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PREFACE. 

In preparing tbe following work (undertaken at tbe sngges­
tion of the CbiefSnperintendent of Education for Upper Canada), 
it bas been the constant aim of the author to present it to Cana­
dian teachers and students as a thorougbly reliable Treatise on 
tbe Theory and Practice of Numbers, and as an Arithmetic, in 
some degree, commensurate with tbe bigher qualifications of 
teachers and tbe improved methods of instruction now generally 
found in our schools. 

The Arithmetic now offered to the public is based upon the 
Irish National Treatise ;-in fact, 'it was at first intended merely 
to adapt that work to the decimal curreucy, and to abbreviate 
tbe somewhat tedious reasons tbere given for tbe various rules. 
So many alterations and improvements suggested tbemselves, 
however, tbat the original design was speedily abandoned, and, 
with tbe exception of tbe first ten or fifteen pages, which are 
taken entire from the work in question, the Treatise, as at pre­
sent issned, is, in all essential respects, an entirely new book. 
Nevertheless, as it was the sole object of the author to prepare 
a tomp/ele text-book on the subject of Arithmetic, he has not 
besitated to adopt whatever he considered good, either in tbe 
Irish National or in the numerous other excellent works on the 
subject. 

By far the greater number of the problems are original; and 
it is hoped that the practical manner in w hicb many of tbem are 
put, will tend to render the study of Aritbmetic more interesting 
and useful tban it has hitherto been. It will be observed, tbat 
a tborough series of review examples bas been given at the close 
of each of tbe sections up to the seventb, and a very extensive 
set at the end of the book. Tbis is deemed an important feature 
in the present work, as in some degree insisting upon tbat care­
ful revision of what has been learned from time to time, without 
which, tbe pupil arrives at the end of the book with all the rules 
and principles so confounded with one another, as to render his 
knowledge in a great measure worthless. 

Since the only difference between simple and denominate 
nnmbers is tbat the one increase and decrease according to the 
scale of tens and tbe lither according to different scales, tbere is 
no reason wby the rules relating to tbem should be separated; 
and therefore in tbe following pages no distinction is made 
between eimple and compound rules. A somewhat eJltended 



4 PREFACE. 

experience has convinced the author that, except to the merest 
beginners, the science of Arithmetic is more successfully pre­
sented by this than by the ordinary method of making the pupil 
learn one set of rules for simple numbers and a. completely ditre­
rent set for compound numbers. 

It will be observed that towards the end of the Treatise the 
rules are mainly deduced algebraically. Some teachers may not, 
at first be disposed to regard this as an improvement, but it was 
not ad~pted until after careful deliberation and consultation 
with many of the most successful teachers of Arithmetic in the 
Province. It is generally conceded that a pupil should com­
mence, in some sort, the study of Algebra as soon as he has 
progressed through Proportion in Arithmetic. In schools in 
which this view is adopted by the teacher, no difficulty can be 
experienced, as, even in th~ deduction ,!f the rules, the algebraic 
principles used are of the sunplest possible character. 

As some teachers, however, prefer always giving the rule in 
a purely arithmetical form, this has invariably been appended in 
all the cases usually treated of in Common Arithmetic. 

With regard generally to algebraic formulas, it may be further 
remarked, tbat an algebraic formula is simply the most abbre­
viated form in which it is possible to express a rule or principle. 
Once the pupil is properly taught their use, he is in a manner 
independent of mere memory, since from a very few general 
principles he is able, without any reference to a text-book, to 
deduce for himself the whole series of rules for Simple and Com­
pound Interest, Discount, Annuities, Progression, and Position. 
Even when the pupil is merely required to commit the rules to 
memory, it is obvious that he can do so much more readily When 
they are given to him in the shape of algebraic formulas than in 
long worded paragraphs, Let anyone, for instance, compare the 
work necessary for committing the eleven rules for simple inter­
est with that required to commit the corresponding formulas 
and the result will be a. thorough conviction of the superiority 
or the latter mode, of giv~ng the rules. ,In short, every expe­
rienced teacber wIll admit, that even whIle the pupil remains at 

. school it is next to impossible to make him remember all the 
different rules for Interest, Progression, and Annuities' and that 
directly he leaves the school to enter upon the busines's of life 
these rules are either altogether forgotten or are so confounded 
with one another as to become mere useless mental lumber 
After many years' trial, the author is persuaded that the only 
successful mode of treating the rules in question is to enable 
the pupil to deduce them algebraically and then to'interpret and 
apply the resulting formulas. 

The attention of the teacher is respectfully directed to the 
Recapitulation at the ,end of the first section, where, it is thoUght, 
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(he definition and essential principles of Notation and Numera­
tion are 80 concisely worded that they may be advltBtageously 
committed to memory by the pupil. 

The examination questions throughout the work hlt~e becn 
carefully prepared, and are designed both to enable the self­
taught student to test, at each section, the extent and thorough­
ness of his knowledge of the principles therein contained, and 
also to guide the pupil as to what principles and definitions are 
of such importance that they require to be committed to memory. 
This latter object is further secured by tbe arrangement of type, 
-1lI1 the definitions and leading principles being printed in 
large type, the explanations, reasons, and remarks in small type, 
and the problems in a size intermediate to the two. 

Great pains have been taken to render the wording of the 
rules as perfect as possible j and it will be observed that, in 
order to catch the eye when glancing onr the page, they are 
invariably printed in Italics. 

It is believed that the sections on Proportion, Fractions, 
Interest, &c., contain a larger amount of information and a 
better selection of examples than are commonly given j and that 
the section on the Properties of Numbers and the different scales 
of notation will tend very materially to enlarge the pupil's 
acquaintance with the general principles of the science of Arith­
metic. 

Although the Preface is not the proper place for discussing 
methods of teaching Arithmetic, the author cannot refrain from 
urging upon his fellow-teachers the following points: 

1st. The pupil should he thoroughly drilled upon the use of 
the signs and symbols of Arithmetic, because these constitute 
the language proper to the subject. 

2nd. He should be required to commit to memory all the 
essential definitions, and also the tables of money, weights, 
and measures. The teacher would do well to examine his pupils 
on these tables once a month or oftener, since if the pupil has 
to turn back to his book for each table as it is required, it 
is not to be expected that his progress will be very rapid or 
thorough. It may be fairly questioned, whether more than half 
the difficulty and obscurity that cling to the subject of Arith­
metic does not arise from the fact that the pupil is not familiar 
with the signs, the tables, and the principles of notation. 

3rd. The teacher should give his class, from time to time, 
questions of his own construction, either to solve at home or as 
ordinary school-room work, aad the pupils should be encour­
aged and required to write questions themselves under each 
rule. This is an important exercise, aud no teacher who once 
adopts it will ever throw it aside. 
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4th. In all operations in which there are both multiplication 
and division, the pupil should bel taught to first indicate the 
processes by their appropriate signs aDd then cancel as far as 
pORsible. 

5th. The teacher is respectfully remin<ied, that without fre­
quent and thorough reviews there can be no real progress. Ex­
perience has shown that from one-third to one-half of the time 
devoted to Arithmetic can be profitably devoted to revision and 
recapitulation. 

6th. The teacher should require from his pupil the absolutely 
correct answer to each question. 'Near enough' is productive 
of great mischief to the pupil, as it encourages a habit of such 
carelessness in his operations, that no confidence can be placed 
on his results. It is not enough that the pupil understands the 
principles,-alt~ough this of course is important. It is possible 
so to train the pupil that his operations in Arithmetic shall be 
at once rapid and accurate, and this should be thu aim of the 
teacher. 

Toronto, December, 1859. 



PREFACE TO THE SECOND EDITION. 

The Author embraces the opportunity afforded by the issue 
of a Secon~ Edition, both to thank his fellow-teachers in Canada 
for the kind and flattering reception they have given his work, 
and to offer a few words of explanation on what, as far as 
he can learn, is the only feature that does not meet with very 
general approval. He refers to the union of the Compound with 
the Simple Ru:es. It has been objected to the arrangement 
adopted in the National Arithmetic, that a pupil must know the 
Simple Rules before he cnn work problems in Reduction or in the 
Compound Rules. Now this is undoubtedly true, and would be 
a fatal objection to any such arrangement ill an Elementary or 
Primary Arithmetic. The National is, however, an advanced or 
second book on arithmetic, and the pupil is assumed to have 
progressed through an elementary text-book before he enters it. 
If the National Arithmetic were designed for beginners, where 
would be the necessity for a First or Elementary book on Arith­
metic? The objections have arisen altogether from a miscon- _ 
ception of the design of the book. The pupil is supposed to 
have worked through some elementary t~xt-book on arithmetic, 
and to have acquired a certain amount of practical skill in 
arithmetical operations. He then enters the National, and, in 
progressing through it, not only meets with additional and 
more advauced practical exercises, but also learns the reasons 
and the mutual relations of the several rules. In the Elementary 
he is taught how to multiply an abstract by an abstract num­
ber, or an applicate by an abstract number. In the Natioual he 
is shown that these operations, though differing in detail, are 
essentially the same in principle i and be Ii thus enabled to 
generalize and classify. 
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Another objection urged is, that if the National Arithll1etic 
be designed for a second book on the science, the simple prob. 
lems given at the commencement of each rule, and indeed the 
earlier rules themselves, should not be inserted. This is also a 
mistake. The object has been to exhibit a gradual progression 
from the simple to the more difficult,-to show tbat the most 
simple and the most complicated problems depend essentially 
upon the same principles. Indeed, were the National Arith· 
metic intended merely as a second practical work on arithmetic, 
three·fourths or it might have been omitted, and nothing given 
but the two or three rules omitted in th~ Elementary. 

PUBLISHER''; A TiyERTISElIEXT. 

In the fil's~ edition of this work some few typographical errors 
escaped notice. 

The rapid sale of the book having necessitated another edi· 
tion, these errors have been corrected; and the Publisher has 
the satisfaction, in issuing this edition, of stating, that it has 
undergone the most rigid and careful revision at the hands of 
the Author. 

The next edition will be printed from ~''tereflh'pe Plates. 
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SIGNS USED IN THIS TREATISE. 

+ the sign of addition j as 5+7, or 5 to be added to 7. 
- the sign of subtraction j as 4 - 3, or 3 to be sub­

tracted from 4. 
X the sign of multiplication j as 8 X9, or 8 to be mul­

tiplied by 9. 
+ the sign of division; as 18+6, or 18 to be divided 

by 6. . 
C ) which is used to show that all the quantities united 

by it are to be considered as but one. Thus C4+3-7X6) 
means 4 to be added to 3, 7 to be taken from the sum, 
and 6 to be multiplied into the remainder. The latter is 
equivalent to the whole quantity within the brackets. 

= the sign of equality j as 5+6=11, or 5 added to 6, 
is equal to 11. 

t>!, and t<t, mean that f is greater than I, and 
that t is less than t. 

: is the sign of ratio or relation j thus 5 : 6, means the 
ratio of 5 to 6, and is read 5 is to 6. 

:: indicates the equality of ratios j thus 5: 10: : 7: 14, 
means that there is the same relation between 5 and 10 as 
between 7 and 14 j and is read 5 is to 10 as 7 is to 14. 

V the radical sign. By itself, it is the sign of the 
square root j as v5, which is the same as 51-, the square 
root of 5. V3, is the cube root of 3, or 3t. 7/4 is the 
7th root of 4, or 4+, &c. 

EXAMPLE. [v{(8-3+7)X4+6}+31]XV9+10!X 
52 =556.3, &c., may be read thus: take 3 from 8 add 7 to 
the difference, multiply the sum by 4, divide th~ product 
by 6,. take the square root of the quotient and to it add 31 
then multiply the sum by the cube root of 9 divide th~ 
product by the square root of 10, multiply the quotient 
by the square of 5, and the product will be equal to 
556·3, &c. 

These signs nre lully explained in their pl"ope~ places. 



ARITHMETIC. 

SECTION I. 

DEFINITIONS. 

1. Science is a collection of the general principles or 
leading. trztths rela.ting to any branch of knowledge, ar­
ranged In systematIC order so as to be readily remembered 
referred to, and applied. ' 

2. Art is a collection of rilles serving to facilitate the 
performance of certain operations. The rules of Art are 
based upon the principles of Science. 

3. Arithmetic is both a Sciellce and an Art. 
4. As a Science, Arithmetic treats of the nature and 

properties of numbers; as an Art, it teaches the mode of 
applying this knowledge to practical purposes. The for­
mer may be called Theoretical, and the latter Practical 
Arithmetic. To Practical Arithmetic belong all the ope­
rations we perform upon numbers, as addition, subtraction, 
multiplication, division, the extraction of roots, &c. The 
discussion of the principles upon which these operations are 
founded, constitutes the theory of Arithmetic. 

5. Any single thing, as a horse, an apple, a day, an inch, 
is called a unit or one. 

6. Nnmbers are expressions for one or more units. 
Thus, the words one, two, three, four, five, &c., or the 
characters 1, 2, 3, 4, 5, &c., are expressions by which we 
indicate how many single things or units are to be taken. 

7. Numbers are divided into two classes. 
1. Abstract numbers. 
2. Applicate, Concrete, or Dellominate numbers. 

E 
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8. If the units referred to by a number have refer~n~e 
to particular objects, as seven days, nine inc.hes, &c., It 18 

called an applied, applicate, concrete, or denomtnate number. 
If the units represented by a number have no reference to 
any particular object, as when we say twice eight are six­
teen, or seven and two are nine, it is called an Abstract 
number. 

NOTATION AND NUMERATION. 

9. To avail ourselves of the properties of numbers, we must 
be able both to form an idea of them ourselves; and to convey 
this idea to others by spoken and by written language-that is, 
by the voice, and by characters. 

The expression of number by characters, is called notation; 
the reading of these, numeration. Notation, therefore, and nu­
meration, bear the same relation to each other as writing and 
reading, and, though often confounded, they are in reality per­
fectly distinct. 

10. It is obvious that, for the purposes of Arithmetic, we re­
quire the power of designating all possible numbers; it is equally 
obvious that we cannot give a different name or character to 
each, as their variety is boundless. We must, therefore, by some 
means or another, make a limited system of words and signs 
suffice to express an unlimited amount of numerical quantitie3. 
With what beautiful simplicity and clearness this is effected, 
we shall better understand presently. 

11. Two modes of attaining such an object present themselves: 
the one, that of combining words or characters already in use, to 
indicate new quantities; the other, that of representing a variety 
of different quantities by a single word or character, the danger 
of mistake at the same time being prevented. The Romans sim­
plified their system of notation by adopting the principle of com­
bination; but the still greater perfection of ours is due also to 
the expression of many numbers by the same character. 

12. It will be useful, and not at all difficult, to explain to the 
pupil the mode by which, as we may suppose, an idea of con­
siderable numbers was originally acquired, and of which indeed 
although unconsciously, we still avail ourselves; we shah see at 
the same time, how methods of simplifying both numeration ~nd 
notation were naturally suggested. 

I,et us suppose no system of numbers to be as yet constructed 
and t!tat a heap, for example, of pebbles, is placed before us that 
we may discover their amount. If this is considerable we can­
not ascel't~in it ~y looking at them altogether, nor' even by 
separately lOspectlOg them j we must, therefore, have recourse to 
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ihat contrivance which the mind always uses when it desires to 
grasp what, taken as a whole, is too great for its powers. If we 
examine an extensive landscape, as the eye cannot take it al\ in 
at one view, we look successively at its different portions, and 
form our judgment on them in detail. We must act similarly 
with reference to large numbers: since we cannot comprehend 
them at a single glance, we-must divide them into a sufficient 
number of parts, and, examining these in succession, acquire an 
indirect, but accurate idea of the whole. This process becomes by 
habit so rapid, that it seems, if carelessly observed, but one act, 
though it is made up of many: it is indispensable, whenever we 
desire to have a clear idea of numbers-which is not, however, 
every time they are mentioned. 

la. Had we, then, to form for ourselves a numerical system, 
we should naturally divide the individuals to be reckoned into 
equal groups, each group consisting of some number quite witbin 
the limit of our comprehension; if the groups were few, our ob­
ject would be attained without any further effort, since we should 
have acquired an accurate knowledge of the number of groups, 
and of the number of individuals in each group, and therefore a 
satisfactory, although indirect estimate of the whole. 

"We ought to remark, that different porsons have very different limits to 
their perfect comprehension of number. The intelligellt can conceive with 
ea..e a comparatively large one: there are savages so rude as to be incapa· 
ble of forming lin idea of one that is extremely small. 

14. Let us call the number of individuals that we choose to 
constitute a group, the ratio; it is evident that the larger the 
ratio, the smaller the number of groups; and the smaller the ratio, 
the larger the number of groups. 

15. If the groups into which we have divided the objects to 
be reckoned, exceed in amollnt that number of which we have a 
perfect idea, we must continue the process, and, considering the 
groups themselves as individuals, must form with them new 
groups of a higher order. We must thus proceed until the 
number of our highest group is sufficiently small. 

16. The ratio used for groups of the second" and higher orders, 
would naturally, but not necessarily, be the slime as that adopt­
ed for the lowest; that is, if seven individuals constitute a group 
of the first order, we should probably make seven groups of the 
first order constitute a group of the second also; and so on. 

17. It might, and very likely would happen, that we should 
not have so many objects as would exactly form a certain 
number of groups of the highest order-some of the next lower 
might be left. The same might occur in forming one or more 
of the other groups. We might, for example, in reckoning a 
heap of pebbles, have two groups of the fourth order, three ot 
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the third, none of the second, five of the first, and seven indi­
viduals or simple units. 

18. If we had made each of the first order of groups consist 
of ten pebbles, and each of the second order consist of ten of the 
first, each group of the third of ten of the second, and so on 
with the rest, we had selected the decimal system, or that which 
is not only used at present, but which was adopted by the 
Hebrews, Greeks, Romans, &c. It is remarkable that the lan­
guage of every civilized nation gives names to the different 
groups of ihis, but not to those of any other numerical system. 
Its very general diffusion, even among rude and barbarous people, 
has most probably arisen from the habit of counting on the 
fingers, which is not altogether abandoned, even by us. 

19. It was not indispensable that we shollld have used the 
same ratio for the groups of all the different orders. We might, 
for example, have made four pebbles form a group of the first 
order, twelve groups of the first order a group of tlte se.cond, and 
twenty groups of the second a group of the third order.-In 
such a case we had adopted a system exactly like that to be 
found in the table of Sterling money, in which four farthings 
make a group of the order of pence, twelve pence a group of the 
order of shillings, twenty shillings a group of the order of pound •• 
While it must be admitted that the use of the same system for 
applicate, as for abstract numbers, would greatly simplify our 
arithmetical processes-as will be evident hereafter-a glance 
at the tables given further on, and those set down in treating of 
exchange, will show that a great variety of systems have actually 
been constructed. 

20. When we use the same ratio for the groups of all the 
orders, we term it a common ratio. There appears to be no par­
ticular reason why ten should have been selected as a" common 
ratio" in the system of numbers ordinarily used, except that it 
was suggested, as already remarked, by the mode of counting 
on the fingers j and that it is neither so low as unnecessarily 
to increase the number of orders of groups, nor so high as to 
exceed the conception of anyone for whom the system was 
intended. (See Section III.) 

21. A system of numbers is called binary, ternary, quaternary 
quinary, senary, septenary, octenary, nonary, denary, undenary 0; 
duodenary, according as two, three,four, jive, siz, seven eight 
nine, ten, eleven, or twelve,. is the common ratio. The 'denarY 
and duodenary systems are more commonly known as the deci­
mal and duodecimal systems. Ours is therefore a decimal or 
denary system of numbers. ' 

If the common ratio were sixty, it would be a se:cagesimal 
system. Such a one was formerly used, and is still, to some ex­
tent, retained-as will be perceived by the tables hereafter given 
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for the measurement of arcs and angles, and of time. .A duode­
cimal system would have twelve for its "common ratio" j a 
vigesimal, twenty, &c. 

22 • .A little reflection will show that it was useless to give 
different names and characters to any numbers except to those 
which are less than that which constitutes the lowest group, 
and to the different orders of groups j because all possible 
numbers must consist of individuals, or of groups, or of both 
individuals and groups. In neither case would it be required to 
specify more than the number of individuals, and the number of 
each species of group, none of which numbers-as is evident-­
can be greater than the common ratio. This is precisely what we 
have done in our numerical system, except tbat we have formed 
the name of some of the groups by combining those already used. 
Thus, "tens of thousands," the group next higher than thousands, 
is designated by a combination of words already applied to express 
other groups-which tends still further to simplification. 

23. .drcWic .ystem of Notation:-
Nam08 Characters. 

~
~;:e~ ~ 
Four' 4 
Five 5 
Su 6 
Seven 7 

. Eight 8 
Niue 9 

Units of Comparison, or simple units, 

First group, or units of the secnnd order, . Ten 10 
Second sroup. or units of the third order,. Hundred. 100 
Third group, or units of the fourth order,. Thousand. 1,000 
Fourth grouP. or unit. of the fifth order, . Ten Thousand . 10,000 
Fifth group, or units of the sixth order, . Hundred Thousand 100.000 
8uth group, or units of the seveuth order,. Milliou 1,000,000 

24. The characters which express the first nine numbers are 
tbe only ones used. They are called digits, from the custom of 
counting them on the fingers, already noticed,-" digitus" mean­
ing in Latin a finger j and they have also been called signifi­
cant figures, to distinguish them from the cipher, or 0, which 

- has no value when standing alone, and which is used merely 
to give the digits their proper position with reference to the 
decimal point. 

25. The decimal point is a point or dot used to indicate the 
position of tbe simple units. 

The pupil will distinctly remember tbat the place wbere the 
/I simple units" are to be found is tbat immediately to tbe left­
hand of this point, which, if not expressed, is supposed to stand 
at the right-hand side of all the digits. Thus, in 468'~6 the 8 
e~pre8ses /I sin!ple uJ!its," blling to the left of the decimal point; 
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in 49 the 9 expresses "simple units," the decimal point beinl 
understood at the right of it. 

26. We find by the table just given, that, after the first nine 
numbers, the same digits are constantly repeated, their positions 
with reference to the decimal point being, however, changed i 
that is, to indicate succeeding groups, the digit is moved, by 
means of a cipher, one place farther to the left. Anyone of the 
digits may be used to express its respective number of any of the 
groups :-thus 8 would be eight" simple units" j 80, eight groups 
of the first order, or eigbt "tens" of simple units j 800, eight 
groups of the second, or units of the third order i and so CID. 

We might use any of the digits with different groups i thus, 
for example, 5 for grollps of the third order, 3 for those of the 
second, 'T for those of the first, and 8 for the "simple units," 
then the whole set down in full wonld be 5000, 300, 'TO, 8, or, for 
brevity's sake, 53'T8. For we never use a oipher, when the place 
it would occupy may be filled up by a digit j and it is evident 
that in 53'T8 the 3'T8 keeps the 5 four places from the decimal 
point (understood), just as well as ciphers would have done i 
also the 'T8 keeps the 3 in the third, and the 8 keeps the 'T in the 
second place. 

27. It. is important to remember that each digit has two values, 
an absolute and a relative. The absolute value is the number of 
units it expresses, whatever these units may be, and is unchange­
able j thus 6 always means six j sometimes, indeed, six tens i at 
other times six hundreds, &c. The relative value depends on 
the order of units indicated, and on the nature of the "simple 
unit."· 

• What has been said on tbis very important subject is intended princi­
pally for the teacher. though an ordinary amount or industry and IDtelli­
gence will be quite sufficient for the purpose or explaining it, even to a 
child, particularly if each poiut i8 illustrated by an appropriate example· 
the pupil may be mad~, for instance, to arrange a numher of pehbles i~ 
groups, sometimes of one, sometimes of another, and sometimes of several 
orders, and then be desired to express them by charaoters-the .. unit of 
comparison" being occasionally clianged from individnals, suppose to tens 
or hundreds, or to scores, or dozens, &c. Indeed the pnpils must be weIf 
acquainted with thesQ introduotory matters, otherwise they will contract 
the habit of answering without any very definite ideas of many things thllY 
may be called upon to explain, and which they should be expected perfect", 
to understaud. Any trouble bestowed by the teacher at this p'eriod wiD he 
well repaid by the ease and rapidity with which the learner wIll afterwards 
advance. To .be ass!lred of ~his, he has only.to recollect that most of his 
future reasomngs Wlll be denved from, alld hIS explanations grounded on 
the very principles we have endeavoured to unfold. It nl,,~ be taken as a 
t~uth, that whJ!-t a child learns without understJ!-nding, he will acquire with 
dIsgust, and wIll.oon cease to remember; for It is with children as with 
persolls of .more advan~ed years-when we appeal successfully to their 
understandmgs, the pnde and pleasure they teel in the attainment of 
knowledge, cause the labour and the weariness which it costs to be under­
valued or forgotten. 

Pebblee willllnewer well ror e:tamI,11l8 -Indeed, their 118e m computiDt! 
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ROMAN SYSTEM OF NOTATION. 

28. Our ordinary numerical characters have not been always, 
or everywhere, used to expl'ess numbers j the letters of the 
alphabet naturally presented themselves for the purpose, as 
being already familiar, and, accordingly, were very generally 
adopted,-for example, by the Hebrews, Greeks, Romans, &c., 
each, of course, using their own alphabet. The pupil should be 
acquainted with the Roman notation on account of its beautiful 
Simplicity, and its being still employed in inscriptions, &c. : it is 
found in the following table :- . 

Characters. Numbers Expressed. 
I. . One. 
II. . Two. 
III.. . Three. 

Antioipated ohangeIIII. or IV .. Four. 
Change V... Five. 

VI. . Six. 
VII.. . Seven. 
VIII. . . Eight. 

Anticipated changeIX. . Nine. 
Change X. . Ten. 

XI. . Eleven. 
XII. . Twelve. 
XIII. . . Thirteen. 
XIV. . . Fourteen. 
XV.. . Fifteen. 
XVI. . . Sixteen. 
XVII. . Seventeen, 
XVIII. . Eighteen. 
XIX. . . Nineteen. 
XX.. • Twenty . 

. XXX., &0., . Thirty. 
baa given rise to ~he term calculation, .. calculus" being, iu Latin, a pebble: 
bllt while the teacher illustrates what he Bays by groups of particular ob­
jects, he must take care to notice that his remarks would be equally trueot 
aoyothers. He most alao point out the dill'erence between a ~roup and ita 
equivalent IUlit, which, from their perfect equality. are genera \ly confound­
ed. Thus he may show that a penny, while equat to is not identicat with 
four farthings. "Th'is seemingly unimp'0rtant remark will be better appre­
ciated hereafter: at the same time, WIthout inaccuracy of result, we maf 
it we please, oonsider any group either as a unit ot the order to which Ii 
belons-. or 80 many of the next lower as are equivalent. 
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Oharacters. Numbers Expressed. 

Anticipated changeXL. Forty. 
Ohange . . L. Fifty. 

LX., &c., Sixty, &C. 
Anticipated changeXC. Ninety. 
Change . . C. One hundred. 

CC., &c., Two hundred, &c. 
Anticipated changeCD.. Four hundred. 
Change . • D. or 10. Five hundred, &c. 
Anticipated changeCM. Nine hundred. 
Change. M. or CIa One thousand, &c. 

V. or loa .. Five thousand. 
X.orCCIoo. Ten thousand, &C. 
1000. . Fifty thousand, &c., 
CCCIOOO . One hundred thousand,&e. 

29. Thus we find that the Romans used very few characters 
-fewer, indeed than we do, although our system is still more 
simple and effective from our applying the principle of "posi­
tion," unknown to them. 

They expressed all numbers by the following symbols, or com­
binations of them : I. V. X. L. C. D. or 10. X., or CIO. In 
constructing their system, they evidently had a. quinary in view; 
that is, as we have said, one ilj. wbich five would be the common 
ratio; for we find that they changed their character, not only at 
ten, ten times ten, &c.; but also at five, ten times five, &c. A 
purely decimal system would suggest a change only at ten, tell 
times ten, &c. ; a purely quinary, only at five, five times five, &c. 
As far as notation was concerned, what they adopted was 
neither a decimal nor a quinary IlYstem, nor even a combination 
of both; they appear to have supposed two primary groups, one 
of five, the other of ten" units of comparison" ; and to have 
formed all the other groups from these, by using ten as the com-
7Il.07l ratio of each resulting series. 

30. They anticipated a change of character,-one unit before 
it would naturally occur; tbat is, not one "simple unit," 
bllt one of the units under consideration. In this point of view, 
four is one unit before five; forty, one unit before fifty-tens 
being now the units under consideration; four hundred one 
unit before five hundred-hundreds having become the'units 
contemplated. 
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31. From the table (28) it will be seen that as often as 
any letter is repeated, so many times is its value repeated. 
Thus I, standing alone, denotes one, II denotes two, &c. 
So X denotes ten, XX twenty, &c. 

When a letter of less value is placed before a letter of 
lP'eater value, it takes away its own value from the greater j 
but when placed after it, it adds its own value to the 
greater. Thus V denotes jive, IV denotes fOUl', and VI 
six i so X denotes ten, IX nine, and XI eleven, &c. 

A line or bar placed over any letter increases its value a 
thousand-fold. Thus V denotes jive, V denotes jive 
thousand i X denotes ten, X- denotes ten thousand, &c. 

32. To express a number by the Roman method of notation: 

RULE.-Find the highest number within the given one, that is 
expressed by a single character, or the" anticipation" of one (28); 
set down that character, 01' anticipation, as the case may be, and 
take its value from the given number. Find what highest number 
less than the remainder is expressed by a single character, or " an­
ticipatirm" ; put that character or "anticipation" to the right hand 
of what is already written, and take its value from the last re­
lnainder: proceed thus until nolhing is left. 

EXAlIt:PLB.-Set down the number eighteen hundred and forty.four, In 
Roman characters. One thousand expressed by M. is the highest num­
ber within the given one, indicated by olle character or by an auticipa­
tion; we put down 

M, 
and take one thousand from the given numb .. r, which leaves eight hundred 
and forty-four. Five hundred, D, is the highest number within the last 
remainder (ei~ht hundred and forty·four) expressed by one character, or 
an" anticipatIon"; we set down D to the right hand of M, 

MD, 
and take its value from eight hundred and forty-four, which leaves three 
hundred and fortl..four. In this the highest number expressed by a singie 
character, or an' anticipation," is one hundred, indicated by 0; which we 
set down, and for the same reason two other C's, 

MDCCC. 
This leaves only tortY'four, the hi~hest number within which, expressed 
by a single character or an .. antiCIpation," is forty, XL-an anticipation: 
we set this down also, 

MDCCCXL. 
Four, expressed by IV, still remains; which, being also added, the whole 
is lUI tollows:-

MDCCCXLIV. 
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EXERCISE. 

33. Express the following numbers in the Roman notation :-

1. Twenty-five. 
2. Forty-three. 
3. Sixty-seven. 
4. Eighty-nine. 
5. Ninety-eight. 
6. One hundred and thirty-seven. 
'1. Three hundred and seventy-one. 
S. Four hundred and two. 
9. Six hundred and seventeen. 

10. Nine hundred and ninety-nine. 
11. One thousand four hundred and forty-six. 
12. Three thousand eight hundred and five. 
13. Eight thousand six hundred and seventy. 
14. Twelve thousand one hundred and sixty-nine. 
15. Four hundred and ninety-seven thousand, six hundred and 

eighty-two. 

.!lnswers. 

1. XXV. 2. XLIII. 
4. LXXXIX. 5. XCVIII. 
'1. CCCLXXI S. CDII. 

10. CMXCIX. 11. MCDXLVI. 
13. VMMMDCLXX. 14. XMMCLXIX. 

3. LXVII. 
6. cxxxvn. 
9. DCXVII. 

12. MMMDCCCV. 

15. CDXCVMMDCLXXXII. 

EXERCISE. 

34. Read the following expressions :-

1. XCVII 2. CCLXXII. 3. DCLXVIII. 
4. CMIX 5. XV. 6. VMMMXXXm. 
'1. XVDCCCLXXXVIII. S. DCXLVMCMIV. 9. XXVXXV. 

1. Ninety-seven. 
2. Two hundred and seventy-two. 
3. Six hundred and sixty-eight. 
4. Nine hundred and nine. 
5. Fifteen thousand. 
6. Eight thousand and thirty-three. 
'1. Fifteen thousand eight hundred and eighty-eight. 
S .. Six hundred and forty-six thousand nine hundred and fool'. 
9. Twenty-five thousand and twenty-five. 
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ARABIC SYSTEM OF NOTATION. 

35. In the Common or Arabic system of Notation the same 
character may have different values, according to the place it 
holds with reference to the decimal point (25), or perhaps more 
strictly to the simple units. This is the principle of position. 

36. The places occupied by the units of the different orders (23), 
may be described as follows :-simple units, one place to the 
left of the decimal point, expressed, or understood j tens, two 
places j hundred3, three places, &c. 

37. When, therefore, we are desired to write any number, we 
.have merely to put down the digits expressing the amounts of 
the different units in their proper places, according to the order 
to which each belongs. If, in the given number, there is any 
" place" in which there is no digit, a cipher must be set down 
in that place, when required to keep another digit in its own 
position.-But a cypher produces no effect, when it is not between 
one or more digits and the decimal point j thus, 0536, 536.0, 
and 536 would mean the same thing-the first is, howe,er, 
incorrect. 536 and 5360 are di1ferent j in the latter case the 
cipher affects the value, because it alters the position of the 
digits. 

EXAMPLE.-Let it be required to set down six hundred and two. The 
six must be ill the third; and the two in the first place; for this purpose 
we are to put a ci.,her between the 6 and 2-thus 602. Without a cypher 
the six would be In the second place-thus, 62 ; and would mean, not six 
hundreds, but six tens. 

38. In numerating, we begin with the digits of the highest 
order, and proceed downwards, stating the number which 
belongs to each order. 

To facilitate notation and numeration, it is usual to divide 
the places occupied by the different orders of units into periods. 
For a certain distance, the English and French methods of 
division agree j the English billion is, however, a thousand 
times greater than the French. This discrepancy is not of much 
impQrtance, since we are rarely obliged to use so high a number j 
-we shall prefer the French method. -To give some idea of the 
amount of a billion, it is only necessary to remark, that, accord­
ing to the English method of notation, there has not been one 
billion of seconds since the birth of Christ. Indeed, to reckon 
even a million, counting on an average three per second for 
eight hours a dBf, would require nearly 12 days. Tbe fol1owin~ 
are the two methods ; 
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39. Use of Periods.-For the purpose of ;eading or writing 
numbers, we divide them by separating points, into periods­
the first separating point being the decimal point, expressed or 
understood, and the other separating points being placed after 
every third digit, or place, to the right and left of the decimal 
point. Each period has three places-of which one or more 
may be occupied by digits. The lowest place in every period­
or that to the right hand, is the "units'" place of that period: 
and the highest, the " hundreds'" place. And this is true, 
whether the period is to the left or to the right of the decimal 
point. 

40. The period to the left of the decimal point contains the 
simple units. The first period to the left of the units' period, 
contains the thousands j and the first period to the right of it 
the thousandths. The second period to the left of the unitJ 
period, contains the '/lI-illions; and the second to the right of it 
the millionths. The third period to the left of the units' period' 
contains the billions; and the. third to the right of it th~ 
billionths. The fourth period to the left of the units' pe~od 
contains the trillions j and the fourth to the right of it th~ 
trillionth.. The l!fth period to the left of the units' period, 'COIl-



lIrl. 39, 4.0.] AND NUMERATION. 29 

~ins the quadrillions; and the fifth to the right of it, the quadril­
lw.nths. The sixth period to the left of the units' period, con­
t~I~S the quintillions; and the sixth to the right of it, the quin­
hllton!hs. 'i'he seventh period to the left of the units' period, 
cont.al?S the sextillions; and the seventh to the right of it, the 
lextzl~tonth8. The eighth period to the left of the units' period, 
COn~I?B the septillions; and the eighth to the right of it, the 
,epttll.lonths. The ninth period to the left of the units' period, 
co~ta.ms the octillions; and the ninth to the right of it, the 
octlllt?nths. The tenth period to the left of the units' period, 
contams the nonillions; and the tenth to the right of it, the 
nonillionths. 

TJ:le pupil should be made perfectly familiar with the names of the 
p~wd8 and of the places in each period-so as to be able, without the 
slightest hesitation, to name the period and place to which any digit 
belon~s .. or into -.yhich it ought to be put. When he can read or write any 
one dig.lt, belongmg to any period and place, he should be taught to reaii. 
and write a nnmber consisting of two, three,four, &c. digits, whether they 
are close together, or separated by any number of ciphers. 

The whole of wha't has beeu said above will become more evident from 
an attentive consideration of the following table: 
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'" 
EXAMl'LES,-Let it be required to read off the following number, 576934' 

We put a point to the left of the 9, and find that there are exactly two 
peri~thU8, ~76,934; this do~s l!ot always occur, as the h!g!'est or,l,!,,:est 
period IS ottell Imperfect, conslstmg only of one or two dlglts. DIVldmg 
the numher thus mto parts, shows at once that 5 is in the third place of 
the second period-that is, in the Hundred&' place of the Thousand,,' 
period: and therefore, that it expresses five hundred thousands: that the 
7. being in the second 1l1ac~ of the same period indicates tens of thollSands: 
and the 6, being in the first, indicates thousands. ~'he 9, being in the 
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third place of the flNt period, indicates hundreds of units; the 3, beitlg in 
the second place of the same p'eriod, indicate~ tena of ';1n~ts: and ~he,,4, 
being in the first, indicates umts ( .. of companson," or' simple nmts ). 
The number, therefore, may be read as follows-"1!ve hundreds of t~u. 
sands seven tens of thousands, and six thousands; mne hundreds of UUltsl 
three'tens of units. and four units" ; or more briefly, .. five hundred aU!l 
seventy.six thousand uine hundred and thirty.four." 

41. To prevent the separating point or that which divides into periods, 
from being mistaken for the decimal point. the former should be a comma 
(.)-the latter a full stop (.) Without this distinction, two numbers which 
are ve,?" different might be confounded: thus, 49S'763, and 498,71lS, oue or 
which IS a thousand times greater than the other •. After awhile we may 
dispense with the separating point, though it is convenient to retain it 
with large numbers, as they are then read with greater ease. 

42. To write down any integral or whole number,. it i. merely 
necessary to remember the order of the periods, and that every period 
contains three places, each of which '!l'ust be filled, either by a digit 
or a cipher. The one, two, or three digits, belonging to the highelt 
period are first written in their appropriate places; then the next 
lower period is filled with the digits, or ciphers belonging to it ; 
afterwards the next; and so on, till the whole number is set down. 

EXAMl'LE.-Let it be required to write the number seventy.three tril· 
lions two hundred and nine billions eighteen thousand and six. The high. 
est period here mentioned is that of trillions, which we know to be the fifth 
to the left of the decimal point (40). We therefore set down tile digits 73, 
bearing in mind that we are to put in four complete periods, or twelve 
places between the 3 and the decimal point. Tbe next period we have is 
that of billions. which we fill with digits 209 (two hundred and nine). 
The next perion, that of millions, has no signi1icant ligures, and we ac. 
cordingly fill it thus, 000. We now come to the period of thousands, in 
which we have the digits 18, but, inasmuch as the third place of this period 
must also be filled! we insert there a cipher, and the full period becomes 
018. Lastly, the owest period. or that of units, is to contain onlY the 
digit 6,-the other two places being filled with ciphers, the complete 
period is \vritten 006. Now setting these periods one after the other in 
thpir proper order, we obtain for the entire number the expression, 
73,209,000,018.006. 

43. To write down any decimal number we proceed very 
much in the same way. We have to remark, that in any decimal 
the last digit to the right gives the denomination to the number. 
Thus, '68 is read sixty-eight hundredths; '40'18 is read four 
thousand and seventy-eight tenths of tl,ousandths, &c. 

Now, when we wish to write any decimal, we first ascertain how 
many places the proposed denomination or order is to the right 
of the decimal point; and then, if the given digits will not bring 
the number to its proper position, we insert between I hese digits 
and the decimal point the requisite number of ciphers. 

EXAMPLE. I-Let it be required to write the number, seven hundred 
and sixteen thous.and andeighty.nine billionths. Now we know (40) that 
billionths occupy the 9th place to the right of the decimal point Were 
we to place the decimal point immediately before the digits the.:nselves 
thus, '716089, they would express not 80 m .. ny billionths but so many mil: 
!ionths; since millionths occupy the 6th .. nd billionths the 9th plaee It 
is obvious, then, that to give the digits their proper valne we must in. 
sert three ciphers between them and the decimal pomt. and the number is 
then correctl,. written ·OOO.716.08g. 
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E~LlIJ!.-Write tho number six thousand two hundred and one hun. 

dre,dths ot trillionths. From (to) we know that hundredths of trillionths 
occuPy the 14th place. The given digits (6201) being only four in number, 
reqwre the aid ot ten ciphers in order to fill the l' places, and the number 
is. thus written, '000,000,000,062,01. 

EUlIll'LB 3.-Write the number, six millions seven hlwdred and twen. 
ty·seven thousaud a.nd twelve tenths of billionths. The given di~ts, 
6727012, are only Be.II ... in number, while the denomination tenths oj" bit. 
~.,.. implies that ten places must be filled. We have, therefore, to 
insert three ciphers between the given digits and the decimal point, and 
the reeulting expression, '000, 672,701,2, represents the given number. 

44. The simple units are, as we have said, always found in the 
first period to the left of the decimal point. The digits to the 
left hand, progressively increase in a tenfold degree-those 
occupying the first place to the left of the simple units 
being ten times greater than the simple units; those occu­
pying the second place, ten times greater than those which oc­
cupy the first, and one hundred times greater than the units of 
comparison themselves; and so on. Moving a digit one place 
to the left, multiplies it by ten-that. is, makes it ten times 
greater; moving it two places, multiplies it by one hundred­
that is, makes it one hundred times greater; and so of the rest. 
If all the digits of a quantity be moved one, two, &c., places to 
the left, the whole is increased ten, one hundred, &c., times­
as the case may be. On the other hand, moving a digit, or a 
quantity one place to the right, divides it by ten, that is makes 
it ten times smaller than before; moving it two places, divides 
it by one hundred, or makes it one hundred times smaller, &c. 

45. We possess this power of easily increasing, or diminishing 
any number in a tenfold, &c., degree, whether the digits are all 
at the right, or all at the left of the decimal point; or partly at 
the right or partIy at the left. And the pupil must remember 
that the quantities increase in a tenfold degree to the left, and 
decrease in the same degree to the right wherever the decimal 
point may happen to be. We therefore put quantities ten times 
less than simple units one place to the right of them, just as we 
put those which are ten times less than hundreds, &c., one place 
to the right of hundreds, &c. Quantities to the left of the deci­
mal point are called integers, because none of them is less than 
a whole" simple unit"; and those to the right of it, decimals. 
When there are decimals in a given number, the decimal point is 
always expressed, and is found at the right-hand side of the 
simple units. 

46. The periods to the left of the decimal point may be called 
the aJcendin~, and those to tbe right of it the descending series: 
-taken together, however, they const.itute but one series, which 
is an ascending or a aescending series, according as it is read 
from right io left or from left to right. Periods that are equally 
distant from the units of comparison bear a very close relation to 
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each other, which is indicated even by the similarity of ,their 
names j the only difference being in the terminations (40) •. We 
have seen also, that when we divide integers into periods (40), 
the first separating point. must be put to the right of ~be 
thousands. In dividing decimals into periods, the first porot 
must be put to the right of the thousandths also. 

47. Care must be taken not to confound what we now call 
"decimals," with what we shall hereafter designate" decimal 
fractions" j for they express equal, but not identically the same 
quantities-the decimals being what shall be termed the" qu~­
tients " of the corresponding decimal fractions. This remark.ls 
made here to anticipate any inaccurate idea on the subject, 1D 

those who already know something of arithmetic. 
48. There is no reason for treating integers and decimals by 

different rules, and at different times, since they follow precisely' 
the same laws, and constitute parts of the very same series of 
numbers (46). Besides, any quantity may, as far as thedecimBI 
point is concerned, be expressed in different ways j for this pur­
pose we have merely to change the unit of comparison. Thus, 
let it be required to set down a number indicating five hundred 
and seventy-four men. If the unit be one man, the quantity 
would stand as follows, 574. If a band of ten men, it would 
oecome 57'4-for as each man would then constitute only the 
tenth part of the "unit of 'comparison," four men would be only 
four -tenths, or 0'4 j and, since ten men would form but one unit, 
seventy men would be merely seven simple units, or 7, &c. 
Again, if it were a band of one hundred men, the number must 
be written .5''74 j and lastly, if a band ofa thousand men, it would 
be 0'574. Should the" unit" be a band of a dozen, or a More of 
men, the change would be still more complicated j as, not only 
the position of a decimal point, but the very digit~ also, would 
be altered. 

49. It is not necessary to remark that moving the decimal 
point so many places to the left, or the digits an equal number 
of places to the right, amounts to the same thing. -

Sometimes in changing the decimal point, one or more ciphers 
are to be added j thus, when we move 42'6 three places to the 
left, it becomes 42600 j when we move 27 five places to the right 
it js 0'0002'7, &c. _ 

50. It follows from what we have said, that a deCimal, though 
less than what constitutes the unit of comparison, may itself 
consist of not only one, but several individuals. Of course it 
will often be necessary to indicate the nature of the " simple 
units" j a~ 3 scores, () dozen, 6 men, '7 cdfnpanies, 8 regiments, 
&c. But Its nature does not affect the abstract properties of 
numbers j for it is true to Bay that seven and five, when added 
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together, make twelve, whatever the unit of comparison may 
be :-provided, however, that the same standard be applied to 
both; thus '1 men and 5 men are 12 men; but '1 men and 5 horses 
are neither 12 men nor 12 horses; 7 men and 5 dozen men are 
neither 12 men nor 12 dozen men. When, therefore, numbers 
are to be compared, &c., they must have the same unit of com­
parison :-or, without altering their value, they must be reduced 
to those which have. Thus we may consider 5 tens of men to 
become 50 individual men-the unit being altered from ten men 
to one man, without the value of the quantity being changed. 
This principle must be kept in mind from the very commence­
ment, but its utility will become more obvious hereafter. 

EXERCISE. 
5!. Write down'the following Numbers :-

1. One hundred and ninety-four. 
2. One thousand and sev~nty-six. 
3, Twenty thousand five hundred and eight. 
4. Two hundred and one thousand and three. 
5. Eighty millions four thousand and thirty-three. 
6. Sixteen quadrillions five hundred and ninety-seven trillions 

three billions forty-four millions and ninety-one. 
'1. Ninety-seven hundredths. 
8. Six hundred and forty-three thousandths. 
9. One hundred and twenty-two thousand and eighty-nine 

millionths. 
10. Thirty-nine tentbs of millionths. 
11. Sixty-three hundredths of trillionths. 
12. Seventeen billions four thousand and one, and nine hundred 

and sixty-seven billionths. 
13. Seven t.rillions eight hundred and two billions twenty-three 

thousand and eleven, and nine thousand nine hundred 
and ninety-nine billionths. 

14. One quadrillion one trillion one billion one million one 
thonsand one hundred and one, and one trillionth. 

15. Eight hundred and ninety. six trillions and two, and nine 
hundred and four hundredths of millionths • 

1. 194. 
4. 201003. 
7. '9'1. 

.answers. 
2. 1076. 
5. 80004033. 
8. '643. 

10. '0000039. 
11. '00000000000063. 

3. 20508. 
6. 16597003044000091. 
9. '122089. 

12. 1 '1000()04001·00000096'1. 
13. '1802000023011'000009999. 
14. 1001001001001101'000000000001, 
15. 896000000000002'00000904" 

C 
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EXERCISE. 

52. Read the following numbers :-

7. 604'03. 
8. 90767'004003. 
9. 9001'00070306. 

10. 1237'9134671342913. 
11. '00100100100101. 

1. 904. 
2. 7060. 
3. 90004. 
4. 40300201. 

12. 100'2003004005006007. 
5. 7060504030. 
6. 70003000000400. 

Answers. 

1. Nine hundred and four. 
2. Seven thousand and sixty. 
3. Ninety thousand and four. 
4. Forty millions three hundred thousand two hundred and 

onL d 
5. Seven billions sixty millions five hundred and fourthousan 

and thirty. 
6. Seventy trillions three billions and four hundred. 
7. Six hundred and four, and three hundredths. 
8. Ninety thousand seven hundred and sixty-seven, and four 

thousand and three millionths. 
9. Nine thousand and one, and seventy thousand three hundred 

and six hundredths of millionths. 
10. One thousand two hundred and thirty seven, and nine tril­

lions one hundred and thirty-four billions six hundred 
and seventy-one millions three hundred and forty-two 
thousand nine hundred and thirteen tenths of trillionths. 

11. One hundred billions one hundred millions one hundred 
thousand one hundred and one hundredths of trillionths. 

12. One hundred, and two quadrillions three trillions fout 
billions five millions six thousand and seven tenths 
of quadrillionths. 

ON THE DENOMINATION OF NUMBERS. 

53. When two number.s h~ve the same unit they are said 
to be of the same denommatlon; when the units are not 
the same, they are said to be of different denominations. 
For example, 16 shillings and 28 shillings are two num­
bers of the same denomination; but 23 shillings and three 
farthings are not of the same denomination the unit of 
23 shillings being one shilling, and of th;ee farthings 
one farthing. The lcind 0/ unit always expresses th; 
denomination. 
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Even in abstract or simple numbers, different names 
are given to the units as we proceed to the right or left of 
the decimal point, viz., simple units, or units of the first 
order; tens, or units of the second order; hundreds or 
units of the third order, &c. Considered in this relation 
to each other, these units may be regarded as denominate 
numbers. 

The following Tables show the various kinds of deno­
minate numbers in general use, and also the relative values 
of their aifferent units. 

TABLES OF MONEY, WEIGHTS, AND MEASURES. 

STERLING MONEY, 

54. The denominations are pounds, shillings, pence and 
farthings. ' 

TABLE. 

4 farthings (qr.) make 1 penny marked d. 
12 pence " 1 shilling, " s. 
20 shillings "1 pound, " £. 

qr. 
4 

.48 
960 

d. 
1 

12 
240 

s. 
1 

20 
£ 
1. 

Other English coins, some of them now out of use: 
Moidore = 21s. Noble = 6s.8d. 
Guinea = 2IB. Crown = 5s. 
Pistole = 16s. 10d. Angel = lOs. 
Mark or Merk = 13s. 4d. Groat = 4d. 

The letters £ s. d. and qr. are the initials of the Latin words, libra, 
8olidtlS. denarius. and quadratls, which respectively signify a .pound, a 
8hilling, a petlnll, and afarthing, or quarter. The mark /' WhICh some. 
times separates the shillings and pence. is a corruption of the long 
f (s). arising from the rapidity with which it i. made. 

It i8 now customary to write farthings as fractions of a penny, as ld. ld. 
{d .• to represent 1 qr.,2 qr., and 3 ql'. 

Sterling money is .upposed to have received its name from the Esterlings 
or German traders in Elll'land,by whom it is said to havebel'l1 firstcoilled. 

The pound is so called, because ill ancient times it was equal to a pound 
Troy of silver. Its present value ill Canada is $4'8666, and hence the value 
of.an English shilling is 241 cents. The guinea was so called from being 
originally coined from gold brought from Guinea, on the coast of Africa, 



36 MONEY, WEIGHTS, [SEcr. i. 

The present standard gold coin of Great Britain consists of 22 parts pure 
gold and 2 parts of copper. The standaTd silver coin consist~ of 87 parts 
pure sU"er and 3 parts copper. In copper coin 24 pence welgh a pound 
avoirdupois. 

FEDERAL MONEY. 

