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PREFACE. 

THIS iittle book is not intended to supersede the more 
elaborate text-books upon the same subject, in use in our 
Schools, but rather to serve as an introduction to one or 
other of them. The great mass of Common and Grammar 
School pupils have not time, amid the many other impor
tant studies claiming their attention, to devote to any 
lengthened course of instruction upon Mensuration. All 
that the teacher can ordinarily hope, under existing circum
stances, to accomplish in this department, is to make his 
scholars capable of readily computing the area of regular 
surfaces and the volume or capacity of regular solids. Where 
morc is attempted, it is, as a general thing, done at thc 
expense of other important branches of instruction. Those 
who are intended for professions which require an intimate 
knowledge of Land Surveying, Astronomy, Gauging, &c., 
may, of course, profitably devote one or more entire years 
to the study of the various departments of mensuration, 
but for general purposes-for the farmer, the mechanic, 
the merchant, a knowledge of the mensuration of ordin-, 
ary surfaces and solids is amply sufficient, and it is for' 
such that the following pUi!:es have been thrown together. 

The rules are given in the form of formulas, because it 
is believed that they are thus much more readily and last
ingly remembered, and a very little effort on the part of the 
teacher will enable the pupil both to understand the depend
ence of the rules upon one another, and the interpretation 
and application of the formulas. 

Toronto, October, 1867. 
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~{ENSUR.ATION. 

DEFINITIONS. 

IAifir The teacher is expected to dra IV on the blackbom·J or 
slate, figures illustrating these definitiolls. 

1. A figure is that which is enclosed by one or more 
boundaries. 

2. A plane figure is enclosed by one or more lines, which 
lie on the same plane or flat surface. 

3. A solid body is that which is contained or bounded by 
one or more surfaces. 

4. A plane figure or surface is said to have two dimensions, 
viz: length and breadth; a solid is said to have three 
dimensions, viz: length, breadth and thickness. 

5. The are(/ of a plane figure is the number of square units 
of measurement contained within its bounding line or 
lines; the volume of a solid body is the number of 
cubic units of measurement contained within its 
bounding surface or surfaces. 

6. lJlensuration consists in the determination of the areas 
of surfaces and the volume of solids from their linear 
dimensions. 

7, A plane rectilineal angle is the mutual inclination of 
two straight lines towards one another-which meet 
but are not in the same straight line. 

NOTE,-The magnitude of the angle depends upon the rate of diver
gence of the lines-uot upon theiJ' length, 
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8. When one straight line, standing upon another, makes 
the adjacent angles equal, each of them is called a 
right angle j and the line which stands upon the other 
is called a perpendicular to it. 

9. An angle less than a right angle is called an acute 
angle; an angle greater than a right angle is called an 
obtuse angle. 

10. Parallel straight lines are those that lie in the same 
plane and which have the same direction, so that being 
produced ever so far, both ways, they never meet. 

11. A fj·iangle is a figure contained by three straight lines. 
12. An equilateral triangle has all of its sides equal; an 

isosceles triangle has two of its sides equ.al; and a 
scalene triangle has all of its sides unequal. 

13. A right-angled triangle has one of its angl!ls a right 
angle; an obtuse-angled triangle has one of its angles 
an obtuse angle; and an acute-angled triangle has all 
three of its angles acute angles. The two latter are 
often called oblique-angled triangles. 

14. A quadrilateral figure is that which is enclosed by four 
straight lines. 

15. A trapezium is a quadrilateral figure having no two of 
its sides parallel. 

16. A trapezoid is a quadrilateral figure having one pair 
of opposite sides parallel. 

17. A parallelogram is a quadrilateral figure having each 
pair of opposite sides parallel. 

18. A rectangle or oblong is a parallelogram whose angles 
are all right angles, but its adjacent sides are not equal, 
i. e. its length is greater than its breadth. 

19. A square is a parallelogram whose angles are all right 
angles and its sides are all equal. 



20. 

21. 

22. 

23. 

24. 

25. 
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The diagonal of a quadrilateral figure is a straight line 
joining its opposite angles. 
A polygon or multilateral figure is a figure contained 
by more than four straight lines. 
A regular polygon is one whose sides are all equal to 
one another, as also are its angles. 

Polygons are named from the number W 
of their sides-thus a five-sided 
polygon is called a pentagon; a six- A 

sided polygon, is called a hexagon j 
a seven-sided polygon is called a 
heptagon j an eight-sided polygon is B 

Fig. I-Pentagon. 
called an octagon, &e. 

The apothem of a regular polygon is 0 
a perpendicular from its centre on 
any of its sides; as AB, Fig. 1 or 2. .II A 
A circle is a plane figure, bounded 
by one line, called the circumference, 
and is such that every part of the Fig. 2-Hexagon. 

circumference is equally distant from a point within, 
called the centre. 

NOTE.-The circumference is the bounding line-the circle thc space 
inclosed. 

26. The diameter of a circle is a straight line passing 
through the centre, and terminated both ways in the 
circumference. 

27. A semicircle is the figure contained by the diameter 
and the part of the circumference cut off by the dia
meter. 

28. The radius of a circle is half the diameter, or is a 
straight line joining the centre of the circle with the 
circumference. 
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:!9. An arc of a circle is any part of the circumference. 
30. A chord of a circle is any straight line joining the 

extremitics of an arc. 
31. A segment of a circle is the figure contained by a 

chord and the arc of the circumference cut off by the 
chord. 

32. A sector of a circle is the figure contained by an arc 
of the circumference, and the two radii joining its 
extremities with the centre of the circle. 

33. A lune is the figure contained between the circular arcs 
of two dissimilar circular segments which have a com
mon chord. 

Fig.3. 

c 

A~B 
Thus in Fig. 3 AB is a chord, ACB and ADB are two dissimilar 

circular segments, ACBD is a lune. 

34. A degree is the 360th part of the circumference of a 
circle. 

NOTE.-The length of the degree depends upon the maguitude of the 
circle. 

35. Concentric circles are such as have a common centre. 
36. A circular annulus is the figure inclosed between the 

circumferences of two concentric circles. 
37. The perimeter or periphery of any figure is its circum

ference, or the aggregate length of all its boundaries. 
38. A polyhedron is any solid contained by planes, which 

planes are called its sides or faces. The lines bound
ing its sides are called it~ edges. 
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39. A 1'~911l(/1' polyhedron is one whose sides are equal and 
regular figures of the same kind, and whose solid 
angles are equal. 

40. There are only five regular polyhedrons, viz. :--
The tetrahedron contained by four equilateral tri

angles. Fig. 4 
The hexahedron contained by six squares. Fig. 5 
The octahedron contained by eight equilateral tri

angles. Fig. 6 
The dodecahedron contained by twelve pentagons. 

Fig. 7 
The icosahedron contained by twenty equilateral tri

angles. Fig. 8 

Fig. 5. Fig. 6. 

Fig. 4. 

Fig. 7. 
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Fig •. S. 

41. A prism is a solid contained by 
plane figures, of which two are 
equal, similar and opposite; with F 
their sides parallel each to each, 
and the other sides are parallelo
krams. 

Fig. 9. 
1( 

42. The ends or terminating planes of 
the prism are the two similar A .,/ 
sines, and the edges of these are 
called terminating edges to dis-
. h f h I I A Polygonal Right tmguis them rom t e atera Prism; ABCDEandFG-

sides and edges. The prism is RIK its ends. AB, BC, 
. l l CD, &c., terminating 

trtangu ar, rectangu ar, square or edges. AF, GB, CR, &c., 
polygonal, according as its termi- its lateral edges. 

nating planes or ends are triangles, rectangles, squares 
or polygons. When the lateral edges are perpendicular 
to the end, the prism is called a right prism, when 
otherwise, an oblique prism. The line joining the 
centres of the terminating planes of a prism is called 
its axis. 

43. A parallewpiped is a prism having parallelograms for 
its terminating planes or ends. 

44. A cube is a solid contained by six equal squares. 



45. 

46. 

DEFINITIONS. 

A pyramid is a solid having any 
rectilineal figure for its base; and 
for its other sides triangles, which 
have a common vertcx. The 
pyramid is triangular, square, 
rectangular, &c., according as its 
base is a triangle, a square, a rect-
angle, &c. 

When the base is a regular figure, E 
a line joining its centre with the 

Fig.10. 

S 

vertex of the pyramid is called A 

13 

the axis of the pyramid. When A Regular Pyramid 
. ABCDE its base. Bes, 

the axis is at right angles to the ACS, &c., its sides. 

base; the pyramid is called a regular pyramid. 
7. A cone is a round pyramid having Fig. 11. 

a circle for its base, and is con
ceived to be produced by the re
volution of a right-angled trian
gle . about its perpendicular side 
which remains fixed. The line 
joining the vertex of the cone with 
the centre of the base is called 
the axis of the cone. Fig. 11. 

.,..".-,---..,...., 
48. A right cone is one in which the axis is perpendicular 

to the base-all other cones are called oblique. 
49. A cylinder is a prism having Fig. 12. 

circles for its ends or termi
natingplanes, and is conceived 
to be produced by the revolu
tion of a rectangle about one 
of its sides, which remains 
fixed. Fig. 12. 
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50. A sphere or globe is a solid body 
which may be supposed to be 
produced by the revolution of a 
semicircle about its diameter 
which remains fixed. Fig. 13. 

51. A segment of a sphere is a part G 

of it cut off by a plane; a seg
ment of a pyramid, cone, cylin

J<'ig.13. 

der or other solid, with a plane base is a portion cut 
off from the top by a plane parallel to the base. 

52. Afrltstltm of a solid is the portion Fig. 14~ 
contained between the base and a 
plane paral1el to the base as in fig. 
14; thefrllstU1n or zone of a sphere 
is the portion cut off by two parallel 
planes as ADGH in Fig. 13. 

5:J. An ellipse or oml (Fig. 15) is a . 
F.g.15. 

planefigureboundedbyacnrved a. .p 

line such that the sum of the EfFJ 
distances of any point in its 
circumference from two given t;f Q f.f/ rl 

points in it is constant, i. c. is ! 
equal to a given straight line. 1, II 

Thus Fig. 15 atbd is an ellipse because pf + pi' is constant; f and!, 
are tbe foci, c the centre, td the transverse aud ab the conjugate diameter 
or axis, sm is an ordinate and sp a double ordinate, tm and md are the 
abscisses to the ordinate sm. 

54. The two given points are called the foci of the ellipse, 
and the middle of the line joining them is called the 
centre of the ellipse. The distance of either focus from 
the centre is called the eccentricity of the ellipse. 

55. The major or long axis or transverse diameter of an 
ellipse, is a line through both foci, and terminating in 
the bounding curve. 
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56. The minor or short axis or conjugate diameter, is a line 
passing through the centre, at right angles to the major 
axis, and terminating both ways in the bounding curve. 

57. An ordinate to either axis is a line drawn from any 
point in the curve perpendicular to the axis j when it 
is continued to meet the curve on the other side, it is 
called a double ordinate. 

58. Each of the segments into which the ordinate divides 
the axis is called an absciss. 

59. A parabola is a curve such 
that any point of it is 
equally d~stantfrom a given 
point within the curve, and 
a given line without it. 

Thus if the curve mvn is such that 
any point p in it is equally distant from 
the pOint/, and the line ab, that is, if pa 

Fig. 16. 
ar--__ ..:;c'--__ -"-,_ 

i. equal to pf, then the curve mvn is a m----'l'k------', 
parabola. Also / i. the/oeus; po i. the 
ordinate, andpe the diJuble ordinate or base, v, is tho vertex, and ov i. tho 
Msciss. The double ordinate through/is called the parameter. 

60. An hyperbola is a curve, such that the difference 
between the distances of any point in it from two 
given points, one within, and the other without the 
curve, is equal to a given line. 

Thus if any pointp in the curve pbe is such that lif'- p/=ab, a given 
ine, then the curve pbe is an hyperbola. Also land /' are the/oei, ab 
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is the transverse axis, c is the centre; mn is the conjugate axis, the points 
m and n being distant from a or b by cf or if' i. e. by the eccentricity; 
po is the ordinate; and pe the double ordinate or base; ab is the smaller 
absci8s; and oa the greater absciss. 

61. A paraboloid or parabolic cono'id is a solid generated 
by the revolution of a paraboJa about its axis, which 
remains fixed. 

NOTE.-A frustum of a paraboloid is a portion contained between two 
parallel planes perpendicular to its axis. 

62. 'A spheroid is a solid generated by the revolution of an 
ellipse about one of its axes which remains fixed. 

63. A spheroid is said to be oblate or prolate, according 
as it is the conjugate or the transver~e axis that is fixed. 

NOTE.-The fixed axis is called the polar axis, and the revolving axis 
the equatorial axis. 

64. A segment of a spheroid is a portion cut off by a plane 
perpendicular to one of its axes. _ 

NOTE.-When the plane is perpendicular to the fixed axis, the base is a 
circle, and the segment is said to be circular; when the plane is perpendi
cular to the revolving axis, the segment is called an elliptical one, because 
the base is an ellipse. 

65. The middle zone of a spheroid or of a sphere is a 
portion contained between two parallel planes perpendi
cular to an axis and equally distant from the centre. 

66. An hyperboloid or hyperbolic conoid is a solid gene
rated by an hyperbola about its axis which remains 
fixed. 

NOTE.-A frustum of an hyperboloid is a portion ofit contained between 
two parallel planes per~endicular to its axis. 
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MENSURATION OF SURFACES. 

SYNOPSIS OF FORMULAS. 

Let .1 ~ area, b = base, p = perpendicular or altitude, d = 
diagonal. 

SQUARE. A = b' (I) :. b = "f.l (n). Also A = ~d2 (III) :. 
d = "f2A (IV.) 

A 
RECTANGLEOrPAR'\LLELOGRA~L A~bp(v) :. b=-(VI) 

]I 
A 

and p = z; (VII). 

RECTANGLE. A = b"fed +b)ed - b) (VIII). 

RIGHT-ANGLED TRIANGLE. Let b = the hypothenuse, 
p' = the perpendicular from the right angle on the 
hypothenuse, and sand s' = the segments into which 
this divides the hypothenuse, s being that adjacent 
to the base of the triangle. Then h = "fb' + p2 (IX) ; 

b = "flt2 
- p2 (X); P = "fl~2 - bZ (XI); s = P:"" (xu) ; 

~ _ h 
s' = h (xm); and p' = ";ss' (XIV). 

