical progression. How 
much must his first payment be in order that the last may be 
$120? Ans. $5. 

17. In an arithmetical series the extremes are 5 and 27! and the num­
ber of terms is II. What is the common difference? 

Ans. 2!;. 
18. 220 stones are placed in a straight line exactly 2t yards apart, 

the first being 2t yards from a basket, how far will a person go 
whilst picking up the stones, returning with one at a time and 
depositing it in the basket? Am. 69h miles. 

19. The sum of an arithmetical series is 39840, the number of 
terms is 166 and the last term is 478. What is the first term? 

Am. 2. 
20: A person travelled from Toronto to Kingston, in 12 days, walk­

ing 4 miles the first day, 6 miles the second, 8 miles the third, 
and so on. How far is Toronto from Kingston? 

Ans. 180 miles. 
21. The clocks of Veruce strike from 1 to 24. How many strokes 

does one of these clocks make in the day? 
Ans.300. 

GEOMETRICAL PROGRESSION. 

15. Quantities are said to be in Geometrical Progres­
sion when they increase or decrease by a common multi­
pIillr. 

Thus ~ 12, 48, 192, &c., are in geometrical progression, the common ratio 
or colilmon multiplier being 4. . 

100, 20, 4, " I., &c., are in geometrical progression, the common ratio 
being t. 

16. In geometrical progression there are five things to 
be considered: 

1. The .t/n'sUerm. 
2. The'iaat term. 
S. The oomm,tm ratio. 
4. TM fIilMnlIer o.f terms. 
Ii. TM 8Um of eM ,~. 

W 
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.As In arithmetical progression, these five quantities are 80 related tbat any 
three of them being given the other two can be found, and hence thel'6 are 20 
di.tlnct casee arising from their combinations. 

17. Representing these five quantities by letterll, thus, 
a = th_ .forst ter'on. 
l = the last ter'm. 
l' = the common ratio. 
n = the nwmber of term8. 
6 = the 8um oj the serie8. 

the general expression for a geometrical series becomes 

a+ 0!f'+ar2 +ar3 +ar4 +aro+, &c., 

where the index of l' is always one less than the number of the term. 

Thn. in the third term the index of l' is 2, which is one less than the :!lum· 
ber of the term: in the fifth term the index of l' is 4, which is one let./ than the 
number of the term, &c. 

Hence l = arn-1 ; th"t is, the last term is equal to the first term IImltiplied 
by the common ratio raised to that power which is indicated by on" less than 
the number of terms. 

18. Since the sum of the series is equal to the ilium of 
all the terms. 
B = a+ar+ar'+a' '+ . .... arn-s+ar.-.+arn-', multiplying by , we get 

81" = ar + ar2 + at,S + .. .. . arn-s + arn-2 + arn-1 + arn. 
a(rn-1) 

Hence sr-8 = am-a; or 8(,.-1) = a(r'-l), and therefore 8""'----r=1 

That ill, the swm of the seri,,. ill .fownd by finding that power' oj'the com· 
mon ratio which is erJY]JresBed by th_ nwmber' of term8-lfUbtracU"fI 1 from 
thill, dividing the rfJrnainder by one less than tae common raUo and fIIIl'/U, 
ply.ng the quotient by the first term. 

NOTE.-The second of the above series is found from the first by multiply· 
ing both sides of the equation by r, and in 8ubtracting we take the terms of the 

~f¥:':8:~id~h~'i~tt~hr~~~:}~~~~~~'fn~e~~8~~~~ ~~deb~t~en~I ~~~ ~~~t ~~ 
there may be any number of intermediate terms. The am-8 in the lower 
series is obtained by multiplying the term before am-8 in the upper series, 
which is (M'm4, by 7'. 

19. From the formula obtained in Art. 17 we get 1>Y 
transposing the terms, &c. 

l = arn-' 
l 

a=-7'71-1 
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And Bubstituting these values of I, a, 1', n in tbe formula obtaiDed in Art. 18 
wellnd 

rl-a 
8 = 1'-1 

1(,...-1) 
8= ---­

(r-l),...-l 

n n 

z;::r - a;;:::i 
8 = 1 1 

In-l_ an-I 

add these togather with the two formulas obtained in Arts. 17 and 18, 

B = a(""-l) 
1'·-1 

1 = arn-1 . 

Rre tbe fundamentsl formulas of geometrical progression from which the other 
Meen are deriTed by reduction. Tbus, 

rl-a 
• = r=I' giVB8 formula. for So r, I, and a = 4 

n n 
z;::t 7-:T 

-a 
8 = -0-, ---:;,-

lx-I - a;i=i 

a(rn-1) 
• = --;;=r-
1= a,...-l 

1"\ 8, '1', l, and n = 4 

" 8, l, ?t, and a = 4 

0' 8, r, a, and n = 4 

Total, 20 

20. The following table gives the 20 formulas for 
geometrical progression with their relations, &c. It will 
be observed that questions involving formulas III, XII, 
XIV, and XVI cannot be solved by common arithmetic, 
but require the aid of the higher mathematics. All the 
formulas for n involve the use of logarithms ... 
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No. Given. Required. Formulas. WheDce derived. 
------------

I. a,r, 9'2. I = am-I fundamental. 

II. a, 'P, 8 
1 =_~+(1'-l)8 VI. 

l' 

III. a, n, 8 
1 l(8-l)n-l - a{8-a).-1 = 0 VII. 

IV. r, 11, 8 
(1'-l)srn-~ 

1= "..-1 VpI. 

--- ---
V. a,r,ft 

8 = a(rn-l) 
.. -1 

fundamental. 

at '7', I 
1'1-a . V. and I. 

VI. 8=--1'-1 .. n 
8 .. -1 0-1 

I -a 

VII. a,n,l 8= 
1 1 V. and XIII. 

1n-l _ an-I. 

VIII. 'P, fl., 1 8 = l(rn-l) 
(1'-1).....-1 

V. and IX. 

--- ---
r, fi, 1 

I 
IX. a = ... -1 I. 

. '. X. 
(1'-1)8 V . r, ft., 8 a=--a "..-1 

XI. 1'",1, 8 a = 1'(1-8)+8 VL 

XII. 9'li,1, 8. a(8-'-a).-1 - 1(8-1).-1 = 0 VII. 

--- ---
XIII. a,fl., 1 C) 1 1'- -- a .. -1 

I. 

8 8-a 
XIV. a,'IZ.,8 .... --1'+-=0 V. 

1'· 
a a 
8- a VI. XV. a,l, 8 1'=--
8-1 

XVI. 'It, I, 8 
.... __ 8_ ....... 1 + _1_ = 0 

8-1 8-1 Vlq. 

- ---
XVII. a, 'P, l .. = log. t - log. a +1 

log. l' I. 

XVIII. at r, 8 
log. [a + {1'-l)8] -log. a 

V . , .. = log:1' 

I 
.. n = log. I -log. it +1 . 

XIX. a, 1, 8 log. (8-a)- log. (8-l) . VII. 

XX. 'P,1, 8 
.. = log. I-log. [1'l-(r-l)8] 

+1 
r log. r r lIL 

'>--
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APPLICATIONS. 

21. Given the first term, the common ratio, and the 
number of terms, to find the last term;-

RULE. 
l=w·n - 1. (I.) 
INTERPRETATION.-Mulliply the first term by the common ?'atio 

raised to that power which is indicated by one less than the "wltber of 
terms. The result will be the last te?'m. 

EXAMPLE.-What is the 9th term of the series 7,21, 63, &c.? 
OPERATION. 

Here a =7, 1'=3, and 1t=9. 
Then 1= a1"'-1 = 7 x 89-1 = 7 x 3 = 7 x 6561 = 45927. A1t8. 

22. Given the first term, the common ratio, and the 
last term, to find the sum of the series ;-

rl-a 
s = -- (VI.) 

,'-1. 

R11LE. 

INTERPRETATION.-Subt,·act the fi"st term from the product of the 
common ratio by the last term and divide the remainder by one less 
than the common ratio. 

E:XAMPLE.-The first term of a geometrical series is 5, the com­
mon ratio 4, and the last term 1000000. What is the sum of all the 
terms? 

OPERATION. 

Here a = 5, l' == 4, and 1= 1000000. 
Th _ 1'!r-a _ 4 x 1000000-5 _ 8990995 -1333331' A 

ens_ 1'-1 -~1----8- - •. 118. 

23; Given the first term, the common ratio, and the 
number of terms, to find the S11m of the series ;-

RULE. 

8=a (,~) (v.) 
1'-1. 

INTERl'RETATION.-Find that power of the common ?'alio which is 
india,ated by the number of tm'ms, subtract one fnYln it, and divide the 
remainder by one less than the common ?'atio. 

Lastly, m"ltiply the quotient thus obtained by the first term of the 
serieg, and the result will be lite swn of all the terms. 

EXAMPLE.-The first term of a geometrical series is 3, the com­
mon ratio is 4, and the number of terms 9, Required the sum of the 
series. 



342 GEOMETRICAL PROGRESSION. [SIIOT. XI. 

Here a=8, r=4, and n=9. 

C
rn-l) 41-1 262144-1 

Then 8=a r-l =8x 4-1 =8x --3--=262148 • .4na. 

24. To find the common ratio when the first term" the 
last term, and the sum of the terms are given ;-

8-a 
r=-- (xv.) 

a-l 

RULE. 

INTERPRETATION.-Divide the difference between the jird term and 
the sum by the difference between the lad -term and the sum: the qu0-
tient will be the common ratio. 

EXAMPLE.-The first term of a geometrical series is 1, the last 
term 19683, and the sum of all the terms, 29524. What is the com­
mon ratio? 

OPERATION. 

Here a = 1, 1= 19688, and 8= 29524. 

8-a 29524-1 29523 
- Then r = 8 _ l 29524 -19683 9841 = 3 • .4na. 

EXERCISE 15'7. 

1. .A nobleman dying left 11 sons, to whom he bequeathed his prop· 
erty as follows: to the youngest he gave £1024; to the next, as 
much and a half: to the next It of the preceding son'lI.sharej 
and so on. What was the eldest son's fortune; and what was 
the amount of the nobleman'S property? 

An8. The eldest son received £59049, and the father was 
worth £1 '75099.'; . 

2. The first term of a geometrical progression is '7, the last term is 
1240029, and the sum of all the terms is 1860040. What is the 
ratio? Ana. 3.· 

.3. What debt can be discharged in a year by monthly payments. in 
geometrical progression, the first terl!l- being £1, and the last 
£2048; and what will be the common' ratio? 

Ans. The debt will be £4095; and the ratio 2. 
4. The ratio of the terms of a geometrical progression is j-, the num­

ber of terms is 8, and the last term is 106Hi. What is the .sum 
of all the terms? .' Ana.' 80'7Ht. 

15. In a geometrical progression the first' term is 1, the number. 'Of 
terms 7. and the common ratio'S, what is the aum of· the series? 

A'~8' 1098. 



GEOMETRICAL PROGRESSION. 843 

6, l'he first term of a geometrical progression is 1, the last term ill 
100'1'1696, and the number of terms is 10. What is the sum 
of all the terms? Ana. 12098285. 

The first term of a geometrical progression is 6, the last term is 
30'12, and the sum of all the terms is 6138. What is the ratio? 

Am. 2. 
8 The ratio of the terms of a geometrical progression is 2, the 

number of terms is 11, and the sum of all the terms is 20470. 
What is the last term? Am. lO240. 

9. A. gentleman married his daughter on New Year's day, and gave 
her husband 1 shilling towards her portion, and was to double 
it !In the first day of every month during the year. What was 
her portion? Ans. £204 15s. 

Iv What will be the price of II. horse sold for 1 farthing for the fi~st 
nail in his shoes, 2 farthings for the second, 4 for the third, &c., 
allowing 8 nails in each shoe? Ans. £44'13924 5s. 3td. 

11 'rhe first term of a geometrical progression is 4, the last term is 
'18'132, and the number of terms is 10. What is the ratio? 

Ans. S. 
IliA. person travelling goes 5 miles the first day, 10 miles the sec· 

ond day, 20 miles the third day, and so on increasing in geo­
metrical progression. If he continue to travel in this way for 
'1 days, how far will he go the last day? Ans. 320 miles. 

I ~ 'rhe first term of a geometrical progression is 5, the last term is 
. 32'1680, and the ratio is 4. What is the sum of all the terms? 

Am. 436905. 
14 A. king in India, named Sheran, wished (according to the Arabic 

author Asephad) that Sessa, the inventor of chess, should him­
self choose a reward. He requested the king to give him 1 
grain of wheat for the first square, 2 grains for the second 
square, 4 grains for the third square, and so on; reckoning for 
each of the 64 squares of the board twice as many grains as for 
the preceding. Sheran was angry at a demand apparently so 
insignificant; bnt when it was calculated, to his astonishment it 
was found to be an enormous quantity. What was the number 

'" of grains of wheat, and what was its worth at $1'50 per bushel, 
reckoning 7 680 grains to a pint? 

Ans. 18446744073'109551615 grains. 
3'1529996894'154 bushels. 
$56294995342131. 

15. The ratio of the terms of a geometrical progression is 3, the 
numper of terms is 10, and the Bum of all the terms is 295240. 
What is the last term? Am. 196880. 

16. The first term of a geometrical progression is 1, the last term is 
. 2048, and the number of terms is 12. What is the sum of all 

the terms? An8. 4095. 
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17. The first term of a geometrical progression is 5, the ratio is 4, 
and the number of terms 9. What is the last term? 

Ans. 327680. 

25. When the 'common ratio of a geometrical series is a proper frac· 
tion, i. e., less than 1, the series is a descending one, and when the number 
of terms becomes very lar~e rD becomes very small. In an infinite descend­
ing Beries r D becomes infimtely small, i. e., its valne becomes = 0, and there­
fore arD may be neglected, and the formula for finding the sum becomes 

am-a -a a 
s = ~ = l' _ 1 = 1 :.... .: Hence for finding the sum of any in.fi;nite series 

when r is leBs tban 1 :-

a .=-- (xxi.) 
1-1' 

RULE. 

INTERPRETATloN.-11le sum of an infinite series is found by di­
viding the ji/rst t"'m by unity minus tlte common ratio. 

EXAMPLE 1.-What is the sum of the infinite series 1 + t+l.· + 
Th, &c.? 

Hel'e a =1-and r = i 
all 

OPERATION. 

Then 8= --=--=- = ~ = 1t. An •. 
1-., l-k ~ 

EXAMPLE 2.-What is the sum of the infinite series '734? 

OPERATION. 

Here a == r7!r!o and r = ~. 
a ).'1030•0 T'7iOii 

Then. 8 = --= --- = --= t~t . ..dna. 
1 - l' 1 - 1o'oa I?ou 

EXERCISE 158. 

1. What is the sum of the infinite series t, -,1\" naif, &c. ? Ans.~. 
2. What is the SUIll of the infinite series 4, 2, 1, t, t, &c.? Ans. 8. 

3. What is the sum of the infinite series '79 ? Ans. H. 
4. What is the sum of the infinite series ·i234 ? Ans. ~m. 

26. To insert any number of means between two ~iveI). 
extremes; 
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RULE. 

If the series is an arithmetical one, find the common difference by 
frrrmula IX. ART. 8. Then add this common difference to the first 
term and the result will be tl,e second term,. add the common diff er­
ence to the second and the "esult will be the third term, &:c. 

If the series is a geometrical one, find the common ratio by for­
mula XIII. ART. 20. Then multiply the first term by the common 
ratio and the product will be the second term,. multiply the second 
term by the common ratio and th, l'esult will be the third, &:c. 

EXAMPLE I.-Insert '1 arithmetical means between 3 and 51. 

OPERATION. 

Since there are 1 means and 2 extremes the number of terms is 9. 

Thend=l-a =51-8 =~= 6. 
n-l 9-1 8 

1st term=8; ·2nd=8+6=9; 8rd=9+6=15; 4th=15+6=21; 5th=21+6=21; 
6th=21+6=88, and so on. 

And series is 3, 9, 15, 21, 27, 83, 89, 45, 51. 

EXAMPLE 2.-Jnsert 6 geometrical means between 1 and 128. 
OPERATION. 

Since there are 6 means and 2 extremes the number of terms is 8. 

• (l) 1 (128) 1 Then 1"= Ii 0-1 = T 8-1=(128) t=2. 

Hence 2nd term=1 x 2=2; 8rd term=2 x 2=4; 4th=4 x 2=8, &c. 
And series is 1, 2, 4, 8, 16, 82, 64, 128. 

EXERCISE 159. 

1. Insert 9 arithmetical mllans between 2 and 92. 
Ans. 2, 11, 20, 29, 38, 4'1, 56, 65, '14, 83, 92. 

2. Insert 4 arithmetical means between '1 and 50. 
Ans. '1, 15!, 24t, 32t, 41i-, 50. 

S. Find 8 geometrical means between 4096 and 8. 
Ans. 2048, 1024, 512, 256, 128, 64, 32, and 16. 

4. Find '1 geometrical means between 14 and 23514624. 
Ans. 84, 604, 3024, 18144, 108864, 653184, and 3919104. 

POSITION. 

27. Position is a rule which enables us to solve, by 
means of assumed numbers, a class of problems which we 
could not otherwise solve without the aid of algebra. 

NoOTJ:.-Position is also caned the Bulo of False, or the Rule of Trial lind 
Jrror. 
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28. Position is divided into:-
1st. Single Position-when only one assumed num­

ber is used. 
2nd. Double Position-when two assumed numbers 

are used. 
29. Single position is employed in the solution of those 

problems in which the required number is increased or 
decreased in any given ratio, i. e., when it is increased or 
diminished by any part of itself, or when it is multiplied 
or divided by any given number. 

30. Double Position is employed in the solution of 
those problems in which the result found by increasing or 
decreasing the required number in any given ratio, is it­
self increased or diminished by some other ,number which 
is no known part or multiple of the required number. 

SINGLE POSITION, 
31. Single Position proceeds upon the principle that 

the results are proportional to the numbers used, and is 
employed in all cases when the problem can be stated 
algebraically in the form ofax=b, where x=the required 
number, a the given multiplier, integral or fractional, and 
b the given result. 

32. Let it be required to lind a value of III sucb that =.=0, Suppose III' 
to be this valne, and instead of 0 we obtain 0' for the re.ult. Then we have 

alii' 0' III' 0' a0=o and am'=o', and dividing we get alii = iiorr; = b whence b': 0:: III': 

o 
morlll=iY XIII', 

Hence for single position we deduce the following: 
RULE, 

AS8ume a number, and perform with it the oper~tion8 desc'ribed in 
the que8tion; then say, as the re8ult obtained is to tile number used, 
80 is tlte true or given re8ult to the 1&tlmbel' required, 

EXAMPLE I.-What number is that which being increased by its 
fourth part and diminis~ed by its fifth part gives 63 for the re~ult? 

OPERATION 

Assume auy number, 40.* Then one-,fourlh of number"; 10, and ~jlfilt 
=8. ' , ' 

• Fo! the sake Of conven~en"e we. assum&..a nqmhbr of which we CIIU take 
Ule reqUIred parts Without uSlog fractIOns. 
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40+10-8=42, which by the question 8hould have been 68. 
Then-Result obtained: Result req~red :: Number used: Number re­

Qulr.d. 
68x40 

Or, 42: 68: : 40 . "42" =60. An •. 

PRQOB'.-60:r ~ of 60-! of 60=68. 

EXAMPLE 2.-A teacher being asked how many pupils he had, re­
plied, if you add ~, t, and t of the number together, the sum will be 
18 j what was their number? 

OPERATlON. 

Assume 60 to be the numbor of pupils. 
Then one-third of 60=20 

one-fourth of 60=15 
one·sixth of 60=10 

SU1~::~' but it should, by qneBtion, equal IS. 
Then 45 : 18 : : 60 : ~ =24. Am_ 

PBOOF.-; of 24 + i of 24 + ~ of 24= 18. 

EXERCISE* 160. 

1. A gentleman distributed '18 pence among a number of poor per­
sons, consisting of men, women, and children; to each man he 
gave6d_, to each woman 4d., to each child 2d.; there were twice 
as many women as men, and three times as many children as 
women. How many were there of each? 

Ans_ 3 men, 6 women, and 18 children. 
2. A person bought a chaise, horse, and harness, for £60.; the horse 

came to twice the price of the harness, and the chaise to twice 
the price of the horse and harness. What did he give for each? 

Ans. He gave for the harness, £6 13s. 4d. j for the horse, 
£13 6s. 8d. j and for the chaise, £40. 

3. A's age is double that of B's; B's is treble that of C's j and the 
Bum o£ all their ages is 140. What is the age of each? 

, Ana. A's is 84, B's 42, and C's 14. 
4. After paying away t of my money; and then! of the remainder, 

I had '12 guineas left. What !tad I at first? Ans. 120 guineas. 

,. All questions in position may be solv.d by simple analysis. and very fre­
queiitJi this is the better method, and indeed the teacher should insist upon 
the pupil thus solving each problem. The following will serve as examples of 
the ,!Dade of solution. 

EX ..... PLB 5.-8ince 140 Is equal to A'A age, + B's age, + C's age, and B's age 
is e~ual to three times C'., aud A's to 6 times C's, it follows that 140 is equal to 
1 +Q+6=10 times C's age, BUI\ henco C'9 age i. iii of 140=14; B's=14 x 8=42; 
And A's= 1i x 6=Si. ' 
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5. A can do a piece of work in seven days; B can do the same in Ii 
days; and C in 6 days. In what time will all of them execute 
it? .Am. In 1m days; 

6. A and B can do a piece of work in 10 days; A by himself can do 
it in 15 days. In what time will B do it? Am. In 30 days. 

'T. A cistern has three pipes; when the first is opened all the water 
runs out in one hour; when the second is opened, it runs out 
in two hours; . and when the third is opened, in three hours. Ii:t. 
what time will it run out, if all the pipes are kept open togeth, 
er? Am. In f,- hou1'l!. 

8. What is that number whose t, t and t parts, taken together. 
make 2'T? I Am. 42. 

9. There are 5 mills; the first grinds 'T bushels of corn in 1 bour; 
the second 5 in the same time, the third 4, the fourth 3, and 
the fifth 1. In what time will the five grind 500 bushels if they 
work together? An8. In 25 hours. 

10. There is a cistern which can be filled by a pipe in 12 ho11l'B; it 
has another pipe in the bottom, by which it can be emptied in 
18 hours. In what time will it be filled, if both are left ope}l? 

Am. In 36 hoUrs; 

DOUBLE POSITION. 

33. 'When the number sought is to be increa.sed or di­
minished by some ab.~ol'Ute number, which is not a k~own 
multiple, or part of it--or when two propositions, neither 
of which can be banished, are contained in the problem, 
we' use d01,ble position, assuming two numbers. If the 
number sought is, during the process indicated by the 
question, to be involved or evolved,we obtain only an ap­
proximation to the quantity required. In other words 
double position is employed in all cases in whicJ;i the pJ,"ob­
lem stated algebraically would take the form of 

az+b=c 
where x is the number soughj;, a the given multiplier, in­
tegral or fractional, b the given increment, and c the given 
result. ' 

ExAKPU T. By AliALYBIS.-Slnce A can do the whole work in T·day&, In 1 
day he will do t of the whole work, similarly In one day B will do j, and P l of 
the whole work. Therefore working together th.y will dOj+.t+l=H1of t.l!e 
whole work,. and they will require as many days to do the w~oJe. work"" Wule 
conbinell times iI. 1, I. e., l+tU= 1m days. A1I8. 
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"'" !t;"" ~~t it be required to find a value for 0 sncb as to satisfy the equation, 

In such a case assume any two known numbers n and n' and perform on 
these the operations Indicated in the question and Jet the errors in the result 
be 8 and 8', both snppose in excess. ' 

Then an + b = c + 8 (I) and an' + b = c + e' (II), and, by the question 
Q"t+b=c(IlI). ' 

Subtracting III from I we get an - a0= e, or a (n - 0l = e (IV). 
Subtracting III from II we get an' - a0= e', or a (n' - 0) = e' (V). 

Dividing IVbyVweget aa«n~0) = ~ 01' n-0 =~. 
n'-0) e' n'-0 e' 

n'e-'1lS' 
And reducing this we get 0 = ~. 

Hence for, double position we deduce the following :-

RULE. 

L .A8sume two convenient numbers, and perform upon them the 
proce8~e8 supposed by the question, marking the error derived from 
each 'IIJ'Ith + or -, according as it is an error of excess, or of defect. 

II Multiply each aSsumed number into the error which belongs 
to the other; and, if the errors are both plus, or botl,t minus, divide 
~he diference of the products by the difference of the errors. But, 
if one is a plus, and the other is a minus error, divide the sum of 
the produCts by the sum of the errOl·s. In either case, the result will 
be the number Bought, or an approximation to it. 

EXAMPLE I.-There is a fish whose head is 8 feet long, his tail is 
as long as his head and half his body, and his body is as long as his 
head and tail; what is the whole length of the fish ? 

OPERATION. 

Assume 24 feet as the length of body. Assume 28 feet for length of body. 
'l'hP.II tail=8 + i of24=8 + 12=20 Then tail = 8 + t of28=8 + 14=22 

Body=head + tall=8 + 20=28 Body=head + taiI=8 + 22=80 
Assumed length of body = 24 Assumed length ofbody=28 

Errors. 
+4 
+2 

Error = +4 
Assumed numbers. 

x 28 = 
x 24 

Products. 
112 
48 

DUl'ereuC8 of errors = 2 differeBce of products = 64 
Then 64 .;- 2 = 32 = length of body 

8+iof82=8+16=24=" tail 
8= head 

64 = length of fish. 

Error= + 2 

EXAMPLE 2.-A laborer contracted to work 80 days for '75 cents 
per day, and to forfeit 50 cents for every day he should be idle duriDg 
that time. He received *211; now how many days did he work, and 
how many days was he idle? 
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OPEEAo!ION. 

Suppose he worked 50 days, then he was idle 80 days. 

Sum earnerl = 50 x 75 = $37'50 I Trne result 
Sum forfeited=80 x 60 = 15'00 Result obtained 

-----
Sum received = 22'50 Error 

Again: suppose he worked 40 days; then he lost 40 days. 
Sum earned = 40 x 75 = $30'00 Result required 
Sum forfeited=40 x 50= 20'00 Resnlt obtained 

Bum received = 10'00 Error 

(SECT. Xl. 

= ,25'00 = 22'50 

=-2'50 

= $25'00 
10'00 

=-15'00 

Errol·s. 
-15 x 
-2t x 

Assumed nnmbers. 
50 
40 

Products. 
750 
100 

Difference of errors = 12t. Difference of products = 650. 
Therefore result required = 650 + 12t = 52 days. 
~umber of idle days = 80 - 52=28 . .Am. 
PRooF.-Snm earned = 52 x 75 = $89'00 

Sum forfeited = 28 x 50= 14'00 

Sum received = $25'00 

EXAMPLE 3.-What number is that which being multiplied by 3, 
the product increased by 4, and that sum divided by 8, the quotient 
shall be 32 ? 

OPERATION. 
Assume 40 to be the number. 

Then 40 x S = 120 + 4 = 124 + 8 = Ill! = result obtained. 
82 = result required. 

Error = -16+ 

Again: assnme 100 to be the nnmber . 

. Then 100 x 3 = 800 + 4 = 804 + 8 = 88 = result obtained. 
32 = result required. 

Errors. 
-16t 
+ 6 

Bum of error = 22t 

Error = + 6 

x 
x 

Assumed numbers. 
100 = 1650 
40 = 240 

Sum of products = 1890 
. 1890 

ReqUIred number = 22t = 84. An8. 

PROOF.-84 x 8 = 252 + 4 = 256+8 = 82 . . , 
NOTE.-In this example we take the 2uIDofthe, errOrs for a divisor .and the 

sum of the products for a dividend, beCHIu~, the error •. are not lJotlt"'l'Il8 or 
hothmtnu.. . . .. 
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EXAMPLE.-What is that number which is equal to 4 times its 
square root+21 ? 

OPERATION. 

Assume 64 
'1"64=8 

4 

82 
21 

1>8, result obtained. 
64., result required. 

-11, difference. 
S1 

891 

Assume 81 
'1"81=9 

4 

86 
21 

67, result obtained, 
81, result required. 

-24, ilifference, 
64 

1536 
891 

13)645 
The first approximation is 49'6154 

It is evident t.hat 11 and 24 are not the errors in the assllmed Dum bers 
mruttpIied or divided by the same quantity, and, therefore, as the reBson upon 
whicli the rnle is founded, does not apply, we obtain only an approximation, 
Bubstitnting this, however, for one of the assumed numbers, we obtain a still 
Dearsr approximation, . 

SECOND RULE. 

Find the errol's by the last rule; then divide their dWel'ence (if 
they are both of the same kind), or their sum (if they aI'e of dWej'ent 
kinds), into the product of the difference of the numbers and one of the 
errors, The quotient 1vill be t7M! correction of that m'j'Oj' which has 
heen used as multiplier. 

NOTE,-This rule depends upon the principle that the difference between 
the assumed numbers and the trne numbers is proportional to the differences 
of the results obtained nsing the assumed numbers and that given in the 
problem. As in the last role, when the question could not by algebra be re­
solved by an equation of the first degree, the rule gives only an approximatioo 
to the correct result. 

EXAMPLE.-If to four times the price of my horse £10 be added, 
the result will be £100. What is the price of my horse? 

OPERATION. , 

Assume £19, nnci secondly £25 as the price of the hol'so-
Then 19 25 

4 4 

76 
10 

86, tbo result obtained. 
100, the result required. 

-14 I. an error of (l.ef'ce. 

100 
10 

110, tbe reeult obtained. 
100, the result required, 

+ 10 Is liD error of etDOt81, 
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The errors are of diffe;rwnt kinds: and their 811m> Is 14+ 10=24; lind tho 
difference of the assumed numbers i. 2~-19=6. Therefere 

14, one of the errors, 
is multiplied by 6, the difference of the numbers. Then di vide by 

24)84 

and 3'5 is the correction for 19, the number which gave an erJOr 
of 14. 

19+(the error being one of defect, the correction is to be adde(/) 3'5=22'5 
=.£22 lOs. is the l'equired quantity. 

EXERCISE 16L 

L A son asked his father how old he was, and received the following 
answer: Your age is now ! of mine; but 5 years ago it was 
only t. What are their ages? .Am. 80 and 20. 

2. Required what number it is from which if 34 be taken, 3 times the 
remainder will exceed it by t of itself? .Ans. 58,. 

S. A. and B go out of a town by the same road. A goes 8 miles each 
dp.y; B goes 1 mile the first day, 2 the second, 3 the third, &c. 
When will B overtake A ? 

A. B. A. B. 
Suppose e; 1 Suppose 1 1 

8 2 8 2 
8 8 

40 4 56 4 
15 e; 28 5 

6 
6)26 15 7)28 7 

-5 -4 2B 
7 Ii 

85 20 
20 

1i"':'4=1=differeuce of errors. 
1)15 

We divide the entire error by the number of days in each CBSe, which gives 
the error in one day. 

4. What are those numbers which, when added, make 25; but when 
one is halved and the other doubled, give equal results • 

.Am. 20 and 6. 
5. Two contractors, A and B, Itl'e each to build a wall of equal dimen· 

sions; A employs as many men as finish 22t perches in a day; 
B employs the first day as many as finiAh 6 perches, the second 
as many as finish 9, the third as many as finish 12, &c. In 
what time will they have \?uilt ap equal number of percbes? 

.Am. U days. 
6. What is the number whose }, t. ana I mu'ltiplieo togetber, 

mall;e 241 
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iuppose 12 Suppose 4 

+=6 i=2 
i=3 i=l 

Product = 18 Product = 2 
t = 4i ~ = 1t 

81, result obtained. 3. result obtained. 
24, resnlt required. 24, result required. 

+ 57, error, - 21. error. 
64, the cube of 4 1728, the cube of 12. 

8648, product. 36288 to this product 
8648 is added. 

57+21=78 
78)39936 is the snm, 

And 512 the quotient. 
{I512 = 8, is the required number. 

35S 

We mnltiply the alternate error by the cube of the snpposed nnmber, 
because the error belongs to Ii part of the cube of the assumed numbers aud 
not. to the numbers themselves; for in reality it is the cube of some number 
that is required-since 8 being assumed, according to the question we have 

8 8 ax8 8 
- x - x -- = 24; or - x 83 = 24. 
2 4 8 64 

7. What number is it whose t, t, t, and i, multiplied together, 
will produce 699Ba-? Am. 36. 

B. A said to H, give me one of yonr shillings and I shall have twice 
as many as you will have left. H answered, if you give me one 
.shilling I shall have as many as you. How many had each? 

Am. A '1, and B 5. 
9. There are. two numbers which, when added together, make 30; 

but the i, t, and t of the greater are equal to t, i, t of the 
ll)sser. What are they? Ans. 12 and lB. 