55. Federal money is the currency of the United States. 
The denominations are eagles, dollars, dimes, cents, and 
mills. 

TABLE. 

10 mills (m.) make 1 cent, marked ct. 
10 cents "1 dime," d. 
10 dimes "1 dollar," $. 
1 0 dollars "1 eagle," E. 

m. ct. 
10 = 1 d. 

100 = 10 1 $. 
1000 = 100 = 10 1 E. 

10000 = 1000 100 10 1. 

The sign $ is the symbolfor the old Spanish coin of 8 reals. On one side of 
the Spanish Teal the pillars of HeTcules were represented supportiog the 
woTid-on the piece of eight reals the pillars were retained and the 
8 written over them-thus $. Many however consider the sign $ a con· 
traction of the letters U. S., the initials of United States, made by drop' 
ping the curve of the U and writing the S over it. 

The present standard for both gold and silver coin in the United 8tates 
is 900 parts of pure metal and 100 parts of alloy. ThealJoyfor gold is silvlll' 
and copper; tbat for silver is pure copper. 

~'he gold coins are the Eagle, the Double Eagle. Half Eagle. Qnarter Eagle, 
and Dollar; the silver coins are the Dollar. Half Dollar, Quarter Dollar, 
Dime, aud Half Dime; the copper coills are the Cent and Half Cent ; Mills 
are never coined. 

OLD CANADIAN MONEY. 

56. The denominations are pounds, dollars, shillings, 
pence, and farthings. 

TABLE. 
4 farthings make 1 penny, markedd. 

12 pence. "1 shilling, " s. 
5 shillings " 1 dollar, " $. 
4 dollars " 1 pound, " £. 

qr. d. 
4 = 1 s. 

48 = 12 = 1 $. 
240 = 60 = 5 = 1 £. 
960 = 240 = 20 = 4 = 1. 
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NOTB.-Every 3d. of tbe old coinage is equal to 5 cents of the 
new. The York shilling was equal to the eighth part of a $, or 
to 7id. or to 12i cents. 

NEW CANADIAN OR DECIMAL MONEY. 

57. The denominations are dollars and cents. 
The coins are cents, five-cent pieces, ten-cent pieces, and 

twenty-cent pieces. 
100 cents (c) make 1 dollar, marked $. 

AVOIRDUPOIS WEIGHT 

58. Is used in weighing heavy articles. Its name is 
derived from French-and ultimately from Latin words 
signifying" to have weight." Its denominations are tons; 
hundredweights, quarters, pounds, ounces, and drams. 

TABLE. 

16 drams make 1 ounce, marked oz. 
16 ounces " 1 pound, "lb. 
25 pounds " 1 quarter, "qr. 

4 quarters" 1 hundredweight," cwt. 
20 cwt. "1 ton, "t. 

d. oz. 
16 = 1 lb. 

256 16 = 1 qr. 
6400 = 400 = 25 1 cwt. 

25600 = 1600 = 100 4 = 1 t. 
512000 = 32000 = 2000 = 80 = 20 = 1. 

It was formerly the custom to allow 28 Ibs. to the quarter, 112Ibs. to the 
hundredweight, and 2240 to the ton. This has now fallen into disuse; and 
among merchants in Canada the qr .• cwt. and ton are universally considered 
as respectively equal to 25 Ibs., 100 Ibs., and 2000 Ibs. The Custom Houses 
continue to regard the cwt. as equal to 112Ibs., and some few articles are still 
wei~hed by the old cwt. by farmers and others. 

TROY WEIGHT. 

59. The denominations of Troy Weight are pounds, 
ounces, pennyweights, and grains. 

TABLE. 
24 grains (grs.) make 1 pennyweight, marked dwt. 
20 pennyweights" 1 ounce, "oz. 
12 ounces "1 pound, "lb. 
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grs._ dwt, 
24 = 1 oz. 

480 = 20 = 1 lb. 
5160 = 240 = 12 = 1. 

This weight was introduced into Europe from Cairo, in Egypt, and was 
first adopted in Troyes, a city of France-whence its name. -It is used in 
philosophy. in weiJ!;hing gold, precious stones, &c. 

N OTE.-The origin of all weiJ!;hts used in England. was a grain of wheat 
taken fioom the middle of the ear and well dried. A weight equal to 82 of 
these grains was called a Pennyweight, being equal tothe weight of a silver 
penny then in use; 20 of these pennyweiJ!;hts constituted an ounce, which 
was the'12th part ofa pound (Lat .. uncia." a 12th part-compare "inch," the 
twelfth part of a foot). In later times the pennyweight came to he divided 
into 24 pqual parts instead of 32. but t.hese still retain the name of grains. 

The" Carat," whic:h is equal to about four grains (somewhat less than 
Troy grains), is used in weighing diamonds. The term carat isalsoappJied 
in estimating the fineness of gold: the latter, wh~n perfectly pure, is said 
to be " 24 carats fine." Ifthere are 23 parts gold, and one part some ot-her 
material, the mixture is said to be " 23 carats fine"; if 22 parts out of the 
24 are gold, it is "22 carats fine." &c. The whole mass is, in all cases sup­
posed to be divided into 24 parts, of which the'number consisting of gold is 
specified. Onr gold coin is 22 carats fine; pure gold, being very soft, would 
too soon wear out. The deI'Tee of fineness of ,,"old articles is marked upon 
them at the Goldsmiths' Hall; thus we generally perceive "18" on the cases 
of gold watches: tbis indicates that they are "18 carats fine "-the lowest 
degree of purity which is stamped, 

grs. 
A Troy onnce contains................ 480 
An Avoirdupois ounce................ 43'1! 
A Troy pound ••• , •••••••••••.•••••••• 5, '160 
An Avoirdupois pound •••••••••••••••• '1,000 

A Troy pound is equal to 3'1'2'965 French grammes. 
1 '15 Troy pounds are equal to 144 avoirdupois' 175 Troy 

are equal to 192 avoirdupois ounces. ' 

APOTHECARIES' WEIGHT. 

60. The denominations of Apothecaries' Weight are 
pounds, ounces, drams, scruples, and grains. 

TABLE. 

20 grains (grs.) make 1 scruple, marked sc. or :t). 
3 scruples "1 dram, "dr. or 3. 
8 drams "1 ounce, "oz. or 3. 

12 ounces "1 pound, " lb. 
grs. :9 

20 = 1 3 
60 = 3 = 1 3 

480 = 24 = 8 = 1 lb, 
15'160 = 288 = 96 = 12 = 1. 
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A.pothecaries mix their medicines by this weight, but buy and sell by 
aV01rdupois. 

The pound and ounce of this weight are the Bame as in Troy weight. 

LONG MEASURE. 

61. The denominations of Long Measure are leagues, 
miles, furlongs, rods, yards, feet, inches, and lines. 

TABLE. 

12 lines (l.) make 1 inch, marked in. 
12 inches " 1 foot, "ft. 
3 feet " 1 yard, "yd. 
5t yards "1 rod, pole, or perch, rd. or p. 

40 rods or perches " 1 furlong, " fur. 
S furlongs "1 mile, "m. 
3 miles "1 league, "lea. 

69* miles (nearly) " 1 degree or 360th part of the 
earth's circumference. 

in ft. 
12 = 1 
36 = 3 = 

198 = 16! = 
7920 = 660 = 

63360 = 5280 = 

yd. 
1 
5! = 

220 = 
1760 = 

rd. 
1 fur. 

40 = 1 m. 
320 = 8 = 1. 

100 links, 4 rods, or 22 yards, make 1 Gunter's chain. Each 
link therefore is equal to 7lifo inches. 

Eleven Irish are equal to 14 English miles. The Paris foot is 
equal to 12'792 English inches, the Roman foot to 11'604 English 
inches, and the French metre to 39'383 English inches. 

4 inches make 1 hand (used in measuring horses), 
3 incbes " 1 palm. 

18 inches " 1 cubit. 
3 feet "a common pace. 
11 feet "a Roman ·pace. 
6 feet "a fathom. 

120 fathoms" a cable's length. 

SQUARE MEASURE. 

62. This measure is used for estimating artificers' work, 
such as flooring, plastering, painting, paving, &c., and, in 
short, any kind of work where surface alone is concerned. 
It is always employed in measuring land, and hence it is 
frequently called Land Measure. 
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.A. square is afour-sided 
figure having all of its 
sides equal and perpendi­
cular one to another: If 
the length of each side be .; 
an inch, a foot, or a yard, 1l 
&c., the square is called a ~ 
square inch, a square foot, ;;; 
or a square yard, &c. It .... 
will be observed from the II 
adjacen t figure that a () 
square foot contains 12 X ~ 
12 or 144 square inches, .... 
and similarly a square 
yard may be shown to 
contain 3 X 3 or 9 square 
feet. 

1 foot = 12 inches • 

-I~I-I-I-I-I-- - -1-1-
-1- -,- -1-1- - --I'-;~ - - - -1-- - - - - --,. om- oj 

- - -1-,-1-1-1-1-1-1-~ 
= -1-1= = =1 t. _1= =1= 
-1=1=1-'- -1- - -I--I~ . --' 1-1--1--1-1---_/1_[ _1_1_ - -1--1-­
-------1--1----1-1-1-1-1- -1- ~I-!-I-

The denominations of Square Measure are square miles, 
acres, roods, square perches, square yards, square feet, and 
square inches. 

TABLE. 

144 square inches make 1 square foot, marked sq. ft. 
9 square feet " 1 square yard, " sq. yd. 

30t square yards" 1 squarc rod, "sq. rd. 
40 square rods " 1 rood, "r. 
4 roods "1 acre, "a. 

640 acres "1 square mile, " s. m. 

sq. in. sq. ft. 
144 = 1 sq. yd. 

1296 = 9 = 1 sq. rd. 
39204 = 2'12! = 30! = 1 r. 

1568160 = 10890 = 1210 = 40 = 1 acre. 
62'12640 - 43560 = 4840 = 160 = 4 = 1. 

68. In measuring land, Gunter's chain is used. It is 
divided into 100 links. 

71;.~ inches make 1 link, marked 1. 
100 links or 4 rods" 1 chain, ,. c. 
80 chains " 1 mile, " m. 

10000 square link! " 1 square chain, " sq. c. 
10 square chainl! " 1 acre. " a. 
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SOLID OR CUBIC MEASURE. 

64. This measure is used for finding the solid contents of 
timber, stone, &c. A cube is a solid bounded by six equal 
surfaces or squares, and having eight equal edges. It is 
called a cubic inch, a cubic foot, or a cubic yard, according 
as each of these edges is an inch, a foot, or a yard in length. 

The accompanying figure represents a cubic yard-each edge 
being 3 feet in length. The top, 3 feet. 
which is equal to tbe base, eon­
tains 3X3 or 9 square feet; hence, 
if it were only one foot in height 
it would contain 9 cubic feet; but ~ 
it is three feet in height, and must ~ 
therefore contain 9 X 3 or 2'1 cubic ., 
feet. A cubic yard then contains 
3X3X3 or 2'1 cubic feet. 

Similarly it may be shown that a cubic foot 
12X12X12 or 1728 cubic inches. 

The denominations of Cubic Measure are cords, tons, 
cubic feet, and cubic inches. 

TABLE. 
1728 cubic inches make 1 c. ft. marked c. ft. 

27 cubic feet " 1 cubic yd.," c. yd. 
*40 c. ft. of round timber, or }" " 

50 c. ft. of sq. or hewn timber 1 ton, ton. 
128 cubic feet make 1 cord of firewood, marked c. 

c. in. 
1728 

46656 = 

c. ft. 
1 c. yd. 

2'1 = 1. 

A pile of cord-wood 4 feet high, 4 feet wide, and 8 feet long, 
contains 128 cubic feet or one cord. One foot in length of such 
a pile is called a cord-foot. It is equal to 16 solid feet, and is 
consequently equivalent to the eighth part of a cord. 

CLOTH MEASURE. 
65. The denominations of Cloth Measure are French 

ells, English ells, Flemish ells, quarters, nails, and inches . 

.. A ton of round timber is that quantity of timber which, 
when hewn, will make (0 cubic feet, 
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TABLE. 

21 inches (in.) make 1 nail, marked n8. 
4 nails " 1 quarter, "qr. 
3 quarters "1 Flemish ell," FJ. e. 
4 quarters "1 yard, "yd. 
5 quarters "1 English ell, " E. e. 
6 quarters "1 French ell, " F. e. 

in. ns. 
21 = 1 qr. 
9 = 4 = 1 Fl. e. 

2'1 = 12 = 3 = 1 yd. 
36 = 16 = 4 = lk = 1 Eng. e. 
45 = 20 = 5 = I! = Ii = 1 Fr. e. 
54 = 24 = 6 = 2 = 1l = It = l. 

NOTE.-The Scotch ell contains 4 quarters It inch. 

DRY MEASURE. 
66. By this are measured all dry wares, as grain, be~nsi 

coal, oysters, &c. 
The denominations of Dry Measure are chaldrons, 

bushels, pecks, gallons, quarts, and pints. 
TABLE. 

2 pints (1) make 1 quart, 
4 quarts "1 gallon, 
2 gallons "1 peck, 
4 pecks "1 bushel, 

36 bushels "1 chaldron, 
pt. qt. 

2 = I gal. 
8 4 = 1 pk. 

16 = 8 = 2 = 1 
64 = 32 = 8 4 

2304 = 1152 = 288 144 

marked qt. 
" gal. 
" pk. 
" bu. 
H ch. 

bu. 

= 1 
= 36 = 

ch. 
1. 

Our standard of Dry Measure is the Winchest~r bushel. This is an 
upright cylinder whose internal diameter is l@t in~hes and depth 8 inches. 
It contains 2150'4 cubic inches of 77'627 lb •. avoirdupois of pure distilled 
water at 62° Fahr. and 30 in. barometer. The standard unit "fDry Mea­
sure in the United States is also the Winchest,'r bushel, so called because 
the standard mpasure was formerly kept at Winchester. En"land. The 
standard unitofDI'YMeasureinGreat Britain is the Imperial bushel. which 
is an upriJ!;ht cylinder whose internal diameter is 18.789 inches and depth 8 
inchrs. It contains 2218'192 cuhic inches or 801bs. avoirdupois of pure 
distilled water at 62° Fallr. and 30 in. barometer. 

Grain is often bought and sold by weight, allowinJ!; for a bushel, 60 Ibs. of 
wheat, 56 lb •. of rye, 66 lbs. of Indian corn. 48 lbs. of barley , 84Ib,. of Oatd, 
60 lb •• of peas. 50 lbs. of beans, 40 lbs. of buckwheat. 60 lba. of timothy or 
",1\ olover seed. 
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LIQUID MEASURE. 

67. Liquid Measure is used for measuring all liquids. 
The denominations of Liquid Measure are tuns, pipes, 

hogsheads, barrels, gallons, quarts, pints, and gills. 

TABLE. 

4 gills (g.) make I pint, marked pt. 
2 pints " I quart, 
4 quarts " I gallon, 

3I! gallons " I barrel, 
2 barrels " I hogshead, 
2 hogsheads " I pipe, 
2 pipes " 1 tun, 

pt. 
1 qt. 

'g. 
-4 
8= 2= 1 gal. 

8 = 4 = 1 bar. 

" 
" 
" 
" 
" 
" 

252 = 126 = 3n= 1 hhd. 

qt. 
gal. 
bar. 
hhd. 
pi. 
tun. 

32 = 
1008 = 
2016 = 
4032 = 
8064 = 

504 = 252 = 63 = 2 = 1 pi. 
1008 504 = 126 = 4 = 2 = 1 tun. 
2016 = 1008 = 252 = 8 = 4 = 2 = 1. 

The English Imperial "allon contain. 227274 cubic inches or JO lbs, 
avoirdupois of pure distilled water, weil'hpd at a temperature of 62g Fahr. 
and uTlder a barometric pressure of 3U inches. 

In the United !'tates the wine gallon cOlltains 231 cuhic inches, and the 
beer gallon 282 cubic inches. The "a lion of Great Britain is therefore equal 
to 1'2 gaUons United Stateo Wille Mea.ure. 

By an Act of the Imperial Parliament, 1826, the Imperial ""lion of 277'274 
cubic inphes, was adoptrd as the only gallon, and is therefore the standard 
far both liquid and dry measure, . 

-Beer is ,old usually hytheflallon ; sometimes, however,in P •• 1<. of 5 flal." 
10 gals" 20 gals,', &c. The beer barrel contains 36 gallons, and the hogshead 
54 gallons. 

TUIE MEASURE. 

6S. Time is naturally divided into days and years-the 
former measured by the revolution of the earth on its axis, 
and the latter by the revolution of the earth round the sun. 

The denominations of Time Measure are years, months, 
weeks, days, hours, minutes, and seconds. 
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TABLE. 

60 seconds (sec.) make 1 minute, marked min. 
60 minutes "1 hour, "h. 
24 hours "1 day, "d. 
7 days " 1 week, "wk. 
4 weeks "1 lunar month, " mo. 

13 lunar months or } 
12 calendar months or make 1 civil year, marked yr. 

365t days (nearly) 
sec. min. 

60 = 1 
3600 = 60 = 

86400 = 1440 = 
604800 = 10080 = 

31557600 = 525960 = 

h. 
1 da. 

24 = 1 wk. 
168 = 7 = 1. yr. 

8766 =365! = 52-;' = 1. 

The twelve calendar monthsliinto which the civil or legal year is divided. 
and the number of days in eac ,are as follows: -

First month, January, has 31 days. 
Second " February," 28 .• 
Third " March U 31 " 
Fourth ~Jlril,'" SO 
Fifth May, .. 81 .. 
Sixth June, c, 30 " 
Seventh U July, U 31 " 
Eighth .. August. .. 81 
Ninth September," 80 .. 
Tenth October," 81 
Eleventh" November, U 80 II 

Twelfth" December," 81 

The number of days in the respective months may be recalled by recol, 
leoting the following well-known lines : ' 

Thirty days hath September, 
April, June. and November; 
February has tw.enty-ei~ht alone, 
And all the rest have thlTty-one ; 
But leap-year coming once in four, 
February then has one day more. 

The number of days in each month may also be recollected by counting 
the months on thefour fingers and threeintervenin" spaces. Thus, Janu. 
ary on the first finger; February in space between first and second fingers ; 
March on second finger; April in second space; May on third finger; June 
in third space; Jul;r on fourth fins;er; August on first finger (Since there 
are no ml\l'e spaces) - September III nrst space, &c. Now, when'counted 
thus, all the months having 81 days come on tho fingers, and all having 80 
only, fall into the spaces. 

The solar year is the time elapsing from the passage of the sun from either 
solstice back to the same again and is equal to 865d. 5h. 48m. 48seo. 

The sidereal year is the time hetween two successive conjunct.ions of the 
suu with some star, and is equal to 365d. 6h. 9m, l4-~sec. 

The civil or legal year is that in common use omong different nations and is 
equal to 365 days for three years in successioll and to 366 days for the fourth. 
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This additional day i. given to every fourth year in order to make the 
civil year agree with the solar. It was originally added by repeating the 
Bi.,th of the calends of March in the Roman calendar-eorrespondiug with 
the 24th of February with us. The day was called the intercalary day, 
from the Latin intercalo to insert; and the year was called bissextile from 
the Latin bis, twice, and sextilis, sixth, (i. e. sixth calend, taken twicc). 
We now Call it Leap Year because it leaps a day more than a common year. 
This correction was made by Julius Cresar, emperor of Rome, and hence 
the civil year is often called the Julian year. 

The addition of one day every four years would be strictly correct if the 
80lar year contained 365 days 6h.; but it only contains 365d. 5h. 48m. 48 
sec., or 11m. 12sec.less than 365d. 6h. Adding one day every four years gives 
us then an error of excess of 44m. 48sec., or about 3 days for ever" 400 years. 
Thu, the Julian calendar was beHind the solar time-since the Julian year 
was longer than the natural year. This error at the time of Pope Gregory 
XIII, amounted to 10 days, which he corrected in 1582 by suppressing 10 
days in the month of October, the day after the 4th being called the 15th. 
Hence this ealendar is sometimes called the Gregorian calendar. 

This correction was not adopted in England till 1752, when the error 
amounted to 11 days. By Act of Parliament, 11 days after the 2d of Sep­
tember were therefore omitted. The civil year, by the same act, was made 
~o commence on the 1st of January, instead of the 25th of March, as it had 
done previously. 

Dates reckoned by the old method or Julian calendar, are called Old 
Style; and those reckoned by the new method, are called New IStyle. 

To change any date from Old to New Style, we must add 11 days to it; 
and if the given date in Old Style is between the 1st of January and the 
25th of March, we must add 1 to the year in New IStyle. 

Russia still reckons dates according to Old Style. The difference now 
amounts to 12 days. 

69. To ascertain whether a year is LEAP YEAR. 

Divide the given year by 4, and if there is no remainder it is 
Leap year. The remainder, if any, shows how many years have 
elapsed since a Leap year occurred. 

Thus, dividing the year 1847 by 4, the remainder is 3 j hence 
it is 3 years since the last Leap year, and the ensuing year will 
be Leap year. 

To this rule there is an exception; for we have seen that a solar year Is 
11 min. 12 sec. less than a Julian ycar, which is 3651 days. This error, in 
400 years, amounts to about 3 days· consequently, if a day is added every 
fourth year, that is, if we have 100 leap years ill 400 years, according to the 
JUlian calendar, the reckoning would fall three days behind the solar time. 
Thus, reckoning from the commencement of the Christian era, when it 
was January 1st, 401, by the Julian time, it was January 4th by the solar 
time. ' 

To remedv this error, only 1 centennial year in four is regarded a leap 
'IIear i or, which is the same in effect, whenever the centennial year, or the 
numowexpressing the century, is not divisible by 4, that year is no. a leap 
year, while the other centennial years are. Thus, 17, 18, 19, denoting 1700, 
1800, and 1900. are not divisible by 4, consequently they are not leap years, 
though according to the rule above they would be; on the other hand, 16 
and 20, denoting 1600 and 2000, are divisible by 4, and are therefore leap 
years. There is still a slight error, but it is so small that in 5000 years it 
scarcely amounts to a da,y. 
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70. TABLE SHOWING THE NUMBER OF DAYS FROM ANY DAY or ONJII 

MONTH TO THE SAME DAY OF ANY OTHER MONTH IN THE SAME YEAR. 

To the same day. 
From any 

day of 
Aug. Sept. Oct. I No .... Doc. Jan. Feb Mar. April. ?tray June JuI)' 

-------
212243 2~3'304 January 365 31 59 90120 151 181 334 

February 334365 28 59 89 120 150 181 212 24212~3 303 
March 306 33~1365 31 61 92122 153184214'245 2~5 
April 275306

1
334 365 30 61 91 122 153 183'214 244 

May 245 2 ~6\304 335365 31 61 92123153'184 214 
June 214245273 304334 365 30 61 92122153 183 
July 184215243 2~4 304 335365 31 62 92123 153 
August 153184(12 243 2~3 304'334 365 31 62 92 122 
Sept. 122153181 212242 273'303 334365 30 61 91 
October 92123151 182212 243:273 3041335365 31 61 
Nov. 61 921120 151181 212,242 273\304334365 30 
Dec. 31 62 90 121151 18?12 243 2~41304i335 365 

The months counted from any day of, are arranged in the left-hand 
vertical column; those counted to the same day of, are in the upper 
horizontal line: the days between these periods are found in the 
angle of intersection, in the same way as in a common table of mul" 
tiplication. If the end of February be included between the two 
points of time, a day must be added in leap years. 

EXAMPLE 1.-How many days are tbere from the fifteenth of March to 
the fourth of October? Looking down tbe vertical row of numbers at the 

- head of wbich October is placed, and at the same time along tbe horizontal 
row at the left haud side of which is March, we ,Perceive in their intersec· 
tion the number 214:-so many days, therefore, llltervene between the fifo 
teenth of March and the fifteenth of October. But the fourth of October 
is eleven days earlier than the fifteenth; we therefore suhtrac' 11 from 
214, and obtain 203. the number required. . 

EXAMPLE 2.-How many days are tbere between the third of January 
and the nineteenth of May? Looking as before in tbe table. we find tbat 
120 days intervene between f·he tbird of January and tbe third of May . 
but as the nineteenth is sixteen days later than the third. we add 16 to 120 
and obtain 136. the number required. 

Since February is in this case included. if it were a leap year as tha~ 
month would then contain 29 days, we should add one to the 136: and 137 
would be the answer. 

EXAMPLES. 

1. How mnny days from May 3d to the 4th of next July? 
_ .I1ns. 62 days. 

2. How many days from Jnly 4th to the 25th of next Decem-
ber? .11m. 174 days. 

3. How many days from March 21st to the 23rd of the next 
September? .!In., 186 days. 
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4. How many days from September 23rd to the 21st of the 
next March? Ans. 179 days. 

5. How many days from June 21st to the 22nd of the next 
December? Ans. 184 days. 

6. How many days from Decemher 22nd to the 21st of the next 
June? Ans. 181 days. 

'T. How many days from March 21st to the 21st of the next 
June? Ails. 92 days. 

8. How many days from January 13th, 1848, to September 
17th of the same year? Ans. 248 days. 

71. The unit offime is the basis of that of Lellgllt, ])lass, and PlYssurr' 
the connections being as follows:-

..4. Pound P"essu)'r means that amount of pressure which is exerted 
towards the earth, at the level of the sea, by the quantity of maile)' called 
a pound, 

A Pound of J![atf"'mcans a quantity equal to that quar,tily of pure water 
wbich, at the temperature of 6211 Fahr., woulu occupy 2;'2i~ cuuic inches. 

A cubic inch is that cube whose side, taken 39'1393 times, wonld measure 
the effective length of a Loudon seconds-pendulum . 

..4. Lonrlon seconds-pendulum is that which, by the unassisted and unop­
posed effect of its own gravity, would make 8640U vibrations in an artilicial 
Bolar day, or 86lG3'09 iu a natural sidereal day. 

CIRCULAR "JEASURE. 

72. Circular nleasure, sometimes called An,~ular l\Ieasure, 
is chiefly used by astronomers, navigators, and surveyors, 
for measuring angles and for reckoning latitude and longi­
tude, and the motion of the hea\'culy bodies. 

The Denominations of Circular :Measure are signs, de­
grees, minutes, and seconds. 

TABLE. 

60 seconds (") make 1 minute, marked I 

60 minutes "1 degree, "0 
30 degrees "1 sign, "s. 
12 signs or 360 deg. 1 circle, "c. 

" 
60 = 1 

3600 = 60 = s. 
108000 = 1800 = 30 = 1 c. 

1296000 = 21600 = 360 = 12 = 1. 
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The circumference of evl!f'Y circle 
is supposed to be divided into 
360 equal parts callea degrees, 
as in the subjoined figure. Siuce 
a degree is simply the :rlro part 
of the circumference of a circle, 
it is obvious that its length must 
depend upon the size of the circle. 
If the circumference be 360 miles 
in length, then a degree of that circle 
will be one mile long; if the circle 
be 360 inches in circumference, then 
a degree will be one inch, &c • 
. The divisioJls of the circumference 

of the circle into 360 equal parts took 
its origin from the length of the year, 
which, in round numbers, was sup .. 

[SBer. I. 

posed to contain 360 days, or 12 months of 30 days each. The 12 s;gnll cor­
respond to the 12 months. 

The term minute is from the Latin minutum "a small part." The term 
seconds is an abbreviated expression for .econd minutes, or minutes of the 
.econd order. 

MISCELLANEOUS TABLE. 

73. 12 individual things make 1 dozen. 
12 dozen.. . . . • .• . • " 1 gross. 
12 gross. . . • . . . • . • " 1 great gross. 
20 individual things " 1 score. 
24 sheets of paper. . " 1 quire. 
20 quires. . . . . • • • . . " 1 ream. 

112 pounds. .... .••• " 1 quintal. 
200 " • . . . • • . • • " 1 barrel of pork or beef. 
196 " •• . • . • • • • " 1 barrel of flour. 

BOOKS. 

A sheet folded into two leaves is called a folio. 
" folded into four leaves is called a quarto, or 4to. 
" folded into eight leaves is called an octavo, or 8vo. 
" folded into twelve leaves is called a duodecimo, 

or 12mo. 
" folded into eighteen leaves is called an 18mo. 

74. When the figures are written by the side of each 
other, thus, 

2587931272, 

the language implies that the unit in each place is equiva­
lent to ten units of the place next to the right; or that 
ten units of any particular place are equivalent to one 
unit of the place immediately to the left. 
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75. When figures are written thu~, 
S d. c. m. 
1 -165 

49 

the language implies that 10 units of the lowest denomina­
tion make one of the second; ten of the second, one of the 
third; and ten of the thinl, one of the fourth. 

76. When figures are written thus, 
T. cwt. qr. lb. oz. dr. 
16 11 3 21 H 3 

the language implips that 16 units of the lowest denomina­
tion make one of the second; 16 units of the second, one 
of the third; 25 units of the third, one of the fourth; 4 
of the fimrth, one of the fifth; and 20 of the fifth, one of 
the sixth. 

All other denominate numbers are formed on the same 
principle; and in all of them we pass from a lower to tire 
next higher denomination by considering' how many units 
of the one make one unit of the other. 

REDUCTION. 

77. Reduction is the changing the denomination of a 
number from one uni~ to allutliL'r, w'ithout altering the 
value of the nUlllbpt'. For example, if we desire to reduce 
7 of the order of hundreds to a lower denomination, we 
multiply the 7 by 10, and tlms obtain 70 of the order tens, 
which are equal to 7 of the third order or hundreds. If 
we wish to reduce to a still lower denomination, we multi­
ply the tens by ten, and this gives us 700 of the first order 
or simple units, which are just equal to 70 tens or 7 hun­
dreds. 

If, on the contrary, we wish to reduce 900 of the first 
order or simple units to units of the third ord,'r or hll/ldreds, 
we divide by 10, and thus obtain 90 of the second order, 
which we again divide by 10 and obtain 9 units of the 
third OI'dcr or hundreds. 

Hence reduction of denominate numbers is divided into 
two parts:-

1st. To reduce a number from a higher denomination to 
a lower: this is called Reduction Descending. 

D 
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2nd. To reduce a number from a lower denomination 
to a higher: this is called Reduction Ascending. 

REDUOTION DESOENDING. 

EXAMPLE. 

78. Reduce £6 16s. Old. to farthings. 
£ s. d. 
6 16 0i 

20 

136 shillings = £6 16s. 
12 

1632 pence = £6 16s Od. 
4 

6529 farthings = £6 16s Oid. 
EXPLA-NA-TIoN.-In this example we multiply the £6 by 20, bec0IUIJ8 ea:ch 

pound is equal to 20 shillings; 6 pounds are therefore equal to 120 
.hillings, and the 16 shillings given in the question make 136 shillings. 
Then we multiply the number of shillings by 12. because each shilling is . 
equal to 12 pence, and, since there are no pence in the question, we simply 
Bet down the result, 1632 pence. Lastly, we mult.iply the 1632 pence by ~, ' 
because each penny is equal to 40 farthings, and to the result we add the 
one f&.rthing given iu the question. 

From the above example and solution we deduce the 
following- • 

RULE. 
Multiply the highest given denomination by that quantity 

which expresses the number of the next lower contained in one of 
its units; and add to the product that number of the next lower 
deno,nination which is found in the quantity to be reduced. 

Proceed in the same way with the result; and continue the process 
until the required denomination is obtained. 

EXERCISE. 
1. How many farthings in 23328 pence? .flns. 93312. 
2. How many shillings in £348? .flns. 6960. 
3. How many pence in £38 lOs.? .flns. 9240. 
4. How many pence in £58 13s.? .flns. 14976. 
5. How many farthings in £58 13s.? .fln8. 56304. 
6. How many farthings in £59 13s. 6id.? .flns. 57291. 
'1. How many pence in £63 Os. 9d.? .flns. 15129. 
8. How many pounds in 16 cwt., 2 qrs., 16 lb.? .tIns. 1666. 
9. How many pounds in 14 cwts., 3qrs., 16lb.? .flns. 1491. 

10. How many grains in 3 lb., 5 oz., 12 dwt. 16 grains? .flns 
19984. ' '. 
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11. How many grains in 7 lb., 11 oz., 15 dwt., 14 grains? 
.!lns. 45974. 

12. How many hours in 20 (common) years? .!lns. 175200. 
13. How many feet in 1 mile? .!lns. 5~80. 
14. How many minutes in 46 years, 21 days, 8 hours, 56 min­

utes (not taking leap-years into account)? .!lns. 24208376. 
15. How many square yards in 74 square perches? .!lns. 

2238'5 (2238 and a half.) 
16. How many square yards in 46 acres, 3 roods, 12 perches? 

.!lns. 226633. 
17. How many square acres in 7G, square Il)iles? .!lns.490880. 
18. How many cubic inches in ,,;7 cubic feet. .!ll/s. 132G376. 
19. How many quarts in 767 pecks? .!lns. 6136. 
20. How many pints in 797 pecks? .!lns. 12752. 

REDUCTION ASCENDING. 

79. EXAMPLE.-Reduce 856347 farthings to pounds, &c. 
4)856347 

12)2140861d. 

20)17840s 6~d. 

£892 Os. 6~d.=856347 farthings. 
EXPLANATION.-We dividethe farthil1RS by4, beca use every four fnrt.lJings 

are equal to one penny, audit iSl'vidcnt that what remains after takill~ away 
four farthiu/!,s as often as possihll' from the farthings must be fartllil1~s. 
We thus olitain 8!jlj:H7 farthing~. equal to 2140~t) pence and 3 fartliill)!S. 
Then we divide the pencp. by ]~, be{'ause every 12 TJI'llCe arc I'ljuivnl{,llt -to 
one shilJin/!, and what remains after taking' 12 pence as Oft.'11 a...; }I():-.~ihlt> 
from the penCf>; must be pence. \Y l' thus ascertain that 214\186 pence are 
equal to 178[0 shillings and 6 pence :l farthinl's. La,t1.V we divide 17840 
shillings 1,.'1 ~H, because every :.!() :-.hilJilll?s are ('qual to one pound, By 
this process we have reduced 8;JtJ3j.7 farthings to f:~!J:'! Us, fjld. 

From the above example and solution we deduce the 
following-

RrLE. 
Dici,f,. the "iNn number by that number "'hielt it taTees of the 

given denomination to maTee one of the next higher. Set down the 
remainder, if any, and proceed in the same manner with each suc­
cessive denomination till you come to the one required. The last 
quotient, with the several relnaindel's annexed, will be the anslI'er 
required. 

EXERCISE. 
1. Reduce 32756 farthings to pounds, shillings, and pence . 

.!illS. £34 2s. 5d. 
2. Reduce 23547 troy grains to pounds, &c . 

.!lna. 4 lb., 1 oz., 1 dwt., 3 grs. 
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3. Reduce 397024 yards to miles, furlongs, &c. 
Ans. 225 m. 4 fur. 26 r. 1 yd. 

4 How many hours are there in 28635 seconds? 
. Ans. 7 h. 57 min. 15 sec. 

5. How many cwt., qrs., and pounds in 1666 pounds 1 
AnI. 16 cwt. 2 qrs. 16 lb. 

6. How many cwt, &c. in 1491 pounds 1 
Am. 14 cwt. 3 qrs. 16 lb. 

7. How many pounds troy in 115200 grains? Ans.20. 
8. How many pounds in 107520 oz. avoirdupois 1 Ans.6720. 
9. How many cubic feet, &c. in 1674674 cubic inches 1 

. .IIns. 969 feet, 242 inch~s. 
10. How many yards in 767 Flemish ells 1 

Ans. 575 yards, 1 quarter. 
11. How many leagues in 183810 feet 1 

Ans. 11 lea. 1. m. 6 fur. 20 rd. 
12. How many cubic yards in 138297 cubic inches 1 . 

Ans. 2 c. yds. 26 ft. 57 Ill. 
13. How many cords of wood are there in 67893 cubic feet 1 

Ans. 530 cords, 53 cub. ft. 
14. In 3561829 seconds how many weeks 1 

Ans. 5 wks., 6 dys., 5 h., 23 min., 49 sec. 
15. In 1597 quarts, how many bushels 1 

Ans. 49 bushels, 3 pks. 1 gal. 1 qt. 
16. In 1000 cord-feet of wood, how many cords 1 

Ans. 125 cords. 
17. In 10,000" how many degrees l' Ans. 2° 46' 40" 
18. In 70,000 square links, how many square chains 1 

Ans. 7 square chains. 
19. In 11521 grains apothecaries' weight, how many pounds? 

Ans. 2 lbs. 03 03 0:9 1 gr. 
20. In 26025 square feet, how many roods 1 

Ans. 2 r. 15 sq.p. 17 sq.yds. 8 sq.ft 36 sq. in. 

REDUCTION OF THE OLD CANADIAN CURRENCY TO 
THE NEW OR DECIMAL CURRENOY. 

80. EXAlolPLE.-Reduce £76 14s. 10~d. to cents. 
£76X400 30400 cents. 
HsX20 280 u 

10~d.= 43 far. X 5+12= 17+1" 

EXPLANATION-We multl­
ply £76 by 400, because each 
poulld is equal to 4 dol1ar. or 
~OO cents; next we multiply 

£76 140 lOad = 30697+1. cts 14, the nllmber or shillings. 
• 4' • • by 20, because each shilling 

is equal to 20 cents; and lastly we muJt.ip y the number of farthitlgs' in 
the pence and farthings by 5 and divide the result by 12 b_. each 
farthing is equal to If of a cent. • 

That each farthing is equal to.fi of a cent is evident from the fact that 
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48 farthings (or one shillinll:) are ~qual to 20 cents; or 12 farthings equals 
cents, or one farthing equal fY of a ceut. 

From the above example and solution we deduce the 
following-

RULE. 
Multiply the pounds by 400, the shillings by 20, and take fi"co 

twelfths of the number expressing how many farthings there are 
in the given pcnce and farthings. .I1dd the three results together 
and their sum will be the number .of cents required. 

Consider the last two figures as cents, and the result, will be 
dollars and cents. . 

NOTE.-W., take five-twelfths or the farthing. by multiplying them by 
five antI divitIing the result by twelve. 

EXERCISE. 

1. How many cts. are there in £3 'Ts. }!d.? .I1n5. 13421\, cts. 
2. How many dollars are there in £29 18s. 3!d.? • 

.I1ns. 1I965~ cents, or $lI9.65~ cents. 
3. How many cents are there in lIld.? .I1ns. IS~ cents. 
4. How many dollars and cents are there in £69 15s. 6d.? 

Ans. 27910 cents, or $~79.10. 
5. How many dollars and cents in ISs. 8ld.? Ans. $3. 74~. 
6. How many dollars and cents in £1 'T 16s. 5~d.? 

.I1ns. $71.2!l},·. 
7. How many dollars and cents in £R7? Ans. $348.00. 
8. How many dollars and cents in 15s. 1 nd.? .I1ns. $3.19}". 
9. How many dollars and cents in £16 6s. 2d.? Ans. S65.23~. 

10. Reduce £2 9s. lid. to dollars and cents. .I1ns. $~.98i. 

RECAPITULATION. 

I. Science is a collection of the general principles or 
leading truths of any branch of knowledge systematically 
arranged. 

II. Art is a collection nf rules serving to facilitate the 
performance of certain operations. 

III. The rules of art are based upon the principlcs of 
science. 

I V. Arithmetic i~ both a science and an art. 
V. The science of arithmetic discusses the pTnperties of 

numbers and the principles upon which the elementary 
operations of arithmetic are founded. 

VI. The science oj arithmetic is called Theoretical 
Arithmetic. 

VII. The art of arit7~metic is called Practicai Arithmetic. 
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VIII. Practical Arithmetic is the application of rule. 
based upon the science of numbers, to practical purposes, 
as the solution of problems, &c. 

IX. Numbers are expressions for one or more things of 
the same kind. 

X. Unity, or the unit of a number, is one of the equal 
things which the number expresses. 

XI. Numbers are divided into two classes, viz.: simple 
or abstract numbers; and applieate, concrete, or denomi­
nate numbers. 

XII. An applicate, concrete, or denominate number is 
a number whose unit indicates some particular object or 
thing. 

XIII. A simple or abstract number is a number whose 
unit indicates no particular object or thing. 

XIV. Numbers may be expressed either by words or 
by characters. 

XV. The expression of numbers by characters is called 
Notation. 

XVI. The reading of numbers, expressed by characters, 
is called Numeration. 

XVII. The characters we use to express numbers are 
either letters or figures. 

XVIII. The expression of numbers by letters is called 
Roman Notation. 

XIX. The expression of numbers by figures is called 
Arabic Notation. 

XX. In the Roman Notation only seven numeral letters 
are used, viz. : I, V, X, L, C, D, M. 

XXI. When these letters stand alone, I denotes one, V 
five, X ten, L fifty, Cone ltundred, D- five hundred, M 
one thousand. • 

XXII. All other numbers are expressed by repetitions 
and combinations of these letters. ' 

XXIII. In combinations of these numerical letters 
every time a letter is repeated its value is repeated; als~ 
when a letter of a lower value stands before one of a higher 
its value is to be subtracted j but when a letter of a lowe~ 
comes directly after one of a higher value, its value is to 
be added. 
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XXIV. A bar or dash written over a letter or com­
bination of letters, multiplies its value by one thousand. 
As we have already a character for one thousand, yiz., 1\1, 
and can, by repeating it, expreo~ lieu or three tholl­
s,wd, we do not dash the I, or combinations into which 
it enters. 

XXV. Anciently, IV was written IIII; IX was writ­
ten VIllI; XL was written XXXX, &c.; D was written 
I,), and .lII was written CIQ. Affixing C to I,) increases 
its value ten times-thus IQ=500; IQQ=501i1l; IQQ,) 
=50000, &e. Prefixing U and affixing Q to CIQ in­
crea~c" its value also ten time~, thus, CIQ=1000; CUIQQ 
=101100; CCCI,)QQ=lo0,OOO, &c. 

XXYI. The fi;.!;ure~ or characters used in the Arabic or 
common system of notation are 1, 2, 3,4, 5, 6, 7, 8, 9, 0, 
one, til''', three, four, five, six, seven, (·ight, nine, zero. 

XX\"II. The first nine of these characters are called 
sign (ti,." II t figures, because each one has always "orne value, 
or llell"tes somc number. They are also called digits 
(Lat. ,Ugitus, "a finger "), from the almost universal 
habit of counting on the )11I9,·1·S. 

XXVIII. The last or :;cro is called a ciphrr or nallgltt, 
because it is culllciess, that is, stands for notll/·llg. It is 
not, however, w;clcss, since it serves to give the significant 
figures their appropriate places. 

XXIX. When the 0 statHIs to the left of an integral 
number, or to the right of a decill.al, i. e. when it does 
not come between the decimal point and some significant 
figure, it is both vullleless and IIseless. 

XXX. The digits 1, 2,3, &c. standing immediately to 
the left of the d,cilllal point, expressed or understood, are 
called sl:rnple U11,"is, or units of the first ordu. 

XXXI. The decimal poillt is a small dot or point, used 
to indicate the position of the simple units. 

XXXII. The digits 1, 2, 3, &c. standing one plaee to 
the left of the simple units, are called tens, or units of the 
second o1"dCl' to the left. \\'hen they stand one place to 
the ri.~ht of the simple unit, they are called tellths, or units 
of the second order -to the right. 
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XXXIII. The digits 1, 2, 3, &c. when standing two 
places to the left of the simple unit, are called hundr~dsi 
or units of the third order to the left. When standlDg 
two places to the right, they are called hundredths, or units 
of the th;rd order to the right, &c. 

XXXIV. Commencing at the simple units and pro­
ceeding to the lp!t, we have units of the first order or 
simple untts; next, units of the second order or ttin.,; 
next, units of the third order or ltundreds; next, units 
of the .tiHtrth order or tluJ1tsands; next, un:ts of the 
fi!lh order or tens of thousands, &c. 

XXXV. Commencing at the simple units and proceed­
ing t) the right. we have units of the.first order or simple 
units; next, units of the second ordel' or tenths; next, 
units of the third order 01' lmndredths; next, units of 
the fuurth order or thousandtlts; next, units of the fifth 
QI'der or tenths of thou.,andth-, &c. 

XXXVI. Each digit has two values, viz.: a simple or 
absolute value, and a local or relative value. . 

XXXVII. The simple or absolute value of a digit is 
the value it expresses when simply considered as repre­
senting a certain number of repetitions of the digit one. 

XXXVIII. The local or relaave value of a digit is the 
value it expresses when considered as occupying a certain 
position with reference to the decimal point. 

XXXIX. The ratio of one number to another is the 
relation which one bears to the other with respect to mag­
nitude, whcn the comparison is made by considering, not 
by how much the one is greater or less than the other, but 
what number of times it contains it, or is contained in it. 

XL. When several numbers, or groups of units are so 
arranged that the second and third have the same ~atio to 
one another as the first and second, and the third and fourth 
the same ratio as the second and third, &c. -they (the 
numbers or groups of units) are said to hav~ a common 
ratio. 

XL L The common ratio of our system of numbers is 
10-by saying which we merely mean that the different 
orders increase or decrease from Olle another in a ten-fold 
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proportion, i. e. that 10 units of anyone order make one 
unit of the next higher, and vice vel·su. 

XLII. A system of numbers is called a binar.lJ, ternUlY, 
quaternary, quinary, sen1lry, septl'lwry, octellUlY, rIO nary, 
dellal'Y, &c. system, according as til}!), tllre, jOltl', jil.IC, 

six, seven. eight, nine, or ten is the common ratio of the 
orders. Ours is a denary or decimal system. 

XLIII. To facilitate the reading of a number we divide 
it into periods of three places each, by placinl!: separating 
points after every third figure right and left of the de~imal 
point. 

XLIV. The periods to the left of the decimal point arc 
units, tlwusands, millions, billions, trillions, &c. The 
periods to the right of the decimal point are thousandths, 
milli()Nths, billionths, trilli()lIt7t.~, &1.'. 

XL V. The lOWI's! 01'<71'1' used in any reading, whether it 
be thousands, units, hundredths, tenths of thousandths, 
hundredths of millionth~, &c., gives the name or denomin­
ation to the part or whole of the number used in the read­
ing. 

XL VI. Numbers to the left of the decimal point are 
called int~gCl"; or whole numbers; those to the right of the 
decimal point are called decimals. 

XLVII. A number is multiplied by 10 every time the 
decimal point is moved one place to the right, and divided 
by 10 every time the decimal point is moved one place to 
the left. Thus, moving the deciuul point tlL'O,jOUI', or si]; 
places, either multiplies or divides the number by 100, 
10,000. or 1,000,000, according as we move it to the right 
or to the left. 

XL VIII. A number may be read in several ,,'ap by 
changing the nature of the simple unit. Thus the nUlll­

ber 576.24 may be read: 

1st. Five hundreds. se\'en tens. six units, two tenth., and four hundredLhs. 
2Hd. FiftY-"'icvcn tenri. six units, two tnllths, and fonT hundredth~. 
3rd. Five hundred and seventy-six units, two tenths, and four hun­

dredths. 
4th .• 'ive thousand, seven hundred and sixty·two tenths, and four 

huntir~'llths. 
5th. Flfcy.seven thous~nd. six hundrclj and twenty-four hundredth •. 
6th. F,,'e hUllilred and .even th" .... alld.., six hundred and twenty-four 

hundredths. 
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7th. Fifty-seven tens, and six hundred and twenty-four hundredths. 
8th. Five hundred and seventy-six nnits, and twenty-four hundredths, 
9th. Fifty-seven tens, sixty-two tenths, and four hundredths. . ' 
lOth. Five hundreds, seven hundred and sixty-two tenths, and four 

hundredths, &0. 

EXERCISE. 

MISCELLANEOUS PROBLFJ.MS. 

1. Reduce 6789634 links to acres, and prove by reducing the 
result to links. 

2. Read 67845398678904 and 5900704060040000.00060604. 

3. Set down 4769 in Roman numerals. 

4. Make 42986 ten thousand times greater. 

5. ,Reduce £16 16s. 6id. Old Canadian Currency to Dol­
lars and Cents. 

6. Read LXXVMMCMXCI. 

7. Write down, in Arabic numerals, six hundred and five 
billions, seventy thousand and sixteen, and nine millionths. 

8. Make 469789 one hundred times greater. 

9. Read the number 6798 in all the ways it can be read. (See 
Recapit~lation XL VIII.) 

10. Divide 69800463 by one million. 

11. Divide 8439 by ten thousand. 

12. Multiply 6789 by one hundred thousand. 

13. Multiply 60432986 by ten millions. 

14. Write down one quadrillion one billion one thou­
sand and one, and one trillionth. 

15. Write down seven thousand six hundred and nine tenths 
of millionths. 

16. Read 9080706Q504030 and 

4004040400600060432.01010203040506 

17. Reduce 6789463 inches to acres, and prove by reducing 
the result to inches. 

18. Reduce ~17 cord-feet of wood to cords. 

19. Reduce 91867 cubic feet of wood to cords. 
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20. Write down '718, 614, 499, 999, 8643, 96149, 163986, and 
444444 in Roman numerals. 

21. Read CCCXXXIII, MCMLXXXIX, and MI. 
22. Read 6129 in as many ways as it can be read. 

23. Give all the readings of 634986. 

24. Give all the readings of 19'639. 
I 

25. Reduce 18s. 9!d. , £6 2s. lld. j 3s. 1d. j and £189 '7s. 4id. 
to dollars and cents. 

26. Give all the readings of the number $69.863 Federal 
money. 

2'7. Give all the readings of 9 bush. 3 pk. 1 gal. 3 qts. 1 pt. 

28. Were the years 1693, 1856, 1'728, 1549, 86'7, 444, 1600, 
and 92'7, leap years or not? If not, how many years after or 
before leap year? 

29. How many days from this to the 11th of next March? 

30. Answer the following questions j What is the meaning of 
the symbols £ s. d. and q.? In the expression" "/0 "what does 
the long mark (/) represent? What is the derivation 
of the word sterling? Why are the pound and guinea 80 

called? What is the derivation of the sign $? What is the 
derivation of the words" grain," " pennyweight," " ounce," and 
" inch"? What is a " carat"? What is a square? Show 
that a square yard contains 9 square feet. Show that a cubic 
yard contains 2.'7 cubic feet. What is a cubic yard? What 
is meant by a ton of round timber? What must be the dimen­
sions of a pile of wood in order that it shall contain a cord? 
What is meant by a cord-foot? What are the dimensions of the 
Imperial bushel I-of the Winchester bushel? Which of these is 
our standard? Which that of the United States? How many 
pounds of wheat go to the bushel ?-of rye ?-of oats ?-of 
barley ?-ofpeas ?-ofbeans ?-ofbuckwheat ?-ofIndian corn? 
What is our standard for liqnid measure? How many cubic 
inches of water are there in the Imperial gallon? How many 
pounds Avoirdupois? What are the standard gallons of the 
United States? Explain why a day is added to every fourth 
year. What is the origin of the divisions of the circle into de­
grees and signs? What is the derivation of the terms" minute" 
and" second"? How many sheets of paper are there in a 
quire? How many quires in a ream? How many pounds are 
there in It barrel of flour? What is the meaning of folio ?-of 
4to or quarto ?-of 8vo or octavo ?-of 12mo or duodecimo? 
-of 16mo ?-of 18mo ? 
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QUESTIONS TO BE ANSWERED BY THE PUPIL. 

NOTE.-Numbers in Roman numerals, thus, XVI, refer to thearticlu in 
the recapit"lation; those in Arabic numeralB, thuB 16. refer to the !HI1n­
bered articles of the Section. 