A 1 2.1 
TRIANGLE. = Oil,p (XV); :. b = - (XVI); and 

M p 

P = 2~1 (XVII). Also, if a, b, c be the three sides and 

s =i( a + b + c) then A = "fs(s-a)( s-6)( s-c) (XVIII). 
In the case of an equilateral triangle this formula 

becomes A- y~ x ~ x !!.- x ~ _ y3 X (~)4 
- 2 2 2 2- 2 

b2 

= "f3 x - = '433b 2 (XIX). 
4 

B 
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TRAPEZOID. Let band b' be the parallel sides then 
A", Hb + b')p (xx). 

QUADRILATERAL. Let d = diagonal, and p and p' the 
perpendiculars from the diagonal to the opposite angles, 
then ,1 = ~ (p - p') d (XXI.) 

QUADRILATERAL IN A CIRCLE-i,e. that may be inscribed 
in a circle. Let a, b, e, d be the four sides, and let 
s = M a + b + c + d) then we have the formula 
A", As - (/)(s - b)(s - e)(s - d) (XXII). 

REGULAR POLYGON. J"et (/ = apothem when side is = 1, 
s '" a side, and n 7' number of sides. Then A = ~ans 

2A 2A 
(XXIII); :. S = - (XXIV); and It '" - (xxv.) 

an as 
CIRCLE. Let d = diameter, l' = radius, e = circumference; 

and 'Ii" = 3'1416. 

e 1 
e = rrd (XXVI); :. d = -; = e x if1416 = c x '3183 

that is d = '31B3e (XXVII.) 
4A 4A 

A=ted(xXYIII); :.d=c(XXIX); andc=(f(xxx), 

A _ IT}'2 (XXXI) :. l' = V ~ = vA x '3183 (XXXII). 
rr 

A = d2 
x .785! (xxxm), since d 2 = 4r, and 3·1416 f 4 

= '7854. 

A= '0796c2 (XXXIV), since d = . 3184e, and:. d2=('3183h2
• 

CIRCULAR ANNULUS. Let d = diameter of the greater, 
and d' = that of smaller circle, and let e and e' = their 
respective circumferences. 

A = -i (d + d')(d - d') (xxxv), 
A = '0796 (c + e')(e - e') (XXXVI). 
A = He + e')(d - d') (XXXVII). 
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LENGTH OF CIRCULAR ARC. Let II. = number of dcgrcc~ 
in the are, d = dia1Deter of circle, and l = length of are, 
7" = chord of whole are, k, = chord of half the arc; 
a = apothem or perpendicular from centre on the 
chord, and consequently l' - a = h = height of the 
segment. Then 

7rnd 
l = -360 that i~ l = '()()Si21;nd (XXXVIII). 

I .. = 2V/"2 - a2 (XXXIX). (/ = ~'/47X~ 1:' (XL). 
~-- 1<" 

I.', = V21'(1 - (/) (xLI), and I' = 21t- (XLII), 

SECTOR. Let l = length of circular are, and r = radius of 
circle. Then..1 = ~ll' (XLIII.) Alsofroll1 (XXX\'!1 
and XLIII.) A =n"~i2r.1Z1'" (XLI"). 

SEGMENT. A = area of corresponding sector ± area of 
included triangle (XLV). 

LUNE. A = area of greater segment, ?ntl/'iS area of smaller 
segment (XL"I). 

ELLIPSE. Let C = circumference, t = transverse aXl . ." 
c = conjugate axis, (/ = absciss, and 0 = ordinate. 

C = "'vHt'+~') (XLVU); A t"'tc (XLVIII); 
c t 

o -vet - u)u (XLIX); a = :f ± d, where 
t 

d 
t ---vtc2 

- 0" (L) j 
C 

ot 
C = (LIl). 

V(t - (l)a 

P ARABoLA.-Let p = parameter, a and 1/' = any two 
abscisses, 0 and 0' = the corresponding ordinates, 
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b = base 01' double ordinate, and l = length of parabolic 
curve .• 

P=:!.(LIII); o'=oV~ (LIV); a' = a(o')2(LV); 
a a ° 

l = 2vo' + ta2 (LVI) i A = lab (LVII). For parabolic 

zone A = ih(b' + b ~ b') (LVIII), where 11, = height 

of zone, and b, b' = bases or double ordinates. 

HYPERBOLA. Symbols same as in ellipse and parabola. 
c -- t 

0= - v(t+a)a (LIX)i a=d + - where t - a 
t --- ot 

d = -VtCZ + 02 (LX) j C = (LXI); 
c vet + a)a 

t = ~{~ ± Vtc2 + Oz} (LXII), ± according as the 

smaller or greater absciss is given. 
4ca -

A = -!3V7a(7t + 6a) + 4VtaJ (LXIII). 
76t 

MENSURATION OF SOUDS. 

SYNOPSIS OF FORMULAS. 

REGULAR SOLIDS. Let It = surface, and v = volume or 
solid contents, and let e = one edge. 

TETRAHEDRON OR REGULAR TRIANGULAR PYRAMID. 
s = eV3 = l'732e (LXIV), and v = ,laeVa =' '117S6e3 (LXV>: 

HEXAHEDRON OR CUBE. s = 6e2 (LXVI); v = e1 (LXVII); 

OCTAHEDRON. It = 2ff'V3 = 3'464ff' (LXVIII): v = lff'v2 
= '471406e (LXIX.) 
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DODECAHEDRON. s = 15e\li(5 x 2V5) = 20'6457;5e2 (LXX); 

V = 5eVlo(47 + 21V5) = 7'6631e3 (LXXI). 

ICOSAHEDRON. s = 5e2V3 = 8'66e2 (LXXII) ; 

V = teV(7 x 3V5) = 2'18169C' (LXXIII). 

PARALLELOPIPED; PRISM; CYLINDER. Let a = area 
of base or end, p = perimeter of base, and p' = pe
rimeter of section perpendicular to one of the edges 
of the solid; also let 1£ = the height, and s = the whole 
surface. 
V = ah (LXXIV), s = hp + 2" (LXXV), when the solid 
is right, and s = hp' + 2" (LXXVI), when the solid is 
oblique. 

REGULAR PYRAmD A~D CONE. J .. et p = perimeter of 
base, l = length of slant side, h = height, i. e. perpen
dicular height of vertex above the base, and " = area 
of base. 
v=~"h (LXXVII); s.=..~,,f+1( (LXXVIII). 

FRUSTUM OF l'YlLUllU. Let (t and It' = areas of the two 
ends, h = height, e and e' = the edges of the ends, and 
let p and),' = perimeters of ends. 

- . (I/e - (l'e') 
t! '" ~h(a + (t' + V""I) (LXXIX), v ="&11 ~ 
(LXXX), s ~ Up + p')l + « + 1(' (LXXXI). 

FaUSTUlII OF CONE. Symbols as in frustum of pyramid 
also d and d, = diameters of ends. 
v = !ll(" + (t' + vaa') (LXXXII). 

Also v = ',~51(d' + d," + "tl,)~ = '2fj)~h(d' + ",z + dd,) 

(LXXXIII), since 1/ =,8;"H,P and a
f = 7854d,z and vaa' 

-= V(-7854d2 x '7854£1/); s = ,Kl) + P')l + II + (t' (LXXXIV). 
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WEDGE. Let land b = length and breadth of back, 
e = length of edge, h == height. Then v == !bh( e + 2l) 
(LXXXY). 

SPHERE. v == '5236d3 (LXXXVI), 8 == 'lrd2 == (LXXXVII). 

SPHERICAl, SEmIENT. Let I' = radius of base, d = diameter 
of sphere, h = height, and 8 == convex surface, 
v == '5236h( 31'2 + h2) (LXXXVIII) ; V = '5236h2

( 3d - 2h) 
(LXXXIX), S = 'lrdh (xc). 

'lrh 
SPHERICAL ZONE. v == 2'(r2 + r," + kh2) (XCI), where r 

and 1', are the radii of the ends. For middle zone 
'lrh 'lrh 

v = "'4(d2 + 1h2) (xcn), v == "'4(d," - kh2) (xcm), 

where d is the diameter of the end of the zone ahd 
d, is the diameter of the sphere, S = 'lrd,h (XCIV) 
where s = convex surface. 

'lrd21t . 
PARABOLOID. v = }frh == -8- =:392i!l-h (XCV). 

FRUSTmI O~' PARABOLOID. Let a and a' = areas of 
ends; d and d, their diameters, and h = height, then 
v = }h(a + a') (XCVJ); v = irrk(d2 + d,z) 
= '392ih(d2 + a,z) (XCYJI). 

SPHEROID. Let t == transverse, and c == conjugate axes. 
Then v == '5236ct2 (XCVIII) for oblate spheroid. 

v == '5236c2t (XCIX) for prolate spheroid. 

CIRCULAR SEGMENT OF SPHEROID. 
t2h2 

Oblate v == '5236(3C - 2h)-. (c), 
C 

c2h2 

Prolate I! = '5236(3t - 2h)-z (CI). 
t 
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ELLIPTICAL SEGMENT OF SPHEROID. 
chz 

Oblate v·~ '5236(3t - 2h)-- (CII), 
t 
th2 

Prolate v = '5236(3C - 2h)- (cm). 
c 

MIDDLE FRUSTU)1 OF SPHEROID. 
(Circular) oblate v = '2618(21' + d')! (eIV), 

prolate v = '2618(2CZ + a')l (cv), 
• (Elliptical ) v =' '2618(2tc + dd,) l (CVI) for either oblate 
or prolate, where l = length of frustum, d = diameter ;. 
and, in (CVI), d and tT, = the greater and less diame
ters of one end. 

HYPERBOLOID. V = 'o231;(r" + Il')h (CVU), where " = radius 
,. of base, (l -'= diameter half way between the base and 

vertex, and h = height. 

FRusTml OF HYPERBOLOID. v '- '523G(1'2 + 1'/ + d')h 

(cvm), where j' and 1', =..0 radii of ends, and d = dia
meter half way between the ends. 

ILLUSTRATIONS A~D EXERCISES. 

SQUARE. 

FOR)lULlE. A '- b2 (I); b - "j A (u); A ~ ~d2 elII); 
d = "j2A (IV). 

Ex. 1. Find the area of a square whose base is 40 chains. 

Solution. 

Here b::;: 40; then A = b2
::;: 402

::;: 1600 chains::;: Ans. 160 acres, 
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Ex. 2. Find the diagonal of a square whose area is 91347 
yards. 

Solution. 

Here A .= 91347; then d = .y2X9i347 = .y182694 = 427 ·42 yards. 

EXERCISE I. 

1. Find the area of a square whose base is 916 yards. 
Ans. 173 a. 1 rood 17 per. 

2. Find the area of It square whose diagonal is 107. 
Ans.es7241. 

3. Find the base of a square whose area is 21 acres. 
Ans. 110 yards. 

4. Required the diagonal or square whose area is 208 yards. 
Ans. 20'39 yards. 

RECTANGLE OR PARALLELOGRAM. 

A A 
FORMULlE. A = bp (v) ; b = P (VI), and p = b (VII). 

Also, for rectangle, A = b.y(d + b)(d - b) (VIII). 

Ex. 1. Find the area of a rectangular field whose adjacent 
sides are 600 and 800 links. 

Solution. 

Here p = 600 links, and b = 800 links; then.A. = bp = 600 X 600 = 460000 
links, and this divided by 100000, the square links in an acre, we get 
4'8 acres = 4 a. 3 roods 8 per. 

Ex. 2. Find the base of a parallelogram whose area is 5 a. 
16 per., the perpendicular distance between the sides being 200 
yards. 

Solution. 

Here .A. = 6a 16p = 24684 yards, and p = 200 yards i then b = ~ 
24684 P ;:: 200 = 123 '42 yards. 
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E!I. 3. Find the area of a rectangular field whose base is 90 
yards and diagonal 160 yards. 

Solution. 

Here d = 160, and b = 90; then by formula VIII. A = b</(d + b)(d - b) 

= 90 X </(160 + 9OK160 - 90) = 90 X </250 X 70 = 90 X </17500 
= 90 X 132'28 yards =11905'2 square yards. 

EXERCISE II. 

1. Find the area of a rectangle whose base is 11 and side 16. 
Ans. 1~6. 

2. Find the area of a rectangle whose base is 28 and diagonal 
30. Ans.301·56. 

3. "Required the area of a field in the form of a parallelogram 
whose base is ~60 links, and altitude 250 links. 

Ans. 1 a. 3 r. 24 per. 

4. Required the base of a parallelogram whose area is 2 a. 3 r. 
1 ~ per., and perpendicular altitude 120 links. 

Ans. 2380'208 links. 

5. Find the diagonal of a rectangle whose area is 200, and base 
50. Ans. 50'159. 

6. Find the distance between the sides of a parallelogram whose 
base is 900 yards and area 6 acres 2 r. 28 per. 11 yards. 

Ans. 35'915 yards. 

RIGHT-ANGLED TRIANGLE. 

FORMULiE. J~et b =' base, p = perpendicular, h = hypo
then use, p' = perpendicular from right angle on the 
bypothenuse, s alld s' = the segments into which this 
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divides the hypothenuse, s being that adjacent to the 
base of the triangle; then h = Vb2 + p2 (IX); 

b=Vh2_p2(X); p=Vh2-b2(XI); S=~(XIl); 
b2 

--
S' = Ii: (XIII); andp' = Vss' (XIV). 

Ex. 1. Find the hypothenuse of a right-angled triangle 
whose base is 10 and perpendicular 15. 

Su1lltioll. 

Here b = 10, and p = 15; then by formula (IX), h 

= '1/100+ 225 = '1/325 = 18'02 ••. 

Ex. 2. Find the base of a right-angled triangle whose hypo
then use is 605 and perpendicular 20. 

801Hlioll. 

Here h = 605, and p = 20; then by formula (x), b = 'l/I!" - p' 

= '1/3600 - 400 = '1/3200 = 56'568. 

Ex. 3. Find the perpendicular, let fall from the right angle of 
right-angled triangle to the hypothenuse, and also the segment 
of the hypothenuse--the hase and perpendicular of the given 
triangle being 20 and 25 yards . 

• "'ol,,lioll. 

First h = 'l/b2 + p2 = y'4110 +- 025 = '1/1025 = 32-0156 yards. 
]}2 625 

Then s = h = :i:Foi56 = 19-52 yards; and 8' =" - s = 32'0156 - 19-52 

= 12-4956. 

Lastly p' = ,,;S;; = '1/19-52 X 12'49 = '1/243-8048 = 15'61 yards. 

EXERCISE III. 