10. A gentleman has 2 horses, and a saddle wortl £50. The saddle, 
if set on tbe back of the first horse, will make his value double 
.that of the second; but if set on the back of the second horse, 
will make his value treble that of the first. What is the value 
of each horse? Am. £30 and £40. 

II. Ageiltleman finding several beggars at his door, gave to eacll 4d. 
',~nd had .6d. left, but if he had given 6d. to each, he would 

have -12d. too little. ' How many beggars were there PAm. 9. 
:x 
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COMPOUND INTEREST. 
35. Let P = the principal, I = the interest. A = the amount, t = the 

nnmber of payments, nnd l' = the rate per unit for one payment. I 

Then since l' is th~ interest of $1 for one payment, the amount of $1 foroue 
payment is 1 + t', and since the principal is al ways proportional to the amount: 

1; 1+1':: P: P (1+1') = Amount of P at end of 1st period. 
1 : 1+1' :: P (1 +1') : P (1+1')2 = Amount of P at end of 2nd period. 
1: 1+r:: P (1+1')': P (1+1')3 = AmountofP at end of 8rd period. 
1: 1+r:: P (1+1')3: P (1+1')4 = Amount of P at end of 4th period. 

And so on; hence at the end of the ttA period A = P (1 + 1')', which is 

A = P ,1+r)' (I) 

A 
P = (1 +r)' (II) 

r = 1I~ -1 (III) 

t = log. A - ~g. P (IV) 
log. (1+1') 

t'":: .. ~~ 
- log. (1 +r) (Y) 

formula (I) in the margin. 

Dividing each side of (I) by (1 +1')' we get for· 
mula (II) in the margin. 

Dividing each side of (I) by P we get (1 + 1') 

= ~; extracting the t root, and transposing 
the 1, we get formula (III). 

Obtaining as before (1 + 1')' = ~ and. applying the 

principle ofIogarithms we get log. (1+1') x t = 
log. A - log. P, and dividing each side by log. 
(1+1') we get t = 10i" A; log; P, which is (IV) 

og.. +1' 
of tbe margin. 

Lastly, to find the time in which any sum of 
money will amount to '11, times itself at a given 
rate per cent. compound interest, we snbstitnte 
nP for A in formula (I), which gives us nP 
= P (1 + 1')' IlDd dividing each ofthese by P we 
get '11, = \1+1')'whencelog. '11, = log. (1+1')xt; 

or t = 10g~~i:1')' which is formula (Y). 

APPLICATIONS. 

When the principal, rate per cent" and time are given' 
to find the amount :-

RULE . 
.A = P (1 +, r)' or log . .A = log. P + log. (1 + r) x t. (1) 
INTERPRETATION.-Multiply the logarithm of the amount of $1 for 

one payment by the number of payment8, and to the product add the 
logarithm of the principal; the result will be the logarithm' of the 
amount. 

IL Find the natural number corresponding to this logarithm and 
the result will be the answer. 

ExAMPLE.-To what sum will $750 amount in 3 years, at 2 per 
cent., quarterly compound interest? 

OPlIlIATION. 

Here P = 700, r = '02, and t = 12, since there are Iii qnarters' in 8 y~ars. 
Theu A = P (1 + r)' or log.' A = log. P + log; (1 + r) x t = 2'870061 + 

O'OO860D x ~2 = 2-978261 = log. of Answer. Hence amount =: $951'11. 
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36. When the amount, rate, and time are given.tofind 
the principal :-

RULE. 
A 

p = (1 + r)'; or log. P = log. A -log. (1 + r) x t. (II.) 

INTERPltETATION.-Take the number expressing the amount of $1 
fl))" one payment, and raise it to tlU! power indicated by the number of 
payments. 

11 Divide the given amount by the number tItus obtained and the 
quotient will be the required principal. 

BY LOGARITHMS. 

Take the logarithm of the amount of $1 for one pay>nent, and 
multiply it by the number of payments. 

Subtract the logaj'ithm thus obtain~d from the logm'ithm of the 
given amount; the remaindu will be the logarithm of the j'equired 
principal. 
. EXAMPLE.-What principal put out at compound interest, at the 
rate of 3t per cent. half-yearly, will amount to $8764'00 in 11 years? 

OPERATION. 

Bere A = 8764, '/' = '035 and t = 22, 
A 

Then P = (i + r)t or log. P = log. A-log. (1 + r) x t. 

log. P = 8'942702 - 0'014940 x 22 = 3'942702 - 0'828680 = 3'614022. 
Bence P'= $4111 '70. An8. 
37. When the amount, principal, and time are given 

to find the rate per cent. :-
, RULE . 

. I(A) log. A -log. P 
r = t 11 P -1; or log. (1 + r) = --T-- (III.) 

INTERPRETATION.-Divide the amount by the pl'incipal, and ex­
tmct that root of the guotient which is indicated by the number of 
payments. 

11 Subtract 1 from the root thus obtained and the j'ema~nder will 
be the rate per unit, multiply this by 100, and tfiJI result wdl be the 
rate per cent. 

DY LOGARITHMS. 

Subtract the logarithm of the principal fj'om the logarithm fiJ 
the given amount, and divide the d{fference by the number of pay­
ments; the j'esult will be the logarithm of tlie amount of $1 for one 
payment. .., 

, Find the natural number correspondwg to tIm, and from ~t 8ub­
tr@t1, the result will be the rate per unit, and this multiplied by 100 
gives the rate per cent. 



356 COMPOUND iNT~REBf. [BECT. xt. 

EXAlIIPLE.-At what rate per cent. compound interest, payable 
half-yearly, will $278 amount to $6742 in 27 years? 

OPERATION. 

Here A = 6742, P = 278 and t 0= 54. 

Th I (1 ) 
-log. A -log. P 3 '828789 - 2 '444045 1'384744 

enog. +r= t = 54 =-54 
= '0256434. Hence 1 + r = 1'06, .,. = '06, and rate per cent. = 6. Ans. 

38. When the amount, principal,and rate are given 
to find the time:-

RULE. 
log . .A - log. P • 

t = log. (1 + r) (IV.) 

mrERPRETATION.-Subtract the logarithm of the principal from 
the logarithm of the given amount, and divide the remainder by the 
logarithm of the amount of $1 for one payment; the quotient will be 
the number of tlte payments. 

EXAYPLE.-In what time will $729 amount to $7143 at 2t per 
cent. compound interest, quarterly? 

OP1mATION. 

Here A = 7143, P = 729 and.,. = -0!5. 

Then t= log. A-log. P 3'853881~2'862728 0'991158 9242 ts 
log. (1 + r) 0'010724 9'010724 = . paymen 

= 28'105 years = 28 years 1 month 7'S days. Ana. 

39. To find in what time any sum of money will 
amount to n tjmes itself at any given rate per cent. com­
pound interest !-

RULE. 
log. n 

t = log. (1 + r) (V.) 
INTERPRET.ATION.-~nd the logarithm of the number expressing to 

how many times itself the given sum is to amount, and divide it by the 
logm'ithm oj the amount of $~ for one payment j the result will be the 
required time. 

EXAMPLE I.-In what time will any sum of money amount to five 
times itself at I) pel' cent. per annum, compound interest? 

OPERATION. 
Here n = IS and r = '05. 

log. n 0'698970-
Then t = log. (r+ ,.) = 0'021189 ':' 82'987 yrs. = 32 years 11 months 25 days. 

Am. 
EXAMPLE 2.-In what time will any sum of inoney amount to nine 

times itself at 3t per cent. quarterly, compound jiiterest ? 
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Here n=9 and 1'='085. 
log. n 0'954243 

Then t= Jog. (1 +r) = 0'014940 =63'8716 payments=15'9679 years=15 years 
11 months 18 days. .Ans. 

EXERCISE 162. 

1. What is the amount and compound interest of $713'29 for 7 years 
at 4t per cent. half yearly? . .Ans. Amount=$1320·96. 

Compound interest=$ 607'67. 
2. In what time will any sum of money amount to seven times itself 

at It per cent. quarterly, compound interest? 
.Ans. 32 years 8 months 2 days. 

3. In what time will $llI'll amount to $IllI'1l at 8 per cent. per 
annum, compound interest? .Ans. 29 years II months. 

4. At what rate per cent. quarterly will $222'22 amount to $3333'33 
in 30 years, compound interest being allowed? Ans. 2;/-". 

5. In what time will any sum of money double itself at '7 per cent. 
per annum, compound interest? 

.Ans. 10 years 2 months 28 days. 
6. What principal put out at compound interest at the rate of 2t per 

cent. quarterly will amount to $100 in 7 years? 
Ans. $53'63. 

7. To what sum will $2468'13 amount in 13 years at compound inter-
est 3t per cent. half yearly? Ans. $6427'705. 

8. What principal will amount to $7137'40 in II years, compound 
interest at the rate of 4t per cent. half yearly being allowed? 

Ans. $2856'723. 
9. In what tilne will any sum of money amouut to 19 times itself at 

fit per cent. half yearly, compound interest? 
Am. 28 years 9 months 8 days. 

ANNUITIES. 

40. An Annuity is any perioaical income payable at 
equal intervals, as yearly, half yearly, quarterly, &c. 

41. An Annuity in p08s.es.~ion is QP.~ that is entered 
upon already. 

42. An Annui~y in reversion or a deferred annuity is 
one whose first payment is not to be made until after the 
expiration of a given time or until the occurrence of a 
specified event. 

43. An Annuity certain is one that is to continue for 
a fixed number of years. 



358 ANNUITIES. [SECT. XL 

44. An Annuity contingent or a life annuity is one 
that is to continue to be paid only so long as one or more 
individuals shall live. 

45. A Perpetuity is an annuity that is to continue for 
ever. 

46. An Annuity is in arrears when one or more pay­
ments are retained after they have become due. 

47. The amount of an annuity is the sum of the pay­
ments forborne (i. e. in arrears) and the whole interest due 
upon them. . 

48. The present worth of an annuity is that sum which, 
being put out at interest until the annuity ceases, would 
produce a sum equal to what would have been accumulated 
had the annuity been left unpaid until that time. 

49. Annuities are calculated at both simple and com­
pound interest . 

.AN:!.lJITIES AT SIMPLE INTEREST. 

50. Let a= a single payment of the annuity, t=nnmber of payments, r= 
rate per unit for one period, and A=amount of the annuity. 

The.n when the annuity is forborne any number of payments, the last pay­
ment heing made at the time it falls due. is equal to a,. last payment but one 
=a+intereston a for one period=a+ar; last hut two=a+intel"eston afar 
two payments=a+2fl}'; last but three=a+8at'; last but four=a+4ar, &0.; 
and hence the first payment=a+interest on a for one less than the number of 
payments=a+(t-l) ar. 

Hence the payments forborno, with their interest, constitute a series in 
arithmetical progression where the first term is a, the last term a+ (t-l) ar, 
the common difference ar, the SUill of the series A, and the number of terms t. 

Then (Art. 5) A = a+(a+ar) + (a+2nr) + (a+8ar), &c. + ja+(t-1)ar} 

{ } 
t ( (t_1)r) Whence (Art. 6) A = a+.a+(t-1)ar 1\ = 1+ -2 ta, which is 

formula I in the margin. 

A = at (1+ (/ -;~!) (1.) 

a = 2A (II.) 
t (2 + (/ - 1»)r 

2(A - at) 
r = atet _ 1) (IlL) 

V ~ 8:A + (2-r)' } - (2-r) (IV.) 

t= ~r 

Formulas II, III, and IV, are 
derived from formula I, by trans­
position, &c. 
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No general formula bas yet been discovered for tbe summatlnn of a series 

for IIncling the pre8ent "at". of an annuity at simple Interesl The rule gene­
rally aOopt.d for finding the present value or an annuity at simple interest is 
the .following:-

Find the present worth of each payment by itself, d~sco,.nting from 
the time it falls due-the sum of the present worth of all the payments 
will be the p)'esent WOI·th of the annuity. 

!,oT~.-The absolute absurdity: ~f purchasing annuities by simple inter­
est'ls eVIdent from the fact that the mterpst of. the sum required to purcbase 
an annuity. riiseountillg at 5 per cent. simplA intprest, actually exceeds the ao­
nuity; i. e, to pllrcha::;e an annuity to continue ()nl~" a limitRd Dumbpr ofyearBt 
reqnire:-1 B sum which will yi.·lel a lar~er yearly interest for 6z:e1". Hence the 
'Variou~ rules give"1 for fi..oding the present value of annuities at Bimple interest. 
are in tlffect, valueltlss. 

APPLICATIONS. 

51. When the annuity, number of payments forborne, 
and the rate per cent. of interest are given, to find the 
amount:-

RULE • 

.A = at {(I. + (t ~ l)r ~ (I.) 

INTERPRETATION.-Multiply the rate per unit by one less than the 
number of payments and to half the result add 1. . 

Multiply the number thus 'obtained by the product of the annuity by 
the number of payments, and the )'esult will be the required amount. 

EUMPLE.-If a pension of $600 per annum be forborne Ii years, 
to what sum will it amount at 4 per cent. simple interest? 

OPERATION. 

Here a = 600, t = 5, r = '04. 

Then A = at{ 1 + (t~l)r} = 600 x 5{ 1 + (5-1)2
x 

'04} = 3000 x 

(1 + '08) = 3000 x 1'08 == $3240. Ansi 

52. When the amount of the annuity forborne, the 
number of payments forborne, and the rate per. cent. of 
interest allowed, are given, to find the annuity :-

RULE. 

2.A 
a=t{2+(t-l)rf (II.) 

INTEKPKETATION.-Multiply the rate per unit by one les8 than the 
n?,mber "I payments, and to the pruduct add 2. . . . 

Multiply thi8 8um by the ~umber of payment8, and dtvtde twtce 
the given amount oj tlte annutty by the product thus obtatned; the 
result will be the annuity required. 
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EXAMPLE.-What annuity, payable quarterly, will amount to 
$3225'25 iu 7 years, at 4t per cent. per annum, simple interest? 

OPERATION. 

Here since the rate is <it per cent. per annum, or '045 per unit per annuIlI, 
the rate per quarter = '045 ... 4 = '01125. 

Then t = 28, .A = $3~25'25 and r = '01125. 

2.A 3225'25 x 2 6450'50 
a= t{2 + (t -1)r} = 28{2 + (28-1) x '01125} = 28 " (2 + 'S0375) 

=~0·50 = 6450'50 = $100 = quarterly payment, and hence annual 
28 x 2'30375 64'505 

annuity = $400 . .Ans. 

53. The application and interpr~tation of the remain­
ing formulre will be readily understood from the foregoing 
examples. 

EXERCISE 163. 

1. In what time will an annuity of $1000 per annum, payable half­
yearly, amount to $8365, allowing simple interest, at the rate 
of 6 per cent. per annum? Am. 14 payments, or 7 years. 

NOTlI.-In this question we use forInula IV, r being equal to '03 and a 
= 500. 

2. If a rent of $450 per annum, payable quarterly, be forborne for 11 
years, to what does it amount, allowing 6 per cent. per annum, 
simple interest? Am. $6546·37}. 

NOTE.-Take a = $112'50, r = '015 and t = 44-

3. At what rate per cent. per annum, simple interest, will an annuity' 
of $300, payable yearly, amount to $1680 in 5 years? 

Am. 6 per cent. 
4. The rent of a farm is forborne for 8 years, and then amounts to 

$2080. Now assuming the rent to be paid half-yearly, and 
simple interest at the rate of 8 per cent. per annum allowed, 
what was the rent of the farm? Am. $200. 

ANNmTIES AT COMPOUND INTEREST. 

54. Let.A, a, r, t = same quantities as in last articles, and also let 'V = 
present value of the annuity. 

Then, as before, the last p'ayment of a forborne annuity being paid when 
dne-, == a; last payment but one, = a + Interest of a for one payment = a 
+ ar = a (1 + r); so also last payment but two, = a (1 + r )2; last but three 
= a (1 + r)', &c., and til'st payment = a (1 + r)<-I. 

Hence .A, th~ amount of ~he ~nnuity = !' + a (1 + r) + a (1 + r)2 + a 
(1+r)3 + &c.+a (1+r)'-', whIch IS a geometncal.encs and is equal (Art. 18) 
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.£11' 
a = (1+1')'-1 (II) 

r = ~A:+a -1 (III) 

t = log. (Ar+a)-log. a (IV) 
log. (1 +1') 

v = ~{ 1- (l~rA (V) 

a = vr (1+1')' (VI) 
(l+r)'-1 

t = log. a-log. (a-vr) (VII) 
log. (1+r) 

a{ II} v - - -- - --- VIII 
- l' (1 +1')' (1 +r)'+t ( ) 

v = ~ (IX) 
r 

a = vr (X) 

r =!!' (XI) 
v 

tJ= _a_(XII) 
r(l+r)' 

to a{(1+r).-t~, which is formula I 
l' 

of margin . 
Formulas II, III, and IV are obtained 

from formula I by transposition, &c. 
Since the present value of an annuity 

at compound interest is that princi. 
pal which put out at compound in· 
terest for the given time, would 
produce the amount of the annuity 
we have from Art. 85, formula I, 

(t )'-..1 _ a{(1 + 1')t-tf 
'V, +'1' - - '1' 

whence by dividing by (1 +r)t, we 
get formula V in the margin. 

Formulas VI and VII are derived 
from V. 

To find the present value of an annuity 
which is to commence after t years 
and thencontinuefors years, we have 
from formula V, V for 8+ t years, = 

a { (1 + 1')·+t - 1 /" 
.. -0+1')'+'- f and for t years 

a{ (1+1')'-1)} 
alone, v = .. (1 + r)t 

Therefore for t years to commence 
after 8 years. ." = 

a { (1 + 1').+t - 1 (1 + r)t - 1 } 
r (1+r)~ - ~1'r 

a {1 1} 
or.,,= .. (1+1')'-(1+1')<+' 

which is formula VIII in the mar­
gin. 

When an annuity lasts for ever, as in 
the case of landed property, (1 + 1')t in 
formula V becomes infinitely great, 
and therefore 

1 1 
(1+1')' = 00 = 0, and the formula 
for finding the present value of a 
perpetuity is reduced to the form 
given in IX. 

Formulas X and XI are derived from IX. 
The present value of a freehold estate to a person to whom it will revert 

after 8 years and then continue for ever, is found from formula VIII and is 
represented by formula XII in the margin. 

55. To facilitate the calculation of annuities the following tables are given, 
the first showing the amount of an annuity of $1 at compound interest, anq 
the second, the present value Of an annUity of ,t at compound interest. " 



362 ANNUITIES. [SEcr. XI. 

TABLE OF THE AMOUNTS OF AN ANNUITY OF $1 OR £1. 

No. of 3 por cent. 4 per cent. 5 percent. 6 per cent. Payments. 

1 1'00000 1'00000 1'00000 1'00000 
2 ...... 2'03000 2'04000 2'05000 2'06000 
3. 3'09090 3'12160 3'15250 8'18860 
4 ...... 4'18:363 4'24646 4'31012 4'37462 
5 ...... 5'80913 5'41632 5'52563 5'68706 
6 ...... 6-46841 6'63~a7 6'80191 6'97532 
7 ...... 7'66246 7'S0S29 8'14201 8'39884 
8 ...... 8'89234 9'2l!c:3 9'54911 9'~974r 
9 ...... 10'15911 10'5S:?j'9 11'02656 11'49181 

10 ...... 11'46388 U'OU611 12'57789 13'18079 
11 ...... 12'80779 13·..J:~ti:35 14'20679 14'97164 
12 ...... 14'19203 15'02530 15'91D3 16'86994 
13 ...... 15'61779 16'6~t3S4 17'71298 18'88214 
14 ...... 17'08632 IS·,WI91 19'59863 21'01506 
15 ...... 18'59891 20'n~':359 ~lSIS,16 28'27598 
16 ...... 20'15688 21',S~ ~.yj 23'6:17.19 25'67253 
17 ...... 2l'76159 2::hi!)'j51 25'~fI:17 28'21288 
18 ...... 28-4144-3 25"6-t5.tl 2S'1:32:3S 30'90565 
19 ...... 25'11687 27'1)71'23 30'5:i~()O 33'75999 
20 ...... 2687087 29'7j':"lJ~ 88'06595 36'78559 
21 ...... 28'67648 81'96920 35'71925 89'99273 
22 ...... 30'53678 84'24797 88'50521 43'39229 
28 ...... 32'45288 36'61789 41'43047 46'99583 
24 ...... 34'42647 39'08260 44'50200 50'81558 
25 ...... 36'45926 41'64591 47'72710 54'86451 
26 ...... 38'55304 44'311 i4 51'11345 59'15639 
27 ...... 40'70968 47'084:31 04'66931 63-70576 
28 ...... 42'93092 49'967b8 58-40258 68'52811 
29 ...... 45'21885 52'966'?9 62'82271 73'63980 
30 ...... 47'57541 56'08494 66·.j;3,s"'5 79'05819 
81.. .... 50'00268 59'828:33 70'76079 84'80168 
82 ...... 5250276 62'70147 7529829 90'88978 
88 ...... 55'07784 66'20953 80'068n 97'84816 
84 ...... 57'78018 69'85791 8.';'06696 104'18375 
35 ...... 60'46208 73'65222 90'32031 111'43478 
86 ...... 68'27594 77'59881 95'88623 119'12087 
37 ...... 66'17422 81'70225 101'62814 127'26812 
88 ...... 69'15945 85'97084 107'70954 135'90420 
89 ...... 72'28428 90'40915 114'09502 145'05846 
40 ..... 75'40126 95'02551 120'79977 104'76196 
41 ...... 78'66830 99'82654 127'88976 165'04768 
42 ...... 82'02820 104'81960 185'28175 175'95054 
43 ...... 85'43389 110'01288 142'99334 187'50758 
44 ..... 89'04841 115'41288 151'14300 199'75808 
45 ...... 92'71986 121'02939 159'70015 212'74351 
46 ...... 96'50416 126'87957 168'68516 226'50812 
47 ...... 100'89650 132'94539 178'11924 241'09861 
48 ..... 10H0839 139'26321 188'02539 256'56458 
49 ...... 10854065 145·8.~373 198'42666 272'95840 
50 ...... 112'79687 152'66708 209'34799 290'38590 
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TABLE OF PRESENT VALUES OF AN ANNUITY OF $1 OR £1. 

No. of 3 percent. 4 percent. 5 per cent. I 6 per cent. Payments. I 

1. ..... 0'97097 0'96154 0'95238 0'94340 
2 ...... 1-91347 1'88619 1'86941 1'83339 
3 ...... 2'82861 2'77519 2'87519 2'67301 
4 ...... S'71710 3'62999 8'54595 3'46510 
5 ...... 4'57971 4'45182 4'32948 4'21236 
6 ...... 5'41719 5'24214 5'07569 4'91732 
7 ...... 6'23028 6'00205 5-78637 5'58288 
8 ...... 7-01969 6'73274 6'46321 6'20979 
9 ...... 7-78611 7-43533 7'10782 6'80169 

10 ...... 8'53920 8'11089 7-72173 7'36009 
11 ...... 9'25262 8'76058 8'30641 7'88687 
12 ...... 9'95400 9'38507 8-86325 8-38384 
]8 ...... 10'68496 9'98565 9'89357 8'85268 
14 ...... 11'29607 10'56312 9'89864 9'29498 
15 ...... 11'93794 11-11849 10'37965 9'71225 
16 ...... 12'56110 11-65239 10'83777 10'10589 
17 ...... 18'16612 12-16567 11'27406 ]0'47726 
18 ...... 13'75351 12'65940 11-68958 1082760 
19 ...... 14'32880 13'18394 12'08532 11 'l5811 
20 ...... 14'87748 13'59032 12-46221 11'46992 
21. ..... 15'41502 14'02916 12'82115 1l'76407 
22 ...... 15'93692 14'45111 13'16300 12'04158 
23 ...... 16'44361 ]4'85648 18'48857 12'80388 
24 ...... 16'93554 15'24696 18'19864 12'55036 
25 ...... 17-41815 15'62208 14'09394 12'78335 
26 ...... 17'87684 15'98217 14'37518 13'09316 
27 ...... 18'32708 16'32958 14'64808 ]3'21053 
28 ...... 18'76411 16'66306 14'89812 18'40616 
29 ...... 19'18846 16'98371 15'14107 13'59072 
30 ...... 19'60044 17'29~03 15'87245 13'76483 
31. ..... 20'00048 IT'58849 15'59281 -13'92908 
32 ...... 2038877 17'87855 15'80267 14'08404 
88 ...... 20'76579 18'14764 16'00255 14'28028 
84 ...... 21'18184 18'41119 16'19290 14'36814 
85 ...... 21-48722 18'66461 16'37419 14'49824 
86 ...... 21'88225 18'90828 16'64685 14'62099 
87 ...... 22-!6724 ]9'l4258 16'71128 14'78678 
88 ...... 22'49246 1936786 16'86789 14'84602 
39 ...... 22'80822 19'58448 11'01704 14'94907 
40 ...... 28'11471 19'79271 17']5908 15'94630 
41. ..... 23'41240 19'99805 17'29486 15'13801 
42 ...... 28'70186 20'18562 17'42320 15'22454 
43 ...... 28'98190 20'37079 17'54591 15'30617 
44 ...... 24'25428 ,20'54844 11'66277 15'~8818 
45 ...... 24'51871 90-72004 17'77407 15'45588 
46 ...... 24'77545 20'88465 17'88006 15'52487 
47 ...... 25'02471 21'04298 17'98101 1558903 
48 ...... 25'26677 21'19518 18'07714 15'65002 
49 ...... 25'59166 21'501~6 18'16872 15'70757 
50 ...... 25'72977 21'72977 18'25592 15'76186 
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APPLICATIONS. 

56. To find the amount of an annuity forborne for any 
number of years at compound interest: 

RULE. 

A=a{(l+r)'-l} (1.) 
r 

INTERPRETATION.-From the amount raised to the power indicated 
by the 'I1",,,bel' of payments subtract 1 and multiply the remainder by 
the annuity. Lastly: divide the sum thus obtained by the rate per 
unit and the quotient will be the required amount. 

By THE TABLE.-Find from the table the amount of $1 for the 
given number of payments and at the given rate; multiply it by the 
given annuity and the quotient will be the amount. 

EXAMPLE.-If a yearly rent of $400 be forborne for 23 years, to 
what sum will it amount at 5 per cent. compound interest? 

OPERATION. 

Here a=400, t= ~~, r= '05. 

aj(1+r)'-l} 400{(1'05)28-1} 400 x 2'071475 828'590 
Then .A = ---r---- = ---'05--- = --'05-- = ~-

= $16511'80 • ..1 ns, 

By THE 'l'.'i'LE.-Amount of$l at the given rate and time = $41'48047. 
Then $11 '4;,"H x 400 = $16572'188. 
NOTE.-Thesc two methods give results slightly different. This a"ises from 

the !act that the table shows only an approximation to the correct amount of 
the annnity for $1; all the figures except the first five of its decimal being re­
jected. 

57. To find the present value of an annuity at com­
pound interest :-

RULE. 

v=~{ l-(l~r)t} (v.) 

INTERPRETATION.-Divide one by that power of the amount of $1 
which is indicated by the number of payments and subtract the result 
from 1. 

~Multiply the 1'emainder by the quotient arising from the division 
of the given annuity by the rate per unit, and the 1'esult will be the 
requi1'ed present value. 

B; THE TABLE.-Find the present value of an annuity of $1 for 
the [pven number of payments and at the given rate and multiply tltis 
by the given annuity. ' 
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EXAMPLE.-What is the present value of an annuity of $40 to 
continue 5 years, allowing 5 per cent. compound interest? ' 

OPERATION. 

Here a = 40, t = 5, and l' = '05. 

a I 1} 40 { 1} 4000 
Then'V=r-1 1 -(1+1')t = '05 x 1-(1'05)6 =5 x 1-'7835) 

= 800 x '2165 = $173'20. Ans. 

OR BY THE TABLE.-PreRent value of an annuity of $1 for given rate and 
time-= $4'32948 and $4'32948 x 40 = $173·li9. AM. 

58. To find the present worth of a perpetuity:-

RULE. 

V=~. (IX.) 
l' 

INTERPRETATION.-nivide the annuity by the rate pel' unit a-td 
the quotient will be the value of the perpet1tity. 

EXAMPLE.-What is the present value of a freehold estate of $75 
-allowing the purchaser 6 per cent. compound interest for his 
money? 

OPERATION. 

Here a = 75, and r = '06 
a 75 7500 

Then V = r = '06 = 6 = $1250. Ans. 

59. To find the present worth of a perpetuity in re­
version :-

v= _a_ (XII.) 
1'(1 +1')' 

RULE. 

lNTERPRETATION.-Find that power of the amount oj $1 for one 
payment that is indicated by the number oj payments that 7!ave to 
elapse b~fore the annuity 1·evert.~, multiply this by the rate per unit 
and divide the given annuity by tlte product-the result will be the 
'present value. 

EXAMPLE.-What is the present value of the reversion of a per­
petuity of $79'20 per annum, to commence 7 years hence-allowing 
the buyer 4t per cent. for his money? 

OPERATION. 

Here a == 79'20~ 8 = 7, and '7;'20°45. 79'20 

Then V = 1'(1 + 1'). = '045 x (1+ '04517 = :o46'X1'360862 = 
.1298'297. AM. 

79'20 
'06123879 
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60. With due attention to the foregoing interpretations 
and examples, the pupil will not experience any difficulty 
in applying the remaining formulre. 

EXERCISE 164. 

1. What is the annual rental of a freehold estate, purchased for 
$3UOO when the rate of interest is at 4 per cent. ? 

.Am. $120. 
2. If a perpetuity of $563 can be purchased for $11260 ready money, 

what is the rate of interest allowed? 
.Ans. 5 per cent. 

3 . .A. freehold estate producing $75 per annum is mortgaged for the 
period of 14 years; what is its present value, reckoning com· 
pound interest at 5 per cent. per annum ? 

.Ans. $757·608. 
,. Required the present value of a deferred annuity of $90, to be 

entered upon at the expiration of 12 years, and then to be con· 
tinued for 7 years at 4 per cent. compound interest . 

.Ans. $337·39. 
5. What is the present value of an estate whose rental is $1500, 

allowing 5 per cent. compound interest? 
.Ans. $30000, or 20 years' purchase. 

6. For how many years mayan annuity of £22 be purchased for 
£308 12s. 10d., allowing compound interest at 4 per cent. ? 

.Ans. 21 years. 
7. What is the present value of an annuity of $154 for 19 years at 5 

per cent. compound interest? .Ans. $1861·13. 
8. What annuity, accumulating at 3t per cent: compound interest, 

will amount to £600 in 40 years? 
.Ans. £6 13s. lId. 

9. In how many yea,rs will an annuity of $8 per annum amount to 
$187·315625 at 3 per cent. compound interest? 

.A ns. 18 years. 
10. What will an annuity of $74 amount to in 30 years at 4 per cent. 

compound interest? .Ans. $4150·28. 

QUESTIONS TO BE ANSWERED BY THE PUPIL. 

NOT •. -The n=ber8 after the questions refeT" to the numbered articles 
of the section. 

1. When are quantities said to be in arithmetical progression? (1) 
2. What are the extremes? What the meaDs? (2) 
3. "\That five quantities are to he considered iJ;l arithmetical progression? (8) 
4. How are these related to each other? (8) 
5. How many cases arise from these combinations? (8) 
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6. Deduce the fundamental formulal for arithmetical progression. (4-7) 
7. When are quantities said to be in gcometrical progression? (15) 
B. What five quantities are to be considered in geometrical progression? (16) 
9. How are these related, and how many cases arise from their combinations! 

(16) 
10. Deduce the fundamental formulal for geometrical progression. (11-19) 
11. What rule do you usc when finding the sum of any infinite series when the 

ratio is less than I? (25) 
12. Prove this rule. (25) 
18. How do we insert any number of arithmetical means between two given ex­

tremes? (26) 
14. How do we insert any number of geometrical means between two ex-

tremes? (26) 
15. What is position 1 (21) 
16. Into what rules is position divided? (28) 
17. When is a single position used? (29) 
lB. What class of questions require the use of double position? (80) 
19. Give and prove the common rule for single position. (32) 
20. Give and prove the common rule for double position. (34) 
21. Deduce algebraically a complete set of rules for compound interest. (35) 
22. What is an annuity? (40) 
28. When is an annuity said to be in possession? (41) 
24. What is a deferred annuity or an annuity in reversion? (42) 
25. What is a contingent annuity? (44) 
26. What is a perpetuity? (45) 
21. When is an annuity· said to be in arrears? (46) 
28. What is the amount of an annuity? (41) 
29. What is the present worth of an annuity? (48) 

.80. Deduce a set of rules for computi.ng annuities at simple interest. 
81. Illustrate the absnrdity and injustice of computing the present value of an­

nuities at simple interest. (50) 
32 .. Deduce 8 set of rules for annuities at compound interest. (54) 

EXERCISE 165. 