1. What i. science? (T.) 
8. Upon what are the rules of art 

based PHI. 
5. Wh.tare the objects of the science 

of arithmetic? (V) 
7. What name is given to the art of 

arithmetic? . (VIL) 
9. What are numbers? (IX.) 
11. Hmv many classes of numbers 

are there 1 (XL) 
13. What are simple or abstract num-

bers? (XIIL) 
15. What is Notation? (XV.) 
16. What is Numeration? (XVL) 

2. What is art? (If.) 
4. Is arithmetic a science or an art , 

6. (~;).t is the science of arithmetlo 
called? (V!.) . 

8. What is practical arithmetlo P 
(VIII.) . 

10. What is the unitofanumbe1'?fll,. 
12. What are applicate or den6min~ 

ate number.? (XII.) 
14. By how many methods may nilm­

bers be expressed P (XIV.) 

17. What characters do we use to express numbers? (XVII.) 
18. What is Roman Notation? (XVIII.) 
19. What is Arabic Notation ~ (XIX.) 
20. What numeral letters are used in Roman Notation? (XX.) 
21. What is thfl value of each of these letters when standing alone? (XXI.) 
2~. How are all other numbersex~ressed in Roman Notation? (XXII.) 
23. In combination, whe .. a letter is repeated. what does it iudicate' 

(XXIII.) 
24. When a letter of a lower is placed hefore one of a higher valne. what 

does it indicate? (XXIIL) 
25. When a letter of a lower is placed after one of a higher value, what does 

it indicate? (XXII 1.) 
26. What etrect has a harm' dash written avera letter or expression ?(XXIV.) 
27. How do we always write 1000. 2000, 8000 1 (XXIV.) 
28. Why do we not dash the I or expressions into which it enters? (XXIV.) 
29. How were four. nine.fortl'. &c • anciently written? \XXV.) 
30. How were 500 and 1000 anciently written P (XXV.) 
81. How were the expressious Ia bnd CIa incre""ed in value in ten-fold 

prorortion? (XXV.) 
32. What are the characters used in Arabic or Common Notation P (XXVI.) 
33. What are signifir.ant fio:ures. and win' are the\' so called? (XXVlI.) 
M. What are digits. alld wh:v are they so called 1 (XXVII.) 
35. Why is 0 called "cipher" or "naught "1 (XXVIIl.) 
36. Is the cipher of any value? I. it of any use? (XXVIII.) 
37. When is the cipher or 0 both valueless and U8tleSS 1 (X XIX) 
88. When are dil!;its called simple units or units of the first order? (XXX) 
39. What is the decimal point P (XXXl.) . 
40. Whon aru digit. called tens or units of the second order to the left , 

(XXXIL) 
41. When are digits called tenths, or units of the second order to the right P 

(XXXII.' 
42. Wh"n are di~its called huudreds. thousands. hundredths thousandths 

&c. P (XXXII1.) •• 
43. Name the ditl'Arent orrlers to the left of the decimal pointP-to the 

ri"ht? (XXXIV.) (XXX V.) 
44. How many val lies has each digit P What are they? XXXVI) 
45. '-':hat.!. the .implA or absplutA value of a di~t? (XXXVII.) • 
46. ~\ hat 1" th.local or relatIve value or a digit P (XXXVIII.) 
47. What!s meant by the ratio aile I)umher bears to anotheri' (XXXIX,) 
fl8. What IS meant by a commou ratIo? (XL.) 
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MI. What is meant hy saying that 10 is the common ratio of our system of 
numbers? (XLI.) 

~O. What name is given to a ,ystem having 10 for it .• common ratio ?-t.o 
on~ having six ?-to one having 8 r-to one having 2 P-toone having 12? 
-to one havin!,: 7? (XLII.) 

51. Why are periods used? How many places are there in each period? 
(XLIII.) 

02. Name the periods rip;ht and lert of the decimal point? (XLIV.) 
53. What order gil'cs the name or denomination to lite number read? 

(XLV.) 
~~. What are inte(1ers? What are decimals? (XL\'I.) 
65. How does it affect a number to remove the decimal point to the right? 

How to remove it to the left? (XI,Vll.) 
66. How maya number he read in s"veral ways? (XLVIII.) 
57. When figures are written thus. 073'32. what docs the notation imply? 

(ArticJeH) . 
68. When fil;ures are written thus. 6 d. 23 h. 16 min. 37 sec., what does the 

notation imply? (75 and 76.) 
59. What is Reduction? (77 ) 
60. Into what two parts is Reduction divided? (77.) 
61. What is Reduction Descendinp:? (;ive an example. (77.) 
62. What is Reduction A"·,,,](ling? Give an e,ample. (77.) 
63. Give the rule for Reduction Descending. (78.) 
64. (iive the rule frr Reductioll A",C'pnding. (i~l.) 
65. What are t.he denominations of Sterling money? (;ive the table. (5~.) 
66. How are pounds, shillintrs, and pell('.e redllced to farthing~? (~ive the 

procC'ss and the reasou for each st<'p. (AnswC'r thi", and sinliliar sue .. 
ceedin",questionsafterthefollowing model.) We multipl.y the pounds hy 
twenty. and add ill the shillin~~, hecauseeach ponnd is equal to twenty 
shillings. We multiply the >hillin~s by twclv~ and adel in tho penre. 
because each shilling is equa.l to twelve pence. Alldlastl.\'. we multiply 
the penre by four and add in the farthings, because each penny is 
rqllal to four farthilJ!!s. 

&7. What are the denominations uf Federal money? Give the table. (55.) 
68. What are the denominatiol1s of Canadian money, old eurreucy? Give 

the table. ("0.) 
69. Wh"t are the denominations of Canadian money, new currency? Give 

the table. (57.) 
70. How is Old Canarlian Currency reduced to Xcw? Give the pro"css and 

reasons for eaeb step. ('O.) 
71. What are the denotninatiolJsof A voirdnpois w"i" ht? Give the tahle. (.18.) 
72. How many pounds are there in the new cwt. ( How many in the old 

cwt.? (58.) 
73. How are tons redured to drams? (58 and 78.) 
74. What are tl,,· denominations of Troy weight? nivr the table. (59.) 
75. How arp. flrain~ Troy rl~dueed to ponnds Troy? (;jvc the process and 

reason for eaclistep. (59 a. lid 79.) (Am;wer this and su('ceeli.ingsimi1ar 
queRtions after the following model.) We divide the "rains hy 24, 
because c\'el'y 24 graills are equal to one pennyweigilt. WI' divide the 
re ... uJting pennyweiJ.dlts by 20, hecausl? every 21) pcnnyw<'ic:hts are equal 
to one Dunee. And lastly. We divide t.he rcsulUng ounces by 12. becau~'8 
every 1:! ounces are equal to one pound. 

76. What are the denominations of Apothecarir8'wei~11t? Gil'c the table.(SO} 
77. How are pouuus, ounces, &c" Apothccarie:::J' \Vei~ht. reduced to grains P 

(60 and 78.) Answer as in question 66. 
78. What are the denomilJati"ns of Lon", measure? Give the tahle. (R1.) 
79. How are lines reduced to lea:;ues V (til and 79.) Answer after model in 

question 75. 
80. What are t.he denominations of Square measure? Give the table. (62.) 
81. How .r~ square miles re'luced to square illches P (62 and 78.) Answer 

"tter model. 
82. How are liuks reduced to acres ~ (63 and 79.) Answer after model. 
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8S. What are the denominations of Solid measure P Give the table. (Mo) 
84. How are cubic inches reduced to cubic feet P (64 and 79.) 
85. How are cubic feet of wood reduced to cords P (64 and 79.) 

~~: ;~~~ ~~: ihedle~~~it\:1i~ns of cloth measure? Give t~e table. (65.) 
88. How are English eUs reduced to illches P Answer after model. 
89. What ar~ the denominations of Dry measure P Give the table. (66.) 
90. How are pints reduced to chaldrons P Answer after model. 
91. What are the denominations of Liquid measure P Give the table. (67.) 
92. How are tuns reduced to gills P Answer after model. 
93. What are the denominations of Time measure P Give the table. (66.) 
94. How are secouds reduced to years P Answer after model. (68.) 
95. Name the months, and the number or days in each. (68.) . 
96. What is the Solar year and its length P-the Sidereal year and lta 

length ?-the Civil year and its length? (68.) 
97. How can we ascertain whether any given year be Leap-year? (69.) 
98. Show. that the unit of time is the basis of the units of length, mll88 or 

99 ~:f~~e ~h~ de~~~in~Mns of Circular measure? Give the table. (72.) 
100. Upon what does the length of a degree depend P How are degrees 

reduced to secouds ? 

SECTION II. 
FUNDAMENTAL RULES. 

1. Arithmetic may be divided into four parts :-
1st. The Arithmetic of Whole Numbers, or that which 

treats of the properties of entire units. 
2nd. The Arithmetic of Fractions, or that which treats 

of the parts of units. . 
3rd. The Arithmetic of Ratios, which treats of the rela,. 

tions of numbers, whether integral or fractional, to each 
other and to the unit 1. 

4th. The Application of Arithmetic to practical and useful 
purpose~. 

2. The Arithmetic of Whole Numbers includes Addition, 
Subtraction, Multiplication, Division,Involution, Evolution, 
&c. 

3. The Arithmetic of Fractions may be divided into two 
parts:-

1st. Vulgar or Common Fractions, in which the unit is 
divided into any number of equal parts. 

2nd. Decimal Fractions in which the unit is divided 
according to the scale of ten. 

4. The Arithmetic of Ratios relates to the comparison of 
numbers with respect to their quotients and embraces 
Proportion and Progtession. ' 
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5. Addition, Subtraction, Multiplication, Division, are 
called the jitndamelltal J'ules, or g ,'0/1 IHl rules of Arithmetic, 
because all the other operations of Arithmetic are per­
formed by means of them. 

6. Whatever operations we may perform upon a num­
ber, we can only either increase it or diminish it. If we 
~ncrease it, the process belongs to addition; if we diminish 
It, tn subtraction. All the rules of arithmetic are therefore 
resolvable into these two. Multiplication is only a short 
method of performing a peculiar kind of addition, in which 
the addends are all the same; and division is merely an 
abridged method of performing a particular kind of sub­
traction, in which the same quantity is to be taken away 
from a given number as often as possible. 

When any number of quantities, either different, or repetitions 
of the same, are united together so as to form but one, we term 
the process, simply, "Addition." lI!len the quantities to be 
added are the same, but we may have as many of them as we 
please, it is called" Multiplication ;" when they are not only the 
same, but their number is indicated by one of them, the process 
belongs to "Involution." That is, addition restricts us neither 
as to the kind, nor the numher of the quautities to he added; 
multiplication restricts us as to the kind, but not the numher; 
involution restricts us both as to the kind and number. All, 
however, are really comprehended under the same rule-addiiion. 

ADDITION. 
7. The sum of two or more numbers is a number which 

contains as many units, and no more, as are found in all 
the !:!'iven numbers. 

S': Addition is the process of finclin,,: the sum of two or 
more nUlllbers. 

9. The quanti tics to be added tOi-!:cther are caller! 
addends, and the result of the addition is called the sum 
of the addends. 

10. Only those (iuantities can be added which have the 
samc unit, or, in other words, which are of the same deno­
mination. 

Thus it is evident that 6 davs and 1 miles cannot be added, 
since the result would neither 'he 13 days nor 13 miles; nor can 
5 shillings and 3 pence be added, as the result wou.ld neither be 
shillings nor pence. Similarly, we cannot add umts and tens, 
or tenths and !lundredthB, or units and sevenths, &c. 
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11. Hence, in writing down the addends preparatory 
to adding, we must be careful to set units of the same 
denomination in the same vertical column, i. e. units under 
units, tens under tens, hundreds under hundreds, &c. j 

Rhillings under shillings, pence under pence, &c. j miles 
under miles, furlongs under furlongs, rods under rods, &c. 

(1) 
Apples. 

Addends ~ ~ 

EXERCISE. 
(2) 

Shillings. 

Addends ~; 
Sum of Addends '1 Sum of Addends 24 

(3) 

Addends n 
La 

Sum of the Addends 30 

(4) (5) (6) (7) (8) 
C\vt. pence. sevenths. horses. tens. 

9 4 6 1 '1 
6 '1 5 9 8 
9 8 4 8 9 
8 9 3 '1 6 
'1 6 5 5 5 

39 34 23 30 35 

(9) (10) 
millionths. $ 

6 9 
9 8 
8 1 
3 2 
2 3 

28 23 

(11) 
miles. 

'1 
1 
2 
3 
4 

1'1 
12. Let it be required to add together 98'1 and 689. 

I. II. III. IV. V. 
98'1 987 987 987 98'1 
689 689 689 689 689 

1500 160 16 16 16'16 
16() 1500 160 16 
16 16 1500 15 

1(100 '10 6 1676 
600 600 ';0 

'10 6 600 
6 1000 1000 

1676 1676 1676 
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EXPLAlI'ATION.-We place the given numbers, 987 and 689, under each 
otber, according to (11) and draw a line to separate the addends from the 
8um. 

It is manifest that so long as we add the units of the several orders it is 
quite immaterial whether we commence at the highest, at the lowest or at 
an intermf'diate denomination. ~ 

In the first of the above operations we have commenced continnally at 
the highest or left·hand order. The hundreds added make 15 huudreds 
or one thousand and five hundred, which we set down: the tens added 
make 16 tens, equal to 1 hundred and 6 tens, and the nuits added, make 16 
umts, eqnal to 1 ten and 6 units, all of which we set dowllin their appro­
priate columns. 

Next considE'ring the partial sums 1500, 160, and 16, as so many new 
addends, we proceed similarly with them and obtain a new set of partial 
Bums, viz: 1000, 600,70 aud 6. But, from the principles of notation (isec. 
I). these }a..t numbers (i. e. 1000, 6Uli, 71) and 6) may be written in one 
line, thus, 1676 which therefore, is the sum of the addends 987 and 589. 

In (II), (III). (IV), (V) the same result is obtained by a slightly differeut 
process. 

In (II) we have commenced at the tens, and in (III), (II) and (V) at the 
units or lowest order. (In is simply (III) with the unneces<ary O's omitted. 

(V) is (1") somewhat modified as follows :-9 units and 7 U>lits make 16 
units. equal tn 6 units, which we set down, and one ten which we carry to 
the next column or column of tens: 1 ten and' tens make 9tens,and 8 tens 
make 17 tens, equal to 7 tens, which we set down. and 1 hundred, which we 
carry to the column of hundreds: 1 hundrell and 6 hundreds make 7 hun­
dreds, and 9 hundreds make 16 hundreds, equal to 6 huudreds aud 1 thou­
sand, both of which we set down. 

13. From (I), (II), and (III), it is manifest that it is as 
legitimate to eommence at the lowest dellomination as at 
the highest: lind from (IV) and (V), that it is most con­
venient to commence at the lowest denomination. 

14. From (V) we learn that when we have obtained the 
sum of the units, in any column, we reduce it to the next 
higher denomination, and, setting down the remainder 
under the column added, carry the units of the next higher 
denolllination to their proper column. 

15. The reasoning in (12), (13) and (14) applies to any 
numbers whatevel', whether abstract or denominate, and 
from it, for addition, we deduce t he following general-

RULE. 

Write down the numbers 30 that units of the same denollll­
nation shall fall in the samp column (.I1rts. 10 and 11). 

Draw a line beneath the addends (.I1rt. 12) . 
.I1dd up the units of the lowest denomination and divide their 

,um by 60 many a. make one of the denomination next higher 
(.I1rt •. 13 and 14). 

Set down the remaindel' and carry the quotient to the next higher 
d8M171inati01l (.I1rl. a.) 
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Proceed in the .ame manner through all the denominationl to 
the last. 

16. We commence at the lowest order or tenths of thousandths. There 
being nothing to add to the 9 tenths of thousandths 

EXAMPLE. we simply set dowu the 9 in its appropriate column. 
698.9649 Next we add the thousandths, thus:- 2 thousandths 
84.76 and 6 thousandths are 8 tbousandtbs and 4 thousandths 

9.896 are 12 thousandths, which "re equal to 2 thousanl1ths 
98.462 and 1 hundredth. The 2 thousandths we write down 

989.9 in its own column and carry the hundredth to the 
column of hundredths. Next we add the column of 

1881.9829 hundredths, thus :-1 hundredth (carried) aud 6 hun· 
dredths make 7 hundredths and 9 hnndredths make 

16 hnndredths, and 6 hundredths make 22 hundredths and 6 hundredlhs 
make 28 hundredths which are equal to 8 hundredths and two tenths. 
,,-e set down the 8 hundredths and carry the two tenths to the next 
column or column of tenths. Adding the tenths we find their sum to be 
39 tenths, equal to 9 tenths, which we set down, and 3 nnits which we 
carry_ The simple nuits added make 41 units, equal to 1 nnit, which we 
set down and 4 tens which we carry; the tens adderl make 38 tens, equal 
to 8 tens and 3 hundreds; the hundred. added (with the 3 hundreds we 
carry) make 18 hundreds, or 8 hundreds, and 1 thousand, both of which 
we set down in their proper columns. 

17. We commence as in (16) with the lowest denomination, which, in 
EXAMPLE. this example, is cents. 89 cents and 42 rents, and 56 

$69'89 cents and 89 cents, added, make 376 cents. But every 
}1'56 100 cents make one dollar, 376 cents are therefore equal 
73'42 to 3 dollars and 76 cents. Th .. 76 cents we set down in 
91'89 their proper place and carry the 3 dollars to the column 

of dollars. 
$246'76 

18, EXAMPLE.-Add together £52 178. 3id" £47 58. 6jd., 
and £66 146. 2!d. 

£ 8. d. 
62 17 st} 
47 6 61 addends. 
66 14 2, 

£166 17 ot sum. 
t and! make 3 farthings, whi~h, with t, make 6 farthings; these are 

equivalent to one of the next denomination, or that of pence, to be carried, 
and two of the present, or one half· penny, to be set down. 1 penny (to be 
carried) and 2 are 3. and 6 are 9, and 8 are 12 pence-equal to one of the 
next denomination, or that of shillings, to be carried, and no pence to be 
8et down; we tIlerefore put a cypher in the pence place of the sum. 1 
shilling (to be carried) and 14 are 15, and 6 a.re 20, and 17 are 37 sbillings­
equal to one of the next denomination, or that of ponnds to be carried and 
17 of the present, or that of shillings, to be set down. 1 pound and 6 ~re 7, 
and 7 are 14, and 2 are 16 pounds,-equal to 6 units of pounds to be set 
down, and 1 ten of pounds to be carried; 1 ten and 6 are 7 and 4 Me 11 and 
5 are lR ten~ of pounds, to be set down. 

Wher. the addends are very numerous, we ma.y divide them into two 
or more parts by horizontal lines, and, adding each part Beparate~ may 
afterwards find the amount of a.ll the BumS. • 
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EXAMPLE. 
£ 8. d. 
67 

14 2} 32 16 4 £ 8. d. 
19 17 6 - 161 7 U} S 14 2 
32 6 9 £ s. d. 
~I = 404 11 10 

32 17 2 J 56 8 9 _ 0-
3 11 27402 __ 03 

52 40 4, 
37 S 2 

Or. in adding each column, we may put down an asterisk, thus', as often as 
we come to a quantity whicn is at least equal to that number of the deno­
mination added which is required to make one oftue next-carrying forward 
what is above this number, if anything. and putting the last remainder, or 
-when there is nothing ieft at the end-a cypher under the column ;-we 
carry to the next colnmn one for every asterisk. lOsing tho same example: 

.£ s. d. 
67 '14 2 
32 16 4 
19 *17 '6 

8 *14 2 
32 S *9 
47 1)6 <1 
82 17 2 
66 '3 '9 
27 4 2 
!'j2 4 -1-
:37 8 2 

404 11 10 
2 pence and 4 are 6, and 2 are 8, and 9 are 17 penee-eqnal to 1 shilling 

and 5 pence· we put down adot or an asterisk and carry 5. Sand 2 are 7, and 
4 are 11. and 9 are 20 pence-equal to 1 shilling and 8 pence; we put down 
a dot or all asterllik alld carry 8. 8 and 2 are 10 and 6 are 16 pence equal to 
I shilling and 4 pence; we put down a dot and carry 4. 4 and 4 are S alld 
2 are Io-which being less than 1 shilling, we set down under a column of 
pence to which it belollgs, &(', We find on adding them up, that there are 
three dots; we therefore carry 3 to the column of shillings. 3 shillinBs and 
8 are III and 4 are 15, and 4 are 19, and 3 are 2~ shilling-s-cqual to 1 pound 
and 2 stillings: we put down a dot and carry 2. 2 and 17 are 19, &c. 

Care is necessary, lest the dots, not being distinctly marked, may be 
considered as either too few or too many. This method though now but 
little nsed. seelllii a convenient one. 

PROOF OF ADDITION. 
19. FmsT METHOD.-GO through the process again, beginning at 

the top and adding downwards. 
This method of proof is merely doing the same work twice, in 

a slightly different manner. 
SEOOND METHoD.-Separate the addends into two parts. .Add 

each part reparately, in the usual way, and then add their sums. 
If the lad .um is the same as that found by the first addition, the 
work may be presumed to be correct. 

This method of proof is founded on the axiom that " the 
whole is equal to the sum of all its parts." 
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EXAMPLE.-Find the sum of 509267,235809, 72910, and 83925. 
OPERATION. PROOF BY SECOND METHOD. 

509267 509267 72910 
235809 235809 83925 

72910 
83925 Partial sums 745076 156835 

Sum 901911 
First partial sum .. 745076 
Second partial sum 156835 

(12) 
Dollars. 

15 
26 
18 
61 

(13) 
Bushels. 

~6 
48 
59 
81 

Proof ........... 901911 
EXERCISE. 
(14) (15) 
Days. Acres. 

765 392 
381 446 
872 872 
315 969 

(16) 
Dollars. 

5832 
8907 
4671 
6789 

(17) 
Pounds. 
98764 
8753 

76 
9889 

120 264 2333 2679 26199 117482 
(18-41) 

The sum of the numbers in each row of the following table, 
whether taken vertically or horizontally, or from corner to corner, 
is 24156. Let the pupil be required to make these 24 distinct 
additions.' 

TABLE. 
2016'4~1211656 385211296 3492 936 3132 576 2772 216 
-------------- ----
~ 30:524248 Icni3888 1332 3528 972 3168 6122412 

----
2448 288 2088 4284117~8 38241368 3564 1008 2808 648 
------------------ ----

684 2484 324 2124 4320 1764 3960 1404 3204 1044 2844 
------------------ - --
2880 720 2520 360 2160 4356 1800 3600 1440 3240 1080 
------------------ ----
1116 3916 756 2556 396 2196 3996 1836 3636 1476 3276 ----------------------
3312 1152 2952 792 2592 36 2232 4032 1872 3672 1512 ----------------------
1548 3348 1188 2988 432 2628 72 2268 4068 1908 3708 ----------------------
374415843384 828 3024 468 2664 108 2304 4104 1944 --1------
~ 378011224 3420 864

1

3060 504 2700 144 2340 4140 

4176162038161260 3456 900 3096 540 2736 180 2376 
• This table lS _fonned by multlplymg the numbers In the magic square 

of 11 by 86. 
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(42) (4.'1) (44) (45) (46) (47) 
'141164 56'16 '16'146 67674 42'3'1 0'87 
'1674 1567 '1120'7 '156'70 56'84 5'2'73 
3'16 63 100 36 2'1'92 8'12'1 

6 6'76'1 56 7'1 62'41 25'63 

82620 

(48) (49) (50) (51) 
3''785 85'742 0'00007 5471'3 

20''766 6034'82 0'06236 563'4'7 
0'253 57-8563 0,0572 21'502 

10'004 '112'52 0'21 0'000'7 
---- ---

34'808 

(52) (53) (S4) (55) 
81'0235 0'0007 8456'5 576'34 

5'76'03 5000'0 0'3'7 4000'005 
4'712'5 427'0 8456'302 213'5 

6'53'712 37-12 0'00'1 2753'0 

53'76'09062 

(56) 
£ 8. d. 

456'1 14 6! 
'1'16 15 '7! 

76 11 9l 
51 o 10! 
44 5 6 

5516 14 3i 

(60) 
cwt. qrs, lb. 

76 3 14 
37 2 15 
14 l' 11 

128 3 15 

---

MONEY, 

(57) (58) 
£ 8. d. £ s, d. 
'76 14 '1 3'16'1 13 11 

66'7 13 6 46'78 14 10 
6'7 15 '7 767 12 9 

5 4 2 10 11 5 
3 4 3 4 11 ----

A VOIRDUPOIS WEIGHT. 

(61) (62) 
cwt, qrs, lb. cwt, qrs. lb. 
476 1 2H 447 1 '7 
'156 3 2l! 5'76 1 6 
'167 1 16 467 1 7! 
567 2 15 563 1 6 
973 1 12 428 0 0* 

(59) 
£ s, d. 

56'74 17 6! 
4767 16 1l! 
3466 17 10~ 
5984 2 2! 
8762 9 9 

(63) 
cwt. qrs, lb. 

14 2 12 
3 3 '7 

2 15 
o 3 

14 



70 ADDITION. [Bier. II. 

TROY WEIGHT. 

(64) (65) (66) 
lb. oz. dwt. grs. lb. oz. dwt. grs. lb. oz. dwt. grs. 
7 0 5 9 57 9 12 14 87 3 7 12 
5 6 6 7 67 9 11 11 11 12 3 
9 5 6 8 66 8 10 5 16 14 

74 6 5 3 44 12 10 13 
21 11 18 0 12 3 5 4 67 8 9 10 

------

TIME. 

(67) (68) (69) 
yrs. ds. hrs. ms. yrs. ds. hrs. ms. yrs. ds. hrs. ms. 
99 359 9 56 60 90 0 50 50 127 7 50 
88 o 8 57 6 76 1 57 120 9 44 
77 120 7 49 3 58 76 121 11 44 

6 2 0 6 47 3 41 
265 115 2 42 8 911 17 

OLOTH MEASURE. 

(70) (,71) (72) (73) 
yds. qrs. nis. yds. qrs. nls. yds. qrs. nls. yds. qrs. nis. 
567 3 2 147 3 3 157 2 1 156 1 1 
476 1 0 173 1 0 143 3 2 176 3 1 

72 3 3 148 2 1 1 2 54 1 0 
5 2 1 92 3 2 54 0 3 573 2 3 

1122 2 3 

OANADIAN MONEY. 

(74) (75) (76) (77) 
$978'63 :$ 69'42 $719'43 $9863'47 

492'29 189'87 912'99 986'10 
83'43 674'29 68'68 91'89 

729'47 86'43 50'00 7'45 
9'00 982'78 9·73 '98 

$2292'82 S $ $ 
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'18. 0'4+ '14'4'1+3'1'00'1+ '15'05+'14'1'0n = 934'004. 
'19. 56'05+4''15+0'007+36'14+4'672 = 101'619. 
80. 0'76+0'0076+76+0'5+5+0'05 = 82'3176. 
81. 0'5+0'005+5+50+500 = 555'505. 
82. 0'367+56'7+762+97'6+471 = 1387'667. 

71 

83. Add eight hundred and fifty-six thousand, nine hundred 
and thirty-three; one million, nine hundred and seventy· six 
thousand, eight hundred and fifty-nine; two hundred and three 
millions, eight hundred and ninety-fi'l'e thousand, seven hundred 
and fifty-two. .!lns. 206729544. 

84. Add three millions, and seventy-one thousand; four mil­
lions, and eighty-six thousand; two millions, and fifty-one thou­
saud; one million; twenty-five millions, and six; seventeen 
millions, and one; ten millions, and two; twelve millions, and 
twenty-three; four hundred and se'venty-two thousand, nine 
hunJred and twenty-three; one hundred and forty-three thou­
sand; one hundred and forty-three millions. .!lns. 217823955. 

85. Add one hundred and thirty-three thousand; seven hun­
dred and seventy thousand; thirty-seven thousand; eight hun­
dred and forty-seven thousand; thirty-three thousand; eight 
hundred and seventy-six thousand; four hundred and uinety­
one thousand. .!lns. 3187000. 

86. Add together one hundred and sixty-seven thousand; three 
hundred and sixty-seven thousand; nine hundred and six thou­
Band; two hundred and forty-seven thousand; ten thousand; 
seven hundred thousand; nine hundred and seventy-six thou­
sand; one hundred and ninety-five thousand; ninety-seven thou­
sand. .!lns. 3665000. 

APPLICATIONS. 

1. How many miles is it from the lower end of Lake Huron to 
the Gulf of St. Lawrence, passing through the River St. Clair, 
25 miles long; Lake St. Clair, 20 miles; River Detroit, 23 miles; 
Lake Erie, 250 miles; Niagara River, 34 miles; Lake Ontario, 
180 miles; and the River St. Lawrence, 750 miles long? 

.!lns. 1282 miles. 
2. The city of Toronto has a population CJf about 50000; 

Hamilton, 25000; Kingston, 15000; London, 10000; Ottawa, 
10000; Montreal, '15000; and Quebec, 45000. What is the 
popUlation of these seven cities taken together? .!lns. 230000. 

3. In the year 1856 Canada exported :-Produce of the mine, 
$165000; produce of the sea, $500000; produce of the forest, 
$10000000; animals and their produce, $2500000; a~ricul­
tural products, $15000000 ; manufactures and ships, $1600000 ; 
and various other products to the amount of $2235000. What 
was the total value of Canadian exports for that year? 

;An,. $32000000. 
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4. A wholesale merchant sells, during the year, goods to ~he 
a.mount of $110S0 in Toronto; $942'1 in Galt; $1'198 in Berlin; 
$16423 in Hamilton j S7496 in Guelph j $6429 in Woodstock j 
$529'1 in Chatham j and $8426 in Goderich. Required the 
amount of the year's sales., .!lns. $66376. 

5. The Grand Trunk Railway is 962 miles long, and cost 
$60000000 j the Great II estern is 229 miles long, and cost 
$14000000; the Ontario, Simcoe, and Huron is 95 miles long, 
and cost $3300000 j the Toronto and Hamilton is 38 miles long, 
and cost $2000000. ',hat is the aggregate length and cost of 
these four roads 1 .!In •. Length, 1324 miles, and cost $79300000 

6. The circulation of promissory notes for the four weeks 
ending February 3, 1844, was as follows :-Bank of England, 
about £21228000 j private banks of England and Wales, 
£4980000 j Joint Stock Banks of England and Wales, £3446000 i 
all the banks of Scotland, £2791000 i Bank of Ireland, 
£3581000; all the other banks of Ireland, £2429000; what 
was the total circulation 1 .!In •• £38455000. 

7. Chronologers have stated that the creation of the world 
occurred 4004 years before Christ; the deluge, 2348 j the call 
of Abraham, 1921 j the departure of the Israelites from Egypt, 
1491 j the foundation of Solomon's temple, 1012 j the end of the 
captivity, 536. This being the year 1859, how long is it since 
each of these events 1 

.Jlns. From the creation, 5863 years j from the deluge, 420'1 j 
from the call of Abraham, 3780 j from the departure of 
the Isra.elites, 3350 j from the foundation of the temple, 
2871; and from the end of the captivity, 2395. 

8. Add together the following :-2d., about the value of the 
Roman sestertius; 7Id., that of the denarius j !ld., a Greek 
obolus j 9d., a drachma; £3 15s., a mina; £225, a talent; Is. 
7d., the Jewish shekel j and £342 3s. 9d., the Jewish talent . 

.!In •• £5'11 2s. 
9. Add together 2 dwt. 16 grains, the Greek drachma j 1 lb. 

1 oz. 1 dwt., the mina j 67 lb. '1 oz. 5 dwt., the talent . 
.!In •. 68 lb. 8 oz. 8 dwt. 16 grains. 

10. What was the population of the British provinces in North 
America in 1834, the population of Lower Canada being stated 
at 549005, of Upper Canada, 336461; of New Brunswick, 152156 j 
of Nova Scotia and Cape Breton, 142548; of Prince Edward's 
Island, 32292 i of Newfoundland, 75000? .!In •• 128'1462. 

11. A owes to B £56'1 16s. 7!d.; to C £4'1 16s. i and to D 
£56 Os. 1d. How much does he owe in all ? .!In •. £671 12s Sid. 

12. A man has owing to him the following sums :-£3 lOs. 7d.; 
£46 Os. '1!d. j and 52 14s. 6d. How much is the entire? 

.!lm. £102 5s. SId. 
13. A merchant sends off the following quantities of butter :_ 

4'1 cwt. 2 'Irs. '1 lb. ; 3S cwt. 3 qrs. 8 lb. j and 16 c'\Vt. 2 qrs.20 lb. 
Ho'\V much did hI! send off in all? .in •. loa o'\Vi. 10 Ill. 
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14. A merchant receives the following qultntities of tallow, 
viz :-13 cwt. I qr. 6 lb.; 10 cwt. 3 qrs. 10 lb.; and.9 cwt. 
1 qr. 15 lb. How much has he received in all ? 

.!lns. 33 cwt. ~ qrs. 6 lb. 
15. A silversmith has 1 lb. 8 oz. 16 dwts.; 9 lb. 1 oz. 3 dwts.; 

nnd 4 lb. I dwt. What 'Iuantity has he? .!lns. 21 lb. 4 oz. 
16. A merchant sells to A, 16 yards 3 quarters 2 nails; to B, 

90 yards 3 quarters 3 nails; and to C, 190 yards 1 nail. How 
much has he sold in all? .!lns. 351 yards 3 quarters ~ nails. 

17. A merchant in Toronto sells goods to the following 
amounts during the week, viz :-~Jonday, S4":)'38; Tuesday, 
$711'43; Wednesday, $419'81; Thursday, $1080'42; Friday, 
$1304'65; Saturday, :32498'91. Required the whole amount of 
the week's sales. .!lns. $G444·GG. 

18. Looking over my last month's cxpentliture, I find that I 
have paid the following sums, viz. - Baker's bill, $:;'13; 
Butcher's bill, $20'91; Groceries, $12'15; Fruit, $3'~9 ; Rent, 
$16'25; Servants' wages, ~10; Tailor's accounts, $17'81; Shoe­
maker's bill, Sll'63; and sundries, su·.n. ltequired how much 
I paid in all. .!lns. $107'90. 

19. Add together $601-10; $298'91; $180'81; $1123"10; and 
$123'00. .!lns. $3542'13. 

20. A farmer sells seven loads of wheat, the first containing 
1163 Ibs., the second 1821 Ibs., the third 1329 lbs., the fourth 
1901 lbs., the fifth 1666 Ibs., the sixth 1819 lbs., and the se­
venth 1185 Ibs. What was the aggregate weight of the seven 
loads and how many bushels did they contain? 

.!lns. 11550 lbs. or 1921 bushels. 
NOTE.-The bushels are found by dividing the aggregate weight b~' 60 

lb •.. the weight of one bushel. 
21. Having effected an insurance on my household furniture, 

&c., I am required to make a detailed statement of its value. I 
find this to be as follows :-Carpets $250'00, table and bed linen 
$90'88, beds and bedding $173'60, furniture $791'23, pictures 
and engravings $207'18, books SI649'19, plate and plated ware 
$301'18. Required the total value of my household furniture . 

.!lIlS. $3400'26. 
22. Toronto has a population of 45000, Hamilton 20000, 

Brockville 4000, Prescott 2500, Kingston 15000, Ottawa City 
10000, Chatham 4000, Goderich 2000, London 10000, Port Hope 
4000, Cobourg 5000, Montreal 70000, and Quebec 50000. 
What is the entire population of these 13 cities and towns? 

.!In •. 241500. 
20. The pupil should not be allowed to leave addition until 

he can read up the columns without besitation. For instance, in 
the following questions,which are inserted for the sake of practice 
in rapid addition, he should not be permitted to spell the columns 
thus, 6 and 4 are 10, and 4 are 14, and 4 are 18, and 5 are 23 
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&c., but should be required to read them, i. e., simply touch 
each digit with his pencil and name the sum, thus ;-6, 10, 14, 
18, 23, 31, 32, 35, 42, 43, 44, 49, 53, &c. &c. 

I. II. III. IV. 
244658 275634 135790 123456 
492327 386731 246824 786123 
635425 987654 135790 456789 
321465 321456 864212 123456 
732849 989123 579246 788123 
376731 456789 835792 459789 
935746 123456 468357 123456 
847963 789123 924689 789123 
745143 456789 753246 456789 
234561 123456 835792 123456 
746874 789123 468357 789123 
934746 456789 924683 456789 
872345 123459 579246 123456 
934156 789123 835798 789123 
842345 456789 642875 456789 
873456 123456 334683 123456 
864580 789123 579864 789122 
234672 456789 297531 456789 
325811 246842 135795 871178 
479234 357931 246834 936639 
845645 642248 824248 248842 
823456 756139 357964 525255 
245734 246842 872278 736376 
872475 657931 375946 875578 
896731 642248 624862 473468 
456841 753139 375937 934579 
314567 246842 872459 894645 
814563 357931 837645 123875 
427831 642248 644875 76745'7 
9327158 753913 472963 875345 
456345 375913 875847 874563 
345634 426428 864314 375534 
734734 573931 '734561 937565 
734564 624824 273475 875734 
834756 '735813 845675 698945 

RECAPITULATION. 
I. Addition is the process of finding the sum of two or 

more numbers. 
II. The numbers to be added are called .Addends. 
III. The result of the addition is called the Bum of the 

addends. 
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IV. In writing numbers down preparatory to adding 
them, we write units under units, tens under tens, &c., 
because it is more convenient, since only li/,e quantities, 
i. e., quantities of the same name can be added together. 

V. We draw a line under the addends in order to sepa­
rate them from the SIlll!. 

VI. We begin the addition at the column containing 
the lowest denomination and work from right to left, 
because, by so doing, we are enabled to carry, from the 
column added, the number of units of tbe next higher 
denomination it contains, to their appropriate column, and 
thus perform the work by one addition which would other­
wise require two or more. 

VII. We divicle the sum of the units of anyone deno­
mination by the number required to make one of the next 
higher, in order to know how many we are to carry to 
the next higher. 

VIII. The addition of simple numbers was formerly called 
Simple Addition; and the addition of compound, or deno­
minate numbers, Compound Addition. As the same rule 
applies to the addition of all numbers, there is no reason 
why, in a second course, we "hould treat of the addition 
of simple and denominate numbers separately. 

QUESTIO:-;S. 
XOTE.-Arabic >!urnerals, thus (14), T(fer tu the articles afthe Sectio1., 

and Roman numerals, thus (VJ.), to thl: R('(·aJ)itll/lltion. 

1. Into what parts rna)' Arithmetic be nividcd, (I.) 
2. Of what does the Arithmetic of Whole ,,\Imber> trcotP (Il. 
3. What ruleR are included in the Arithmetic of Whole Numbers? (2) 
4. Of what does the Arithmetic of Fractions treat? (1) 
5. How is the Arithmetic of Fractions divided P (~) 
Ii. How is the unit divided in Vul~ar or Common Fractions? (3) 
7. How i. the unit divided in Decimal Fractions P (3) 
S. Of wbat does the Arithmetic of Ratios treat P (1) 
9. Whalrules of Arithmeticare embraced in the Arithmetic of RatiosP (4) 

10. What are the fundamental rules of Arithmetic? (5) 
11. Wby are they so called P (5) 
1~. Upon wbat rules do all tbe operations of Arithmetic ultimately 

dependP (ti) 
13. What is the 8U'" of two numbers? (7) 
H. What i. Addition P (8 or I.) 
15. What are addends P (9 or II.) 
16. What kind of quantities only can be added P (10) 
17. What i. tbe rule for Addition? (15) '" 
lS. Why must we place units of th8 same denomulahon III the Bame 

v.rtical column P (IV.) 
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19. Why do we draw a line under the addends P (V.) . 
20. Why do we bel<in to add at the lowest denommahous? (VP . 
21. Why do we divide the sum of the units of any oue denomlDatIOn by 

as many as make one of the next higher? (V 11.) 
22. How do we prove addition P (19) 
t:l. Upou what axiom is the 2nd method of proof fouuded! (19) 
~4. So far as the result is concerued, does it make any dIH'erence where 

we commence to add P (H) . 
~;;. Exhibit the work wheu we commeuce Mding at the left-hand SIde, 

or highest denomination. (12) 
til. "-hen the addends are very uumerous,what plans lDay we adopt 1(\8) 
2i. Upon what principie does the fonuer of these pi,,!n.s p~oc"ed? (18) 
2~. What different rnies were formerly made m addItIOn! (\ IlL) 
2~ Is this distinction necessary? Why uot? (VIII.) 
:;1): Illustrate the difference betwcen spellin!J and reading in addition. (20) 

SUBTR",,"CTIO:\". 

21. Subtraction is the process of finding the difference 
between two numbers. 

22. The greater of the two given numbers, or that which 
is to be lessened, is called the "JIinuclld (Lat. JJ/inucndus 
" to be lessened") ; the smaller, or that which is to be sub­
tractcd, the SubtrahcII(l (Lat. Subtrohelldus, " to be sub­
tracted "). 

23. If anything i8 left after making the subtraction, it 
is called the rClIlninder, difference, or c.ccess. 

24. Only quantities of the same denomination (i. e. 
which have the same unit) can be subtracted the one from 
the other. 

25. Subtraction is indicated by -, called the minus, or 
negative sign. Thus 5-4=1, read five minus four equal 
to one, indicates that if 4 is subtracted from 5, unity is left. 

Quantities connected by the negative sign cannot be taken, 
indifferently, in any order i because, for example, 5-4 is not the 
same as 4-5. In the former case the positive quantity is tbe 
greater, and 1 (which means + 1) is left j in the latter, the 
negative quantity is the greater, and -1, or one to be subtracted, 
still remains. To illustrate yet further the use and nature of the 
signs, let us suppose that we have five pounds and owe four j-the 
five pounds we have will be represented by 5, and our debt by 
-4 j taking the 4 from the 5, we shall have 1 pound (+1) re­
maining. Next let us suppose that we have only four pounds 
and owe five j if we take the 5 from the 4 (that is, if we pay as 
far as we can) a debt of one pound represented by -1, will still 
remain; consequently 5-4=1 ; but 4-5=-1. 
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26. When several numbers, connected by the signs+aud­
are placed within brackets, thus, (7+4-6-3+9,) the whole 
expression is to be considered as one quantity. The negative 
sign before such an expression indicates that the value of the 
whole expression within the brackets, is to be subtracted, or, 
what amounts to the same thing, that the numbers having the 
sign+before them are to be subtracted, and those having the 
sign -, added. Hence a minus sign before a bracket, has the 
effect of changing the signs of a\l the quantities within the 
brackets, when the brackets are removed. So, also, when we 
desire to place a quantity within brackets, we must change its 
sign, if the sign preceding the first bracket be minus. 

The fo\lowing examples will show how the brackets affect 
numbers, according as 'l'l'e make them include an additive, or a 
subtractive quantity ;-

27- 4+7-3 = 27 
27-(4+7-3) = 19 

But 27-(4--7+:l) = 27. [changing all the signs of the original quanti· 
tities, but the first.J 

A"aill 48+7-3-8+7-2 = 4~'. 
48+(7-3-8+7-2) = 49; what is in the brackets bein!, additive, it 

is not necessary to change any 8i,g-ns. 
48+7-(3+8-7+2) = 49; It is now necessary to change all the 

signs in the brackets. 
48+7-3-(8-7+2) = 49; it is Ilecessary in this case, also, to change 

the signs. 
48+,-3-8+(7-2) = 49; it is not necessary ill this case. 

27. When the numbers are small they can be subtracted 
mentally, thus: from 6 shillings take -1 shillings, and the 
result is evidently 2 shillings; from 9 pounds take 4 pOllnds, 
and the remainder is 5 pounds; from 16 days take 9 days, 
and the remainder is 7 days; from 14 sixteenths take 5 
sixteenths, and the remainder is 9 sixteenth~) &e. 

When the numbers are too large to be conveniently 
retained in the mind, they may be written as in addition. 

EXAMPLE l.-From 97 take 43, that is, from 9 tens and 7 units 
take 4 tens and 3 units. 

OPERATION. 
90+701'97 = Minuend. EXPLANATION.-3 units from 7 units leaves 
40+3 or 43 = Subtrahentl. 4 units, and 40 units or 4 tens from 90 units or 
__ - U tells, leavo 50 units or 5 tens. 
50+4 54 = Remainller. 

EXAMPLE 2.-Let it he required to subtract ~46 from 978, or 
from 900+70+8 to take 700+40+6 . 

OPBRATION. 
900+70+8 or 
700+40+6 or 

. • ui 
c~~ 
.E.l!l§ 
!. 7 8 
7 ~ 6 

!!OO+30+2 or 2 3 2 

EXPLANATION.-6 units from 8 units. and 2 units 
remain· 40 units or 4 tens from 70 units or 7 tens, 
and 30 tinit. or 3 tens remain; and 700 unit. or 7 
hundreds, from 900 unit. or II hundreds, lind 200 
units, or 2 hundreds remain. 
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E:U.MPLB 3.-From 842 take 661. 
EXPLAIUTloN.-In placing the subtrahend under the minueud, in thll 

OPERATION. example, we find that, while we C&n.8Ub. 
I. II. III. tract the units from the units, we. cannot 

842 or 800+40+2 or 700+140+2 subtract the tens from the tens, Since we 
661 or 600+60+1 or 600+ 60+1 have 6 tp,ns in the subtrahend and onIY.4 _ ___ _ __ tens in the minuend. We get overthl8 
181 or 100+ 80+1 difficulty l,y considering the minuend to 
be, not 800+40+2, but 700+14C+2, or, in other words, webor:row oneoft)1e 
order ofhuudreds and reduce it to tens. Now we have 1 Ulllt from 2 uOlts 
and 1 unit remains; 60 units or 6 tens from 140 units or 140 ~ens, and 80 
units or 8 tens remain; 600 units or 6 hundreds, from 700 umts or 7 hun· 
dreds, and 100 units or 1 hundred remain. 

EXAMPLE 4.-Let it be required to subtract 3 cwt. 2 qrs. '1 IbB. 
from 9 cwt. 1 qr. I! Ibs. 

EXPLANATION.-As we cannot subtract 2 qrs. from 1 qr. we b01"l'lJw 1 
OPERATION. ewt. and reduce it to quarters. The 9 cwt. 

cwt. qrs. lb. cwt. qrs.lb. 1 qr. 8 lb. we then consider as 8 Qwt. I) qrs. 
9 1 8 8 5 8 8 lb. and from it subtract the I) cwt. 8 qrs. 
3 2 7 = 3 2 7 7 lb. Thus, 7 lbs. from 8 lbs. and 1 lb. reo 

mains; 2 qrs. from I) qrs. and 3 qrs. remain; 
I) 3 1 and 3 cwt. from 8 cwt. and 5 cwt remain. 

28. Hence, to find the difference between two numbers, 
we deduce the following :-

RULE. 
Write the subtrahend under tM minuend, so that units of the 

same denomination may be in the same vertical column. (24) 
Draw a line under the subtrahend to separate it from the remainder. 
Subtract each digit in the subtrahend from the one over it in the 
minuend, beginning at the lowest denomination. 

When the units of anyone denomination of the minuendfaa short 
of those of the same denomination in the subtrahend, borrow one 
of the next higher denommation in the minuend, reduce it to itB 
equivalent units of the required denomination, add them to the unill 
of that denomination given in the minuend, and from their sum 
subtract the units of that denomination given in the subtrahend. 

29. The' following is the complete work of a question in 
Subtraction: 

EXAMPLE 5.-From 6400 Ibs. 0 oz. 0 dwt. '1'0006 grs. take 
98 '1 Ibs, 3 oz. 1'1 dwt. 22'6349 gre. 

OPERATION. 
(10) 9 9 11 19 24' 9 9-9 
53 lQ lQ 1~ ~Q 6'lQ1Q1Q(10) 
U 0 0 lbs. 0 oz. o dwt. 'i'O 006 grs. Minuend. 
987 3 17 22'6349 Subtrahend. 

5412 8 2 8'3657. Remainder. 
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EXPLANA.TIOlI'.-HeTe, II.'! we cannot take 9 tenths of thousandths of a 
gt'8.iu from 6 tenths of thousandths of a grain, we borrow one gTain, there 
being no t.enths, hundredths, orthousaudtbs in the minuend. Now this one 
grain is equivalent toten of the order of tenths of grains. Borrow one tenth 
and there remain 9 tenths, and the one tenth we harrowed is equal to 10 
hundredths. Borrow 1 hundredth, there remain 9 hundredths,and the one 
hundredth we borrowed is equal to 10 thousandths. Borrow 1 thousandth, 
there remain 9, and the 1 thousandth is equal to 10 of the order of tenths 
of thousandths-the order for which it was necessary to borrow. 10 of the 
order of tenths of thousandths of grains and 6 of the order of tenths of 
thousandths of graiuM, make 16, from which take 9 of the order of tent.hs of 
thousandths of grains, and there remain 7 of the order of tenths of thou­
sandths of grains; 4 of the order of thousandths from 9 of the order of 
thousandths and 5 of the order of thousandths remain; 3 of the order of 
hundredths from 9 of the order of hundredths and 6 hundredths remain: 
6 tenths from 9 tenths and 3 tenths remain. 

Again, as we cannot take 22 grains from 6 grains, we borrow from the 
next available higher order, which, in this case, is hundreds of pounds. 1 
of the order of hundreds of pounds reduce,l, as above, to its equivalent 
lower denomination, is equal to 9 tens of IlJs., 9 units of lb •. 11 oz. 19 dwt. 
24 grs. 21. ~rains. added to 6, make 30grains, and 22 grains from ;)0 grains. 
leave 8 grains; 17 dwt. from 19 dwt. leave 2 dwt; 3 oz. from 11 oz. leave 8 
oz.; 7 nnits of Ibs. from 9 units of Ibs. leave 2 units of Ibs.; 8 tens of lbs. 
from 9 tens of Ibs. leave 1 ten oflbs. We cannot take 9 hundreds of Ibs., 
from 3 hundreds of lbs., so we are compelled to borrow 1 of the order of 
thousands of lb •. , which is equal to 10 hundreds of Ib8., and 3 hundreds of 
Ibs., make 13 hundreds of lbs.; 9 hundreds at lbs. from 13 hnndreds of lbs. 
and 4 hundreds of lbs. remain; 0 thonsands oflbs. from 5 thousands oflbs. 
and 6 thousands of Ibs. remain. 

30. If any digit of the minuend be smaller than the corresponding digit 
of the subtrahend, practically, we can proceed in either of two ways. First, 
wa may increase that denomination of the minuend which is too small, by 
borrowing on8 from the next bigher, (considered as so many of the lower 
denomination, or that which is to be increased,) and adding it to those of 
the lower, already in the minuend. In this case we alter the form; but not 
the val'le of the minuend; which, in the example given below, would 
become-

hundreds. tens. units. 
7 8 12 = 792, the minuend. 
4 2 7 = 4~7, the subtrahend. 
3 6 6 - 365, the difference. 

Or, seeondlY,wemayadd equal quantitIes to both ffillluelldand suhtrahend, 
which wIll not alter the dIfference; then we would have 

hundreds. tens. units. 
7 9 2 + 10 = 792 + 10, the minuend + 10. 
4 2 + 1 7 = ·j27 ..j. 10, the subtrahend + 10. 

8 6 5 = :l6j + 0, the same difference. 
In this mode of proceeding we do not use the gh'en minuend and subtra­
hend, but others which produce the same remainder. 

PROOF OF SUBTRACTIOX. 
31. FIRST METHoD.-Add together the remainder and subtra-

hend; the sum should be equal to the minuend. . 
For the remainder expresses by how much tl?e subtrahend IS smaller 

than the minueud; addlllg. therefore, the remamder to the subtrahend, 
should make it equal to the minuend; thus, 8754 minuend. 