1. Find the perpendicular of a right-angled tritlngle whose base 
is 9 and hypothen~se 30. Ans.28·618. 

Z. Find the hypothenuse of a right-angled triangle whose base 
is 11 and perpendicular 1 7. An~. 20'248, 



ILLUSTRATIONS AND EXERCISES. 27 

3. Required the base of a right-angled triangle whose bypothe-
nuse is 40 and perpendicular 20. Ans. 34'641. 

4. Find the perpendicular on the hypothenuse, and also find the 
segments of the hypothenuse of a right-angled triangle, 
whose base and perpendicular are 50 and 60. 

Ans. Perpendicular = 38'4. 

Greater segment = 46'093.; 
Smaller segment = 32'009. 

5. Find the perpendicular on the hypothenuse and also the 
segments of the hypothenuse of a right-angled triangle 
whose perpendicular and base are 30 and 35. 

Ans. Greater segment = 26'514; 

Smaller segment = 19'5237 

Perpen. on hypo. = 22'77. 

TRIANGLE. 

2A . 2A 
FOR;\1ULlE. A == ~bp (xv) ; b == - (XVI) j P == -b 

11 
(xvn); A == Vs(.~n)(;,-~ /»)(s - c) (XVIII), where 

1/. b, and c arc the sides, and s == ~(I/ + b + c). Abo, 
for equilateral triangle, .1 == '433b2 (XIX). 

Ex. 1. Find the area of a triangle whose base is 91 and alti-
tude '2-1 chains. 

So/n/ion. 

Here b = 91, and p = 24; then by formula (xv), A = )('1' = l X 91 X 2~ 
= 1092 chaius = 109'2 acres = 109 acres 0 .. 32 per. 

Ex. 2. Required the area of a triangle whose three sides are 
100, 120, and 140 links. 

Solution. 

Here a = 100, b = 120, and 0 = 140; then s = ~(a + b + 0) 

= /(100 + 120 + 140) = 180. =-co=,.....:.~-;:--:~-=.,--;c;""'---;-;;;-; 
Then by formula (XVIII) A = ";lS0 X (ISO - 100 .lS0 - 120) (ISO 140) 

= ";lS0 X SO X 60 X 40 = ";34560000 = 5S78'; sq. links = '0587S7 acre
= 0 a. 0 r. 9 sq. per 12 sq. yards. 
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Ex. 3. Find the area of an equilateral triangle whose base 
. is 1000 yards. 

Solution. 

Here b = 1000, then by formula (XIX) A = '433b' = '483 X 1000" 
= '433 X 1000000 = 433000 ''1. yards = S9 a. 1 r. 34 per. I} yards. 

Ex. 4. Find the length of a side of an equilateral garden 
which contains 4 a. 3 r. 30 per 19! yards. 

Solution . 

• Here.1 = 4 a., 3 r. 30 per. 1~1) yards = 23917 yards. 

Then by formula (XIX) A = '4303bz .'. b" = ~ and ., b 

• /23917 . r"9" c ?30 05 d = V ---:-r33- = 'v ~ ... ... 11 .=... . yar s. 

EXERCISE IV. 

1. Find the area of a triangle whose base is 9 and al titude 11. 

Ans. 491. 
2. What is the perpendicular altitude of a triangle whose base 

is 750 chains and area 500 acres? A ns. 13~ chains. 
3. Find the area of a triangle whose three sides are 40, 60 and 

80 yards. Ans. 1161'8 yards. 
4. What is the area of a triangle whose three sides are 4~O, 480 

and 700 links? 4ns. 3 r. 37 per. 24 yards. 
5. The area of an €'lllilateral triangle is 9134 square yards, 

what is its base? Ans. 145'2 yards. 
6. Find the altitude of a triangle whose area is 7196 square feet 

and base 120 feet. Ans. 119'93 feet. 

TRAPEZOID; TRAPEZIU)I; QUADRILATERAL I,,:-;CRIBED IN 

A CIRCLE. 

FORMULlE. Trapezoid, A = ~p( b + b') (xx) where band 1/ 
are the parallel sides. 
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. Trapezium, A = kd(p +p') (XXI) where p and p' are the 
perpendiculars from opposite angles to diagonal. 

. Quadrilateral in Circle, A = ';(8-= a) (s ~ u) (s -c)(s=d) 
(XXII) where a, U, c, d are the four sides, and 
8 = Ha + b + c + d). 

Ex. 1. What is the area of a trapezoid whose parallel sides 
are 19 and 25 chains, and the perpendicular distance between 
them 13 chains? 

Solution. 

Here p = 13, b = 19 and V' = 25. Then by formula (xx), A = iP(v + v') 
= ! X 13 X (19 + 25) =! X 13 X 44 = 286 cbains = 28 a. 2 r. 16 per. 

Ex. 2. What is the area of a trapezium whose diagonal is 
700 yards and the perpendiculars from it to the opposite angles, 
120 and 80 yards? 

Sululioll. 

Here d= 700, p = 120 andp' = 80, then Ly formula (XXI), A = ~d(p + p') 
= ! X 700 X (120 + 80) = ! X 71~1 X 200 = 70000 square yard, 
= 14 a. 1 r. 35 per. 1 yard. An". 

Ex. 3. Find the area of a field in the form of a quadrilateral 
whose opposite angles are equal to two right angles j i. e. a 
quadrilateral which may be inscribed in a circle, whose' foul' 
sides are 9, ll, 20 and 8 chains respecth·elr. 

Sollllio". 

Here a = 9, b = 11, c = 20 and d = 8 chains .'. s = !(9 + 11 + 20 + ~) 
= 24 chains. 

Then by formula (XXII), A = VIs - ails - vIIs - c)(s - d) 

= V(24 - 9)(24 - 11)(24 - 20)(24 - 8) = V'~15;--x--C;Ic;;3-X:-:-4-;-:-X~16 
= 111'7139 chain,; = 11'17139 acres = 11 a. 0 r. 27 per. 12'7 yards. 

EXERcr:,>E V. 

1. Find the area of a field in the form of a quadrilateral, which 
may be inscribed in a circle, its four sides being 40, 50, 60 
and 70 yards. Ans. 2 r. 15 per. 24 yds. 
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2. Find tbe area of a quadrilateral field whose diagonal is 640 
links and the perpendiculars on it from the opposite angles 
240 links and 300 links. Ans. 1 a. 2 r. 36 per. 14 yards. 

3. Wbat is tbe area of a park in the form of a trapezoid, whose 
parallel sides are 90 and llO, and the perpendicular distance 
between tbem 60? Ans. 6000. 

REGULAR POLYGON. 

2..1 d 
FORMULlE. A = !ans (XXIII); s = _ .. (XXIV); an 

~ an 

11 = 2A (XXV), where a = apothem or perpendicular 
as 

from the centre on a side, n = number of sides, and 
s = length of a side. 

Ex. 1. Find the area of a regular pentagon whose side is 
20 feet. 

Sollitioli. 

Here, from table of apothems, it appears that for pentagon whose side 
is 20 feet, the apothem = 0'68819 X 20 = 13'j638 feet. Then by 
iormula (XXIII), A = 1 x 13'7638 x 5 x 20 = 688'19 sqnare feet. 

Ex. 2. Find the length of the side of a regular octagon whose 
area is 3 a. 2 r. 14'56 per., and apothem ~2'42 yards. 

Solutiull. 

Here A = 3 a. 2 r. 14'56 per. = 17380'44 sq. yds., n = 8, and a = 72'·12 

Then by formula P'XIY), S = ~ = 17380'44 X 2 = 59'998, i.e. say 60 yd •. 
an 72'42 X 8 

EXERCISE VI. 

I. What is the area of a regular undecagon whose side is 20? 
Ans. 3~46·248. 

2. Wbat is the area of a regular heptagon whose side is 60 
yards? Ans. 1301:12'076 square yards. 
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3. Find the number of sides in a regular polygon whose area is 
123'1072 square yards, its side being 4 yards and apothem 

"6'15536 yards. Ans. 10 sides, a decagon. 
4. Find the length of each side of a r~gular hexagon whose area 

is 4156'915 square yards, and apothem 34'6408. 
Ans. 40 yards, 

CIRCLE. 

FORlIJULlE. Let d == diameter, r = radius, c = circumference, 
and Tr = 3'1416. 

c 
Then c = rod (XXVI); d = -;;; = '3l83e (XXVII); 

4A 4A 
A = ted (XXVIII) i d = - (XXIX); C = -d (XXX) i 

c 

.A = Trr (XXXI) i r = y!!.. = V'3183A (XXXII); 
Tr 

.A = ',854£l2 (XXXIII;; and A = '0796c2 (XXXIV). 

Ex. 1. Find the diameter and circumference of a circular 
garden which contains as much ground as an equilateral triangle 
Whose side is 600 links. 

Solution. 

Area of equilateral triangle by formula (XIX) = '433b2 = "433 X 360000 
= 155880 links, 

Then by formula (XXXII), d = 2r = 2 X '1/'3183 X 155880 = 2'1/49616'604 
= 2 X 222'74 = 445'48 links, 

Also by formula (xxvI), C = Trd = 3'1416 X 445'48 = 1399'52 links, 

Ex, 2. Find the area of a circle whose diameter is 200 yards, 

Solution, 

Here d = 200 ,', r = 100; then by formula (XXXI), A = Trr2 = 3'1416 X 100' 
= 8,1416 X 10000::; 81416 sq, yds; or, by formula (XXXIII), A = ',854d" 
= ',854 X 40000 = 31416 square yards, 
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EXERCISE VII. 

1. Find the area ofa circle whose circumference is 91. 
Ans. 659'1676. 

2. Find the area of a circle whose circumference is 100 perches. 
Ans. 4 acres 3 roods 36 perches. 

3. What is the diameter of a circle whose area is 1256'64 square 
yards? Ans. 40 yards. 

4. What is the circumference of the earth, the mean diameter 
being 7921 miles? Ans. 24884'6136 miles. 

5. What is the diameter of a circle whose circumference is 6850? 
Ans. 2180'4176. 

6. A man has a circular meadow of which the diameter is 875 
yards and wishes to exchange it for a square one of equal 
size j what must be toe side of the square? Ans. 775'425. 

CIRCULAR ANNULUS. 

FORMULlE • .A ~ -i-(d + d')(d - d') (XXXV) where d and d' 

are the diameters . 
.A == '0796( e + e')( e - c') (XXXVI) where c and c' are 

the two circumferences . 
.A == He + c')(d - d') (XXXVII). 

Ex. 1. Find the area of the annulus contained between two 
concentric circles whose diameters are 12 and 8 feet. 

Solution. 

3'1416 3'1416 X 20 X 4 
By formula (XXXV). A = -4- X (12 + 8)(12 - 8) = ---4---

= 3'1416 X 20 = 62'832 square feet. 

Ex. 2. What is the area of a circular annulus, the circum
ferences of the circles being 60 and 40 feet? 

Solution. 

By formula (XXXVI). A = '0790 X (60 + (0) X (60 - (0) = '0796 X 100 X 20 
= 159'2 square feet. 
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EXERCISE VIII. 

1. Find the area of an annulus, contained betweeu two concentric 
circles w hose circumferences are 20 and 50 feet. 

Ans. 167'16 square feet. 
2. Find the area of an annulus contained between two concentric 

circles whose diameters arp, 30 and 20 yards. 
Ans. 392·7 square yards. 

3. What is the area of a circular annulus, the diameters of the 
circle being 20 and 50 and the circumferences 62'832 and 
15'1'08? Ans. 1649':14. 

LENGTH .oF CIRCULAR ARC; CHORD OF ARC; CHORD OF 

HALF THE ARC • 

.rnd 
FQBIII1LA!:. 1 ='860 = '008726nd (XXXVIII) wheren = number 

.of degrees in the arc and d = the diameter of the circle . 

.7c = 2.j"" - a" (xxxrx); a = i.j4r" - Ie" (XL); 

k" 
k, = .j2r(r - a) (XLr); and r = 21;, (XLII). 

Where k = chord of whole are, '", = chord of half the 
are, r = radius, a = apothem or perpendicular from 
centre on the chord, and consequently r - a = k 
= height of the segment. 

Ex. 1. Find the length of a Circular arc of 1400
, the diameter 

()f the circle being 80 yards. 

Solution. 

By formula (XXXVIlI), l = '008726 X 140 X 80 = 97'7312 yards. 

Ex. 2. find the chord of the arc whose apothem is 12 and 
l'adius 15'205. 

Solution. 

By formula (XXXIx),'k = 2";rZ - aZ = 2-./15'62052 - 12" = ay244 - 144 

== 2./100 ;;:: 2 X 10 "" 20. 
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Ex. 3. Find the chord of half the arc whose height is 6 and 
radius 18'75. 

Solution. 

By formula (XLI), k, = -./2r(r - a) = -./2rh, (since h = r - a) 

= '12 X 18.75 X 6 = -./225 = 15. 

EXERCISE IX. 

1. The radius of 1\ circle is 30'8058 yards, the chord of an arc 
thereof is 36 yards, required its apothem and the chord of 
half the arc. Ans. 25 yards; 18'91 yards. 

2. What is the chord of an arc whose height is 4, the radius of 
the circle being 56! ? Ans. 41'66. 

3. Find the length of a circular arc of 1080
, the radius of the 

circle being 75 feet. Ans. 141'3612 feet. 
4. Find the chord of an arc whose apothem is 20 and the radius 

of the circle 40 yards. ,Ans. 69'282 yards. 
5. What is the apothe!ll of an arc whose chord is 90 and radius 

70 feet? Ans. 53'619 feet. 

SECTOR OF CIRCLE j SEGMENT j LUNE. 

FORMULlE. A = tlr (XLIII). Also, from (XXXVIII) and 
(XLIII), A = 'OO8726nr (XLIV) where l = length of arc, 
n = number of degrees it contains, and r = radius. 

SEGMENT. Let A = area of corresponding sector and 
A' = area of associate triangle; then area = A ± A' 
(XLV) according as the segment is greater or less 
than a semicircle. 

LUNE. Let A = area of greater segment and A' = area 
ofsmallerj then area = A - A' (XLVI). 

Ex. 1. Find the area of a sector of a circle whose radius is 9Q 
yards, the arc of the sector being 80 yards in length. 

Solution. 

By formula (XLIII), A = ! X 80 X 90 :; 3600 square yards. 
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Ex. 2. Find the area of a circalar sector whose arc contain;; 
120°, the radius of the circle being 40 feet. 

Solution. 

By formula (XLIV), A = '008726 X 120 X 40' = 1675'392 square feet, 

Ex. 3. Find the area of a circular segment whose arc con
tains 150°, the diameter of the circle heing 60 yards and the, 
apothem of arc 6 yards. 

Solution. 