EXAMINATION PROBLEMS. 

FIRST SERIES. 

1. Write down as one number seven trillions and ninety millions, and 
nineteen and four million two hundred thousand and six hun­
dredths of trillionths. 

2. Deduct 19 per cent. from $7580 and divide the remainder among 
A, B, C, and D, so that A may hav~ $111'11 more than B; B 
$90'90 more than C, and D one third as much as A, Band C 
together. 

3. A and B can perform a piece of work in 8 days, when the days are 
12 hours long; A, by himself, can do it in 12 days, of 16 hours 
each. In how many days of 14 hours long will B do it? 

4. Reduce £179 14s. 8td. to dollars and cents, and divide the result 
by '00000048. 

5. What is the 1. c. m. of 44, 18, 30, 77, 56 and 27 ? 
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6. In what til,ue will any sum of money amount to 20 times itself at 
5t per cent. simple interest? 

7. Divide 7342163 octenal'Y by 61351 nonary, and give the answer 
in the duodenary scale true to two places to the right of the 
separating point. 

8. Multiply 43 Ibs. 3 oz. 17 dwt. 11 grs. by 783t. 
9. Find the sum of the series 1 +t+t+t, ad infinitum. 

2t 
3" 

10. Divide f of 1- of 192 by --
4t 

2 

T 
11. Extract the 17th root of 12914.0163. 
12. There is a number consisting of two places of figures, which is 

equal to four times the sum of its digits, and if 18 be added to 
it, its digits will be inverted. What is the number? 

SECOND SERIES. 

13. Divide $897'43 among A, B, and C, so that B may have $93'40 
less than A, and $69'18 more than C. 

14. If 7 Ibs. of wheat contain as much nutritive matter as 9 Ibs. of 
rye, and 5 Ibs. of rye as much as 8 Ibs. of oats, and 13 Ibs. of 
oats as much as 21 Ibs. of buckwheat, and 27 Ibs. of buck­
wheat as much as 20 Ibs. of barley, and 24 Ibs. of barley· as 
much as 26 Ibs. of peas, and 11 lbs. of peas as much as 35 Ibs. 
of potatoes; how many pounds of potatoes contain as much 
nourishment as 16 Ibs. of wheat? 

9 
15. Reduce i of 4t of 7! of - of ~. of 3 oz. 4 drs. 2 scr. 5 grains 

19t 

to the decimal of fr of '63' of 2H of fa of 6t times 7 Ibs. 3 oz., 
Apothecaries' Weight. 

16. From 623'42793 take 93'4267192; mark distinctly the resulting 
repeteud. 

17. If I own a vessel valued at $7493 and wish to insure it at a pre­
mium of 4t per cent. so as to recover, in case of the destruc­
tion of the vessel, both the premium paid aud the value of the 
vessel, for what sum must I insure? 

18. If 18 men in 2? weeks of 5 working days each, working 11 
hours a day, ~lg 11 cellars, each 20 feet long, 16 feet wide 
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and 5 feet deep; how many men will be required to dig 24 
cellars, each 22 feet square and 4 feet deep, in 36 weeks of 6 
days each, working 9 hours per day? 

19. A certain number is divided by 9 and the quotient mUltiplied by 
17; the product is then divided by 300 and 33 is added to the 
quotient; the result is next divided by 3, and from this quo­
tient 31 is subtracted, and the reulting dilterence divided by 
12t. Now! of ! of f of this last quotient is 2"~. Required 
the original number. 

20. What is the 1. c. m. of 480, 768, 348, and 1176? 
21. What is the G. C. M. of 17598, 46090, and 171347 ? 
22. In a certain adventure A put in $12000 for 4 months, then add­

in,Ci i38:)UO, he continued the whole 'two months longer; B put 
in :;)25000, and after three mOllths took out $10000, and con­
tinued the rest for 3 months longer; C put in $35000 for 2 
months, then withdrawing f of his stock, continued the remain­
der for 4 months longer; they gained $15000; what was the 
share of each? 

23. Three merchants traffic in company, and their stock is £400; the 
money of A continued ill trade 5 months, that of B 6 months, 
and that of C 9 months; and they gained £375, which they 
divide equally. Wlut stock did each put in? 

24. A fountain has .Jc pipes, A, B, C, and D, and under it stands a cis­
tern, which can be filled by A in 6, by B in 8, by C in 10, and 
by D in 12 hours; the cistern has 4 pipes, E, F, G, and H; 
and can be emptied hy E in 6, by F in 5, by G in 4, and by H 
in 3 hours. Suppose the cistern is full of water, and that 8 
pipes are all open, in what time will it be emptied? 

THIRD SERIES. 

25. Exnres~ ~ -19;}8 and 17498679 in Roman Numerals. 
26. 23io loaves of bread are divided among charitable institutions in 

the following manner: as often as the first receives 4 the second 
receives 3, and as often as the first receive~ 6 the third gets 7 ; 
how many will each have? 

27. How much sugar at 4, 5, and 9 cents a pound, must be mixed 
with 72 pounds at 12 cents a pound, so that tbe mixture may 
be worth 8 cents a pound? 

28. What principal put out at simple interest will amount to $4444·44 
in 4 years 4 months 4 days at 4·44 per cent. ? 

29. For what 'Sum must a ship valued at $23470 be insured 80 as, in 
case of its destruction, to recover both the value of the vessel 
and the premium of 2t per cen~. ? 

y 
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30. What principal will amount to $'7493'4'7 in 8 years, allowing sint 
pIe interest at '7 per cent. ? 

31. I send to my agent in Manchester $1'7460 and instruct him to 
deduct his commission at 3t per cent., and invest the balance 
in broadcloths at $2'95 per yard. When I receive the goods I 
have to pay in audition $1347'90 for carriage, $4'19'40 for insu­
rance, $Hi9' 83 for storage, wharfage, and harbour dues, and 'an 
ad 'valorem duty at 2t per cent. on the invoice of goods. Re­
quired how many yards of cloth my !lgent ships to me and what 
I gain or lose per cent. on the whole transaction if I sell the 
goods for $25000. 

32. Transpose 134234 quinary into the ternary, actenar.'!, and duode­
nary scales, and prove the results by reducing all four numbers 
to the denary scale. 

9Jl 
33. What is the difference bet'lyeen ~ of 4t of :IT of ti of ~ of £43 

1 20 
ISs. 11td., and 3~ of -;::] of '56 of 1''75 of 6t times $9'7-18? 

112 

34. Given the logarithm of 2=0'301030 
3=0'4'77121 

13=1'113943 
Find the logarithms of +3, 19'5, 1125, 2S'16, 65000, '0005, 
15:J'1, and S·112. 

35. Extract the cube root of 871tet'72 duodenary true to two places 
to the right of the separating point. 

36. .A. person passed t of his age in childhood, -ft of it in youth, t of 
it + 5 years in matrimony; he had then a son whom he survived 
4 years, and who reached only t the age of his father. At 
what age did this person die? 

FOURTH SERIES. 

3'7. Divide 63 miles 3 fur. '7 per. 3 yds. '2 ft. '7 in. by '1 fur. 23 per. 
3! yds. 

38. Divide 6'3 by '000000274. 
89. If i yards of ciQth cost $H, how much will 6-il-r yards cost? 
40. 'Find the interest on $428'7''71 at 6t per cent. for 1'67 years. 
41. In what time will $6'74'30 amount to $1000 at 8t per cent. ? 
42. ,What are the amount and compound interest of $813'71 for 7 

years at 4 per cent., half-yearly? 
43. A owes B $4300 to be paid as follows, viz.: t300 down, $'700 at 

the end of 4 months, $750 at the end of '7 months, $850 at the 
end of 9 months, $400 at the end of 13 months, and the balance 
at the end of 19 months. Required the equated time for the 
whole debt, 
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44. Deduct 23 per cent. from $4200 and divide the remainder be­
tween A, B, 0, D, and E, so that A may have $17'10 more 
than B, 0 $1 g'23 less than B, D $42'11 less than 0, and E half 
as much as A, B, 0, and D together. 

45. What principal put out at simple interest at 16 per cent. will 
amount to $3786'80 in 11 years? 

46. Find the value of 

{(3~-2'illi) x '46+i of ·i42857 } +8~ times (t+t+t-ll,l,,) 

{('73 x '12345+H8)+t+!Jt + 17fl }-+27.4922077 
47. Add together 312312302 and ~:::12132 quaternar!); multiply the 

sum by twenty-three thousand and eleven times 4234 quinary; 
from the product subtract 555 + 444 + 333 + 222 + III 
senary; divide the remainder by 65-12 septenary, and give 
the answer in the octenary scale. 

48. What is the square of'l and also of·i ? 

FIFTn SERIES. 

49. Read the following numbers: 
1 0003005f10600'0007 0080009. 
7600290034007 '000000067400209_ 

50. Find the I. c. m. of 2, 9, 16, 27, 48, and 81. 
51. In what time will any sum of money an::ount to 7 times itself at 

6 per cent. pel' annum compound interest? 
52. How often will a coach wheel turn in going from Toronto to 

Brampton, a distance of ~o miles j the wheel being 14 ft. 10 in. 
in circnmference ? 

53. How many divisors has the number 1749600? 

96 "* of 7 
54. Divide ~ of T by - 3t 

'"2 
55. A can do a piece of work in 12 days, and A and B together can 

do it in 5 days j in what time can B alone do it? . 
56. What principal will amount to $8899'77 in 11 years at Ii per 

cent. halt yearly, compound interest? 
57. Divide the nnmber 10 into three such parts, that if the first be 

multiplied by 2, the second by 3, and the third by 4, the three 
products will be equal. 

58. There a~e three fishermen, A, B, and 0, who have each caught a 
certain number of fish j when A's fish and D's are put together, 
they make 110 j when B's and C's are put together they make 
130 j and when A's and C's are put together they make 120. 
If the fish be divided equally among them, what will be each 
man's share; aud how many fi~h did each of them catch? 
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59. What is the forty-seventh term and also the sum of the first 93 
terms of the series 7, 11, 15, 19, &c. ? 

60. In what time will any sum of money amount to 21 times itself at 
7 per cent. compound interest? 

SIXTH SERIES. 

61. Divide $3700 among three persons, A, B, and C, so that B may 
have $387 less than A and $196·87 more than C. 

62. What are all the divisors of 5716 ? 
63. What is the value of 

{ (17f2-10Hl-(-4+t+·9-tl} +-("837S+-t of 31) 

·032~632 x t of 9i+-(t of 4~ of tr of 85H+-101 l 

64. Divide $7200 among 3 men, 4 women, and 17 children, giving 
each man twice as much as a woman, and each woman three 
times as much as a child. What is the share of each? 

65. How many divisors has the number 25400 ? 
9.:1. 

66. What is the difference between t of 4t of l.~ of t of £3 16s. 
14 

19! 1 
ll-!cl. and ia,- of 4~ of ---T- of N-,- of H of '85 of 4~l of $1783? 

3. . ~~ 
--:La: 

1.9 

67. Compare together the ratios 7: 13, 9: 16, 8: 15 and 10: 19 and' 
point out which is the greatest, which the least, and what the 
ratio compounded of th_ese given ratios. 

68. Divide 67-432 by 7'9036. 
69. Reduce 9 per. 9 yds. 7 ft. 120 in. to the decimal of t of t of 11- of 

35 acres 2 roods. 

70. Add together 17'0342, 27'06857, 98'123456, 829'6423, 
980'1234298, 9'876342, and 813·986428456'7. 

71. In the ruins of Persepolis there are two columns left standing, 
upright. The one is 64 feet above the plain and the other 50. 
In a straight line between these stands a small statue, the head 
of which is 97 feet from the top of the higher colnmn and 86 
feet from the top of the lower, the base of which is 76 feet 
f~om the base of the statue. Required the distance between 
the tops of the _columns. 

72. In a mixture of spirits and water, t of the whole plus 25 gallons 
was spirits, but -Ii of the whole minus 5 gallons waS water. 
How many gallons were there of each? 
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SEVENTH SERIES. 

73. Extract the square root of 401241'3424 in the quinary scale. 
74 • .A. father being asked by his son how old he was, replied, your 

age is now !- of mine; but 4 years ago it was only t of what 
mine is now: what is the age of each? 

75. Divide '72347 by '0032. 
76. Extract the 11th root of 97294764 '372. 
77. Find two numbers, the difference of which is 30, and the relation 

between them as 7t is to 3t. 
78. What is the I. c. m. of 35, 16, 18, 28, 62, 63 and 40? 
79. Sum the serie§ 1+7+13+19+&c., to 101 terms. 
80. What is the ratio compounded of 19: 7, 11 : 56, 35 : 121, 11f: 29, 

8: 4! and 4+ : 3 ? 
81. Find two numbers whose sum and product are equal, neither of 

them being 2. 
NOTlI.-In thiR question take any number for the first of the two,as for ex­

ample 7. Then 7 +some other number=7 x that other number. 
Aasume for this second number any other, as 3. 

Then 7 +3=10=7 x 3, gives an error of-1I. 
Assumo some other for the second, as 5. 

Then 7 + 5 =12=7x 5, gives an error of-23. 
Then 23x3=69 d b 14 l' 11 x 5=55 Whence seCOD Dum er= 12= o· 

82. Find the value of 

(j(9·l+4H+3,f.-16·U) x '54}+lt) x 35 times ·i42857. 

{'97 x '24378 x (lf4 x 4.\l\-)} x (41a,-21~i)' 

83. The hour and minute hands of a watch are together at 12; 
when will they be together again? 

84. Given the logarithm of 2=0'301030 
logarithm of 7=0'845098 
logarithm of 11=1'041393 

Find the logarithms of 3850000, 3181'81, '0000154, ..(-7' 

1'571428 and 93'17. 

EIGHTH SERIES. 

85. Find the difference between the simple and compound interest of 
$700 in 3 years at 4t per cent. per annum. 

86. X Y and Z form a company, X's stock is in trade 3 months, 
~nd' he claims t. of the gain; Y's stock is 9 months in trade; 
and Z advanced $3024 for 4 months, and claims half the profit: 
How much did X and Y contribute? 
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87. There is a fraction which multiplied by the cube of I! and divided 
by the square root of 1~, produces i; find it. 

88. Find the cube root of 80677568161. 
89. How much sugar, at 4d., 6d., and 8d. per lb. must there be in 

112 lbs. of a mixture worth 7d. per lb. 
90. Fiud three such numbers as that the first and 1 the sum of the 

other two, the second and t the sum of the other two, the 
third and t the sum of the other two, will make 34. 

N oTE.-Assumo 40 as the sum of the three numbers. 
Then 1st + 2nd + 3rd =40 and 1st + i(2nd + 3rd)=34 ... H2nd +3rd)=6 and 

2nd +3rd=12. 
2nd +!(lst+3rd)=34. '. ~ (1st +3rd)=6 and Ist+3rd=9. 
3rd + t (1st + 2nd) = 34. '. I (l,t+2nd)=6 and l~t+2n(1=S. . 

Then adding these together, twice (lst+2nd +3rd)=29.· .lst+2nd+3rd= 
14t=sum. 

But should equal40-therefore error=-25~. 
Similarly assume some other number and apply the rule. and the true sum 

58 will be found, from which the numbers may be easily obtained. 

91. Insert 4 arithmetical means between 1 and 40. 
92. The sum of all the terms of a geometrical progression is 1860040, 

the last term is ] 240029, and the ratio is 3. What is the first 
term ? 

93. If 6 apples and 7 pears cost 33 pence, and 10 apples and 8 pears 
44 pence, what is the price of one apple and one pear? 

28t 
94. Multiply t of! of t of -- by 1 of ! of t. 

6 
95. Fro~ a sum of money, $50 more than the half of it is first 

taken away; from the remainder, $30 more than its fifth part; 
. and again from the second remainder, $20 more than its fourth 
part. At last there remained only ~l(I. What was the original 
sum? 

96. A gentleman hires a servant, and promises him, for the first 
year, only $60 in wages, but for each following year $4 more 
than the preceding. How much will the servant receive for the 
17th year of his engagement, and how much for all 17 years 
together? 

NINTH SERIES. 

97. Write down as one number eleven trillions and eleven, and 
eleven tenths of billionths. 

98. Reduce £749 16s. 5!d. sterling to dollars and cents. 
99. What are the prime factors of 177408? 

100. At what rate per cent. per annum will $704 amount to $1111l'1l 
in 11 years at compound interest? 
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101. How ,many scholars are there in a school to which if 9 be added 
the number will be augmented by one-thirteenth? 

102. Three different kinds of wine were mixed together in such a way 
that for every 3 g~llons of one kind there were 4 of another, 
and 7 of a third: what quantity of each kind was there in a 
mixture of 292 gallons? 

103. Divide £500 among four persons, so that when A has £!, B 
shall have £t, C t, and D t. 

104. What is the present worth of an annuity of $100 to continue 23 
years, at 6 per cent. compound interest? 

105. Twenty-fiv'l workmen have agreed to labor 12 hours a day for 
24 days, to pay an advance made to them of $900; but hav­
ing each lost an hour per day, five of them engage to fulfil the 
agreement by working 12 days: how many hours per day 
must these labor? 

106. A man has several sons, whose ages are in al'ithmetical progres­
sion; the age of the youngest is 5 years, the common differ­
ence of their ages is 6 years, and the SIl!Il of all their ages is 
161. What is the age of the eldest? 

107. If a man dig a small square cellar, which will measure 6 feet 
each way, in one day, how long will it take him to dig a simi­
lar one that shall measure 10 feet each wav? 

108 • .A servant agreed to live with his master for £8 a year, and a 
suit of clothes. But being turned out at the end of 7 months, 
he received only £2 13s. 4d. and the suit of clothes: what was 
its value? 

109. Wltat number is that of which t, t, and t added together, will 
make 48? 

110. If an ox, whose girth is 6 feet, weighs 600 lbs., what is the 
weight of an ox whose girth is 8 feet? 

111. Four women own a ball of butter, 5 inches in diameter. It is 
agreed that each shall take her share separately from the sur­
face of the ball. How many inches of its diameter shall each 
take? 

112. Divide 71214'43 by 12'342 in the nonary scale and extract the 
square root of the quotient true to three places to the right of 
the separating point., 

113, Five merchants were in partnership for four years; the first put 
in $60, then, 5 months after, $800, and at length $1500, four 
months before the end of the partnership; the second put in 
at first $600, and six months after $1800; the third put in 
$400, and every six months after he added $500; the fourth 
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did not contribute till 8 months after the commencement of" 
the partnership; he then put in $900, and repeated this sum. 
every six months; the fifth put in no capital, but kept the ac, 
counts, for which the others agreed to pay him $1'25 a day. 
What is each one's share of the gain, which was $20000 ? 

114. In what time will any sum of money amount to 16 times itself 
-at five per cent. per annum. 1st. at simple interest? 2nd. at 
compound interest? 

115. Three persons purchased a house for $9202; the first gave a 
certain sum; the second three times as much; and the third 
one and a half times as much as the two others together: what 
did each pay? 

116. A piece of land of 165 acres was cleared by two companies of 
wodrmen; the first numbered 25 men and the second 22; how 
many acres did each company clear, and what did the clearing 
cost per acre, knowing that the first company received $86 
more than the second? 

117. The greater of two numbers is 15 and the sum of their squares 
is 346: what are the two numbers? 

118. To what sum will $1200 amount in 10 years at 9t per cerit. sim. 
pIe interest? 

119. If 4U6 men, in 5-1, days of 11 hours ('[lch, dig a trench of 7 de­
grees of hardness, 465 feet long, 3'i wide, 2t deep, in how 
many days or 9 hours long will 24, men dig a trench of 4, de. 
grees of hardness, 337t feet long, 5! wide, and 3t deep? 

120. Four men, A, B, C, and D, took a prize of $6213, which they 
are to divide in proportion to the following fractions: if pos­
.~ible, A, B, and C, are to have Hi; B, C, and D, it; A, C, and 
D, -tu; and A, B, and D, t of the prize. What does each re­
ceive? 

121. 

122. 

123. 

124. 

ELEVENTH SERIES. 

Reduce '7, '83, '727, '9i325 lind 8'67i347 to their equivalent 
vulgar fractions. 

Reduce 713%7+ undenary, and 12123-,1ldl.olL,ilo quatemary to 
equivalent expressions in the denary scale. 

Add together 3t of 2t of 7Hr of a £, 9~ of 3~ of a shilling, and 
8+ of 4t of a penny, and divide the sum by H- of 5,~- of t of 
3td. 

If 24 pioneers, in 2t days of. 12k hours long, can dig a trench 
139 75 yds. long, 4k yds. WIde, and 2t .yds. deep, what length 
of trench will 90 pioneers dig in 4t days of 9i hours long the 
trench being 4i- yds. wide, and 3t yds. deep? ' 
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125. A person, by disposing of goods for $182, loses at the rate of 9 
per cent.: what ought they to have been sold for to realize a 
profit of 7 per cent. ? 

126. In what time will any sum of money amount to II! times itself 
at 6 per cent. per aunum? 

l't At simple interest? 
2nd At compound interest? 

127. It is desired to cut off an acre of land from a field 15t 'perches 
in breadth; what length must be taken? 

128. Express a degree (69,h- miles) in metres, when 32 metres are 
equal to 35 yards? 

129. Find 7 geometrical means between 3 and 19683. 
130. Sum the infinite series 7 + It + ru &c. 
131. Four men bought a grindstone of 60 inches diameter. Now, 

how much of the diameter must be ground off by each man, 
one grinding .his part first, then another, and so on, that each 
may have an equal share of the stone, no allowance being made 
for the axle? 

132. Divide 100 guineas into an equal number of guineas, half­
guineas, crowns, half-crowns, shillings, and sixpences, and 
reduce the remainder to a fraction of a pound. 

TWELFTH SERIES. 

133. The owner of n- of a ship sold ff of ~ of his share for $12};f ; 
2l. 

what would 4t of! of the ship cost at the same rate? 

134. At what rate per cent. per annum will $700'90 amount to 
$1679'40 in 5 years, compound interest being allowed? 

135. A person paid a tax of 10 per cent. on his income; what must 
his income have been, when, after he had paid the tax, there 
was $1250 remaining? 

136. The sum of £3 13s. 6d. is to be divided among 21 men, 21 
women, and 21 children, so that a woman may have as much 
as two children, and a man as much as a woman and a child: 
what will each man, woman, and child receive? 

137. Distribute $200 among A, B, C, and D, so that B may receive 
as much as A; C as much as A and B together, and D as much 
as A, B, and C together. 

138. Find the difference between V~ and V~. 
139. Reduce .Jlll'-;, 17h + ,\ + 144H, 2U - H, t of if x r. of 

H of H, and 6347 -;- 2t, to their simplest forms. 
140. Find the cube root of 884736, and the fourth root of 95951ffi· 
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141. A gcnerallev.ied a contribution of 8520 on four villages, con­
taining 250, 300,400, and 500 inhabitants 'respectively: vrhat 
must they each pay? 

142. A person had a salary of $520 a year, and let it remain unpaid 
for 17 years. How much had he to receive 1\1; the end of that 
time, allowing 6 per cent. per annum compound interest, pay­
able half-yearly? 

143. Insert four arithmetical means between 2 and 79; also find the 
9th. term and the sum of the first 207 terms of the series 3, 7, 
iI, 15, &c. 

144. A, B, and C, start at the same time, from the same point, and 
in the same direction, round an island 73 miles in circum­
ference; A goes l\t the rate of 6, B at the rate of 10, andC at 
the rate of 16 miles per <lay. In what time will they be all 
together again? 

ARITHMETICAL RECREATIONS_ 

1. If the third of 6 be 3 what must the fourth of 20 be? 
2. If the half of 5 be .. what part of 9 will be 11 ? 
3. Place foul' nines so that their sum sball be 100. 
4. What part of 3 pence is the third of two pence? 
5. If a herring alid a half cost 1td."bow much will 11 herrings cost? 
6. If 12 apples are wOl·th 21 pears, and 3 pears cost a cent, what will be the 

price of 100 apples? 
7. Find 11 number such that 5 shall be the three-sevenths of it. 
8. A hundred hurdl!,s are so placed as to inclose 200 sheep, and with two 

hurdles more the field may he made to hold 400; how is this to be done? 

9. A gentleman who owned foul' hundre.d arres of land in 
the fOl'm of a square, desired to keep 1 n .. :ICN'S, also in 
the form of lL square, in oue cornel', 1, II, i ~:ividc the re­
mainder, a. bed ef .. equally among his four sons, so 
that each son should havo his lot of the same shape as 
his brother's. How may this be. done? 

a,------.:;b,----, 

1-1-
c f 

10. Place four tMees 80 as to make 34. 
11. Write down 13 in such a way that rubbing half of it ont 8 sball remain. 
12. Two thirsty p~rsons cast away on a desert island, fiud an 8 gallon cask of 

;wnter. rrhey wish to divide it equally between them, but have no other 
measures than the 8 gallon cask, a five gallon cask and a three gallon 
cask, How can they divide it?, " 

13. How must a board 16 inches loug and 9 inches wide be cut into two snch 
parts, that when they are joined together they may form a square? 

14. Place the 0 digits in the accompanying figure, one di:;iit to eacb 
division, in such a way that when added vertically, horizon­
tally or diagonally, the snm shall alw!\ys be the Bame. 
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15. Th.ree persons bought" quantity of sugar weighing 51 Ibs., and wish to part 
It equally betweeu them. They have no weights but a .. lb. weight and 
a 7 lb. weight. How "an they divide it? 

16. Suppose 26 hurdles can be placed in a rectangular form so as to inclose 40 
square yards of ground; how can they be placed when two of them are 
taken away, ~o as to inclose 120 square yards? 

11. A person has a fox, a goose, and a peck of oats to carryover a river, but on 
account of the smallness of the boat he can onlv carryover one at a time. 
How can this be done so as not to leave the fox with the goose, nor the 
goose with the oats? 

18. In a distant village of Canada, there was stationed a small detachment of 
boops consisting of a sergeant and 24 men. Having constructe£j tern· 
poral'Y barracks, the sergeant·divid~d them into 9 compartments, allotting 
the centre ODe to himself, and the rest to his meo. One evening the ser­
gefLDt, wishing to ascertain if all were in, visited each compartment, and 
finding 3. men in eacb, making 9 in each row, retired. Foul' men, how­
ever, went out, and the sergeant feeling shortly afterwards uneasy, re­
turned to count bis men, but still finding 9 in each row, retired again; 
the 4 men tbpn earnf'. back, bringing each another man with him, and. the 
sergeant upon going his round once more, counted as before, and retired 
perf~ctly sati:-fied. After he left, four more men w~re introduced, and 
once more the sergeant, entertaining a suspicion that all was not right, 
counted, but finding the number still the- same in each row. he left. No 
sooner bad be left, than four more men came in, making 12 strangers; 
and once more the sergeant inspected the cumpartments to hit; satisfac­
tion. Finally the 12 strangers left, taking with them 6 of the sf)IJiers, 
and the sergeant counting once more retired to rest, pcrsu:l.ded that no 
one bad gone out or come in, and tbat his suspicions were unfounded. 
Hnw was this possible? 

19. Write down 12 so that by rubbing out one half 7 shall remain. 

20. Place the first 25· numbers, 1, 2, 3, 4, 5. &c., in the divisions 
of the accompanying figure, so that the columns added in 
any order, i. e., upwards, horizontally, or diagonally, may 
amount to the same sum. 

-1-1-1-1-
-1-1-1-1 
-1-1-1-1-
-1-1-1-1-
-1-1-·1-1-

21. What is the difference between half-a-<1ozen dozen and six dozen dozen? 

22. If a cross be made of 13 counters as in the margin, nine may be 
reckonpd in three ways, i. e., by counting from the bottom 
up to the top of the perpendicular line; from the bottom np 
to the cross anr! then to the right; or from the bottom up tu 
the cross and then to the left. Now take away two of the 
counters and with the others form a cross whicb shall possess 
the same property of counting nine when thus reckoned. 

o 
o 

00000 

o 
o 
o 
o 
o 
o 

23. Seven ont of 21 bottles being fuII of wine, 7 half filII and 1 empty-it is re­
quired to distribute them among 3 persons. so that each may have the 
same quantity of wine and the same number of bottles. 

24. Two travelIel·., one of whom had with him 5 bottles of wine a.nd the other 
3, were joined by a third person, who, after the wine was drunk, left 8 
shillings for his just share of it; how is this to be divided between the 
other two? 

25. A peroon having by accident broken a basket of eggs, offered to pay for 
, them on tbe spot if the owner could tell how many be had; to which he 

re plied that he only knew thero were between 50 and 100, and that when 
he counted them by 2'. and 8'. at a time none remained; but when he 
tounted them by 5 at a time there were 3 remaining; how many eggs 
had he1 
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26. It Is required to find 4 such weights that they weigh any number of pounds 
from 1 to 40. 

27. In the accompanying flgure it is 
required to flll seven out of the 
eight points with counters in the 
following manner, i. e., the count· 

'er has to start from an unocCu­
pied point, pass along the line 
and be deposited at the othor ox-

. tremity. Thus, in commencing, 
the counter may start from any 
point, since aU llre unoccupied, 
starting from 1 the counter may 
be carried eitber to 6 or to 4 and 
tbere deposited, suppose it to be 
depnsitccl at 6. tben tbe next 
coullter may start from any point 
except 6, and so on. 

a 

8~---7L---~----7 

6 5 
28. A hrazen lion, placed in tbe middle of a resprvoir, tbrows ont water from 

its mouth, its eyes and its right foot. Whe-D the water flows from its 
mouth alone, it fills the reservoir in 6 hours; from the right eye it fills it 
in 2 days; from the left eye in 3 days, and from the foot in 4 days. In 
wbat time will the basin be filled by the water flowing from all these 
apertures ot once? 

29. Desire a person to think of any. three nnmbers, each less than 10, and then 
tell him the Dumbers thought of. 

SO. Three me.n, Jones, Brown, and Smith, with their sons Harry, Tom, and 
Ned, had ench a piece of land in the form of a squRre. Jones' piece was 
23 rods longer on each side than Tom'S, and Brown'R piece was 11 rods 
lODger OD each side than Harry's. Each man possessed 68 square rods of 
land more thaD his SOD. Which of the per"oDs were father aDd SOD 
respecti vely? 

31. A sea-captain, on It voyage, had a crew of 30 men, half of whom were hlacks. 
Being becnlmed 0!l the passage for a long time. their prOvisions began to 
fnil, and the CtlptRl1l became satlsfied that. unless the number of men were 
greatly diminished, nIl would peri~b of hunger before they could rench 
aDY friendly port. He therefore proposed to tbe sailors that they should 
stand in a row on deck, amI that e\en~ ninth man should be thrown over­
board, until one-half of the crew were thus destroyed. To this they all 
agreed. How should they stand so as to save the whites? 

32. Direct a p(1lrson to multiply together two numbers, Oll€' of which you select, 
and, unseen by you, to rub ont one of the rligits of the product--it is re­
quired to tell, upon his reading the remaining digits of the product, what 
figure was ruhbed out. 

·33. It is required to write down beforehand the answer to a questioD iD audit.ion 
of a giveD lIumber of lines, you writiDg the second. fourtl, siretl" &c. 
addeDds, snd some other pel'son the intermediate ones.' , 



MATHEMATIOAL TABLES. 

LOGARITHMS OF NUMBERS FROM 1 TO 10,000, WITH 
:OIFFERENCES AND PROPORTIONAL PARTS. 

Numbers from 1 to 100. 

NO.f Log. No. Log. No.1 LOg./No·1 LOg·IN"·i Log. 