5839 SUbtrahend.} 

2915 difference. 

'um ot di1l'tI'enoe and eubtTahend, 8754:=minuend, 
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SEOOND lIIETHOD.-Subtract the remainder from the minuend, 
and what is left should be equal to the subtrahend. 

For the remainder is tho excess of the minuend over the subtrahend; 
therefore, taking away this excess should leave both equal; thus 

8634 minuend. PROOF: 8634 minuend. 
7985 subtrahend. 649 remainder. 

tan remainder. :\' ew remainder, 7985 = subtrahend. 
In practice, it is sufficient to set down the quantities once; thus 

8634 minuend. 
7985 subtrahend. 

649 remainder. 

Difference between remainder and minuend, 7985 = subtrahend. 

EXERCISE. 

(6) (7) (8) (9) (10) 
From 11000000 3000001 8000800 8000000 4040053 
Take 9919919 2199077 377176 62358 220202 

1080081 

(11) (12) (13) (14) (15) 
From 85'73 865'5 594'763 47'630 52'13'1 
Tak~ 42'16 73'2 85'6 0'078 20'005 

43'57 

(16) (11) (18) (19) (20) 
From 0'00063 874'32 57-004 47632'0 400'3270 
Take 0'00048 5'63'105 2'3 0'845003 0'006 

---- ------
0'00015 

21. 7465676 -567456=6898220. 32. 97771 - 4= 97773. 
22. 566789 - 75674= 491115. 33. 60000 - 1= 59999. 
23. 941000 - 5007= 935993. 34. 75477 - 76= 75401. 
24. 97001 - 50077= 46924. 35. 7'97 - 1'05= 6'92. 
25. 76734- 977= 75757. 36. 1'75-0'074= 1'676. 
26. 56400 - 100= 56300. 37. 97'07 -4'769= 92'301. 
27. 700000 - 99= 699901. 38. 7'05 -4'776= 2'274. 
28. 5700 - 500= 5200. '39. 10'761 -9'001= 1''16. 
29. 9777 - 89= 9688. 40.12'10009 -7'121=4'9'1909. 
30. 76000 - 1= 75999. 41. 1'16'1-0'00'1=176'093 
31. 90017 - 3= 90014. 42. 15'06 -7'863= '1-19'1: 
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MONEY. 

(43) (.H) Cl S) (46) 
From $9876'43 !3427'GJ Sj~1',3 $10'25 
Take 987'49 197'21 ~)l'OO 9'75 

$8888'91 S~30'42 S S 

(47) (48) (4~) (50) 
From SU34'50 SC71'98 8330'29 $7-19 
Take 999'9fj 99'07 611',c~) 1'86 

$234':; 1 $573'31 S S; , 

(51) (52) (G3) (54) Wi) 
£ s. d. £ s. d. £ s. d. £ s. d. £ s. d. 

From 1098 12 6 707 14 8 70 15 6 47 16 7 97 14 I; 
Take 

From 
Take 

From 
Take 

From 
Ta.ke 

434 15 8 486 13 9 14 5 39 17 4 6 15 7 
----
£663 16 10 

(56) (57) (58) (:;8) (1;0) 
£ s. d. .£ s. d. £ s. d. £ s. d. £ s. d. 

98 14 2 47 14 6 ~j7 16 6 147 14 4 560 15 G 
77 15 3 38 19 9 88 17 7 120 10 8 477 17 7 

----

AVOIRDUPOIS WEIGHT. 

(61) (62) (63) (64) 
cwt. qrs. lb. cwt. qrs. lb. cwt. qrs. lb. cwt. qrs. lb. 

554 0 0 
476 3 5 

200 2 24 175 2 15 9664 2 23 
99 3 15 27 ~ 7 9073 0 24 

100 3 ::I 

TROY WEIGHT. 

(6J) 
lb. oz. dwt. grs. 
554 9 19 4 

97 0 16 15 

457 9 2 13 

(G6) 
lb. oz. d wt. grs. 
946 0 10 0 

17 23 

F 

(07) 
lb. oz. dwt. grs. 

917 0 14 9 
798 0 18 17 
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TIME. 

(G8) (69) (70) 
yr9. dB. hrs. liE. yrs. ds. hra. ms. yrs. ds. hrs. ms. 

From 767 131 6 30 475 14 13 16 567 126 14 12 
Take 476 110 14 13 160 16 13 17 400 o 15 0 

--------
291 20 16 17 

APPLICATIONS. 

1. A shopkeeper bought a piece of cloth containing 42 yards 
for £22 lOs., of which he sells 27 yards for £15 15s. i how many 
yards has he left, and what have they cost him? 

Ans. 15 yards i and they cost him.£6 15s. 
~. A merchant bought 234 tons, 17 cwt., 1 quarter, 23 llJ., 

and sold 147 tons, 18 cwt., 2 quarters, ~4 lb. i how much re­
mained unsold? Ans. 86 tons, 18 cwt. 2 qrs. 24 lb. 

3. In 1856 the revenue of Canada was as follows :-customs, 
$4500000 ; public works, $500000 i crown lands, $500000 j 
and casual, $320000. For the same year the expenditure was 
us follows :-interest on public debt, &c., $1000000 i civil 
government, $225000 j legislation, $450000 j administration 
of justice, $450000; educution, $380000; collection of revenue, 
$940000; public works, &c., $1755000. How much did the 
totul revenue of tha t year exceed the total expenditure? 

Ans. $620000. 
4. The census of 1852 gives the population of Upper Canada 

as 962004, and that of Lower Canada as 890261. By how 
much did the population of the former exceed that of the latter? 

Ans. 71743. 
5. Upper Canada contains 147832 square miles; Lower Ca­

nada, 209990 square miles; Nova Scotia and Cape Breton, 18746 
square miles; New Brunswick, 27620 square miles; Prince 
Edwurd's Island, 2173 square miles; Newfoundland, 36000 
square miles; und Hudson's Bay Territory, 2436000 square 
miles. By how much does the aggregate extent of these British 
North A merican Provinces fall short of the total area of the 
United States-the latter being ~936116 square miles? 

Ans. 57755 square miles. 
6. A merchant has 209 casks of butter, weighing 400 cwt. 2 

qrs. 14 lb.; and ships off 173 casks, weighing 213 cwt. 2 qrs. 
24 lb. How many casks has he left; and what is their weight? 

Ans. 36 casks, weigbing 186 cwt. 3 qrs. 15 lb. 
7. If from a piece of cloth containing 496 yards 3 quarters 

and 3 nails, I cut 247 yards, 2 quarters, 2 nails ~hat is th~ 
length of the remainder? Ans. 249 yards, 1 q~arter, 1 nail. 

S. A field contains 769 acres, 3 roods, and 20 perches, of 
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which 576 acres, 2 roods, 23 perches are tilled; how much re­
mains untilled? .!1ns. 193 acres, 31 perches. 

9. I owed. my friend a bill of £7G 16s. 9jd., out of which I 
paid £59 I1s. IOid.; how much remained due? 

.!1lls. £16 18s. 10~d. 
10. The population of London is 2363141, and that of Paris 

is 1053262. How much does the population of London exceed 
that of Paris? .'1/15. 1309879. 

11. The population of Liverpool is 384205, and that of New 
York 515541. How much does the population of Xew York 
exceed that of Liverpool? .1/1s. 131~8~. 

12. Lake Huron contains 20000 square miles: by how much 
does it exceed the area of Lakes Erie and Ontario-the former 
containing 11000 square mil('~, and the latter 7000 sq. miles? 

.!1ns. 2000 square miles. 
13. A merchant has SG(J4 7'S1 in bank; $4789'63 in stock; 

$9491'11 in property; and $14167'93 on his books against his 
customers: his debts amount to SI9478·2:;. How much is he 
worth after paying what he owes? Ans. SI5918·2~. 

14. What is the value of 6-3+ 15-4? Ans. 14. 
15. Of 43+(7-3-14)? Ans.33. 
16. Of 47-6-(2+1-24+16-0-34)? Ans. 52·~14. 
11. What is the difference between 15+1:::-6-81 and 15+ 

13-(6-81+62)? .111S. 100. 

32. Before the pupil leaves subtraction lIe SllOUld be able to 
take any of the nine digits, continually, from a given number, 
without stopping or hesitating, tlIus, in subtracting 7 continually 
from 94, he should say, 94, 87, SO, 73, G·l, 57. &c. In the fol­
lowing examples, which are inserted for practice, he should not 
be allowed to spell the subtraction, thus, 6 from 9 and 3 remain, 
4 from 2, we can't, but 4 from 12 and 8 remain, &c. ; but should 
be required to read as follows :-6, 9 .. 3 ; 4, 12 .. S; 8, 13 .. 5 ; 
9,11 .. 2; 9,18 .. 9, &c. 

(18) 
9800046043019181697800041081328 

19134781319168147319991619984G 

(19) 
74321913041123098106540456007139 
134234567891234567891234:;678912 

RECAPITULATIOX. 

I. Subtraction is the process of finding the differen,·" 
between two numbers. 

II. The greater of the two numbers is called the 'lIlintt­

end. 
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III. The smaller of the two numbers is cnlled the sub­
trahend. 

IV. 'What is left after making the subtraction is called 
the row/imler or difference. 

Y. Only quantities of the same denomination can be 
subtracter) . 

VI. Subtraction is indicated Ly the sign-which is called 
minus, 01' the negative sign. 

VII. IYhen several numbers are inclosed in brackets, 
they arc to be considered as constituting only one quantity. 

VIII. 'Yhen a negati\'e sign precedes tIle first bracket 
it indicates that all the quantities within the brackets are 
to have their signs changed when the brackets are removed. 

IX. vVhen quantities are removed into brackets, pre­
ceded by the negative sign, all their signs must be changed. 

X. IV c begin subtraction at the lowest denomination, 
because it is sometimes necessary to borrow from the higher 
denominations and rc.]u~e. 

XI. Instead of thus borrowing and reducing, we may 
consider any denomination in the minuend increased by as 
many units of that denomination as make one of the next 
higher, and then add one to the next higher denomination 
in the subtrahend. This is merely adding the same quan­
tity under different forms to both minuend and subtrahend, 
and cOlJser}llCntly cannot afrect the value of the remainder. 
(31) 

QUESTIOXS TO BE AXSWERED BY THE PUPIL. 

r\OTE.-Nlllllhas in Roman numerals, thus (V), refer to the 1lecapitu 
lalion; those ;1/. .Il,·abic '''lIIw·a/s, tituS (25), "pfer to the articles Oft"e 
l'iection. 

1. What is Subtraction? (I ) 
~. What is the minuend? (H.) 
:~. What is the derivation of the \\'ord minuend 1 (22) 
4. 'What is the subtrabend? (III.) 
;;. What is the derivation of the word subtrahend? (22) 
I;. What is the remainder? (IV.) 
7. What kinel of quantities can he subtracted? (V.) 
H. How is subtraction indicated? (VI.) 
~. "\\~hen sevel'al numbers are inclosed together in brackets howa.re 

they to be takell ? (VIII and 26.) , 
10. What effect has a I .. '.~ative sign preceding brackets? (VIII. and 27.) 
11. When quantities are removed 1Oto brB<lkets, preceded by the sign­

what must he dOlle With them? (IX and 27 ) 
12. What is the rule for "ubtraction? (28) . 
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13. Why must we put units of the same denomination ill the same verti. 
cill column? (24) 

a. When a digit in the subtrahend is !,reater than the corresponding 
digit in the minuend. what is done ¥ (27 Example 3, or 2~) 

15. What other plan lllay be adopted? (30) 
16. l'pon what principle doe. this plan proceed? (XI.) 
17. Why do we begin to .ubtract at the right-hand side? (X.) 
18. How do we prove subtraction' (31) 
19. Upon what principle. are these methods of proof founded' (31) 
20. Illustrate the difference between spellill!! and l'eadin!! in subtrac­

tion. (32) 

MUL'fIPLICATIO}l. 

33. Multiplication is a short process of takill~ one num· 
ber as many times as there are units in another. Hence 
multiplication is a short method of performing aduition. 

34. The number to be taken or multiplied is called the 
mu liip lica II d, and in addition would be called an "ddew7. 

35. The number denotinc:: how many times the multi· 
plicand is to be taken, or, in other words, that by which 
we multiply, is called the mlllti)'li(/'. 

36. The number arising from takiJl,:!: the multiplicand as 
many times as there are units in the multiplier, is called 
the product, and corresponus to the sum r1 the addends in 
addition. 

The multiplicand and multiplier are called the/actors 
of the product because they ma!.:c or produce it, (Lat. 
factor, "a maker, agent, or producer.") 

37. A prime number is one which cannot be exactly 
divided by any whole number, except the unit one and ihlj: 

38. A composite number is the product of two or more 
integral factors, IIcitl/( r of which is unity. Thus 16 is a 
composite number, and its factors are 8 and 2, or 4, and 4. 

39. Since the product is the result which arises from 
taking the multiplicand as many times as there are units 
in the multiplier, it follows; 

1st. If the multiplier be equal to unity, the product will 
be equal to the multiplicand. 

2nd. If the multiplier be greater than unity, the product 
will be as many times greater than the multiplicand as the 
multiplier is greater than unity. 

3rd. If the multiplier be less than unity, that is, if it IJI' 
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a propel' fraction, the product will be as lllany times ~e8B 
than tIle multiplicand as the multiplier is less than nmty. 

40. Let it be required to multiply any two numbers 
together, ~ay 7 and 6. 

If we make in a horizontallino as many stars as j 
there are units in the multiplicaud, a.nd make as ,---'----, 
many such liuC's of stars as there are units in the 1* '" .. ... ... • • 
multiplier,it is manifest that the entire number of • '" ., • '" .. : 
stars will represent the number of units which 6~· *" '" '" '" ... 
result from taking the multiplic~nd as many times l* '" • . . ... · 
as there are 1111it8 ill the multiplier. '" ... • • * • • 

But it i~ cviLlent tha.t we may consider the 42 ..... '" • .. • 
starl'l in the ahove fi!!;ure, either as 7 stars taken 6 timcs, or as 6 stars taken 
7 times, that is, 6 X 7 = 43 = 7 X 6. 

Hence either of the factors may be used as multiplier 
without altering the product. 

41. Let it lin required to multiply the number 8 by the composite num­
hC'l' 6, of which the factors are 3 RHtl2. 

8 

{-;;-~ ...... ~} } 3****···,.2 
8X3 == 24 III * III III III • III • " ~I>'~=,JS 6

5 {* •• * * ••• }" 6 (3 •• • ••• * *) 
• III • * ••• *52 

8X6=48. 

8X2=16 
16x3 =48 

If we write 8 stars in a horiwntal line and make 6 such lines, we shall 
evidently have in a1l8X6= 48. the number of units in all the lines. 

But we may cotlsider the 6 lines as 2 sets of 3 lines each, and in each set 
of 3 lines there are 8X3 = 2! units. Therefore in the 2 sets there are 24X2 
= 48 units. Again we may consider the 6 lines as 3 sets of2 lines each, and 
in each set of 2 lilies there are 8X2 = 16 units. ~'herefore in 3 such sets 
there are 16X3 = 48 units. 

Hence 8X6 = 48 
8X:l = 24 and 24X2 = 48 = 8X6 
8X2 = 16 aud 16X3 = 48 =SX6 

And as the same may be shewn for any other composite number as well 
as for 6, wo may conclude that, 

When the multiplier is a composite number we may 
multiply by each of the factors in succession, and the last 
product will be the entire product sought. 

42. As the multiplication of the higher numbers may be 
resolved into t~e multiplication of ?~e di~it by another, the .llUpil 
should make hImself perfectly famIlIar wIth the following table: 

This table is called the Multiplication Table and was ea'lcnlated by 
Pythagoras, a celebrated Greek philosopher who ftourished about 600 ye&rll 
befo~e Christ. It was calculated atter the follOwing manner :-2 and 2 are" 
-twice 2 ari "; 3 and 3 are 6; twice3 are 6; 4 lind 4 are a-twice 4 lire 8, &c. 
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MULTIPLICATION TABLE. 

Twice 3 times ' 4 times 5 times l 6.\lme& '1 times I 
1 are 2 1 are 3 I are 4 1 nfe'- 1\ 1 are 6 1 are '1: 
2 - 4 2- 6 2- 8 2 - 10 2 - 12 2 - 14: 
3- 6 3 - 9 3- 12 3 - 15 3- 18 3- 21' 
4 - 8 4 - 12 4 - 1 t~ 4 - 20 4 - 2 .. 4- 28: 
5- 10 5 - 15 i 5 - 20 5 - 25 5 - 30 5 - 3:; f,_ 

1~ 6 - 18 6 - 24 6 - 30 6 - 36 6 - 4°' "' 
'1 - 14 '1- ~ 1 " 7 - ~8 7 - :;::; 1 - '12 7 - 4~ 
8 - 16 8 - " \ 8 - 32 8 - 40 8 - 48 8 - [jl~~ 
9 - 18 0 - 21i 0 - 3ti 9 - 45 0 - 54 9 - ~:; 

10 - 20 10 - 30 10 - 40 10 - 50 10 - 60 10 - 7() 
11 - 22 11 - 33 11 - 44 11 - 55 11 - 66 11 - 77 
12 - 24 12 - 36 12 - 48 D - 60 I~ - 72 12 - 84 i 

I H tiJllc."; 9 time; 10 times 11 tillles 12 times I 
1 are 8 1 are 9 1 are 10 1 are 11 1 are P' ", 
~ - 16 2- 18 " - 20 2- 22 2 - 24 
3 - 24 3- 2'1 3- 30 3- 33 3- 36 
4 - 32 4 - 36 4- 40 4- 44 4- 48 
5 - 40 0- 45 " - 50 5 - 55 5 - 60 
6 - 48 6 - 54 6 - GO 6 - 66 6 - '12 
'1 - 5G '1- 63 7 - 70 '1 - 17 7 - 84 
8 - 64 8 - 72 8 - 80 8 - 88 8 - 96 
9 - '12 9 - 81 9 - 90 9 - 99 9 - 108 

10 - 80 10 - 90 10 - 100 10 - 110 10 - 120 
11 - 88 11 - 99 11 - 110 11 - 121 11 - 132 
12 - 96 12 -108 I J - 120 I 2 - 132 12 - 144 

It appears from this table, that the multiplication of the same 
two numbers in whatever order taken, produces the same product. 

NOTE.-Though the part or the multiplication table ~'i\'r'll aboye is enough 
for till' pupil to commit to memory nt first; yet, aftt'I' Ill" has 1l1:tllf> "Olll£' 

proficiency in arilhnwtiC', lip may finLl it :llh':tnta'.!<:!Ull"i to CCHtlmit what ful .. 
lows.a~ it will cnah)~ him. in munr l'a~c .. , to"II,,!'tc-lIliis work III a(·()Il'dd(~r. 
able d~gree. The labour of commlaing a still more extL'nde(l Ldl!t: \YulllJ 
be scarQely compensated by the advantage resulting. 

4 

1:1 tllUes 114 lUlll'S ,1'-) tIlIJt'S I iti tillll'~ Il7 HIlles ):"1 llLlll.'S [ l!J tHIll'S 
2 al'e ~Ij , ~ arf' ~" I :! are ;JiI ; ~ are:J~ :! are 3-t. I ~ are ~(j I ~ are :1R 
~ - :In! a _. 4~ i :; - .),; ;j -I~ I J - ;,1 I ;; - 04 I 3 - 57 
4 - ti~ ~ 4 - ;)n 41 - ";0 4 - /i-1 J - IJS 4 - 'i'~ I ,,- 7(j 
.:; - H.-,! 5 - in!;, - 7,i I [) - 80 I ,-, - ~.j !i - flO ~ - ~j 
6 - 7<, 6 - ~J,: 6 - 90, 6. - ihj I !i - 10,! ! I.i - l(1,S I) - 114 

1

7 - 91; 7 - 9~, 7 - 105 , 7 - J1~ I 7 - liD '17 - Ie... 7 - Iaa 
8 - 101 ! 8 - 11~ ~ - 1~1J ~ - 1~~ I "\ - l:~fi S - I·U I 8 - 152 
9 - 117 \ It - 1~1i 19 - 1:).; I ~ -1·1~ H - 1;-,: .. I n - 1'~:!; H - 171 

43. The multiplication of one quantity by another is ex­
~ressed by X ; thus 7 X 9 = 63, means that 7 multiplied 
by :J is C(IMI to 63. 
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44. Quantities connected by the sign of multiplication are 
multiplied by any number, if we multiply anyone of the factors 
by tbat number; tJlU~ C9x lOX 2) X 27=9 X 10 X 54, or 9X270X2 ; 
tbat is, if we multiply [fie factor 2 or the factor 10 by 27, we, in 
effect, multiply tbe whole number (9X10X2) by 27. 

45. When a quantity within brackets, consisting of several 
terms connected by the signs + and -, is to be multiplied by 
any nnmber, each of its parts or terms must be multiplied. Tbis 
arises from tbe fact tbat we consider the several terms within 
tbe bracket as constituting but one quantitr, and to multiply tbe 
wbole, we must multiply each of its parts. Thus (7+8-3) X3 
=7X3+8X3-3X3j and (8+7-5)X (13-2) means that each 
of tbe terms within tbe former bracket is to be multiplied by 
each of the terms within tbe latter, 'or by their difference. 

46. Let it be required to multiply 7G8 by 9. 
X ow 7';' C, ~= (700+60+8) x 9=700 x 9+60 X 9+8 X NArt .. j,I). Hence,sofara. 

till' Tl'~lllt j-.; ('oncerned, it matters not whether "'l' t'0Il1111L'nee multiplying 
at tht' ImY«':st or at the hig-hest denomination. ';'oox~'+GUX9+8X9 being 
o\'i,I,'lItly "q"") to 8X9+ROX9+700~<9. . 

COllllll('IWillg' the llluit.iplic3tion at the left-hand siue, or highest denomI­
nation, the work is as follows: 

OPERATION. EXPLIXATION.-7 hundreds multiplicrl by 9, or 
7jj~ which may 7(;8 taken 0 times, are 63 hunureds j 6 tens multiplied 
il be thus aI>- 9 I>y 9, are M tens; and 8 units lUuitiplied by 9, arc 

bre\'intcd. 72 units. li3 hundreds, 51 tens, and 72 units, added 
ti:HlO I~;; tu,g-ether, makeG912. Thesecondoperationsbows 
510 .'j L the only abbreviation possible when we commence 
7:! 7~ at the highest denomination. 

6912 llV12 
Let us now take the salll(' question and commence at the right hand or 

lowest denomination. . 

1. which may 
7';8 be thus ah­

U brcviatcd. 

72 
040 

6:300 

OPE RATIO:'. EXPLANATIO.II.-No. II. 
II. and thus still III. differs from No. I. only in 
'iliS farther alJbrc- 'j'ii,,,! having the unnecessary O's 

9 Yiated. V omitted. In No. III, the 

I;:~ 

principle of carrying i. taken 
G!:I12 advantage of, thus-8 uuits, 

multiplied by 9, are 72 units, 
equal to 2 unitsaud 7 tens, to 
('a.rry-6 tens, multiplied by 

6912 G912 9, axe 54 tens, and 7 tens, 
make 61 tens, equal to 1 ten, 

~nd6 hundreds to ,carry; 7 hundreds, multiplied by 9. are 6S hundreds, and 
6 hundreds, make 69 hundreds, equal to 6 thousands and 9 hundreds. 

Ilcu.r(', in order that 'Ice 'may be rnabled to talee advantage of the 
t;·'/~~~1;:71e;~~hz~t~;;;.we commence the 'multiplication at the right-ha1ul 

47. From the last article( 46), for multiplying bv any integral 
multiplier, not exceeding 12, (or 20 if the extended Multiplication 
Table be used) we deduce the following:_ 

RULE. 

Multiply every order of unit" in tlte multiplicand in sueees. 
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sion, beginning with the lowest, by the multiplier, (wd divide each 
product, so formed, by the number of that denomination which 
makes one unit of the next higher; 'Nile down each j'emainder under 
units of ils own order, and carry the quotient to the next product. 

EXAMPLE l.-jIultiply $7896'43 by 11. 
OPERATIO". 

~i8!=H.j'·l3 
11 

$86860'73 

EXPLA"ATIOY.-3 hundredths of dollars, or cents, multi­
plied by 11, make 33 bundredths, ('final to;) hundredths, to 
:set down, and a tenths to carry; ,1 t<'l1t hs of dollars, or tens of 
(' .. nts. multiplied by 11, make 41 tentl,s of dollars, and 3 
tenths we carrie!i, make 47 tenths, equal to 7 tenths and 4 
units to curry; 6 units, mu!tiplied by 11, malte 66 units, and 

4- units We carried, make 70 units, equal to 0 units to set down and 7 tens 
to carry; n tons. multiplied by 11, make 99 tens, and 7 tens, make llJ(; tens, 
equal to 6 tens and 10 hnndredsj 8 huudreds, multiplied by 11, make 88 
hundreds, and 10, make 98 hundreds, equal to 8 hundreds and 9 thousands; 
7 thousands, multiplied by II makc77 thousands, and 9, make ~ti thousands, 
equal to 6 thou,alHls and 8 tens of thousands. 

EXAMPLE 2.-~Iultiply 3 cwt. 2 qrs. 11 lb~. 7 oz. 6 drs. by 7. 
OPERATION. .EXPLAXATION.-i times G drams are 42 drams, 

Ib 1 ('qual to 10 drams to set down and:! oz. to carry j 7 
l·~~·1. q~y. 1~' 0;, \f' times 7 oz. are 49 oz .. and:! OZ,. make 51 oz., equal to 

:; oz. to set down and SIbs. to carry; 7 times lIlbs. 
_______ are 77 lbs., and 3Ibs., make 80 Ibs., equal to u lbs. to 
23 set down and 3 qrs. to carry j 7 times 2 qrs. arc 1·~ 

1 5 3 10 qrs. and 3 qrs.,make 17 qrs.,equalto1 qr. to set dOWI1 
and 4 cwt. to (':lIT,)'; 7 times 3 cwt. are 21 cwt., and 4 <:wt" make ~J ewt. 

Multiply 
By 

lIIultiply 
By 

Multiply 
By 

Multiply 
By 

(3) 
48901) 

" 
244800 

(7) 
5'2736 
2 

10'5472 

(11) 
S767-G2 

2 

SlfiJ5'24 

(15) 
866342 

11 

EXERCISE. 
(4) 

75460 
9 

(8) 
8·7563 
4 

(I~) 

SG72'51; 
2 

(IG) 
738579 

12 

(5) (I;) 
,;78000 57800 

8 6 

(U) (10) 
0'21375 0'0067 
I; 8 

(13) (14) 
:ji7~9'il; :);573'46 

6 5 

(17 ) (18) 
4716375 8429763 

811 12 
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10. Multiply £32 8s. 6!d. by G. .!lna. £162 2s. 8i. 
20. Multiply £43 l1s 4td. by 8. .!lna. 348 lIs. 2d. 
21. Multiply £125 13s. O!d. by 12. .dns. £1507 16s. 3d. 
22. I\Iultiplyl0 cwt. 3 qrs. 5lbs. by 3. .I1ns. 32 cwt. 1 qr. 151bs. 
23. l\Iultiply 7 yds. 3 qrs. 1 na by 7. .!lns. 54 yds. 2 qrs. 3 na. 
24. l\Iultiply 11 oz. 10 dwt. 19 grs. by 12 . 

.!lns. 1Ilbs. 6 oz. 9 dwt. 12 gr. 

48. When the multiplier is a composite number, and 
can be resolved into two or more factors, neither of which 
is greater than 1~. we deduce from (41) the following:-

RULE. 
:hfultiply by cach of the faciors ill succession and the last product 

will be the entire product sought. 
EXAMPLE I.-Multiply 3 hrs. 7 min. 14 sec. by 64. 

OPERATION. EXPLANATION.-lIlultiplying 3 hrs. 7 min. 
hrs. min. sec.X&1=8>:8 14 ser. by 8, we obtain 1 day 0 hrs. 57 min.?2 
3 7 14 sec., which we again multiply by 8, andobtam 

8 8 days 7 hrs. 42 mill. 56 sec., which is the pro· 
------ fluet of:J hrs. 7 min. 14 sec., by 8 times 8 or 64. 
1 0 57 ;;2 

8 

8 42 56 AilS. 

EXAMPLE 2.-I\Iultiply 796'437 by 132. 
OPERATION. EXPLANATION.-We first multiply the 

796'437XI32 = 11.X12 given number by 11, or. in other words, 
11 take it 11 times, and then take this 

result 12 times, which is evidently 
8760'807=11 times mnltiplicand. equivalent to taking the given number 

12 12 times 11 or 1:;2 times. 

105129'684=12 times 11 times multiplicand. 
EXAMPLE 3.-Multiply 16 cwt. 3 qrs. 11 lb. by 270. 

OPERATION. 
ewt. qTS. lb. 
16 3 llX2iO 

3 

50 8 
9 

455 0 22 
10 

45,2 n 20 

EXPLANATIoN.-270=10 times 27 or 10X3X9 
If, therefore, we take the given multiplicand 
three times, and then tbis product 9 timeH, and 
then this second product 10 times, it is evident 
we shall have, in effeet, taken the given multi. 
plicand 3X9XI0 or 270 times. 

EXERCISE. 

35. Multiply $169'78 by 36. 
26. Multiply '196342'3 by 121. 
2'1. Multiply $33460 by 144. 
28. Multiply '135 by 648. 

.!lns. $6112'08. 
.!In •. 96357418'3. 

.!In •. $4818240. 
.!lns. 476280. 

29. Multiply £3 71i. Gd. by 18. JJni. £60 15il. Od. 
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30. Multiply £5 148. 6id. by 22. .!lns. £125 lOs. lld. 
31. Multiply £3 4s. '1d. by 810. .!lns. £2615 no. 6d. 
32. Multiply 11 cwt. 3 qrs. 14 lb. '1 oz. 3y 54 . 

.!ln6. 642 cwt. 1 qr. 4 lbs. 10 oz. 
33. Multiply 26 bush. 3 pks. 1 gal. 1 qt. 1 pt. by 49 . 

.!lns. 1319 bush. 0 pks. 1 gal. 1 qt. 1 pt. 
:::4. Multiply 2 yds. 2 qrs. 2 na. 2 in. by 63 . 

.!lns. 168 yds. 3 qrs. 2 na. 0 in. 
:;5. Multiply 5 days 1'1 hrs. 33 min. 11 sec. by 288 . 

.!lns. 1650 days, 15 hrs. 16 min. 48 sec. 

49. When the multiplicand is a denominate number 
and the multiplier is greater that 12, but not a composite 
number, we proceed according to the following ;-

RULE. 

Take the nearest composite number to Ihe given multiplier, 
multiply successively by its factors and add to or subtract from 
the product so many I imes the multiplicand as the assumed composite 
numbel' is less or greater than the given multiplier. 

EXAMPLE 36.-~lultiply £62 125. 6d. by 76. 
OPERATION. 

£ s. d. 
6212 6 

8 

601 0 0 
9 

4509 0 0 = 72 times multiplicand. 
260 10 0 = 4 times multiplicaud. 

£4759 10 0 = 76 times multiplicand. 

EXPLANATION.-WC take 76= 
9X8+4 and thus we get 72 times 
the multiplicand, and to it adding 
4 times the multiplicand, obtain 
t he desired product, viz., 76 times 
the multiplicand. 

Instead of multiplying"s above, we might have mnltiplied by 7 and 10 
and increased the result by 6 times the multiplicand, or wc might have 
multiplied by 7 and 11, and dccreased the result hy once the multiplicand, 
&c. 

EXAMPLE 3'1.-lIultiply 17 Ihs. 3 oz. '1 dr. 2 ser. 16 grs. by '189. 
OPERATION, 

lb. oz. dr. scr. gr •. 
17 3 7 2 16 X 9 = 9 times multiplicand. 

10 

i733------0 X 8 = SO times multiplicand. 
10 

1733 3 o 
7 

121321O-1--1-~ = 700 times multiplicaud. 
1386 7 2 2 0 = SO times multiplicand. 
1~5 11 7 1 " = U times multiplicand. 

13G7:; G 8 4 =:; 7Sg tim.' multiplicand. 
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EXPLANATION.-We divide the given multiplier into 700+80:1-9. and ob· 
tain the 3 parti .. 1 products, which we add together, for the entll'e product. 

EXAMPLE 38.-Multiply 3 wks. 6 days 17 hrs. 21 min. 12 sec. 
by 4736. 

OPERATION. 

wk •. ds. h. min. sec. wks. ds. h. miu. Bee. 
a 6 11 21 12X6= ~3 5 8 7 12 = G times multiplicand. 

10 

39 4 5 32 OX3= 118 G lU 36 0 = 30 times multiplicand. 
10 

396 0 7 20 w< 7=-= :!7i~ 
10 

3960 3 1 20 0:,4= 15841 

.. 2U o = 700 times multipliclIIld. 

5 20 0 = 4000 times multiplicand. 

An •• 18756 4 9 2S 12 = 4736 times multiplicand. 

EXAMPLE 39.-Multiply £47 16s 2d. by 5783. 
5783=5 X 1000+7X 100+8X 10+3. 

OPERA.TION. 

£ s. d. {; •. d. 
47 16 2X3 = H3 8 6 = product byunits of the multiplicand. 

10 

478 1 8X8 = 3S2413 4=prodnct by tens of the multiplieand. 
10 

:4780 16 8x7 = 33465 16 S=produ~tbylnllidl'edsofthe multiplicand. 
10 

47808 6 8X5 = 23904113 4=prodnct by thousands of the multiplicand. 

An •• 276475 11 10 = product by entire multiplier. 

EXEROISE. 

40. Multiply £12 28. 4d. by S3. .!lns. £1005 13s Sd. 
41. Mnltiply £963 OS. ON. by 999. .!lns. 962040 2s. 51d. 
42. Mnltiply £3 6s. 51d. by 3178. .!lns. £10556 ISs. 4id. 
43. Multiply 16 bush. 3 pks. 1 gal. by 67S . 

.!lns. 11441 bush. 1 pk. 0 gal. 
44. Multiply 23 m. 6 fur. 33 rds. 4 yds. by 247 . 

.!lns. 5892 m. 2 fur. 10 rds. 31 yds. 
45. Multiply 3S. 16° 30' 45" by 721. .!lns. 2559S. 250 30' 45" 

60. It may be proper here to caution the pupil against the absurd attempt 
to multiply one denominate number by another. Multiplication is merely 
a particular kind ofadditinu.aud when we are required tomultiplya quantity 
by auy number, we are simply required to repeat it as many times 118 tbere 
are units in the multiplier. It is eVident, then, that to talk of multiplying 
£1919s. IUd., by £1919s. ll~d., or, in other words, of adding or repeating 
£1919s. llid. £1919s. lltd. times is simply ridiculous. Nevertheless,great 
pains have been taken to show that 2s:6d. may be multiplied by 2s. 6d., and 
that the p!oduct will be either 3~d. or 6s. 3d! I Vndoubtedly 20. 6d. can be 
takeu 2~ tunel, and the 1'I'sult Will be 611. 3d.; or It can be taken one.eighth 
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of a time, and the result will be std.; but this is a very different thing f~m 
taking it 2s. 6d. times. In fact it is quite as nonsensICal to talk of taklllg 
2s. 6d. 2s. 6d. times as it would be to talk of taking 6 lbs. of beef 6 lb •. of 
beef times; or. 7 bars of music 7 bars of music times, &c. Duode~imal 
multiplication, wbich is sometimes adduced, as a proof that one denommatc 
number can be multiplied by another. affords no support whatever (0 the 
theory, as will be fully shown hereafter. (See Sect. III.) 

51. Let it be required to multiply 729 by 418. 
OPEBATION; EXPLANATION.-Frem t,he preceding examples it is evident 

729 that when nnits are mnltiplied into any order whatever, the 
478 product will alwavs be of that order. Here, then, we first mul­

5832 
Gl08 

2916 

tiply by the 8 units, as in (4':). Next we multiply by the 7 
tens, thus :-9 units. multiplied by 7 tens, give 6.3 tens, equal 
to 3 tens, which we set down in the column of teus, and 6 
hundreds which we carry; 2 tens, multiplied by 7 tens, give 
14 hundreds, and 6 hundreds which we carried. make 20 hun. 

348462 dreds, equal to 0 hundreds to set down and 2 thousands to 
carry, &c. Next we multiply by the 4 hundreds a. follows :-

9 unit,s, multiplied by 4 hundreds, give 36 hundreds, equal to 6 huudreds to 
set down in the hundreds column. and 3 thousauds to carry, &c. Lastly, 
we add the several partial products together. 

Hence, when the multiplicand is an abstract number, the 
multiplier being greater than 12 and not a composite 
number, wc have the following:-

RULE. 
Multiply the multiplicand by each fiKw·e oj the multiplier 

separately, beginning with the lowest, and write the partial pro­
ducts in separate lines, placing the first figure oj each line directly 
under the figure by which you multiply, and, lastly, add the several 
partial products together. 

EXA~!PLE 46.-Multiply 7423 by 6109. 
OPEBATION. EXPLA~ATION.-Here,.asthereareno tens in the multiplier, 

74~:1 we may either proceed directly to the hundreds after multi-
6709 plying by th.e nnits, or we may set down a O.under the ten8, 

and then wnte the product by the hundreds III the same line 
66807 always remembering to place the first digit of the partial pro: 

519610 duct under the, figure by which we are multiplying in order 
44638 ~~;ti~!l ~l'u~f:.ts of the same order may come in the same 

43S00!107 

(41) 
Multiply 325 
By 95 

EXERCISE. 
(48) (49) 
765 132 
765 456 

52. Multiply 7011 by 556. 
53. Multiply 15601 by 3094. 
54. Multiply 39948123 by 6001-
55, l1ultiply 2778588 by 9867. 

(50) 
991 
345 

(51) 
667 
34'1 

Ans. 3931416. 
Ans. 48288058. 

An •. 239968374861. 
Anf. ~7416327796, 
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52. Let it be required to multiply 63'5 by '97. 
OPERATION. EXPLANATION.-Since (51) any order multiplied byunita. 

will give that order-tenths, multiplied by units, will give 
tenths. Hence it is obvious tbat tenths, multiplied by tenths, 
will give the next lower order, or hundredths; and also that 
tenths, multiplied by hundredths, will give the next lower 
order again, orthousaudths. In the above example, tberefore, 
we proceed thus :-5 tenths,multiplied by 7 hundredths, give 
35 thousandths, equal to 5 thousandths to set down and 3 
hundredths to carry; 3 units, multiplied by 7 hundredths,give 

63'5 
'97 

57"15 

61.593 
21 hundredths, and 3 hundredths we carried, make 24 hundredths, equal to ~ 
hundredths to set down and 2 tenths to carry; 6 tens, multiplied by 7 hun­
dredths, give 42 tenths. and 2 tenths we carried, make 44 tenths. equal to 4 
tenths and 4 units. Again, 5 tenths, multiplied by 9 tenths, give 45 hun­
dredths, equal to 6 hundredths to set down and 4 tenths to carry, &r, 

53. Strictly speaking, all examples in multiplication of 
decimals should be worked according to the above method. 
An attentive consideration of the reasonings in (52) will, 
however, show that the lowest digit of the product of any 
two numbers containing decimals, must always be a number 
of places to the right of the decimal point, equal to the 
sum of the decimal places, in both multiplicand and mul­
tiplier, 

Hence, when the multiplioand or multiplier, or both, 
contain decimals, we deduce the following-

RULE. 
Multiply as though there were no decimals, and then remove the 

decimal point in the product as many places to the left as there are 
decimals in both the multiplicand and the multiplier. 

EXAMPLE 56.-Multiply 5'63 by 0'00005. 
OPERATION. EXPLANATION.-We multiply 563 by 5, and remove the 

563 decimal point seven places to the left, since there are 
5 jlve decimal places in the multiplier and two in the mul­

tiplicand, that is, we have taken a number a hundred 
2815 times too great a hundred thousand times too often, and 

AilS '0002815 the product 2815 is therefore ten million times too great, 
. .' . and to make it what it should be, we divide it by ten 

r.:f!~'OnS; or, III other words, remove the decimal point seven places to the 

EXAMPLE 57.-Multiply 2'073 by 5'12, 

OPERATION. EXPLANATJON.-We multiply as though both were whole 
2'073 numbers, and cnt offjlve decimals, since there are three in the 
5'12 multiplicand and two in the multiplier. 

4146 
2078 

10365 

10'61376 
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(58) 
Multiply '003296 
By 5·782 

EXERCISE. 
(59) 

41"78 
'0629 

Product '019057472 

61. Multiply 3'2517 by '023. 
G~. Multiply 64'001 by 340. 
63. Multiply 482000' by '37 
G4. Multiply 3782'4 by '00917. 
65. ~rultiply 87'96 by 220. 

2'627962 

PROOF OF JlIULT1PLICATIOX. 

(60) 
36'1234 

2'0006 

95 

.:llts. '0747891. 
Ans. 21760'34. 

AilS. 178340. 
Jins. 34'684608. 

.!lns. 19351'2. 

54. If the multiplier is not greater than 12, multiply the multi­
plicand by the multiplier, minus one, and add the multiplicand to 
the product. The sum should be the same as the product of the 
multiplicand of the whole multiplier. 

If the multiplier be greater than 1:2 and the multipli­
cand an abstract number :-

FIRST METHOD.-lI-Iultiply the multiplier by the multiplicand 
and if the product thus obtained agree with the other the uwk may 
be considered correct. 

'nli, method of proof depends upon the principle (40) that the prodnct 
of two numhers is tbe ."me wbichever is taken as multiplier. 

SECOND ~rETHoD.-Divide the product by one of the factors, and 
if the quotient thus obtained is equal to the other factor, the work 
is correct. 

This is simply reversing the operation, i. C'., brenkin!; til' the product into 
its factors. 

THIRD METHOD.-Dit'ide the sum of the digits of the multiplicand 
by 9 and set down the remainder; dit'ide also the SUll> of the digits 
of the multiplier by 9 and set down the l'emainder; multiply these 
two remainders together, divide the sum of the digits in their 
product by 9, and if the remainder thus obtained is equal to the 
remainder obtained by dividing the sum of the digits in the product 
of the multiplicand and the multiplier by 9, the work is generally 
correct: if these two last remainders are dijJerent, it must be 
wrong. 

EXAMPLE I.-Let the quantities multiplied be 9426 and 3785. 
Taking the nilleR from 9426. we get 3 as remainder. 

And from 3785. we get 6. 

4713(j-
75411~ 3X5=1:),from which 9 beingtaken,6 are left, 

65982 
28278 

Taking tho ni;ea from 8li677410, 6 aro lett. 
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The remainders beillg equal, we are to presume the multiplication is cor· 
recto The same result:however, would have been obtained even if we had 
displaced digits, added or omitted cyphers, or fallen into errors wh~ch had 
clIunteractcd each other; hut, with ordinary care, nOlle of these are likely to 
occur. 

EXAMPLE 2.-L6t the numbers be 16542 and 8436. 
Taking the nines from 76542, thp- remainder is O. 
'faking them from 8436, it is 3. 

2~~;~~~2 (j>~:)=18, the remainder from whichisO. 
306168 • 

612336 

Taking the nines from 64570,312 also, the }'emainder is O. 
The remainders being the same, the multiplication may be considered 

correct. 
NOTE.-This proof applies, whatever may be the position of the decimal 

point in either of the given numbers. 

EXAMPLE 3.-Let the numbers be 4'63 and 5'4. 
From 4'63, the remainder is 4. 
From 5'4, it is O. 

1852 L:O=O, from which the remainder is O. 
2315 

From 25'002 the remainder is O. 

55. The principle on which this process depends is, that if 
any number be divided by 9, and the sum of its digits also be 
divided by 9, the remainders are, in both cases, the same. 

Thus, taking the number 7b~5, we bave 

:LJ3f~=,ooo+,o90+20+5 =7~Q.!l+.8j!-.!l+!lJl-+~ 
= 7 X .!Jlf.!l + S X ~~o + 2 X ~Jl- + ~ 
= 7 X (lll +~) + 8 X (l1 +~) +2 X (l +~) X ~ 
= 777 + ;, + 88 + ~ + 2 + ~ +-3 
~~ 777 + MS + 2 + ~ + ~ + ~ + ~ 
= 777 + 88 + 2 + '+.+.+0 

9 

Hence the remainder arising from the division of 1825 by 9 is 
evidently the same as that arising from dividing 1+8+2+5 or 
22, which is the sum of its digits by 9. 

56. Casting the nines from the factors, multiplying the result­
ing remainders, and casting the nines from the product, will 
leave the same remainder as if the nines were cast from the pro­
duct of the factors-provided the multiplication has been cor­
rectly performed. 

Thus. let the factors be :;73 and 464. 
Casting the nines from 5+7+3 (which we have just scen is the same as 

casting the nines from 573), ,ve obtain 6 as remainder. Casting the nines 
from 40+6+4. we get 5 as remainder. lI1ultiplying 6 and 5 we obtain 30 as 
product, which, when the nines lire taken away, will give3as a remainder. 
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We can show that 3 will be t~e r~mainder. also, if we cast the ninesfi'om 
the pr~uct .of the fac~ors ;-w hl~~ IS elfected by BettinI( down this product 
and takmg, m succeSSlOlI, quantItIes that are equal to it-as follows· ' 

57SX464=(the product of the factors). . 
=(5XIOO+7XIO+3)X(4XIOO+6XIO+4) 
={ 5X (99+1)+7(9+1)+3} X {IX (99+1)+SX (Hl)H } 
=(fi X 99+5+7 X 9+7+3) X (4X.99+4+6X.HH4:l 
5X99 expresses a nu.n~.ber C?f ~lnes: It WIll contInne to do so when multi­

plied by all the quan~lt~es wlthm the second .brackets. and is, therefore, to 
beca.stout; and,lor sImIlar reason, 7X9. Agam4X99 expresses a number of 
nines; it win continue t? do so when multiplied by the q1lantities within 
the first bracket., an.d IS therefore to be cast out; and for a similar 
reason. t, ,,9. T)1ereWlll then be left only (5+7+2) X (4+6+4) -from which 
the nines are stili to be cast out. t~e relllfllllders to be multlpli,d tOl(ether 
and the niues to be c.a.st from t.helr product ;-but we have done all this 
alrc.ady, and obtamed 3 as remaInder. 

CONTRACTIONS IN MULTIPLIOATION. 

57. To Multiply by 5 : 
.Bffix a 0 to the multiplicand and divide the result by 2. 

Reason 5 = ~o_. 

II. Multiply by 15 : 
.Bffix a 0 to the multiplicand and to the result add half of itself. 

Reason 15 = 10 + I.'t. 

III. To multiply by 25 : 
.Affix two Os to the multiplicand and divide the result by 4. 

Reason 25 = lp-. 
IV. To multiply by 125: 

.Bffix three Os to the multiplicand and divide the result by B. 
Reason 125 = lJV-O. 

V. To multiply by 75 : 
.Affix two Os to the multiplicand and from the result take one. 

'ourth of itself. 
Reason 75 = 100 - -'-fJ!.. 

VI. To multiply by 175 : 
.Affix two Os-multiply the result by '1 and divide by 4. 

Reason 175 = ~p-. 
VII. To multiply by 275 : 
.Affix two Os-multiply the result by 11 and diL'ide by 4. 

Reason 275 = \J.~. 
VIII. To multiply by 13, ~ 4, 15, &c., or by 1 with either 

f the other digits affixed to It : 

G 
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EXAMPLE. 

2325 X 13 
6975 

Multiply by the units' figure of the multiplier, 
and write each figure of the partial product one 
place to the right of that from which it arises; 
finally, add the partial product to the multiplicand, 

.Bns.30225 and the result will be the answer required. 
REA8()".~This is the same in effect as if we actually multiplied by the 

common method. \r e merely make the multiplicand serve for the second 
partial product. 

IX. To multiply by 21, 31, 41, &c., or by 1 with either 
of the .other significant figures prefixed to it: 

)<:XAMPLE. Nult iply by the tens' figure of the multiplier, 
365 X 21 and write the first figure of the partial product in 

730 the tens' place; finally, add this partial product to 
th~ multiplicand, and the result will be the answer 

.Bns.7665 required. 
REASON.-The reasou of this method of contraction is substantially the 

same as that of the preceding. 

X. To multiply by 101, 102, 103, 104, &c., or by 10 
",ith either of the other digits affixed to it: 

:!rIultiply by the units' figure of the multiplier and write the 
partial product, thus obtained, two places to the right of the multi­
plicand-finally, add the partial product to the multiplicand. 
REASO",~Substantially the same as ~o. 8. 

XI. To multiply by any number of nines: 
Remove the decimal point of the multiplicand so many places to 

the right (by affixing O's if necessary) as there are nines in the 
multiplier; and subtract the multiplicand from the result. 

EXAMPLE I.-Multiply 7347 by 999. 
731; X 99~ = 73~7000-7347 = 7339653. 

We, in such a case, merely mUltiply by the next bigher convenient com­
posite numb"r, and subtract the multiplicand as many times as we have 
taken it too often; thus, in the example just given- ~ 

7347 X 999=7:147 X (1000-1)=7347000-7347=7339653. 
EXAMPLE 3,-~rultiply 678943 by 999999. 

6789~X 1000000 = 6789~000000 
6789~Xl = 678943 

6789~X999999 = 678942321057 
EXAMPLE 3.-Multiply 78'9645 by 99993 

78'96~X100000 = 7896450 
78'96~ X 7 = 552'7515 

78'9645 X 99993 = 7895897'2435 

XII. When it is not necessary to have as many decimal 
places in the product, as are in both multiplicand and 
multiplier-
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Reverse the multiplier, putting its units' place under the place 
of that denomination in the multiplicand, which is the lowest of 
the required product. 

Multiply by each digit of the multiplier, beginning with the de­
nomination OL'er it in the multiplicand; but adding what would 
have been obtahed, on multiplying the preceding digit of the mul­
tiplicand-unity, if the number obtained would be between 5 and 
15; 2, if between 15 and 25; 3, if between 25 ana 35, ~c. 

Let the lowest denominations of the products, arising from the 
different digits of the multiplicand, stand in the same vertical 
column, 

.Ildd up all the products for the total product; from which cut 
off the required number of decimal places. 

EXAMPLE I.-Multiply 5'6784 by 9'7324, so as to have four 
decimals in the product. 

Short method. 
5678~ 
42379 

Ordinary Method, 
5'67~ 
9'7324 

511056 22)7136 
39749 113 568 
1703 170352 
113 39748 8 

22 5110561 

55'2643 55'2644 6016 
9 in the multiplier expresses units; it is therefore put under thefourlh 

decimal place of the multiplicand-that being the place of the lowest deci­
mal required in the product, 

In multiplying by each succeeding digit of the multiplier we neglect an 
additional digit of the multiplicand; because, as the multiplier decreases, 
the number multiplied must increase-to keep the lowest denomination or 
the different products, the same as the lowest denomination required in the 
total product. III the example given, 7 (the seconddil>itofthe multiplier) 
multiplied by 8 (the second digit ofthe multiplicand) w,ll evidently produco 
the same denomination as U (ol1e denomination higher than the 7). mul ti­
plied by 4. (oue denomination lower than the 8), Were we to multiply the 
lowest denomination of the multiplicand by 7. we should get (53) a result in 
theJi.fth place to the right of the decimal point; which isa denomination sup­
posea to be. in the presentiIlstanl'{,. too inconsiderable for llotice-sincewe 
are to have only four decimals in the product, But we add unity for every 
ten that would arise, from the multiplication of an additional dibit of the 
multiplicand; since every such ten constitutes one in the lowest denomi .. 
nation of tbe required product. When the multiplication of an additional 
digit of the multiplicand would give more than 5. and less than 15, it is 
nearer ~o the truth to suppose we ha.ve ten than either ~ or 20; an,d tbere­
fore it 18 more correct to add 1 than either 0 or 2, When ,t would give more 
than 15 and less than 25, it is nearer to the truth to suppose we have 20, 
thall either 10 or 30; ana therefore it is more correct to add 2 than 1 or 3; 
&c, We may consider 6 either as 0 or 10; 15 either 8S 10 or 20; &c, 

On inspecting the results obtained by the abridged,and ordinarymelhods, 
the difference is pereehed to be inc?nsidl'rable, When greate~ accu~acy is 
desired, we should proceed as If we mtended to have more decunals m the 
product, and afterwards reject those that are unnecessary. 
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EXAMPLIII 2,-Mult4ply 8'76532 by 0'5764, so as to have three 
decimal places. 