Here length of arc, by formula (XXXVIII), = '008726 X 150 X 60 = 78'534. 
Area of sector = llr =! X 78'534 X 30 = 1178'01 square yards. 
Area of triangle whose ba," is 58-,87 and altitude (apothem), 6 

= ~ X 58'787 X 6 = 176'36. 
Hencc area of segment = 1178'01-176'361 = 1001'649 square yards. 

NOTE,-We subtract because the segment is )"" than a semicircle. 

Ex. 4. Find the area of a lune the outer arc containing 240° 
and the iuner one 32°, the radius of the smaller circle being 23 
feet and of the larger 80 feet, the common chord being 38. 

Sol1ttion. 

Here by formula (XL), apothem ot larger arc = ! X -14 X 23. - 382 

= l X -12116 - 1444 = t X -1672 = 1 X 25'9229 = 1296 squaro feet, 
and length of arc ~ 96,225. 

Similarly apothem of smaller arc = 77'7 feet and length of arc = 44'68, 
Of smaller circle area of sector = A = tlr =! X 96'225 X 23 = 1106'587 sq. 

feet, and area of triangle = 1 X 38 X 12'96 = 2,16'24 sq, ft, Then since 
segment is greater than semicircle; A of segment = 1106'587 + 246'24 
= 1352'827 8'1 uare feet = area of ~reatcr segmen t. 

Of greater circle, an'a of sec lor = A = !II" =! X 44'68 X 80 = 1787'2 sq, ft, 
and of associate triangle, area = lbp = t X ~8 X 77'7 = 1476'3 square 
feet .'. A of smaller segment = 1787'2 - H71l'3 = 3lO'9 square fcet, 

Hence arca of June = A - A' = 1&;2'827 - 3lO'9 = 1041'92, square feet. 

EXERCISE X. 

1. What IS the alea of a sector whose arc contains 36° and 
whose radiu5 is 3 feet? Ans. 2'8272. 
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2. What is the area of a circular sector whose arc is 650 ft. in 
length and whose radius 325 feet? Ans. 105625 sq. feet) 

3. Find the area of a segment of a circle, the arc containing 
280°, the radius being 5 feet and apothem 3 feet. 

Ans. '13'082. 

ELLIPSE. 

FOR1UULlE. Let 0 = circumference, t = transverse axis, 
c = conjugate axis, a = absciss, 0 = ordinate. 

--- ; 

. I t2 + c2 
" 7rtc " 

Then 0 = 7rV-2- (XLVII) A =""""4 = "7864tc (XLVIII); 
c t 

o = t:.,f(t - a)a (XLIX); a = 2" ± d and d 

=~Y (~+o) (~ -0) <L); t=~{~+ y ~ -o'} <LI;) 

'c = ot (LII) . 
.,f(t - a)a 

Ex. 1. Find the transverse axis of an ellipse whose conjugate 
axis is 15, an ordinate 6 and the smaller absciss 9. 

Solution. 

cn{c ./~} 15X9{15 ./~} Byformula(LI),t=.,. T+V T- O' =---sz 2+V"4- 36 

= la3Ji{.ll + vVI = .lNlf +~) = .ll" X 12 = 45. 

Ex. 2. Find the ordinate of an ellipse whose axes are 45 and 
15 and one absciss 9. 

Solution. 

c --- . 
By formula. (XLIX), O=t;v(t-ala=» x .,f(45- 9) X 9=1 x '1/36 X 1/ 

=1 x '1/324=1 x 18=6. 
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Ex. 3. Find the area of an ellipse whose axes are 30 and 40. 

Soluti01l. 

'Trlc 
By formula (XLVIII), A = T = '7854 X 30 X 411 = 942'48. 

EXERCISE XI. 

1. Find the circumference of an ellipse whose axes are 20 and 
16. Ans. 56'8943. 

2. What are the ahscisses of an ellipse whose axes a~e 80.and 
120 a!1"<l an ordinate 25? Ans. 106'836 and 13'163. 

3. What· is the area of an ellipse whose axes are 28 and 20 
chains? Ans. 43 a. 3 r. 37 per. 5 yds. 

4. What is the ordinate of an ellipse of which the axes are 25! 
and 18! and one absciss 7!? Ans. 8'429. 

5. What is the area of an elliptical park of which the conjugate 
axis is 1800 links, an ordinate 400 links, and the smaller 
absci" 600 links? Ans. 162 a. 3 r. 10 per. 28 yds. 

6. What is the area of an ellipse whose transverse axis is 100, 
an ordinate being 20 and the greater absciss 75? 

Aus. 3G27·44. 

PARABOLA. 

FOR~IUL.iE. Let p = parameter, a and 1/' = any two abs
cisses, 0 and 0' their corresponding ordinates, v = base 
or double ordinate, and 1 = length of parabolic curve. 

TheDp=~(LIII); o'=oy (~)(LIV); 1/'=a(~r(LV); 
1 = 2V(02 + 4(12) (LVI); A = iav (LVII). 

For parabolic zone, A=ih(v' + v +v~,) (LVIII) where h 
= height of zone and v and v' = bases or double 
ordinates. 
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Ex. 1. Find the parameter of a parabola whose ordinate is 
25 and absciss 12. 

Solntion. 

0 2 25" 625 
By formula (LUI), p = a = 12 = '12- = 52.(". 

Ex. 2. Find the area of a parabola whose base or double 
ordinate is 30 and height 22. 

Solntion. 

By formula (LVIII), A = ~ab = § X 30 X 22 = 440. 

Ex. 3. Find the length of a parabolic cnrve of which the 
ordinate and absciss are respectively 30 and 8. 

Solution. 

By formula (LVI), I = '40" + 1a" = '4900 + ~ X 64 = '4900- + '~'1 G 

= 2yZ~"fiti = !y8S68 = ! X 94'17 = 62'78. 

EXERCISE XII. 

1. Given an ordinate of a parabola, 60 and its absciss 42, find 
the parameter. Ans. 85'7. 

2. Two ordinates are 40 and 30 and the absciss of the former 21, 
find that of the latter. Ans. 11'8125. 

3. Find the area of a parabola whose base is 75 and height 48 
chains. Ans. 240 acres. 

4. Find the arc a of parabolic zone whose parallel ends are 12 
and 16 and height 8. Ans. 112·76. 

5. Find the length of a parabolic curve whose absciss is 12 and 
ordinate 15. Ans. 40'841. 

6. What is the ordinate of a parabola whose absciss 20 j Ii 

second absciss and ordinate being 6 and 4 respectively. 
Ans. 7'302. 
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HYPERBOLA. 

Symbols same as for ellipse and parabola. 

c --- t 
FORMULlE. 0 = t:v(t + a)a (LIX); a = d ± 2" and 

t.1 c2 

d = -V-C 4, 

ot 
+ 02 (LX); C '-' (LXI) ; 

y(t + a)a 
ca{c .I-c' } 

t = -;; "2 ± V 4" + 02 (LXII); 

4ca -
A = - j3,f7a(7t + 5a) + 4ylal (LXIII). 

75t 

1. What is the ordinate of an hyperbola of which the axes 
are 30 and 15, and the smaller absciss 10? 

Solution; 

c-- 15 1_ 
By formula (LIX), 0 = t:y(t + ala = 3(://(3U + 10) x 10 = 2y400 = 10. 

Ex. 2. What is the transverse axis of an hyperbola whose 
conjugate axis is 36, ordinate 12 and smaller absciss 20? 

Ex. 3. Find the area of an hyperbola whose axes are 60 and 
45, the smaller absciss being 1!. 

Solution. 
~ - 4x~xH 

By formula (LXIII), A = 75t{3y7a(7t + 5a) + 4ylc'J = 75 X 6U 

X {3y7 X 7'6(7 X 60 -I- 5 X ;'0) + 4y 60 X HJ 

= ,36{3y 52'5 X-(4ID - 37'5) + 4'lj400J = -P6 X (3 X 141'708 + 3 X 28'284 

= r6(141'708 + 28'284) _162'99, 
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EXERCISE XIII. 

1. Find the transverse axis of an hyperbola whose ordinate is 20, 
smaller absciss 16~, and conjugate axis 30. Ans. 50. 

2. What are the abscisses of an hyperbola whose axes are 30 
and 25 and the ordinate Ill? Ans. 39'36 and 9'36. 

3. What is the area of an hyperbola whose axes are 45 and 90, 
the smaller absciss being 30? Ans. 1137'6. 

4. The conjugate axis of an hyperbola is 45, the ordinate 30, 
and the smaller absciss 7 ~, find the transverse axis. 

Ans. 22'5. 
5. The axes of an hyperbola are 15 and 20, and an ordinate 10, 

find the abscisses. Ans, 26, and 6,. 
6. Find the area of fLn hyperbola whose axes are 55 and 33 

chains, and smaller absciss 18! chains. 
Ans. 50 a. 3 r. 37 per. 

MENSURATION OF SOLIDS. 

The Five Regulm' Solids. 

Let s = surface, v =- volume or solid contents, and e = one 
of the edges. 

TETRAHEDRON OR REGULAR TRIANGULAR PYRAMID. 

s = eV3 = 1·732e (LXIV); and 
v = le"..;2 = '11 785e" (LXV). 

HEXAHEDRON OR CUBE. s = 6e2 (LXVI); v = e3 (LXVII). 

OCTAHEDRON. 

s = 2eV3 = 3'464e2 (LXVJII) ; 
v = ie\/2 = '4714()5e" (LXIX). 

DODECAHEDRON. 

S = 15eVA(5 + 2y5) = 20'645715e2 (LXX) i 
• /47 + 21\15 

v = 5e3V 40 = 7'6631e' (LXXI). 
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ICOSAHEDRON. 

s = 5e2'1/3 = 8'66e2 (LXXII) ; 

V = ~eVH7 + 3'1/5) = 2'1816ge3 (LXXIII). 

Ex. 1. Find the surface and volume of a tetrahedron whose 
edge is 20 feet. 

Solution. 

By formula (LXIV), S = 1'732e2 = 1'732 X 202 = 692'8 square feet. 
By formula (LXV), V = '11785e3 = '11785 X 203 = 942'8 cubic feet. 

Ex. 2. Find the surface and solidity of a hexahedron or cube 
wbose edge is 9 feet. 

Solution. 

By formulas (LXVI) and (LXVII), S = 6e2 = 6 X 92 -'- 486 square feet, and 
V = e" = 9" = 729 cubic faet. 

Ex. 3. Find the surface and cubic contents of a dodeca
hedron whose ed"e is 4 feet 2 inches. 

Solution. 

By formula (LXX), s = 2O'645775e2 = 20'645775 X 50' (since 4 ft. 2 in. = 50 iu.) 
= 51614'4375 square inches = 358'433 square fed. 

By formnla (LXXI), v = 7'663103 = 7'6631 X 503 = Uu7~J13'7G cubic inches 
=- 554'349 cubic feet. 

EXERCISE XIV. 

Find the surface and cubic contents of an icosahedron whose 
edge is 4. Ans. 138'56 and 139'628. 

2. Find the surface and solidity of a cube or hexahedron whose 
edge is 20. Ans. 2400 nnd 8000. 

3. Find the surface and volume of a tetrabedron whose edge 
is 8. Ans. 1l0'848 and 60'339. 

4. Find the surface and solid contents of a dodecahedron whose 
edge is 10. Ans. 2064'5775 and 7663'1. 

5. Find the surface and volume of an octahedron whose edge is 
11. Ans. 419'144 and 627'44. 

6. Find the surface and cubic contents of an icosahedron whose 
edge is 5 yds. Ans. 216'506 sq. yds. and ~72'711 cub. yds. 
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RIGHT AND OBLIQUE PARALLELOPIPEDS, PRISMS, 

CYLINDERS. 

Let a '" area of base or end, p '" perimeter of base, and p' 
'" the perimeter of a section perpendicular to one of 
the edges of the solid; also let k '" the height, 8 = the 
whole surface. 

Then v '" ak (LXXIV), 8 = kp + 2a (LXXV) when the solid 
is right, 8 = kp' + 2a (LXXVI) when the solid iii 
oblique. 

Ex_ 1. What are the surface and volume of a prism whose 
whose height is 20 feet and base an equilateral triangle, each 
side of which is 24 feet? 

Solution. 

By formula (XIX), a= -433b2 = -433 X 42=6'928 square feet = area of base 
and perimeter = 4 X 3 = 12. 

Then by formula (LXXV), 8 = hp +2a=2O X 12+2 X 6'928=240+ 13'856 
= 253'856 square feet = surface. 

Also by formula (LXXIV), v = ah = 6'928 X 20 = 138'66 cubic feet. 

Ex. '2. Find the surface and solid contents of an oblique 
prism whose base is a regular hexagon with edge = 10 inches, 
the lateral edges of the prism being 40 feet long and the peri
meter of a section perpendicular to them 41· feet. 

Solution. 

By formula (XXIII), area of base = A = tans = t X 8'66025 X 6 X 10 
= 259'8076 square inches = 1'8042 square feet. 

Then B = lip' + 2a = 40 x 4! + 2 X 1'8042 = 180 + 3'6084 = 188'6084 sq. ft. 
Also v = ah = 1'8042 X 40 = 72'168 cubic feet. 

Ex. 3. Find the surface and solidity of a right cylinder whose 
height is 20 feet and diameter 12 feet. 

Solution. 

By formula XXXI, area of the base= A = 7rT2=S'1416 X 62= llS·0976Bq. ft 
Also c = 12 X 3'1416 = 37'6992 feet. 
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Then by formula (LXXV), S = It}} + 2a = 20 X 37'6992 + 2 X 113'0976 = 753'984 + 226'1952 = 980'1732 square feet. 
AlSO'V = ah = 113'0976 X 20 = 2261'952 cubic feet. 

Ex. 4. How many gallons of water will a cylindricn,l cistern 
co~tain, whose diameter is 6 feet and depth 7 feet? 

Soluti()u. 

Area of ba," = 3'HIG X 32 = 37'2744 ,~uare feet. 
Heuce volume = ah = 37'2744 X 7 = 260'9208 cubic fcct. 
Then since each cuhic foot contains 61 gallons X 61 = 1028'88 gallons 

EXERCISE XV. 

1. Find the surface and cubic contents of a rectangnlar paral
lelopiped whose height is 25 feet, its base being 4 feet wide 
and 5 feet long. Ans. 490 sq. ft.; 500 cub. ft. 

2. How many gallons of water are contained in a circular cistern 
whose diameter is 12 feet and depth 10 feet? 

Ans. 70G8·G gallons. 
3. Find surface and solidity of a right prism whose base is an 

octagon each side of which is 2 feet, the edges of tbe prism 
being each 18 feet long. 