I 0·000000 21 1"322219 41 1"612784 61 1·785330 81 1·908485 
2 0·301030 22 1"342423 42 1·623249 62 1·792392 82 1·913814 

3 0-477121 23 1·361728 43 1·638468 63 1°,99841 83 1°919078 
4 0°602060 24 1°3802ll 44 1·643453 64 loS061SO 84 1-924279 

Ii 0°698970 25 1°397940 4.) 1°653213 65 1°812913 85 1°929419 

- --- - --- - --- - --- - ---
6 0°778151 26 1·414973 46 1·662756 66 1°819544 86 1·984498 

7 0°845098 27 1°431364 47 1·672098 67 1°826075 81 1·939519 

8 0·903090 28 1·447158 43 1·681341 68 1·832509 86 1°944433 

9 0°954243 29 1°462898 49 1·690196 69 1°838849 89 1·949390 

10 1°000000 SO 1"477121 60 1"698970 70 1°845098 90 1°954243 

- --- - --- - --- - --- - ---
11 1°041393 31 1°491362 51 1°707570 71 1·851258 91 1"959041 

}2 1°079181 32 1"505100 62 1°716003 72 1°857332 92 1°962788 

13 1-113943 33 10618614 63 1-724276 73 1°868323 93 1°968433 

14 10146128 S4 10631479 64 1°732394 74 1°869282 94 1°973128 

16 10176091 25 1°644068 55 1°740363 75 1·875061 95 1°977724 

- --- - --- - --- - --- - ---
16 10204l2O 36 1°556303 Ii6 1"743188 76 jo880814 96 1098227l 

17 1·230449 S7 1°568202 67 1°755875 77 1-886491 97 1°988772 

18 10255273 38 1-579784 63 1·763423 78 1°892095 98 10991226 

19 10278764 39 1°591065 69 1°770852 79 1°897627 99 10995635 

20 10301030 40 1°602060 60 1°778151 SO 10903090 100 20000000 

381 
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nlN·1 0 I 1 2 3 I 4 :'i I 6 '1 8 9 ID. 
100 000000 000434 000868 001301 001734 002166 002598 003029 003461 00389J 432 

41 1 4321 4751 51S1 5609 6038 6466 6894 7321 7748 8174 428 
83 2 8600 9026 9451 9876 010300 010724 0l1l47 011570 011993 012415 424 

124 3 012387 013259 013680 014100 4521 4940 5360 5779 6197 6616 420 
166 4 -7033 7451 7868 8284 8700 9116 9532 9947 020361 020775 416 
207 5 021189 021603 022016 022428 022841 023252 023664 024075 4466 4896 412 
248 6 5306 5715 6125 6533 6942 7350 7757 8164 8571 8978 40S 
290 7 9384 9789 080195 030600 031004 031408 031812 032216 032619 033021 404 
331 8 033424 033826 4227 4628 5029 541lO 5830 6230 6629 7028 400 
373 9 7426 7825 822S 8620 9017 9414 9811 040207 0406U~ 040998 897 
- - ---------- ----------f--

no 041393 041787 042182 042576 042969 043362 0411755 044148 044540 044932 893 
38 I 5323 5714 6105 6495 6885 7275 7664 8053 S442 8830 390 
76 2 9218 9606 9993 050380 050766 051153 051538 051924 052309 052694 386 

113 3 053078 05.3463 053846 4230 4613 4996 5378 5780 6142 6524 338 
151 4 6905 7286 7666 8046 8426 8805 9185 9568 9942 060320 379 
189 5 060698 061075 061452 061829 062206 062582 062968 063833 063709 4083 376 
227 6 4458 4832 5206 5560 5953 6826 6699 7071 7443 7815 373 
265 7 S1S6 8557 8928 9298 9668 070038 070407 070776 071145 071514 370 
S02 8 071832 072250 072617 072985 073852 3718, 4085 4451 4816 5182 366 
340 9 5547 5912 6276 6640 7004 7368 7731 8094 8451 8319 868 
- - ---- -- -- -------- ----I-

120 079181 079543 079904 080266 080626 0809S7 081347 OS1707 082067 082426 360 
85' I 082785 038144 083503 3861 4219 4576 4934 5291 5647 6004 857 
70 2 6860 6716 7071 7426 7781 8136 8490 8845 9198 9552 855 

104 3 9905 090258 090611 090968 091315 091667 092018 092570 092721 09S071 352 
139 4 093422 ' 3772 4122 4471 4820 5169 551S 5866 6215 6562 349 
174 5 6910 7257 7604 7951 8298 8644 8990 9385 9681 100026 346 
209 6 100371 100715 101059 101403 101747 102091 102434 10'2777 lO3ll9 3462 343 
244 7 3804 4146 4487 4828 5169 5510 ~ml ,191 6531 6671 341 
278 8 7210 7549 7888 8227 8565 8903 9579 9916 110253 338 
313 9 ll0590 110926 lll268 111599 lU934 U2270 U2605 112940 113275 3609 385 
- 1130 ---- -- -- -- ---- ------ -

ll3943 114277 U46U 114944 U5278 115611 115943 116276 U6608 116940 888 
32 1 7271 7603 7934 8265 8595 8926 9256 9586 9915 120245 330 
64 2 120574 120903 121231 121560 121888 122216 122544 122871 125198 3525 32S 
97 3 3852 4178 4504 4830 5156 5481 5306 6131 6456 6781 325 

129 4 7105 7429 7753 8076 8399 8722 9045 9368 9690 130012 323 
161 5 lS0384 130655 130977 131298 131619 131939 132260 132580 132900 3219 321 
193 6 3539 3858 4177 ,4496 4814 5133 5451 5769 6086 6403 318 
225 7 6721 7037 7354 7871 7987 8303 8618 8934 9249 9564 316 
258 8 9879 140194 140508 140822 141136 141450 141783 142076 142389 142702 314 
290 9 145015 3327 3639 3951 4268 4574 4885 5196 5507 581S 3U 
- - ------------------ -

140 146128 146438 146748 147068 147367 147676 147985 148294 148603 148911 S09 
30 1 9219 9527 9835 150142 150449 150756 151063 151870 151676 151982 S07 
60 2 152288 152594 152900 3205 3510 3815 4120 4424 4728 5032 SO~ 
90 3 5336 5640 fi943 6245 6549 6852 7154 7457 7759 8061 S03 

120 4 8362 8684 8965 9266 9567 9868 160168 160469 160769 161068 SOl 
150 5 161368 161657 161967 162266 162564 162868 3161 346t' 8758 4055 299 
180 6 4353 4650 4947 fi244 5541 5838 6134 6430 67'26 7022 297 
210 7 7317 7613 7908 8203 S497 8792 9086 9380 9674 9968 295 
240 8 170262 170555 170848 171141 171434 171726 172019 1723U 172603 172895 293 
270 9 3186 8478 3769 4060 4351 4641 4932 5222 5512 5802 291 - f-- -- -- -- - ---------- --I-150 176091 176381 176670 176959 177248 177536 177825 17S113 178401 178689 2S9 28 I 8977 9264 9552 9839 180126 180413 180699 180986 181272 181558 287 56 2 181S44 182129 lSZ.115 182700 2985 3270 8555 8889 4128 4407 2S5 84 3 4691 4975 5259 554.2 6825 6108 6391 6674 6956 7239 238 112 4 7521 7R03 8084 8366 8647 8928 9209 9490 9771 190051 281, 
140 fi 190332 190612 190892 191171 191451 191730 192010 192289 192567 2646 279 168 6 3125 3403 3681 3959 4237 4514 4792 5069 6846 5623 278 196 7 5900 6176 6453 6729 7005 7281 7556 7S.~2 8107 8382 276 224 8 8657 8932 9206 9481 9755 200029 2OOS03 200577 (00350 201124 274 252 9 201397 201670 201943 202216 202488 2761 3033 3305 3577 384H 272 

t 
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pplN·1 0 11 I 2 I 3 I 4 I ~ I 6 I 7 I 8 I 9 ID·I 
160 204120 204391 204663 204934 205204 2054751205746 206016 206286 206556 271 

26 I 6326 7096 7365 7634 7904 8173 8441 8710 8979 9247 269 
63 2 9515 9783 210051 210319 210586 210853 211121 211388 211654 21I921 267 

. Ib~ ~ 21;ffi 21~ ;~~ ;~ ~~g~ tn~ ~~ ~~~ ~~~~ ~m~: 
132 5 7484 7747 8010 8273 8536 8798 9060 9323 9585 9846 262 
158 6 220108 220370 220631 220892 22Il531221414 221675 221936 222196 222456 261 
134 7 2716 2976 3236 3496 3755 4015 4274 .4533 4792 5051 259 
210 8 5309 5568 5826 6084 6342 6600 6358 71I5 7372 7630 258 
237 9 7887 8144 84UO 8657 8913 9170 9426 9682 9938 230193 256 

-------------------
170 230449 230704 230960 231215 231470

1

231724 231979 232234 232438 232742 254 
25 1 2996 3250 3504 3757 4011 4264 4517 4770 5023 5276 253 
50 2 5528 5781 6083 6285 6537 6789 7041 7292 7544 7795 252 
74 3 6041> 8297 8548 8799 9049 9299 9550 9800 240050 240300 250 
99 4 240549 240799 241048 241297 241546 24179.; 212044 242293 2541 2790 219 

124 5 3038 3286 8534 3782 4030 I 4277 4525 4772 6019 5266 248 
149 6 5513 5759 6006 6252 6499 6745 6991 7237 7482 7728 246 
174 7 7973 8219 8464 8709 8954 9198 9443 9687 9932 250176 245 
198 8125~420 250664 250908 2511M 251395 251638 251881 252125 252368/ 2610 243 
223 9 2853 3096 3838 3580 8322 4U64 43U6 4548 4790 5031 242 
I--t--I--I-- -- -- ---- -- -- -- -- -

180 255273 255514 255755 255996 256237 256477 255718 2569.58 257196 257439 241 
24 I 7679 7918 8158 8898 8687 8877 91I6 9355 95q4 9835 239 
47 2 260071 260310 260548 260787 261025 261263 261501 261739 261976 262214 238 

. 71 3 2451 2688 2925. 3162 3.~99 36R6 3873 4109 4346 4582 237 
94 4 4818 6054 5290 5525 5761 59!)6 6232 6487 6702 6937 235 

118 5 7172 7406 7641 7875 8110 8344 8578 8812 9046 9279 234 
loll 6 9513 9746 9980 270213 270446 270679 270912 271144 271377 271609 233 
165 7 271842 272074 272306 2538 2770 3001 3233 3464 3696 3927 232 
188 8 4158 4389 4620 4850 5081 5311 5542 5772 6002 6232 230 
212 9 6482 6692 6a21 7151 7380 7609 7838 8067 8296 8525 229 

-1m 278754 278982'2792ll279439 279667 279895 280123 280351 28057S 280806 228 . 
22 1 281033 281261 281438 281715 281942 282169 2396 2622 2849 3075 227 
45 2 8301 3527 3753 3979 4205 4431 4656· 4882 5107 53.32 226 
67 3 5557 5782 6007 6232 6456 6681 6905 7130 7854 7578 225 
.89 4 7802 80'26 8249 8473 8696 8920 9143 9366 9589 9812 223 

112 5 290085 290257 290480 290702 290925 291147 291369 291591 291813 292034 222 
134 6 2256 2478 2699 2920 3141 3363 3584 3804 4025 4246 221 
156 7 4468 4687 4907 bl27 5347 5567 5787 6007 6226 6446 220 
178 8 6665 6884 7104 7323 7542 7761 7979 8198 8416 8635 219 
201 9 8853 9071 9289 9507 9725 9943 300161 3U037~ 300595 300813 218 

200 301030 301247 301464 301681 301898 3021I4 302831 302547 302764 [302980 217 
21 I 3196 3412 3628 8344 4059 4275 4491 4706 4921 5136 216 
42 2 5351 5588 5781 5996 621l 6425 6639 6854 7068 7282 215 
64 3 7496 1710 7924 8137 8351 8564 8778 8991 9204 9417 213 
85 4 9630 9843 <\10058 310268 310481 310693 310906 311118 311330 31I542 212 

106 6 311754 311966 2177 2389 2600 2812 3023 82301 3445 3656 211 
12'1 6 38$T 4078 4289 4499 4710 4920 5130 5340 5551 5760 210 
148 ~ 1320~ 61SO 6390 6599 6809 7018 7227 7436 7645 7854 209 
170 8 8272 6451 8689 6398 9106 9314 9522 9730 9938 208 
191 9 3203M S20562 320769 320977 321184 321391 321598 321805 322012 207 

- ·210 322219 322426 322688 322839 323046 823252 323458 328865 328671 324077 206 
20 I 4282 4488 4694 . 4899 5105 5310 5516 5721 5926 6131 205 
40 2 6336 6541 6745 6950 7155 7359 7568 7767 7972 8176 204 
61 3 8360 8583 8787 8991 9194 9398 9601 9805 330008 830211 203 
8l. 4 380414 380617 380819 831022 331225 331427 331630 331832 2034 2236 202 

101 6 2438 2640 2842 3044 3246 3447 3649 8350 4051 4253 202 
121 6 4-lM 4655 4856 5057 5257 5438 5658 5859 6059 6260 201 
141 7 6460 6680 6860 7060 7260 7459 7659 7858 8058 8257 200 
162 8 6456 8656 8855 9054 9253 9·151 9650 9349 340047 340246 199 
182 9 840444 340642 340341 341039 341287 341435 341632 341830 2028 = 198 



384 LOil-ARl'rlIMSo 

PP/No/ 0 1 I 2 I 3 I 4 I :i I 6 I 7 I 8 
1 

9 IDo 
220 342423 342620 342817 343014 343212 343409 343606 343802 343999 344196 197 

19 1 4392 4589 4785 4981 5178 6374 5570 5766 5962 6157 196 
39 2 6353 6549 6744 6939 7135 7330 7525 7720 7915 81I0 195 
68 8 8505 8500 8694 8839 9085 9278 9472 9666 9860 350054 194 
77 4 250248 350442 250685 850829 851028 851216 851410 851603 851796 1989 193 
97 5 2185 2875 2568 2761 2954 3147 3339 8532 3724 3916 193 

116 6 4108 4301 4493 4685 4876 5068 5260 5452 5648 6834 192 
185 7 6026 6217 6408 6099 6790 6981 7172 7363 7554 7744 191 
154 8 7985 8125 8516 8506 8696 8586 9076 9266 9456 9646 190 
174 9 9885 360025 360215 360404 360593 360768 360972 361I61 361350 361539 189 

---- -
230 361728 361917 362105 362294 36248~ 362671 362859 363048 363236 363424 189 

19 I 3612 3800 3988 4176 4363 4551 4739 4926 51I3 6801 188 
37 2 5488 5675 6862 6049 6236 6428 6610 6796 6983 7169 187 
56 8 7856 7542 7729 7915 8101 8287 8473 8659 8845 9030 186 
74 4 9216 9401 9687 9772 9968 370143 370328 370513 370698 370333 185 
93 6 371068 371253 371437 371622 371806 1991 2175 2360 2544 2728 184 

III 6 2912 3096 3280 8484 3647 3331 4015 4198 43S2 4565 184 
130 7 4748 4932 51I5 5298 5481 5664 5846 6029 6"2121 6394 183 
148 8 6577 6759 6942 7124 7806 7488 7670 7852 8034 8216 182 
167 9 8398 85SO 8761 8943 9124 9306 9487 9668 9849 880030 181 
~ -----
240 38021I 360392 360573 880754 380934 381115 881296 381476 381656:881857 181 

18 1 2017 2197 2877 2557 2737 2917 3097 3277 3456: 3636 180 
85 2 3815 3995 4174 4353 45.'l3 4712 4891 5070 52-19' 6428 179 
53 3 5606 5785 5964 6142 6321 6499 6677 6856 7034 7212 178 
71 4 7390 7568 7746 7023 8101 8279 8456 8634 3811 8989 178 
89 5 9166 9343 9520 9&;8 9875 390051 390228 390405 390582 390759 177 

106 6 390985 391112 391288 391464 &11641 1817 1993 2169 2345 2521 176 
124 7 2697 2873 3048 3224 3400 8575 3751 3926 4101 4277 176 
142 8 4452 4627 4802 4977 5152 5326 5501 5676 5850 6025 175 
159 9 6199 6374 6548 67'22 689t. 7071 7245 7419 7592 7766 174 

----
3986341 ~98808 -----

250 397940 3981I4 398237 393461 898981 399164 399328 309601 173 
17 I 9674 9847 400020 400192 4003(;; 4005&> 400711 400883 

·'T~ 
173 

34 2 401401 401573 1745 1917 20&1 2261 2433 2605 2777 2949 172 
51 3 3121 3292 3464 3635 3807 3978 4149 4320 4492 4663 171 
68 4 4834 5U05 5176 5346 5517 5~'\8 5858 6029 6199 6370 171 
85 6 6640 6710 6381 7051 7221 1391 7561 7731 7901 8070 170 

102 6 8240 8410 8579 8749 8918 9087 9251 9426 9595 9764 169 
119 7 9933 410102 410271 410440 410609 410777 410946 411114 411283,411451 159 
136 8 411620 1738 1956 2124 2293 2461 2629 2796 2964 3132 168 
153 9 3300 3467 8685 3803 3970 4137 4305 4472 4639 4805 167 
- - -- -- -- ---- -- -- -------

260 414973 415140 415307 415474 415641 415808 415974 416141 416308 416474 167 
16 1 6641 6807 @73 7139 7306 7472 7638 7804 7970 8185 166 
33 2 8301 . 8467 8638 8798 8964 9129 9295 9480 9626 9791 165 
49 3 9956 420121 420286 420451 420616 420781 420945 421110 421275 421489 165 
66 4 421604 1768 1933 2097 2261 2426 2590 2754 . 2918 3082 164 
82 5 3246 341(; 8574 3737 3901 4065 42'28 4392 4555 4718 164 
98 6 4882 5045 5208 6371 5534 5."97 5380 6023 6186 6349 163 

115 1 6511 6674 6386 6999 7161 7324 7486 7648 7811 7973 162 
131 8 8185 8297 8459 8621 8783 8944 9106 9268 9429 9591 162' 
148 9 9752 9914 480075 430236 430398 4S0M9 430720 430881 431042 431203 161 
- ----- I---

270 481364 431525 431635 481846 482007 432167 432.328 482488 482649 4~2809 161 . 
16 1 2969 8130 3:J90 3450 3610 3770 3930 4090 4249 4409 160 
32 2 4569 4729 4&iS 5048 5207 6867 5526 6685 6844 6004 159 
47 3 616.3 6322 6481 6640 6799 6957 7116 7275 7483 75~2 159 
63 4 7751 7909 8067 1l'l25 8384 8542 8701 8859 9017 9176 158 
79 5 9333 9491 9648 9806 9964 440122 440279 44043, 440594 440752 158 
95 6 440909 441066 441224 4413811441568 1695 1852 2009 ~] 661 2323 157 

111 7 2480 2637 2793 2950 ~l 06 3263 3419 8576 373Z I 3889 157 
126 8 4045 4201 4857 4513 46b'9 .!.<l25 4~1 5137 52931 5149 156 
142 9 6604 5760 5915, 6071 62261 638:i: I 6537 ~692 6346 7003 165 

-



LOG.ARITHlI'Ifl. 385 

~~I 0 11 I 2 13 I 4 I ~ I 6 I ? \ 8 I 9 10 .1 
280 447158 447313 447468' 447623 447778' ·147933' 448U33: 448242 448397144><'552 10.5 

15 I 87U6 8861 9UI5 9170 9324 9478, %13 9787 99H 45OU95 154 

~~ ~ 45~?~~ -I5~~~~ 45~3~~ 45~m '15~~3!45~~~~145m~145ill~ 45Mr~ 1~~~:~ 
61 4 3318 3471 3(j24' 3777 3930 4U82 42351 4387 4540 4692 153 
77 5 4845 4997 51501 5.102 5454 56U6 57.58 5nO 61)62 6214 152 
92 6 6366 6n8 6670 6821 6973 7125 7276 7428 7579 7731 152 

107 7 7332 8033 8184 1'\336 84G7 8638 8789 8940 9091 9242 151 
122 8 9392 9543 9694 9845 9995 4£0146 46U296 4G04<17 460597 460748 151 
~.....: 460898 4£1048 4611981.161348 461·199 1649 179911948 21)98 ~8 150 

290 462398 462548 462697 462847 462997 463146 463296 463445 463594 463744 150 
15 I 3893 4U42 4191 4340 4490 4639 4786 4936 5085 5234 149 
2!J 2 53B3 5532 5680 5829 5977 6126 I 627<1 . 642.3 6571 671~ 14~ 
44 3 6868 7016 7164 7312 7460 7608'1 7756 7904 8052 82UO 148 
59 4 8347 8495 8643 8790 89331 9085 9233 9&gU 9527 9(75 14£ 
7-l 5 9822 9969 470116 470263 4704101470557 470704 470851 470998 471145 H7 
88 Ij {71292 471438 1585 ]7.12 IR78 21)25 2171 2318 2464 261U 146 

103 7 2750 2!)03 3049 ,,1~15 33n MS7 3633 '3779 3925 4071 146 

I m ~ ~m g~~~ ~~r ~~ji ~m ~~~ g~~g ~~~~ ~~ ~~~~: ~ 
- - -- --- ---1--1-- -- -- --1-- -- -

300 477121 477266 4i7411 477555 477700 47,8<14 477989 478133147827~ 478422 14£ 
14 I 8566 8711 8655 8999 9143, 9287 94311 9575 9719 986:l 1<14 
29 2 480U07 480151 48029·1 4S0438·48115K21480725 4811869 4811112,481156\481299 144 
43 3 1443 1586 1729 1872' 21116 2159 2.102 2445· 253B 2731 148 
57 4 2874 3016 3159 ,,3U2 34451' 3587 3730'1 3B72i 411,15 4157 14.3 
72 5 4.300 4<142 4585 4727 4869 5011 5153 5295, 54.37 5579 142 
86 6 5721 5863 6005 6147' 6289 6430 6572 6714 6855 6997 142 

100 7 7138 7280 7421 75~3 7704 7&15 79B6~ 8127 8269 3410 loll 

g~ g g~U 49~~~~ 49~~49~~6:49b~Mi49~~gi 496~5~149f,~lL49ig~I 49\'~~~ :!tI 
-, 310 491362491502 491642 4917821491922 49ii062 492201 4923411492481 492621 '140 

14 I 276U 2900 3040 3179 3319 3458 3597 3737' &~76 41ll:; 139 
28 2 4155 4294 4<1.33 4fi72, 4711 4850 4989 5128, 5267 MU6 139 
41 3 5544 5683 5822 596U 6U99 62&9 6376 6515 i 6653 6791 139 

~~ g ~~r~ ~~"~~ ~;~g §i~ I §~~ §~~5 m~ b~~~ I g~yg ~~~i: ~ 
83 6 9687 9824 9962500099,500236 500374 500511 5006481500785 500922 J:l7 

jib ~ 50~~ 50~~~~ 5°M~~ ~~~~I ~~n m~ 1~~~ ~~gi mJ ~&;), :~~ 
124 9 3791 3927 4063. 4199 4335 4471 4£07 4'i43 I 4878 6UI4 136 

320 505150 505286 500421 1505557 505693 505828 505964 5060991506234 506370 136 
13 I 65U5 6640 6776' 6911 7046 71~1 7316 7451 7586 7721 135 
27 2 78.56 7991 81261 8260 8395\ 8530 8664, 8799 8934 9UGH 1.'l5 
40 3 9203 9337 94711 9606 9740 9874 510U09'510143 510277 510411 134 
54 4 510545 510679 510813 ,10947 511081 511215 1349 1482 1616 1750 134 

~~ g ~~~ ~m ~ ~~ ~~g ~ ~~ !~l~ ~~~ ~~~ m' 
94 7 4548 4681 4813 4946 5U79 5211 6344 5476 6609 5741 ~33 

107 8 5874 60U6 6139

1 

6271 64U3 6535 6668 6800 6932 7064 132) 
121 9 7196 73W 746U _ 7592 7724 7855 7987 8119 8251 8382 ~~ 

,330 518514 518646 518177 518909 519040 519171 019303 519434 519566 519697 131 

~~ ~ 52i~[~ 52i~g~ 52~~~~:52~;~5 52~~~:{152~i~~ 62~8g 52g~~ 52~~~~ 52~~~~ 131 
39 3 2444 2.175 2705 Z'J35 2966' 3096 3226 3356 3486 3616 l~~1 
52 4 374£ 3876 4U06 4136 4266 4.196 4.526 4656 4785 4915 130, 
65 5 50-15 5174 53U'1 "":14 5563 5093 5822 5951 6081 6210 129 
78 6 6339 6469 6598 6727 6856 6985 7114 7243 7372 75UI 129, 
91. 7 7680 7759 7886 SOl6 614.5 82741 8402 8531 8660 8786 129, 

11M 1 8 8917 9045 9174 9302 g-mu 95591 96871 9815 99-13 530072 !~ 
i117 i 9 530200 630328 U30456 6S0534 53U7~ 53U840 53U968 531096 631228 1351 128\ 



386 LOGARITHMS 

PP Nol 0 1 I 2 I 3 I <1 I a I 6 I 7 I 8 I 9 111.1 

13 1 2754 2882 3009 3136 3284 3391 3518 3645 3772 3899 127 
340 531479 531607 531734· 531862 531990 5321171532245 5323721532500 532627 128 

25 2 4026 4153 4280 4407 45:YI 4661 4787 4914 5041 5167 127 
38 3 5294 5421 5547 5674 5800 5927 6053 6180 6306 6432 126 
50 4 6658 6685 6811 6937 7063 7133 7315 7441 7567 7693 126 
63 5 7819 79·j5 8071 8197 332"2 8448 8574 8699 8625 aq51 126 
76 6 9076 92H2 9327 9452 9578 9703 9829 9954 540079 5!OZO! 125 
88 7 540329 540455 540580 540705 540880 540955 541080 541205 1330 H54 12., 

101 8 1579 1704 1829· 1953 2078 2203 2327 2452 2576 2701 125 
113 9 2325 2950 3074 3199 3323 3447 &>71 8696 3320 3944 124 
------------ -----------

350 544068 544192 544316 544440 544564 544688 544812 544936 545060 545183 124 
12 1 5307 &131 55.55 5678 5802 5923 6049 6172 6296 6419 124 
24 2 654.~ 6666 6789 6913 7036 7159 7282 7405 7529 7652 123 
37 3 7775 7898 8021 8144 8267 8389 8512 8635 8758 88S1 123 
49 4 9903 9126 9249 9371 9494 9616 9739 9861 9984 550106 123 
61 5 550228 550351 550473 550595 550717 550840 550962 551084 551206 1328 122 
73 6 1450 1572 1694 1816 1933 2060 2181 2303 2125 2847 122 
85 7 2668 2790 29H 8033 315.5 3276 3398 3519 3640 8762 121 
98 8 3383 4004 4128 4247 ~68 4489 4610 4731 4852 4973 121 

lIO 9 5094 5215 5.336 5457 5578 5699 5820 5940 6061 6182 121 
1------------------------

360 556.~3 556423 55654! 556664 556785 556905 557026 557146 557267 557337 120 
12 1 7507 7627 7748 7868 7088 8108 8'228 8349 8469 8533 120 
24 2 8709 8829 8948 9088 9188 9308 9428 9548 9667 9787 120 
36 3 9907 580026 560146 560265 560335 560504 5606'2-1 5(jQi~ 560863 580982 ll9 
48 4 561101 1221 1340 1459 1578 1698 1817 1936 2055 2174 ll9 
60 5 2'293 2412 2531 ·2650 2769 2887 3006 3125 3244 3362 ll9 
71 6 3<81 3690 3718 3837 3955 4074 4192 4311 4429 4548 119 
83 7 4666 4784 4903 5021 5139 5257 5376 5494 6612 5730 118 
95 8 5848 5966 6084 6202 6320 6437- 6555 6673 6791 6909 llB 

107 9 7025 7144 7282 7379 7497 7614 7782 7849 7967 8084 118 
I-------------~----------

370 568202 568319 568436 568554 568671 588788 568905 569023 569140 569257 117 
12 I 9374 9491 9608 9725 9842 9959 579076 570193 570309 570426 117 
23 2 570543 570660 570776 570893 571010 571128 1~ 1359 1476 1592 117 
35 3 1709 1825 1942 2058 2174 2291 2407 2523 2639 2755 116 
46 4 2872 2988 3104 1.220 33% 3452 3568 8684 3800 3915 116 
58 5 4031 4J.l7 4263 4379 4494 4610 4725 4841 4957 5072 ll6 
70 6 5188 5303 5419 5534 5650 5765 58SO 5996 61l-! 6226 ll5 
81 7 6341 6457 6572 6687 6802 6917 7082 7147 7282 7377 115 
93 8 7492 7607 7722 7836 7951 8966 RI81 8295 8410 8525 115 

1M 9 8639 8754 8868 8988 9097 9212 9826 9441 9555 9669 114 
----------------------1-

380 579784 579898 580012 530126 589241 580855 580469 580583 530697 680811 114 
,ll 1 530925 581039 1153 1257 1331 1495 1608 1722 1836 1950 114 
23 2 2063 2177 2291 2404 2518 2~1 2745 285S 2972 3085 H4 
34 S 8199 1!312 8426 3539 8632 3765 3379 3992 41M 4218 113 
45 4 4331 4444 4557 4670 4783 4896 5009 5122 5235 5848 113 
57 6 5461 5574 66S6 5799 5912 6024 6137 6250 6362 6475 113 
68 6 6687 6790' 6812 5925 7037 7149 7'262 7374 7486 7599 112 
79 7 7711 7823 7935 8047 8160 8272 8384 8496 8608 3720 112 
90 8 8832 89~ 9056 9167 9279 9391 9503, 9615 9726 9S.~$ JJ 2 

102 9 9950 590061 590173590284 590396 590507 5906191590730 590842 599953 H2 

11 
22 
33 
44 
55 
66 
77 
88 
£I) 

390 591065 5911;6 591287 591399 591510 5916'Jl 591732 591843 591955 599066 I II 
I 2177 2288 2399 2510 2621 2732 2843 2954 3064 Sli5 J]] 
2 3' .. " j 3397 3508 3618 3729 3840 3950 4061 417l 4282 J]] 
3 4',\13 450.3 4614 4724, 4S:l4 4945 5055 51651 5376 5386 llO 
4 6496 56U6 5717 6827 5937 6047 6157 6267 6377· 6~S7 llO 

~ ~~b' ~ko; ~l~. ~~~ m~ ~!~ ru:~ U~g! W~ ~~r m 
7. 87~1' 8900 9OU9! 9l19j 9228 9337 9446 9556! 9665 9774 109 
M ~!l83I' 99926901011690210 600319 600428 60053716006461600755 600864 109 
9 60U973 601082 1191 1299 1403 1517 1625 1734 1843 1951 109 



LOGARITHMS. 887 

PP/N./ 0 ! 1 I 2 I 3 I 4 I ~ I 6 I 7 I 8 I 9 In. 
400 602060 602169 602277 602386 602494 602603 602711 602819 602928 603036 108 

11 1 3144 3253 3361 3469 3377 3686 3794 3902 4010 4118 108 
21 2 4226 4334 4442 4550 4658 4766 4874 4982 5089 5197 108 
32 3 5305 5413 5521 5628 5736 5844 5951 6059 6166 6274 108 
43 4 6281 6489 6596 6704 6811 6919 7026 7133 7241 7348 107 
54 5 7455 7562 7669 7777 7834 k991 8098 8205 8312 8419 107 
54 6 8526 8633 8740 8847 8954 9061 9167 9274 9381 9488 107 
75 7 9594 9701 9808 9914 610021 610128 610234 6103H 610447 610554 107 
86 8 610660 6107G7 610873 610979 1086 1192 1298 1405 1511 1617 106 
96 9 1723 1829 1936 2042 2148 2254 2360 2466 2572 2678 106 

- - -- -------- -- --- -- -- -I--
410 612784 612890 612996 613102 613207 613313 613·!l9 613525 613630 613736 106 

11 1 2842 39·17 4053 4159 4264 4370 4475 4581 4u86 4792 106 
21 2 4697 5003 5108 6213 5319 5424 ,5529 5634 5740 5845 105 
32 3 5950 6055 6160 6265 6370 6476 6581 6686 6790 6895 105 
42 4 7000 7105 7210 7315 7420 7525 7629 7734 7839 7943 105 
53 5 8046 8153 8257 8362 8466 8571 8676 8780 8884 8989 105 
63 6 9093 9198 9302 9406 9511 9615 9719 9824 9928 620032 104 
74 7 620136 620240 620344 620446 620552 620656 620760 620864 620968 1072 104 
84 8 !l76 1280 1834 1468 1592 1695 1799 1903 2007 2110 104 
95 9 2214 2318 2421 2525 2623 2732 2835 2939 3043 3146 104 

623456
1
623559 

-I--
420 62.~249 628353 623663 623766 623869 623973 624076 624179 !O3 

10 1 4282 4385 4483 4691 4695 4798 4901 5110. 5107 5210 103 
20 2 5312 5415 5518 5621 5724 5827 5929 6032 6135 6238 103 
31 3 6340 6443 6546 6648 6751 6853 6956 7058 7161 7263 103 
41 4 7366 7468 7571 7673 7775 7878 79SO 8082 8185 8267 102 
51 5 8289 8491 8593 8695 8797 8900 9002 9104 9206 9308 102 
61 6 9410 9512 9613 9715 9817 9919 630021 6S0123 630224 630326 102 
71 7 630428 630530 630631 630733 630835 630936 1038 1139 1241 1342 102 
82 8 1444 1646 1647 1746 1849 1951 2052 2153 2255 2356 101 
92 9 2457 2559 2660 2761 2852 2963 306. 3155 3266 3367 101 