876532 
4675 

4383 
613 
52 
3 

5'051 
There are no units in the multiplier; bnt, as the rule directs, we put its 

units' place under the third decimal place of the multiplicand. In multi­
plying by 4 since there is no digit over it in the multiplicand, we merely 
set down what would have resulted from the multiplying the preceding 
denomination of the multiplicand. 

EUMPLIII 3.-Multiply 0'23257 by 0'243, so as to have four 
decimal places. 

23257 
3<12 

465 
98 
7 

0'0565 
We are obliged to place a cipher in the prodnct to make up the required 

number of decimals. 
EXERCISE. 

66. The canals in Canada amount to 216 miles in length, and 
their average cost was $83469 per mile. What wa.s the total 
cost of the canals of Canada? 

67. The Great Western Railroad is 229 miles in length, and 
its cost was about $61135'37 per mile. What was 'the total 
cost of this road ? 

68. The Austrian empire contains 255226 square miles, and 
the population averages 143 per squal'e milc. What is the entire 
population of the Austrian empire? 

69. France contains 203736 square miles, and the population 
averages 176 per square mile. What is the entire population of 
France? 

'10. Great Britain contains 116'100 square miles, and the po­
pulation averages 235 per square mile. What is the entire pa­
pulation of Great Britain? 

'11. The total number of Common Schools in operation in 
Canada West, duri~g the year 185'1, was 3721 j lillowing an 
average of '13 puplls to each, how many children were in at­
tendance at the Common Schools? 

'12. 32000 seeds have been counted in a single poppy j how 
many would be found in 29'1 of these? 

'13. 9344000 eggs have been found in a single cod fish' how 
many would there be in 35 sucb? ' 
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74. Multiply 123 lba. 4 oz. 7 drs. 2 SCI'. 17 gr. by H9. 
'15. Multiply 1698'132 by 999998. 
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76. lIfultiply 12:{ bush. 1 pk. 1 gal. 1 qt. 1 pt. by 640. 
'17. What will be the cost of a chest of tea containing 89 lbs. 

at '13 cents per lb. ? 
78. How much cloth will it take to make the clothes for a 

regiment of soldiers containing 1143 men, if each suit requires 
7 yds. 3 qrs. 2 na. 1 in. ? 

79. Multiply 1634'5789 by G35000. 
80. A person dying bequeathed the whole of his property to 

his three sons. To the youngest he gave 8%8'49 j to the second, 
3'4 times as much as the youngest j and to the eldest 3'7 times 
as much as to the second. TIequired the value of his property. 

Ql;ESTIOXS TO BE .\XS,,"ERED BY THE ITPIL. 

8e~?~~.-The numbel's C'fier the questions refer fo the articles of tI.e 

1. What is multiplication? (33) 
2. What is the multiplicand? (34) 
3. What is the multiplier 1 (35) 
4. What is the product P (36) 
5. Why are the multiplier and multiplicaud called the factors of the pro. 

duct? (37) 
6. Wllat is a prime number? (38) 
7. What is a composite number 1 (39) 
8. If the multiplier be greater thall unit)·, how will the product compare 

with the multiplicand? (39) 
9. If the mUltiplier be equal to unity, how will the product compare with 

the multiplicand? (39) 
10. If the multiplier be less than unity, how will the product compare with 

the multiplicaud P (39) 
11. Show that either of the factors may be used as multiplier without alter· 

ing the valne of the product. (~6) 
12. Show that when the multiplier is a composit.e number we may obtain 

the entire product by multiplying by each of the factors in succes· 
sion. (41) 

13. By whom was the multiplication table calculated? (42) 
14. How was it calculated P (42) 
15. What is the sign ofmultiplicatioll? (43) 
16. How do we multiply a quantity consisting of several factors connected 

by the sign of multiplication? (44) 
Ii. How do we multiply a quantity consisting of several terms, connected 

by the signs + and - inclosed within a bracket? (45) 
18. What is meant by (7+3-2+5) x (9+3-7) P (45) 
19. Why do we begin multipl.ving a nllmbor at the right.hand side? (46) 
20. What is the rule for multiplication when the multiplier b not greater 

than 12 r (47/ 
21. What is the rll e when the multiplier is a composite number P (48) 
22. WlJat is the rule when the multiplicand is a denominate number ani 

the mul!iplier "Tcatrr than 12, but not a composite number P (49) 
2:3. Show the absurdity of attempting to multiply One denominate number 

by another. \50/ 
24. When the multIplicand is an abstract number and the multiplier greater 

than 12, but not a composite number. what is the rule P (51) 
25. When the multiplicand or multiplier, or both. contain decimals. what 

is the rule? (53) 
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26. Give the reason of this l'Uie. (52 and 63) . 
27. How dowe prove multiplication when the multiplier is less than I!? (5') 
28. How do we prove multiplication when the multiplicand is an abstraet 

number and the multiplier is greater than 12? (54) 
29. Upon what does the proof by casting ou~ the nines depend P (55) 
80. Prove this principle. (55) . 
31. Prove that casting the nines from the factors, multiplying the resulting 

remainders. and casting the nines from tne prodnct, will leave the 
same remainder as if the nines were cast from the product·of the 
factors. (.,6) 

82. What short methods have we for multiplying by 5, 25 and 125? (57) , 
83. What short methods of multiplying by 15 and 75 P (57) 
M. How may we multiply by 175 P How by 275? (57) 
35. How may we multiply by 13, 14,15, &c P How by 101,102,103, &cP (57) 
36. How may we multiply by 21, 31, 41. &c? (57) 
37. How may we multiply by any number of nines? (57) 
36. How may we contract the work when we require only a limited number 

of deCImals? (57) 

DIVISION. 

58. Division is the process of finding how many times 
one number is contained in another, 

59. The number by which we divide is called the divisor. 
60. The number to be divided is called the dividend. 
61. The number obtained by division, that is, the num­

ber which shows lww many times the divisor is contained 
in the dividend, is called the quotient (Lat. quoties, "how 
many times.") 

62. If the divisor be less than the dividend, the quotient 
will be greater than unity. 

If the divisor be equal to the dividend, the quotient will 
be equal to unity. 

If the divisor be greater than the dividend, the quotient 
will be less than unity. 

63. It is sometimes found that the dividend does not 
contain the divisor an exact number of times; in such cases 
the quantity left at'ter the division is called the remainder. 

The remainder, being a part of the dividend, is, of course, 
of the same denomination. 

The remainder must be less than the divisor-otherwise 
the divisor would be contained once more in the dividend. 

64. Division is merely a short method of performing a 
particular kind of subtraction (Art. 6, Sec. II.)-The divi­
dend corresponds to the minuend, the divisor to the 
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subtrahend. and the remainder to the difference. The 
quotient has no corresponding quantity in subtraction­
since it simply tells how many times the divisor can be 
subtracted from the dividend. . 

It will belp us to understand bow greatly division abbreviates subtraction, 
if we consider how long a process would be required to discon·r-b.\" actually 
Bubtracting it-how often i is contained in "'5li;H~~;:;i~-t.. while, a'" \\'0 ::;ha11 
find, the ~ame thing can bo effected by division in less than a minute. 

65. Since the quotient shows how many times the divi­
dend contains the divisor, it follows that the divi"or and 
quotient are the factors of the dividend. Hence, if the 
divisor and quotient he multiplied t(o~l'ther, and the re· 
mainder, if any, added to the product, the result will be 
equal to the dividend. 

66. We have three ways of expressing the division of 
one quantity by another :-

1st. By the sign +, written between them; thus, 15+ 
3=5. 

2nd. By the sign: written between them; thus, 15: 3=5. 
3rd. By writing the dividend above and the divi:-'or 

below a horizontal line ; thus, J3'-=CI. 
T,,'o quantities written thus -fr constitute what is called a fraction and 

the expression is read si.r·eleventks. 
It is usual and proper to write the remainder obtained in division~ in the 

form of a fraction; thus 17+3 gives 5 as a quotient and 2 as a remaindpT. 
Now the remainder, 2, is written above the line, and divisor, 3, below tha 
line; the whole quotient beingexpresscd thus 5i (read five and two.thirds). 
Tho meaning of which is, that 3 is contained in 17.5 times and i of a time. 

67. When a quantity consiRtin,!.!' of several terms con­
nected by the sign of multiplication is to be diyided, diyid­
ing anyone of the factors will be the same 3R dividing the 
product; thus 5 X 10 X 23 + 5=t X 1() X :2C1 for each is 
equal to 250. 

68. 'When a quantity consisting of several termR, con­
nected by the Ri,!.!ns + and -, contained within brackcts, 
is to bc divided, it is necessary, on removing the brackets, 
to put the divisor under each of the t ... fln,' of the 'juantiy; 

') . G+3-7+9=~ ~'_7 9'[01' 
thus (6+oJ-7+9)..,...3, or 3 ;';+3 3+3' 

we do not divide the whole unless we divide (Ill its parts. 
69. It will be ~een from (68) that the horizontal line 



104 DIVISION. [SBOT.I1. 

which separates the dividend from the ~i!,isor ass~es the 
place of a pair of brackets when the dIvIdend consISts of 
several terms; and, therefore, when the quantity to be 
divided is su.btractive, it will sometimes be neoessary to 
change the signs. as already direoted (26); thus: 
~ + 13-3 6+13-3 j but 27 _15-6+9 }7-1

3
5+6-9 

2 2 2 3 3 
70. Let it be required to divide '198 by 3. 

OPERATION. EXPLANATION.-Place the divisor a little to the lett of th9 
3)798 dividend and separa-te them by a short curve line. Alsodraw 

a straight line beneath the dividend. 
266 

Now ~~ = 700+90+8 = 600+190+8 600+180+18 = 600 180 18 

3 8 8 8 8 S
l

8 
lIOO 

+60+6 = 266 (See 68 and 69). 
Instead of going through this long operation. it is evident that we may 

proceed as follows: 3 units into 7 hundreds will go 3 (hundreds) times and 
leave a remainder I, which, being of the orderhundreds,is equal to 10 tens ; 
10 ten. and 9 tens make 19 tens, and 3 into 19 goes 6 (tens) times and leaves 
a remainder I, whicb, being of the order of tens, is equal to 10 units; 10 
units and 8 units make 18 units, and 8 units into 18 units goes 6 (units) 
times. 

2. Let it be required to divide 91 'lIb. 13 oz. 12 dr. by 4. 
OPERATION. EXPLAN ATION.-Placing the dividend and divisor as before 
lb oz dr We proceed thus: .. in 9, 2 (hundreds) times and lover; 1 

")917 13 12' hundred. equal to 10 teus, and 1 ten make 11 tens; "in 11, 2 
___ (tens) times and 3 over; 8 tens, equal to 30 units and 7nmts 
229 7 7 make 87 units; " in 37, 9 times and lover, which is lib. 

because the 917 are pounds (63) • 1 lb., equal to 16 oz., and 18 oz. 
make 29 oz.; 40 in 29, 7 times and lover, which is 1 oz., since the 29 are oz.; 
1 oz. is equal to 16 drams and 12 drams make 28 drams; "ill 28, 7 times • 
. Observe that any order divided by units gives that order in the quo· 

tumt. 
3. Let it be required to divide 9789 by 26. 

OPERATION. . EXPLANATION.-Placing the dividend and divisor 
26)9789(376 as before, we say 26 in 9 (thousands) no times; 26 in 

78 97 (hundreds), 3 (hundreds) times. We place the 3. 
(hundn.ds) to the right of the dividend and. multiply-

,193 ing the divisor 26 by it, get 78 hundred, which we sob. 
182 tract from the 97 hundred, and obtain a remaind~ 19 

hundreds. 19 hundreds are equal to 190 teus and 8 
teus, make 198 tens; 26 iu 198,7 (tens) times. Multi. 
plying the 26 hy the 7 tens, we get 182 tens, which, sub­
tracted from 198 tAns, leaves a remainder of 16 tens. 

169 
156 

13 rem: 16 .tens a~e equal to 16q units and 9 units make 169 
.Ans 376H umts; 26 10 169, goes 6 tImes, and leaves a remaiudel' 

. 13. This 18 should be divided by 26, but since 13 does 
not contain 26, the division cannot be effected, and we can only indicate it 
which we do by placing the 26 uuder the 18, as is explained in (Art. 66): ' 

The complete qnotient is therefore 876ft read 376 and thirteen.tw:enty. 
lixths or 376 and 13 divided by 26. 
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71. From the preceding illustration and examples we 
deduce, for the division of numbers, the following general 

RULE. 
Beginning with the highest order of units in the dividend, 

'PIUS on to the lower orders until tlte fewest number of figul'es be 
found that will contain the divi~or; divide these figures by it, for 
thejirstjigure of the quotient; thisjigure will be of/he same order 
IU that of the lowest used in the partial dividend. 

Multiply the divisor by the quotient jigure so found, and subtract 
the product from the dividend, being careful to place units of the 
same order in the same vertical column. Reduce the remainder to 
units of the next lower order, and add in the units of that order 
found in the dividend: this will furnish a new dividend. 

Proceed in, a similar manner until units of every order shall have 
been divided. 

EXAMPLE I.-Divide 98765 by 7. 
OPERATION. EXPLANATION.-Here we say 7 in 9, I and 2 over; in 28 

7)98765 4 and 0 over; in 7 1 and 0 over; in 6, 0 times and 6 over; in 
65, 9 and 2 over. 'Beneath this 2 we write the divisor 7! to in-

1'109" dicate its division. We may however. carry 011 the division 
.. 7 by considering the 2 writs reduced to tenths, &0., and the 

quotient becomes 140109'2857. 
Thus 2 units. equal to 20 tenths, 7 in 20, 2 and 6 over; 6 tenths are equal 

to 60 hundredtbs, 7 in 60, 8 times and 4 over; 4 hundredths are equal to 40 
thousandths, 7 in 40, 5 and 5 over; 5 thousandths are equal to 50 tenths of 
thousandths, &C. 

EXAMPLE 2.-Divide 124789 by 12. 
OPERATION. EULA.NATION.-Here again we may either stop at the 
12)124789 units and write the remainder lover the divisor 12, or we 

1039m ~~~~duce the 1 unit to tenths, &c., as in the second ope· 

or 
12)124769 

10899'083+ 
EXAMPLE 3.-Divide £1986 14s. 7ld. by 9. 

OPERA.TION. EXPLANATION.-9 in 19, 2 and lover; 9 in 18, 2 and 0 
9) £1986 140 7t over; 9 in 6, 0 and 6 over; £6 are equal to 1208. and 
---- 14s. make 134s.; 9 in 134, 14 and 8 over; 88;lIre equal 
£220 14 II! to 96d. and 7d. make 103d.; 9in 103, 11 times and 4 over; 

4d. are equal to 16 farthings and 2 farthings make 18 farthings; 9 in 18, ~, 
I. e., one ninth of 18 farthings is 2 farthings, written thus !d. 

72. In example 3, we are, in reality, required to find one-ninth 
of the dividend. The obvious meaning is, not that 9 is contained 
in £1986 14s. 7jd. £220 14s. lljd. times, which would be non­
sense, but tbat £220 14s. IUd. is the ninth part of £1986 14s. 
7jd.: so also in all similar questions. 

Notwithstanding this, all such examples are reducible to a 
species of subtraction. Thus, in the above example we Cor the 



106 DIVISION. [SECT.n. 

moment, consider the divisor 9 to be of the same denomination 
as the di vidend, and ascertain how many times £9 will go into 
(i. e., can be subtracted from) £1986. We get, as a result, 220 
times, aud a remainder of £6. Then we argue, from the prin­
ciple. already established, that since £9 is contained in £1986 
220 times, with a remainder of £6 j £220 is contained in £1986 
9 times, with a remainder of £6 j that is, that the ninth part of 
£1986 is £220, with a remainder £6. Next reducing this £6 to 
shillings, and adding in the 14s., we obtain a total of 134s., and 
we find that 9s. is contained in 134s. 14 times, with a remainder 
of 8s., whence we conclude that 14s. is contained in 134s. 9 times, 
with a remainder of 8s., that is, that the ninth part of 1348. is 
14s. with a remainder of 8s., or that the ninth part of £1986 145. 
is £220 14s., with 8s. still undivided, &c. 

EXAMPLE 4.-Divide 978964 by 3429. 
OPERATION. EXPLANATION.-3429 into 9'789 (the smalIest num· 

340 9)978964("85 \ Gl! Q ber of figures that will contain the divisor) goes 2 
" 6858 " ;j '",; times, we therefore put 2 ir. the quotient. Multi­

plying 3429 by 2. we get 6858, which we subtract from 
20:llG 9789: and obtain as remainder 2931, which we reduce 
27-132 to the next lower order (tens) and add in the 6 tens, 

3429 into 29316 goes 8 times. We therefore place 8 
18844 in the quotient. Multiplying 3429 by 8 we get274032, 
17145 which we subtract from 29316, and obtain 1884 as a 

remainder. Reducing to units and adding in the 4, 
1699 or what amounts to the same thing, bringing down 

the 4 and writing it after the 188~ we get 18844: and 
3429 into 18844 goes 5 times, with a remainder 1699, under which we write 
the divisor 3429. 

73. When the dividend is an abstract number, it is evident 
that bringing down the next figure and writing it to the right of 
the remainder, is the same in effect as reducing the remainder 
to the next lower denomination and adding in the units of that 
order found in the dividend. Thus, in the last example, bring­
ing down the 6 and writing it directly to the right of the first 
remainder, 2931, makes the next partial dividend 29316, which 
is the same as reducing the 2931 to the next lower order and 
adding to the result the 6 of that order found in the dividend. 

EXAMPLE 5.-Divide 6421284 by 642. 
orEnA TION. EXPLANATION.-642 goes once into 642 and leaves no 

ni2)IHm~~I(l0002 remain.der. Br!ngi!'g down tb!" next dig;t of the divi-
64t dend glVes no d,,,,t 1Il the qnotlent in which therefol't', 

we put a cipher after the 1. Then~xt digit of the di.i-
l~S,1 denel, in the same way, gives no digit in the quotient, in 
l~S·1 which, consequently, we put another cipher and. for 

similar reasons, another in bringing down the next· but 
the next digit ml1kr~ the quantity brought down 1284, which containS the 
dIVIsor tWIce, and glves no remaInder :-we put 2 in the quotient. 

N OTE.--.J1jt~r . the firs~ qu,otient figure is obtained, for each 
figure of the dtvtdend whtch '/.S brought down, eitk8r a .ignificant 
figure, or a cipher, must be put in the quotient. 
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74. When there is a remainder. we may continue the division adding 
decimal places to the quotient, as follows- ' 

EUMPLIiI 6.-Divide 796347 by 847, and the result by 7234. 

OPERA-TIO". 
847)7963~7(9W'197166, &oc, 

7623 

3404 
33S8 

1670 
S47 

1410 
847 

5630 
508:! 

5480 
Gu~2 

398. &c. 
7234)940'197166(0'129969, &c. 

723'4 

211l'79 
l·U'li~ 

7:!-U7 
65'106 

7-Olli 
"'5106 

',-,00:-,1. 
'43404 
~ 

SIHOS 
1,1:!O, .1:('. 

75. When tbe divisor is large, the pupil will find assistance in 
determining the quoti~nt figure, by finding how many times the 
first figure of the divisor is contained in the first figure, or, if 
necessary, the first two figures of the dividend. This will give 
pretty nearly the right figure. Some allowance, must, however, 
be made for carrying from the product of the other figures of the 
divisor, to the product of the first into the quotient figure, After 
multiplying the divisor by the quotient figure, if the product is 
greater than the corresponding partial dividend, this shows 
the quotient was taken too great, and must be diminished. If 
the remainder, after subtraction, is greater than the divisor, the 
quotient was taken too small, anti must ue increased. 
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EXAMPLE 7.-Divide 27~ cwt. 3 qrs. a lb. :1 oz. by 129. 
OPERATION. 

cwt. qrs. lb. oz. cwt. qr. lb. oz. dr. 
12(1) 27D 3 14 9( 2 0 16 15 0.23. 

2,j~ J 29 

21 
4=qrs. in rwt. 

87=qrs. 
25=ll>s. in 'II'. 

2189=11>8. 
129 

125 
16=Oz. itt lh. 

7ti9 
l:.!.j 

2009=01,. 
1::!9 

719 
645 

74 
IG=drams in oz. 

l1Q=,lrams. 
1161 

2:1 remainder. 

EXPLANATION.-129 in 279. 
i. r., the 129th part of 279 CWI •• 

~SI ~;~t'lrhl;~lac;et!~t~~~u~! 
to quarters by multiplying by 
·1 and adding in the 3 qrs. The 
129th part of 87 qrs. is equal 
to 0 qr .• and we therefore place 
a 0 in the quarters' place of 
the quotient. Wo next reo 
duce qrs. to Ibs. bv multiply. 
ing by 25 and adding in the 
H lhs. of the dividend. We 
thlts ohtain 2189lbs., of which 

!~o ~~~ti~J':dt ~~~6al~de~~~ 
125lbs. Reducing 125 lb •. to 
oz., and adding in the 9 oz., 
wo obtain 2009 oz., of which 
tl", 129th part is 15 oz., with 
an undivided remainder of74 
07,. Reducing the 74 oz. to 
drams, we obtain 1184 drams, 
of which the 129th part is 9 
drams, with an undivided re­
mainder of ~;3 drams, under 
,vhich we place the divisor 
12!1 to indicate its division. 
Thus we find the total quo· 
hent to he 2 cwt. 0 qr. 16 lb. 

15 OZ. tl/:./':i 'lrs. 

76. The general principles on wLich the operations in 
division depends are ;-

1st. The quotient arising from the division of the whole 
dividend by the divisor, is equal to the sum of the quotients 
arising fro111 the division of the several parts of the divi­
dend by the divisor. (68) 

2nd. The divisor and quotient are the factors of the di­
vidend. (65) 

3rd. The product of the divisor, by the entire quotient, 
is equal to the sum of the products of the divisor by the 
"P\'pl':11 parts of the quotient. (45) 
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We ask how IIllIDY times the divisor is contained in a part of the divi­
dend, and thWl a part of the quotient is found; the product of the divisor 
by this part is taken (rom the dividend, showin~ how much of the latter 
remains undivided. then a part of the remaimnp; dividend is taken and 
another part of the quotient is found, and the product of the divisor. by 
it, is taken away from what before remainedi and thus the operation pro­
ceeds till the whole of the dividend is divideo, or till the remainder is less 
than the di'Vi801". 

77. We begin at the left-hand side, because what re­
mains of the higher denomination may still give a quotient 
in a lower; and the question is, how often the divisor will 
go into the dividend-its different denominations being 
taken in any convenient way. We cannot know how many 
of the higher we shall have to add to the lower denomi­
nations, unless we begin with the higher. 

PROOF OF DIVISION. 

78. FIRST METHOD.-Multiply the quotient by the divisor, and 
to the product add the remainder. if any; the result should be 
equal to the dividend. (65) 

EXAMPLE 8.-Divide £5681 
£ s.d.o£s.d. 

7(0)5681 13 40 (8 2 '" 
5600 

81 
20 

1633 
1400 

233 
12 

2800 
2800 

13s. 4d. by 100. 
PROOF. 

£ s. d. 
8241 

10 

81 3 " 
10 

811 13 40 
7 

5681 13 4F=£8 2s. 4od.x700=dividend. 

SIIIOOND METHOD.-Subtract the remainder, if any,from the d~­
vidend, divide the dividend, thus diminished, by the quotient; and 
if the result is equal to the given divisor, the work is right. 

This is merely doing the same work by a different method. 
TBIRD MIIITHoD.-Cast the nines out of the divisor and quotient 

and multiply the remainders togethel' ; add to their product the 
remainder, if any, after division, and cast the nines out of this 
sum; the remainder thus obtained should be equal to the remainder 
obtained by casting the nines out of the dividend. 

Sinoe the divisor and quotient answer to the multiplier and multiplicand. 
and the dividend to the product, it is evident that the principle of casting 
out the 911. will apply to the proof of division &8 well as to that of multipli­
cation • 

. FOVBTII~MHBOD.-Add the re!Minder and tlle respectlllepl'oduct. 
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of the divisor tnto each quotient figure together; and if the sum u 
efual to the dividend, the work is right. 

This moue of proof depentls upon the principle that the whole of a gtuJllo 
lity is equal to the sum of all its parts. 

EXAMPLE 9.-Divide 147856 by 97. 
97)147856(1524 

97' 

508 
485" 

235 
19'~' 

416 
388' 

28' 

147856 
N OTE.-The asterisks Bhow the lines to he added. 

EXERCISE. 

(10) (11) (12) (13) 
12)876967 7)891023 9)763457 8)65432'978 

----
73080'h 127289 84828~ 8179'12225 

(14) (15) (17) 
$ ets. $ ets. £ 

(16) 
. s. d. wks. dB. brs. min. 

9)6789'60 11)4298'76 4)19 6 4 9)69 4 19 30 
--- --- ----

$754'40 $390'79{\ 4 16 7 7 5 4 50 

18. Divide 798965 by 6423. Ans. 124H-H. 
19. Divide £176 14s. 6d. by 12. Ans. £14 14s. 6id. 
20. Divide 56789 by 741. Ans. 76~H. 
21. Divide 6785158 by 7894. Ans. 859tiM. 
22. Divide £4728 16s. 2d. by 317. Ans. £14 18s. 4ln-d. 
23. Divide $97896'64 by 429. Ans. $228·19m. 
24. Divide 970763 by 6. Ans. 161793'8333+. 
25. Divide 71234 by 9. Ans. 7914t. 
26. Divide 977076 by 47600. Ans. 20H~n • 
. 27. Divide 7289 Ibs. 6 oz. '" drs. 2 ser. 13 grs. by 498. 

An8. 14 Ibs. 7 oz. 5 dr. 0 oz. 12iBi. 
28. Divide £157 16s. 7d. by 487. Ans. 6s. 5id.Hr. 
29. Divide 7867674 by 9712. Ans. 810/A\. 
30. Divide 423 m. 3 fur. 38 rds. by 37. An!. 11 m. 3 fur. 14 rds. 
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GENERAL PRIXCIPLES. 

79. Ifa given divisor is contained in a given dividend a certain 
number of times, the same divisor will be contained in double 
that dividend twice as many times; in three times that dividend 
thrice as many times, &c. Hence, 

When the divisor remains the same, multiplying the 
dividend by any number has the effect of multiplying the 
quotient by thl' same numlJ('r. 
Thus 9 + 3 = 3; 9 Yo 2 or 18+3 = 6= 3X2. 9X5 or 45+3 = 15= 3X5. &c. 

SO. If a given divisor is contained in a given dividend a certain 
number of times, the Bame divisor will be contained in half that 
dividend half as many times; in one-third of that dividend one­
third as many times, &c. Hence, 

When the divisor remains the same, dividing the dividend 
by any number, has the effect of dividing the quotient by 
the same number. 
Thus 48+3= 16; Vl+3 or 24+3 = 8 =J{!'; ~R +3 or 6+3= 2=41. &e. 
Sl. Ifa given divisor is contained in a given dividend a certain 

number of times, half that divisor will be contained in the s~me 
dividend twice as many times, one-third of that divisor thrice 
as many times, &c. Hence, 

When the dividend remains the same, dividing the divi­
sor by any number has the effect of multiplying the 
quotient by that number. 

Thus 48+6=8; 4S-i-~ or 4g+3=16=8X2; 4,g+~ or 4S-i-2=2'~=8X3, &c. 
S2. If a given diviBor is contained in a given dividend a certain 

number of times, twice that divisor will be contained in the same 
dividend only half as many times, three times that divisor only 
one-third as many times, &c. Hence, 

When the dividend remains the same, multiplying the 
divisor by any number has the effect of dividing the quotient 
by the same number. 

Thus 48+2 = 24 ; 48+twicc 2 or 48+4 = 12 ~, half of 2,~. 
48+eight times 2 or 4~+16 = 3 = oue·ei~hth of 24, &0. 

83. !fa given divisor is contained in a given dividend a certain 
number of times, twice that divisor is contained in twice that 
dividend the Bame number of times; thrice that divisor in thrice 
that dividend the same number of times, &c. Hence, 

When the divisor and dividend are both multiplied by 
the same number, the quotient will remain unchanged. 

Thus 12+4 = 3; 24 or twice 12+8 or twiC8 4 = 3; 72 or thrice 24+24 or 
thrice 8 = 8, &c. 
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84. If a given divisor is contained in a given dividend a certain 
number of times, half that divisor is contained in half that 
dividend the same number of times j one-third that divisor in one­
third tbat dividend tbe same number of times, &c. Hence, 

When the divisor and dividend are both divided by the 
same number, the quotient will remain unchanged. 

Thus 48+24 = 2; 24 or half of 48+12 or half of 24 = 2. &c. 

TO DIVIDE BY A COMPOSITE NUMBER. 

RULE. 
85.-Divide the dividend by one of the factors of the divisor; 

then the resulting quotient by another factor j and so on till all 
the factors are used. The last quotient will be the answer. 

Multiply each remainder by all the preceding divisors and add 
their products to the first remainder, if any, for the true remainder. 

When the divisor is separated into only two factors, the 
rule for finding the true remainder may be thus expressed:­

Multiply the last remainder by the first divisor, and to their 
product add the first remainder, if any j the result will be the true 
remainder. 

EXAMPLE 3I.-Divide 118 lbs. by 72. 
OPERA.TION. 

1st remainder lib. 3)718 

4)239-1 

6)59--3 

2nd remainder=3X3 9 lb. 

3rd remainder=5X4X3= 60 lb. 

9-5 true remainder 70 lb. ~ns. 9H. 
'fhat dividing by the factors of a number will give the same quotient lIS 

dividin" by tho number itself. follows directly from (Art. 84). 
In the last example, dividing by 3 distrihutps the 718 Ibs. into 239 parcels 

of 3lbs. eacb, and leaves a remainder of lib.; dividing next by 4 distributes 
the 239 parcels into 59 still larger parcels. each containing 4 of the smaller 
or 3 lb. parcels, and leaves a remainder 3. which is not 3 lbs. but 3 parcels. 
each of 3 lb.· lastly, dividing the 59 by 6 distributes it into 9lar!?e parcels 
of 72 lbs. each. and leaves a remainder 5. which is. of course. 5 of the 12 lb. 
parcels. Hence the reason of the rule for finding the true remainder. 

EXERCISE. 
32. Divide 3766 by 25. 
33. Divide 26406 by 42. 
34. Divide 25431 by 96. 
35. Divide £24 178. 6d. by 24. 
36. Divide £740 13s. 4d. by 49. 
37. Divide £547 128. 4d. by 56. 
38. Divide 6789436 by 35. 

.ons. 150kt. 

.ons. 628U. 

.ons. 264Bi. 

39. Divide 753293 by 147 (=7X 7X3) 
40. Divide 1798 lbs. 6 oz. 11 dwt. 9 grs. by Sl . 

.on •. £1 Os. Sid. 
.om. £15 2s. 3id.n. 
.ons. £9 15s. 6id.lt. 

.ons. 1939A3i!. 
.ons. 5124ff.r. 

.ons. 22 lbs. 2 01. 9 d"Wt. On gn 
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86. When both the divisor and the dividend are deno­
minate numbers-

RULE. 
Reduce both the divisor and the dividend to the lowest denomi­

nation contained in either, and then proceed as in AI·t. 71. 

EXAMPLE 41.-Divide £37 5s. 91d. by 3s. 61d. 
s. d. £ s. d. 
3 6~ 37 5 ~, 

12 20 

42 7 ~,; 
4, I:.! 

170 farthings. 8949 
4 

170)35797 (210NO' times. 
34Q 

17r~ 
170 

'J1 

87. In the above and all similar questions we are required to 
find what fraction the divisor is of the dividend j or, in other 
words, how often the divisor is cootained in, or can be subtract­
ed from, the dividend, and the quotient ruust necessarily be an 
abstract number. 

EXAMPLE 42.-Divide 729 cwt. 3 qrs. 16 lb. by 3 qrs. 9 lb. 7 oz. 
qr •. lbs. oz. cwt. qrs. lbs. 

:s 9 7) 72~ 3 16 
25 4 

84 2!119 
16 25 

511 14611 
84 5838 

1351 oz. 7l!l~1 
10 

437946 
72991 

}:l.,J)11"".jti oz. (864f'l5'r times. 
lO~fI") 

870;' 
8106 

6996 
5404 

6Vj 
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EXERCISE. 

43. Divide £8968 13s. '1~d. by £491 12s. Old. Ans; 18HUU. 
44. Divide 102'1 m. 1 fur. 6 rds. by 1'1 m. 5 fur. 2'1 rds. Am. 58. 
45. Divide £171 Is. 10ld. by £57 Os. Hd. Ans. 3. 
46. Divide 91b. 9 oz. 3 dwt. 12 grs. by 5 dwts. 9 grs. Ans.436. 
47. Divide 2366 acres 3 roods 36 rds. by 91 acres 61·ds. Am. 26. 

88. When the dividend alone contains decimal places, 
the preceding rules are sufficient; but when the divisor 
contains decimals, it becomes necessary to prepare the 
quantities for division according to the following-"" 

RULE. 
Remove the decimal point as many places to the right, in both the 

dividend and the divisor, as there are decimals in the divisor, and 
then proceed as in Art. 71. 

This is simply multiplying both dividend and divisor by the 
same number, and therefore (Art. 83) does not afi'ectthequotient. 
Thus removing the decimal point one place to the right, in both 
dividend and divisor, is equivalent to multiplying each by 10 j 
two places, the Bsme as multiplying each by 100 j three places, 
by 1000, &c. 

EXAMPLE 48.-Divide 8'1'6 by '0009. 
Multiplying each by 10000, or, in other words, removing the deeima1 

point four places to the right, in each, (since therearefour decimals in the 
divisor,) gives us 876000+9, and this (Art. 83) must give the same quoij,ent as 
87'6 + 'U009, therefore 
87'6 + '0009=876000 + 9 = 97333'33, &c. 

EXAMPLE 49.-Divide '06 by 8'934. 
'06 -;- 8'934 = 60 -;- 8934. 

8934):~:gg2(0·0067. &c. 

6'3960 
6'2538 

1422 
RemoYing the decimal point three places to the right in each we gel 

60+8934, and we then proceed thus: 8934 into 60 (units) '0 (unitsJ times; 
set down 0 with the decimal point after it; 8934 into 600 (tenths) 0 times; 
i~to 6000 (hundredths), 0 times; into 60000 (thousandths).6(thouBandths) 
times, &c. 

EXAMPLE 50.-Prepare 93'004 -;- '0000069 for division. 
Ans. 93'004 -;- '0000069 = 930040000 -;- 69. 

EXERCISE. 
51. 43 -;- '0006947 = 430000000 -;- 694'1. 
62. 9378'92 -;- 9'7891 = 93'189200 + 97891. 
63. 4'96723 -;- 23'934 = 4967'23 + 23934. 
154. '793 -;- '49 = 79'3 -;- 49. 
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55. ·00l-;-674·937=1-;-674937. 
56. Divide 47-655 by 4'5. 
51. Divide 156'98 by 16'13612. 
58. Divide 41'5182915 by 26'175. 
59. Divide 1 by 1'6345. 
60. Divide 75'347 by 0'3829" 
61. Divide '0002 by '000000008. 

115 

.Bns. 10'59. 
.Bns. 9'864+. 
.Bns. 1'8171. 

.Bns. 0'1309+. 
Jlns. 196'1798+. 

.Bns. 25000. 

CONTRACTIONS 1:-< DIVISION. 

89. To Divide by 10, 100, 1000, &c. 
Remove the decimal point as many places to the left in the '[11"­

dend as there are Os in the divisor. 

90. To divide by 2;3. 
Multiply by 4 and divide by 100. 

ReMon 25 = ~ ll. 
91. To divide by 15, 35, 45, or 5~). 

Double the dividend, and dit'ide the product by 30, 10,90, 01' 110, 
as the case may be. 

REA8o:'.-This method is simply doubling both the divisor and dividend. 
We must therefore di\'ide the remainder, if any, by 2. fol' the true reo 
mainder. 

92. To divide by 125. 
Multiply the dividend by 8, and dil'ide the product by 1000. 

REA80N.-This contraction is multiplyinp: both the dividend and di\'isor 
by 8. }o'or the trite remainder, therefore, we mru;t di"ide the remainder, if 
any, by 8. 

93. To divide by 75, 17[" :!25, or :!75. 
Multiply the dividend by 4, and didde the pI'oduct by 300, 100 

900, or 1100, as the case may be. 

REA80N.-75 = ~.Il, 175 = ~7llf &c. For the true remainder, divide the 
remainder, if any thus found, by 4. 

94. When there are many decimals in the dividend and 
but few are required in the quotient, we may abbreviate 
thc division by the following-

RULE. 
Proceed as in Art. 11 till the decimal point is placed in the 

quotient, and then cut off a digit to the right hand of the civisor, at 
each new digit of the quotient; remembering to carry what would 
have been obtained by the multiplication of the digit neglected­
unity if this multiplication would have produced more than 5, and 
less than 15 j 2 if mOTe than 15, and less than 25, ~c. 
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ELUIPLB,-DiTlde ~34 .. 33'1385 by 61·S4'1'. 
Ordinary Method, Contracted Metbod, 

61347)754337'38.(12'296 61347)7.4337'38.(12'296 
61347 61347 

140867' 140867' 
1~269 4' 122694' 

1817 3'3 18173' 
1226 9'4 13269' 

590 3'98 5904' 
6.2 1'23 5521' 

382'755 38S' 
368'082 368' 

14'6730 15' 
ACCOl'ding as the denominations of tbe quotient become ,mall, their pro­

duct. by the lower denomination of the divisor become inconsiderable, and 
may be neglected, and conscq"ently, the por~ion. of the dividend from 
which they would bave been subtracted, What should have been carried 
from the multiplication of the digit neglected-since it belongs to a higher 
denomination tban what is neglected-mnst still be retained. 

EXERCISE, 
61. The Ontario, Simcoe, and Huron Railway is 95 miles in 

lengtb, and cost $3300000. What was the cost per mile? 
62, The Rideau Canal is 126 miles in length, and cost $3860000. 

What was the average cost per mile? 
63, The distance of the earth from the sun is 952'10400 miles; 

how long would it take a cannon ball, going at the rate of 
28800 miles per day, to reach the Bun? 

64, The national debt of France is 1145012096 dollars, and 
the number of inhabitants is 35781628; what is the amount of 
indebtedness of each individual? 

65. The national debt of Great Britain is 3'16411212'1 dollars, 
and the number of inhabitants is 274752'1l; what is the amount 
of indebtedness of each individual? 

66, What is the ninth part of $9'12 ? 
67. What is each man's part, if $9'12 be divided equally among 

108 men? 
68. Divide a legacy of $8526 equally between 294 persons, 
69, Divide 340480 ounces of bread equally between '192 per­

sons, 
'10, A cubic foot of distilled water weighs 1000 ounces j what 

will be the weight of one cubic inch? 
71. How many Sabbath days' journeys (each 1155 yards) in 

the Jewish day's journey, which was equal to 33 miles and 2 
furlongs English? 

72, How many pounds of butter, 19 cents per lb., would pur­
chase a cow, the price of wbich is $4'1'OO? 

73, DividQ 1178'634 by 96'a4'16~, 
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74. Divide 7~9 bush. 1 pk. 1 gal. 1 qt. 1 pt. by 29t. 
75. Divide 179 cwt. 3 qr. 4 lb. 16 oz. by 9 lb. 7 oz. 8 drs. 
76. The circumference of the earth is about 25000 miles; if a 

vessel sails ~3 m. 4 fur. 7 rds. a day, how long will it require to 
sail round the earth? 

QUESTIONS TO BE ANSWERED BY THE PUPIL. 

NOTE.-The numbers after the questi<>ns refer to the articles of the 
section. 
1. What is division 1 (58) 
2. What is the divisor? (59) 
S. What is the dhidend ? (GO) 
4. What is the quotient? What i8 the derivation ofihe word 'quotient' (61)1 
5. Explain when the quotient will be equal to unity, and when greater or 

less thau unity? (62) 
6. Under what eircumstances does a remainder arise in division, (63) 
7. What is the denomination of the remainder? (63) 
8. Why can it never be as !;reat as the divisor P (63) 
9. What is the correspondell"e between the minuend and the subtrahend 

in subtraction and the divisor and the dividend in division? (64) 
10. 'What may we consider as the factors of the dividend, (65) 
11. How mallY ways have we of expressing the division of' olle quantity by 

another, What are they, (66) 
12. When a quantity consisting of sev!'ral terms, connected by the si!;ll X, 

isto be divided by any number, how may the work be performed? (67) 
13. When a quantity consist.ing of several terms. rOllnectcd by the signs + 

or-, contained within hrackets, is to be divided, what must be done 
npon removing the br.ekets 1 (68) 

14. Give the general rule for divisioll. (71) 
15. In the qnestion .. Divide 11 m. 7 fur. 20 per. ~ )"rls. by 279," explain what 

is really required. (77) Show that all such question ... re reducible to 
a species Of suhtraction. (72) 

1ft. In dividing abstract numbers, explain what bringing down the next 
figure of the dividend is equivalent to. (73) 

17. When t'lere is a remainder. how is it to be written, (71, Example 1) 
18. What are the three geueral principles upon which the operations of 

division depend? (76) 
19. Why do we begin dividing at the left·hand side? (77) 
26. How may division be proved? (78) • 
21. The divisor remainiu/( unchanged. what effect bas mUltiplying the 

dividend hy any number 1 (7U) 
22. The divisor remaining unchauged, what effect has dividing the dividend 

by any nnmber' (80) 
23. The dividend remaining unchanged, what effect has dividing the divisor 

by any number? (81) 
24. The dividend remaining unchanged, what effect has multiplying tho 

divisor by any number~ (82) . . . . 
25. What is the effect upon the quotient when the dIVISor and the diVIdend 

are both multiplied by the same number? (83) 
26. What is the effect upon the qnotient when the divisor and the dividend 

are both divirleu by the same number P (84) 
27. How do wc divide by a composite numb"r1 (85) 
2.~" When we divide by the divisors of a composite divisor, how do we obtain 

tbe correct remainder 1 (85) 
29. When the divisor i. separated into only two factors, how may the rule 

for obtaining the correct remainder be worded 1 (85) 
30. When the divisor and the dividend are both denominate nnrubers, what 

i9 the rule 1 (86) 
31. When one denomina~ nnruber is divided by another, what kind of " 

number mllOt the quotient alwaYI be1 (87) 
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32. In the question" Divide 37 lb. 2 oz. 15 dr. by lib. 9 oz. 11 dr.," whahra 
we in realit¥ required to do ? (87) 

33. When the diVlsor contains decimals, how do we proceed P (88) Upon 
what prillciple do we do this P (88) 

34. How do we divide by I, followed by any number of Os P (89) 
35. How do we contract the work when dividing by 25 ~ How by 15,35,45, 

or 55 P (90, 91) 
36. How do we divide by 125? How by 75, 175, 223. or 275? (92,93) 
37. How do we abbreviate the work when there are many deciinals in the 

dividelld and but few are required in the quotient? (94) 

MISCELLANEOUS EXERCISE. 
(On preceding rules.) 

1. Multiply 789643 by 999998. 
2. Read thc following numbers: 67813420'021030046, 

72000000'000000072, 
1001000100'0010000010000001. 

3. Express 709, 4376, 9999, 86004, and 3947596 in Roman 
numerals. 

4. Multiply 749 lb. 10 oz. avoirdupoia by 72. 
5. What is the price of 17 pairs of gloves at 4s. 7id. per pair? 
6. The planet Neptune is 2850 millions of miles from the sun; 

how long would it take a locomotive to travel from the Bun to 
N~ptulle, at the rate of 30 miles an hour? 

7. Reduce £729 17s. 6id. to dollars and cents. 
8. From $10000 subtract $9876'23. 
9. Write down five hundred and twenty billions, six millions, 

two thousand and forty-three, and five" thousand and sixteen 
trillion ths. 

10. Reduce 7964327 inches to acres, roods, &c. 
11. Add together the following quantities: $729'43, $16'70, 

$976'81, $9987-17, $429'00, $129'19. 
12. Multiply 6 weeks 4 days 3 hours 17 minutes by 429. 
13. Take the number '141, and, by removing the decimal point: 

(1) multiply it by 1000000: (2) divide it by 100000; (3) make 
it millions j (4) make it billionths j (5) make it trillionths j 
(6) make it hundredths of thousandths; (7) make it tenths. 

14. Multiply 78'96 by '00042. 
15. How many hogsheads of sugar, each containing 13 cwt. 

2 qrs. 14 Ibs., may be put on board a ship of 324 tons burden? 
16. A farmer's yearly income was 9237 dollars. He paid for 

repairing his bouse 136 dollars, for bired belp on his farm 4 
times as much lacking 95 dollars, and for other expenses 1902 
dollars j how much does he save yearly 1 

17. How many suits of clothes can be made from a piece of 
cloth containing 39 yds. 2 qra. 3 nls.; each suit requiring 3 yds. 
1 qr. 2 nls. ? " 

18. There is a farm consisting of 732 acres; 25 acres of wbich 
is planted with corn and potatoes; 197 acres sown with rye; 
156 witli oats j 97 with wheat; 199 is pastured j and the re­
mainder is meadow. How many acres of meadow? 
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19. Bought 96 acres 3 roods 1'1 perches of land, for which I 
pay $U64 ; what did I pay for it per perch? 

20. A lady, having 312 dollars, paid for a bonnet 20 dollars, 
for a shawl 75 dollars, for a silk dress 97 dollars, aud for some 
delaiues 83 dollars; how much had she remaining? 

21. A silversmith received 36 lb. 8 oz. 14 dwt. 16 grs. of silver 
to make 12 tankards; what would the weight of each tankard be? 

22. I bought four fields; in the first there were 6 acres 3 rds. 
12 perches; in the second, 7 acres 2 roods; in the third, 9 acres 
and 13 perches; in the fourth, 5 acres 2 roods 36 perches. How 
much in all? 

23. A merchant expended 294 dollars for broadcloth, consist­
ing of three different kinds; the first at 5 dollars a yard; the 
second at 7 dollars; and the third at 9 dollars a yard. He had 
as many yards of one kind as of another-how many yards of 
each kind did he buy? 

24. A silversmith made three dozen spoons, weighing 5 lb. 
9 oz. 8 dwt. ; a tea-pot, weighing 3 lb. 2 oz. 16 dwt. 16 grs.; 
two pair of silver candlesticks, weighing 4 lb. 6 oz. 17 dwt.; a 
dozen silver forks, weighing lIb. 8 oz. 19 dwt. 22 grs.: what 
was the weight of all the articles? 

25. Reduce £972 lIs. l1id. to dollars and cents. 
26. Reduce 179 Ibs. 3 oz. 3 dr. 1 Bcr. 14 grs. to grains. 
27. There is a house 56 feet long, and each of the two sides of 

the roof is 25 feet wide; how many shingles will it take to cover 
it, if it require 6 shingles to cover a square foot? 

28. A merchant bought 4 bales of cotton; the first contained 
6 cwt. 2 qr. 11 lb.; the second, 5 cwt. 3 qr. 16 lb.; the third, 
8 cwt. 0 qr. 'lIb.; the fourth, 3 cwt. 1 qr. 17 lb. He Bold the 
whole at lIi cents a pound; what did it amount to? 

29. A merchant has 29 bales of cotton cloth, each bale con­
taining 57 yards; what is the value of the whole at 15 cents a 
yard? 

30. A man willed an estate of $3'l0129 to his two children 
and wife, as follows: to his son, $139468; to his daughter, 
$98579; and to his wife the remainder. How much did he will 
to his wife? 

31. Divide £1694 16s. OHd. by £9 19B. llid. 
32. Reduce £19 19s. Hid. to dollars and cents. 
33. A merchant having purchased 12 cwt. of sugar, sold at 

one time 3 cwt. 2 qrs. 11 lb., and at anotber time he sold 4 cwt. 
1 qr. 15Ib.; what is the remainder worth, at 15 cents per pound? 

34. Bought 4 chests of hyson tea; the weight of the first was 
2 cwt. 0 qr. 17 lb. j the second, 3 cwt. 2 qrs. 15 lb. j the third, 
2 cwt. 1 qr. 20Ib.; the fourth, Ii cwt. 3 qrs. 1 'lIb. ; what is the 
value of the whole at 37. cents a pound? 

llli. Express 100200300709 in Roman numerals. 
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36. Divide 43'2 by ~6·843~. 
3~. Divide 123'4 by·000000066. 
38. From $2789'2~ take 1 ~ times $63'29. 
39. Add together $278'43, $417-16, $11'27, $2110'40, $723'10, 

and £29 6s. 11ld. and divide the sum by 173. 
40. In 1857 the total number of volumes in the Common School 

and other Public Libraries of Canada West was estimated at 
491544 and the number of libraries at 2076. How many volumes 
were there upon an average to each library 1 • 

SECTION III. 
PROPERTIES OF i\U)IBERS, PRDlE NUMBERS, MEASURES, 

GREATEST CO)DION l\lEASURE, LEAST COMMON 
l\IULTIPLE, SCALES OF ~OTATION, AND ApPLICA­
TION OF THE Fu:-mA)IEXTAL RULES TO DIFFERENT 
SCALES. DUODECIMALS. 

1. A divisor, 01' measure of [t number, is a number 
which will divide it exactly; that is, leaving no remainder. 

2. A multiple of a number is a number of which the 
given number is a divisor. 

3. An integer, or integral number, is a whole number. 
4. Integers are either prime or composite, odd or even. 
5. An Even Number is that of which 2 is a divisor. 
6. An Odd Number is that of which 2 is not a divisor. 
7. A Prime Number is one which has no integral divisor 

except unity and itself, thus 2, 3, 5, 7, 11, 13_ 11, 19,23, 
29, &c" are primes. 

8. A Composite Number is a number which is not prime; 
or is a number which has other integral divisors besides 
uuity and itself, thus 4, 6,9, 10, 12, 14, 15, 16, 21, &0., 
are composite numbers. 

9. The Factors of a number are those numbers which, 
when multiplied together, produce or make it. 

10. Factors are sometimes called measures, submultiples, 
or aliquot parts. 

11. A Common Measure of two or more numbers, is a 
number which will divide each of them without a remain­
del'; thus 7 is a common measure of 14, 35, and 63. 

12. Two or more numbers are prime to one another 
when they have no common divisor except unity' thus 9 
:md 14 nl'i "prime to each other." " 
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Hence all prime numbere are prime to eooh other; but composite. num­
bers mayor may not be prime to one another. 

13. Commensurable Numbers are those which have 
some common divisor. 

'rhus 55 and 33 are commensurable, the common divisor being 11. 

14. Incommensurable Numbers are those which are 
prime to one another. 

Thus 55 and 34 are incommensurable. 

15. A Square Number is one which is composed of two 
equal factors. 

Thus 25=5X;; is a square number: so also 64=8X&. &c. 