Ans. 326'6274 s'l. ft. and 347'6448 cub ft. 
4. Find the snrface and solidity of an oblique prism, each end 

being a regular nonagon wbose side is 20 incbes, tbe edges 
of the prism being 14 feet long and the perimeter of a 
section perpendicular to tbem being 13 feet. 

Ans. 216'3434 sq. ft.; 240'4038 cub. ft. 
5. How many pails of water are contained in a pentagonal 

cistern whose depth is 15 feet, each edge of the bottom 
being 6 feet? Ans. 2322'6446 pails. 

NOTE. A pail holds 10 quarts. 

6. Find the surface and solidity of a right cylinder whose height 
is 42 feet and circumference 22 inches. 

Ans. 77'535 sq. ft. and 1l'2368 cub. ft. 
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REGULAR PYRAMID OR CONE. 

FORMULlE. J~et p = perimeter of base, l = length of slant 
side, h = height of vertex above the base, and a = area 
of the base. 

Then v = lah (LXXVII); and s = tpl + a (LXXVIII). 

Ex. 1. Find the surface and solidity of a regular cone whose 
slant side is 20 feet and the diameter of the base 10 feet. 

Solution. 

By formula (XI), h = -120"-52 = -1400-25 = -1375 = 19'3649. 
By formula (XXVI), c = 1I'd = 3'1416 x 10 = 31'416. 
By formula (XXXI), a =.,.,.2 = 3'1416 X 52 = 3'1416 X 25 = 78-54. 
By formula (LXXVII), v = ia1l = t X 78-54 X 19-3649 = 1520-9192 cub. ft. 
By formula (LXXVIII), • = Wi + a = I X 31'416 X 20+78'54 = 392'7 sq. ft. 

Ex. 2. Find the solidity and surface of a right pyramid whose 
slant side 24 feet, the base being a pentagon whose is 10 feet. 

Solution. 
By formula (XXIII), a = ian. = ! X 0'68819 X 5 X 10 = 17'204. 

Also perimeter = 5 X 10 = 50 feet. 
By formula (XI), 11 = -IW - 6'882 = -./576 - 47'33 = -I5'12J-66 = 22'99: 
By formula (LXXVII), v = iaT. = t X 17'204 X 22-99 = 131'839 cub. ft. 
By formula (LXXVIII). S = !pl +a = I X 50 X 24 + 17'204 = 617'204 sq. ft .. 

EXERCISE XVI. 

1. Find the solidity and surface of a right cone whose slant side' 
is 10 feet and the diameter of the base 6 feet. 

Ans. 122'552 sq. ft.; 89-905 cub. ft. 
2. Find the surface and solidity of a regular square pyramid 

whose slant side is 20 feet and area of the base 576 sq. ft. 
Ans. 1536 sq. ft.; 3072 cub. ft. 

3. Find the surface and solidity of a right cone whose base bas 
a diameter of 14 feet and whose height is 10 feet. 

Ans. 422'3629 sq. ft.; 513'128 cub. ft. 
4. Find the surface and solidity of a right pyramid whose height 

is 18 feet, its base being a regular hexagon whose side is 9 
feet. Ans. 500'955 sq. ft.; 1262'664 cub. ft. 
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FRUSTUM OF PYRAMID OR CONE. 

FORMULlE. Let (/ and a' = areas of the ends, h =- height, 
e and e' = edges of ends of pyramid, l' and p' = peri
meters of ends; and, in ease of cone, d and el' 
vaa' = diameters of ends. 
v = lsh(a + a' + vaa') (LXXIX); 

(
ae - a'e') 

v = lsh ---, (LXXX) ; 
e-e 

v = '2618h( d 2 + d/ + del,) (LXXXIII); 

S = Hp + p')l + (/ + It' (LXXXI). 

Ex. 1. Find the snrface and solidity of a right cone, whose 
slant side is 20 feet, the diameters of the end being 4 and 2 feet. 

Sl)llllioll. 

Here the radii are 1 and 2 feet and their difference is 1 foot, 
Hence height = '1/20"-1" = v'!OO -I = v'399 = 19'9749, 
By formnla (LXXXIV), v = '2IilSI!(rI" + d," + dd,) 

= '2618 X 19'9749 X (~, + 4" + 2 X 4) = '2618 X EI~)7 4~ X 28 
= 146'424 cub, feet. 

By formula (LXXXI), S = )(1' + p')l + a + a' 
= t X 18'8496 X 20+ 12'561H +3'1416 = 188'496+15'708 = 204'204sq, ft, 

Ex. 2. Required the surface and solidity of a frustum of a 
regular hexagonal pyramid, the sides of its ends being 6 and 4 
feet respectively, and its length ~4 feet. 

Solution. 

By formula (XXIII), areas of ends = )(tns = j X G'l!IIjl" X 6 X 6 = 93'5307; 
and t X 3'4641 X 6 X 4 = 4l,r,IW, 

Difference of apothems of hexagolls whose sides arc 6 and 4 feet = G'l:lIj] 
and 3'4641 = 1'732, 

Hence by formula (XI), height of frnstnm = v'242 - 1',32' 

= '1/5/6 - 3 (nearly) = '1/573 = 23'937, 

Then by formnla (LXXIX), v = t X It X (a + a' + v';'''' 
= t X 2,,'G3/ X (93'5307 + 41'5692 + v'DJ.G:lO/ X :n';;Gf)2) 

= 7'979 X (135'0999 + '1/3887'996374) = 7'97f) X 135'0999 + 62'353) 
= 7979 X 197'4529 = 1575'476 cub, ft. 

By formula (LXXXI), S = !(36 + 24) X 24 + 93'5307 + 41'5692 
"" 80 X 24 + 130'0999 = 720 + 135'0999 = 855'0999 sq, ft. 



46 MENSURATION. 

WEDGE. 

FORMULlE. Let l = length of back and b = breadth of 
back, e = length of edge, and h = height. 

Then v = ibh(e + 2l) (LXXXV.). 

Ex. 1. The length and breadth of the base of a wedge are 70 
inches and 15 inches, the edge is 110 inches in length, and the 
height is 17'145 inches; what are its solid contents? 

Solution. 

Here b = 15 in = 1'25 ft ; h = 17'145 in = 1'42875 ft.; e = 110 in = 9* 
ft. and I = 70 in = 5i ft. 

By formula (LXXXV), v = hbh(e+2I) = t X 1'2& X 1'42875 X (9!+5~ X 2) 

= t X 1'25 X 1'42875 X 20~ = 5'767 cub. ft. 

Ex. 2. Find the solidity of a wedge whose base is 6 inches 
long and 4 wide, its edge being 16 inches in length and height 
15'8745 inches. 

Solution. 

By formula (LXXXV), v = 1;bh(e + 21) = i X 4 X 15'8745 X (16 + 2 X 6) 

= i X 4 X 15'8745 X 28 =! X 15'8745 X 56 = 56 X 5'2915 = 296·824cub.in. 

EXERCISE XVII. 

1. Find the solid contents of a wedge whose length is 64 inches, 
the edge being 42 inches, long, the base 9 inches broad, and 
the height of the wedge 28 inches. 

Ans. 4 cub. ft· 228 cub. in. 
2. Find the solid contents of a wedge whose height is 20 inches, 

the base 12 inches wide and 15 inches long, the edge being 
24 inches. Ans. 1 cub. ft. 432 cub. in. 

3. Find the solidity of a wedge whose edge is 2·7 feet long, and 
back 3'2 feet long, the breadth of the back being 40 inches 
and tbe height of the wedge 4 feet. 

Ana. 20 cub. (t; 384 cub. in· 
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SPHBRE, SPHERICAL SEGMENT. 

FORMULJE. Let d = diameter. Then 
For SPHERE j v = '5236d' (LXXXVI) j and s = 'fr{l2 

(LXXXVII) 

For SPHERICAL SEGMENT, let r = radius of base, and 
h = height of segment, d = diameter of sphere and 
s = convex surface. 
v = '5~5h(31'2 + h 2

) (LXXXVIII) j 
v = ·5'O.6h2(3d - 2h) (LXXXIX) j and s = 'frdh (xc). 

Ex. 1. The diameter of a sphere is 50 inches, required its 
solidity and surface. 

Solution. 

By formula (LXXXVI), v = '5236d" = '5236 X 50" = '5236 X 125000 
= 523'6 X 125 = 65450 cub. in. 

By formula (LXXXVII), S = 'frd2 = 3'1416 X 50" = 3'1416 X 2500 
= 314'l6 X 25 = 7854 sq. inches. 

Ex. 2. Find the convex surface and the solidity of a spherical 
segment whose height is 2 feet, the diameter of the sphere being 
5 feet. 

Solution. 

By formula (LXXXIX), v = '5236h2(3d - 2h) = '5236 X 2' X (15 - 4) 
= '5236 X 4 X 11 = 23'0384 cub. ft. 

By formula (XO), 8 = "dh = 3'1416 X 5 X 2 = 31'416 square feet for convex 
surface. 

EXERCISE XVIII. 

1. Find the solidity of a sphere whose diameter is 16 feet. 
Ans. 2144'6656 cub. ft. 

2. Find the surface of a globe whose diameter is 24 feet. 
Ans. 1809 ft. 80'87 sq. in. 

3. What is the solidity of a sphere whose diameter is 6 feet? 
Ans. 113'0916 cub. ft. 
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4. What is the surface of a sphere whose diameter is 16 inches? 
Ans. 5 sq. ft. 84'24 sq. in. 

5. Find the solidity and surface of a sphere whose diameter is 
12 feet. Ans. 409''1808 cub. ft.; 452'3904 sq. ft. 

6. Find the solidity and surface of a sphe~ whose diameter is 
15 feet. Ans. 1'16'1-15 cub. ft. i '106'86 sq. ft. 

'1. What is the solidity of a spherical segment, the height being 
4 feet and diameter of the base 14 feet? 

Ans. 3U'38'1 cub. ft. 
8. What is the solidity of a spherical segment whose height is :I 

feet, the diameter of the sphere being 8 feet? 
Ans. 41'888 cub. f\. 

9. Find the solidity and surface of a spherical segment whose 
height is 5 feet, the diameter of the sphere being 12 feet. 

Ans. 340'34 cub. ft. i 188'496 sq. ft. 
10. What are the solid contents and convex surface of a sphar. 

, ical segment whose height is 4 feet, the diameter of the 
sphere being 16 feet? Ans. 335'104 cub. ft. j 201'0624 sq. ft, 

SPHERICAL ZONE. 

Let '1' and '1'1 -: radii of the ends, d = diameter of end of 
zone, dl = diameter of sphere, and s = convex. surface. 

Then v=~ ('1"+'1'/+ 1h2
) (XCI) j for other than middle zone. 

For middle zone v = ~ (d2 + 1hZ) (XCII) j 

wh . 
v = 4(d/ - iN) (XCIII), and s = 'lfd1h (XCIV). 

Ex. 1. Find the solidity of the middle zone of a sphere, the 
height of which is 5 inches, the diameter of the end being 25 
inches. 

Solution. 

By formula (xcn), solidity ~ ~(~ + 111,2) = 8'141: X 6(25Z-+ I X 62) 

~ '7854 X 5(625 + 16!) = 3'928 X 641! = 252()'466 cub. in. 
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Ex. 2. Find the convex surface of a spherical zone whose 
height is 5 inches, the diameter of the sphere being 25 inches. 

Solution. 

By formula (XCIV), Burface = 7rdh = 3'1416 X 25 X 5 = 392'7 inches. 

Ex. 3. Find the solidity of a spherical zone whose height is 3 

feet, the diameters of the ends being 4 feet and 5 feet. 

Solution. 

"'h 3'1416 X 3 
By formula (XCI), v = :r(r2 + r,2 + th2) = --2--(42 + 52 + f of 32) 

1'5708 X 3 X (16 + 25 + 3) = 1-5708 X 3 X 44 = 207'3456 cub. feet. 

EXERCISE XIX. 

1. Find the convex surface of a spherical zone whose height is 3 
feet, the diameter of the sphere being 9 feet. 

Ans. 84'8232 sq. ft. 
2. Find the solidity of a spherical zone whose height is 4 feet, 

the radii of its ends being 7 feet and 9 feet. 
Ans. 850'3264 cub. ft. 

3. Find t.he solidity of a middle spherical zone whose height is 
II feet, the diameter of the end being 8 feet. 

Ans. 316'778 cub. ft. 
4. Find the convex surface of a spherical zone whose height is 

4 inches, the diameter of the sphere being 25 inches 
Ans. 314'16 sq. in. 

5. Find the solidity of the middle zone of a sphere whose height 
is 2 feet 8 inches, the diameter of the ends being 2 feet. 

Ans. 24'1242 cub. ft. 
6. Find the volume of a spherical zone whese height is 4 feet, 

the diameter of its ends being 6 feet. Ans. 146'608. 
7. Find the solidity of the middle zone ofa sphere whose height 

is 7 feet, the diameter of the sphere being 12 feet. 
Ans. 701'8858 cub. ft. 
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PARABOJ,OID; FRUSTUlII OF PARABOLOID. 

Let a = area of base of paraboloid and h = height; also 
let a and a' = areas of ends of frustum, and d and d, 
their diameters. 

'lrd2h 
Then for PARABOLOID, v =!Jah = -8- = '3927d2h (XCV). 

" FRUSTUlII of PARABOLOID, v =~h(a+a') (XCVI), 

'lrh 
or v = 8 (d2 + d,") = '3927 h( d2 + d/) (XCVII). 

Ex. 1. Find the solidity of a paraholoid whose height is 10 
feet, the diameter of the base being 20 feet. 

Solution. 

By formula (x(!v), v = '3927d'h = '3927 X 202 X 10 = '3927 X 400 X 10 
= 1570'S cubic feet. 

Ex. 2. What is the volume of the frustum of a paraboloid 
whose end diameters are 30 and 24 inches, the height of the 
frustum being 9 inches? 

Solution. 

By formula (XOVII), v = '3927h(d2 + d,2) = '3927 X 9 X (900 + 576) 
= ·3927 X 9 X 1476 = 5216'626 cub. in. 

EXERCISE XX. 

1. Find the solidity of a paraboloid whose end diameter is 12 
and height 15 feet. Ans. 848'232 cub. ft. 

2. Find the solid contents of a paraboloid whose height is 12 
inches, the end diameter being 10 inches. 

Ans. 471'24 cub. in. 
3. What is the volume of the frustum of a paraboloid whose end 

diameters are.eO and 28, the height of the frustum being 14 ? 
Ans. 6509'3952. 

4. What is the volume of the frustum of a paraboloid whose end 
diameters are 10 and 12 inches, the height of the frustum 
being 6 inches? Ans. 574'9128 cub. in. 
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SPHEROID; SEGMENT OF ~PHEROID. 