- I--
430 633468 633569 638670 633771 633372 633973 634074 634175 634276 634376 101 

10 1 4477 4678 4679 4779 46SO 4981 5U81 • 5182 5233 5383 101 
20 2 5484 5584 5685 5785 5836 5986 6087 6187 6267 6383 100 
30 3 6468 6588 6683 6789 6889 6989 7089 7189 n90 7390 100 
40 4 7490 7590 7690 7790 7890 7990 8090 8190 8290 8389 100 
50 5 8489 8589 8689 8789 8883 8983 9088 9183 9267 9287 100 
60 6 9486 9586 9686 9785 9885 9984 640084 640183 640233 640282 99 
70 7 640481 640581 640680 640779 640879 640978 1077 1I77 1276 1375 99 
so 8 1474 1573 1672 1771 1871 1970 2069 2168 2267 2366 99 
90 9 2465 2563 2662 2761 2860 2959 3058 3156 3255 3354 99 

- - -- -------- -- -- -- -- -- -
440 54~16~} 643650 843749 648347 843946 644044 644143 644242 644340 98 

10 1 4636 4734 4632 4931 5029 5127 5226 5324 98 
20 2 5422 5521 5619 5717 5815 5913 60Il 6IlO 6208 6306 98 
29 3 6404 6502 6600 6698 6796 6894 6992 7089 7187 7285 98 

39 4 .7383 7461 7579 7676 m4 7872 7969 S067 8165 8262 98 

49 5 8360 8458 8555 8653 8150 8846 8945 9043 9140 9237 97 

59 6 9335 9462 9530 9627 9724 9821 659919 650016 650Il3 650210 97 

69 7 650308 650405 650502 650599 650696 650793 0890 0987 1084 1I81 97 

78 8 1278 1375 1472 1569 1666 1762 1859 1956 2053 2150 97 

88 9 2246 2343 2440 2536 2633 2730 2826 2923 3019 31I6 97 

- - -- -- -- -------- -- -- -- -
460 653213 658309 653405 653502 653598 653695 653791 658883 653984 6540SO 96 

10 1 4177 4273 4369 446.5 4662 4658 4754 4656 4946 5042 96 

19 2 5128 5285 5331 5427 5523 5619 5715 5810 5906 6002 96 

29 3 6098 6194 6290 6286 6432 6577 6673 6769 6864 ti960 96 

38 4 7056 7152 7247 7343 7438 7534 7629 7725 7820 7916 96 

46 5 301I 8107 8202 8298 8393 8468 8584 8679 8774 8870 95 

68 6 8965 9060 9155 9250 9346 9441 9536 9631 9726 9821 95 

67 7 9916 6uUOll 660106 660201 660296 660391 660486 660581 660676 660771 95 

77 8 660865 0960 1055 !l50 1245 1339 1434 1529 1623 1718 95 

86 D 1813 1907 2002 2096 2191 2286 2380 2475 2569 2663 9. - -



388 LOGARITHMS. 

I N.j I I I I I I I ID. pp 0 1 2 3 " Ii 6 ,. 8 9 

460 1662758 662852 662947 663041 663135 663230 663324 663418 663512 663607 94 
9 1 3701 3795 3B39 3983 4078 4172 4266 4360 4454 4548 94 

19 2 4612 4736 4830 4924 5018 5112 5206 5299 5393 5487 94 
28 3 5581 5675 5769 5862 5%6 6050 6143 6237 6331 6424 94 
38 4 6518 6612 6705 67~9 6892 6986 7079 7173 7266 7360 94 
47 5 7-153 7546 7640 7i33 7>126 7920 8013 8106 8199 8293 93 

I 56 G 8386 8479 8572 SG6.') 8759 8852 8945 9038 9131 9224 93 
66 7 ~1317 9410 95U:l 9.596 9689 9782 9875 9967 670060 670153 93 
75 8 670246 670339 67Ut3l 670524 670617 67U71O [670802 670895 0988 1060 93 
85 9 1173 1265 1358 1451 1543 1636 1728 1821 1913 2005 93 

6-'N~316-''''3-- ---- ------
470 6i20aS 672190 672467 6j~60 67::!6.'i2 672744 672836 672929 92 

9 1 3()21 3113 ';i15 1 13~i 3.390 84'2 3574 3666 3758 3850 92 
18 2 .~942 4034 41261 4218 4310 ~214194 45S6 467i 4769 92 
28 3 4-'61 4953 5045 5137 522,» 53~0 5412 5.,03 5595 5687 92 
37 4 5778 5S70 5962 6053 6145 G2:J6 63~" 6419 6511 6602 92 
46 5 6694 6785 6876 6968 7U59 7151 7242 /.333 742i 7516 91 

. 55 6 7607 7698 7789 7881 7~j2 8UG3 8154 8:wi 6336 8427 91 

17! 7 RiilB 8609 8700 3791 8882 8973 !lU6-! 9155 9~46 9337 91 
8 9428 9519 9610 970(1 9791 9.~'32 9973 6"(11)83 680154 680245 91 

\-.:: 9 680336 680426 680517 6806U7 680698 680,89 680879 09701 1060 1151 91 

'4sO ---- ----
681241 681332 681422 681513 681603 6R16ns 681784 6S1874 681964 B--'t.~5.,) 90 

I I~ 1 2145 2235 2326 2416 2506 2;W6 2686 2777 ~67 2957 90 
2 :1047 3137 3227 3317 3407 8497 35$7 3677 3707 3."'57 90 

\27 
3 3947 4037 4127 4217 4397 4396 4486 4576 4666 4756 90 

~ 4 4845 4935 5025 5114 5204 529-1 5&~ 5473 5563 5652 90 
5 5742 5831 5921 6010 6100 6189 6279 6368 6458 6.';47 89 

54 6 6636 6726 6815 6904 6994 7083 7172 7281 7351 7440 89 

I 63 7 7529 7tit8 7707 7i96 7886 7975 8964 8153 8242 6331 89 
72 8 8-t!O ~",!)9 8598 8687 87i6 8865 8953 9U42 9131 9"220 89 

. ql' 9 93U9 9.'):)8 9486 9575 9664 9753 98U 9989 690019 69U107 89 

)---- ----
490 690196 690285 690373 690·W2 690550 690639' 6>10728 690816 690905 690993 89 

I 9 1 1081 1170 1258 1347 1435 15~ 1612 1700 17R9 1877 88 

1 ~~ 2 1965 2053 2142 2230 2318 2406 2494 2583 2671 2759 88 
3 2847 2935 3023 3111 3199 32.'17 3375 8463 3551 3839 88 

:~.) 4 3727 3815 3903 3991 4078 4166 4254 4842 4430 4517 88 
44 5 41i05 4693 4781 4'l68 4956 5044 5131 5219 6307 6394 88 
53 6 54..~2 55b"0 5657 5744 5832 5Hl9 6OU7 6094 61R:! 6269 87 
62 7 6356 6444 6531 6618 67U6 6793 &'50 6968 7U55 7142 87 
70 8 7229 7317 7404 7491 7578 7665 7752 7839 7926 8914 87 
79 9 81011 8138 8275 8362 8449 8535 862"2 8709 8796 8883 87 

---- 8i 500 698970 690057 699144 699231 699317 6994114 699491 699578 69%64 699751 
9 1 9838 9924 7UOU11 700098 700184 700271 i(kl3.~)~ 7L10H-1 ill'IS:H 700617 87 

17 2 700704 700790 0877 0963 1050 1136 1:2:!:] ~f~~ 1 ~~.~~ 1482 86 
26 3 1568 1654 1741 1827 1913 19~)n ~LlSIj 2344 86 
34 4 2-131 2517 2603 2689 2775 2'-'1)1 29-17 

):;;1 10\; 
32\)5 86 

43 5 3291 3.377 3463 &'>19 3635 3;~1 3.'3U7 4065 86 
52 6 4151 4236 4322 4408 4494 4:-,7!! 4(,(i:; 4~!22 81l 
6t1 7 5008 5094 5179 5265 5350 5-131i 5.)~2 511117 :16\(~ 5778 86 
(-if) 8 5864 5949 6035 6120 6206 6~~n G376 lilG~ l)347 6G32 8;') 

77 9 6718 6803 6888 . 6974 7059 7144 7219 7:-:15 7400 7485 85 
---- ---- ~ 510 707570 707655 707740 707826 707911 7U7!l9(i 708081 70$166 70S~,jl 7083.36 

8 'I 8421 8.506 8591 8676 87111 s."';;.1() 89:31 fHH5 9100 9185 35 
17 2 9270 935,') 9440 9524 9i31)9 ~(i!)4 gnU g."'\tj:~ f19-t.s 710033 S5 
25 3 710117 710202 710287 7lo:m 7ln·l;-,6 7Wft-!\1 7101325 ,Will) 7ltl7~4 0879 35 
34 4 0963 1048 1132 1217 1301 J:J85 1470 15;;,t 16:1H 1723 8,1 
42 5 1807 18H2 1976 2U60 214-1 2:!2!) 2:113 2.,97 2481 2566 R4. 
50 6 2650 ~784 2818 2902 2PSli 3U70 :1154 323~ 3.~2.3 34U7 84 
59' 7 3491 3575 3659 37·12 3.'<26 3910 3994 4U78 H62 4246 84 
ti7 8 4330 4414 4497 4581 4665 4749 4833 4916 5000 6084 84 
76 9 6167 6251 5335 5418 6502 6586 6669 6753 5836 6920 84 



LOGARITHMS. 389 

~I 0 I 1 I .. I :1 I 4- :; I 6 
\ 

,. I s I 9 ID. 
1

520 716003 716087 716170 1716254 7163.~7 716·121 716.\04 716.588 716671 716754 83 
8 1 11838 6921 7004 7088 7171 7254 7338 7421 7504 7587 83 

17 2 7671 7754 7837 7920 8003 8086 8169 8253 8336 8419 83 
25 3 8502 8585 8668 87M 8834 8917 9000 9083 9165 924R 83 
83 4 9331 9414 9497 9580 9663 9745 9828 9911 9994 720077 83 
41 6 720159 720242 720325 720407 720490 720573 720655 720738 720821 0903 83 
50 6 0986 1068 1151 1233 1316 1398 1481 1583 1646 1728 82 
58 7 1811 1893 1975 2058 2140 2222 2305 2387 2469 2552 82 
66 8 2634 2716 2798 2881 2963 3045 3127 3209 3~91 3:17-1 82 
75 9 3456 3538 3620 3702 3784 3866 3948 4030 4112 4194 82 

- - --- -- -- -- ---- -- -- -- -- 821 
530 724276 7243.\8 '/24440 724522 724604 724685 7247G7 724849 724.Q31 725013 

8 1 :iQ93 5176 5238 ,\340 5422 5.)03 55:-\5 5667 57-18 5>!30 82
1 

16 2 5912 5993 6075 6156 6238 632U 64Ul 6483 6564 6646 82 
24 3 6727 6809 6890 6972 7053 7134 7216 7297 7379 7460 81 
32 4 7541 7623 77u4 778-\ 7866 794S SU"9 8110 8191 8273 81 
41 5 8354

1

8
4.3.1 

B516 8597 8678 S7S!) 8SH 8922 9003 9084 81 
49 6 91U5 9246 9327 9408 9489 9570 96.')1 9732 9813 9893 81 
57 7 9974 730055 730136 730217 73029B 730378 730.59 730.HO 730621 730702 81 
65 8 7307»2 U863 0944 1(124 1I05 lIS6 12Gfi 1347 1428 ISOH 81 
73 9 1589 1669 1750 1830 1911 1991 2072 2152 223:l 2a13 81 

----
5,w 7:l2.39;1 732474 732555 7:12635 732715 732706 732b76 7.32956 73:1037 733117 80 

8 1 3197 327R 3358 3431:! 3518 &;98 3679 8759 38.~9 39JU 80 
16 2 3999 4079 4160 4240 4330 4400 448U 4560 4640 4720 80 
24 3 4HOOj 4880 4960 SO·;O 5120 5200 5279 5359 54.~9 5519 80 
32 4 5599 5679 5759 58-38 5918 5998 6078 6157 6237 6317 80 
40 5 6397 6476 GfJ56 66:~1 6715 6795 6874 695,1 7034 7113 80 
48 6 7193 7272 7352 7431 7SlI 75YO 7670 7749 7829 7908 79 
b6 7 7987 !)o67 8146 8225 8305 8384 8463 8548 8622 8701 79 
64 B 8781 8360 8!l::19 9018 9097 9177 92M 9335 9414 9493 79 

I~ 
9 9572 9651 97:!1 9810 9889 9968 740047 740126 740:305 740284 79 

550 740363 74()442 7-10.;21 74(16UO 740678 740757 7408.% 74091.\ 74099·; 741073 79 
I 1152 12.10 J:ma ]3.')8 1467 1546 1624 1703 1782 1860 79 

16 2 1939 2018 21196 217[, 2254 2&~2 2411 2489 2568 2647 70 

I~ 
3 2725 2804 28112 ~961 30.~9 B1I8 3196 3275 3353 3431 78 
4 3510 3588 3667 3745 ~23 3902 3980 4058 4136 4215 78 
5 4293 4:171 4449 4528 46U6 4684 . 4762 4340 4919 4997 78 

47 6 507.5 615:1 5231 5309 53/i'i' 5465 5543 5621 5699 5777 78 
55 7 51155 593:! 6011 6089 6167 6245 6323 6401 6479 6556 78 
62 8 6634 6712 6790 6863 69-15 7023 nOI 7179 7256 733~ 78 

I~ 9 7412 7489 7567 7645 7722 700U 7b78 7955 8033 SilO 78 

560 748188 748266 748343 743421 748498 748576 748653 748731 748808 7483S5 77 
8 I 8963 91140 gliB 9195 9272 9350 9427 9504 9582 9659 77 

15 2 9736 9~14 9891 9968 7500'1\ 750123 750200 750277 750354 750431 77 
23 3 750508 750.\86 750663 750740 0817 OS!)-! 0971 1048 1125 1202 77 
31 4 1279 1356 1433 1510 1587 16(j4 lUI 1818 1895 1972 77 
39 5 2048 2125 2202 2279 2356 2433 2509 2586 2663 2740 77 
46 6 2816 2893 2970 3047 312.3 :1200 3277 3353 3480 3506 77 
5-l 7 3583 3660 3736 &~13 3t~S[) 3966 4042 4119 4195 4272 77 
62 8 4348 4425 4501 4578 4654 ·1730 4807 4883 4960 5036 76 
69 9 5112 5189 5265 0341 5417 5494 5570 5645 5722 5799 76 

-- - ---- -- -- --- ------------
570 755875 755951 756027 756103 756180 756256 756332 756408 756484 756560 76 

8 1 6636 6712 6788 6>\64 6940 7016 7092 7168 7244 7320 76 
IS 2 7396 7472 7548 7624 7700 7775 7851 7927 8003 8079 76 
23 3 8155 8230 8306 1!382 8458 8538 8609 8685 8761 8836 76 
30 4 8912 8988 9063 9139 9214 9~ao ~366 9441 9517 9592 76 
68 5 9668 9748 9819 9894 9970 76U045 760121 760196 760272 760347 75 
46 6 760422 760498 760573 760649 760724 0799 0875 U950 1025 1101 75 
53 7 1176 1251 1326 1402 1477 1552 1627 1702 1778 1853 75 
611 8 1928 2003 2078 2153 2223 2303 2378 2453 2529 2604 75 

68/ 9 2679 2754 2829 2904 2978 3053 3128 3203 3278 3353 75 



390 LOGARITHMS. 

Ippl N·I 0 I 1 I 2 I 3 I 4 I a I 6 I 7 I 8 I 9 I D. 

580 763423\76350376357817636537637271763802'763877117639527640271764101 75 
7 I 4176 4251 4326' 4400 4475 4550 4624 4699 4774 4848 75 

15 2 4923 4~98 5072 5147 5221 5296 5370 544,5 5520 5594 75 
22 3 5669 5743 5S18 5892 5966 6041 61151 6190 6264 6338 74 
.,0 4 6413 6487 6562 6M6 6710 6785 6359 6933 7U07 7082 74 
37 5 7156 7230 7804 7379 7453 7527 7601 7675 7749 7823 74 
.;4 6 7898 7972 8046 8120 8194 8268 8342 8416 8490 3564 74 
52 7 8638 8712 8786 8860 8934 9008 9U821 9156 9230 93U3 74 
59 8 9377 9451 952.5 9599 9673 9746 9020 9894 9968 77U042 74 
67 9 770115 77U189 770263 770336 77U41U 77U484 7705571770631 770705 0778 74 

----: 590 770352770926 770999 771073 771146 771220 771293
1
771367 771440 771514 74 

7 1 1587 1661 1/34 1808 II>SI 1955 2l12~1' 2102 2175 2243 73 
15 2 2322 2395 246B 2542 2615 2683 2702 2835 2908 2HSl 73 
22 3 3055 3128 3201 3274 33el8 3421 3.(9el 3567 36JO 3713 73 

~~ ~ ~~~ ~~g ~~~ !~~g :g6~ !l~~ j~~~ i ~i~ ir~~ tm ~~ 
44 6 52<16 5319 5392 5465 5538 5610 5G83 1 5756 582~1 591)2 73 
51 7 5974 6047 JH20 6193 6265 633S 6elll1 64S3 6"56 61iO:>1 73 
58 8 6701 6774 6&16 6919 6992 7UG. 71:17 7209 nS2j 7.'l.;~j 73 
66 9 7427 7499 7572 7644 7717 7iS!) 7S()~ 7~34 BUUti 8U,0 72 
-----------------------

600 778151 778224 778296 778.368 778ftl 77851.3177K~S0 I 7i,~6.5S 778730 7"7S,"-!):? 72 
7 1 8874 8947 9019 son 9163 92,% H3!)::'1 !:!:3.':'O O-l.')~! 0.'12-1 72 

M ~ ;s5~i~ 785~ 785I~i 7S~~~~ 7s8~~ 7s0~~~' 7Sg~~~ 178~~~i 7S~;~~ I it'3~j~ g 
29 4 1037 1109 llSI 1253 1324 1396 1468 1540 1612 16S4 72 
36 5 1755 1827 1899 1971 2u42 2114 21Sfi ~~'k') ~;)2~1 :?.JUI 72 
43 6 2473 2541 2616 2l1SS 27:j9 ~"~l 29U2 2974 :5lJ-!G j117 72 
50 7 3189 3260 3332 3403 3475 3t»G 361S 3689 37tH 0S:'~ 71 
58 8 3904 3975 4046 4118 4189 4261 43.:32 4JU3 4-!75 ·1;'jc1ci 71 
65 9 4617 4.689 4760 4831 4902 4.97-1 5U45 5116 51;:>7 5:!5~J 71 

- 610 785330 785401 785'172 78.55-.J:3 78.5615 78ijGSG 7S57[j717~:32S ;:S;~ I 7t\"i~)i\) ----n:-
1 6041 6112 6183 6254 632:> 63961 BIh71 6533 G(jO~1 Gh:-:.!J 71 

1<1 2 6751 ti..~2 Gs.l).~ LNG 1 70'}.,) 71001 7177 7.240 7-:l1t) 7.'lllll 71 
21 3 H6U 7531 7uOj 7G7S 77 H 7815 78S-;"j 7Ci5\) tl)27 t'llL)-., 7l 
28 4 81GS 8239 S:HO 83-S1 ti-!51 8.5~2 &/13 Slild 87)41 8"~1-J 71 
3(j 5 8S75 8916 9U16 9U::;7 9157 9228 92!J9 93L.9 fH to fnUI 71 
43 6 9581 9651l 9722 979~ 0~G3 ~i9')3 7~)UUUlI7!JlJlln 7901t-.-t 79lUb 7U 
.50 7 790285 7903~6 790126 7904% 700567 790tHi 0707 077S Ost:-; 091:-; 70 
57 8 O~8S 1059 1129 1199 12(j9 1340 1-1:10 l-!SO 1:)')(l 11.)20 70 
64 • 9 1691 1761 1831 1901 Hill 2an 2111 2181 2252 2 D2 70 

- - -- -- -- --- --- --- --- --- --- --- -
620 792..'-\92 792·162 792532 792602 792672 792H2 792812 7928S2 7929.')2 70302~ 70 

7 I 30[12 3162 3231 3301 3371 3441 3511 35S1 36.;1 3721 70 
14 2 3790 3860 3U30 {OOO 4070 4139 420D 4279 4349 4418 70 
21 3 4-1SS 4558 4627 4697 4767 4S:l6 49U6 4!176 5045 5115 711 
28 <1 5185 5254 5324 .5393 6463 5532 .5602 5672 5;-·n 5811 70 
35 5 5880 5949 6019 6088 6L5S 6227 6297 6366 6436 65Ll5" 09 

. ,12 6· 6574 6644 6713 6782 6852 6921 Gflno 70110 71~9 71HS n~) 
49 7 7268 7337 7'106 7475 7545 7614 7683 7752 7"211 7~~1I1 ml 
56 s 7960 8029 8098. 8167 823G 8:305 SST -1 8.143 8.)13 85.')2 G$l 
63 9 8651 8720 8789 8858 8927 8996 9U6.5 9134 9203 9272 69 

- 630 799341 799409 799473 ·799547 799616 7991k~ 7fl975·!, 7!1!)8::!,1170SlE\~~ 7!Hl!lfil 69 
7 I 8U0029 8UU098 80U167 8U0236 800305 80U373 8UUH21800511 80U';80 1"006·[,, 69 

14 2 0717 0786 U854 0923 U992 1061 H20 1198 12,,6 13:<' 69 
21 3 1404 1472 1541' 16U9 1678 17-.17 IS15 18~·t 19r)~ 2021 69 
28 4 2089 2158 2226 2295 2368 2432 25UO 2568 21;:\7 270.1 69 
35 5 2774 2842 2910 2979 3047 3116 31&! 3Z52 3321 3&'<9 68 
41 6 3457 3525 3594 3662 3730 3798 3867 3D35 4003 4071 68 
48 7 4139 4208 4276 4344 4412 4480 45<18 46l1i 46,% 4753 68 
55 8 4821 4889 4957 50251 5093 6161 5229 5297\ 53fi51 543.~ 6~ 
62 9 5501 5569 5687 57U5 6773 5841 5908 5976 6U441 611Z 68 

• 1 



LOGARITHMS. 391 

pplN·l 0 I 1 I 2 I 3 I 4 I :J 
1 

6 I " I :"I I 9 In. 
'G40 B06180 B06248 B0631 6 B06384 B06451 B06519 B06587 i 806655 B06723 806790 . &~ 

7 1 6858 6926 699 " 7061 7129 7197 7264 7332 74UO 7467 63 
III 2 7535 7603 7670 7738 7806 7873 7941 B008 8U76 8143 68 
20 3 82!l 8279 6846 8414 8481 8549 8616 8684 8751 8618 67 
27 4 8686 8953 9021 9088 9156 9223 929fJ 9358 9425 9492 67 
34 5 9560 9627 9694 9762 9829 9896 9964 8lUfJ:n SlUU9S 810165 67 
40 6 810233 810300 810887 810434 810501 810569 810636 0703 0770 0887 67 
47· 7 0904 0971 1039 !l06 ll73 1240 13U7 1374 1441 1508 67 
64 8 1575 1642 1709 1776 1843 1910 1977 2044 2111 2178 67 
60 9 2245 2312 2379 2445 2512 2579 2646 2713 2780 2847 67 -- ----

650 812913 812980 813047 813114 813181 813247 813314 813:liIl 812448 813514 67 
7 1 3.581 3648 3714 3781 3848 3914 3981 4018 :~~ 

4181 67 
13 2 4248 4314 4&51 4447 4514 45.':11 4647 4714 4847 67 
20 3 4913 4980 5U46 511S 5179 5246 5312 5378 6445 551l 66 
26 4 6578 5644 5711 5777 58!.3 5910 597ti 6042 6lO9 6175 66 
33 6 6241 6308 6374 6140 65U6 6573 6639 6itJ5 6771 6838 66 
40 6 6904 6970 7036 7102 7169 7235 nUl 7367 7433 7499 66 
46 7 7565 7631 7698 7764 7830 7,~9tj 7962 8028 8094 8160 66 
68 8 8226 8292 8358 8424 8490 3556 8622 8688 8754 8820 66 
59 ~ 8885 8951 9017 9U83 91-19 9215 92;;1 9346 9412 9478 66 

660 819544 819610 819676 819741 819S07 819873 Rl99:l9 iJ2UIl04 820070,820136 66 
7 I 820201 820267 8203:l:l 820399 82jl464 :-;'20:>::lU S2U:JP5 O(jfil 0727 0792 66 

13 2 0358 0924 0989 1055 ll:W 1186 1251 l:m 1382 (448 66 
20 3 1514 1519 1645 171U 1775 1841 19U6 19i2 2U.37 2103 65 
26 4 2168 2233 2299 2.364 2430 2495 2560 2626 2691 2756 65 
33 5 2822 2887 2952 3018 30.sa 3148 321.1 3279 3.344 3409 65 
39 6 3474 3539 :l61)5 8670 3735 381)0 386G 3~1:30 mm6 4061 65 
46 7 4126 4191 42.56 4321 4.>% 41tH 45lti 4581 4646 4711 65 
52 8 4776 4841 4906 4971 5036 5101 5166 5z:n 52!=11j 5361 65 
59 9 5426 5491 5556 5621 6686 5751 5815 588U 5945 6010 65 

- - -- ---- -- -- -- -- -- --f-
1'70 826075 826140 826204 826269 826!l.34 826399 826464 826.'i28 826593 82&658 65 

6 1 6723 6787 6852 6917 69~1 '1'046 7111 7175 7240 7305 65 
13 2 7369 7434 7499 756.3 7628 7692 77,;7 7H21 7H86 7951 65 
19 3 81115 B080 81+1 8:]<)9 8273 8338 84HZ 8467 8531 85905 64 
26 4 &i60 8724 8789 8853 8918 8982 90·16 9111 9175 9239 64 
32 6 9304 9368 9432 9497 9561 9625 9690 9754 9818 9&82 64 

38 6 9947 8301111 83<m75 830139 880204 830263 8303:l2 330396 330460 18.3U525 64 
45 7 330589 065,3 0717 0781 0845 0909 0973 1037 1102 1166 64 
51 8 1230 1294 13.13 1422 1488 W50 1614 1678 1742 lB06 64 
58 9 1870 W34 1998 2062 _ 212~, ~q I __ 22S~: __ ~.~~~: _ 2:~~ i-~ 64 

- ---- f-
680 832509 I 8.3:Y173 8.121;37 83Z700 832764 8.'l2.'l28 832!l92 332956' 833020 833083 6~ 

6 I 3147/ 32Il 3275 3338 3402 3466 3.530 3593 3557 3721 6·! 
13 2 3784 3848 3912 3975 . 4039 4103 4166 4230 4294 4357 64 
19 3 4421 4484 4548 46!l 4675 4739 4802 4366 4929 4993 64 
25 4 6056 6120 6183 5247 6810 Po~ 6437 MUO 6564 5627 83 
32 5 6691 5754 5817 5881 6944 6071 6134 6197 6261 63 
58 6 6324 6387 6451 6514 6577 6641 6704 6767 6830 6894 83 
44 7 6957 7020 7083 7146 7210 7273 7336 7399 7462 7525 63 
50 8 7588 7652 7715 7778 7841 7904 7967 80.30 8093 8156 63 
57 9 8219 8282 8345 3408 8471 3534 3597 8660 8723 8786 ~I - -

690 838849 838912 838975 839088 839101 839164 889227 839289 839:152 83!Hl!i 63 
6 1 9478 9541 9604 9667 9729 9792 9355 9918 9981 8401143 6:l 

13 2 840106 840169 840232 340294 840357 840420 840182 840545 840608 0671 63 
19 8 0733 0796 0359 0921 0984 1046 !l09 1172 1234 1297 63 
:l5 4 1359 1422 1486 1547 1610 1672 1735 1797 1360 1922 63 
3Z 6 1935 2047 2110 2172 2235 2297 2360 2422 2484 2547 62 

~ 6 2609 267:! 2734 2796 2859 2921 2933 3046 3108 8170 62 

" 7 S233 3295 8357 8420 8482 3544 3606 3669 8731 8793 62 .. 8 S866 8918 8980 4042 4104 4166 4229 4291 4353 4415 62 

• 9 4471 4689 4601 4664 4726 4788 4850 4912 4914 5036 62 

.... -



392 LOGARITHMS. 

PpIN·1 0 11 I ~ I 3 1 4 I a I 6 I 7 I s I 9 ID.1 
700 845098 845160 1845222 845284 845346 845408 845470 '845532 845594 845656 62 

6 I 5718 57SU 5842 5904 5%6 6028 6090 6151 6213 6275 62 
12 2 6337 <'399 6461 6523 6585 6646 6708 6770 6832 _4 62 
19 S 6955 7017 7079 7141 7202 7264 7326 7388 7449 7511 62 
25 4 7573 7634 76(16 7758 7819 7881 7948 SU04 SU66 8128 62 
31 5 8189 8251 l%12 8374 8485 8497 8559 8620 8682 8743 62 
37 6 8805 8866 8928 8989 9051 9112 9174 9235 9297 9858 61 
43 7 9419 9481 9542 9604 9665 9726 9788 9349 9911 9972 61 
50 8 850033 850095 851)1';6 850217 851)2791850340 850401 850462 850524 850585 61 
56 9 0646 0707 0709 0830 0891 0952 10141 1075 1136 1197 ~ 

710 851258 851320 851381 851<42 851fi031851564 8516251851686 851747,851SU9 61 

Ig ! ~~ ~m ~~~ ~~~~ m~ i ~m ~ 1 ~~6? i4~~ ~im ~i 
18 3 3090 3150 3211 3272 3883 3394 3455 8516 3577 3637 61 
24 4 3698 3759 3820 3881 3941 4002 4060 4124 4185 4245 61 
31 5 4306 4367 442S 4488 45-19 4610 4670 4731 4792 4852 61 
37 6 4913 4974 5034 5095 5156 5216 5277 5337 5398 5459 61 
43 7 5519 5580 51>10 5701 5761 5822 SS'l2 5943 6003 6064 61 
49 8 6124 6185 6245 63116 6.%6 ,,427 64S7 65-18 6608 6668 60 
55 9 6729 6789 6850 6910 6970 7U31 70n 7152 7212 7272 60 

720 857332857393857453 857513 857574 857[;04 857694.85775., 857815 857875 60 

J ~. ~t~ ~g? ~~~ ~m m~ ill~ [20Ii ~t~~ ~m &j?~l ~~ 
18 3 9138 9193 9258 9318 9379 9439 ~lH19 I 95.)9' %HI 9679 60 
2-1 . 4 9739 9799 9859 9918 9978 860ll:1S ~6IJ[l0' 18601.5'3' 86021S 860278 60 
30 5 860338 860398 86U458186051S 860578 1)637 '),m· 07571 OS17 08771 60 
36 6 0937 0996 1056 III 6 1176

1 
1236 12elS: 13.;51 14151 1475 60 

42 7 In:!.! 1f)9-J. lI.:..').t, lil-l! 1773 IR~~:3 1"~13' 10.5~ :2012 207:2. 60 
,I::) ti 21:H· ;!.J91 2:!5l[ ~:HI) :2::-;-u ~!';Il ~~,'I :?~l-:~)' ::;;'1"': :?';t;~'1 I~n 
54 9 2728 2787 2847 2906 2966 3025 3110Ji olH 3cu4 :Lliv' tiO 

1- 730 863323 888382 863442 868501 868561 863620 8636'01863739 863799 86386B 59 
1~ ~ ~m m6 :~~ !~~~. m~ !iM !i[;i I ~~~~ !~~~ ~1~ ~§ 
18 8 5104 5163 5222 5282 5341 5400 5-1;;91 5519 5578 56:17 59 
24 4 5696 5755 5814 SSN 5933 5992 6051 6110 6169 6,28 59 
30 5 6287 6346 6-105 6465 65::!-! 6583 6642 67Ul GiGll 6S19 59 
35 6 6878 6937 6996 7055 7114 7173 72321 7:!91 n,,)ll 7 -tort ,')9 
41 7 1467 7526 75S5 76·14 nos 7762 7S21 78:".0,1 7~139 79f1~ 59 
47 8 8056 SIl5 8174 82.~ 8~f12 8350 8-4-09 8-!(),S ~)271 8,'l,SG 59 
SS 9 8644 8703 8762 8821 8S79 8938 8997 gUS61 9114 9173 59 

740 869232869290869349869408 86946G.869525 869SS4 869CH:l Sn""OI ,8G9760 ~ 
5 I 9818 9877 9985 9994 870U53'S70111'IS7U170 87022S,8,U2'T 870345 59 

12 2 870404 870462 870521 87[)'379 0638 OG9G U755 OSI31 (1.'72. (19:111 58 
17 3 0989 10·17 1106. 1164 1223 1281 1339 1:3981 1<,)6. 1515 58 
23 4 1573 1631 1690 1748 180G IBM 19:2.~ 1981 21)40; 2098 53 
29 5 2156 2215 2273 23.~1 2.3,<;9 24-18 2.')06 25tH 2{i~2i 2681 58 
35 6 2739 2797 2855 2913 2972 3030 3088 31·16 3204' 3262 58 
41 7 3321 8879 3437 3495 3.'\53 3611 3669 3727 378513s,g 58 
46 8 3902 3960 4018 4076 4B4 4192 4250 4308 4366 4424 58 
52 9 4432 4540 4598 4656 4714 4772 4830 488S 4945 5003 58 

- 750 875061 875119 f>15177 875235 875293 875351 875409 875466 875524 875582 58 
6 I 5640 5698 5756 5813 5871 59291 5987 6046 6102 6160 58 

12 2 6218 6276 6333 6391 1).l4S 6507 6564 6622 66SU. 6737 58 
17 3 6795 6853 ~ 6910 6968 70261 7083 7141 7199 72.56' 7314 58 

~~ : ~~~} ~j~~ I ~~ m~ ~~~ I ~~ ~~~~ m~, ~~r ru~ ~ 
85 6 85221 857918637 8694 8752\ 8809 8866 8924 8981 9039 57 
41 7 90961 9153 9211 9268 9325 9383' 9440 9497 9555 9612 57 
46 8 9669 9726 9784 9841 9898 99561880013 88007018301271880185 57 
52 9 880242 880299 880856 880413 880471 880528 0585 o~ 06991 0755 57 



LOGARITHMS. 393 

I~ N·I 0 11 1 ~ I 3 I 4 I s I 6 I 7 I s I 9 J D. 