16. A Cube Number is one which is composed of thrce 
equal factors. 

Thus 343=i;<iX7 is a cube number: so also 27=3X3X3, &c. 

17. A Perfect Number is one which is exactly equal to 
the sum of all its divi"or~. 

Thus,6=1+2+3 is a perfect number; so also 28=1+2+4+7+14 is a per. 
feet nuwber. 

All the numbers known to which this property really belongs, are the 
eight following: 6; 2,; 496: ~128: 33550336; 8589869056; 137438691328; 
and 2305843008139962128. 

NOTB.-AlI perfect numbus terminate with 6, or 28. 

18. Amicable Numbers are such pairs of integers that 
each of them i~ exactly equal to the sum of all the divisors 
of the other. 

Thus, 22n and 284 are amicable; for, 2~O=1 +2+4+il + 1 t!, which are all 
the divisors of 284 and 2S4=1+2+6+11+4+11l+22+20+.j..I+;;5+lliJ, which 
arc all divisors of 220. 

Other amicable numbers arc 17296 and 18416; also 9363583 and 9437056. 

19. By the term pro/)Ntie's of ?lumbers, is meant those 
fiualities or elements which are inseparable from them. 
Some of the most important properties of nUlllbers are the 
following: 

I. The sum of two or more even numbers is an even 
number. 

II. ~'he difference of two even numbers is un even num· 
ber. 

III. The sum or difference of two odd numbers is an 
even number. 

IV. The sum of three, five, seven, &e., odd numbers, is 
:m odd number. 
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V. The sum of two, four, six, eight, &c., odd numbers, is 
an even number. 

VI. The sum or difference of an even and an odd num· 
ber, is an odd number. 

VII. The product of two even numbers, or of an even 
and an odd number, is an even number. 

VIII. If an even number be divisible by an odd num­
ber, the quotient will be an even number. 

IX. The product of any number of factors will be even 
if one of the factors be even. 

X. An odd number is not divisible by any even number. 
XI. The product of any number of factors is odd if they 

are all odd. 
XII. If an odd number divide an even number, it will 

also divide half of it. 
XIII. Any number that measures two others must like· 

wise measure their sum, their difference, and their product. 
Thus, if 6 goes into 24 four times, and into 18 three times. it will go into 

24-t 18 or 42, three plus four, or seven times. 
Also, if 6 goes into 2·1 four times, and into 42 seven times, it will go into 

42-24 or 18, seven minus four, or three times. 
Lastly, if6 goes into 24 four times, and into 12 twice, it will evidently go 

into 12 times ~4, twelve times 4 times, or 48 times. 

XIV. If one number measure another, it must likewise 
measure any multiple of that other. 

Thus, if 7 measures 21, it must evidently measnre 6 times 21, or 11 times 
21, or 17 times 21, &c. 

XV. Any number, expressed by the decimal notation, 
divided by 9, will leave the same remainder as the sum of 
its digits divided by 9. (See Art. 55, Se~. II.) 

This property of the number 9 affords an ingenious method of proving 
each of the fundamental rules. The same prop~rtybelongs to the number 
3; for 3 is a measure of 9, and will therefore be contained an exact number 
of times in any number of 9s. But it belongs to no other digit. 

The ).rcceding is not a necessary but an incidental property of the num· 
ber 9. It arises from the law of increase in the decimal notation. If the 
radix of tbe system were 8, it would belong to 7; if the radix were 12, it 
would belong to 11; and, universally, it belongs to the number that i8 one 
les8 than the radix of the system of notation. 

XVI. If the number 9 be multiplied by any single digit, 
the sum of the figures composing the product will make 9. 

Thus, 9X4=36, and 3+6=9; so also 8X9=72 and 7+2=9. 

XVII. If we take any two numbers whatever; then one 
of t.hem, or their sum, or their d~ferrnce, is divisible by 3. 
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Thus, take 11 and 17; though neither the numbers themselves, uor their 
sum, is divisible by 3, yet their difference is, for it is 6. 

XVIII. Any number divided by 11, will leave the same 
remainder as the sum of its alternate digits in the even 
places, reckoning from the right, taken from the sum of its 
alternate digits in the odd places, increased by 11, if ne­
cessary. 

Take any number, as 38405603, and mark the alternate fi!<Ures. Now the 
sum of those marked, viz: 8+0+6+3=17. The sum of others, viz: 3+4+ 
5+0=12. And 17-12=5, the remainder sought. That is, 38405603 divided 
by 11, will leave 5 remainder. 

Again. take 5847362, the sum of the marked figures is 14; the sum of those 
not marked is 21. Now 21 taken from 25, (i. e. 14 increased by 11,) leaves 4. 
the remainder sought=remainder obtained by dividing 5847362 by 11. 

XIX. Any number ending in 0, or an even number, is 
divisible by 2. 

XX. Any number ending in 5 or 0 is divisible by 5. 
XXI. Any number ending in 0 is divisible by 10. 
XXII. When the two right-hand figures are divisible 

by 4, the whole is divisible by 4. 
XXIII. When the three right-hand figures are divisible 

by 8, the whole number is divisible by 8. 
XXIV. When the sum of the digits of a number is di­

visible by 9, the number itself is divisible by 9. 
XXV. When the sum of the digits of a numLer is divi­

sible by 3, the number itself is divisible by 3. 
XXVI. When the sum of the digits, standing in the 

even places, is equal to the sum of the digits standing in the 
odd places, the number is divisible by 11. 
Thus, to illustrate the last five properties. 

The number 7416 is divisible by 4, because 16, the last two digits, are 
divisible by 4. 

- is divisible by 8, because 416, its last three digits, are 
divisible by 8. 

- is divisible by 9, because the sum of its digits, 7+4+1 
+6=18, is divisible by 9. 

- is divisible by 3, because the sum of its digits, 7+4+1 
+6=18, is divisible by 3. 

So also the number 4567321 is divisible by 11, since the sum of the digits 
in the odd places, 1+3+6+4=14=2+7+5, the sum of the digits in the even 
plac,'s. 

XXVII. Every oomposite number may be resolved into 
pri me factors. 

For, since a composite number is produced by multiplying two or more 
factors together, it may evidently be resolved into those factors; and if 
these factors themselves are composite, they also may be resolved into 
other factors, and thus the analysis may be continued until all the f!l()tol's 
arc prime Dllmber8. 
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XXVIII. The least divisor of any number is a prime 
mynber. 

For every whole number is either plime or composite (Art. 4); but B 
composite nnmber can be resolved into factors (XXVII): consequently, the 
least divisor of any number must be a prime number. 

XXIX. Every prime number, except 2, if increased or 
diminished by 1, is divisible by 4. (See table of prime 
numbers on next page). 

XXX. Every prime number, except 2, is odd i and 
therefore terminates in an odd digit. 

x OTE.-It must not be inferred from this that all odd numbers are prime. 
XXXI. All prime numbers, except 2 and 5, must ter­

minate with 1, 3, 7, or 9. Every number that ends in any 
other digit than 1, 3, 7, or 9, is a composite number. 

For all prime numbers, except 2, mnst end in an odd digit (XXIX), and 
all nnmbers ending in 5 are divisible by 5. 

XXXII. Every prime number, except 2 and 3, if in­
creaRed or diminished by 1, is divisible by 6. 

20. To find the prime numbers between any given li­
mits-

RULE. 

Write down all the odd numbers, 1, 3, 5, '1, 9, I!jc. Over every 
third from 3 write 3; over every fifth from 5 write 5; over every 
seventh from '1 write 1; over every eleventh from 11 write 11; and 
so on. 

Then all the numbers wh ich are thus marked are composite; and 
the others, together with 2, are prime . 

.Also the figures thus placed over, are factors of the numbers over 
which they stand. 

EXAMPLE. 

Find all the prime numbers less than 100. 
3 S'5 

3 5 '1 9 11 13 15 1'1 
S'7 5 3 S'U 5'7 

19 21 23 25 21 29 31 33 35 
3'13 3'5 7 3'17 

31 39 41 43 45 4'1 49 51 53 
s·u 3'19 S'7 5'13 3'23 
55 5'1 59 61 63 65 6'1 69 '11 

3'5 7'11 3 5'17 S'29 
13 15 1'T 19 81 83 85 8'1 89 

7'13 8'31 5'19 S'U 
91 92 95 97 99 
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Hence, rejecting all the numbers which have auperior., the 
primes less than 100 are I, 3, 5, '1, 11, 13, 19, 23, 29, 31, 3'1, 41, 
43,4'1,53, 59, 61, 6'1, '11, '13, '19, 83, 89, 9'1, together with the 
number 2. .. 

This proooss may be extended indefinitely, and is the method bv which 
primes are found even by modern computators. It w"" invented by 
Eratosthenes, a learned librarian at Alexandria (Born B. C. 275). He in­
scribed the series of odd numbeM upon parchment, then cntting Ollt such 
numbers as he found to be composite. h.s parchment with its holes some­
what resembled a sieve: hence, this method is called' Eratosthenes' Sieve.' 

TABLE OF PRIME NUMBERS FROlll 1 TO 8407. 

1 178 4U~ tiO~ ~~l 11~2~ loll loll 21~~ 2.~8 ~741 3'J7a 
2 179 419 661 941 1229 1528 1823 2131 2437 2749 808'l 
3 181 421 673 953 1231 1531 1831 2137 2441 2753 3089 
5 191 431 fi77 967 1237 1543 1847 2141 2447 2767 3109 
7 193 433 683 971 , 1249 1549 1~6l 214:1 2459 2777 3119 

11 197 439 691 97711259 1553 18n7 2153 2467 2789 3121 
13 199 443 701 983 1277 1559 1R71 2161 2473 2791 3137 
17 211 449 709 991 1279 1567 1873 217~ 2477 2797 3163 
19 223 457 719 997 12S3 1571 1877 2203 2503 2801 3167 
23 227 461 727 1009 1289 1579 1879 2207 2521 2803 3169 
29 229 463 733 1013 1291 1583 1889 2213 2531 2819 3181 
31 233 467 739 1019 1297 1597 1901 2221 2539 2833 3187 
37 239 479 743 1021 1301 1601 1907 2237 2543 2837 3191 
41 241 487 751 1031 1303 1607 1913 2239 2549 2843 3203 
43 251 491 757 1033 1307 1609 1931 2243 2551 2851 3209 
47 257 499 761 1039 1319 1613 1933 2251 2557 2857 3217 
53 263 503 769 1049 1321 1619 1949 2267 2579 2861 3221 
59 269 509 773 1051 1327 1621 1951 2269 2:;91 2879 3229 
61 271 521 787 1061 1361 1627 1973 2273 2:;93 2887 3251 
67 277 523 797 1063 1367 1637 1979 2281 2609 2897 32;;3 
71 281 541 809 1069 1373 1657 1987 2287 2617 2903 3257 
73 283 547 811 1087 1381 1663 1993 2293 2621 2909 3259 
79 293 557 821 1091 1399 1667 1997 2297 2633 2917 3271 
83 307 563 828 1093 1409 1669 1999 2309 2647 2927 3299 
89 311 569 827 1097 1428 1693 2003 2311 2657 2939 3301 
97 313 571 829 1103 1427 1697 20n 2333 2659 2953 33117 

101 317 577 639 1109 1429 1699 2017 2339 2663 2957 3313 
103 331 587 853 1117 1433 1709 2027 2341 2671 2963 3319 
107 337 593 857 1123 1439 1721 21129 2347 2677 2969 3323 
109 347 599 859 1129 1447 1723 2039 2351 2683 2971 3329 
113 349 601 863 1151 1451 1733 2053 2357 2687 2999 3331 
127 353 607 877 1153 1453 1741 2063 2371 2689 3001 3343 
131 359 613 881 1163 1459 1747 2069 2377 2693 30n 3347 
137 367 617 863 1171 1471 1753 2081 2381 2699 3019 3359 
139 373 619 887 1181 1481 1759 2083 2383 2707 3023 3361 
149 379 631 907 1187 1483 1777 2q87 2389 2711 3037 3371 
151 383 6U 911 1193 1487 1783 2089 2393 2713 3041 3373 
157 389 643 919 1201 1489 1787 2099 2399 2719 3049 3389 
163 397 647 929 1213 1493 1789 2111 2411 2729 3061 3391 
1A7 401 G5a 937 1217 1499 1801 2113 2417 2731 30fli 3407 

When it i. required to detel'min~ \vhether a given number is a prime, we 
first notice the terminatiu~ figure; if it i8 ditrerent from 1,3,7. or 9, the 
number is composite; but.f it terminate with one of the above digits. we 
muat endeavour to divid~ it with some one of the primes, as found in the 
table. commencing with 3. There is no necessity for trying 2. (or 2 will 
divide only the even numbers. It we proceed to try .. II the successive primes 
CIt the table until we reaoh a prime which iii not lesii thaD the liquare-roo~ 
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of the number. without finding a divisor, we may conclude with certainty 
that the number is a prime. 

The reason why we need not try any primes greater than the square.root 
of the number, is drawn from the following consideration: If a composite 
n*,ber is resolved into two factors, one of which is less than the square' 
root of the number, the other must be greater than the square.root. 

The square of the last prime given in our table is 11607649; hence. 
this table is sufficiently extended to enable us to determine whether any 
number not exceeding lJ607649 is a prime. It is obvious that numbers may 
be proposed whicb would require by tbis method very great labor to de. 
termine whether they are primes, still this is the only sure and general 
method as yet discovered. 

21. To RESOLVE A COMPOSITE NUMBER INTO ITS PRIME FACTORS. 

RULE. 
Divide the given number by the smallest number which will divide 

it without a remainder; then divide the quotient in the same way, 
and thus continue the operation till a quotient is obtained which 
can be divided by no number greater than 1. The several divisors 
with the last quotient, will be the prime factors required. (19· 
XXVII.) 

REASoN.-Every diviaio" of a number, it is plain, resolves it into 
two factors, viz. tbe divisor and the quotient. Bnt according to the mle, 
the divisors. in every case, are the smallest nnmbers that will divide tbe 
given number or the sllcces9ive quotients without a remainder, conse .. 
quently they are all prime Humbers. (I9.xx,VIIL) And since the divisionis 
continued till a quotient is obtained, which cannot be di"ided by any num' 
ber but unity or itself, it follows that tbe last quotient must a.lso be a prime 
nnmber.\ for, a prime number is one wbich cannot be exactly divided by 
any who e number except unity and itseif, (Art. 7.) 

N OTE.-Since the /.east divisor of every number is a.l'rime number, it i8 
evident tbat a composite number may be resolved into Its prime factors by 
dividing it continually by any prime number that will divide tbe given 
number and the succe~sive quotient.s without a. remainder. Hence, 

A composite nnmber cau be divided by any of its prionefactor8 without 
a remainder, and by the product of any two or more of them, but by no other 
number. 

Thus, the prime factors of 42 are 2. 3, and 7. Now 42 can be divided by 
2. a, and 7; also 2X3, 2x7, 3x7, and 2X3X7; bllt it call be divided by no 
other number. 

EXAMPLE I.-Resolve 210 into its prime factors. 
OPERATION. We first divide the given number by 2, which is the 

2)210 least number that will divide it without a remainder, 

3)105 

6)37 

and which is also a prime number. We next divide by 
3, then by 5. 'i'he several divisors and the last quotient 
are the prime factors required. 

7 
PROOF.-2X3X5X7=210. 

An •. 2, 3, 6, and 7. 

EXAMPLE 2.-Resolve '128 into its prime factors. 
OPERATION. 

2)728 

2)3M 

2)182 

7) 91 

IS 

Therefore, 2X2X2X7X1S or 
23 X 7 X 13,are the prime factors 
of 278. 
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EXERCISE. 
3. Resolve 11368 into its prime factors. 
4. What are the prime factors of 2934 ? 
5. What are the prime factors of 1011 ? 
6. What are the prime factors of 1000 ? 
'1. What are the prime factors of 1024? 
8. What are the prime factors of 32320? 
9. What are the prime factors of '10'1 ? 

10. What are the prime factors of 1118 ? 

DIVISORS. 

127 

Anl.- 2 3 X'l"X29_ 
Ans.2X32 X1.63. 

Am. 3~7. 
Ans.2 3 X5 3 • 

.I1ns.210. 
Ans.2 6 x5XIOI. 

Am. 7X 101. 
Ans.2XI3X43. 

22_ From Art. 21, Note, for finding all the divisors of 
any number, we deduce the following-

RULE. 

Resolve the number into its prime factors; form as many series 
of terms as there are prime facto.,.s, by making 1 the first term of 
each series, the first power of one of the prime factors for 
the second term, the second power of this factor for the third term, 
and so on, until we reach the highest that occurred in the decom­
position. Then multiply these series together, and the partial 
products thus obtained will be the divisor sought. 

EXAKPLB I.-What are the divisors of 48? 

Herewefind48=24 X3. Therefore our series of terms will be 1 .. 2·· 4. ··g··16 
and 1 ··3; multiplying these together. 

1··2··4··B··16 
1··3 

1·· 2·· , .. 8··16 ··3 .. 6"12·· 24 ··48 
Therefore the divisors of 48 are I, 2, 3, 4, 6, B. 12, 16, 24, and 48. 
We begin each series with 1. because, were we llot to do so. the different 

powers of the prime factors would not themselves appear among the partial 
products. 

ELUlPLB 2.-What are the divisors of 360. 

The prime tactors ots60 lire 23 X32 X5 and therefore the series arel"S" 
41 .. 8; 1 .. S .. 9andl"S. 

1 .. 2 .. 4··8 
1"3"9 

OPBRATIOlf. 

1 .. 9 .. 4 .. 8 .. 3 "0 .. 12 .. 14 .. 9"18 .. SO .. 72=product oUst and 2nd series 
1 .. 11 

1 .. 2 .. 41 .. 8 .. 3 .. 6 .. 12" 24 "9" 18 .. 36 .. 72 .. 5 .. 10 .. 20 .. 40 .. 15 .. 30 .. 60 .. 
120 .. 45 .. 90 .. 1110 "360. 

Therefore the ilivi!orB of 360 are I, 2, S, 4, 5, 0, 8, 9, 10, 12, 15, 1B, 20, 24, 30, 
86, 40.415.80. 72, 90. 120. 180, 360. 

• The 8IIIlIll fIg\mIB written to the right of the factors and above the line 
are called expoJieJde, IlII1Ihow.howoften the digit is taken as factor. 
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EXERCISE. 
3. What are the divisors of 100 ? 

[!lDor.Ill. 

.!lns. 1, 2, 4, 5, 10, 20, 25, 50, 100. 
4.ltNhat are the divisors of 810? . 

.II 
S 1, 2, 3, 5, 6, 9, 10, 15, 18, 21, 30, 45, 54, 81, 90, 135, 162, 

ns. { 270,405,810. 
5. What are the divisors of 920 ? 

.!lns. 1, 2, 4, 5, 8,10,20, 23,40,46, 92,115, 184,230,460,920. 
6. What are the divisors of 25000 ? 
.!l S 1, ~, 4, 5, 8, 10, 20, 25, 40, 50, 100, 125, 200, 250, 500, 

ns. { G"J, 1000, 1250, 2500, 3125, 5000, 6250, 12500, 25000. 

NUMBER OF DIVISORS. 
23. Since the series of terms which we multiplied 

together, by the last rule, to obtain the divisors of any 
number commenccd with 1, it follows that the number of 
terms in each series will be one more than the units in the 
exponent of the factor used. 

Hence, to find the number of divisors of any number, 
without actually setting them down, we have the following-

RULE. 
Resolve the number into its prime jactors and expre.ss the7n as in 

example 3, 4, and 6 in .!lrt. 21. inc7"ease ea.ch exponent by unity 
and multiply the resulting numbers together. The product will 
be the number oj divisors. 

EXAMPLE 1.-How many divisors has 43201 
4320=2' X3 3 X5. Hercthe exponents are 5,3, and 1: each of which hei~g 

increased by one, we obtain 6, 4, and 2, the continued product of which Ii 
6X4X2=48=the number of divisors sought. 

EXERCISE. 
2. How many divisors has 882001 
3. How many divisors has 35001 
4. How many divisors has 63361 
5. How many divisors has 8241 
6. How many divisors has 49000 1 
7. How many divisors has 810001 
8. How many divisors has 756001 
9. How many divisors has 256001 

.I1n8. 108. 
.I1ns.24. 
.I1n8.42. 

.I1n8.8. 
.I1ns.48. 
.I1n8.80. 

.I1ns. 120. 
.I1ns.33. 

GREATEST CQ)IlHON l\iEASURE. 
24. The greatest common measure, or greatest common 

divisor of two or more numbers, is the greatest number 
that will divide each of them without a remaillder. 



brs. 23-26.] 6REATEST COMMON MEASURE. 129 

25. To find a cOnimon divisor or common measure of 
two or more numbers :-

RULE. 
Resolve the given numbers into their prime factors, then, if any 

factor be common to all, it will be a common measure. 
If the given numbers have not a common factor, they cannot 

have a common measure greater than unity, and consequently 
are either prime numbers or are prime to each other. (Arts. 7 
and 12.) 

EXAMPLE I.-Find a common divisor of 14, 35, and 63. 
14=2X7; 35=5x7.and63=3X3X7. The factor 7 is common to all 

the given numbers, and i. therefore a common me .... ure of them. 
EXERCISE. 

2. Find a common divisor of 21, 18, 27, and 36. 
3. Find a common divisor of 21, 77, 42, and 35. 
4. Find a-common divisor of 26, 52, 91, and 143. 
5. Find a common divisor of 82, 118, and 146. 

.lns.3. 

.Rns. 7. 
.Rna. 13. 
.Rns. 2. 

26. To find the greatest common measure of two quan­
tities:-

RULE. 
Divide the larger by the smaller; then the divisor by the re­

mainder; next the preceding divisor by the new remainder:­
continue this process until nothing remains, and the last divisor 
will be the greatest common measure. If this be unity, the given 
numbers are prime to each other. 

EXAIIlPLE I.-Find the greatest common measure of 3252 and 
U~. . 

3252)42408(1 
3252 

996)3252(3 
2988 

264)996(3 
7U2 

204)264(1 
l!O.J, 

60)204(3 
180 

24)60(2 
.j,8 

12)24(2 
24 

9U6, the first remainder, becomes the second divisor; 264, the second re­
mainder, becomes the third divisor, &c. 12, the last divisor, is the required 
greatest common measure. 

I 
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Pllooli'.-In order to establish the truth of this rule, it i. necessary to 
remember (19·XIII. aud XIV.) that if one number measur~ another it will 
likewise measure any integral multiple of that other; and if one number 
measure two others, it will also measure their sum or their difference. 

First, then, 12 is a common measure of 3252 and 4248. Beginning at the 
end of the process: because 12 measures 12, it also measures 24, a. multiple 
of 12; because 12 measures 24, it measures 48. a multiple of 2~; becan.elS 
measures I:! and also 4K, it measures f.O, which i8 their sum; becaus~ 12 
measures uU, it measures 180, a multiple (,f 60; beranse 12 measures 180, and 
also 24, it measures their sum, which is 20-1,; because 12 measures 204. and 
likewise fiO. it measures their sum. 264; because 12 measures 264, it measures 
792, a multiple of 264; and because 12 measures 7~2, and also 204, it measures 
their sum, which is 996; because 12 measures 996, it measures 2988, a mul. 
tiple of 996; and beca',se 12 measures 29~8, and also 264, it measures their 
sum, 3252; and because 12 measures 325:?, and also 996, it measures their 
Bum, which is 4248. 12, therefore, measures each of the given numbers, 
and is a common measure; llext it is their greatest common measure. 

For, if not, let some other, as 13, be greater. 1'hen, (beginning now at 
the top of the J-trocess) because 13 me&sures 3~t.2, and also 4248, it measures 
thpir difference, which is 996; because 13 measures 996, it measures 2988, a 
multiple of 996. and because 13 measures 3252, and also 2988, it also measures 
their difference, which is 264; because ]3 measures 264, it also measures 792 
a multiple of 264; and because 13 measures 792, and also 996, it measures 
their difference, which is 20~; because 13 measures 264, and also 204, it 
measures their difference. which is 60 j berRuse 13 measures 60, it measures 
180, a multiple of 60; and because 13 measure. ISO. and also 204, it measures 
their difference, which is 24: because 13 measures 24, it measures 48, a 
multiple of 24; and becanse 13 measures 60, and abo 48, it measures their 
difference, which is 12. That is, 13 ·meaSUIes or divides 12-a greater num­
ber measures a less, which is impossible. 

Therefore 13 is not a common measure of 3252 and 4248· and in asimGar 
manner it may be ,hown that no numher greater than '12 is a common 
measure. Therefore 12 is the greatest com mon measure. 
tr!: it,;':l~~:e~ight be proved for any other exa~ple equally well, it is 

EXERCISE. 
2. What is the greatest common measure of 296 and 401? 

AnI. 31. 
3. What is the greatest common measure of 506 and 308? 

Ans.22. 
4. What is the greatest common measure of 14 and 84? Ans.2. 
5. What is the greatest common measure of 1825 and 2555? 

Ans.366. 
6. What is the greatest common measure of 556 and 612? 

Ans.4. 

27. To find the greatest common measure of more than 
two numbers :-

RULE. 
Find the greatest common measure of two of them' then of this 

common measure and a third; next, of this last corr:mon :neasure 
and a fourth, /:rc. The last common measw'e found will be the 
greatest common measure of all the given numbers. 

EXAMPLE 1.-Find the greatest common measure of 619 5901 
and 6734. ' , , 
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By the last rule we find that 7 is the greatest common measure of 679 
alld 5901; and by the same rule that it is the greatest common measure of 
7 and 6734-(the remaining number), for 6734-:-7=962, with 110 remainder. 
Therefore 7 is the required number. 

EXAMPLE S.-Find the greatest common measnre of 936, 736, 
and 142. 

The greatest cnmmon measure of 936 and 736 is 8, and the greatest com· 
mon measure of 8 and 142 is 2; therefore 2 is the greatest common measm c 
of the given numbers. 

This rule may be shown to be cOITect ill the same way as the I ... t; except 
that ill proving the number found to be a CO ",,,,on measure, we are to 
begin at the end of all the processes, and go through all of them in sllcces· 
sion; and in proving that it is the greatest common measure, we are to 
begin at the commencement of the first process, or that used to find the 
common measure of the two first numbers, alld proceed successively through 
all. 

EXERCISE. 

9. What is the greatest common measure of 110, 140, and 680 ? 
Ans. 10. 

10. What is the greatest common measure of 132G, 3094, and 
4420? Ans. 442. 

11. What is the greatest common measure of 468,922, and 375? 
Alls. They have none. 

1"2. What is the greatest common measure of 204, 1190, 1445, 
and 2006? Ans. 17. 

SECOND METHOD. 

28. It is manifest that the greatest common measure 
or greatest common divisor of two or more numbers, must 
be their greatest common factor, and that this greatest com­
mon factor must be the product of all the prime factors 
that are common to all the given numbers. 

Hence, to find the greatest common measure of two or 
more numbers, we have the following :-

RULE. 
Resolve each of the given numbers into its prime factol's; and the 

product of those factors, which are common to all, will be the 
greatest common measure. 

EUMPLIII 13.-What is the greatest common measure of 1365 
and 1995. 

3)1365 

5)4055 

7)91 

3)1995 

5)665 

7)133 

IS 19 
Hence, 3, G, 7, and 13 are the prime Hence, 8, G, 7, and 19 are the prime 

factors. faoton. -
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And the factors that are common to both are 3, 5, 7. Hence 3X5X7=105 
=-greatcst common measure. . 

EXAMPLE l4.-What is the greatest common measure of 108, 
126, and 162 ? 

108=22 X33 , 12G=2X3"x7, and 162=2X3". 
Hence, the factors tnat are common are ~ and 32 , and the greatest com· 

man measure=2X;]"l=ltl. 
EXERCISE. 

JVork by this method all the preceding examples. 
1J. What is the greatest common measure of 56, 84, 140, 168 ? 

Ans.28. 
16. "'hat is the greatest common measure of 241920, 380160, 

69120, 103680 ? .!lns.34560. 
17. What is the greatest common measure of 10800, 28040, and 

21GO? .!lns.40. 
LEAST CO}ll\IO~ .JIULTIPLE. 

29. One number is a common multiple of two or more 
others when it can be divided by each of them without a 
remainder. 

30. One number is the least common multiple (1. c. m.) 
uf two or more others when it is the lcast number that 
can be divided by each of them without a remainder. 

31. It is evident that a dividend will contain a divisor 
an exact number of times, when it contains, as factors, 
every factor of that dirisor; and hence, the question of 
finding the lCflst common multiple of several numbers is 
reduced to finding a number which shall contain all the 
prime factors of each number and none others. If 
thc numbers have no common prime factor, their product 
will be their least common multiple. 

Suppose we wish to see what is the least common multiple of 9, 12,16.20, 
and 35, Resol \ill~ thl'~e into their prime factors) we obtain 9=32, 12=22 X3, 
16=2 4 , 20=Zi ><.), aud ;)."j: 7X5. Now it iliplain that 24 must enter into the 
least common llluitiple as a factor. and. since 24 is a multiple of 22 , we do 
not consider ~:l also a rador of the ll'rlst common mUltiple. So also 32 
must be a factor of the least common multiple; and since it contains 3. we 
do not 3{;ain mUltiply by 3. Lastly, 5 and 7 must enter into the least com· 
mon multiple. 

The factors of the least common multiple are then 24 32 ,5 and 7; and 
these, multiplied together,give2" X32 X5X 7=5040=least ~ommonmultiple. 

Hence, to find the least common mUltiple of two or 
more numbers, we have the following :-

RULE. 
Resolve the numbers into tlteir primefacton (Art. 21) select all 

the d~.ffercllt factol" which occur, observing when the sa~!e factor . 
has different powers, to take the highest power. The continued pro­
duct of the factors thus selected will be the least common multiple. 
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EXERCISE. 

1. What is the least common multiple of 8, 9, 10, 12, 25, 32, 75, 
and 80? 

Here 8 = 23
, 9 = 3', 10 = 2X5, 12 = 2'X3, 25 = 5', 32 = 

2', 75 = 52 X3, 80 =2 4 X5. Therefore the least common 
multiple = 26 X3'X5> = 7200. 

2. What is the least common multiple of 6, 7, 42, 9, 10 and 6301 
.flns.2X3 2 X5x'1=630. 

3. What is the least common multiple of the nine digits 1 
.flns. 23 X3' X 5 X 7 = 2520. 

4. What is the least common multiple of6, 9,12, 15,18, 21, and 301 
.flus. 1260. 

5. What is the least common multiple of 670,100,335, and 25 1 
.flns. 6700. 

6. What is the least common multiple of 8, 10, 18, 2'1,36, 44, 
and 396 ? .flns. 11880. 

SECOND METHOD. 
32. We may also find the least common multiple of 

two or more numbers by the following:-
RULE. 

Write the given numbers in a line, with two points between them. 
Divide by the LEAST number which will divide any two or more of 
them without a remainder, and set the quotients and the undivided 
numbers in a line below. 

Divide this line and set down the results as before; thus continue 
the operation till there are no two numbers which can be divided by 
any number greater than 1. 

The continued product of the divisors and the numbers in the last 
line will be the least common multiple sought. 

EXAMPLE 'T.-What is the least common multiple of 16,48, 
and 108? 

2)16 .. 48 .. 108 
-----

2)8 .. 24 .. 54 

2)4"12·· 27 

2)2 .. 6 .. 27 

3)1 .. 3·' 27 

1" 1" 9 
Ana. 2X2X2X2X3X9=432=least common mnltiple. 

The leaat common multiple of 1 I, and 9 is 9, and the least common 
mnltiple of1,l~ and 9X by 8, will be the least common multiple ofl,3, and 27, 
the numbers 01 the fifth line· the least common mnltiple of I, 8, ana 27 ,X 2, 
will be the leaat common mUltiple of 2,6, and 27, the numbers of the fourth 
line; the l_t common multiple of 2, 6, and 27. X 2, will be the least com· 
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mon multiple of 4, 12, and 27, the numbers in the third line; the least 
common multiple of 4,12, and 27,X 2, will be the least common multiple of 
8, 24, and 54, the numbers in the second line; and the least common mul­
tiple ofS, 24, and 54,X2 will be the least common multipleofl6. 48,andl08, 
the given numbers. 

The reason of the preceding rule depends upon the principle 
that the least common multiple of two or more nnmbers, is 
composed of all the prime factors of the given numbers, each 
taken the greatest number of times it is found in either of the 
given numbers. 

NOTE.-In finding the least common mnltiple by this method, it is ne­
cessary to divide by the smallest number, which will divide two or more of 
them without a remainder, because the divisor may otherwise be a composite 

. number (Art. 211, and have a factor common to it, and one of the quotients 
is the last line. Consequently, the continued product of the divisors, and 
these quotients or undivided numbers in the last line, would be too jp'eat 
for the least common multiple. 

Thus, in the third of the following operations the divisor 9 is a compo­
site number,containing the factorS, common to it and the 3 in the quotient; 
consequently the product is three times too large. In the second operation 
the divisor 12 is a composite number, and contains the factor 6, common to 
it and the 6 in the quotient: therefore the product is six times too large, 

The object of arranging the given numbers in a line, is that all of them 
may be resolved into their prime factors at the same time; and also to 
present at a glance the factors that compose the least common multiple 
required. 

EXAMPLE 8.-What is the least common multiple of 12, IS, 36? 
I. II. III. 

2)12 .. 18 .. 36 12)12 .. 18 .. 36 2)12" 18 .. 36 

2)6" 9 .. 18 3)1" 18.. 3 2)6·· 9 .. 18 

3)3" 9.. 9 1·· 6·· 1 9)3.. 9.. 9 

·3)1" 3 .. 3 

1 .. 1 .. 1 

12X3X6 = 216 

2X2X3XS = 36 = I, c. m. 

EXERCISE. 

3 .. 1 .. 1 
2X2X9X3 = 108 

9. Find the least common multiple of 12, 20, and 24. An,. 120. 

10. Find the least common mUltiple of 14, 21,3, 2, and 63 . 
.11m. 126. 

11. Find the least common multiple of 18, 12,39,216, and 234 . 
.11m. 2808. 

12. Find the least common multiple of 8, 18, 15, 20, and '10 • 
.I1ns. 2520. 

13. Find the least common multiple of 24, 16, 18, and 20 . 
.11118. '120. 

14. Find the least common multiple of 60, 50, 144, 35, and 18. 
Am. 25200. 

15. Find the least common multiple of 2'1, 54, 81, 14, and 63 • 
.11116.1134. 
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THIRD METHOD. 

33. The least common multiple of several numbers is 
most expeditiously found by the following :-

RULE. 
Write the given numbers in a line. Take anyone oflheln as divisol', 

and strike out of each of the git·en numbers all the factors that are 
common to it and the assumed number. 

Arrange the uncancelled factors of the given numbers, and the 
uncancelled numbers in a line, take the least other number which 
exactly contains one or more of them, and strike out all the factors 
of the numbers in the second line which are common to any of them 
and the second assumed number. 

Proceed thus until the assumed numbers cancel an the factors 
of the given numbers. 

Multiply all the assumed numbers together for the least common 
multiple of the given numbers. 

EXAMPLE 16.-W'hat is the least common multiple of 16,27,45, 
60, 88, 96, 100. 

Assume 100 j Hi .. 27 .. 45 " 00 .. &! .. !III .. 100 
Assume 24 4 .. :>1 .. 9 .. ~ .. ~2 .. 24 
Assume 99 !l.. a .. I{ 

100X2.X99 = 237600 = 1. c. m. 
EXPLANATION.-4. a factor of 100, reduces 16 to 4, 88 to 22, and 96 to 24; 

5, another factor of 100, reduces 45 to 9; and 20, another factor of 100, re­
duces 60 to 3. The numbers in the second line then are 4,27,9,3,22, and 2~. 
We assume 21,. of which a factor, 4, cancels 4; another factor, 2, reduces 22 
to 11; and another factor, 3, reduces '2i to!1 and 9 to 3. The numbers in 
the third line then are 9,3. and 11. }'or this line we assumed 99, of which 
a factor, 3, cancels 3; another factor, 9, ('all('els 9; and a third,n, cancels n. 

Now sincl'tIH~ least common multiple of a series of n.umbers isa number 
which still contains all the prime factors of each number and none others, 
it is manifest that the least common multiple of the given unmbers will be 
the same as the least common multiple of 100, and 4. 2.i, 9~ 3, 2~. and 24, 
because only those factors which were common to the given numbers aNd 
100 wero stnw.k out. 

Similarly, the least common multiple of 100, ~1, and 9, 3, and 11, will be 
the same as the least common mnltiple of 100, and the numbers in the 
'Bcond lill~, sillce only those factors which were Common t024 and the nnm­
bers of the second line arc struck out. 

Finally the least common multiple of 100, 2,1, and 99, is equal to the 
least common multiple of the given numbers, 

EXAMPLE 17.-What is the least common multiple of 120,40, 
39, 65, 88, and 16 ? 

A.snme 120 I nQ .. 'lO .. ~ .. 91; .. sa .. til 
Assnme 13 Nl .. 1~ .. 11" 2 
Assume 22 11 .. \I 

120X13X22 =34320 =1. c.m. 
EXPLANATIoN.-We first assume 120. Now this cancels 120 and 40. Also, 

3, .. factor of 120, reduces 39 to 13, and 5, another factor, reduce. 65 to 13. 
Also 8, another factor, reduce. 88 to 11 and 16 to 2. Next assume 13, this 
cancels 13 and 13. Next assume 22, of which 11, one factor, cancela the n, 
aud auother factor 2, canceli 2. 
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EXAMPLE 1S.-Find the least common multiple of 12, 16, 20, 
24, 30, 48, 56, and 64. 

Assume 96 I ~ .. 1'6 •• l!Q •• 24 .. 3Q •• lKl .. /jjj .. 84 
Assume 70 I Iii" Ii" .. ~.. II 

96X70 = 6720 = 1. c. m. 

EXERCISE. 
19. What is the least common multiple of 300, 200, 150, 50, 60, 

75, and 125? .!Ins. 3000. 
20. What is the least common multiple of 20, 60, 15, 165, 210, 

63, and ~ 7? .!Ins. 41580. 
21. What is the least common multiple of 12, 132, 144, 60, 96, 

and 1728 ? .!Ins. 95040. 
JVork 'also by this method all the preceding questions in lea$t 

common 1IIultiple. 

DIFFERENT SCALES OF NOTATION. 

34. The radi::c or base of a scale of notation is its com· 
mon ratio. Thus, in our system the radix is 10 j in the 
duodecimal system the radix is 12, &c. 

35 . .1f the expression 123,15 represents a number in the 
common or decimal scale of notation, we read it twelve 
thousand three hundred and forty-five; but if it expresses 
a number in any other scale, we cannot so read it, because 
the names tlwusands, hundreds, &c., belong only to the 
decimal, scale. In order to read it properly in any other 
scale we should have to invcnt names for the different orders. 
In place, however, of doing this, we simply read over the 
digits and indicate the scale. For example, if the expres­
sion 24678 be a nnmber in the nonary scale, we read it 
thus-two,jour, six, sevcn, eight in the nonary scale. 

36. We may express the nnmber 4578 (decimal scale] 
by writing the order of each digit beneath it, thus, 

4 5 7 8 
10 10 10 

• 2 

and then read it 8 units, 7 of the order of tens, 5 of thE 
order of hundreds or tens squared, or second order of tens 
4 of the third order of tens, &c. Similarly if 4578 exprcsi 
a number in the no/wry scale, we may write it 

4578 
99 9 
3 • 
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and read it 8 units, 7 nines, 5 of the sfCtJlld order of Ilinrs, 
4 of the third order of nines, &c. 

37. The expression 10 always represents the radix of 
the seale. In the decimal scalc 10 is wiua! ten; in the 
binary scale 10 is equal two; in the undenary scale 10 is 
equal cleven, &e. 

3S. It is obvious that, in any scale, the highest digit 
used must be one less than the radix. Thus, in the deci­
mal scale, the highest digit is fl; in the /tnlll!"!!,:J; in the 
oCICHar!!, 7, &e. In writing numbers in the duodenary 
scale we use the letter t to represent 11'11, and e, clacn. 

39. Let it be required to reduce 33~ from the decimal to the 
octenary scale. 

OPERATION. 
8)337 

8)42-1 

5-2 

EXPLANATION.-If we divide 337 b;\" 8, we distribute it into 
42 groups of 8 each, and have a remainder of 1 unit. If now 
we divide these groups of 8 by 8. we obtain 5 groups of a still 
higher order. each containing 8 of the former groups, with a 
remainder of 2 of these groups, • 

337, in the decimal scale, is therefore eqnal to 501 in the oc· 
teuary scale; i.e., the successive remainders written in order 
constItute the equivalent expression in the required scale. 

Hence, to reduce a number from one scale to another, we 
have the following:-

RULE. 

Divide the number continually by the radix of Ihe proposed scale, 
till the quotient is less thun the radix. 

Tl'rite all the remainders, thus obtained, in regula,. order from 
left to right, beginning with the last, and phLcillC'; Os u·/tere there 
are no remainders. The result will be the required number. 

EXAMPLE I.-Reduce ~342 from the common to the quinal·y 
aeale. 

OPERATION. 
5)7342 

5)1468-2 

5)293-3 

0)58-3 

5)11-3 

2-1 

Therefore 73.12 dcnal·y = 213332 quinary. 
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EXAMPLIII 2.-Express nine millions, three hundred and forty­
two thousand and twenty-seven, in the duodenary scale. 

OPERATION. 
12)9342027 

12)778G02-3 

12)64875-2 
Therefore 931~O~i dena)'!! = 3166323 duodenal"/l. 

12).;406-3 

12)450-6 

12)37-6 

3-1 

EXERCISE. 

3. Change 592835 from the decimal to the duodenary Bcale . 
.flns. 2470te. 

4. Express the common number 3700 in the quinary scale . 
.flns. 104300. 

5. Express 10000 in the undenary scale. .flr.s. 7571. 

6. Express a million in the senary scale. .flns. 33233344. 
7. Express 10000 in the octenary scale. .flns. 23420. 
8. Transform 12345654321 into the duode1Jary Bcale. 

, .flns. 248664et69. 

9. Express 10000 in the nonary scale. .flns. 14641. 
10. Transform 300 from the common to the binary scale . 

.flns. 100101100. 

EXAMPLE ll.-Transform 2313042 from the quinary to the 
octenary scale. 

OPETI.\ TION. 
Y. 

8)2313042 

~1l3131o-7 

8)10100-5 

8)311-2 

8)~O-1 

1-2 

EXPLANATION.-'Ye divide here as before, 
l1earing in mind, however, that the ratio is no 
longer ten, but five. ". c proceed thus.-8 in 2, 
no times; twice five (the radix) is ten, and 3 
make thirteen; 8 in 13, 1 and 5 over; 5 times 5 
are 25, and 1 make 26; 8 in 26, 3 times and 2 
over; twice 5 are 10, and 3 make 13, 8 in 13, once 
and 5 over. &c. 

Therefore 2313042 quinaI'll = 121257 octenarll. 

NOTli.-The Roman Numeral written over the number indi­
cates the rad~ of the scale. 
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EXAMPLE 12.-Transform 378tl3 from the un denary to the 
duodenary scale. 

OPERUION. 
XI. 

12)8i~ t13 

12)3~456-~ 

12)31:)2-1 

12)29!1r-9 

12)26-9 

B) 2-40 

Observe, the first two f1~ures here are not 
thirty.seven, but 3X11+7=~o. We say 12 into 
40,3 times and 4 over; next, 12 into 4xll+" or 
52, &c. 

378113 undenary = duodenary, ~1994~. Ans. 

EXAlIPLE 13.-Transform t423t from the duodenary to the 
nonary scale. 

OPERATION. 
XII. 

9)t42:lt 

9)11971-1 

9)16,19-4 

9)206-3 

9)28-6 

3-5 

Obser,·c. here we say 9 into t, ton, J and 1 over; 
9into ]Il, (1;<12+4) 1 and 7 oYer, 9 into 86, (7x 
12+2) 9 and 5 over: 9 into 63, (5XI2+3) 7: 9 into 
t,l and lover. 

And we proceed in the other lines in the .,me 
manner. 

14~:JI d"odellary = 356341 1lOnary. 

EXERCISE. 

14. Transform :::7704 from the nonary to the octenary Bcale . 
.lins. 61415. 

15. Transform 444 and 4321 from the quinary to the septenary 
scale. .lins. 235 and 1465. 

16. Transform 1212201 from the quaternary to the nonary scale . 
.lins. 10000. 

40. A number may be transformed from any scale to 
the decimal by the preceding rule, but the following is 
more convenient. 

Multiply the left hand figure by the gircn radix, and to tlte pro­
duct add the next figure. 

Then multiply this sum by tlte radix and add the next figure. 
Continue this process until all tlte figures Itave beel! used. Then 
the last product will be tlte number in the decimal scale. 

NOTE.-Both this and the preceding rule are the same in prin­
ciple as reducin~ denominate numbers from one denomination 
to another. 
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EXAMPLE 11.-Reduce 16345 from the octenary scale to the de­
cimal scale. 

OPERATION. 
VIII. 
763~5 
8 

62 of the fourth order. 
8 

499 of the third order. 
8 

3996 of the second order. 
8 

31973 units = required number in decimal scale. 

EXAMPLE 18.-Transform ettefe from the duodenary to the com­
mon or decimal scale. 

OPERATION. 
XII. 
ettete 
12 

142 = number of fifth order. 
12 

1714 = number of fourth order. 
12 

~U57D = number of third order. 
12 

~~"95S = number of second order. 
12 

2963507= units = required number in decimal scale. 

EXERCISE. 

19. Change 20212331 from the quaternm'y into the decimal scale . 
.8.ns. 35261. 

20. Change 101202220 from the ternary into the decimal scale . 
.8.n8. 7854. 

21. Transform 1522365 from the nonary into the decimal scale . 
.8.ns. 841568. 

22. Transform 33233344 from the senary into the decimal acale . 
.8.n8. 1000000. 

EXAMPLE 23.-Transform 2734, octenary scale, into the unde­
nary, septenary, and quinary scales, and prove the results by 
reducing all four numbers to the decimal Bcale. 
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VITI. VIII. YIII. 
ll)~ii!4 7)~i3~ :;)2734 

1l)210-t 7)3~G-~ 5)454-0 

1l)1~ 7)36-4 5)74<-0 

1-1 4-2 5)14-0 

oJ_') 

Therefore 27:l,J. octenary=IH.J. undena>-y=1242 septenarF22000 quinary. 
8 11 7 5 

23 
8 

187 
8 

12 
II 

136 
11 

30 
7 

214 
7 

12 
5 

GO 
5 

1500 denary. 1500 denary. 1500 denary, 1500 denary. 
Since the results all agree when reduced to the denary scale, we couclmlc 

the work is correct. 
24. Transform 132713 nonary, into the ternary, duodenary, 

and octenary ~cales, and prove the results by reducing all four 
numbers to the denary scale. 

25. Transform 12t290 duodenary, into the nonary, senary, 
quaternttry, and binary scales, and prove the result by reducing 
all five numbers to the decimal scale. 

FUNDAl\IENTAL RULES. 
41. The fundamental rules of arithmetic are carried on 

in the differellt scales as with numbers in the ordinary or 
decimal scale; observing that, when we wish to find what 
to carry in addition, mbtraction, multiplication, &c., we 
divide, not by ten, but by the radix of the particular scale 
used. 

EXAMPLE 26.-Add together 34120, 3121, 13102,31410, 12314, 
112243 and 444444 in the senary scale. 
OPERATIQ". Observe, the sum of the first line is 14, which, divided by 6 

n. the radix of the scale, gives us 2 to set down and 2 to carr;v; 
34120 the sum of the second line is 16, which, divided by the radiX, 
3121 6, gives us .j, to set down and 2 to carry, &c. 

13102 
31410 
12314 

1l~~·~3 -114W42 Ans. 
EXAMPLE 27.-From 43t76 take 9t09, in the undenary scale. 

OPBRATION. Observe, bere we say 9 from 6, we cannot, but 9 from 17 (I 
Xl. borrowed=ll and 6) and 8 remains, &c. 

<1.3176 
9tOU 

35068 
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EXAMPLE 28.-Multiply 3420 by 567, in the octenary scale. 
OPERATION. 

VIII. 
34~tl 

5n7 

30632 
2j204, 

Observe, we say 7 times 6 are 42,8 (the radix) into 42 
5 to carry aud 2 to set down; 7 times 2 are 14 and 5 make 
19, equal to 3 to set down and 2 to carry, &c. 

21556 

2460~72 .dns. 
EXAMPLE 29.-Divide 671384 by 7876, in the nonary scale. 

OPRRATION. 
IX. IX. 

7876)6~m:(7~i AIlS. 

5::!121 
138~:I 

7.301 

Here 7876 will go into 6713S 7 times. (observe 
it would go 8 times in the decimal Bcale); and 
7876 multiplied by 7 gives 61786, this being 
subtracted, gives a remainder, 5242, to which 
we bring down the next digit, 4, and proceed 
as ill common division. 

NOTII.-Afterthe units' figure is brought down, we may either 
write the remainder in the form of a fraction, as in example 29, 
or we may place a point, and annexing Os, continue the division 
as in the following example. 

Observe, this point is called the decimal or denary point only 
in the decimal system. In every other scale of notation it takes 
its name from the system-thus, in the duodenary or duodeci­
mal system it is called the duodenary or duodecimal point, in 
the senary system, the senary point, &c. 

EXAMPLE 30.-Divide tl34567 by e473, in the duodenary scale. 
OPERATION. 

e473) tl34567(t7t.e, &e. 
95t06 

753e6 
67829 

97897 
95t06 

It9l'0 
e47';J 

e45'OO 
t52'79 

EXERCISE. 

31. Multiply 252 by 252, in the senary scale. .dns. 122024. 
32. Divide 32e75721 by 62te, in the duodenary sca.le • .dns. 62te. 
33. From 201210 take 102221, in the ternary scale . .dns. 21212. 
34. Multiply 57264 by 675, in the octenary scale . .dns.51117344 
35. Add together 101, 1001, 1111, lOll, 1000 1111 and 10101, 

in the binary scale. ' .d;16. 1010100. 
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36. Divide 142613 by 2143, in the septenary scale . 
.!lns. 50'5254+. 

31. Add together 65432, 43210, 1444, 65001, and 54321, in the 
septenary scale. .!lns. 326041. 

38. From 7t348 take 5e6t4, in the duodenary scale. .!lns. lt864. 
39. Multiply 34t7 by 6666, in the duodenary scale 

.!lns.lt36e296. 
40. Divide 1010100001 by 100101, in the binary Bcale . 

.!lns. 10010n M1Tr' 
42. All the methods of proof given in Sec. II., for thc 

fundamental rules in the common scalc, apply tn the 
various other scales; but it must be remembered that, in 
using the principle of the proof by niNes for multiplica­
tion and division, we use, not nine, but a number one 
less than the radix of the scale. 

Thus, in applying this principle to the proof in Example 34, seve"s cast 
ont of 57264, give a remainder a; sevens cast out of 675, give a remainder 
4, 4>( ;~. and seve1l-S cast out, give a remainder 5; sevens ca~t out of ~1117344, 
g-ivl' a remainder 5. 

Ir the radix be 12. we cast out the Ib: if the radi .. be G. we cast out the 
.j::;.&t:. 

43. Numbers containing digits to the right of the 
separating point, are dealt with according to the rules given 
in Arts. 53 and 88, Sec. II. 