Let t "- transverse and c == conjugate axis; h == height of 
segment. Then v ::; '5236ct" (XCVIII) for oblate, and 

v == '5236tc
2 (XCIX) for prolate spheroid; 

fh2 
v '5236(3C - 21£)7 (c) for circular segment of 

oblate spheroid, and 
c2k 2 

11 == '5236(3t - 21£)7 (cr) for circular segment of 

prolate spheroid; 
(.1£2 

V == '5236(3t -21£)-°- (crr) for elliptical segment of 
t 

oblate, and 

v == '5236(3c - 21t) t~2 (crn) for elliptical segment of 

prolate spheroid. 

Ex. 1. Find the solidity of a prolate spberoid whose transverse 
axis is 7 feet and conjngate axis 5 ft. 

Sulution. 

By formula (XCIX), v = '52361c2 = '5236 X 7 X ~;; = 91'63 cub. ft. 

E.x. 2. Find the solid contents of a circular segment of an 
oblate spheroid, the height of tbe segment being 3 inches and 
the axes of the spheroid 25 and 15 inches. 

Sulution. 

t2h,2 .f)3G X 9 
By formula (0), v = '5236(3c - 2"7 = '5236(3 X 15 - 2 X 3) X ~ 

= '5236 X 39 X 25 = 510'51 cub. in. 
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Ex. 3. Find tbe solidity of an elliptical segment of a prolate 
spberoid whose beight is 10, tbe axes being 100 and 60. 

Solution. 

tl,2 100 X 10' 
By formula (om), v = '5236(3c - 2h)c = '5236(3 X 60 - 2 X 10)-60--

= '5236 X 160 X .1<l~la = 13962f. 

EXERCISE XXI. 

1. Find the solid contents of a prolate spberoid whose diameters 
are 12 and 16 feet. Ans. 1206'3744 cub. ft. 

2. Find the solid contents of a circular segment of a prolate 
spheroid whose diameters are 24 and 40 inches, tbe height 
of tbe segment being 4 incbes. Ans. 337'7848 cub. in. 

3. Find tbe solidity of an elJiptical segment of an oblate spberoid 
wbose diameters are 20 and 24, tbe beight of the segment 
being 5 incbes. Ans. 2028'95 cub. in. 

4. Find tbe solidity of an oblate spberoid wbose diameters are 
16 and 26 incbes. Ans. 5663'2576 cub. in. 

5. What is the volume of a circular segment of an oblate spher
oid whose diameters are 10 and 16 inches, the beigbt of the 
segment being 4 inches? Ans. 471'8264 cub. in. 

-6. What is the volume of an elliptical segment of a prolate 
spheroid whose diameters are II and 15 feet, the 'height of 
the segment being 6 feet? Ans. 539'884 cub. ft. 

MIDDLE FRUSTUM OF SPHEROID. 

T,ct 1 = length of frustum, and d = end diameter. 
Then for circular frustum of oblate spheroid, 

v = '2618l(~t2 + fl') (CIV) ; 

For prolate spheroid v = '2618l(2c' + d2) (cv). 
For elliptical frustum let d and d, = diameters of ends, 

then whether the frustum is a portion of an oblate or 
prolate spheroid, v = '2618l(2tc + ddJ (cvr). 
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Ex. 1. Find the solid contents of the middle circular frustum 
of an oblate spheroid, the axis of the spheroid being 25 inches, 
tbe end diameters 20 and the length 9 inches. 

Solution. 
By formula (CIV), v = '26181(2t2 + <l'l) = '261~(2 X 252 + 202) X 9 

= '2618(1250 + 400) X 9 = '2618 X 1650 X 9 = 3887'73 cub. in. 
Ex. 2. Find the solid contents of an elliptic middle frustum 

of a prolate spheroid whose axes are 24 and 30, the end 
diameters being 16 and 20, and the length 10 inches. 

Solution. 

By formula (eVI), v = '2618(2tc + dd,)l = '2618(2 X 30 X 24 + 16 X 20) X 10 
= '2618(1440 + 320) X 10 = '2618 X 1760 X 10 = 4607'68 cub. in. 

EXERCISE XXII. 

1. Find the solid contents of a circular middle frustum of an 
oblate spheroid whose middle axis (i. e. the transverse axis) 
is 20, the diameter of the end being 14 and the height 10. 

Ans. 2607'528. 
2. Find the solid contents of an elliptical middle frustum of a 

spheroid whose axes are 30 and 50 inches, the end diameters 
of the frustum being 18 and 30 inches and its length 40 
inches. Ans. 21 cub. ft. 782'88 cub. in. 

3. Find the cubic contents of a circular middle frustum of a 
prolate spheroid whose middle or conjugate axis is 20 inches, 
the end diameter of the frustum being 15 and its length 30 

inches. Ans. 8050'35 cub. in. 

HYPERBOLOID; FRUSTUlII OF HYPERBOLOID. 

Let r '= radius of base, and d '= diameter half way between 
base and vertex, and h = height. Also for frustum 
let rand r, = radii of ends, and d = diameter of sectioQ 
half way between the ends. Then for 

Hyperboloid, v '= '5236(r2 + d2)h (CVIl). 
Frustum of hyperboloid, v = '5236(r2 + r/+ d2)h (CVIU). 
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Ex.!. Find the solidity of a hyperboloid whose altitude is 4 
feet 2 inches, the diameter of the base 8 feet 8 inches, and the 
middle diameter 5 ft. 8 inches. 

Solution. 

Here k = 50 inches, 'I" = ! ofl04 = 52 inches, and d = 68 inches. 
By formula (OVIl), v = '5236(r2 + dl')" = '5236(52" + 632) X 50 

= '5236(2704 + 4624) X 50 = '5236 X 7348 X 50 = 191847'04 cub. inches 
= ill cub. ft. 39'04 cub. in. 

Ex. 2. Find the solid contents of a frustum of hyperboloi~, 
the diameters of the ends being 16 and 24 and the middle 
diameter 22, the height of the frustum being 20. 

Solution. 

By formula (ovm), v ~ '5236(r2 + '1",2 + dZ)k = '5236(82 + 122 + 222) X 20 
= '5236(64 + 144 + 484) X 20 = '5236 X 692 X 20 = 7246'624. 

EXERCISE XXIII. 

1. Find the solid con tents of a hyperboloid whose middle dia
meter is 30, end diameter 50 and altitude 24. 

Ans. 19163"6. 
2. Find the solidity of a frustum of a hyperboloid whose end 

jiameters are 16 and 30, middle diameter 26 and altitude 20. 
Ans. 10105'48. 

3. Find the solid contents of a hyperboloid whose middle dia
meter is 15, end diameter 24 and height 20. Ans. 3864'168. 

4. Find the solid contents of a frustum of a hyperboloid whose 
middle diameter is 40, end diameters 20 and 50, and alti
tude 42. Ans. 51129'54. 

MISCELLANEOUS EXERCISES. 

1. How many acres are there in a square field whose side con,-
tains 809 links? Ans. 6 a. 2 r. '1t per. 

2. What is the side of a square whose area is 3025 yards 
Ans. ,55 yards . 

• 8. How many square feet of carpet are required' for a square 
room whose diagonal is 31 feet? AilS. i681 feet. 
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4. Required the diagonal of a square table whose area is 16 
square feet. Ans. 5 ft. 7'8822 in. 

5. Find the number of square inches in a sheet of paper whose 
length is 11 inches and breadth 8! inches. Ans. 93~ sq. in. 

6. A rectangle whose end is 11 yards long, contains 2112 
square yards, what is the length of its base? Ans. 192 yds. 

7. The area of a rectangular pond is 43750 square yards-one 
side is 350 yards, what is the length of the other? 

Ans. 125 yards. 
8. Find the area of a rectangle whose base is 21 and diagonal 

35 yards. Ans. 588 sq. yards. 
9. Find the area of a parallelogram whose base is 90 and per

pendicular altitude 12~ feet in length. Ans. 1125 sq. feet. 
10. Required the area of a triangle whose base is 81 feet and 

altitude 46 feet in length. Ans. 1863 sq. feet. 
11. What is the length of the base of a triangle whose area is 

2560 square feet and altitude 40 feet? Ans. 128 feet. 
12. Required the altitude of a triangle which contains 117'5625 

square yards-its base being 49 feet 6 inches in length. 
Ans. 42 feet 9 in. 

13. Find the area of a triangular field whose sides are respec
tively 1200, 1800 and 2400 links in length. 

Ans. 10 a. 1 r. 33 per. 
14. Find the area of an equilateral flower bed whose side is 25 

yards long. Ans. ~70 sq. yards 5'625 sq. feet. 
15. The four sides of a quadrilateral, inscribed in a circle, are 

75, 40, 60 and 55 chains, what is its arc a ? 
Ans. 314 a. 2 r. 22 per. 26 yards. 

16. Find the area of a park in the form of an octagon whose 
side is 12 chains and apothem 14'485 chains. 

Ans. 69 a. 2 r. 4'6 per. 
17. What is the circumference of a circle whose diameter is 44 

feet? Ans. 138'23 feet. 
18. Required the diameter of a circle whose circumference is 

78'54 yards? Ans. 25 yards. 
19. What is the area of a circle whose diameter is 80 feet? 

Ans. 5026'56 feet. 
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20. Find the area of a circular garden whose diameter is 200 
yards and circumference 628'32 yards. 

Ans. 6 a. 1 r. 38 per. 16 yards. 
21. Find the area of a circle whose circumference is 200 feet. 

Ans. 3184 sq. feet. 
22. What is the area of a sector of a circle whose radius is 50 

feet, the arc of the sector being 30 feet in length? 
Ans. '150 sq. feet. 

23. Find the area of a sector whose arc contains 40°-the 
diameter of the circle being 60 feet. Ans. 314'16 sq. feet. 

24. Find the area of a circular annulus-the circumferences of 
the containing circles being 90 and 60. Ans. 358.2. 

25. The diameters of two concentric circles are 50 and 30 feet-
find the area of the included annulus. Ans. 1256'64. 

26. What is the area of a triangle whose base is 121 chains and 
altitude 8! chains? Ans. 5 a. 0 r. 33 per. 

2 '1. What is the area of a trapezoid whose parallel sides are 7! 
chains and 121 chains, the perpendicular distance between 
them being 155 chains. Ans. 15 a. 0 r. 33 per. 6 ydll. 

28. The circumference of a circular fish pond is 400 yards
what is the side of a square pond of equal area? 

Ans. 112'85 yards. 
29. What is the area of a triangle whose .sides are 24, 36 and 48 

yards respectively? Ans. 418'282 sq. yards. 
30. Find the area of a square field whose side is 19 chains. 

Ans. 36 a. 0 r. 16 per. 
31. Find the area of a triangular field whose three sides are 

respectively 120, 140 and 160 yards. 
Ans. 1 a. 2 r. 28 per. 26 yards. 

32. Required the area of a field in the form of a rectangle whose 
adjacent sides are 740 yards and 180 yards. 

Ans. 27 a. 2 r. 3 per. 9 yards. 
33. What is the area of a circle whose circumference is 92? 

Ans. 6'13''134. 
34. Find the area of a quadrilateral inscribed in a circle-its 

four sides being 400, 360, 300, and 280 links. 
Ans. 1 a. 15 per. 25 yards. 
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35. Find the area of an equilateral triangle whose base is 20. 
Ans.173·2. 

36. Find the area of a circle whose radius is 35. Ans. 3848'46. 
37. Find the area of a quadrilateral whose diagonal is 80 chains 

and perpendiculars from it to the opposite angles 29 chains 
and 23 chains respectively. Ans. 208 acres. 

38. Find the area of a trapazeid whose parallel sides are '150 and 
600 links and the perpendicular distance between them 240 
links. Ans. 1 a.2 r. 19 per. 6 yards. 

39. Find the area of a triangle whose sides are respectively 90, 
70 and 60 chains in length. Ans. 209 a. 3 r. 1 per. 6 yds. 

40. A circular garden is to be formed so as to contain as much 
land as an equilateral triangle whose side is 56 chains. 
Required the diameter of the circula.r garden and also its 
area. Ans. 914'76; 135 a. 3 r. 6 per. 6 yds. 

41. Find the area of a circular annulus contained between two 
circles whose diameters are respectively 100 and 160. 

Ans. 12252'24. 
42. Required the length of a circular arc of 680

, the diameter 
of the circle being 250 feet. Ans. 148'34. 

43. Find the area of the sector of a circle whose radius is 50 
feet, the arc of the sector containing 700

• Ans. 1527'05. 
44. Find the area of the segment of a circle whose diameter is 

60 chains, the circular arc containing 1300 and its chord 
being 52 chains in length. Ans. 63 a. 0 r. 29 per. 6! yds. 

45. Find the area of a regular decagon whose side is 11 and 
apothem 9'5262'19. Ans. 523'9453. 

46. Find the area of the sector of a circle whose radius is 60 
yards, the arc of the sector being 280 yards in length. 

Ans. 1 a. 2 r. 37 per. 20 yds. 6 ft. 
4'1. Find the area of a field whose opposite sides are parallel, 

the base being 620 yards, and the perpendicular altitude 
108 yards. Ans. 13 a. 3 r. 13 per. 16 yds. 

48. What is the length of an arc of 19'1l° of a circle whose 
diameter is 240 yards. Ans. 413'6124 yds. 

49. Required the circumference of an ellipse whose diameters 
ire 600 and 400. ,Ans. 1570'8. 
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50. A field containing 7 a., 3 r. 21 per. 17 yds. is divided into 
two parts, the one forming a circle whose diameter is 80 
yards, what must be the dimensions of an equilat .. ral 
triangle whose area shall be equal to the remainder? 

Ans. 276'63 yds. 
51. Find the area of a circular annulus contained between two 

circles whose circumferences are 360 and 240 chains. 
Ans. 573 a. 0 r. 19 per. 6 yds. 

52. What is the area of an ellipse whose diameters are 5 and 
10? Ans. 39'27. 

53. The axes of an ellipse are 30 and 10, and one absciss is 24 ; 
what is the ordinate? Ans. 4. 

54. The axes of an ellipse are 70 and 50, and an ordinate 20 ; 
wha t are the abscisses? Ans. 56 and 14. 

55. Thp. conjugate axis of an ellipse is 10, the smaller absciss 6, 
and the ordinate 4 ; what is the transverse axis? Ans. 30. 