176018808141880871 880928 88O~8S 881042 8810~9 881156 881213 881271 881328 67 
6 1 1385 1442 1499 1556 1613 1670 1727 1784 1841 1898 57 

11 2 1956 2012 2069 2126 2188 2240 2297 2354 Ull 2468 57 
17 3 2525 2581 2638 2695 2752 2809 2866 2923 2980 3037 57 
23 4 3093 3150 3207 3264 3321 3377 3434 3491 3548 3605 .~7 
29 5 3661 3718 3775 3332 3888 3915 4002 4059 4115 4172 57 
34 6 4229 4285 4342 4399 4455 4512 4569 4625 4682 ' 4739 57 
40 7 4795 4352 4909 '4965 5022 5078 5135 5192 5243 530b 57 
46 8 5361 5418 5474 5531 5587 5644 5700 5757 581.~ 5~70 57 
61 9 5926 5983 6039 6096 6152 6209 6265 6321 6378 6434 56 
'- - ---- ---- -- --

8868291ii86s85 
---- -

770 886491 886547 886604 886660 886716 886773 886942 886998 56 
6 1 7054 7111 7167 7223 7280 7366 7392 7449 7505 7561 .~6 

11 2 7617 7674 7730 7786 7842 7898 7955 8011 8067 8123 56 
17 3 8179 8236 8292 3348 8404 8460 8516 8573 8629 8685 .~6 
22 4 8741 8797 3853 8909 8965 9021 9fJ77 9134 9190 9246 56 
28 5 9302 9358 9414 9470 9526 9582 9638 969·l 9750 9806 56 
34 6 9862 9918 9974 890030 890086 890141 890197 890253 890309 890365 56 
39 7 890421 890477 890533 0589 0645 0700 0756 0812 0868 0924 56 
45 8 0980 1035 1091 1I47 1203 1259 13H 1370 1426 14R2 56 
50 ,9 1537 1593 1649 1705 1760 1816 1872 1928 1983 2039 56 

1-
892206 1892262 780 892095 892150 892317 892373 892429 892484 892540 892595 fiG 

6 I 2651 2707 2762 2818 2873 2929 2!185 3040 3ml6 3151 56 
11 2 3207 3262 3318 3373 3429 3484 3540 3.,95 3651 3706 56 
17 3 3762 3317 3373 3928 3984 4039 4094 41501 4205 4261 5.-) 
22 4 4316 4371 4427 4482 4538 4593 4648 4704

1 

47.,9 4814 5;') 
27 5 4870 4925 4980 5036 5091 5146 5Wl 5257 5312 5367 55 
33 6 5423 5478 5533 5588 5644 5699 5754 

58091 5864 
5920 5,,) 

33 7 5975 6030 '6085 1 6140 6195 6251 6306 6361 6416 6471 55 
44 8 6526 6581 66361 6692 6747 6802 6857 6912 6967 702~ 55 
-u n 71171 7132 7187. 7242 7297 7352 7407 7462 7517 7572 .55 

-- ---'--
790 897627 897682 8977371897792 897847 897902 897957 898012

1

898067 898122 55 
5 1 8176 8231 8286 8341 8396 8451 8506 8561 8615 8670 55 

1I 2 8725 8780 8835 8890 8944 8999 9054 9109 9164 9218 55 
17 3 9273 9328 9383 9437 9492 9M7 9602 9656 97ll D71l6 55 
22 4 9821 9875 9930 9985 900039 900094 900149 900203.900258 900312 55 
27 5 900367 900422 900476

1

900531 0586 Oo,JQ 0695 07491 0804 0859 55 
33 6 0913 0968 1022 ,IOn 1I31 1186 1240 l~1~! ~~t~ 141H 55 
88 7 1458 1513 1567 1622 1676 1731 1785 1948 M 
44 8 2003 2057 21121 2106 2221 2275 2329 2:384! 2138 2492 54 
49 9 2547 2601 2655 2710 2764 2818 2873 ~9~7' 2981 3036 54 

----
903470 i 903524 800 903090 903144 903199 903253 908307 903361 903416 9O:l578 54 

5 I 3633 B687 3741 3795 3849 3904 3958 4012 4066 4120 54 

IU 2 4174 4229 4283 4337 4391 4445 4499 4553 1 4607 4661 54 
3 4716 4770 4824 4878 4932 4,986 5040 50941 5148 5202 54 

22 4 5256 5310 5364 5418 5.172 5526 5580 5634 5688 5742 54 
27 5 5796 5850 5904 5958 6012 6066 6119 6173 6227 6281 54 
32 6 6385 6389 

=1 ro~ 6551 660·j 6658 6712 6766 6820 54 
38 7 6874 6927 7089 7113 7196 7250 7304 7358 54 
43 8 7411 7465 7519; 7573 7626 7680 7734 7787 7841 7895 54 
49 9 7949 8002 80561 8110 8163 ~217 8270 8324 8378 8431 54 

----
810 U08435 908539 90~mI90~t~ 908699 908753 908807 908860 908914 908967 54 

5 1 9021 9074 9235 9289 9342 9396 9449 9503 54 
11 2 9556 9610 9663 9716 9770 9823 9877 9930 998·j 910037 53 
16 3 910091 910144 91~n;91&r~ 910304 910,358 910411 910464 910518 0571 53 
21 4 0624 0678 0S:i8 0891 0944 0998 105l 1104 53 
27 5 U58 12U 'WI m, 

1871 1424 1477 1530 1584 1637 5~ 

32 6 1690 1743 1797 1850 1903 1956 2009 2063 2116 2169 53 
37 7 2222 2275 2328 2881 2435 2488 2541 2594 2647 2700 53 
42 8 2758 2806 2859 2913 2966 3019 3072 3125 3178 3231 53 
48 9 3284 3337 3390 3443 ' 3496 3649 3802 3655 3708 3761 );3 



894 LOGARITHMS. 

PplN./ (} I 1 I 2 I 3 I 4 I 5 I 6 I ,. I 8 I 9 In·1 
820 918314 913867 913920

1

913973i9140'26/91.ro79 9141321914184 914237[914290 53 
5 1 4343 4396 4449 4502 4555 4608 4660- 4713 4766 4819 53 

11 2 4872 4925 4977 5030 5083 5136 5189 5241 5294 5347 53 
16 3 5400 5-153 5505 5558 5611 5664 5716 5769 5822 5875 53 
21 4 5927 5930 6033 6085 6183 6191 6243 6296 6349 6.rol 53 
'Zl 5 6454 6507 6559 6612 6664 6717 6770 6822 6875 69'Zl 53 
32 6 .6980 7033 7085 7183 7190 7243 7295 7348 7.roQ 7453 53 

_ 37 7 7506 7558 7611 7663 7716 7766 7820 7873 7925 7978 52 
42 g 8030 8033 8135 8188 8240 8293 8345 8397 8450 8502 52 
48 9 8555 8607 8659 8712 8764 8316 8869 8921 8973 9026 52 

- ~ -- -- -------- -- ---- --I-
830 919078 919130 91918319192.35 919297 919340 919392 919444 919496 919549 52 

5 1 9601 925~~ 9706 9758 9810 9862 9914 9987 920019 9~ora 52 
10 2 920123 920228 920280 920332 920834 920436 920489 0541 52 
16 3 0645 0697 0749 0801 0853 0906 0958 1010 1062 1114 52 
21 4 1166 1218 1270 1322 1374 1426 1478 1580 1582 1834 52 
26 5 1636 1733 1790 1842 1894 1946 1998 2050 2102 -2154 52 
31 6 2206 2258 2810 2862 2414 2466 2518 2570 2622 2674 52 
36 7 2725 2777 2829 ZSSl . 2933 2985 3037 3089 31.ro 319'2 52 
42 8 3244 3296 3348 33f)9 3451 8503 3555 3607 3658 3710 52 
47 9 3762 8314 8365 3917 3969 4021 4072 4124 4176 4228 52 

- - -- -- -- -- ---- -- -- -- -- -
340 924279 924331 ~t!-i3S8 92-1-L34 924486 924588 924589 924541 924693 924744 52 

5 1 4796 4848 4899 4n5l 5003 .5U54 5106 5157 5209 5261 52 
10 2 5312 5364 5415 5467 5518 5570 5621 5673 5725 5776 52 
15 3 5828 5879 5931 59S2 6034 6085 6137 6188 6240 6291 51 
2() 4 8342 6394 &4-15 6497 654~ 6600 6651 6702 6754 6805 51 
20 5 6857 6908 6959 7011 7062 7114 7165 7216 7258 7319 51 
31 6 7370 7422 7473 'i5~·1 7576 7627 7678 7730 7781 78.32 51 
36 7 78S3 7935 7986 8037 SlJ88 8140 8191 -8242 8293 8345 51 
41 8 8390 8-"17 S4~J3 &i-Hi B601 8652 8703 8754 8805 8.S57 51 
46 9 8908 S!159 9010 9U61 9112 9158 9215 9266 9317 9368 51 

- - -- -- -- ------ -- -- ---- -- -
850 929419 929,170 ~~G~~~ I ~i61~ ~~~n1 929674 929725 929776 929827 929879 51 

6 1 gn30 f}!181 ~)3UlS5 930236 930287 930383 ~1303S9 51 
10 2 93U-1-IO 93U-191 0542 U5!J2 U643 U694 0745 0796 0847 0898 51 
15 3 0949 1000 1051 1102 1153 1204 1254 1805 1356 1407 51 
20 4 1458 1509 1560 1610 1661 1712 1763 1814 1865 1915 51 
26 5 1966 2017 2068 2118 2169 2220 2271 2322 2372 2-123 51 
31 6 2474 2524 2575 26~6 2677 2727 2778 2829 2879 2930 51 
36 7 2981 3031 3082 313.3 3183 323·1 3~~ 3335 3836 3437 51 
41 8 34bi 3583 3589 3639 3690 3740 3791 83H 8892 3943 51 
46 9 3993 4044 4U94 4145 4195 4246 4.296 4347 4397 4448 51 

- - -- ------ -- -- -- -- -- -- -
860 934498 934549 934599 93-1650 934700 9~,l751 934801 934852 934902 934953 50 

5 1 5003 6054 5104 5154 52;1,') ~):?J5 5806 5356 54;)6 5-157 50 
10 2 5507 65G8 5608 5658 f)',-I):I ':1/59 5809 5860 5910 5960 50 
15 3 6011 6061 6111 6162 6212 6262 6313 6363 6413 6463 50 
20 4 ~514 6564 6614 666.5 6715 6765 6315 6365 6916 6966 50 
25 5 7016 7066 7117 7167 7217 7267 7317 7367 7418 7468 50 
30 6 7518 7568 7618 7668 7718 7769 7819 7869 7919 7969 60 
35 7 8U19 -8069 8119 8169 8219 8269 8320 8.370 8420 8470 50 
40 8 8520 3570 8620 8670 8720 8770 8820 &~70 8920 8970 50 
45 9 9020 9070 9120 9170 9220 9270 9320 936!:1 9419 9469 50 

- - -- -- ------ -- '---- ---- -
870 939519 939569 939619 939669 939719 939769 939819 939869 939918 939968 50 

5 1 9.roOIti 940068 940118 940168 940218 940267 940317 940367 940417 940467 50 
10 2 0516 0566 0616 0666 0716 0765 0815 0866 0915 0964 50 
15 3 1014 1064 1114 1163 1213 1263 1313 1362 1412 1462 i50 
20 4 1511 1561 1611 1660 1710 1760 1809 1859 1909, 1958 50 
25 5 2008 2058 2107 2157 2207 

225[;1
2306 2355 2405 2465 i50 

30 6 2504 2554 2603 2653 'Zl02 2752 2801 2851 2901 ~ i50 
35 7 3000 3049 3099 3148 3198 3247 8297 3348 3396 1: 40 8 3495 3544 3593 3643 3692 3742 3792 3841 m~ = 45 9 3989 4038 4088 4137 4186 4236 4285 4886 (.~ 



LOGARITHMS. 395 

PP/N., 0 
f 

1 I 2 I 3 I 4, I 5 I 6 I .,. I 8 I 9 IDo 
8BO 944483 1944532 944581 9.J4631 944680 1944729 191<1779' 944828 944377 1944927 49 

5 1 4976 5025 5074 5124 5173 5222 5272 5321 5370 5419 49 
10 2 5469 5518 5567 5616 5665 5715 5764 5813 5862 5912 49 
15 3 5961 6010 6059 6lOB 6157 6207 6256 6305 6354 6403 49 
20 4 6452 6501 6551 6600 6649 6698 6747 6796 6845 6894 49 
25 5 6943 6992 7041 7090 7140 7189 7238 7287 7336 7385 49 
29 6 7434 7483 7532 7581 7630 7679 7728 7777 7B26 7875 49 
34 7 7924 7973 8022 S070 8119 8168 8217 8266 8315 8364 49 
39 8 8413 8462 8511 &560 8609 8657 8706 8755 880·1 8853 49 
44 9 8902 8951 8999 9046 9097 9146 9195 9244 9292 9341 49 

- - ---- ---- -- -- -- -- -- -~ -
890 949.390 949439 949483 949536 949585 949634 949683 949731 949780 949829 49 

5 1 9878 9926 9975 950024 95gg~~ 950121 950170 950219 95U267 950316 49 
10 2 950365 950414 950462 0511 0608 0657 0706 0754 0803 49 
15 3 0851 0900 0949 0997 1046 1095 1143 1192 1240 1289 49 
20 4 1338 1386 1435 1483 1532 1580 1629 1677 1726 177.5 49 
24 5 1823 1872 1920 1969 2017 2066 2114 216:3 2211 2260 43 
29 6 2308 2356 ~405 2453 2502 2550 2599 2647 2696 2744 48 
84 7 2792 2841 1389 2938 2986 3034 3083 3131 3180 3228 43 
39 8 3276 3325 ~73 3421 3470 3518 3.566 3615 36G3 3711 48 
44 9 37601 3808 :l856 3905 3953 4001 4049 4098 4146 4194 43 

900 954339 954387 954435 954484 954532 954580 954628 954677 43 
5 I 9~~.95~~~ 4821 4869 4918 4966 5014 5062 5110 5158 48 

10 2 5207 5255 5303 5351 5399 5447 5495 5543 5592 56W ·18 
14 3 56&8 5736 5784 5832 5830 5938 5976 6024 6072 6120 48 
19 4 6168 6216 6265 6313 6361 6409 6457 6505 655:J 6601 48 
24 5 6649 6697 6745 6793 6840 6888 6936 6984 7032 7080 48 
29 6 7128 7176 7224 7272 7320 7368 7416 7464 7512 7559 48 
34 7 7607 7655 7703 7751 7799 7847 7894 7942 7990 8038 48 
38 8 8086 8134 8181 8229 8277 8325 8373 8421 8468 8516 48 
43 9 8564 &812 8659 8707 8755 8803 8850 &898 8946 8994 48 

- - -- ---- ------ -- -- -- -- -
910 959041 959089 959137 959185 959232 959280 959328 959375 959423 959471 48 

5 1 9518 9566 9614 9661 9709 9757 9804 9&;2 9900 99·17 48 
9 2 9995 960042 960090 960138 960185 960233 960281 960,32~ 960:376 960423 48 

14 3 960471 • 0518 0566 0613 0661 0709 0756 0804 0851 0899 48 
19 4 0946 0994 1041 1089 lI36 1184 1231 127ft 1326 !:J74 47 
24 5 1421 1469 1516 1563 1611 1658 1706 1753 lSOI 1848 47 
28 6 1895 1943 1990 2038 2065 2132 21SO 2227 2275 2322 47 
33 7 2369 2417 2464 2511 2559 ·2606 2653 2701 2748 27% 47 
38 8 2843 2890 2937 2985 3032 3079 3126 3174 3221 3268 47 
42 9 3316 3363 3410 8457 3304 3552 3599 3646 3693 3741 47 

- - -- -- -- --
963977'964024 

-- ---- -- -
920 9837&8 963835 963882 96.~929 964071 964118 964165 964212 47 

5 1 4260 4307 ~I 4401 'l448 4495 4542 4590 4687 46&1 47 
9 '2 4731 , 4778 4872 4919 4966 5013 5061 5108 5155 47-

14 3 5202 5249 5296 5343 5390 5437 5484 55.31 5578 562.5 47 
19 4 5672 5719 5766 5813 5860 5907 5954 6001 6048 6095 47 
28 5 6142 6189 6236 6283 6329 8.,"76 6423 6470 6517 6564 47 
28 6 6611 6658 6705 6752 6799 6845 6892 6939 6986 7033 47 
83 7 7080 7127 7173 7220 7267 7314 7361 7408 7454 7501 47 
38 B 7548 7595 7642 7688 7735 7782 7829 7875 7922 7969 47 
42 9 S016 8062 8109 8156 8203 8249 8296 8343 839U 8436 47 

- - -- -- -- ---- ---- -- ---- -
930 968483 96&530 968576 968623 968670 988716 988763 968810 968856 968903 47 

5 1 8950 8996 9043 9090 9136 9183 9229 9276 9323 9369 47 
9 2 9416 9463 9509 9,556 9602 9649 9695 9742 9789 9&35 47 

14 3 9882 9923 9975 970021 970068 970114 970161 970207 9702.54 970300 47 
18 4 970347 970393 970440 0486 0533 0579 0626 0672 0719 0765 46 

23 5 0812 0858 0904 0951 0997 1044 1090 1187 1183 12'29 46 

28 6 1276 1322 !:J69 1415 1461 1508 1554 1601 1647 1693 46 
32 7 1740 1786 1832 1879 1925 1971 2018 2084 2110 2157 46 

37 S '1208 2249 2295 2842 23SB 2434 2481 2527 2573 2619 46 

\ 41 9 2666 2712 2758 2804 2851 2897 2943 2989 lI035 3082 46 



396 LOGARITHMS. 

pp N·I 0 I 1 I 2 I 3 I 4 I l5 I 6 I 7 I 8 I 9 In. 
940 973128 973174 973220 973266 973313 973359 973405 973451 973497 973543 46 

5 1 3590 3636 3632 3728 3774 3820 3366 3913 3959 4005 46 
9 2 4051 4097 414.3 4189 4285 428l 4327 4374 4420 4466 46 

14 3 4512 4558 4604 4650 4696 4742 4788 4334 4330 4926 46 
18 4 49TJ 5018 5064 5110 5156 5202 5243 5294 5340 5886 46 
23 5 5432 5478 5524 _ 5570 5616 5662 5707 5758 5199 5845 46 
28 6 5891 6937 5933 6029 6075 6121 6167 6212 6258 6304 46 
32 7 6350 6396 6442 6433 ' 6533 6579 6625 6671 6717 6763 46 
37 8 6808 6861 6900 6946 6992 7037 7083 7129 7175 7220 45 
41 9 7266 7312 7363 7403 7449 7495 7541 7586 7632 7678 46 - - -- -- -- -- -- -- -- -- -- -- -950 977724 977769 977815 ~77861 977906 977952 977998 97894.3 978089 978135 46 
5 I 8181 8226 8272 8317 8363 8409 8454 8.~OO 8546 8591 41) 
9 2 8637 8683 8728 8774 8319 8865 8911 8956 9002 9047 .:6 

14 3 9093 9138 9184 9230 9275 9321 9366 9H2 9.J.{j7 9503 46 
18 4 9548 9594 9639 9685 9730 9776 9821 9867 9912 9963 46 
23 5 980003 980049 989094 989140 989185 980231 98027. 980322 989367 989412 45 
27 6 0458 0503 0549 0594 0640 0685 0730 0776 O1m 0867 45 
32 7 0912 0957 1003 1048 1093 !l39 1184 1229 1275 1320 45 
36 8 1366 1411 ·1456 1501 1547 1592 1637 1683 1728 1773 45 
41 9 1819 1864 1909 1954 2000 2045 2090 21.'15 2181 2226 45 - - ---- -------- -------- -960 982271 982316 982362 982407 982452 982497 982543 982588 0S;;63.3 982678 

~ 5 I 2723 2769 2814 2859 2904 2949 2994 3MO 3085 3130 
9 2 8175 3220 3265 3310 3356 3401 3446 349l 3536 8581 14 3 3626 3671 3716 3762 3807 3852 3897 3942 3987 4032 45 

18 4 4077 4122 4167 4212 4257 4302 4347 4392 4{37 4482 45 
23 5 4527 4572 4617 466'2 4707 4752 4797 4.s.12 4887 4932 45 
27 6 4977 502"J 0067 5112 5157 5202 5247 5292 5337 5382 45 32 7 5426 5471 5516 5561 5606 5651 5696 57-11 5786 5830 45 
36 8 5875 5920 5965 6010 6055 6100 6144 6189 6234 6279 41i 41 9 6324 6369 6413 6458 6503 6543 6593 6637 6682 6727 45 

1- - -- -- ------ -- ---- -- -- -970 986772 986317 986861 986906 986951 9SG996 987040 98708.5 9871:30 987175 45 , 5 I 7219 7264 7309

1 

735.3 7398 7443 7488 7532 7577 7622 45 
9 2 7666 7711 7756 7890 7845 7890 793-1 7979 8024 ·~68 45 

14 3 sllS 8157 8202 SU7 8291 &'l36 &'l$1 8425 8-170 8514 45 
13 4 8559 8604 8643 8693 8737 8782 8826 8871 &116 8960 45 23 5 9005 90019 9094 9138 918:1 9237 92,2 8316 9361 9iD5 45 
27 6 9450 9494 95.39 95S3 9628 9672 9717 9761 9806 9850 44 32 7 9895 9939 9983 1 990U38 1990072 990117 990161 990206 990~O 9'J029·1 44 
36 8 990839 990S$3 990428 O·i72 0516 OS(il 0605 06-50 O{hH 0738 4-1 41 9 0783 0827 0871 0916 0960 1004 1049 1093 !lS7 liS;; 44 

980 991226 991270 991.,1.5 99]3.59 991403 9914-18 991492 99;500 901530 091625 44 
4 ] 1669 1713 1758 1802 1846 1890 1935 1979 2023 2067 44 
9 2 2111 2156 2200 2244 2288 23.33 2377 2421 2MJ5 2509 44 13 3 2554 2598 2()42 2686 2730 Z774 2819 2S63 2907 2951 44 18 4 2995 3039 3083 3127 3172 3216 3260 3.304 3.348 3392 44 22 5 34.36 3480 3524 356B 3613 3657 3701 3745 3789 3833 44 26 6 8877 3921 3965 4009 4053 4097 4141 4185 4229 4273 44 31 7 4317 4361 4405 4-149 4493 4537 4581 462.5 4669 4713 44 35 8 4757 4S01 4345 4889 4983 4977 5021 5065 5108 5152 44 40 9 5196 6240 5284 5328 5372 5416 5460 5504 5'H7 5591 44 - - ---- -- -- ---- ------ -- -990 995635 995679 995128 995767 995811 995854 995898 995942 995086 999030 44 4 I 6074 6117 6161 6205 6249 6293 63:37 6380 M24 6468 44 9 2 6512 6556 6599 6643 6687 6731 6774 6818 6802 6906 44 1.3 3 6949 6993 7037 7089 7124 7168 7212 7255 7299 7343 44 18 4 7386 7430 7474 7517 7561 7605 7648 7692 7738 7779 44 22 5 7823 7867 7910 7954 7998 8941 8085 8129 8]72 8216 44 26 6 8259 8303 6347 8390 8434 8477 8521 8564 8608 8652 44 31 7 8695 8739 8782 8826 8869 8913 8956 9000 9043 9087 44 35 8 9131 9174 9218 9261 9305 934/! 9392 9435 9479 9522 44 40 9 9565 9609 9652 9696 9739 9783 9826 9870 9913 9957 43 



A TABLE OF SQUARES, CUBES, AND ROOTS. 897 

~.!Bqu.r •. ! Oube. I Sq. Roo~ I CubeRoot No.!square. I Cabe. I Sq. Root.! CubeRoot 

1 1 1 1'0000000 1"000000 64 4096 262144 8-0000000 4-000000 
I 4 8 1'4142136 1-259921 65 4225 274625 8-0622577 4-020726 
! 9 27 1-7320508 1'44225U 66 4356 287496 8-1240384 4-041240 , 16 64 2-0000000 1'587401 61 4489 300763 8-Hl53528 4-061548 
6 25 125 2-2360680 1-109976 68 4624 314432 8-2462113 4-0816561 
6 36 216 2-4494891 1-811121 69 4161 328509 8-3066239 4-101566 
7 49 343 2-6457513 1-912931 10 49UO 343000 8-3666003 4'l21285 
8 64 512 2-8284271 2-00UOOO 71 5041 357911 8-4261498 4'l4U~18 -, 81 729 3-0000000 2-080084 72 5184 373248 8-4~2S14 4-16UI68 

10 100 1000 3-1622777 2-154435 73 5329 389017 8-5440037 4-179339 
11 l2! 13.31 3-3166248 2-223980 74 5476 405224 8"6023253 4-191l336 
12 144 1728 3-4641016 2-289428 75 5625 421875 8-6602540 4-217163 
13 169 2197 3-6055513 2-351335 76 5776 433976 8-7177979 4-235824 
14 196 2744 3-7416574 2-410142 77 5929 45653.3 8-7749644 4-254321 
15 225 3375 3-8729333 2-466212 78 60114 4745_52 8-33176U9 4-272659 
16 256 4096 4-0UUUOOO 2'519842 79 6241 493U39 8-3381944 4-29U841 
11 289 4913 4-1231056 2-571282 80 6400 51200U 8-9442719 4-308b7U 
18 324 5332 4-2426407 2-620741 81 6561 531441 9-oo00UOO 4-326749 
19 361 6859 4-3588989 2-6684U2 82 6724 551368 9-0553351 4-344481 
.20 400 80UO 4-4721360 2-114418 33 6889 571187 9-1104_336 4-362U71 

I~ 
441 9'261 4"0825757 2-158924 84 7056 592704 9-1651514 4-379519 
484 10648 4-69U4I58 2-802039 85 7225 614125 9-2195445 4-396330 

I~ 529 12167 4-1951'315 2-848867 86 7396 6360!)6 9-2736185 4-414005 
576 13824 4-898~795 2-884499 87 7569 658503 9-3273791 4"431047 

I~ 625 15625 5-0000000 2-924018 88 7744 681412 9-3803315 4-44796U 
676 17576 5-0990195 2-962496 89 7921 104969 9-4339811 4-464745 

I~ 129 19633 5'1961524 3-UOUOoo 9U 8100 729000 9-4863380 4-481405 
784 21952 5'2915026 3-036589 91 8281 753571 9-5393920 4'497941 

29 841 24389 5-~1648 3-072317 92 6464 718688 9-5916630 4-514357 
80 900 2700U 5-4772256 3-107232 93 8649 804357 9-6436508 4-530655 
81 961 29791 5-5677644 3-141381 94 8836 83U584 9-6953597 4-546836 
82 1024 32768 5-6568542 3-114802 95 9025 857375 9-7467943 4-562903 
83 1089 35937 5-7445626 3-201534 96 9216 884736 9-7979590 4'518857 
S4 1156 39304 5'&309[;19 3-239612 97 9409 912673 9-8488578 4-594701 
85 1225 42875 5-9160798 3-271066 98 9604 941192 9'8994949 4-610436 
36 1296 46656 6-0UOUUUO 3-WI927 99 9801 97U299 9'9498744 4-626U65 
37 1369 50653 6-0827625 3'332222 100 10000 10ooUOO 10-0000000 4'641589 
38 1444 54812 6-1644140 3-361975 101 10201 1030301 10-0498756 4'657010 
39 1521 59319 6-2449980 3-391211 102 10404 1061208 10-0995049 4-672329 
40 1600 64U0U 6-3245553 3-419952 103 10609 1092727 10'1488916 4-687548 
41 1681 68921 6-4031242 3-443217 104 10816 1124864 10-1980390 4'702669 
42 1164 14088 6-4807407 3-476027 105 11025 1151625 10-2469508 4-117694 
43 1849 19507 6'5514335 3-503398 106 11236 1191016 10'2956301 4-132624 
44 1936 85184 6-6332496 3'530348 107 11449 1225043 10-3440804 4'147459 
45 2025 91125 6"1082039 3-556893 108 11664 1259712 10-3923048 4"162203 
46 2116 97336 6-182330U 3-583048 109 11881 1295029 10'4403065 4"716856 
41 2209 103823 6-8556546 3-608826 110 12100 1331000 10'4880885 4'791420 

48 2304 110592 6-9282032 3-634241 111 12321 1361631 10-5356538 4-805896 

49 2401 117649 7'0000000 3-659306 112 12544 1404928 10'5830052 4-820284 

50 ' 2500 125000 7'0710678 3-664031 113 12769 1442897 10'6301458 4-334588 

51 2801 132851 7'1414284 3-70843U 114 12996 1481544 10-6770733 4-848808 

52 2704 140608 1'2111U28 3-732511 115 13225 1520875 10-1238058 4-862944 

63 2809 -148871 7'2801099 3-156286 116 13456 1560896 10"1703296 4-876999 

54 2916 151484 1'3484692 3-719763 117 13689 1601613 10'8166588 4'890973 

55 3025 166315 1"4161985 3-802953 118 13924 1643032 10-8627805 4-904868 

56 3136 115616 1"4883148 3-825862 119 11161 1685159 1O-9U87121 4'918885 

51 3249 185193 1-5498344 3-848501 120 14400 1728000 10'9544512 4'932424 

Il8 3364 195112 1'6157131 3-87U877 121 14641 1171561 U-OOOOOoo 4-946088 

59 3481 205879 1'6811457 3-892996 122 14884 1815848 11-0463610 4'9,59675 

60 3600 216000 7"1459667 3-914867 123 1512~ 1860867 11-0905365 4'973190 

61 3721 226981 1'8102497 3-936497 124 15376 1906624 U-I355281 4'986631 

62 3844 238828 7'8740019 3-957892 125 15625 1953125 11'1803399 6'OOOOOU 

63 3969 250041 7'9312539 3-979057 126 15376 2000376 U'2249122 6'0l32V~ 



398 SQUARES, OUBES, AND ROOTS. 

No.1 Square. I Cube. I Sq. Root·leub.Root No. 1 Square. I Cube. Sq. Roo\. leubeRool 