EXAMPLE 41.-Multiply 31'1413 by 6'let in the duodenary scale. 
OPERATION. 'Ve p)aec the sf'parating point iu the product so a~ to have 

37'14t;l seven digits to the right of it. because there are four to the 
6'let right of the point in the multiplicand and three in the mul­

tiplier, aud 4+3=7. (Art. 53, ~ec. 11.) 
2e62066 

3363549 
371413 

1968516 

1tl·t08e836 

DUODECIMAL MULTIPLICATION. 
44. The term duodecimal is commonly applied to a 

set of denominate fractions having 1 foot (lil/cw', square, 
or rlluic measure) for their unit. 

The foot is supposed to be divided into 1~ equal parts, 
called prime., ,. each of which is divided into 12 equal parts, 
called seconds, &e. 

TABLE. 
1 ~ fourths"l' make 1 third, marked '" 
1 ~ thirds "1 second," " 
12 seconds "1 prime, " 
12 primes "1 foot " ft. 
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45. Thc term "inch," sometimes used in this table, 
is objectionable, corresponding to "prime" only when 
the unit is a linear foot. When the unit is a square foot, 
the prime is .1. of a square foot, or is a surface 12 inches 
long and 1 inch wide; when the unit is a cubic fbot, the 
primc is .1. of a cubic foot, or i" a solid 12 inches long, 12 
inches wide, and 1 inch thick. 

46. Let AEHG represent the surface of a rectangular Abo d E 
tahle/our feet in length and three in breadth. Now, if -,--­
AE be divided into fonr equal parts, and.AIl into three f - -8,-r 1-= p 
equal parts, each of these parts, Ab, be, fl, &c., will be 1 ~ 
foot long. and if lines bk, ee,dntaredrawn thronghb, e, and I ____ 0 
d, parallel to AH, and Iines/p, 10 through I and 0, paral. 
leI to AE, they will divitle the whole surface into the small -~ 
figures, Ab,,/, bs/'c, .lot'. . H k . e "! G. 

And, slllce Ab=l fout, and A/=l foot,A/sb IS a squarefoot, so hkewlse IS 
each of the other fignres, bsrc, crxd, &c. 

Now it is evident that there are as many vertical rows of these square 
feet as there are linear feet in AE, and as many squares in each row as there 
are linear feet in AH, that is in this case the number of square feet in the 
surface=4X3=1~. 

As the same methotl of proof would apply in any similar case, it appears 
that-

The area of lilly rectangular surface is found in square feet, 
and fractions of a square foot, by multiplying the number express­
ing how many linear feet, Sse., there are in the length, by the num­
ber expressing how many linear jeet, &c., there are in the breadth. 

N OTE.-In linear measure, primes are linear inches: in square measure, 
seconds are square inches; and in cubic measure, thirds are cubic inches. 

47. Problem 41, page 143, is, in effect, equivalent to find­
ing the area of a rectangle, one side of which is 43 feet l' 4" 
10'" and 3'''' long, and the other 6 ft. l' 11" 10'" long. 
The answer may be translated 265 sq. ft. 10' 0" 8'" 11"" 
8"'" 3""" and 6""'''. 

NOTE.-ltl. the number to the left of the separating point, is a number 
in the duodenary scale. In order to read it in common terms. we convert it 
to an equivalent number in the decimal scale (Art. 39), and thus obtain 265. 
It is obvious that, since the orders primes. seconds, thirds, &tc .• form a 
series of numbers descending in a 12-fold proportion from left to right, 
we must allow the digits to the right of the point to remain as they are. 

EXAMPLE 42.-Find the area of a rectangular ceiling 43 ft. 4f 
7" long by 20 ft. 11' 10" wide. 
OPERoI.TION. Here, since 43 and 20 are numbers in the common seale, we 

87'47 -must reduce them to the duodenary seale before attaching 
lS'et them by the point to the otherlarts of the numbers. We 

thus obtain, for the first, 37, an for the second, 18. After 
301M mUltiplying and pointing off four places in the product, we 

33925 find G3t to the right of the point; this, reduced to an equiva-
24eUM lellt number in the common scale, gives us 910 to which we 
:1747 attach the other four digits, with their indices,' as below. 

G3t'502t = 910 sq. ft. 5' 0" 2'1/ 10"" .tl.ns. 
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48. The common arithmetical rule for duodecimal mul­
tiplication is as follows :-

RULE. 

Write the multiplier under the multiplicand hal'ing quantities of 
the same denomination undel' each other. 

Multiply each term of the multiplicand by each term of the mul­
tiplier separately. 

n"rite the partial products under one another, so as to have 
quantities of the ""me name in the same vcrtical column, and add 
the set'cral partial product s together. 

NOTE.-Considering the foot to have no index, the denomi­
nation of the product of any two factors is found by adding their 
indices. -

Thll';;;. 3" X 2'" give G""'; 4 ft.:.-:~r",r give 2&HIII; 2 ft.X3 ft. give 6ft,; 9'Xll' 
give 9U rr , &c. 

This is commonly expressed, for the sake of brevity, by saying-feet into 
feet produce feet, feet into primes produce primes, &c., primes into feet 
produce primes, primes into primes produce seconds. &c., seconds into 
seconds produce fourths, seconds into thirds produce fifths, &c. 

EXAMPLE 43.-~Iultiply 43 ft. 4' 7" by 20 ft. 11' 10". 
OPERATIOY. 

43 4/ 7" 
20 11 10 

3 0 1 &'" 10'''' 
89 9 2 5 

867 7 8 

910 5' 0" 2fll 10"" 

Here 7 and 10, mnltiplied together, give us 70, and 
adding t heir indices, we see that the product is so 
many fourths-7om " are equal to 10"" to set down 
and 5'1/ to carry. Next 4'XlOl/=40'" and r/" make 
45"'=3" 9"', &c. 

49. In comparing this example with 4~ it will be seen 
that the two methods very closely agree-the only dif­
ference being that, in the latter method, upon reaching the 
units or feet, we drop the duodecimal scale and carryon 
the process in the decimal scale, while, in the former, we 
carry on the whole process in the duodecimal scale, and 
afterwards reduce that part of the expression to the left of 
the separating point to the common or decimal scale. 

50. Provided we multiply every 'part of the multipli­
cand by every l)art of the multiplier, it is perfectly im­
material where we commence the process. It is customary, 
however, to commenec, not as we have done in the last 
example, with the lowest denomination of both multiplier 
and multiplicand, but with the hif!hest of the multiplier 
and the lowest of the multiplicand. Hence duodecimal 
multiplication is frequently callcd eros;, Multiplication. 

A: 
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EXAMPLlII 44.-Multiply 3 ft. 2' 1" 4'" by l' 3" ~", 
OPEILI.TION. 

3 ft. 2' 7" 4'" 
1 3 7 

3 2 i 
9 7 
1 10 

4"" 
10 0"1

" 
6 3 4"f/lf 

EXERCISE. 
45. Multiply 4 ft. l' 6" 10'" by 9 ft. 7' ll" 11"' . 

.Jlns. 44 sq ft. 9' 1" 8'" 0"" 5'"'' 2""". 
46. Multiply 19 ft. 10' 3" by 11 ft. 2' 7" . 

.Jlns. 222 sq. ft. 8' 0" 5'" 9''''. 
41. Multiply 9" 1'" 4'''' by 1'" 3'''' 11""' . 

.!1.ns. 5"11 10'1111 4""" 11"""/8"""" 8""""', 
48. How many square inches, &c., are there in a sheet of paper 

9i1 inches and 5 inches 7" 4'" wide? 
.Jlns.· 4' 6" 8'" 6"" or 54H sq. inches. 

49. Wbat is the superficial contents of a sheet of glass whose 
length is 1 ft. 4' II" and breadth 3 ft. 2' 2" ? 

.Jlns. 23 sq. ft. 6' 9" 1'" 10"". 

51. The solid contents are found by multiplying together 
the length, breadth, and thickness. 

EXAMPLE 50.-How many cords of wood are there in a pile 
79 ft. 8 inches long, 4 ft. 2 inches wide, and 1 ft. 11 inches high? 

OPERATIO!". 
FIRST METHOD. 

67'8 
4'2 

1134 
2268 

237'e4 
7"e 

214348 
141774 

aECOND METHOD. 
79 8' 
" 2' 

13 8' 4J' 
818 8' 

381 11' 'Ii' 
711' 

304 3' 'Ii' 8'" 
2323 7' 'II' 

No. of ft. in cord = tS)lG2dSS(18'64469 duodenary. 262711' 8" 8"'+128 
f8 = 2oH~~ com. scale. (number of ft. in cord) 

76e 
714 

67·t 
~~·O 

S·t8 
S'68 &c. 

= 20~ ~m cords. ,Am. 
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EXERCISE. 

51. Multiply together 15 ft., 1 ft. 2', and 8'. 
Ans. 11 cubic ft. 8'=11 cubic ft, 1152 cubic in. 

52. Multiply together 53 ft. 6 in., 10 ft. 3 in., and 2 ft. 
Ans. 1096 cubic ft. 9'. 

53. How many cords of wood in a pile 10 ft. long, 5 ft. high, ltnd 
7 ft. wide? Ans. 2 cords 94 cubic ft. 

54. How many cords of wood are there in a pile 4 ft. wide, 5 ft. 
3 in. high, and 70 ft. long? ,I}"s. 1l~·1. 

55. WlJat are tbe exact cubic contents of a block of marble 4 ft. 
7' 8" long by 9 ft. 6' wide and 2 ft. 11' thick? 

Ans. 128 cubic ft. 6' 5" 3"'. 
56. How many bricks, 8 inches long, 4 inches wide, and 2 inclJes 

thick, will it require to make a wall ~5 ft. Ioug, 20 ft. high, 
aud 2 ft. 6 inches thick? Ans. ::3750 bricks. 

52. 1t is ~Ol.l1('tilllC'S a:-;kr>rl how we <:aUI1l11lt iph' fl'd, inches, &C'., by fect, 
int'h('~. ~\:c., wlull' \\"l'l'alillot lllultiply pounds, :-.11111il!l:'~ and pence lJ'y pounds, 
shillin~s aud pelleI'. fflw answer is, ('ry Sllllp\P. 

hL. \'rhen we say tilat f('f't llluiliplil'(j I).\' [(Opt give sqnare feet, Wf' 
mer(·ly use, a'i we ha\'(' :-t'I'II, (.\l't. ·1t',), an ablJrr riatr d form at' expr('ssinll 
for the following, yiz: that" ti}l> lIuml'cr ofsqn;ll',· ft'd cOlltained inany reet· 
31l!!ldal' surface, is equal tn the produd of two numbers, (JlIf! or which 
f(')JI'l'S(:nt,s the number of lim'ar kd, ill one. side; and the other, the 
lllllniJerof linear feet in t11(' adjacC'nt :..;idj'," 

2nc1. ,nH'H \\ C are multiJlI'yill~ to!!cthcr primes, seconds, &c., we are 
merely multiplying to~ethl'r a set of factors havinp: l:! or powers of 12 for 
denominators; and when we say that 81 rUllds multiplied by fourths, give 
sixths; primes, multiplied lJY secollds, give I/II/'ds, .. \('" we simply olean 
that the product of any two of these fractions is a fraction having for its 
de1lominator a powf'r of I:!, "hich powtr i:-; indicated by the sum of the 
indices of the factors, 

It is hence obvious that 
whatever to the idea that 111')11(',\ 

multiplication affords no support 
multiplied by mOlley. 

QrESTlOXS TO BE ANSWERED BY THE pePIL. 

NOTE.-The lIumbel's after the questiolls refer to the a,·tic/a <if Ihp 
Section, 
1. 'V hat is a weasU}v' of a number? (1) 
2. 'rJl'lt is a 1I11lltlpf(' of a numberr (:?) 
3. "'Ilat is an iutt,!Ju'r (3) 
4. Of h~)\\' mallY kinds are integers P (4) 
3. \Vhat i~ an even numuer P (G) 
6. What i. an odd number? (6) 
7. ,,"i1at is a prime numher? (7) 
8. What is a com,H/sil{' numberi' (:.q 
9. What arc thef(ldfl/'s of a IHlml)('r P (9) 

10. By what other names are factors known? (10) 
11. What i~ a cummon. measure of two or more numbers? (11) 
12. ""hen are two or more numbers PI'IIl/(: to 1.:ll('/t otherP (12) 
13. Are all prime numbers prime to each other, (12) 
14. Are all composite numbers prime to each other 1 (1~) 
16. What are commen8urable numbers P (13) 
16. 'What are incommensurable numbers P (14) 
17. What is a .quare number? (15) 
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18. What is a cllbe number? (16) 
19. What is a perfect number ~ (17) 
20. Mention some perfect number.. How do all perfect numbers termin. 

ate? (17) 
21. What are amicable numbers? Mention some amicable uumbers. 
~2. What is meant by the properties ofnlllllbers? (19) 
~:l. 'What is the snm of two or more even numbers? (19-1.) 
2~. What is the difference of two even numbers? (19-II.) 
2;;, What is the sum of 3, 5, 7, &c .• odd numbers? (19-IV.) 
2.;. What is the sum of 2. 4. 6, 8, &c., odd numbers P (19-V.) 
27. What is the snm or difl'erence of an odd and an even number? (19-V1.) 
2,~. When is the product of any number of factors even 1 (19-IX.) 
2H. Wben is the product of any number of factors odd? (19-X!.) 
:..ill. 'Vhcn will a number measure the sum, difference and product of two 

numbers? (In-XIIl.) . 
31. If the number 9 be multiplied by any sin",le digit t<)what is the sum 

of the digits in the product equal 1 (19-XY!.) 
32. By what is any number ending in 0 divisible? (19-XIX, &c.) 
33. By what is any nnmber ending in 5 divisible? (19-XX.) 
34. B1. what is any number ending in 2 divisible? (19-XIX.) 
35. "hen is a number divisible by 41 (19-XXII.) 
~6. When is a number divisible by 8? (19-XXII!.) 
:;7. When is a number divisible by 9? (19-XXIV.) 
38. When is a number divisible by 31 (19-XXV.) 
39. When is a number divisible by 11 ? (19-XXV!.) 
40. Sbow that every composite number may be resolved into prime fac­

tors. (10-XXVII.) 
41. Sbow that the least divisor of any number is a prime number. 

(19-XXYIII.) 
42. With wbat digits must all prime nnmbers except 2 and 5 terminate? 

(19-XXx.!.) 
4.1. How do you find the prime numbers between any limits? (20) 
4J,. "-hat is this process called and why? (20) 
45. When it is required to ascertain wbether a giYen nnmber is prime or 

llOt, what is, the first thing we do? (20) 
46. When we tIT the primes of the table as divisors. which is the higbest 

we need use? (20) 
47. Why is it unnecessary to try any di,isor greater than the square root 

of the number 1 (20) 
48. How do we resolve a composite number into its prime factors? (21) 
49. By what numbers can a compvsite number be divided? (21-Note.) 
50. What is the rule for finding all the divisors of a nnmber? (22) 
51. How do we find simply "ow many divisors a number has P (23) 
52. What is the greatest common measure of two or more numbers? (24) 
53. How do we fiml a common measure of two or more numbers? (25) 
54. How do we find the greatest COlllmon measure of two numbers? (26) 
55. Prove the rule in Art. 2G. 
fiG. How do we find the G. C.III. of three or more nnmbers? (27) 
57. What is the second method of finding the G. C. M.? (28) 
58. Upon what principle docs this method rest? (28) 
59. What is a common multiple of two or more numbers 1 (29) 
60. "-hat is the least common multiple of two or more numbers? (30) 
61. GiYe the first rule for findin,; the I. c. m. of two or more numbers_ (31) 
62. Give the second rule. (32) What is the reason of this rule? (32) 
63. Give the most convenient and expeditious rule for finding the 1. c. m. 

of several nnmbers. (33) 
64. What is meant by the radix or base of a system of notation? (34) 
65. How do we read numbers in different scales? (35) 
66. Express the number 234213 quinary as in A.rt. 36. 
67. What does ihe expression 10 always represent? (37) 
68. What is the highest digit used in any scale? (38) 
69. How do we reduce a number from one sca.ie to aaother? (39) 
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70. What is the rule for transforming a number from any scale into the 
decimal P (oW) 

71. How are. the fundamental operations carried on in the different 
scales P (41) 

72. How is the separatin~ point named in the different scales P (H·X ote.) 
73. How are operations m the ditferent scales proved? (·12) 
74. What are duodecimals? (44) 
75. Give the table of duodecimals. (M) 
76. What is a prime? (45) 
77. How is the area of a rectan~lar surface found P (46) 
7·~. What is the rule for duodeCImal multiplication P (48, 
7~. How may the rule for finding the denomination of the product be con­

cisely worded? (48) 
80. How are solid contents found? (51) 
81. Show that duodecimal multiplication affords no support to the idea 

that money may be multiplted by money, &e. (52) 

MISCELLANEOUS EXERCISE. 

(On preceding Rules.) 

I. Add together S729'lS, S710'50, SlG6'78, £93 14s. 7~d .. 1.:276 
19s. 10!d., S4fJ7'Sl and .£~75 4s. llid. 

2. Mnltiply 47 miles, 6 fur. 17 per. 4 yds. 2 ft. 7 in. by 57G. 
3. How many divisors has the number 243000 ? 
4. From 713427 octenary take 4234434 quinary and give the 

answer in both scales. 
5. Divide 79'342 by ·0000G378. 
6. Express 79423 and 234567 in Roman numerals. 
7. What is the I. c. m. of 5, 7, 9, 11, 15, 18, 20, 21, 22, 24, 2S, 

30, 33, 35, 36, 40, 42, 44,45, 48, and 50. 
8. Give all the readings of 376'342. 
9. Multiply 64276'3427 by 9999993000. 

10. Transform 78263 nonary into the' quinary and undenary scales 
and prove the results by reducing all the numbers to the 
septenary scale. _ 

I!. Form a table of all the prime numbers less than 200. 
12. Reduce £672 7s. 7d. to dollars and cents. 
13. What is the G. C. ~r. of 243000, 891, 37800 and 35100. 
14. Give all the readings of 6 yards 3 qrs. 3 naila 2 inches. 
15. Write down as one number, aeven hundred and forty-two 

quintillions, nine hundred and five billions, seventy-eight 
thonsand and fourteen, and eighty-seven million, two hun­
dred thousand and eleven tenths of trillionths. 

16. nead the following numbers: 
71300100200401'000000070402 

134900101000100100'000200020002 
4700000000020007 '00000000000278. 

17. Add together£178 16s. 4~d., £97 15s. 1Hd., £69319s. llid. 
£216 lls. 9ld., £678 14s. 7 )<1., .£1:;)113s. llid., £117 6a. 5d., 
and £n Is. lid. 

18. What aro tho prime factors of 216000. 
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19. Multiply 6 ft. 2' 7" 9'" 10"" by 13 ft. 11' 11" 11'" '1"". 
20. Divide 7te9'047 by 713t96 in the duodenary scale. 
31. What number in the common scale is the ~reatest that can 

be expressed by seven figures in the quaternary Beale? 
22. What number in the common Beale is the least that can be 

expressed as an integral number by five figures in the 
octenary scale? 

23. Reduce 74002703 square inches to acres. 
~4. What is the least common multiple of 240, 780, 1620 and 

1728 ? 
25. Divide $7894'16 among 3 men, 4 women and 6 children, so 

that each woman shall have twice as much as a child and 
each man 5 times as much as a woman. What is the share 
of each? 

26. What are the greatest and least integral numbers in the 
common scale that can be expressed by 10 figures in the 
binary scale? . 

27. Divide 729 yds. 3 qrs. 3 na. 1 in. by 7 yds. 1 qr. 1 na. 1m. 
28. Multiply 7G2'4978 by 63'423. 
29. From 723426 take 938·912614l. 
30. From 129 lb. take 63 lb. 4 oz. 7 drs. 2 SCI'. 
3l. What are the divisors of 1064? 
32. How many yards of carpet:} ft. 7 in. wide, will be requirei 

to cover a floor 30 ft. G in. long and 20 ft. 11 in. wide? 

SECTION IV. 

VULGAR A~D DECIMAL FRACTIONS, &0. 

1. A fraction is an expression representing one or mor 
of the equal parts into which any quantity may be dividecl 

2. If a quantity be divided into 2, 5, 9 or 34, &c 
equal parts, then one of these parts is called one-half, on, 
fifth, one-nil/th, or one-thirt!J-foul'th, &c., as the case rna 
be. 

one-half is written ........... !. 
one-third is written ......... 4 
one-fourth is written ........ t-
one-fifth is written .......... f 

one-ninth is written ......... 
one-hundredth is written .i 
one-sixty-eighth is written i 
eleven-seventeenths iswrittE 

H,&c. 
3. The division of one number by another roilY be i' 
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dicated in three different ways, viz: by using the full 
~i~n of division, 7, or either of its parts, -, or : 

Thus we may indicate the division of 17 by.,. by writing them thuB17+S, 
or thu:; 17 : 8, or thus 1-;.1. 

Now the l::t,t of' thcoe. viz: -'r?- is a fraction, and so in 
every other case, a fraction imlicatcs the diyi,ion of one 
number, called the IlIlll!l'/'ulul', by another number, called 
the dOllJmillutol'. 

4. Ina fraction the number Lell)w the line is called the 
denominator, becau-e it illllicates into how many equal 
parts the unit is Jivi1led,-i. e., it tells the "'-'/OIIII'lIution of 
the part,. Tl\l' number a]JlJve the line is called the nu­
merator, because it num' I'II/es or tells how many of these 
elillal parts are to Le taken. p.rt. 2) 

5. The numerator and denominator are called the terms 
of the fraction. 

6. ~inclC every fraction cxpref'''''' the division of the 
numerator by the denominator, it follows that-

The 1',,1111' of the fraction is the 'i""II' nt obtained by 
di'dding the numerator by the denominator. 

7. Hence, 1st. When the nl1lU01'atOl' is less than the 
denominator, the value of the fraction i.'i It'" than 1. 
2nd. When the numerator is equal to the denominator 

the value of the fradilJn is ('I [ual to 1. 
3rd. ,,'h.'n the numerator is [[reater than the ,lcnomi­

nator the value of the fracti~n is gwatcr than 1. 
8. From (.\.rt. 6) and (Arts. 70-SJ, Sec, II.) it is mani­

fest that-
ht. ':\Iultiplying the numerator of a fraction by any 

number multiplies the fraction II)" that nUlllber. 
~ucl. JIllltil'lyi,,~ thl' ell'nominatur of a fraction by any 

number cli\'i,ll'f' the fraction by that number. 
Jrd. Jiultiplying IJoth numerator and denominator of a 

fr:ldion hI' t 1\1' same number elile'S not affect the value 
of the fraction. 

-1th. Dividin::; till' numerator of a fraction by any num­
ber ,lil·i,j,·" the fraction bv that numher. 

alh. Didding the ,lenllminator of a fraction by nny 
number multiplies the fraction Jly that numher, 
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6th. Dividing both numerator and denominator of a frac­
tion by the same number does not affect its value. 

9. Fractions are divided into two classes :-vulgar and 
decimal. 

10. A Decimal Fraction is a fraction in which the de­
nominator is 1, followed by one or more Os. 

11. All other fractions are called Vulgar or Common 
·Fractions. 

N oTE.-The word vulgar is here used in the sense of common. 

12. There are six kinds of vulgar fractions-proper, 
improper, mixed, simple, compound, and complex. 

13. A Proper Fraction is one in which the denominator 
is greater than the numerator. 

A Proper Fraction may also be defined to be a fraction whose 
value is less than 1. 

Thus B-, t, )7'6 ~ ¥t, 7"P.fl -P-u1i are proper fractions. 

The following diagrams represent unity, seven-sevenths, 
and the proper fraction, five-sevenths. 

I ~ I I ~. I 

Unity. ·1 111111II 11111111 
The very faint lines indicate what ~ wants to make it equal to unity, and 

identical .edh f. In the diagrams which are to follow, we shall, in this 
manuner, generally subjoin the difference between the fraction and unity. 

The teacher should impress on the mind of the pupil that he might have 
chosen any other unity to exemplify the nature of a fraction. 

14. The following will show that t may be considered 
as either the t of 1 or the t of 5, both-though not identi­
cal-being perfectly equal. 

t of 5 units. 

IIIII 
11111 

-~ - 1I111 '" 

11111 

11111 

t of 1 unit. 

IIJlJJJ 

In one case we may suppose that the five parts belong to but 1 ullit· in 
the other, that each or the live belong; to different unitil of the same kind. 
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Lastly, ~ may be supposed as the ~ of one unit five times as large as (he 
former; thus-

+ of lImit. ~ of 5 units. 

equal to 

15. ~\.n Improper Fraction i, a f.ral·tion who,(' deno­
minator is not g-reatcr than it, llUllll.-ratIJr. 

An Improper Fraction may also be defined to be a fraction 
whose value is equal to or greater tban l. 

Thus, ~, 1./, ~, t+, ;;:t-!'l, 1-11, 1, ~-:!, &c., arc improper fracti(JllS. 

16. "\. :JIixed ~umber i, a number made up of a whole 
number and a f.raction. 

Thus, 16~, 193 fl Ii 1. fl:f~l~l' G [\-, 2~, &c., are mixed numbers. 

17. An Improper Fractiun i:; always c'lu'll eithcr to a 
whole number or to a mixed number. The f;,linwing will 
cxemplify an improper haction, and it:; equivalent mixed 
number: 

Unity. II 1 1 I 1 
I 
1--;"1--;-"1 0;-;1 1--:""' ""-'1 , 

I I f, 

Unity + ,; 
I , I 

Ii, I 

18. A Simple Fraction cxprcsses one or more elillal 
parts of unity. 

Thus, !, t, ~, {+, t, ~ ~~ ~ 1 .xl'., arc simple fractions. 

19. ~\ Compound Fraction expre:<"c, one or more equal 
parts of a fraction; or, in other wl)nh, is a fraction of a 
fraction. 
Thu~, ~ of~, J of ~ of i} of~g of 1.&2., &c., arc compound fractioJl::;, 
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20. ~ of ~ means, not the four-ninths. of unity, but the. four-ninths of 
the three-fourths of uuit.v:-that is, umty bemg d,vided lIlto four P&~" 
three of these are to be divided int,' nine parts and then rour of these oma 
are to be taken; thns-

Unity. 

.... I I "~I-I-I 

.,."~-I-I-

_I~I 
I I 

=1_1-I
-I 

__ 1_1 __ 

NOTE.-The word" of," placed between the several parts ofa.co~p~und 
fradion, is c'Iual to and may be rel,laced by X, the sign of multlplica.tlOn. 

21. A Complex Fraction is one having a fraction or a 
mixed number in its numerator or denominator, or in both. 

6l 
~ 1J"J 3 t 9! 4 fl 

Thus'T' -7' _,1,_' _;_, -18 ~ J ~,-f, &c., are complex fractions. 
* I I 1:1" :'17 5g 

} 
XOTE. - means, that we are to take the fourth part, not of unity, but 

4 
of the % of unity. This will be exemplified by-

am 
I 1 I 

"'"~-r­--I-
I 
I 

22. Since fractions, like integers, are capable of being 
increased or diminished, they may be added, subtracted, &c. 

23. Every integcr may be considered as a fraction hav­
ing un it!J for its denominator. 

'rhus, 13 may be written If; 6, ~; 29, ::p-, &c. 

REDUCTION OF FRACTIONS. 

24. Since (Art. 8) multiplying both numerator and de­
nominator by the same number does not alter the valne of 
the fraction, we may reduce an integer to a fraction having 
:my proposcd denominator, by the following:-
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RULE. 

IVrite the integral number in the form of a fraction hat'illC: 1 
for its denominator. (Art. 23.) 

.I1nd multiply both numerator and dEnominator of the resulting 
expression by the proposed til'"",,,in,,!ur. (Art. 8.) 

EXAMPLE I.-Reduce 16 to a fraction having 11 for its deno­
minator. 

lG = lfxH = \7f. 
EXAMPLE 2.-Reduce 17:: to a fraction having 31 for its deno­

minator. 

EXEnCISE. 

v. Reduce 29 to a fraction having 13 for its denominator . 
... 1ns. ::\\:;1. 

4. Reduce 243 to a fraction having 3 for its denominator . 
.. :ins. 7_~'.!. 

5. Reduce 7,33, amI 101 to fractions having 13 for denominator. 
AilS. \l,~, ~?}, 11?,3. 

6. Reduce 4,37, 13G, 73, amI 1007 to fractions having 101 fur 
denominator. 

7. Reduce 204, 71111, and 1999 to fractions having 207 for deno­
minator. 

25. Let it be required to recluce the mixed number 8-1 i to an improper 
fr:wt j()l}. 

8-t'r is equal to the whole number 8, ancl the fraction 11[> and by (.\I"t. ~~) 

8 == ~-~, therefore ~}r = 1 f+fr = tt· 
Hence, to reduce a mixed number to an improper frac­

tion, we deduce the following :-

RULE. 

Multiply the whole number by the denominator of the {metion, 
to the pro!lul"t add the git-en numerator and place the SUfn over the 
gil-en denominutor. 

EXA.\IPLE 8.-l:oelu .. e 13g to an improper fraction. 
OPERATIOY. 

. [0.':;1 AilS. 

" 

Ex I'L\ X.\ TIO~' .-l,Y(, HlultiIJiy t hp who1e llllml)('l'. ,;,,::. by ~I 
and add ill the Iltllw'ratnr, .1-. Thi ... gives U~ tit;l, \\ lIielt "e 
writ(~ over the giYt'll tit'11011l111at(Jr, ~l, slld the resultin:; frat· 
tion, ti~l., is the illlproper fraction sought . 

EXAYPLE 9.-Reduce 2761~ to an improper fr:lcti .. , 

2761-7 = 276 X. 2 o...±!..! _ ~ti.-!2AJl.~. 
~H) ~o - ';0 
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EXERCISE. 

9. Reduce the mixed number, 'l3-b" 18-,4f, and 128t~ to improper 
fractions. Ans . .l.flf-, ~N, and l.Us.. 

10. Reduce the mixed numbers 384~, 673-}\" 4'l92i., and 568t~ 
to improper fractions. 

Ans. a idil., q~ 7 , l.q~, and .lHli. 

26. Since every fraction indicates the division of the 
numerator by the denominator-to reduce an improper 
fraction to a mixed number, we have the following :-

RULE. 
Divide the numerator by the denominator and the quotient will 

be the required mixed number. 

EXAMPI.E n.-Reduce 2_g.± to a mixed number. 
Il.Jt-l = 204+7 = 29+ .AM. 

EXA:UPLE 12.-Reduce 2 QP,H to a mixed number. 
20047+11 = 1822-h .Ans. 

EXERCISE. 

13. Reduce the improper fractions J.,'ll-, ~~p-, and .If-/-:U- to 
mixed numbers. Ans. 31-h, 41h, and 16nn 

14. Reduce the improper fractions ~1P, ~~~~, and ~t to 
mixed numbers. Ans. 88H, 158M, and '18. 

27. To reduce a fraction to its lowest terms :­
RULE. 

Divide bolh terms by their greatest common measure. 
This is simply dividing both terms by the same number-which does not 

affeet tho value of the fractiou. (~t. 8.) 

The grea,test common measure may be found by (Art. 
26, Sec. III.) or, very frequently, by inspection. 

EXAMPLE 15.-Reduce ¥-g to its lowest terms. 
Greatest common measure = 25. Dividing both terms by 25 ; ~ ~ = 5 .Ans. 
EXAMPLE 16.-Reduce Hfr to its lowest terms. 
Greatest common measure of 126 and 162 = 18. 
Dividing both terms by 18 we get H~ =~ . .Am. 

EXERCISE. 
17. Reduce ,,~h to its lowest terms. 
18. Reduce HH& to its lowest terms. 

.I1ns ... b· 
Ans.'/tN· 
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19. Reduce ~~,;~ and ~~~ to their lowest terms .. '1111. ~ and}. 
20. Reduce itH, -tN, and tHH to their lowest terms. 

Ails. -H, -{\-, and '1 ~ ~~. 
28. IlIllead of Jit'irlill:; both terms by their greatest common 

measure u.'c lIIay riiriric both by any COIIIJllun IIIC!lSlltC. n'" till" 
reduce the fraction to lower terms, and, conlinuin~ the division as 
long as the terms have a common IIIrll,lllte, u'e shall finally have 
reduced the fraction to its lowest terms. 

",OTE.-It is advisable to commit to memory the properties of 
numbers given in Art. 19, Sec. III, from XVIII to XXIV. 

EXA~rI'LE ~l.-ncduce 1~11~~ to its lowest terms. 

~J, 11 ~ :', ,lividing hy 10. (XX. of Art. 19, Sr". III.) 
i ~ i: ~ dividing l,y 8. (XXII. of Mt. I!'. S"C'. III.) = ~ I ~} diyiding by 9. (XXI\'". of _\rt.)~), Sec. III.) 

= i~::'~ divillillg' 1),)' 3. (XXIII. of Art. In, ~ec. III.) 
t~ I Ans. 

EXAMPLE ~c.-nellllCC ~;;~ to its lowest terms. 

:X:~ di\'iding by 5. (XIX. in Art. 19, Sf r. IlL) 
}~: dlll\l!II<: by 9. (XXI\,. in Art. 19, SIC. III) ; i dividing loy 3. IXXIII. in .\rt. 19, S('('. III.) 
~ ~ ,AilS. 

EXERCISE. 
2~. Reduce in to its lowest terms. .I1ns. {:.. 
24. Reduce rl~~~11 to its lowest terms. Ans. ~~\}.P'l. 
25. Reduce rl~JfrS& to its lowest terms. .Ilns. ~. 
~G. Reduce };Jl;" to its lowest terms. .I1ns. ",\;'". 
27. Reduce 'llt, f'h~3 and ~n a·s to their lowest terms . 

.JiIlS. -:i, i\f!lr, and -i~:,. 

29. To 1'<,:11\\,,<: fractions of diffcrcnt denominator,: to 
cfjuivalent fractions having the same dcnominator:-

nrLE. 
}[ultiply each numerator by all the denominators except its Oll'lI, 

for a new I/umerator and all the denominators to",clhcr for a nCl(' 

denominator. 
Thi~ is merely ll1ultiplyill!..'; both numerator and denominator of e,ach 

fl':tcti(lll by the samf O IIU:llltit.\', viz: the produet of all the other den~mlna .. 
tur:-., :lIlIl ('onsequ('nt ly t.\rt. ~,it !.loes not alter tlte Y;lIne of the fraction. 

EXAMPLE 28.-Reduce ~, in and ~ to a common denominator. 
:3 ..-: 11 /'.: 9 = :!~17 = 1st numerator. 
i / ·1/ 9 = :!:J2 = 2nd numerator. 
5/,4,'\ 11 = 2~11 = 3rd numerator. 
4,<UX 9 = ;J~tj = commOll denominator. 

'rl"'I·,·r"re the equivalent fractions ore Bf;, l~~, and H&· 
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EXAMPLE 20.-Reduce t, t, ~, and if to equivalent fl'action3 
baving a common denominator. 

1 <,~A7Xl1 =3~5=lst numerator. 
;J'~2.<i·~ 11 = ..J.lj:! == 2nd numerator. 
·L<~ ''-:.,,<11 = till = 3rd llUlD('rator. 
~;<~>::'5X i = \);;0 = 4th numerator. 
~,<5.·:; 11 = jill = common uenominator. 

And the cquirall'nt fractions are ~l~, ~~~~, ~ j-g- and ~~~. 

EXERCISE. 

30. TIeduce;:, ,;, ~, ~, aud -{'K to equiyalent fractions baving a 
COllilion denomillator . 

.. 11/.'" ~~~,:7i) ~Z~~-8, ~~}~;~, -~~-2;~, andtlfh· 
31. Ileduce -Jlr, {i, and -f" to fractions having a common deno-

minator. .J1ns. -~~f'11' ~~~~, 101;2' 

::3. Ileduce ~, 1\, 1";[, t, and .~ to fractions baving a common 
denominator . 

..I1ns. -Ft?, \ ~J -/t?/'"4J -tLlu'\~, -f4~~P-4' and _;[~fluD}{. 
33. Reduce -,"1, t, and -h to a common denominator. 

~dlls. -l~;\i~I-) -/-'JIl~I-' and frfn6f· 

3-1. Reduce %,}, 1" and -(1' to a common denominator. 
. .Jlns. ~:;t'~, ~:{r:)11 ~-.~~~, and ]·"ll+j. 

~S. Reduce -&, ~-, ~) and ~ to a. common denominator. 
,.11/.5 • . ~ ~'~, ~ tfr, tiS, and :P/lu' 

30. To reuuce fractions to l'ljlliY<lIl'nt fractions having 
their least common denominator :-

RULE. 
Find the least common multiple of all the denominators. (.!lrt. 

33, Sec. III.) 

M1Iltiply both lerills of eachfraction by the quotient obtained by 
d;t'iding this least common multiple by the denominator of that 
fraction. 

This is merely multipl~'ing both terms by the same quantity, as in Art. 
~n. 

EXA1[Pl.E 36.-Reduce }, },' }, and 'Po to tbeir least common 
denominator. 

Tho' least common multiple of 4, 12, 3, and 16. is 48. 
Multiplying hath terms of the 1st fraction lJy 12 (i.e. ~.a) it becomes H. 

If " H ~wl " by 4 (Le. til it becomes %t. 
u u " 3rd .. by l\j (i.e. ~}i.) it becomes ~~. 

4th by 3 (i.e. H) it becomes U. 
The equivalent fractions having their least common denominator, are 

thereforeH, H, H, and U. 
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EXAMPLE 31.-Reduce t. ff. Ho, H, H, and 1 to their least 
common denominator. 

The least common multiple of 5,11,20,41.55, and 4, is ~"". 
The multiplier for both terms of the first fraction is ". '-' '~44, f,.r second, 

2lf = ~O; for the third, '/,;, = 11; for tbe fourth, ':'.i' = J; for the flfth, 
'J(!.a = 4; and for the ,ixth,' 'Pl = 5:;. 

::\[ult i lllyiHQ" by these numbers, WI" obtain -~iJ, -1 ~~}, J ~ :1" -}~ ,";, -Itll' 
and -i1f\ for tlle T"qllll't"l fractions. 

EXERCrSE. 

38. Reduce t. ~. ~, J., and ,'" to their least common denominator, 
.flns. -?:';,,) .,-1/',,) -/.,tIIJ -/I.tlil and -t,:';,. 

39. Reduce fy, 1. ;, 1~, and~!t to their least common dellowi-
Dator. .!ins. t~ti, -~~{, ~3 i, -:-/',/1) and Li'j· 

40. Reduce ~, j,~, ~J~' -19(5) {~, -l,-,-, and ~!I to their least com­
mon denowiuntur. 

Jllls. ~i:'" .~~:II' -~LII) ~~:;, ~~:;, ~~;~, ';~i';, -,;(~f;, and ;~"I-' 
41. Reduce t, -hi, i\-' ,'11\' {~, and :~ ~ to their lC'a.;t common 

denominator. 3.11.': . • ~(11~:' ~~~, f.;\::, ~PI:~' r,:;::, and ~~,~;. 

42. Reduce H" ;lu, t~. and fu to their least common denomi-

nator. .Ans. t~~:, 1"11,::, l,~~, nnd I/t;~~. 
43. Reduce}, 3, 1,~) ~-J -t~, ·t~:, and ~~ to tLeir least common 

denominator. 
~jl/S • . ~~, 1;, l~~, !(~, :;3, 1~, {~, and :~. 

44. Reduce ~, ·}·h I
n

[,-, -:;'3;" :;1,;, alld ,1,:) to tlJcir least common 
denominator. 

Jins. '1l~~, ~~~0, ~;~Z~, ~Zi~~'" r.·:~·~I' and ~Bt·~· 
45. Reduce H, :, 1, l}, 1\, ;~, ~, and §Z· to their If'llst 

common denominator. 

31, Let it be required to reduce +i of ,('.- to "simple frartian. 

~,. of -Pr means l~ tillH'S -1\- of-fr-
\ft~· get -(1 of 16f, i. e., divide -/2.( by 17, Wlll'll we mu1tip1y the denomi­

nator 11 by 17 (Art. 8). 'l'herefure rf of..", = ";-fT' and to multiNy 
this result \ll' 1~, we multiply the uumerator, t;, by l~, (.\ ri. 8.) 

f' '1') 
Therefore 1 t of 1\ = 1; ,< (; = f,'r 
Hence, to reduce a compound fraction to a simple one 

we deduce the following :-
RULE. 

Multiply all the numerators togetlter, (or a new numerator, and 
all the denominators together (or a nne denominator. 
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EXAMPLE 4G. Reduce 1 of + of ~ to a simple fraction. 
< f4 fr,._~>~4><5 __ {\L 
:J 0 7 0 ~ - :r<i/\'- 199 Ans. 

NOTE.-In "n cases the answer must be reduced to its lowest terms. 

EXERCISE. 
47. Reduce j of X of {r of ~~ to a simple fraction. .!lns. -h· 
.tR. Reduce:; of ~ of \. of -No of H to a simple fraction . .!lns. 1\r. 
49. Reduce :i ,'. "f p, of H to '" simple fraction. .!ln8. -to. 
50. nc,jUte ? of j of}. of H to a simple fraction. .dns. -N.\· 

32. ~illcc thc sCYel'al numerators of the compound 
fraction form the factors of the numerator of the simple 
fraction, and also the ccynal denominator~ of the compound 
fraction, the factors of thc denominator of the simple frac­
tion, it iiJllo"s (Art. 8) that,-

Brfore applying the rule ill (Art. 31), we may Cllst out 0)' cancel 
all the factors that are common to a numerator and a denominator 
of the compound fraction. 

EXAMPLE 51.-Reduce -/\- of 1 of H of H of r~ to a simple 
fraction. 

ST.tTE:\IEXT. (,,,"CELLED. 
~ ~!i 

~of:!: (>f~ of ~ Of~= 6X4/:l:.-::2.::":.2! = I';X>4.X~X~~X~& = ~.!lns 
11 7 5 ~7 Hi 11:, 7:,0)',:27:-:]1) l1X'iX& X ~'iXlli\ 3 

~ & 
3 >4. 

H('rl~ 6 :-11\(1 '27 ('flllbill a ('ommon fadClr.~, \\-hkh is ca~t out, and thesE" 
llllllllwl'S t I! II" rl'dUI'(·d tl) 2 and 9. X ext t!Ji~ ~ reduces 16 to 8, and the 9 is 
red,H·I·d 11):-; \).\' til!' tltit'U numt'l'a1(1l', ",hidl is thus call celled. Again, 11 
{'iLllCd:-: 11 (tlip lil· ... t dl'llomillat()r) aliU l'!'111H'(':-\::::! to~, and this 2 reduces 
the ,-.;, 11d'lll'e 11\ltaill('d fl'om the 16, tn .~. Xe:d, tld",·j, is e:1nedled by the 4 
ill tll!' 1111l1ll'T:ltllr .. \O!':1in, i cancels thp 7 in till' denominator and reduces 
the :).\ in tile' llUlUerator, t05, and this 5 cancels the 5 in the denominator. 
All thl' numerators are now reduceu to unit ..... as also all the denominators 

but the fourth, which is 3. 1'114' resultiw!" fraction is therefore! XIX!>;] :,:} 
1Xl/.1X:3:'-:1 

but this is simply ~. 

EXAMPLE 52.-Reduce )\ of ~ of ~ of % to a simple fraction. 
ST.\TE::'orE~T. C.\XCELL1:V. 

~ 
z...of!of~of~= 7-:L'-::l:--::;.,= 7X4.X~Xljlj = 
11 6 5 ~1) llX6X5x20 llX&X~X~Q 

2 5 

7 7 
2X5 = 10' .!llls. 

N OTE.-If any of the terms of the compound fraction are whole or mixed 
numbers, they must be reduced to fractions (Arts. 23 and 25). 

The process of cancelling exemplified above ~hould always he adopted 
when pOSSIble. 
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EXERCISE. 

53. Reduce ~ of ~ of ~ of -h to It simple fraction. .an •. h. 
64. Reduce ~ of ~ of -Nij of -[';: of II of H to It simple fraction . 

.ans. ,if ... 
65. Reduce ~ of -.\ of 5! to a simple fraction. .ans. ~. 
6S. Reduce ~ of 18. of Hb of ff. of H of 2~ to a simple fraction • 

.ans. lr. 
61. Reduce -h of t of;'J,; of H of H of 6) to a simple fraction . 

.I11L.~. -'?oj. 
58. Reduce t of lr of 154 to It simple fraction. .ans. 24. 

33. Let it be required to reduce the complex fraction + to a simple 
fraction. :. 

Sillce CArt. 8) we may multiply both numerator and denominator of a 
traction by the same number, without altering it~ vaiue-\Vl~ may mull iply 
both terms of the given fraction by S. i. e .• by the denominator with its 
terms inverted. without altering its value. 

~_~X~_.!fX}_, .. _6xt 
Therefore-r- ~x 1--,-- r X 3-7X'3 

Hence, to reduce a complex fraction to a simple one, we 
deduce the following:-

RULE. 

Reduce the expression (.arts. 23 and 25) to the form of fraction j 
jrllcl!on 

i. e., reduce both numerator and denominator t~ simple fractions. 
Then multiply the extremes or outside numbers togeiher jar a 

new numerator, an.d the mean.s or intermediate numbers togelher 
for a new denominator. 

EUIlPLB 59.-Reduce +4! to a simple fraction. 
. r 

...iL - ~ - 9XI_~ - ~ - 7 I A -t-, - lr - 2X7 - 14 - -,{ M. 

NOTE.-Factors that aro common to one of the ""tremos lind one of the 
means, are to be struck out or cancelled. (Art. 82.) 

7-c 
EXAIlPLB SO.-Reduce Ttf to a simple fraction. 

9 
8.1 

'7,\ l\ 1X9 63 
Itt = ~ = -io = 10 = Sfa· .an •• 

-n-
'1 

L 
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EXERCISE. 

it . 1ft' 61. Reduce "i'IT" to a Slmp e rae lOn. 
", 
H . 1ft' 62. Reduce 7H to a slmp e rae lOn. 

l5~ . If' 63. Reduce -"- to a slmp e ractiOn. 
7} 
11~ 3i * . 1ft' 64. Reduce --, -9 and a to slmp e rae lons. 

[SBCT. rt'. 

.11116. IT. 

.I1ns.2. 

12& 5 

• .11m. H1-, H, and H. 
17~ 5 ~ 2} . If' 

65. Reduce W' to and 3l to Slmp e ractlOns . 

.I1ns. -,j" 3lt, a.nd iii' 
21a ~ . 
10} , a.nd 4} to simple fractions . 

.I1ns. n, H, ~A, 2+0' and fo· 

34. A denominate fraction is a fraction of a denominate 
number. 

Thus. t of a lb., rr of a mile, ~ of a day. &c., are denominate fractions. 

35. Reduction of denominate fractions consists in chang­
ing them from one denomination to another without alter­
ing their v~lues. 

36. Let it be required to reduce} of a pint to the fraction of a bushel. 

Since 1 qt. = 2 pints, 4 of a pint = ! of ~ of a quart. 

Also because 1 gal. = 4 qts. } of a pint = ~ of i of} of a gal. 

Similarly + ofapint=!of !or t of} of 1 ofa bushel=.h=Th hushel. 

Hence to reduce a denominate fraction from a lower to 
a higher denomination, we deduce the following:-

RULE. 
Take the number expressing how many of the given den01hinaiion 

are required to make one of the next higher; also the number ex­
pressing how many of this denomination are required to make one 
of the next higher again, and so on until the required denomination 
be reached. 

Write the fractions formed by these numbers as denominatorl; 
with 1 as numerator and the given fraction in the form of a C017l­

pound/raetion, which reduce to a Ilimple fraction. (Art. 32) 
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ELUlPLB 67.-Reduce -fr of a minute to the fraction of a week. 
Ana. lr of r~ of n of , = -nrh-o- of a week. 

EUHPLlil 68.-Reduce U of a grain, troy, to the fraction of an 
ounce. 

U of ·h of ~,h olan oz. Troy. 

EXERCISE. 

69. Reduce t of an oz. to the fraction of a pound, avoirdupois . 
.I1ns. ~lo lb. 

70. Reduce i of ~ of a penny to the fraction of a pound . 
.I1ns. £.tu. 

71. Reduce § of 8i days to the fraction of a week. .I1ns. f. wk. 
72. Reduce fr of 161- nails to the fraction of an English ell . 

.I1ns. 1210 E.e. 
73. Reduce ~ of IT of a yard to the fraction of a perch . 

.I1ns .• Vr per. 
74. Reduce 1 of J of 2li. of a cord foot to the fraction of a cord . 

.I1ns. 1m cord. 
75. Reduce -h of 1f of 91 square perches to the fraction of an 

acre. .I1ns. rl6ii A. 

37. Let it be required to reduce ~ of a day to the fraction of a minute. 
Since there are 24 hours in a day and 60 minutes in an hour; * of a day will be 24 times t of an hour and 60 times 24 times} of a mi­

nute; that is, * of a day is equal to ! X 24X 60 of a minute 
Therefore t of a day = ~ of ¥ of I\Il. of a minute. 

lIenee, to reduce a denominate fraction from a higher 
to a lower denomination, we have the following:-

RULE. 

Take the number expressing how many of the next lower denom­
ination make one of the given denomination; also, the number, ex­
preasing how many of the next lower again make one of this denom­
ination, and ao on till the required denomination be reached. 

Write the fractiOn! formed by these numbers as numerators, with 
1M denominator, and the given fraction in the form of a compound 
{taction, which reduce to a limple fraction. (.I1rt. 32) 

EXAHPLII 76.-Reduce i of a £ to the fraction of a penny. 
i of!4,.o. of V· = q.o. = 160 pence. 

ELlHPLII 77.-Reduce J of t of H ofa furlong to the fraction 
ota. foot. 

! of t of H of ~o. of ¥ of ~ = 300 ft.An6. 
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EXERCISE. 
78. Reduce H of a bushel to the fraction of a quart. 

. . Ans. VI qt. 
79. Red uce ~ of a gal. to the fraction of t of, of a gill. 

Ans. lfO-. 
80. Reduce ~ of 2 pecks to the fraction of ~ of i of a pint. 

Ans . .i~i. 
81. Reduce H of a lb. to the fraction of a scruple. 

Ans. 4f1' scr. 
82. Reduce 67>'([u of; of l of fT of 7..,'l. of a lb. avoirdupois to the 

fractiou of a dram. Ans. iN. dr. 

38. To find the value of a denominat.e fraction in terms 
of a lower denomination :-

RULE. 
Divide the numerator by the denominator according to the nde 

given in .ilrt. 'il, Sec. II. 
This is only actually performing the work which the fraction indicate •. 

(Art. 3.) 

EXAMPLE 83.-What is the value of it of a mile? 
11 miles-:-l~ 

13)11 miles (~ fur. 3~ per. ~l:f yds. Ana. 
8 = fur. lU a mile. 

88 = number of furlongs. 
78 

10 
40 = perches in furlong. 

400 = perches. 
390 

10 
5t = yards in IL perch. 

55 = number of yards. 
52 

EXERCISE. 
84. What is the value of 1~ of a bushel and also of ~ of a lb. 

avoirdupois? 
Ans. 1 pk. 0 gal. 0 qt. 1ft pt. and 13 oz. 11,. drams. 

85. What is the value of l~ of a yard of cloth? 
Ans. 2 qrs. 0 na. 1,,% inches. 

86. What is the value of ~ of a lb., troy j and also of f/''S sq. mile? 
Ana. 10 oz. 13 dwt. 8 grs. j and 62 acres, 1 rooa, 8 sq. per. 

4 liq. yds. 2 ft. 79Th in. 
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87.-IIbat is tbe value of·~ of a furlong j and of 4 of a £ 7 
.dn8. 35 rds. 3 yds. 0 ft. 2 in.; and lIs. 5jd. 