56. The transverse axis is 280, an ordinate 80, and one absciss 
56 ; what is the conjugate axis? Ans. 200. 

57. If an ordinate of a parabola is 20 and its absciss 36, what is 
the parameter? Ans. U·I. 

58. The two abscisses are 9 and 16 and the ordinate of the former 
is 6; find that of the latter. Ans. 8. 

59. Given the two ordinates 6 and 8, and the absciss of the former 
9, to find that of the latter. Ans. 16. 

60. Find the area of a parabola wbose base or double ordinate 
is 15 and height or absciss 22. Ans. 220. 

61. Required the length of a parabolic curve whose absciss is 6 
and ordinate 12. Ans. 27·71. 

62. The transverse axis of an hyperbola is 15, the conjugate 
, axis 9, the smaller absciss 5, required the ordinate. 

Ans.6. 
63. The transverse and conjugate axes of an hyperbola are 60 

and 45 and one ordinate is 30 j what are the abscisses? 
Ans. 67! and 7~. 

64. The transverse axis of an byperbola are 60, an ordinate 24, 
and the smaller absciss 20 ; what is the conjugate axis? 

Ans. 36. 
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65. The conjugate axis of an hyperbola is 45, the smaller absciss 
30, and the ordinate 30 i what is the transverse axis? 

Ans. 90. 
66. What is the area oran hyperbola whose axes are 15 and 9, and 

the smaller absciss 52? Ans. 3~·919. 
6~. Find the volume and surface of a tetrahedron whose edge 

is 8. Ans. 60·3 and 110·85· 
68. Find the volume and surface of a hexahedron whose edge 

is 11. Ans. 1331 and ~26. 
69. Find the volume and surface of an octahedron whose edge 

is 10. Ans. 471·4 and 346·4. 
70. Find the volume and surface of an dodecahedron whose edge 

is 4. Ans. 490·44 and 330·33. 
11. Find the volume and surface of a icosahedron whose edge 

is 6. Ans. 471·245 and 311·76. 
72. What is the surface of a right cylinder whose length is 20 

and circumference 6? Alis. 125·~3· 

73. What is the surface of a regular pentagonal pyramid, each 
side of its base being H feet and its slant side 10 feet in 
length? Ans. 46·4456. 

'14. Find the surface of a frustum of a right cone, its length 
being 31, and the circumference of its two ends 62.832 and 
37·6992. Ans. 1985·49. 

75. What is the surface of a sphere whose diameter is 800 
inches? Ans. 2010624 sq. inches. 

'16. Find the suface of a globe whose diameter is 13 and circum-
ference 3~·6992. Ans. 452·39. 

n. Find the surface of a spherical segment whose height is 2, 
. the diameter of the sphere being 10. Ans. 62·832. 

'18. What is the volume of a prism whose length is 18 feet, its 
base being a regular hexagon whose side is 16 inches and 
apothem 13·8564 inches? Ans. 83·138 cub. feet. 

79. If the volume of a triangular prism is 7.656 and its length 
is 10~ i what is the area of its base? Ans. 729. 

80. Required the volume of a frustum of a square pyramid, the 
side of the greater base being 16, of the lesser 10, and its 
length 18. .t\.ns. 37·152. 
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81. What is the solidity of a cone whose altitude is 12 feet, the 
diameter of its base being 10 feet? Ans. 314'16. 

82. Find the area of the base ofa cone whose volume is 282'74 
and altitude 30. Ans.28·274. 

83. What is the solidity of a sphere whose diameter is 30? 
Ans. 14137'2. 

84. What is the diameter of a sphere whose volume is equal to 
65449'85 feet? Ans. 50 feet. 

85. What is the solidity of a segment of a sphere, the height of 
the segment being 2, the diameter of the sphere 10? 

Ans. 54'4544. 
86. What is the volume of a spherical segment, whose height is 

10, and the diameter of its base 20? Ans. 2094'4. 
87. Find the volume of a spherical zone, the diameter of its end 

being 10 and 12, and its height 2. Ans. 195'9159. 
88. Required the solidity of the middle zone of a sphere, its 

height being 32 feet, and the diameter of the sphere 40. 
Ans. 31633'8. 

89. Find the volume of the middle zone of a sphere, its height 
being 8, and end diameters 6. Ans. 494'278. 

90. Find the solidity of an oblate spheroid whose axes are 20 
and 12. Ans. 2513'28. 

91. What is the volume of a prolate spheroid, its polar axis 
being 7, and equitorial axis 5? Ans. 91'63. 

92. Find the area of the segment of a circle whose radius is 40 
yards-the arc containing 136°, the chord being 60 yards 
in length. Ans. 1105'0523 yds. 

93. What is the transverse axis of an ellipse whose conjugate 
axis is 90 and area is equal to that of an equilateral 
triangle, whose side is 70 and a circle whose circumference 
is 240? Ans. 94'87. 

94. Find the area of equilateral triangle whose side is 90. 
Ans. 3507'3. 

95. What is the area ofa triangle whose sides are 48, 54, and 60 
respectively? Ans. 1231'09. 

96, Find the area of an ellipse whose diameters are 40 and 48. 
Ans. 1507'968. 
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97. Find the length of a rectangular field whose breadth is 220 

yards, and which contains as much ground as an ellipse 
whose axes'are 900 and 1100 yards. Ans. 3534'3 yards. 

98.. Find tbe diameter of a circle whose area is 5 acres, 3 roods, 
27 per. 20 yds. Ans.191·04. 

99. Find the altitude of a parallelogram whose hase is 500 yards, 
and area equal to the combined areas of a circle whose cir
cumference is 200 yards, and a circular sector whose arc 
contains 200 0 and whose radius is 40 yards. 

Ans. 11'95 yds. 
100. Find the area of a sector, a circle whose radius is 300 links, 

the arc being 500 links in length. Ans. 3 roods. 
101. Find the solidity and surface of a hexahedron whose edge 

is 7. Ans. 343 and 294. 
102. Find the surface aud volume of a dodecahedron whose edge 

is 4. Ans. 330'3324 and 490'4384. 
103. Find the surface and solidity of a cone whose height is 20 

feet, and diameter of base 10 feet. Ans. 402'36 and 523'6. 
104. Required the surface and solidity of a right prism whose 

base is a regular heptagon, having each of its sides 8 feet, 
the edges of the prism being each 3~ feet in length. 

Ans. 661'14 and 813'9963. 
105. How many pails of water (each containing 10 qts.) may be 

contained on a circular cistern whose diameter is 7 feet 
and depth 11 feet? Ans. 1058'3265 pails. 

106. What must he t.he depth of a pentagonal' cistern which 
contains as much water as a circular cistern 8 feet in 
diameter and 4} feet deep, and a rectangular tank 7 feet 
long, 5 ft. wide and 31 feet deep-one side of the pentago
nal cistern being 4 feet. Ans. 12'667 feet. 

107. Find the surface and solidity of a pyramid whose height is 
9 feet-the base being a regular hexagon whose edge is 3 
feet. Ans. 107'69 and 70'148. 

108. Find the surface and solidity of an oblique prism whose base 
is a pentagon with each edge 4 feet-the edges of the 
prism being each 10 feet long, and the perimeter of a 
section perpendicular or to them 18 feet. 

Ans. 235'055 sq. ft. 275'276 cub. ft. 
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109. Find the area of a triangular field whose sides are 8, 12 and 
14 chains. Ans.4 a. 3 r. 6 per. 15 yds. 

110. Find the surface and solidity of an icosahredon whose edge is 
3 feet. Ans. 77'94 and 58'90563. 

111. Find the solidity and surface of the frustum of a right cone 
whose slant sida is 60 feet-the diameters of the ends 
being 10 and 20 feet. 

Ans. 10957'1l cub. feet and 3220'14 sq. ft. 
112. Find the solidity and surface of the frustum of a right 

pyramid whose ends are squares with edges 10 and 12 feet 
respectively and height 8 feet. Ans. 970'66 and 598'653. 

113. How many cubic feet are there in a squared stick of timber 
whose end edges are respectively 28 and 20 inches, and 
the length of the stick being 42 feet? Ans. 169~ cub. feet. 

114. What is the solidity and surface of a hexagonal frustum 
whose height is 6 feet, the edges of the ends being respec
tively 3 feet and H feet? 

Ans. 48.054 cub. feet; 63'147 sq. feet. 
115. Find the area of a triangular park whose three sides are 

900, 1100 and 1300 links respectively. 
Ans. 4 a. 3 r. 20 per. 27 yds. 

116. Find the diameter of a circle which shall contain as much 
ground as a quadrilateral inscribed in a circle, whose 
four sides are 900, 1000, 600 and 800 yards respectively. 

Ans. 916'48 yards. 
117. Find the, area of a square whose diagonal is 44. 

Ans. 968 sq. yds. 
llS. Find the area of an annulus inclosed between two coucen

tric circles whose circumferences are 180 and 225 yards 
respectively. Ans. 1450'71 sq. yds. 

119. Find the area of an elliptical field whose diameters are 980 
and 1250 links. Ans. 9 a. 2,r. 19 per. ll'6 yds. 

120. Find the area of a parabolic zone whose height is 25 yards, 
Its double ordinates being respectively 90 and 70 yards. 

Ans. 2010'416 sq. yds. 
121. Find the surface and solidity of an icosahedron whose edge 

is 8! feet. Ans. 625'685 sq. ft. 1339'83 cub. ft. 
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122. Find solidity of an oblique triangular prism, the edges of 
the ends being 10, 16 and 24 feet, the beight 20 feet. 

Ans. 1161'894 cub. feet. 
123. Find the surface and solidity of a right cone whose heigbt 

is 20 feet-the diameter of the end being 12 feet. 
Ans. 506'68 sq. ft. 753.984 cub. ft. 

124. Find tbe solidity of a prolate spheroid, whose axes are 11 
and 7 respectively. Ans. 282'22. 

125. Find the solidity of an oblate spheroid, whose axes are 20 
and 15 respectively. Ans. 3141'6. 

126. Find the surface and solidity of a sphere, whose diameter 
is 26 feet. Ans. 2123·7216 sq. ft.; 9202'7936 cub. ft. 

1·27. Find the surface and solidity of a spherical segment, whose 
height is 2 inches, the diameter of the sphere being 5 
inches. Ans. ;1l'416 sq. in.; 23'0384 cub. in. 

128. Find the solidity of the middle zone of a sphere, the dia
meters of its ends being 7 feet and its height 6! feet. 

Ans. 393'943 cl'lb. ft. 
129. Find the convex surface of a spherical segment, whose heigbt 

is 9 inches, the diameter of the sphere being 3 feet 6 
inches. Ans. 1187'52 sq. in. 

130. Find the surface and solidity of a frustum of a right cone 
whose height is 9 feet, the diameters of the ends being 10 
feet and 6 feet. Ans. 461.815 cnb. ft.; 461'81 sq. ft. 

131. Find the solidity and surface of an octagonal pyramid 
whose height is S feet, each edge of tbe base being 5 feet. 

Ans. 321'S9 cub. ft.; 321'13 sq. ft. 
132. Find the area of a field in the form of a circle, having a 

diameter of 11 chains, 64 links. 
Ans. 10 acres 2 r. 26 p~r. 19'23 yus. 

13a. Find the area of a triangle whose three sides are respec
tively 70, SO, and 90 yards loug. 

Ans. 2 r. 8 per. 21 yds. I'S ft. 
134. Required tbe area of a quadrilateral field whose diagonal 

is 29 chains, the perpendiculars upon it from the opposite 
angles being 9 and 17 chains respectively. 

Ans. 37 a. 2 r. 32 per. 
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135. What is the area of a regular nonagon whose side is 13 
yards? Ans. 1 r. 37 per. 2 yds. 1'6 ft. 

136. Find the solidity and surface of a right cone whose height 
is 12 feet, the circumference of the base being 31'416 feet. 

Ans. 314'16 cub. ft. 282'74 sq. ft. 
137. Find the solidity aud surface of a hexagonal pyramid whose 

height is 24 feet, each edge of the base being 7 feet. 
Ans. 1018'44 cub. ft.; 647.13 sq. ft. 

188. What must be the diameter of a circular garden to contain 
as much ground as a field in the form of an equilateral 
triangle, whose side is 250 yards long? Ans. 185'6 yds. 

139. Find the area of an annulus coutained between two con
centric circles, whose diameters are 12 and 15 feet. 

Ans. 63'6174 sq. ft. 
140. Find the area of a circular sector whose arc contains 40 

degrees, tbe diameter of the circle being 20 yards. 
Ans. 34'905 sq. yds. 

141. Ficd the volume of a spherical zone, the diameters of its 
ends being 20 and 28 inches, and its height 7j inches. 

Ans. 3708'0697 cub. in. 
142. Find the area of a sector whose arc is 500 links long, the 

diameter of the circle being 500 links. Ans. 2 roods, 20 per. 
143. Required the solidity of a cone whose height is 12 feet, the 

circumference of the base being 50 feet. 
Ans. 796 cub. ft. 

144. Required the solidity of an oblique octagonal prism, each 
side of the base being 9 feet, the height of the prism being 
12 feet and each edge 20 feet, the perimeter of a section 
perpendicular to the edges being 60 feet. 

Ans. 6008·7 cub. ft. 
145. Find the surface and solidity of a sphere whose diameter is 

30 feet. Ans. 14137'2 cub. ft.; 2827'44 sq. ft. 
146. Find the surface of a spherical segment whose height is 4 

inches, the diameter of the sphere being 6 feet. 
Aus. 904'78 sq. ft. 

147. Find the solid con ten ts of a hyperholoid, whose middle dia
meter is 30, end diameter 40, and altitude 24. Ans. 25132'8. 
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148. Find the solidity and surface of a regular pyramid, wllOse 
base is a square, each side being 6 feet, the apothem or 
perpendicular On the side of the pyramid being 41) feet. 

Ans. Surface = 516 sq. ft. 
149. Find the volume of a middle zone of a sphere, whose height is 

8 feet, the diameters of the ends being 6 feet. Ans. 494'278. 
150. Find the contents of a regular hexagonal frustum, whose 

altitude is 6 feet, the side of the greater end 18 inches, 
and of the smaller end 12 inches. Ans. 24'6817 cub. ft· 

PROBLE)lS FOR PRACTICE. 