127 16129 2048383 U'2694277 5'026526 190 36100 6859000 /13-'784048B g:~= 126 16384 2097152 n'3137086 5'039684 191 36481 6967871113'8202750 
129 16641 2146689 11"3578167 5'052774 192 36864 7077838 13'8564065 5"768998 
130 16900 2197000 11-4017643 5'065797 193 37249 7189057 13'8924440 5'778996 
131 17161 2248091 U'4455231 5'073753 194 37636 7301384 13·9233683 5'788960 
132 17424 2299968 11'4891253 5·091643 195 38025 7414375 13'9642400 5'798890 
133 17689 2352637 11'5325626 5-10_9 196 38416 7529536 14-0000000 0-808786 
134 17956 2406104 11-5758369 5'11i~3u 197 38309 7645373 14-0356836 5'818272 
135 18225 2460375 11-6189500 5'12992~ 198 39204 7762392 14-0712473 5-828648 
136 18496 2515456 11-6819036 5'142563 199 39601 7880599 1H067360 5-838476 
137 18769 2571353 11-7046999 5'155131 200 40000 8000U00 1H421356 5-848035 
138 19044 2628072 1J-7473444 5-167649 201 40401 8120601 14-1774469 .')-857766 
139 19321 2685619 U-789ll261 5'180101 202 40804 8242408 14-2126704 g:~t~1 140 19600 2744000 11-8321596 5-192494 203 41209 8365427 14'2478068 
141 19381 2803221 U-8743421 5-204828 204 41616 8489664 14-2323569 5'3867~ 
142 20164 2363288 U'9163753 5-Z17103 205 42025 3615125 14-3178211 5-896368 
143 20449 2924207 U-9582607 5'229391 206 42436 8741816 14'3527001 5-905941 
144 2Oi36 2985984 12-0000000 5'241433 207 42849 8869743 143874946 5-915463 
145 21025 3048825 12-0415946 5-253588 208 43964 8998912 14'4222051 5-924993 
146 21316 3Il2136 12-0830460 5-265637 209 43681 9123329 14'01568323 5-934473 
147 21609 3176523 12-l243557 5-277632 210 44100 9261000 1H913767 5-943921 
148 21904 3241792 12'1655251 5-289572 211 44521 9393931 14-5258890 5·95334l 
149 =1 3307W9 12'2065556 5-301459 212 44944 9523128 14-560219M 5'962731 
150 22500 3375000 12'2474487 5'313393 213 45369 9663597 14-5945195 5'972091 
151 22801 3442951 12'2882056 5'325074 214 45796 9800344 14'6237838 5-981426 
152 23104 3511808 12-3288280 5-336803 215 46225 9938375 14-6628783 51190727 
153 23409 3581577 12-3693169 5'348481 216 46656 10077696 14-6969385 6-000000 
154 23716 3852264 12-4096736 5'360108 217 47089 10218313 14'7309199 6-009244 
165 2402{ 3723875 12-4498996 5-371685 218 47524 10380232 14"7646231 6-018463 
156 2433>' 3796416 12-4899960 5-383213 219 47961 10503459 14-7986486 6-027650 
157 2464D 3869893 12-5299641 5'394691 220 48400 106.J8000 14-8323970 6-036811 
158 24964 3944312 12-5698051 5-406120 221 48841 10798381 14'8660687 6-045943 
159 25281 4019679 12-6095202 5'417501 222 49284 10941046 1H996644 6-055048 
160 25600 4096000 12-6491106 5-428835 223 49729 1I089567 14-9331845 6-064126 
161 25921 4173281 12-6885775 5-440122 224 501l6 11239424 14'9666295 6'073178 
162 26244 4251628 12'7279221 • 5'451362 225 60625 11390625 15'0000000 6-082201 
163 26569 4330747 12-7671453 5-462556 226 51076 U543176 15-0332964 6-091199 
164 26896 4410944 12-8062485 5-473704 227 61529 11697083 15-0665192 6-100170 
165 27225 4492125 12'8452326 5'484806 228 51984 U852352 15-0996689 6-109ll5 
166 27556 4574296 12'8840987 5'495865 229 52441 12008989 15'1397460 6'118038 
167 27889 4657463 12'9223480 5'506879 230 62900 12167000 1H657609 6'126925 
168 28224 4741832 12'9614614 5-517848 231 53361 l2326391 1H936842 6'135792 
169 23561 4826809 13-0000000 5-5211775 232 53824 l2437l68 15·2315462 6'144834 
170 28900 4913000 13-0384048 5-539658 283 54289 12649337 15-2643375 6'I5344g 
171 29241 50002U 13'0766966 5'650499 234 54756 12812904 15-2970585 6'162239 
172 29584 5088448 13'U46770 - 5-561298 235 55225 129'7'l875 15'3397097 6-m005 
173 29929 5177717 13'1529464 5-572U,>5 236 55696 131~ 15'3622915 6-179747 
174 80276 5288024 13'1909060 5'582770 237 56169 13312053 15-3946043 -~:~~~ 175 80625 5359375 13-2237566 1)'593445 238 56644 13431273 15'4272466 
176 30976 5451776 13-2664992 5-604079 239 57121 13651919 15'4596248 6'205821 
177 31329 5545283 13'3041347 5-614673 240 57600 13824000 15'4919284 6-214464 
178 31684 5639752 13-3416641 5-625226 241 58081 13997521 15-5241747 6-223084 
179 32041 5735339 13-3790882 5-635741 242 63564 14172488 15-5563492 6-231679 
180 32400 5832000 13-4164079 5-646216 243 59049 14348907 

"~'-l 
181 32761 5929741 13'4536240 6-656651 244 59536 14526789 15-620499416'248800 
182 33124 6028568 13-4907376 5-667051 245 60025 14706125 15-6524758 6-257324 
183 33489 6123487 13-5277493 5'677411 246 60516 1~6936 15'6843871 6'265826 
184 33856 6229504 13-6646600 5-687734 247 61009 15069223 15-7162336 6'274305 
185 34225 6331625 13-6014705 5-698019 248 61504 16252992 15'746015716-282760 
188 34596 6434356 13-8381817 0'708267 249 62001 15438249 15'7797333 6-29119 
187 84969 653.Q203 I 13-6747943 6'718479 250 62500

1 

156"25000 15-8113833 6-29960 
188 85344 6644672 13'7113092 5"723654 251 63001 15613251 15'842979516'307993 
189 35721 6751269 13-7477271 5-738794 252 63504 16003008 15'8745079 6-316359

l 



SQUARES, CYBES, AND ROOTS. 399 

~oTsquare·1 Cube. I Sq. Roo~ I cUbeBootlNo. squa .. e·1 Cube. I Sq, Root. \ CubeRoot 

253 64009 16194277 15'9059737 6'324704 316 99856 31554496117'7763888 6'811284 
2M 64516 16387064 15'9373775 6'333026 317 100489 318,55013 17'8044938 6'818462 
265 65025 16581375 15'9687194 6'341326 318 101124 32157432 17'8325545 6'825624 

~ 65536 16777216 16'0000000 6'349604 319 101761 32461759 17'8605711 6'832771 
66049 16974593 16-0:112195 6'357861 320 102400 32768000 17'8885438 6'839904 

258 66564 .7173512 16-0623784 6-366095 321 103041 33076161 17'9164729 6'847021 
259 -67081 17373979 16'0934769 6-374311 322 103684 33386248 17-9443584 6'854124 
260 67600 17576000 16-1245155 6'382504 323 104829 33698267 17-9722008 6'861212 
261 68121 17779581 16-1554944 6'390676 324 104976 34012224 18'0000000 6'868285 
262 68644 17984728 16-1884141 6'398828 325 105625 34828125 18'0277564 6'875344 
263 69169 18191447 16'2172747 6-406958 326 106276 34645976 18-0554701 6-882388 
264 69696 18399744 16-2480768 6-415068 327 106929 34965783 18'0831413 6-889419 
265 70225 18609625 16'2783206 6-423158 328 107584 3528755~ 18'1107703 6'896485 

; 70756 18321096 16'30951)64 6-481228 329 108241 S5611289 18'1383571 6'903486 
71289 19034163 16'3401346 6'489277 330 108900 35937000 18-1659021 6'910423 

263 71824 19248832 16'3707055 6'447305 331 109561 36264691 18'1934054 6'917396 

~ 72361 19465109 16'4012195 6'455:i15 832 110224 36594868 18-2208672 6-924355 
72900 19683000 16'4816767 6-468304 333 110889 36926037 18'2482876 6'931301 
73441 19902511 16'4620776 6'471274 334 111556 37259704 18'2756669 6'938232 

i~ 
73984 20123iH8 16'4924225 6'479224 335 112225 37595375 18-3030052 6-945149 
74529 2034&117 16'5227116 6-4871M 336 112896 37933056 18'8303028 6-952053 
15076 20570824 16-5529454 6'495065 337 113569 38272753 18'3575598 6'958943 

275 15625 20796875 16'5831240 6'502956 338 114244 38614472 18-3847768 6'965819 
276 16176 21024576 16'6132477 6-510830 339 114921 38958219 18-4119526 -6'972683 
277 76729 21253938 16-6433170 6-518684 340 115600 39304000 18'4390889 6'979532 
278 77284 21484952 16'6733320 6-526519 3n 116281 39651821 18-4661853 6-986868 
279 77841 21717639 16'7032931 6'534835 342 116964 40001688 18'4932420 6'993191 

; 78400 21952000 16'7832005 6'542133 348 117649 40353607 18-5202592 7'000000 
73961 22183041 16-7630546 6-549912 344 118336 407075:84 18'6472370 1-006796 

282 19524 22,125768 16'7928556 6'557672 345 119025 41063625 18'5741756 f:gM~~~ ,283 1iOO89 22665187 16'8226038 6'565415 346 119716 41421736 18'6010752 
284 80656 22906304 16'8522995 6'573139 347 120409 41781923 18-6279360 7-02710~ 
285 81225 23149125 16'8819430 6'580844 348 121104 42144192 18'6547581 1-038850 

~ 
81796 23393656 16-9115345 6'568532 349 121801 42508549 18'6815417 7'040581 
82369 23639903 16'9410743 6'596202 350 122500 42875000 18'7082869 7-047298 

288 82944 23887872 16'9706527 6'603854 351 l23201 43248551 18-7349940 1-054004 
289 83521 24137569 17'0000000 6-611489 352 t~~~: 43614208 18'7616630 7-060696 : 84100 24389000 17'0293864 6-619106 353 43938977 18'7882942 f:g~~~ 84681 24642171 17'0587221 6'628705 354 125316 44361864 18-8148877 

; 85284 24897068 17'0880075 6-634287 355 126025 44738875 18-8414437 7-080699 
85849 25153757 17-1172428 6'841852 356 126736 45118016 18-8679623 7-087341 

294 86486 25412184 17'1464282 6'849399 351 127449 45499293 18'6944486 rm;y 295 87025 25672375 17'l75564O 6-656930 358 128164 45882712 18-9208879 
296 87616 25934335 17-2048505 6-664444 359 128681 48263279 18'94.2953 7'!07194 
297 88209 26198073 17'2336879 6'671940 360 129600, 46666000 18-9736660 7'113786 
98 88804 26463592 17'2626762 6-679420 361 1303211 47045881 19-0000000 1-120387 

299 B9401 26T.10899 11'2916165 6-9 g~ 1310441 47437928 19'0262976 7-128936 
300 90000 27000000 17'3205081 6- 131769; 47882147 19'0525589 7'133492 
301 90601 27270901 17'w)3516 6-701769 364 182496, 48228544 19'0787840 7'140037 
302 9J2(U 27543508 17'3781472 6'709113 365 133225 !S827125 19'1049732 1-148569 
303 91609 27818127 17-4068952 6-716570 366 133956 4 27896 19'1311265 7-153090 
304 92416 28094464 17'4355958 6-723951 367 134689 49430863 19-1572441 1-159599 
305 93025 28372625 17'4642492 6'731316 368 135424 49836032 19-1633261 1'166096 
306 93636 28652616 17'4928557 6'738665 369 136161 50243409 19'2093727 7'172580 

307 94249 28934443 17'5214155 6'745997 370 136900 50653000 19'2353841 7'179054 

303 94864 29218112 17'5499288 6'753313 371 137641 51064811 19'2613603 7-185516 

m 95481 29503629 17-5783958 6-760614 372 138364 51478848 19'2873015 7'191966 
96100 29791000 17'6068169 6-767899 373 139129 51895117 19'3132079 l= 311 96721 30080231 17'6351921 6-775169 374 139876 52313624 19'3390796 

312 97

11 
30371328 17'6635217 6'782423 375 140625 52734375 19'3649167 7-21l248 

m~ 97969 30664297 17'6918060 6'789661 376 141376 63157376 19'8907194 7-217652 

= 30959144 17'7200451 6'796884 377 142129 53582638 19'4164878 1-224045 

[315 31255875 17'7482393 6'8O~2 378 142884 54010152 19'4422221 1-230427 

--



400 SQUARES, CUBES, AND ROOTS. 

NO'/ square,/ Cube. / Sq, Root,/ CUbeRo+,+qOare,/ Cube. / Sq, Root,/ CobeRool 

379 143641 54439939 19'4679223 7'236797 442 195364 86350888/21-0237960 I 7-617412 
380 144400 64872000 19'4935887 7'243156 443 196249 86938307 ~1-0475652 7'623152 
381 145161 55306341 19'5192213 7-249504 444 197136 87528884 2l'O713075 7'628884 
382 145924 55742968 19'5448203 7-255841 443 198025 88121125 21'0950231 7-634607 
383 146689 56181887 19'5708858 7'262167 446 198916 88716586 21-1187121 7-640321 
364 147456 56623104 19-5959179 7'268482 447 199809 89314623 2Jol423745 7'646027 
385 148225 57066625 19-6214169 7'274786 443 200704 89915392 2Jol660105 rgg~ml 386 1489Y6 57512456 19-6468827 7'281079 449 2m60l 90518849 21-1896201 
387 149769 57960603 19'6723156 7-237362 450 202500 91125000 21'2132034 7'663094 
383 150544 58411072 19'6977156 7'293633 451 203401 91733851 21'2367606 7'688766 
389 151321 58863869 19'7230829 7'299894 452 204804 92345408 21'2602916 7'674430 
390 152100 59319000 19'7484177 7'306143 453 205209 92959677 21'2837967 7-680086 
391 152881 59776471 19'7737199 1'312383 454 206116 93576664 21-3072758 7'685733 
392 158664 60236288 19'7989899 7'318611 455 207025 94198875 21-3307290 7'691372 
393 164449 60698457 19'8242276 7-3248W 456 207936 94818816 21-3541565' 7'697002 
. .'394 155236 61162984 19-8494332 7-331037 457 208849 95443993 21-3775586/7'702625 
!/395 156025 61629875 19-8746069 7-337234 458 209764 96071912 21-4009346 7'708239 
396 156816 62099136 19-8997487 7'343420 459 210681 96702579 21'4242363 7'718845 
397 157609 62570773 19-9248588 7'349597 460 211600 97336000 21-4476106 7'719442 
398 158404 63044792 19-949Y373 7-355762 461 212521 979i21S1 21'4709106 7'~032 
399 159201 63521199 19-9749844 7'361918 462 213444 98611128 21'4941853 7"30~~ 
400 160000 64000000 20'0000000 7'368063 463 214369 9925284i 21'5174348 7'7361 
401 160801 64481201 20-0249844 7'374198 464 21,;296 99897344 21'6406592 7-741753 
402 161604 64964308 20-0499377 7'380322 465 216225 100544625 21'5638587 7-747311 
403 162409 65450827 20'0748599 7'386437 466 217156 101194696 21-5870331 7'752861 
404 163216 65939264 20'0997512 7"392542 467 218089 101847563 21'6101828 7-758402 ' 
405 164025 66430125 20-1246118 7"398636 468 219024 102503232 21'6833077 7-763936 
406 164896 66923416 20-1494417 7'404720 469 219961 103161709 2I-6564078 7"769462 
407 165649 67419143 20'1742410 7'410795 470 220900 103823000 21'6794834 7"774980 
408 166464 67917312 20'1990099 7'416859 471 221841 104487111 21'7025844 7'780490 
409 167281 66417929 20'2237434 7'422914 472 222784 105154048 21'7255610 7'785993 
410 166100 68921000 20'2484567 7'428959 473 223729 105823817 21'7485682 7-791487 
411 166921 69426531 20'2731349 7'434994 474 224676 106496424 21'7715411 7'7969;'4 
412 169744 69934528 20'2977831 7'441019 475 225625 107171875 21'7944947 7,802454 
413 170569 70444997 20'3224014 7'447034 476 226576 107850176 21'8174242 7,807925 
414 171396 70957944 20'3469899 7'453040 477 227529 108531383 21'8403297 7'813389 
415 172225 71473375 20'3715488 7'459036 478 228484 109215352 21'8682111 7,818846 
416 173056 71991296 20'396078! 7-485022 479 229441 109902239 21'8860685 7,824294 
417 173889 72511713 20-4205779 7'470999 480 230400 110592000 21'9089023 7,829735 
418 174724 730~4632 20-4430483 7'476966 481 231361 111284641 21'9317122 7'835169 
419 175561 73560059 20-4694895 1'482924 482 232324 111980168 21-9544984 7,840595 
420 176400 74088000 20-4939015 7'488872 483 283289 112678587 21'9772610 7,846013 
421 177241 74618461 20-5182845 7'49481! 434 234256 113379904 22-0000000 7,851424 
422 178084 75151448 20-5426&.."6 7'500741 485 235225 114084125 22-0227155 7,856828 
423 178929 75686967 20'5669638 7'506661 486 236196 114791256 22-0454077 7,862224 . 
424 179776 76225024 20'5912603 7'512571 437 237169 115501i\P3 22'0680765 7'867613 
425 180625 76765625 20'6155281 7'518473 488 236144 116214272 22'0907220 7'872994 
426 181476 77808776 20'6397674 7'524365 489 239121 116930169 22'1136444 7'878368 
427 182329 77854483 20'6689788 7'530248 490 240100 117649000 22-1359486 7'883735 
428 188184 78402752 20'8881609 7'536121 491 241081 118670771 22'1585198 7'889095 
429 184041 78953589 20'7123152 7'541986 492 . 242064 119095488 22'1810730 7-894447 
430 184900 79507000 20-7364414 7'547842 493 243049 119823157 22'2036033 7'899792. 
431 185761 80062991 20'7605395 7'553688 494 244036 120553784 22'2261108 7'905129 
432 186624 80621568 20'7846097 7·559526 495 245025 121287375 22-2485955 7'910460 
433 187489 81182737 20'8086520 7'565355 496 246016 122023936 22'2710575 7'915763 
434 188356 81746504 20-8326667 7'571174 497 24700~ 122763473 ~2'2934968 7'921100 
485 189225 82312875 20'8566536 7'576985 498 248004 123505992 22'3159136 7'926408 
436 190096 8288185.6 20'8806130 7'582786 499 249001 124251499 22-3383079 7-931710 

~ 190969 83453453 20'9045450 7-588579 SOO 250000 125000000 22-3606798 7'937005 
191844 84027672 20'9284495 7'594363 SOl 251001 125751501 22'3830293 7'942293 l; 192721 84604519 20'9523268 7'600138 502 252004 126506.008 22'4053565 7'947574 
193600 85184000 20'9761770 7'605905 S03' 253009 127263527 22·4276615 7'952848 
194481 85766121 21'O!KX!000 7'611662 604 254016 1280'24064 22'4499443 7'95811~ 



SQUARES, CUBES, AND ROOTS. 401 

No·ISqu·~1 Cube. I Sq. Root. I OubeRoo No·ISQua",.j Cube. I Sq. Roo.. OubeRoo' 

505 255025 128787625 22'4722051 7'96337 4 568 322624 188250432 23'8827506 8'218625 
506 256036 129554216 22'4941438 7'968627 569 32.3761 184220009 23'8537209 8'236493 
rIYI 257049 130323843 22'5166605 7'973873 570 324900 185193000 23'8746728 8'291344 
508 253064 131096512 22'5388553 7-979112 571 325041 186169411 23-8956063 8-296190 
609 259081 131872229 22-5610288 7-984344 572 327184 187149248 23'9165215 8'301030 
610 260100 132651000 22-5881796 7-989570 573 328829 188132517 23·9874184 8'305865 
511 261121 133432881 22-6053091 7-994788 574 329476 189119224 23-9582U7l 8'310694 
512 262144 184217728 22'6274170 8-000000 575 330625 190109375 23-9791576 ~:~~~~ 513 263169 135005697 22-6495033 8-005205 576 331776 191102976 24-0000000 
514 264196 135796744 22'6715681 8'010403 577 332929 19210003.3 24·0208243 8'325147 
515 265225 136590875 22-6936114 8-015595 578 334084 193100552 24'04163U6 8'329954 
516 266256 137388096 22"7156334 8-020779 579 335241 1941041;.'l9 24-0624188 8-334755 
517 267289 138188413 22'7876340 8'025957 580 336400 195112000 24-0831892 8'339551 
518 268324 138991832 22'7596134 8-031129 SSI 337561 196122941 24-1039416 8'344341 
519 269361 139798359 22'7815715 8-036293 682 33.'l724 197187368/24"1246762 8-349126 
520 270400 140608000 22-8035085 8-041451 588 3.39839 198155287 24-14;;3929 8-353905 
521 271441 141420761 22-8254244 8-046603 584 341056 1991767001 24-1660919 8-358678 
522 272484 142236648 22'8473193 8-051748 685 342225 2OO2(Jl625 24'1867732 8'383446 
523 273529 143055667 22-6691933 8-056685 686 843396 20128005 6 24-2074369 8'368209 
524 274576 143877824 22'8910463 8-062018 587 844569 202262003 24-2280829 8-372967 
525 275625 144703125 22'9128785 8-067143 588 345744 203297472 24'2487113 S'3m19 
526 276676 145531576 22'9846699 8-072262 589 846921 20013.%469 24-2693222 8-382465 
527 277729 146363188 22-9564806 8'077874 590 348100 205379UOO 201-2899156 8-387206 
528 278784 147197952 22-9782500 8'082480 591 849281 206425071 24'3104916 S'391942 
529 279841 148035889 23-0000000 8'087579 592 350464 207474688 24'3310501 8-396673 
530 280900 148817000 28'0217289 8-092672 593 351649 20~527857 24'3515913 8-401398 
631 281961 149721291 28-0434372 8-097759 594 35Wl6 209584584 24·8721152 8-40611S 
532 288024 150568768 23-0651252 8'1028.39 595 354025 2106401875 24·3926218 8'410833 
633 284089 1514190187 23'0867928 8-107913 596 355216 211706739 24'4131112 8-415542 
534 285156 152273304 2.H0844OO 8'112980 597 356409 212776173 24-43358801 8-420246 
535 286225 168130375 23-1300670 8-118041 598 357604 213847192 24-4540385 ~:~~ 536 287296 153990656 23-1516738 8'128096 S99 358801 214921799 24-4744765 
587 288369 154854153 23-1732605 8'128145 600 360000 2160OOUOO 24'4943974 8'434327 
538 289444 155720672 23-1948270 8-133187 601 361201 217U81301 2405153013 8-439010 
539 290521 156590S19 23-2163735 8-138223 602 362404 218167208 24-5356883 ~:= 540 291600 157464000 23-2379001 8-143253 603 _363609 219256227 24'5560588 
641 292681 163340421 23-2594067 8-148276 604 364816 2203-18864 24'5764115 8'453028 
642 293764 159220088 23-28089_35 8·l.53294 605 366025 221445125 24'5967478 8-457691 

643 294849 160103007 23'3023604 8-l58305 606 367236 222545016 24-6170673 ~::~~ 
644 295936 160989184 23'3238076 8-163310 607 368449 223648543 24'6873700 
645 297025 161878625 23-3452.351 8'168809 608 369664 224755712 24·6576.~60 8-471647 

546 298116 162771336 23-3668429 m~; 
609 870881 225866529 24-6779254 8-476289 

547 299209 16366732.~ 23-3880311 610 872100 226981000 24-6981781 8'480926 
548 300304 164566592 23-4093998 8'183UII' 611 373321 228099131 24-7184142 8-_ 

00 301401 165469149 23-4307490 8-188244 612 874544 229220928 24-7386338 8-490185 

550 302500 166375000 23-4520788 8'193213 613 1rl5769 230346397 24-7588368 8'494806 
551 303601 167284151 23-4788892 8-198175 614 376996 231475544 24'1790284 8-499423 

652 304704 168196608 23-4946802 8'203132 615 378225 232608375 24'7991935 8-504035 

653 306809 169112377 23-5159520 8-208082 616 879456 233744896 24'8193473 8'508642 
554 306916 170031464 23'5372046 8'213027 617 380689 234885113 24'8394347 8-513843 

555 308025 170953875 23-5684380 8'217966 618 381924 236029032 24'8596058 8-517840 

656 309136 171879616 23'5796522 8'2~8 619 368161 21rl176659 24-6797106 8-522432 

557 811J249 172808693 23-6008474 8-227825 620 384400 238328000 24-8997992 8-527019 

653 811364 178741112 23-6220236 8'232746 621 385641 239483061 24-9198716 8-681601 

659 3120181 174676679 23'6431308 8-237661 622 386684 240641848 24-9399278 8'536178 

560 313600 175618000 23'6643191 8-242571 623 888129 241804367 24·9599679 8-540750 

561 314721 176568481 23-6854386 8-247474 624 389376 U2970624 24-9799920 8'545317 

562 816844 177504328 23-7065392 8-252871 625 390625 244140625 25'0000000 8-549879 

663 316969 178468547 23-7276210 8-257288 626 391876 245314376 25-0199920 8'554487 
564 311!096 179406144 28-7486842 &262149 627 393129 246491883 25'0399661 8-553990 

565 519225 130362125 23'7697286 8-267029 628 394384 247673152 25'0699282 8'563538 

566 S20356 181321496 23-79(/7545 8'271904 629 895641 248858189 25-0796724 8-568081 

567 521489 ~ 23-8117618 8'286773 630 396900 250047000 25_0993008 8-57:i6jj 

--- _u 



402 SQUARES, CUBES, AND ROOTS. 

No_JSqUarc_J Cube_ J Sq_uoot.1 CUbeRoo,INo_!Square_1 Cube. I Sq_ Root. I Cu1?"Root 

631 398161 251239591 25-1197134 
632 399424 252435968 25-1396102 
633 400689 253636137 25-1534913 
634 401956 254840104 25-1793566 
635 403225 256047875 25-1992063 
636 404496 257259456 25-2190404 
637 405769 258474853 25-2388585 
638 407044 259694072 25-2586619 
639 408321 260917119 25-2784493 
640 409600 262144000 25-2982213 
641 410881 263374721 25-3179778 
642 412184 284609288 25-8377189 
843 413449 265847707 25-3574447 
644 414736 267089984 25-3771551 
845 416025 268336125 25-3968502 
846 417316 269586136 25-4165301 
847 418609· 270840023 25-43619·17 
648 419904 272097792 25-4558441 
849 421201 273359449 25-475478-1 
650 422500 274625000 25-4950976 
651 428801 275894451 25-5147016 
652 425104 277167808 25-_5342907 
653 426409 278445077 25-55;38647 
654 427716 279726264 25-5734237 
655 42902.5 281011375 25-5929678 
656 430836 282300416 25-6124969 
657 431849 283593_393 25-6320112 
658 432964 284890312 25-6515107 
659 434281 286191179 25-6709953 
660 435600 287496000 25-6904652 
661 436921 288304781 25-7099203 
662 438244 290117528 25-7203607 
663 439569 291434247 25"7487864 
664 440896 292754994 25-7681975 
665 442225 294079625 25-7875939 
666 443556 295408296 25-8069758 
667 444889 29674096.3 25-S~G_14.31 
668 446224 298077632 25-S456!Jt;0 
669 447561 299418309 25-8650343 
670 448900 300763000 25-8843582 
671 450241 302111711 25-9036677 
672 451584 303464448 25-9229628 
673 452929 304321217 25-9422435 
674 454276 306182024 25-9615100 
675 455625 307546875 25-9807621 
676 456976 308915776 26-0000000 
677 458329 310288783 26-0192237 
678 459684 311665752 26-0384331 
679 461041 3130468.~9 26-0576284 
680 46'.1400 314432000 26-07C>8096 
681 463761 315821241 26-0959767 
682 465124 317214588 26-1151291 
883 466489 318611987 26-1342687 
684 467856 320013504 26-1883937 
665

6861
469225 321419125 26-1725047 

322828856 26-1916017 
SlI4242708 26-2106843 
S2Il6OO672 26'2297541 
327082769 26'2488095 
328509000 26'2678511 
~39371 26'll868789 
381813888 26·3058929 
8IIll8l2IiII7 lMN1248932 

8-577152 694 
8-581681 695 
8-586205 696 
8-590724 697 
8-595238 698 
8-599747 699 
8-604252 700 
8-60&753 701 
8-613248 702 
8-617739 703 
8-622225 704 
8-626706 705 
8-631183 706 
8-635655 707 
8-640123 708 
S-8445c<\5 709 
8-849044 710 
8-653497 711 
8-657946 712 
8-662391 713 
8-668831 714 
8-671266 715 
8-67,5697 716 
8-680124 717 
8-664546 718 
S-688963 719 
8-693376 720 
8-697784 721 
8-702188 722 
8-706587 723 
S-710983 724 
8-715873 725 
S-719759 726 
8-724141 727 
8-72851S 728 
8-732892 729 
S-n7260 730 
8-741624 731 
8-7-15985 732 
S-750340 783 
8-754691 734 
8-759038 735 
8-788881 736 
8-767719 737 
8-772053 738 
8-776383 739 
8-780708 740 
8-785029 741 
8-789346 742 
S-793659 743 
8-797968 744 
8-802272 745 
8-806572 74(; 
8-810888 747 
8-815160 748 
8-819447 749 
8-823731 750 
8-828009 751 
8'832285 752 
8-836556 758 
8-840823 754 
8-845085 755 
8-849344 756 

481636 
488025 
484416 
485809 
487204 
488601 
490000 
491401 
492804 
494209 
495616 
497025 
498436 
499849 
501284 
502681 
504100 
505521 
506944 
508369 
509796 
511225 
512656 
514039 
515524 
516961 
518400 
519841 
521284 
522729 
524176 
52.5625 
527076 
528529 
529984 
531441 
532900 
584361 
535824 
537289 
588756 
540225 
541696 
543169 
544644 
546121 
547600 
549081 
550564 
552049 
553536 
555025 
556516 
558009 
559504 
561001 
562500 
564001 
565504 
567009 
568516 
570025 
571586 

334255334 26-3438797 8-853593 
885702375 26-3628527 8-857849 
837158536 26-3818119 8-862095 
338608873 26-4007576 8-866837 
340088392 26-4198896 8-870576 
341582099 26-4386081 8-874810 
843000000 26-4575131 8-879040 
344472101 26-4784046 8-883266 
345948408 26-4952826 
847428927 26-5141472 
348913664 26-5329983 
350402625 26-5518361 8-900130 
351895816 26-5706605 8-904336 
353393248 26-5894716 8-903538 
354894912 26-8082694 8-912737 
356400829 26-6270539 8-916931 
357911000 26-8458252 8-921121 
359425431 26-6845883 8-925308 
350944128 26-8883281 8-929490 
382467097 26-7080598 8-983668 
363994344 26-7207784 8-937843 
365.525875 26-7394839 8-942014 
367061696 26-7581763 8-946181 
368601813 26-776&557 ·8-960344 
370146232 26-7955220 8-954503 
371694959 26-8141754 8-958658 
373248000 26-8328157 8-962809 
374805361 26-8514482 8-966957 
376367048 26-8700577 S-971101 
377933067 26-8886593 8-975240 
379503424 26-9072481 8-979376 
381078125 26-9258240 8-983509 
882657176 26-9448872 8-987627 
3842<0583 26-9629375 8-991762 
885828352 26-9814751 8-995883 
837420489 27-0000000 9-000000 
889017000 27-0185122 9-004113 
390617891 27-0370117 9-008228 
892223168 27-0554985 9-012329 
898832837 27-0739727 9-018431 
395446904 27-0924344 9-020529 
897065375 27-1108834 9-024624 
898888256 27-1293199 9-028715 
400315558 27-1477439 9-082802 
401947272 27-1661554 9-036686 
403583419 27-1845544 9-040965 
405224000 27-2029410 9-045041 
406869021 27-2213152 9:049114 
408518483 27-2396769 9-058183 
410172407 27-2530268 9-057248 
411830784 27-2763634 9-061310 
413493625 27-2946881 9-065367 
415160936 27-3130006 9-069422 
416832723 27-8313007 9-073473 
418508992 27"3495887 9-077520 
420189749 27-3678844 9-081563 
421875000 27-8361279 9:0856OS 
423584751 27-4043792 9-089639 
425259008 27-4226184 9-093672 
426957777 27-4408465 9-097701 
428661084 27-4590604 9-101726 
430366875 27-4772683 9-105748 
482081216 27-4954542 9-109766 



SQtrARES, CUBES, AND ROOTS. 403 

NO'/ square./ Cube. 1 Sq. Root. 1 CubeRoot No·lsquare,/ Cube. /Sq, Root,/ CubeRoot 