1. Find the area of a square, whose side is 13 chains. 
2. Find the side of a square, whose area is 3 acres, 14 per., 18 

yards. 
3. What is the area of a square, who3e diagonal is 260 yards ~ 
4. The area of a square is 7 acres, 1 rood, 30 per., requil'cd the 

length of its diagonal in yards. 
5. (a) Find the area of a rectangle, whose length is 700 and 

breadth 500 links. 
(b) Find the area of a parellelogram, whose base is 600 and 

perpendicular 250 yards. Answer in acres, roods, &c. 
6. (a) The area of a rectangle is 700, its breadth is 35, what is 

its length? 
(b) The area of a parallelogram is 4 acres, 3 roods, 16 yards, 

its breadth is 120 yards, what is its length? 
7. (a) The area of a rectangle is 17 acres, 1 ro!)d, 16 per., its 

length is 1600 links, wbat is its br~adth? 
(b) The area of a parallelogram is IGOO, is length is 240, 

wbat is the perpendicular distance between its sides? 
8. Find the area of a rectangle, whose diagonal is 500 links, 

and bread tb 300 links. 
D. Find the hypothenuse of a right angled triangle, whose base 

is 75 yards and perpendicular 48 yards. 
J O. The hypothenuse of a right angled triangle is 600, the per

pendicular is 330, what is tbe base? 
11. The hypothenuse of a right angled triangle is 73, the base is 

29, what is the perpendicular? 
E 
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12. In a right angled triangle the hypothenuse is 50, the per
pendicular 20, wllat a~e the segments into which a per
pendicular from the right angle CUlS tbe hypothenuse? 

13. In a rigbt angled triangle the hypothenuse is 40, the base 
15, illto what two segments does a perpendicular from the 
riglJt angle cut the hypothenllse? 

14. In a right angled triangle the segments into which a perpen
dicular from tlJe rigbt angle cuts the hypothenuse are 40 
and 30, wbat is tlJe perpeudiculi\r distance of the right 
angle from the by Ilothenuse ? 

15. Find the area of a triangle, whose base is 750 and al titude 
340 links. 

16. The area of a triangle is 17 acres, 4 per., 16 yards, the alti
tude is 570 yards, wbat is tlJe length of tbe base? 

17. Tbe area of a triangle is 640, the base is 120, what is the 
altitude? 

IS. Find the area of a triangle, whose three sides are respectively 
640, 320, 480 links. 

19. What is the area of an equilateral triangle, whose base is 
160 yards long? 

20. Find the area of a trapezoid, whose parallel sides are 500 
and 300 links, the perpendicular distance between them 
being 120 links. 

2 I. Find the area of a quadrilateral field, whose diagonal is 420 
yards, the perpendiculars or the diagonal from the opposi te 
angle being 70 and 130 yards. 

~2. Find the area of a quadrilateral which may be inscriber! in a 
circle, its four sides being respectively 80,90,100 and 120 
yards long. 

23. Find the area of a regular octagon, whose side is 13 feet, 
(See Table I for apothem, page 72). 

:H. The area of a regular heptagon is 5 acres, 1 rood, 2H per., 
find the length of a side, (See Table I, page 72). 

25. The are.a of a regular polygon is 4278'4 square feet, each side 
is 20 feet long and the apothem 37'32 feet, how many 
sides has the polygon? 

26. Find the circumference of a circle whose diameter is 12!. 
27. Find the diameter of a circle whose circumference is 180 yds. 
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28. Find the area of a circle whose diameter is 14 nnd circnm. 
ference 43'9S24 feet. 

29. Required the diameter of It circle wbose nrea is 490'S75 
square yards, and circumference 7S'54 yards. 

30. Required the circumference of It circ:e, wbose area is 1 ~56' 
64 square feet and diameter 20'40 feet. 

31. Find the Itrea of It circle, wbose diameter is 840 links. 
32. The area of a circle is 15 acres, 2 roods, 16 per., 20 yards, 

what is its diameter in links? 
33. Find the area of a circle whose diameter is 220 yards. 
34. Find the area of a circle whose circumference is 330 links. 
35. What is tbe are It of a circular annulns, ·.be diameters of the' 

concentric circles being 70 and 50 feet? 
36. Wbat is the area of a circular annulns, the circulllf'Jrencts of 

containing circles being 80 and 280 ? 
37. Required tbe area of a circular annulus, the contning circles 

having circumferences 251'328 and 430'8:2~ links, and 
diameters SO and 140 links. 

38. The diameter of a circle is 60 feet, what is the length of an 
arc of 87l" of the circumference? 

39. What is tbe length of the cbord of a circle, tI.e diameter Of 
tbe circle being 61'6116 and apotbem 25? 

40. Find the apothem on the chord of a circle, whu~~ diameter is 
24'4, tbe length of tbe chord b~ing 24. 

41. Find the chord of half tbe arc of a circle, wbose radius is 
IS'75, the height of the whole arc being 6. 

42. Find the radius of a circle, tbe height of tbe arc IJci:og 4, nnd 
tbe chord of balf the arc being 20. 

43. Find the area of the segment of a circle, whose diameter is 
45'3 feet, tbe arc containing 2409, tbe chord bcing 40 feet 
and apothem 10 feet. 

44. Find the area of a sector of a circle, wbose radius is 50 yards, 
tbe length of tbe arc being 90 yards. 

45. Find tbe area of tbe sector of a drcle, whose radius is 80 
feet, tbe circular arc containing 72 0 degrees. 

46. Find the area of a lune, wbose common chord IS 4\J tcet, tbe 
lengtb of tbe outer arc is 94'876 and of tbe inner one 60 
feet; the apotbem of the outer smaller circle being 12'65. 
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feet, and its diameter 4!'i'3 feet, the apothem of the larger 
circle being 48 feet and its diameter 200 feet. 

47. Find the circumference of an ellips~ whose axes are 16 and 28. 
48. Find the area of an ellipse whose diameters are 20 and 14. 
49. Required the ordinate of an ellipse, whose diameters are 30 

and 10, and one absciss 24. 
50. Find the abscisses of an ellipse, whose axes are 60 and 80, 

and an ordinate 30. 
51. What is the transverse axis of an ellipse, whose conjugate 

axis is 70, an ordinate 28, and one absciss 168? 
52. What is the conjugate axis of an ellipse, whose major axis is 

70, an ordinate 20, and the smaller absciss 14? 
53. Find the parameter of a parabola, the ordinate and one 

absciss being 12 and 28. 
54. Two abscisses of a parabola are 9 and 16, the ordinate of the 

former is 6, find that of the latter. 
55. An absciss of a parabola is 33 and its ordinate 24, a second 

ordinate is 18 j what is its absciss? 
56. Find the length of tbe arc of a parabola, whose absciss and 

ordinate are 3 and 5. 
57. Find the area of a parabola, whose base and height are 20 

and 28. 
58. Find the area of a parabola zone, whose bases are 7 and 10, 

and height 6 feet. 
59. In an hyperbola tbe axes are 90 and 45, the less absciss is 

30 j find the ordinate. 
60. The axes are 15 and H, the ordinate 5 j what are the abscisses 

of the hyperbola? 
61. What is the solidity of a tetrahedron, whose edge is 5 inches? 
62. In an hyperbola, the tmnsverse axes is 25, the less absciss 

Sl, and its ordinate 10 j required the conjugate axis. 
63. The conjugate axis is 311, the smaller absciss 12, the ordi

nate 21 j what is the transverse axis of the hyperbola? 
64. What is the area of an hyperbola, whose axes are 15 and 9, 

the smaller absciss being 5 ? 
65. What is the surface of a regular triangular pyramid, whose 

edge is 7 feet? 
66. What is the aggregate surface of a cube whoae edge is ~l feet? 
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67. What are the solid contents of a hexahedron whose edge is 
I! feet long? 

68. Find the surface cf an octahedron whose edge is 41 feet? 
69. Required the cubic contents of an octahedron whose edge is 

15 inches. 
70. The edge of a dodecahedron is 6 inches, what is its entire 

surface? 
71. Find the vol ume of a dodecahedron whose edge is 1:; feet. 
72. Required the surface of an icosahedron whose edge is 10l 

inches. 
73. What are the cubic contents of an icosahedron, whose edge 

is 20 inches? 
74. (a) What is the volume of a right rectangular parallelo

piped, whose length is 20 feet, breadth 4l feet, and height 
18 feet? 

(b) What is the volume of an oblique triangular prism, the 
edges of the end being 7, 9 and 11 inches, and the length 
of the prism 45 inches? 

(c) 'What is the volume of a hexagonal prism, whose length 
is 22 feet, each edge of the e"d being 20 incbes. 

75. (a) Find the surface of a right rectangular parallelopiped, 
whose base is 16 incbes by 9 incbes, the height of the 
solid being 4 feet. 

(b) Find the surface of a right octagonal prism, whose 
height is 12 feet, each edge of the end being 2! feet. 

76. Required the solidity of tbe frustum of a cone, whose height 
is 5 feet and end diameters 4 and 2 feet. 

77. Find the surface of an oblique pentagonal prism, whose 
length is 41 feet and edge 3 feet, the perimeter of a sec
tion perpendicular to one of the lateral edges being 16 feet. 

78. (a) Find the volume of a regular pyramid, whose height is 
10 feet, tbe base being a heptagon, whose side is 2 feet. 

(b) Find the volume of a regular cone, whose base has a 
diameter of 7 feet, tbe height of tbe cone being 9 feet. 

79. (a) Find the entire surface of a regular octagonal pyramid, 
whose height is 11 feet, each edge of the base being 5 feet. 

(b) Find ihe entire surface of a right cone, whose height is 
14 feet, the diameter of the base being H feet. 
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RO. Find the so!i.dity of a frustum of a pyramid, whose height is 
5 feet, the areas of the two ends being 12 and IB square feet. 

81. Find the volume of the frustum of a right pentagonal pyra
mid, the upper end edges being 31 feet and the lower 5 
feet each, and the height of the f!'ustum 7 feet. 

82. Find the volume of the frustum of a hexagonal pyramid, the 
edge of the bottom being 4 feet and of the top 21 feet, 
while the height of the frustum is 6 feet. 

83. What are the solid contents of the frustum of a cone, whose 
height is 10 feet, the end diameters being 5 and 3 feet? 

84. What is the whole surface of the frustumofa cone, whose end 
diameters are 4 and B feet, the slant side being 61 ft. long ? 

85. Find the volume of a wedge, whose edge is 12 inches and 
back 10 inches long, the breadth of the back being 41 
inches and t.he leng th of the wedge 2 feet. 

Btl. Find the solidity of a spherical segment, whose heigbt is 6 
feet, the radius of the baRe being 2 feet. 

87. What are the solid contents of a spherical segment, whose 
height is 7 inches, the diameter of the sphere being 10 
inches? 

88. Find tbe convex surface of a spherical segment, whose beight 
is 10 inches, the diameter of the sphere being 4 feet, 2 
inches. 

89. Find the volume of a sphere whose diameter is BI feet. 
90. Find the surface of a sphere whose diameter is 7924 miles. 
91. Find the volume of Ii spherical zone, whose height is 2 feet, 

the radii of the ends being 3 feet and 4 feet. 
92. Find the volume of the middle zone of a sphere, the height of 

the zone being 4 feet and the diameter of either end 3 feet. 
93. What is the volume of the middle zone of a sphere, the height 

of the zone being 6 feet and the diameter of the sphere 10 
feet? 

\)~. Find the convex surface of the middle zone of a sphere, the 
height of the zone being 7 feet and the diameter of the 
sphere 20 feet. 

9j. Find the volume of a paraboloid, whose height i; 10 feet and 
diameter B feet. 
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96. Find the volume of the frustum of It paraboloid, whose height 
is 5 feet, the areas of the ends being 7 and 9 square feet. 

97. What is the volume of the frustum of a paraboloid, whose 
height is 8 feet and end diameters 10 and 4 feet? 

98. Find tiJe volume of an oblate spheroid, whose diameters arQ 
12 and 17 feet. 

99. Find the volume of a prolate spheroid, whose axes are 7 and 
11 feet. 

100. What is the volume of a circular segment of an oblate 
spheroid, the axes being 18 and 12 feet, and the height 4 
feet? 

101. What is the volume of a circular segment of a prolate 
spheroid, the axes being 10 and 15 and the hei~ht 6 feet. 

102. Find the volume of an elliptical segment of an oblate 
spheroid, whose height is 4 feet, the axes being 12 and 16 
feet. 

103 Find the v.,II,me of an elliptical segment of a prolate 
spheroid, whose height is 6 feet, the axes being 18 and 20 
feet. 

104. Find the solid contents of a circular middle frustum of a 
prolate spheruid, whose conjugate axis is 12 feet, the dia
meter of the frustum being 6 feet and its height 7 feet. 

105. Find the volume of a circular middle frustum of an oblate 
spheroid, the diameter of the frustum being 6 feet, the 
transverse axis 20 feet, and the length of the frustum 8 
feet. 

106. Find the cubic contents of an elliptical middle segment of 
a spheroid, whose axes are 16 aud 24, the length of the 
frustum being 12 feet, and the greater and less diameters 
of either end 6 and 4 feet. 

107. Find the solidity of an hyperboloid, whose base has a dia
meter of 10 feet, the diameter half way between the base 
and vertex is 6 feet, and the heigbt of the hyberboloid 8 
feet. 

108. Find the solidity of a frustum of an hyperboloid, whose 
height is 6 feet, the radii of the ends being a and 7 feet, 
and the'diameter half way between the ends 12 feet. 
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TABLE I, 

SHOW[)IG ApOTHEM AND AREA OF POLYGONS. 

NR.me of 1 "f) of Apothem Area I' . 
Polygon. I Silles. whell side = 1. when side = 1. 

1 

Triangle ..•.•...••• 3 0'2886751 0'4330127 
Square ..••.....••. 4 0·5 1 . 
Pentagon ...•.•.... 5 0'6881910 l'7?,O4774 
Hexagon .••...•••. 6 0'8660254 2'598&762 
Heptagon .••••...•• 7 1·0382607 3'6339124 
Octagon ...•••.•••. 8 1· 2071068 4 '8284271 
Nonagon ••••.•••.. 9 1·3737387 6'1818242 
D~cagoll. ......... 10 1·5388418 7'6942088 
Undecagon .••.... , 11 1·7028436 9'3656399 
Dodecagon ••..••.. 12 1'8660254 1l'1961524 

TABLE II. 

A gallon of water weighs 10 lbs. avior. 
A cubic foot of WR.ter weigbs 62~ lb •. = 1000 oz. 
A pail of water = 2~ gallons = 25 Ibs. 
A gallon is equR.I to 277'274 cubic inches. 

TABLE III. 

LAND MEASURE. 

7'92 inches = 1 link. 
100 links = 1 chain. 
80 chains = 1 mile. 
10000 square links = 1 square chain. 
10 square chains = or 100,00(i square links = 1 acre. 
1 chain = 4 rods. 
1 hcre = 160 square rods = 4840 square yards. 

",OTK.-If we desire to compute area of polygon by tabular area. we 
must remembpr that similar pOlygOllS nrc to each other a8 Rjuaresof homo. 
logous ~ides i hence 12: side2 :: tabular area: required area. 
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1 
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