I 
767 433798093 27'5136330 9'11.3781 820 672400 051368000 28'6356421 9'369902 
758 435519512 27'5317998 9'117793 821 67<1041 553387661 28'6530976 9'363705 
759 437245<179 27'5499546 9'121801 822 675684 555412248 28'6705424 9'367505 
760 43897800U 27'6680975 9-125805 823 677329 557441767 28'6879766 9'371302 
761 440711081 27'5862284 9'129806 824 678976 559476224 28'7054002 9'375096 
762 442450728 27'8043475 9'133803 825 680625 561515625 28'7228132 9'378387 
763 444194947 27'6224546 9'137797 826 682276 563559976 28'7402157 9'382675 
764 445943744 27'6405499 9'141788 827 688929 565609283 28'7576077 9'386460 
765 447697125 27'6538334 9'145774 828 685584 567663552 28'7749891 9'390242 
766 449455096 27'6767050 9'149757 829 687241 569722789 28'7923601 9'394020 
767 451217663 27'6947648 9'153737 830 68890U 571787000 28'8097206 9'397796 
763 452984832 27'7128129 9'157714 831 690561 573856191 28'8270706 9'401569 
769 454756609 27'7308492 9'161686 832 692224 575930368 28'8444102 9'405339 
770 456533000 27'7488739 9'165656 833 693889 578009537 28'8617394 9'409105 
771 458814011 27'7668868 9'169622 334 695556 5811093704 28'8790582 9'412869 
772 460099648 27'7848880 9'173685 335 697225 582182875 28'8963666 9'416630 
773 461389917 27'8028775 9'177544 336 698896 584277056 28'92366<6 9-420387 
774 463684824 27'8208.,55 9'181500 837 700569 536376253 28'9309523 9'424142 
775 465484375 27'8388218 9'185443 838 702244 588480472 2R'9482297 9'427894 
776 467288576 27'8567766 9'189402 839 703921 590589719 28'9654967 9-431642 
777 469097433 27'8747197 9'193347 810 705600 5927041)00 2S"982i535 9'4363'l8 
778 470910952 27'8926514 9'197289 841 707281 594823321 29'OOOUUOO 9'439131 
779 472729139 27'9105715 9'201229 842 7U8964 596947688 29'017236:1 9'442870 
780 474552000 27'9284801 9'205164 843 710649 599U77107 29'03J4ti23 9'446607 
781 476379541 27'9463772 9'2U9096 844 712336 601211584 29-0516781 9'450341 
782 478211763 27'9642629 9'213025 845 714025 60336112.; 29'0688837 9'454072 
783 480048687 27'9821372 9'216950 846 715716 605495736 29'0860791 9'457800 
7B4 481890804 28'0000000 9'220873 847 71741)9 607645428 29-1032644 9'461525 
785 483736625 28'0178515 9'224791 B48 719104 609800192 29'1204396 9-465247 
785 485587656 28'0366915 9'2287U7 849 720801 611960049 29'1376046 9'468966 
787 487443403 28'0536203 9'2326l9 850 722500 614125UOO 29'1547595 9'472682 
788 489308872 28'0713377 9"237:}2S 851 724201 616295051 29-1719043 9'476395 
789 491169069 28'0891433 9·2-!O4.'33 852 725904 618470208 29'1890390 9'480106 
790 493039000 28'1069386 9'244335 853 727609 620650477 29'2061637 9-4>!8813 
791 494913671 28'1247222 9'248234 854 729316 622835864 29'2232784 9'487518 
792 496793088 28'1424946 9'252130 855 731025 625026375 29'2403830 9'491220 
793 498677257 28"1602557 9'256022 856 732736 627222016 29'2574777 9'494919 
794 500566184 28'1780056 9'259911 857 731449 629422793 29'2745623 9'498615 
795 502459875 28'1957444 9'263797 858 736164 631628712 29'2916370 9'502308 
796 504858336 28'2134720 9'267680 859 737881 633839779 29'3087018 9"505998 
797 506261573 28'2311884 9'271559 860 739600 636056000 29'3257566 9'509685 
798 508169592 28'2433938 9'275485 861 741321 638277381 29'3428015 9'513370 
799 510082399 28'2665681 9'279308 862 743044 640503928 29'3598365 9'517051 
800 512000000 28'2842712 9'283178 863 744769 642736647 29'8768616 9'520730 
801 513922401 28'3019434 9'287044 864 746496 64J!172544 29'3938769 9'524406 
802 515849608 28'3196045 9'290907 865 748225 647214625 29'4108823 9'528079 
803 517781627 28'3372546 9'294767 866 749956 649461896 29'4278779 9'531749 
80~ 519718464 28'3548938 9'29862i 867 751689 651714863 29'4448637 9'535417 
805 521660125 28'3725219 9'302477 868 753424 653972032 29'4618397 9'539082 
806 523606616 28'3901391 9'306328 869 755161 656234909 29'4788059 9'542744 
807 525557943 28'407745<1 9'310175 870 756900 6585U3OO0 29'4957624 9'546403 
808 527514112 28'4253408 9'314019 871 758641 660776311 29'5127091 9'550059 
809 529475129 28'4429253 9'317860 872 760384 6630541148 29'5296461 9'553712 

I 
531441000 28'4604989 9'321697 873 762129 665338617 29'5465734 9'557363 

28'4780617 9'325532 874 768876 66762762'1 29'5634910 9'561011 
9'329363 875 765626 669921875 29'5803989 9'564656 
9'333192 876 767376 672221376 29'5972972 9'568298 

814 9'837017 877 769129 674526133 29'6141856 9'571938 
8111 9'310838 878 770884 29'6310648 9'575574 
816 9'344657 879 772641 29'6479825 9'579208 

7 9'348473 880 774400 28'6647939 9'532840 
9'352286 881 776161 29'6318442 9'586468 
9'356095 882 777924 686128968 29'6984848 9'590094 



404 SQUARli:S, CUBES,· AND ROOTS. 

• 
iNo• SqU:UG. Oube. Sq. Root. CubeRoot No. Square. Cube. Sq. Root. CubeRoo! 

883 779689 688465387 29'7153159 9'593716 942 887364 835896888ISO'6920185 9'S028Q! 
884 781456 690307104 29·7321375 9'597337 943 889249 888561307 80'7083051 9'S06271 
885 783225 693154125 29'74!l9496 9'600955 944 891136 W232884 30'7245830 9'809736 
886 784996 695506456 29'7657521 9'604570 945 89S025 843908625 SO'7408523 9'813199 
887 786769 697864103 29'7825452 9'608182 946 894916 846590536 SO'1571130 9'816559 
888 788544 700227072 29'7993289 9-611791 947 896809 849278123 SO'7733651 9'820111 
889 790321 702595369 29'8161030 9'615398 948 898704 851971392 30'7896086 9'823572 
890 792100 704969000 29'8328678 9'619002 949 900601 854670849 SO'8058436 9'827025 
891 793881 707347971 29'8496231 9-622603 950 902500 857375000 30'8220700 9'830476 
892 795664 709732288 29'8663690 9-626201 951 904401 860085351 SO'8382879 9'883924 
893 797449 712121957 29'8831056 9'629797 952 906304 862801408 30'8544972 9'837369 
894 199236 714516984 29'8998328 9'633390 953 908209 885523177 SO'8706981 9'840813 
895 801025 716917375 29'9185506 9'636981 954 910116 863250664 30'8363904 9'844264 
896 802816 719323136 29'9332591 9'640569 955 912025 870988375 SO'90S0743 9'847692 
897 80460~ 721734273 29'9499583 9'644154 956 918936 873722816 30'9192497 9'851128 
898 806404 724150792 29·9666481 9'647737 957 915849 876467493 80'9354166 9'854562 
899 808201 726572699 29'9883237 9'851317 958 917764 879217912 SO'9515751 9'857993 
900 810000 729000000 30'0000000 9'654894 959 919681 881974079· 30'9677251 9'861422 
901 811801 731431701 30'0166620 9'858468 960 ~1600 884736000 30'9888568 9'864848 
902 813604 733370808 30·03331.18 9'662040 961 9'13521 887503681 31'0000000 9'868272 
903 815409 736314327 30'0499584 9·66.5609 962 925444 890277128 31'0161248 9'871694 
904 817216 738763264 30'0665928 9·669176 963 927369 893056347 31'0322413 9'8751l3 
905 819025 741217625 30'0832179 9'672740 964 929296 895841344 31'0483.94 9'878530 
906 820836 743677416 30·0998389 9-676302 965 931225 898632125 31'0644491 9'381945 
907 822649 746142643 30'Il64407 9-679860 966 933156 901428696 31'0805405 9'885357 
908 824464 748613312 30'1830383 9'683416 967 935089 904231068 31'0966236 9'688767 
909 826281 751089429 30'1496269 9·686970 968 937024 907039232 31'Il26984 9'892175 
910 828100 753571000 30'1662063 9'690521 969 938961 909853209 31'1287648 9·895680 
9Il 829921 756058031 30'1827765 9'694069 970 940900 912673000 31'1448230 9'898983 
912 831744 758550528 80'1993377 9'697615 971 942841 915498611 31'1608729 9'902883 
913 833569 761048497 30'2158899 9'701158 972 944784 918330048 31'1769145 9'9057R2 
914 835396 763551944 30·2324329 9·704699 973 946729 92Il67317 31'1929479 9'~W178 
915 837225 766060875 30·2489669 9'708237 974 948676 924010424 31'2089731 9'912571 
916 839056 768575296 30·2654919 9'711772 975 950625 926859375 31'2249900 9'915962 
917 840889 171095213 30'2820079 9'715305 976 952576 929714176 31'2409987 9'919351 
918 842724 773620632 30'2985148 9'718885 977 954529 932574833 31'2569992 9'922738 
919 844561 776151559 30·3150128 9'722363 978 956484 935441352 31'2729915 9'926122 
920 846400 778688000 30'3315018 9'725~ 979 958441 988313739 31'2889757 9·929504 
921 848241 781229961 30'3479818 9'729411 980 960400 941192000 31'3049517 9'932884 
922 650084 783777448 SO'3644529 9'732931 981 962361 944076141 31'3209195 9'936261 
923 851929 786330467 30'8809151 9·736448 9B:! 964324 946966168 31'3368792 9'939636 
924 853776 788389024 30'3973683 9'739963 933 966239 949862087 31'3528308 9'943009 
925 355625 791453125 30-4133127 9'748476 984 968256 952763904 31'3687743 9'946380 
9"26 857476 794022776 30'4302481 9'746986 985 970225 955671625 31'3847097 9'949748 
927 859329 796597983 30'4466747 9'750493 986 972196 958585256 31'4006369 9'953114 
tl2S 861184 799178752 30'4630924 9'753998 987 974169 961504803 31'4165561 9'956477 
929 863041 801765089 30',1795013 9'757500 988 976144 964430272 31'4324673 9'959839 
930 884900 804357000 30'4959014 9'761000 989 978121 967361669 31'4483704 9'963198 
931 866761 806954491 30'5122926 9'7601497 990 980100 970299000 31'4642654 9'966555 
932 868624 809557568 30'5266750 9'767992 991 982081 973242271 31'4801525 9'969909 
933 870189 812166237 30'5450487 9'771484 992 984064 976191488 31'4960315 9'973262 
934 872356 814780504 30'5614136 9'77'l974 993 986049 979146657 31'5119025 9·976612 
935 874225 817400375 30'5777697 9'778462 994 988036 982107784 31'5277655 9'979960 

r
6 876096 820025856 30'5941171 -9'782946 995 990025 985074875 31'5436206 9'983805 

937 877969 822656953 30'6104557 9'786429 996 992016 9&l047936 31'5594677 9'986649 
938 679844 825293672 30'6267857 9'788909 997 994009 991026973 31ii753068 9'989990 
939 881721 827936019 30·6431069 9'792886 998 996004 994011992 31'5911380 9'998329 
940 883600 830584000 30'6594194 9'795861 999 998001 997002999 31'6069613 

l~~= )941 885481 833237621 3q'6757233 9'799884 1000 100000011000000000 31'6227766 
I 



ANSWERS TO MISCELLANEOUS EXERCISES. 

EXERCISE 8. 

2. Sixty-seven trillions eight hundred and forty-five billions three 
hundred and ninety-eight millions six hundred and seventy­
eight thousand nine hundred and four. 

Five quadrillions nine hundred trillions seven hundred and four 
billions sixty millions forty thousands, and sixty thousand six 
hundred and four hundredths of millionths. 

3. MVDCCLXIX. 
4. 429860000. 
5. $67'31-1. 
6. 77991. 
'1. 605000070016'006009. 
8. 46978900. 

10. 69'800463. 
11. '8439. 
12. 678900000. 
13. 604329860000000. 
14. 1000001000001001'000000000001. 
16. '0007609. 
16. Ninety trillions eight hundred and seven blllions sixty millions 

five hundred and four thousand and thirty. 
Four quintillions four quadrillions forty trillions four hundred 

billions sixty thousand fuur hundred and thirty-two, and o~e 
trillion ten billion two hundred and three million forty thou­
sand five hundred and six hundredths of trillionths. 

18. 77t cords. 
19. 717 cords 91 cubic feet. 
20. DCCXVIII, DCXIV, CDXCIX, CMXCIX, VMMMDCXLIII, 

XCVMCXLIX, CLXMMMCMLXXXVI, CDXLMVCDXLIV. 
21. 333, 1989, and 1000001. 
25. $3'75,\-, $24'58~, $71~, and $757'47H. 

EXERCISE 17. 

1. $18029304. 9. 924381bs. 8oz. 2 dr. 1 ser. 
2. $13999999'73. 13 grs. 
3. 36497318. 10. 1698728602536. 
4. 35857536. ll. 78990 bushels. 
6. 27424500. 12. $64'97. 
6. 271633. 13. 9032 yds. 3 qrs. 200. 
'1. 9504000. 14. 1037957601'5. 
8. 327040000. 15. $16444'9602. 



4-06 ANSWERS TO MISCELLANEOUS EXERCISES. 

EXERCISE 22. 

1. $34736'8421. 
2. $30634'9206. 
3. 3308 dys. or 9 yrs. 20i dys. 
4. $32. 
5. $137. 
6. $10S. 
7. $9. 
8. $29. 
9. 429~l 

10. '578 oz. 
11. 50!. 
12. 2501bs. 
13. 10'157. 
14. 2 bush. 1 pk. 1 gal. 2 qts. 

1f,-pts. 
15. 189Sffi. 
16. 267 days 7Hffi hours. 

EXERCISE 23. 

1. 789641420714. 
2. Sixty-seven millions eight 

hundred and thirteen thou­
sand four hundred and 
twenty, and twenty-one 
million thirty thousand and 
forty-six billionths. 

Seventy-two millions, and 
seventy-two billionths. 

One billion one million and 
one hundred, and ten tril­
lion ten million and one 
tenths of quadrillionths. 

3. DCCIX, MVCCCLXXVI, 
MXCMXCIX, LXXXVMIV, 
MMMCMXL VMMDXCVI. 

4. 53973 lbs. 
6. £3 18s. l1~d. 
6. 10837 yrs. 119 days 2 hours, 
7. $2919'50-,-,\. 
8. $123'77. 
9. 520006002043 '000000005016. 

10. 1 acre 1 rood 3 per. 4 yds. 
5 ft. 11 in. 

11. $12268'30. 
12. 54 years 19 weeks 3 days 

16 hours 33 minutes. 
13. 141000000, '00741, 741000000, 

'000000141, '000000000741, 
'00741, and 74'1, 

14. '0331632. 
15. 475flr hhds. 
16. $6750. 
17. 1It,t. 
18. 58 acres. 
19. $;0'501. 
20. $37. 
21. 3 lbs. 0 oz. 14 dwt. 13t grs. 
22. 29 acres 0 roods 21 per. 
23. 14,ds. 
24. 15ibs. 4 oz. 1dm. 14grs. 
26. $3890·3Si. 
26. 1032694. 
27. 16800. 
28. $360'15. 
29. $247'95. 

.30. $132082. 
31. 169'49. 
32. $79·99.l2 • 
33. $59'85. 
34. ~32·12t. 

36. CCCCCCDCCIX. 
a6. '56218+. 

37. 1869696969'69. 
38. $1713'34. 
39. $21'1433. 
40. 236ifl. 
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EXERCISE 40. 

1. $4688'161;'-. 
2. 2753tl miles 1 fur. 21 per_ 

o yds. 1 ft. 6 in. 

7. 277200. 
8. See XLVIII Recapitulation. 

3. 96. 9. 
Sec. I., page 57. 

642762977065601'1. 
4. 500313 octenary and 10. 

20222133 quinary. 11. See Table, page 125. 
5. 1243994'98275. 12. $2689·51i· 
6. LXXMXcDXXIII and 13. 27. 

___ _ 14. See Recapitulation XLVIII 
CCXXXMYDLXVII. page 57. 

15. 742000000905000078014'0000087200011. 
16. Seventy-one trillions three 18. 26 x 53 X 3 x 23. 

hundred billions one hun- 19. 87 ft. l' 1" 3'" 0"" 10'"'' 
dred millions two huudred 8""" 10'"'''' 10"""" 
thousand four hundred and 20. '011436. 
one, and seveuty thousand 21. 16383. 
four hundred and two tril- 22. 4096. 
lionths. 23. 11 acres 3 rds. 7 per. 19 yds. 

One hundred and thirty-four 0 ft. 130 in. 
quadrillions nine hundred 24. 336960. 
trillions one hundred and 25. Child's 8lmre, $179'41-i'r; 
one billions one hundred woman's, $358'82-lii i man's, 
thousand and one hundred, $1794·12-h. 
and two hundred milliou 26. 1023 and 512. 
twenty thou.i;lud and two 27. 99-,-1,1-0\. 
trillionths. 28. 48359'8979694. 

Four quadrillions seven hun- 29. 722487'0873859. 
dred trillions twenty thou- 30. 651bs. 7 oz. 0 drs. 1 SCI'. 

sand and seven, and two 31. 1, 2, 4, 7, 8, 14, 19, 28, 38, 
hundred and seventy-eight 56, 76, 133, 152, 266, 532" 
hundredths of trillionths. 1064. 

17. £2272 Os. 3td. 32. 82l.1r yards. 

EXERCISE 63. 

1. t, -Nr;, to. le. and no· 
2 .• ?..-. 
3. $4·52;h-. 
4. 1\\' 
5. Gave away H and kept ii· 
6. IH. 
7. $212·99U. 
8. Longer part 72 feet and 

shorter part 64 feet. 
9. 1058-N\r acres; $13219·68t· 

10. 14-l'ln and ,N-,. 
11. $1!-l4·15i. 
12. 11>28387'061. 
13. 311 Hi bushels. 
14. 1 and I/l'-tr;. 
15. 2H bushels. 
16. t. 
1 '7. Hi. 
18. 5:1-6 and 2H. 
19. $1333'33t or i!r of the whole. 
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EXERCISE 77. 

1. '8. 
2. 1'4445566778. 10. 26'7837428571. 
3. 4 days 17 hours 55 min. 

30 sec. 11. 71'86193. 
4. tt~-H· 12. 11'546 oz. 

13. 75t yards. 
5. 156'8593127009'1. 

14. 13'5169533. 
6. '739157196 of a mile. 15. 3, 3, 1, 4, 1, and 9. 
7. 16 sq. ft. 104M inches. 
8. 1 acre 3 roods 13 per. 22 yds. 16. 476'65028119. 
9. 11 ttr and I,%-. 17. 9. 

EXERCISE 78. 

2. 702000007030017'0000000004000076. 

3. 1017116666-6. 10. 20790. 
4. 2~. 11. 1375t'12 and 2049151. 
6. 10--l-l-l-lo. 12. 66. 
6. 5044 bricks. 13. 1 day 23 hours 24 min. 34H 
7. 111 sq. ft. 0' 9" 7'" 4"" 5"'" seconds. 

5"flll 14. 19860 Ibs. 2 oz. 9t drs~ 
8. 8itH. 16. $158'75. 
9. 12225 bush 2pks Ogal 2qts. 16.~, H, HH, and sP,rto. 

7040000, '0000704, 704000000000, '00000000704, '0000704, 17. 

18. 
19. 

20. 
21. 

22. 
23. 

7'04. 
3--t'6Q.Jllf' 
Man's share = £66·Os. 4-1d., 

woman's = £33 Os. 2td., 
child's = £11 Os. Oid. 

190-d\1.l!0· 
1, 2, 3,4, 5, 6, 9, 10, 12, 15, 

18, 20, 25, 27, 30, 36, 45, 
50, 54, 60, 75, 81, 90, 100, 
108, 135, 150, 162, 180, 
225, 270, 300, 324, 405, 
450, 540, 675, 810, 900, 
1350, 1620, 2025, 2700, 
4050, 8100. 

117. 
Lunar month = 29 days 12 

hours 44 min. 3 seconds. 
Solar year = 365 days 5 

hours 48 min. 48 seconde. 

24. 
25. 
26. 
27. 
28. 
29. 

13450tH· 
134062t lbs. or 13406! gals. 
$295'59f2--' 
247-1-1' 
6h\· 

30. 29 x 3 x 5. 
31. 55045884 lines. 
32. $45'59. 
33. $90·96~t. 
34. 3'185988. 
35. 2159R 
36. $21588'90. 
37. $142'8248. 
38. 293. 
39. lli%, H--M, mid­

H-H, tiH, 00'. 
40. $103·35t. 
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EXERCISE 89. 

1. 2: 3. 
2. $4'79·30~. 
3. 

4. Greatest 21: 2'7; least 9: 13. 
. . 

5. 57'1005556618'72493. 
7737 410042 . 

6. 53ee3u.i duodenary, 120143131033440qutnary, and 
9972 

'760tO 1251t undenary. 

7. 5'57052 oz. 14. 10-f-d\,. 
8. 3 yds. 3 qrs. 0 na. OU in. 15. £2 Is. 2!d. nearly. 
9. $2962''70. 16. 3+% days. 

10. 1 bush. 2 pk. 0 gal. 1 qt. 17. 6l8~' 
11.17: 8; 88: 176; 17:8and 18.52. 

23: 11; 6: '7 and 88: 176; 19. 50t-~-. 
1173: 616. 20. '026856599989+. 

12. 39 per cent. 21. '0778. 
13. M%. 22. 4'32958 miles. 
23. '7648'76837 nonm'Y; 10011110101000011:001111010000 binary; 

11146453021 septenary. 
24. 188100. 
25. 80*-3-. 
26. 48. 

. . 
27. 415'47113'7804. 
28. $53'5966. 

30. $5'04. 

29. 1, 2, 3, 4, 5, 6, 7, 9, 10, 12, 
14,15,18,20,21,25,28,30, 
35, 36, 42, 45, 50, 60, 63, 
70, 75, 84, 90, 100, 105, 
126, 140, 150, 175, 180, 
210, 225, 252, 300, 315, 
350; 420, 450, 525, 630, 
700,900,1050,1260,1575, 
2100, 3150, 6300. 

31. Each man's share, $325'99lli; each woman's, $88'90tH; each 
child's, $25·40H-~. 

32. 12%, 5/r, 2f-". 36. t. 
33. 3 yds. 2 ft. 8t in. 3'7. 211.. 
34. 104: 5. 38. 70 goats. 
35. '71 miles 5 fur. 34 per. 3 39. 200. 

yards. 

EXERCISE 92. 

1. '7020400000,'7'0204, '70'204, 
'0000070204, '7020'4, and 
'000000'70204. 

2. 6'704866'561. 
3. £399 19s. 5HfHd. 

4. 846'372095'763. 

6. 5: 7; 9: 13; 54: 221. 
6. $2070'3593. 
'7. They have none. 
8. $27431'31-!-
9. tt, tHill, ;a, and Hf' 

10. 236fo. 
11. 12% days. 
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12. 744916400000; 7'449164; '00000000007449164; 7449'164; 
'0007449164; 744916'4, 

13. 
14. Binary 63 and 32, Quater­

nary 4095 and 1024, Se­
nary 46655 and 7776, Oc­
tenary 262143 and 32768, 
Duodenary 2985983 and 
248832. 

15. 1-, 2, 3, 4, 6, 8,9, 12,16, 18, 
24, 27, 32, 36, 48, 54, 64, 
72,96, 108, 144, 192, 216, 
288, 432, 576, 864, 1728. 

16. 720720, 
. , 

17. 79'789966677748855. 
18. $127'98, 
19. 21'19117. 

EXERCISE 165, 

1. 7000090000019'00000004200006. 
2. A, $1639'32t; B,$1528'21t; 

3. 
4. 
6. 
6. 
7. 
8. 
9. 

10. 
11. 
12. 
13. 

14. 
15. 

C, $1437'31t; D, $1534'95, 
13f· 
$1497803819'4444, 
83160, 
361 years, 10m'tlli:, 25 days, 
40'38, 
33943IbsAoz.8dwt.14igrs. 
2. 
129%. 
3, 
24, 
A, $384'47; B, $291'07; 

C, $221'89. 
135\H- lbs. 
'165229. 

16. 530'00121864500. 
17. $7854'29. 
18. 26~. 
19. 81000, 

5456640. 
They have none, 

20. 
21. 
22. A, $3492'06; B, $4761'91 ; 

C, $6746'03, 
23. 

24. 

A, £167H; B, £139M- ; 
C, £93,n, 

2/9 hours, 

25. LXXMVCMXXXVIII and 

XVMMCDXCVMMMDCLXXIX, 
26. 1st gets 792 loaves; 2nd, 

594; 3rd, 924. 
27. 72, 18 and 541bs" or 24,96, 

and 96 lbs, respectively, 
28. $3725'764. 
29. 24010'23, 
30. $4803'5064, 
31. 5739'29 yds. Gain 251 per 

cent, 
32. 
33. $12612, 

34. 2'886057; 1'290035; 
r 4'698970; 2'182129; 

3'051153; 1'449735; 4'812913; 
0'909127, 

35. t8't2, 
36. 84 years. 
37. 66'80578 times, 

40. $460'0034. 
41. 5 Y1'S, 8 mos, 5 days, 
42. Amount $1409'07_ Com-

38. 22992700'72992700, 
39. $5'482. 

pound Int, $595'36. 
43. 10 months 18 days. 

44. A, $571'9675; B, $554'8675 ; 
;l,nd E, $1078. 

C, $535'6375'; D, $493'5275; 
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45. $1372'02898. 
46. l. 
47. 11704272374tHi octenary. 

48. '01 and ·C)l2345679. 
49. One quadrillion three hun­

dred billions fifty million 
and six thousand, and sev· 
en hundred million eighty 
thousand and nine tril­
lionths. 

Seven trillions six hundred 
billions two hundred and 
ninety millions thirty-four 
thousand and seven, and 
sixty-sevel} millions four 
hundred thousand two hun­
dred and nine quadril­
lionths .. 

60. 1296. 
61. 33'395 years. 
52. 7119811. 
63. 144. 
54. 35U. 
55. 8+ days. 
56. $2469'71. 
57. 41\-, 3+3, and 21\. 
68. Each man had 60; A caught 

. 50, B 60, 0 70. 
69. 191 and 17763. 
60. 44·997 years. 

61. A,$1556·95i; B,$1169·95~; 
0, $973·08i. 

62. 1, 2, 4, 1429, 2858, 5716. 
63. 2·;{'6. 
64. Man's share = $919'14H, 

woman's = $459'57tt, 
and child's = $153·19ft-. 

65. 24. 
66. $21'03. 
67. Greatest 9: 16; least 10: 19; 

compo ratio 21: 247. 
68. 8'5318452. 
69. '019156118. 

70. 
71. 
72. 
73. 
74. 

75. 
76. 
77. 
78. 
79. 
80. 
81. 

82. 
83. 

. . 
2781'849813156689829957. 
157'036 feet. 
85 spirits, 35 water. 
422·32. 
70 and 14. 

223·82460585. 
5·3234l. 
58 and 28. 
156240. 
30401. 
228+: 1617. 
3 and It, or 4 and I!, or 5 

and It, &c. 
Hi· 
5-{'r minutes past 1 o'clock. 

84. 6'585461· 3'502675' 5'187521· 2'113509; 0·196295; 
1·96927'6. ' , 

86. $4·314. 91. 1, 8t, 16t, 24t, 32t, 40. 
86. X $672 and Y $1120. 92. 7. 
87. rio 93. Apple 2d., pear 3d. 
88. 4321. 94. it. 
89. 18i Ibs. at 4d.; 18~ Ibs. at 95. $275. 

6d.; and 74i Ibs. at 8d. 96. $124 and $1564. 
90. 10, 22, 26. 

97. 11000000000011·0000000011. 

98. $3649'3932. 
99. 28 x 3' x 7 x 11. 
100. 28t. 1

101. 117. 
102. 62+ gal., 83t gal., and 146 

~al. 
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103. A, £194 16s. IHd.; B, £129 1'78. 4~td.; 0, £9'7 8s. OHd.; 
D, £'7'7 18s. 5Hd. 

104. $1230'338. 
105. 10 hours. 
106. 41 years. 
107. 4'629 days. 
108. £416s. 
109. 44TJ' 
110. 1422·2Ibs. 

Ill. 

112. 
113. 

114. 

1st, '46 inches; 2nd, .'5'7 
in.; 3rd, '82 in.; 4th, 
3'149 in. 

'71'11'7. 
$2019"651; $48'71'803; 

$4815'805; $6467''739 ( 
$1825. 

I" 300 yrS.; 2nd 56 '827 yrs. 

115. 1st, $920'20; 2nd, $2760'60; 3rd, $5521'20. 
116. Paid each workman $28'66i; 1st company cleared 87* 

acres; 2nd company, 77tJ; acres; cost of clearing, $84,Jlh 
per acre. 

H '7. 15 and 11. 132. 
118. $2340'00. 133. 
119. 132 days. 134. 
120. A, $2180; B, $1635 ; 0, 135. 

$1308; D, $1090. 136. 
1.21. ~,}~, ~H, H·m·, 8HiH. 137. 
122. 861H and 411lo~\-. 
123. Sum $08 Os. 8lltid.; QUO- 138. 

tient i:i:l414·56. 139. 
124. 491Th yds. 
125. $214. 140. 
126. 1" 175 yrs. ; 2nd 41'914 yrs. 141. 
127. lOW perches. 
128. 111104. 142. 
129. 9, 27, SI, 243, 729, 2187, 143. 

6561. 

51 of each, rem. £IH. 
$200. 
19 per cent. 
$1388'888. 
Is. 9d., Is. 2d., and 7d. 
A, $25; B, 825; 0, $50 ; 

D, $100. 
'057. 
7~; 1621\9-0 ; ItN-; fl3; 

2308. 
96; 17t. 
$89ttr; $107~; $143tt; 

and $17921I' 
$15009'41. • 
17t, 32%, 4St, and 63t; 35 

and 85905. 
130. 9t. 
131. S'04 in. 9'534 in. 12'426 in. 

and 30 inches. 

144. 36t days. 

(THE END. 





ENCOURAGE HOME TALENT. 

LOVELL'S SERIES OF SCHOOL BOOKS. 

HAVING long felt the necessity existing for a SERIES OF EDUCA· 
TIONAL WORKS, prepared and expressly ,adapted tor our 

COLONIAL SCHOOLS, the Publisher was induced to attempt the 
supply of this want. HiB efforts thus far have been crowned with success; 
his Books having been most generally welcomed ill the Schools, and 
most favourably noticed by the Press,-ofBritish North America. 

He takes great pleasure in calling attention to the following, from his 
,List of 35 SCHOOL BOOKS, already issued. 

Cts. 
LOVELL'S GENERAL GEOGRA.PHY, with 51 Coloured 

Maps, 113 Beautiful Engraving1l, and a Table,of Clocks of the 
World. By J" GEORGI< HODGINS, LL.B., E.R-?S .......... 65 

[This Book is especially adapted for, 'and worthy of 
introduction into, every College,t;Academy, and 
School ill the British Provinces; U'" Parents 
should see that it is in their ChildIen's hands.] 

.EASY LESSONS:lN GENERAL GEOGRA.PHY; with 
Maps and Illustrations; being introductory to Lovell'. General , 
Geoirnphy. By the same .........••...........•...... , .... '. 45 

A SCHOOL HISTORY OF CANADA, and ot" the 
other British N. A. PrOvinces, with Illustrations. 
By the same ..... \ . .. . . .. . . .. . . .. . . .. . . .. . . .. . ... . . .. . . .. . . .. . 110 

National Arithmetic, in Theory and Practice, adapted to 
Decimal Currency. By J. H. SANGSTER, M.A., M.D..... ... 60 

Key to National J\rithlDetic. Byt!lesame .............. ; 90 

ElelDentary Arithmetic, in Decimal C,urrency. By the same. 25 
Key' to the ElelDentary Arithmetic. By the same...... 65 

ElelDentary Treatise on Algebra. ' By the same..... . . .. 90 

Key to E,Jementary Treatise on Algebra. By the same. 1 50 

IN l'REPARA,'rION: 

THE CANADIAN SCHOOL SPEAKER AND RECITER, 
OONTAINING A NUlImER OF 

PROSE AND POETICAL PIECES AND DIALOGUES, 

Suitable for Grammar and .common School Examinations and 
Exhibitions. 

BY J. GEORG)]: HODGINS, LL.B., F.R.G.S. 

IN l'Rllll'ARATION: 

INTRODUCTORY SKETCHES AND STORIES FOR .JUNIOR 
CLASSES. 

TAKEN FRO1\[ THE 
" History qf CQlI1mla and qfthe other Provincesqf BritisTt North America, " 

fO'1'tl~ use qf Schools, , 
WITH ILLUSTRATIONS. 

BY J. GEORGE BODGINS, LL.B., 1!'.R.G.S. 

JOHN LOVELL. Printer and Publisher. 
Montreal, January, 1866. 

ENOOURAGE H01\[E INDUSTRY. 