89. Let it be required to reduce 2s. 7fd. to the fraction of £7 18 •. 

20.7:d. 127 farthings. Th ~ 2 7'd 127 
£7 18s =7584 farthings. ere ore s. • . = 7584 of £7 18s. 

Hence, to reduce on('l denominate number to the fraction of 
another, we dednce the followi:lg:-

RULE. 

Reduce both quantities to the lowest denomination contained in 
either. 

Then place that quantity which is to be the fraction of the othe)' 
as numerator and the remain ing quantity as denominator. 

EXAMPLE 88.-Rednce 3 days 4 hours to the fraction of a week. 
3 days 4 hour. = 76 hours. 
I week = 168 hours. 

And the required fraction is /,;0, = H A.n.s. 

EXAMPLE 89.-What fraction is 3 lb. 4 oz. 2 dr. 2 scr. 7 gra. 
of 63 lb. 4 oz. 7dr. Apothecaries' weight? 

8 lb. 4 oz. 2 dr. 2 ser. 7 gr •. = 19367 gra. 
63 lb. 4 oz. 7 dr. = 30:;220 grs. 

And the fraction is f~~2VO A.m. 

EXERCISE. 

90. What fraction is 6 bush. Ipk. 1 gal. 1 qt. 1 pt. of 50 bush. 7 
,Qn8. -:J\Yo' 

91. What fraction is 35 per. 9 ft. 2 in. of a furlong? .dns ~. 
92. What fraction is 7 h. 12 m. of a day? .dns. fo. 
93. What fraction is 2 sq. yds. 2 ft. 120 in. of 3 sq. per. 13! yds. 

1 ft. 72 in.? .dns. -(0' 
94. What fraction is 7 oz. 7 dr. 2 scr. 14 gra. of 21 lbs. Aroth. ? 

.dns. dh. 
95. Reduce 9 min. 48 sec. to the fraction of a day. Ans . .,.-~mr. 
96. Reduce 16 bush. 1 pk. 1 pt. to the fraction of 69 bush. 

Ans. -fM. 
97. Reduce 3 qrs. 3~ nB. to the fraction of an ell Eng. An •. H' 
98. What part of a lb. Troy is 13 dwt. 7 grs.? .8.ns. tM. 
<\~. What part of ~4 cords of wood is 4800 cubic feet 1 .8.nl. H 
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ADDITION OF VULGAR FRACTIONS. 

40. Addition of fractions is the process of finding a 
single fraction which shall express the value of all the 
fractions added. 

Addition may be illustrated as follows j 

I~I I ~·II ~+tl 

EI ITiiilJj LilllJJJ I11111I1111I 

41. In order that fractions may be added they must have 
a common denominator. 

Thus 1+~ make neither t nor t; but if we reduce them to equivalent 
fractions having a common denominator. as -1\ and 19...~·J we are enabled 
to add them and thus obtain for their sum H. 

These fractions, before and after they receive a common de­
[10m ina tor, will be represented as follows ;-

I Unity. I 
I 1 I ! equal to tmfini]] 
ttJj] equal to _ill 

We have increased the number of the parts just as much as 
we have diminished their size. 

42. For the addition of fractions we have therefore the 
following :-

RULE. 
Reduce compound and complex fractions to simple ones, and all 

~o a common denominator. (Arts. 29 and 30.) 
Add all the numerators together, and beneath their sum place 

~he common denominator. 
Reduce the resulting fraction, when it is an improper fraction, to 

z miud number. (Art. 26.) 

N OTE.-If mixed numbers occur among the addends, the integral 
oorti01U are to be addl/d IIIparately and thl/ir sum added to the BUm 
)f the fractions. 
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EXAMPLE I.-Add together 11r. -h, lzr. +r and W. 
Here. sinee the fractions have already a common denominator, we have 

eimply to add the numerators and place 11, the common denominator, he. 
neath their sum. 

4+3+2+7+10 
Thus -ff+13i+f, +-.'r+H = --1-1-- = i ~ = 2-,'r An •• 

EXAMPLE 2.-Add together ~, ?, ~, !i- and: 1. 
These fractions reduced to their least common denominator hy Art. 30 

become H, H, n t~, H· 
')S· .... L-"'4...L'>~....!....-1~...L! ~ 

And U+H+}g+H+H = ~-' -'- = ~z = H = 3-h Alts. 

EXAMPLE 3.-Add together ~, !, -iT and! of ~ of 1~' of ~:/ of 5! . 
4 of + of lBr oq ~- of 5t is equal to ; (Ad. 31). 

The tractions to be added are therefore i + * + ."'1 + ; . 
These reduced to a common denominator (.-11"1. ~lli. become 

A3fS+~~~;t,-+S,o;,tS~+1:·;~r, ~ ~~~~&= 2SSgZ Ans. 

EXAMPLE 4.-Add together 91, lll, I6}, 43} and *. 
Here the last traction is a complex fraction and is equal to 1. 

I)H11l+16~+~+~ = H11+16+43+(l+HFE+%). 
And 9+11+16+43=79. 

Also !+~+~+t+~ == :', ~g-+l ~S+~ ~ ~,+~~, ~,+~ ';,;; = \nl~!;1 == 3}6':lll' 
Therefore the sum of the given quantities is 7\)+3:/,~-I'J = ~;!31f}(I. 

EUMPLB 5.-Add together ~, ~ and 5;. 
Here adding the three fractions together we obtain lr.~~ for their sum, 

to which we add the integral number 5 and thus obtain the entire sum 
tim· 

EXERCISE. 

6. Add together E, Hand 1"3' An ... H = 2,':.. 
7. Add together ,'", ,"7j, T77j, 1"., H- and -r''i' 

Ans. H = ).' = 3t. 
8. Add together 4~, 114, 16t, 21~ and Elt. 

An". 71+-\"- = 734. 
9. Add together 16H, 11B, 18h, 17 Hand 112H. 

Ans. 177H 
10. Add together 4t, It and T7T' Ans. 6ll2 • 

11. Add together *, ;, i, t, t, t, i and~. Ans. 6,,\'2'0' 
12. Add together ~, t and 1. Ans. 2H. 
13. Add together t, t, ~, f and ,8r. Ans. 3~H+ 
14. Add together t, t, t. t, t and t· Ans. 1 No' 
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15. Add together 16·h, 47?;, 21H, l. and 19t· 8 . A1Is. 104 li t. 
16 . .:\.d,l together I7t, 43'h 168t, 207.". and 506+H· 

Ans. 943H-17. Add together 6f, lIt, 16' 16.76 , 1, i. and 17H· 
Ans. 53~%i. 

18. Add together +. ~. t and 68}. Ans. 69tH-
19. Add together 1 7:~ ,-32' 8f and 91H· Ans. 273~H· 
20. Add together 1 n. 2H, :3H and 4H· Ans. 13f H· 
21. Add together -/;, ,32 , "]f' ,,\. ,7.,~. ~ and t. Ans. 3/s' 
22. :\.dcl t(>~(:tiJer 7, 11!, 18, 26~ amI, 9.',. 

. Ans. 142/l •. 
23. Add together }. 7 -{y and % of t of 1 O~ . . .:1I1S. 11,';,45' 

4 \, 3 f 4 f <)0 d 20~ 24. Add together -, 2 of 3, f 0 '5 0 -., an 7~~-' T&- J I 

Ans. 15,1.30, 
25. Add together 3~-, lIt and HH. AilS. 29B· 
26. Add together t of L % of 4, ~ of t, ~ of 127

0 and 4t 
of q oft oq oft oq. Ans. liU:· 

27. Add together 41t, 105€, 300~, 241 i and 472f· 
Ans. IHilB. 

28. Add together 92)5., 37,80 and 7*. AilS 137~H· 
29. Add together 21t, 3~Jt. 1

2

0t and ~ of t. An8. 61i· 
30. Add together 2:[ of 33-, -Vi-, 2} of 4} of Ii, and 4i 

of -h of 2t of 1+ ..1ns. 34:!H-
43. In order to add denominate fractions they must not only lave a common denominator, but they must be fractions of the same mit; i. e., must be of the same denumination. 

Thus £.), ~ s. and .J d. cannot be added together, as the result would be 
leithcr ~ Or:L pound. * of a. shilling, nor '* ofa penny. 

But i. t w,' redure them all to the frfWtioll of a pound, or all to the fraction If ash d 11I1l", or all to the fra<"lioll of a peuny, it is ollvious that we may then ~dd the rL'::.ultiug fractions, havillg fir~t reduced. them to a common deno­lJilJ'ltrJr. 
Hence, for the addition of denominate fractions, we have 

,he following :-
RULE. 

Reduce all the fraction8 to the same denomination (.I1rts. 36 and :7). Reduce the resulting fractious to a common denominator .I1rts. 29 and 30). .I1dd as in (.I1rt. 42) and find the value of the esuiting fraction (.I1rt. 38). 
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EXAMPLE 31.-Adj together ~ of a day and ~ of an hour. 
B ofaday=~ of2,~= V = 136. of an honr. 

'tho + tho = l,r'l_+ ·2"T = J·N = 5Hh. = 5h. 45m. 42~ sec. 
EXAMPLE 32.-Add together -h of a pound, ~ of a shilling, and 

~ ofa penny. 
)'f ola £=-h of ~,o. of J..,0 =l..H.Jl of a penny =152 j

B,. pence. 

~ of a shilling = t of 1(- = \~ of a penny = 4~ pence. 

1~2!1 +4~+f = 156+ 2SO+~~+165 = 151~H pence = 13s. 1iHd. 

NOTm.-In place of proceeding as above, we mfty find the value 
of each fraction separately (Art. 38) and add the results. 

EXAMPLE 33.-Add together ~ of a bushel, ~ of a peck, and .?,­
of a gal. 

t of a bushel = 3 pks. 0 gal. 1 qt. 1 J pts. 
i ofa peck = 1 gal. 3 qts. 
10f of a gal. = l1rr pts. 

Sum=l bush. 0 pks. 0 gal. 1 qt. o~~ pts. An •. 

EXERCISE. 

34. What is the sum of l.lb. Apothecaries' weight, if oz. 
If dr. and t scr. Ans. 4 oz. 6 drs. 2 scrs. 18-iH-grs. 

35. Add together ~ yd. -+ ell Eng. and 4 qr. 
Ans. 3 qrs. 3 na. I-}H in. 

36. Add together; of a yard, -+ of a foot, and ~ of an in. 
Ans. 7 inches. 

37. What is the sum of T\ of a mile, l, of' a furlong, and 
!~ of a yard? Ans. 5 fur. 16 rds. 0 yds. 0 ft. 3 IVa in. 

38. What is the sum of t wk. t day t h. ? 
Ans. 2 days 2 h. 12 m. 

39. Add to~ether £t, is. and f.d. Ans. 3s. 1fJd. 
40. What is the sum of t of 21s. t of 5s. f of £3 12s. 6d. 

£.73 and !td. ? Ans. £3 128. 4Hd. 

SUBTRACTION OF VULGAR FRACTIONS. 

44. Subtraction of vulgar fractions is the process of find­
ing the difference between two fractions. 

We have seen that before fractions can be added the.v must have a com­
mon denominator and that when denominate fractions are to be added 
they mWlt be also of the same denomination. and this is manifestly the 
case a1IQ In the 8ubtra<:t,ion of fractions. 
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Hence, for the subtraction of fractions, we have the fol­
lowing ;-

RULE. 
Reduce compound and complex fractions to simple ones and all 

to the same denomination, if not already such. 
Reduce both of the resulting fractions to a common denominator. 
Subtract the numerator of the subtrahend from the numerator 

of the minuend, and beneath the difference write the common deno­
minator. 

NOTE.-In the case of mixed numbers it frequently happens 
that the fractional part of the subtrahend is greater than the 
fractional part of the minuend. When this occnrs, instead of 
reducing both quantities to improper fractions and then apply­
ing the rule, it is much better to borrow unity from the integral 
part of the minuend and considering it as a fraction, having the 
common denominator, add it to the fractional part of the minu­
end. (See 3rd, 4th and 5th Examples below.) 

EXAMPLE l.-From t take;",. 
~ - -fr = -N!i -l'1F = )3,I!r .Rns. 

Here reducing ~ and lr to a common denominator they become ·Ni 
and 1\{q. 

EXAMPLE 2.-From ~ of, of -.f.'+i of 49 take 8~ of k of t. 
31 

Here ~ of ? of -l& of 49 = ~. 

And~oq of1 =t. 
31 

And t - ~ = U -frr =-i~ ..4.M. 

EXAMPLE 3.-From 192-,\ take 16H-. 
)'r and -H reduced to a common denominator become 13h and +H. 

192,',-16H = 192,3.,·r-16{% = 191+1-flo-16-i% = 191n~ 
16t~ = 175,V • .Rns. 
H~re. since we cannot subtract -1 % from 13,0" we have to borrow 1 from 

the Integral part of the minuend, and considering it as tH add it to l"~. 
We thus reduce 192, 3/. to 191H~ and then make the SUbtraction. 

EXAMPLE 4.-From 29,\- take 16~. 
291

2r - 16~ = 29H - 16H = 28+1H - 16H = 28H - 16H 
= 12H .Rns. 

EXAMPLE 5.-From 1l'1,~_r take 671jl. 
IH}q-67H= 117m-67j~= 116+1H~-67m=1l6m-

67}fa=49?--H .Rn!. 
EXAMPLE G.-What is the difference between! of i of t of 2j 

days and, of g of 53- hours? 
l of i of ~ of ~ days-=t of a daY=t of z,t of an hour=l.fCl houn= 

17+ hours; and, of ~ of~; hour8=i1 hours = Ii.; hour, 
And 17+ h. -1+0- h. = 17ft; -l~l;; = 16~4.- honrs • ..4.11-8, 
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EXERCISE. 
1. From i take irr. 
s. From 1~-h of -? of 14 take ~ 

6-,'[ 

Ans. ~. 

Ans. O. 

9. From 982~? take 29\ ~ Ans. 9521'nu' 
10. What is the difference between 69n- and 1818~;ti? 

11. What is the difference between 100! and 9t? 
AilS. 501'H ~. 

Ans. 90t. 
12. What is tbe difference between 6! and j of 91 ? Ans. l~. 
13. From 611-,~i1- take 6101111. 
14. From ~ of 2 take 1 of H-~. 

Ans. ~V-Jrh. 
.!ins. ~J. 

15. From l of a lb. avoirdupois take ~ of a dram. 
- .;ll1s. 10 oz. n drs. 

16. What is the difference between 34},. and 21~\? Ans. 2::~}. 
11. What is tbe difference between; of a mile, and -h of a fllr-

long? AilS. 1 fur. 5 rd. 3 yds. 1 ft. 10. in. 
18. Find the value of ~ of .1.1.6. -11~ of 28!. Ans. 5;~. 

19. Find the value of 12N·69.+! of ~ of ~ of 8! of 10~ _ 17 ?r 
6~ III 

A.ns. ~~;. 
20. Find the value of 3h+8~-3-,3u-2~+5A+6!-16!. Ans. ~~. 
21. From 1l: of an acre take ~ of a perch . 

• illls. 1 rood 11 p. 22 yds. 2 ft. 108 in. 
22. From 16~ take 9U, and from 169 ilo take 83H. 

Ans. 6f~'J and 85-t"UIJ' 

MULTIPLICATION OF VULGAR FRACTIO~S. 
45. Let it be required to multiply -h by I. 
Here we are required to multiply 13f by i ' that is by t of 7. 
Xow it we multiply 13f lJY 7 we shall have multiplied by a quantity 8 

times too great, and the product will be s times too great. 
If, therefore, we multiply -h bv 7 we shall have to divide the result by 8 

In order to get the product of -fix ~. 
But (Art. 8) we multiply fr by 7, when \I"e multiply the numerator by 

and we divide the result by 8 when we multiply the denominator by 8. 
Therefore, 1i1- X i= 3X7, that is to multiply fractions together, we 

llXS 
multiply the numerators together for a new numerator, and the denom­
inata ... together for a new denominator. 

Hence, for the multiplication of Vulgar Fractions wc 
deduce the following :-

RULE. 
Reduce compound and complex fractions to simple ones (Arts. 32 

and 33) and whole and mixed numbers to improper fractions (Arts. 
23 and 25.) 

Cancel any factors that are common to a numerator and a de-
1/Q1Ilinator of the re8uiting fractionf (Art. 32). 
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Multiply all the reduced numerators together for a :,ew numer. 
ator, and all the reduced denominators together for a new denomi. 
nator. 

Reduce the result, if necessary, to a mixed number. 

EXAMPLE I.-Multiply t by H. 
tX H=tX-l,-=-?r Ans. 

Here we callcel the first denominator and reduce the second numerator 
to 3. 

EXAMPLE 2.-~Iultiply together}-f> ~, 3! and H. 
ST.ATE:YE~T. CANCELLED. 

~ ~ 
'i '\ 'i: ~1 1 

irXtX~Xti=iiX~X~X~ = TAn,. 

~!l 
'i 

EUMPLE. 3.-Multiply together ~, 1\, 6~, 9~, 21 and 63. 

ST .!.TE?lIENT. 

~XlrX,j7i x~l'xi x!ll 
CA1!CELLED. 

2 4 .. 
II 3 ~'\ 48 ~ till! ~ X 3 X 4 X 48 
~Xi1XTX&X~Xl =--1-- = 1l~2 .4113. 

EXAMPLE 4.-~fultiply together Th, 18lr, 9~, I of i of 7, and 
t oft 1 of 25. 

STATEMENT. 

Thx ~HXi'X~lx\!;.f­
CANCELLED. 

3 3 
1li 3 !il! 

1 205 '\~ ~l l1lili 205X3X3X3 5535 
179 X llX & X s: X ~ =--17-9-- =179=301-% AnI. 

~ 

EXAMPLE 5.-~ultiply together ~, 3l1i r, 4}, t, 6+ and 51'6' 

BTATE"EXT. 

~XV}x~x~x,j;XHj 

CANCELLED • 

.!.x~X.! .!. ~ !!_247x43x71_SHSH_ 
I'll SI ~ X ~ X .. X 15- SI X 5X 15- 6075 -134HH· 
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EXERCISE. 
S. What is the product of -?X%. ./lns. H. 
7. What is the product of ~ X} ? ./lns. ~. 
S. "hat is the product of TeX·f.r? ./lns. )\. 
9. ~lultiply togetber~, ~ and -,'6' .iJns. 1;',~' 

10. Multiply togp,tber 14, 15T. and 3~. ./lns.7.F!l. 
11. ~lultiply together -"ri, S~, -h and H. ./lns. 5 ~ 'z· 
12. Required tbe product of ~, 1~'-' -,",-, {33 and ~. ./lns. i',.'i .. 
13. Required the product of~, 1,1., c!j,f, 21, t and 5. ./lns. l:q. 
14. Required the product of ~, t, j",-, _,i" and 209. ./lns. ~;. 
15. Find the value of6!Xll~XlG},-X-'''iXih of-f,;. ./lns.,,!. 
IS. Find the value of} of 1)- of;',; of 77 X? of -h of 91 X 6H . 

17 'I I . I h t l 7 ~ 4:( 1 d 1 . "u tlp y toget er -, -, -, -, ,;, an 1 •. 
8 9) ~ 7-P.· 

.1",. 1127!. 

./lns. -,U'1" 

IS. ~lultiply ! of S by ~ of 19. ./lns. 10~. 
19. Multiply 1'" of 7 by','. of 87-h. ./lns. 403;\-. 
20. Find tbe value of 6; X!X!X}. ./lns.2,'". 
21. Find the value of 3; X4~XI5. ./lIlS. 2';8~. 
22. )llIltiply ~ of 8~ of/', of 9! by 8frxH of Gt of t of n of 

15! of 1 [;,. ./lns. 4729}H. 
. 27 87~ ! 81)lir 

23. Fmu the value of 3 7~ X 98t X 21 X rn .!lns. :P" 
24 .. Multiply sstl by + of t of H. ./lns. $H-. 

. 75~ ?of8!Xj\of28 7'. il 100 
25. Fmd the value of G~ X_L f 'i-X 1-f ?-4X-15X~X14jXI21 

4 i 
X5!X'9' 

If 11 0 IJIj 11 0 ... -or 

./lns. 17H~. 

46. To multiply an integral denominate number by a 
fraction, we have the following:-

RULE 
Multiply the denominate number by the numerator of tlte /rartioll 

and divide the result by the denominator. 

NOTE.-This is merely consiuering the denominate number as "fraction 
having 1 for it. denoruinator (Art. 23), and applying the precediug rule. 

EXAMPLE 26.-How much is ~ of $129'63 ? 
~ ($129"3=-$129'63:: 1_.$518'52_"-7'611 A 
9 0 u ·--9----9--"" ,. II •. 

EXAMPLIi 27.-How much is rr of ~ of 10 lb. 6 oz. 4 dr. Avoir. ? 
, did 10 lb. 6 oz. 4 dr. X 7 
II or t olIO lb. 6 oz. 4 r.=-J.z of 10 b. 6 oz. 4 r.= ---~-2 --= 

3 lbs. 4 oz. 14);- drams . .111' 
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EXERCISE. 

28. How much is 1111r of 4 days 5 h.? AnI. 5 days 88 m. 20 Bec. 
29. How much is H of £29 ? Ans. £8 19B. 6~d. 
30. How much is ~ of 186 acres 3 roods? .1.1118. 145 acres 1 rood. 
31. How much is it of 1 of -to of 231 times 24 h. 30 m. ? 

.1.1118. 1 hour 38 min. 
32. How much is ~ of V of U of ~ of 33 bush. 2 pk. 1 gal. ? 

Ans. 2 bush. 2 pk. 0 gal. 3 qt. 1* pt. 

47. From the principles already established, it is evident 
that-

1st. When the multiplier is less than unity, the product 
is less than the multiplicand. 

2nd. To multiply a fraction by a whole number, we may 
either multiply the numerator of the fraction or divide the 
denominator by that number. (Art. 8.) 

3rd. To multiply a whole number by any fraction having 
unity for its numerator, we simply divide the whole num­
ber by the denominator. 

Thus. to multiply by I, ;, !, h lly-, .te •• we divide by 2. 3. t, 7.11. &0. 

4th. When multiplying by a mixed number of which 
the fractional part has unity for its numerator, it is better 
to multiply by the integral part of the multiplier first"and 
then by the fractional part, afterwards adding the two 
partial products together. 

DIVISION OF VULGAR FRACTIONS. 

48. Let it be required to divide, by fi. 
Here we are required to divide ~ by -fr that is, by rr of 6. 
Now if we divide i by 6, we use a divisor 11 times too great. and the 

quotient i. 11 times less than the required quotient. 

Therefore, to obtain the correct quotient of i+fr, after dividing f by 
5, we shall have to mUltiply the result by 11. 

But (Art. 8) we divide the fraction' by 5 when we multiply the denomi­
nator 7 by 6, and we multiply the result by 11 when we multiply the nu­
merator 3 by 11. 

• 3XIl 
Theretore '1+Pr= 7 X5 =, X -Y-=ruvidend X divisor with its terms in­

Verted. 

Hence for the division of fractions we have the follow­
ing:-
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RULE. 

Reduce compound and complex fractions to simple ones; whole 
and mixed numbers to improper fractions. 

Invert the terms of the divisor and proceed as in multiplication. 

In addition to the foregoing analysis, the following may be 
given aB a proof of the truth of this rule. 

l+fr=* because the dividend of any question in division may be 

made the numerator and the divisor the denominator of a fraction . 
.:l 

Now since we may multiply both terms of the fractioll "* by any number 

we may multiply them by If . I. e., the denominator with its terms in­
verted. 

Therefore += 1: Y = l X If (because fc X V=I)=~ X V : whence 
If TTX t 1 

the truth ot the rule. 
EXAMPLE I.-Divide l~ by 17. 

~7=l!fX~l=H Ans. 
ELUIPLE 2.-Divide i of 17r by fr of 8i. 

i of)l.r+·tr of¥=U-Ht=H-xH=fo-Ans. 
EUMPLJI: S.-Divide 8t by 3}r. 

8H-3-h=¥+H=¥xH=t X ¥=H=2H Ans. 
8i 9a 

EXllIPLE 4.-Divide 1a, of Ti of h X 3+ by -,",- of ri X 4~. 

STA.TEMENT. TERMB OF DIVISOR INVERTED • 

.,3fX1YXW X~;~",-xU! Xa/-=13fXrcX 3N-X<J.,~ X~l XHtxh 
CA.NCELLED. 
1.1 ~ 35 

~ lI; ~8.li ~~ 1'1 IIl1;li 8. 35 35 
=iiXiiX -i~ XiX~X lI~lI; X~= 2 X 3 ='6=o;r Ails. 

lI; 2 IIl1; 
3 

EXERCISE. 

6. Divide I of ~ by i of 8i. 
6. Divide H by la and divide the result by fro 
'1. Divide 82+,- by 26-fc, 
8. Divide 21 by i + i. 
9. Divide Ii by, of 2i of 16 of 8i of ..flr. 

10. Divide 21 by (~+-h of 9.) 
11. Divide 48j by • + i of G. 
13. Divide 61 by t of n + for. 

AIIS·Th. 
Ails. ~. 

Ans.3-N,,",;· 
Ans. In-. 
Ans.2f.;. 
Am. 'l.h. 

An •. 19H. 
.4n •• GUt. 
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13. Divide 41 of 31 by 21 ofS!. 

D"d 7} b f 
14. IVI em y 4i' 

15. Divide~· of 7-,3,- by ;jr of 1 '1~. 
16. Divide iH of H on of 1! by t of i8" oq of 5. 

1~ 2! 
1 '1. Divide 41 by 21' 

.4711. In. 
.4118.6-&. 

.471S. m. 
.4711.3*. 

.4ns. j. 

D"d a b 4k 18. 1Vl e.:1" Y 171' .4711. i. 
6i 

19. Divide 14. oq by ~ of.8·!?:r of W. .4718.1ff.k 

f '1 1'0 4~ 3 t 21 
20. Divide 15! of T of T of '3 by '1 of 4i of 31 of T 

.471S. 28#11·. 

49. To divide an integral denominate number by & 

fraction :-
RULE. 

Multiply it by the denominator and divide the result by the 
numerator of the fraction. 

N oTE.-This is. in effect. merely considering tbe denominate number as a 
fraction having 1 for its denominator (Art. 23) lind applying the foregoing 
rule. 

EXAMPLI!I 21.-Divide 6 days 1'1 hours 11 minutes by 1~' 
5 11 =6 days 17b. 11m. X 11 

G days 17b. llm.+1f=6 days 17b. 11m. X 5' 5 
= 14 days ISh. 36m. 12 sec. Ana. 

EXERCISE. 

22. Divide £8 14s. 6id. by \7. Ans. £8 8s. 51d. 

23. Divide 1m. 5 fur. 91 yds. 2 feet by 21 of 1-,~, 
Ans. 2 fur. 124 yds. 2 ft. 

24. Divide 3 acres, 3 roods and 3 perches by t . 
.I1ns. 6 acres 1 rood 5 per. 

25. Divide £7 ISs. 2d. by ~. Ans. £17 lIs. 41d. 

50. To reduce a fraction having a complex fraction in 
its numerator or denominator or both to a simple fraction 
we have simply to apply as often as necessary the rule 
given in Art. 33. 

NOTll:.-Particular attention must be paid to the relatlfe 
length and heavine81 of the separating lines as they determine 
the various numerators and denominator •• 
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EXAMPLE 26.-Simplify 

3! 

t 
7~ 

3} 

~ 31} OPERATION. - ll} t -
--} t 6f ",£' r,.':/"Ylfl~ 1~'/33 

~} = ~ r ,:~ r :~;: -,=0=,,,-=">',. 

31 
5 

6 

EXAMPLI!l 27.-Simplify 
21 
8j 

5 

OPERATION. 

': !} 
l:}, 13 1 

,;, }] 20 l 
~: J 

13X 13 13X 13 

3i} 20X24 20X24 • --- ---- ---- =--=--
21 1 ' 1 

7 , 7X5 .I 

~7 1 l Sil -Lt-' --
17 17 

: }}J ! It 15 ~ r J 
2 ) 

13X13XI7 287:: 
- ------ - -- .!In •. 
- 20X24x7X5 - 16800 

.\1 



178 DIVISION OF VULGAR FRACTIONS. (Slcr.IV. 

EXEROISE. 

121 

7 § of 32 

31 I. 
3 

..d1U.2H· 28. Multiply by 
91 9 

; 3j 
--

~ 

1\ 

4~ 

'f 

6j t 
..dna. Tifl. 29. Divide --- by 

9! 7 

3 

2. 
121 1\ 

80. Divide 
51 

by 
4j 

..d"".3H· 
3i 3i 

5, 16! -
j 

51. From what has already been said, the truth of the 
follc,wing principles is evident. 

1st. When the dividend is equal to the' divisor, the 
quotient will be l. 

2nd. When the dividend is greater than the divisor, the 
quotient will be greater than l. 

Srd. When the dividend is less than the divisor, the 
quotient will be less than 1. 
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4th. The quotient will be as many times greater or less 
than 1 aH the dividend is greater or less than the divisor. 

5th. To divide a fraction by a whole number, we may 
either divide the Ilumerator or multiply the tlenominator 
by that number. 

6th. To divide a whole number by a fraction havin.a; 1 
for its numerator, we simply multiply the whole number 
by the denominator of the fraction. 

Thus, to divicle by t, t, -!;, t, &e., we multiply by 2, 3, 6, 7, &c. 

QUESTIONS TO BE ANSWERED BY THE PUPIL. 
NOTE.-The n",neralR aftn the Questions ,.lifer to the numberea 

articles of the Section. . 
1. What i. a fraction? (1 and 3) 
2. What does every fraction iudicate? (3) 
3. What is the denominator of a fraction and wilY is it so called? (4) 
4. What is the numerator ofa fraction and why is it '0 called? (4) 
5. What are the terms of a fraction? (5) 
6. How is the value of a fraction obtained? (6) 
7. When is the fraction equal to 1 and when greater or lesB than 1 P (7) 
S. What effect has multiplyiug the numerator at a fraction by any uum. 

ber P (8) 
9. How does multiplying the denominator of a fraction by any number af­

fect the value of the fraction? (8) 
10. How does multiplying both terms of a fraction by the same number 

affect it. value P (S) 
ll. How does dividing the numerator by allY uumber affect the value of 

the fradion P (S) 
12. How does dividing the denominator by any number affect the value of 

the fraction P(8) 
18. How does dividing both numerator and denominator by the same num. 

ber affect the value P (8) 
14. Into what classes are fractions divided P (9) 
15. What is the distinction between vulgar and decimal fractious P (10 

and 11) 
16. What is the meaning of the word" vulgar" "' applied to fractions? 

(11) 
17. Enumerate the su different kinds of vulgar fractions. 
IS. What i. a proper fraction ~ (13) 
19. What i. an improper fraction? (15) 
20. What i. a mixed uumber? (16) 
21. To what must an improper fra<:tion alwilJIs be equal P (17) 
B~. What is a simple (ra<:tion P (18) 
23. What is a compound fraction P (19) 
" What 1, a comp:ex traotion ? (21) 
16. How mhy we convert an integer into .. traction P (23) 
1I6. How maf we reduce a whole number to a fraction having a given de. 

nomlllator P (24) 
'JIT. How is a mixed number reduced to an improper fraction P (25) 
IS. How is au improper traction reduced to a mixed number P (26) 
29. How i. a traction reduced to its lowest term. ? (t7 and 2,) 
30. How are traction. reduced to a common denomiuator? (29) 
SI. How are fraotioIll! reduced to their Jeast common denominator P (HO) 
82. How is a compound fraotion reduced to a SimpJ8 one P (31) 
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33. What is meant by cancelling? (32) 
34. Upon what principle may we cancel factors common to numerator 

and denominator ? (32 and 8) 
85. How do we reduce complex tractions to simple ones? (33) 
36. What is a denominate fraction? (34) 
87. In wbat does reduction of denominate tractions cOnllist? (35) ~ 
38. How do we reduce a denominate fraction from a lower to a higher de. 

nomination? (36) 
39. How do we reduce a denominate fraction from a higher to a lower de-

nomination P (37) • . 
40. How do we find the value of a denominate traction? (38) 
41. How do we reduce one denominate number to the traction of another P 

(39) '2. What is addition of fractions P (40) 
43. What kind of fractions only can be added? (41) 
4~. What is the rule for addition of tractions? (42) 
45. When mixed nnmbers are to be added how do we proceed? (42 note) 
46. What is the rule for the addition of denominate fractions P (43) 
47. What is the rule for subtraction of fractions P (44) 
48. What is the rule for multiplication of fractions? (45) 
49. Give a proof of the truth of this rule (45) 
50. How do we multiply an integral denominate number by'a fraction? (46) 
51. How may we multiply a fraction by a whole number P (47) 
52. How do we multiply a whole number by a fraction having 1 for nume· 

rator? (47) 
53. How do we multiply a whole number by a mixed number, the fractional 

part of which has 1 for numerator? (47) 
54. What is the rule for division of fractions P (48) 
55. Give a proof of the truth of this rule? (48) 
56. How do we divide an integral number by a fraction ? (~) 
57. How do we divide a fraction by a wbole number P (51) 
58. How do we divide a whole number by a fraction having 1 for its deno. 

minator? (51) 

MISCELLANEOUS EXERCISE ON VULGAR FRACTIONS. 

1. The Ottawa River is 800 miles long; the Gatineau 420 miles, 
the Chaudiere 100 miles, the Richelieu 160 miles and the 
Niagara 35 miles. The entire length of the St. Lawrenpe, 
from the upper end of Lake Superior to the Sea is 2000 
miles. How will the lengths of these different rivers be 
expressed as fractions of that of the St. Lawrence? 

2. The popUlation of Goderich is % of that of Peterborough, 
the popUlation of Peterborough is Ii of that of Brockville, 
the popUlation of Brockville is 1 ~ of that of Prescott the 
population of Prescott is i of that of Ottawa City the 
popUlation o.f Ottawa City is 2! of that of Port Hope,' and 
the population of Port Hope is .,.,1'6 of that of Toronto. 
What fraction is the population of Goderich of that of 
Toronto? 

3. What will 6~ pounds of tea cost, at 651 cents per lb. ? 
4. Suppose I have j of a ship, and that I buy • more' what 

is my entire share? T'f , 
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5. A boy divided his marbles in the following manner; he 
gave to A t 'of them, to B TIf, to C t, and to D t, keeping 
the rest to himself; how many did he give away, and how 
many did he keep 1 

S. Find the value of 5~-2t of H+5U of 2t + 11 
3~+llf 4-to 7H-2t 

7. What cost lS70-,7j pounds of coffee, at 12~ cents per pound 1 
8. A tree, whose length was 136 feet, was broken into two 

pieces by falling; 1 of the length of the longer piece 
equalled ! of the length of the shorter. What was the 
length of the two pieces respectively 1 

9. A farmer bought at one time 97! acres of land, for 1000 
dollars, at another, 127~ acres, for 1375! dollars; at 
another, 500i acres, for 6831 dollars; and at another, 
333i- acres, for 4013-ik dollars. What was the whole 
quantity of land that he purchased, and the sum that he 
paid for it? 

10. Find the value of (12t - 8:1 - 1Tu + l6)X4!X(71~ - 6D, 
and also of (~-:-ln-(~ -:- 3-fr)-

It. What is the value of 19~ harrels of flour. at $6i a barrel? 
12. What is the value of 37SH acres of land,'at $75~ per acre? 
13. Bought at one time 147§ bushels of coal, and at another time 

320* bushels. Having consumed 156! bushels, I desire to 
know what quantity of the coal purchased is still on hand? 

14. Divide 7 (ll of i) by rI, and find the value of ! + ! + ! 
(

3 7) ., 1 1 1 
k 3} of 2I + 31 + 4I 

15. If 17~ bushels of wheat sow 7~ acres, how many bushels 
will it require to sow 1 acre? 

IS. Multiply the sum of 3J, 4i, and 4t, by the difference of 7q 
and 5~ ; and divide the product by the sum of 94~ and 
93t· 

17. Divide 2 by the sum of 2;, t, and 4; add li4 to the quo­
tient; and multiply the result by the difference of 5k and 
4). 

18. Find the value of (HDX(IH2i)X(2n-ID X (3f.r--D; 
and also of (li-:-2Ux (5!-:-3t). 

19. A person dies worth $40000, and leaves! of his property 
to his wife, i to his Bon, and the rest to his daughter. 
The wife at her death leaves ~ of her legacy to the son, and 
the rest to her daughter; but the son adds his fortune to 
his sister's, and gives her! of the whole. How much will 
the sister gain by this; and what fraction will her gain 
be of the whole? 
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DECIMALS AND DECIMAL FRACTIONS. 

52. A decimal fraction is a fraction having unity with 
one or more Os to the right of it for denominator: 

Thus TIltou, You, -,\, TiJHn, &c. are decimal fractions. 

53. A decimal fraction is reduced to its corresponding 
decimal by dividing the numerator by the denominator, 
but since (Art. 51) this denominator is unity followed by 
one or more Os, we divide the numerator by the denomi­
nator when we move the decimal point as many places to 
the left in the numerator as there are Os in the denominator . 
EXAMPLIIl 1. Reduce -Noalf to a decimal. 

2. Reduce mZ~tfiuo to a decimal. 

EXERCISE. 

3. Reduce _to6o~, -tJVollO and fu to decimals . 

.11118. '743. 

.I1ns. '00092316. 

.I1ns. '567, '00098 and '1 
4. Reduce TUu3hOlJ and TiJOlJ-oQauu to decimals . 

.I1ns. '0000023 and '0000116. 
5. Reduce TiJ%~~fit3-;TU to a decimal. .I1ns. '000278643. 

64. It is as inaccurate to confound a decimal fraction with its 
corresponding decimal as to confound a vulgar fraction 
with its quotient: Thus the value of i is '75, 80 also the 
value of l1frr is '75 but ·75 and -Ulf are no more identical 
than are i and' 75. 

55. To reduce a decimal to its corresponding decimal 
fraction :-

RULE. 

Consider the significant part of the decimal as numerator and 
beneath it write for denominator 1 followed by as many Os aB there 
are places in the decimal. 

EXAMPLE 6. Reduce '043 to a decimal fraction. .I1ns. 1~h. 
7. Reduce '00000576 to a decimal fraction. .I1na. Tii"iliHouo. 

EXERCISE. 

8. Reduce '73, '092 and '0003 to decimal fractions. 
. .I1ns. fo3rr, TUo, and ~uo' 

9. Reduce '137 and '000006943 to decimal fractions . 
.11m. #61f, and TOOnUmr· 

10. Reduce '1357896'1' and '023004003 to decimal fractions 
.I1n,. #NOf1U~, and Tg~~!s%h. 
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56. Decimal fractions follow exactly the Bame rules as vulgar 
fractions.-It is, however, generally more convenient to 
obtain their quotients, and then perfurm on them the re­
quired processes of addition, &c., by the methods already 
described (Sect. 11). 

To reduce a vulgar fraction to a decimal or to a decimal 
fraction :-

RULE. 
Divide the nUmel"atoT by the denominator and the quotient will 

be the requiTed "decimal"; the latter may be changed to ii. 
correspondinfj decimal fraction by (Art. 54). 

This is merely actually performil.lg the division which the fraction Indl. 
cates. 
EUMPLIII 11. Reduce t to II decimal and also to a decimal frao­

tion. 
8)7' 

'875 Ans. = -?o7~ Ans. 
12. Reduce 11; to II decimal. 

16)9' 
~An8. 

EXERCISE. 

13. Reduce i and i to decimals. AilS. '5 Rnd '375. 
14. Reduce n Rnd ! to decimal fractions. Ans. l~Oti~ find -?~. 
15. Reduce E, tH, and a to decimals . 

.!lns. '9733 +, 4'666 + and '44117 + .• 
16. Reduce ~, f.t, and ~ to decimals. 

Ans. '857142 +, '4166 + and '44444 +. 
17. Reduce l}-i and -?i"6. to decimRls. 

Ans. '151,8:;71428 + and '554012 +. 
67. Let it be required to reduce £3 78 6~d to the decimal of 

a pound. 
OPEERATIOIf. 

fd='75d hence 6td =6·75d. If now wo divide this hy 12 wo .hall have 
it. valuo as the decimal of a ,hilling. 

Old =6'75d= '5625. hence 7" 6jd=7·5625s. 
Next if we divide this by 20 we shall havo its value as a decimal of a 

_ Jlound. 
7,. 6fd.= 7"5625s = £'378125. 
Therefore £3 7. 6id= £3'37812:;. 

Hence to reduce a denominate number of different de­
nominations to an equivalent decimal of a given de­
nomination we deduce the following:-

• The sign + written after the.e amwer. simply indicate. that there is 
ItIIl a relllllinlier &lui cOJlJOquently that the division 11141 be van-iAocl on 
fllnher. 
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RULE. 

Divide the lowest denomination named by that nllmber which 
makes one of the next higher denomination . 

.8nnex this quotient to the number of the next higher denomi­
nation given and divide as before. 

Proceed thus through all the denominations to the one required, 
and the last result will be the one sought. 

EXAMPLE 18. Reduce 3 days, 12 hours, 3 minutes, 30 seconds, to 
the decimal of a week. 

OPERATION. 
60)30= sec.=30 sec. 
60)3'5 = decimal of a miuute=3 min. 30 sec. 
2~(12'058S = decimal of an hour = 12 h. 3 m. 80 sec. 
7)~ = decimal of a day = 3 days 12h. Sm. 30800 • 

.A.ns. '5003472- decimal of a week =S days 12h. Sm. 30see. 

EXAMPLE 19. Reduce 187 lb. 13 oz. 11 drams to the decima.l 
of a ton. 

OPERATION. 
60)11' drams. 
16)13'6875 ounces. 
2000~75 lbs. 

'093927734375 ton • .A.m. 

Here we divide the 11 drams by 16 
and thus obtain '6875 to which we pre· 
fix the given 13 oz. Next we divide 
this by 16 and obtain '85548875 to 
which we bring down the 187 lb. and 
divide the resUlt by 2000 the number 
of lbs. in a ton. 

N OTE.-To divide by 2000 remove the decimal point three places to the 
left

i 
and divide by 2; similarly to divide by 60, 20, &e •• remove the deci· 

rna point one place to the left and divide by 6, 2. &c. 

EXERCISE. 

20. Reduce 3 yards 2 ft. 1 in. to decimal of a furlong . 
.8ns. '016'19+. 

21. Reduce 3 dwt. 17 grs. Troy, to the decimal of a pound • 
.8'118. '01545138 +. 

22. Reduce 2 acr. '1 grs. to the decimal of a pound, Apoth . 
.8'118. '008159'1 +. 

23. Reduce 5 fur. 35 per. 2 yd. 2 ft. 9 in. to the decimal of a mile . 

24. Reduce 3 qr. 2 na. to the decimal of a yard. 
25. Reduce 5B. to the decimal of 13B. 4d. 

.8ns. '73603+. 
.8ns. '8'15. 

.8ns. • '375. 

fr
• ~duce 5s. first to the fraction of 13s. 4d, and then reduce the reBUltiDs I 
actlOn to a deClDlaJ. 

Thus 58. reduced to the fraction of 13s. 4d. = Ntr = I:::: '375. 
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26. Reduce 12h. 55 min. 21 sec. to the decimal of a day • 
.R.ns. '5384315. 

27. Reduce, of! of 6id. to the decimal of £! . 
.R.ns. '012053+. 

28. Reduce! of! of a mile to the decimal of 3! inches . 
.R.ns. 3620'571428+. 

29. Reduce! ofi of 31 lb. Avoir. to the decimal of ~ of an oz . 
.R.ns. 9'2444+. 

30. Reduce 3 pk. 1 gal. 1 qt. 1 pt. to the decimal of a bushel. 
.R.ns. '921875. 

58. Let it be required to find the value in terms of a lower 
denomination of'7825 of a yard. 

OPERATION. EXPLANATIoN.-Since there are 3 feet in a 
¥ard, it is evident that any decimal of a yard 

'7825 IS tllree times as great a decimal of a foot. 
S Hence, to reduce the decimal of a yard to a 

decimal of a foot we multiply it by 3. This 
2'3475 gives us two feet and '3475 of a foot. Simi-

12 larly multiplying the decimal of a foot by 12 
reduces it to an equivalent decimal of an 

4'1700 inch. We thus find '3475 ora foot equal to 4 
12 inches and '17 of an inch. Again, multiply-

__ ing this last by 12 reduces it to the decimal 
2'0400 of a line, and we thusfhld the whole quantity 

.R.ns. 2 ft. 4 in. 2'04 lines. '6825 of a yard equal to 2 ft. 4 in. 2'04 lines. 
NOTE.-In these multiplications we on'y mUltiply the number to the 

right of the separating point. 

Hence, to find the value of a denominate number in 
terms of integers of a lower denomination we have the 
following :-

RULE. 

Multiply the given decimal by the number of units of the next 
lower denomination that make one of the given denomination. 

Point off as many decimal places as there were in the multiplier, 
and the integral portion, if any, will be units of that lower denomi­
nation j the decimal part may be reduced to a still lower denomi­
nation and so on. 

EXAMPLIII 31.-Fi.D.d the value of £'97875. 
OPERATION. 

'97875 
20 

19·575OOs. 
12 

S·90000d. 
4 

S·llOOOOf. 

.R.ns. 19B. 6id. + ~ of a farthing. 
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EXAMPLE 32.-Find the value oC ·7863625 of a pound Apothe. 
earies' weigbt. 

OPER.l.TIOli • 
'7863625 

12 

0'436350000. 
8 

An8. 9 oz. 3 dr. 1 acr. 9'448 grains. 
8'4908000 drs. 

3 

1'4<724000 sor 
20 

9'4430000 grs. 

EXERCISE. 

33. Find tbe value of 0'3945 ofa day. 
Ans. 9 bours 28 min. 4'8 .ec. 

34. Find tbe value of 0'3965 of a mile . 
.!lns. 3 fur. 6 per. 4 yds. 2 ft. 6'24 in. 

35. Find the value of 0'309153 of an oz. Troy. 
Ans. 6 dwt. 4'39344 grains. 

36. Find the value of 22'75 of £2 2s. 6d. Ans. £48 6s. lOld. 
37. Find tbe value of 11'17825 of 7 bush. 1 pk. 1 gal. 1 qt. 

Ans." 82. bush. 3 pks. 0 gal. 1 qt. 0'4905 pt. 
38. Find tbe value of '2057 of a lb. Troy . 

.!lns. 2 oz. 9 dwt. 8'832 grains. 
39. Find the value of '176 of 1 fur. 36 per. 2 yds. 5 in . 

.!lns. 13 per. 2 yds. 1 ft. 4 in. 
40. Find the value of '625 of a league. Ans. 1 mile 7 fur. 
41. What is the value of '015625 of a bushel? Ans. 1 pint. 
42. What is the value of '9378 of an acre? 

AilS. 3 roods 30 per. 1 yd. 4 ft. 919lti inches. 
43. Find the value of '2775 of I sq. yd. 3 ft. 72 in. 

Ans. 3 sq. ft. 671 in. 

CIRCULATING OR REPEATING DECIMALS. 
59. Let it be required to reduce f; and ~ to decimals. 

OPER.l.TION. 
9)5 
~.to. 

7)6 
;:':;C85::7::-14:-::2"'8:;:::7~14'2857142 &C • 

• If the given quantity be expressed in more than one denomination it 
.hould be reduced to one berore applying the rule. Thus in thia eUmple 
7 bush. 1 pk. 1 gal. 1 qt. = 237 qrts. and U'178i11 X 1I87=1lM8'166i11 fla.=" 
bush. 8 pkllo 0 gal. 1 qrt. O';\OOG pints. 
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In these and many other oases the division does not 
terminate, and the value of the fraction can only be 
approximately expressed. In the former of the above 
examples the figure 5 is constantly repeated, and in the 
latter the series of figures 857142. 

60. Decimals which do not terminate, i. e., which con­
sist of the same digit or set of digits constantly repeated, 
are called Repeating or Circulating Decimals. 

61. The digit 01' set of digits, which repeats, is called a 
repetend, pe/iod or circle. 

NOTE.-The terms period and circle are commonly uBed only 
when the repetend contains two or more digits. 

62. A Single repetend is one in which only a single 
digit repeats, 

Thus, '3333 &e.; '7777 &e.; '88888 &e. arc single repet<'nds. 

63. A Single repetend is expressed by writing the digit 
that repeats with a dot over it, 

Thus, '333 &e. is written '3; '777 ~c. is written .~. 

64. A Circulating Decimal or Compound Repetend is 
one in which more than one digit repeats, 

Thus, '347347347 &e. ; '202020 &0.; '123412341234 ole. are Circulating Dt'Ci­
mala or Cornpouud Repetends. 

65. A Circulating Decimal is expressed by writing the 
recurring period once with a dot over its first and last digits. 

Thus, 'S413~7 &e. is written ':H7; '2020 &e. ·~O; '12341234 &e. is written ·i234. 
66. A Pure Repetend or Circulating Decimal is one in 

which the repetend commenceR immcdi'ltcly after the 
decimal poin t. 

67. A Mixed Repetend or Circulating Decimal is one 
which contains one or more ciphers or significant figures 
between the repetend and the decimal point, 

Thus, ·s, '7 .. i are Pure Repetends. 

'78917, '0378, '002 are Mixed Repetends. 

-12, '043, '81376 are Pure Circulating Decimals. 

'U7S, '078205, '07i78a6 are Mixed Circulating Decimals. 
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68. Similar Repetends are those which commonceat the 
same number of places from the decimal point, 

Thus, '71345, '912786 and '00071346 are Similar Repetends. 
69. Dissimilar Repetends are those which commence at 

a different number of places from the decimal point, 

Thus, '7342, '928627 and '9134278 are Dissimilar Repetends. 

70. Coterminous Repetends are those which terminate 
at the same number of places from the decimal point, 

Thus, '7437;0243 and ·i347 are Coterminous Repetends. 
71. Similar and Coterminous Repetends are those which 

both commence and end at the same distance from the 
decimal point, 

Thus, '734267, 16'47i212, 198'16i34i are Similar &; Coterminous Repetends. 
72. In reducing a fraction to a decimal we place a point after the 

numerator, and annex Os to it until it is exactly divisible by the de­
nominator. But since the point does not alfect the division, merely de­
termining the place of the point in the resulting quotient, it is manifest 
that we may leave it altogether out of consideration, so that annexing Os 
to the numerator becomes in elfect multiplying it by such apowor of 10 /J8 
will "",Ito it contain th~ denominator. Now if the fraction, before pre­
ceeding to the division, be reduced to its lowest terms, the denominator 
can have no factor in common with the numerator; and if the denomi­
nator be exactly contained in the uumerator with tbe Os annexed, it can 
only be from its being contained in that power of 10 by which the original 
numerator was multiplied. B'lt since 10 contains only the factors 2 and 5, 
any power of 10 can contain only the factors 2 and 5; and hence, in 
order that the denominator may be exactly contained in the numerator 
:~h5?S annexed, it must contain only the factors 2 and 5, or powers of 2 

Hence, when a vulgar fraction is reduced to its lowest 
terms, if the denominator contain no factors otber than 2 
and 5, the corresponding decimal will be finite, but if the 
denominator contain any other factor than 2 and 5, as 3, 
7, 11, &c., the corresponding decimal will be infinite. i. e., 
will be a repetend, 

EXAMPLE 44,-Can 17
", H, -f,[ and }lr; be exactly expressed 118 

decimals? 
16, .the denominator of the first,=2 X 2 X 2 X 2, (I, e, contains 

no prune factor other than 2 or 5) therefore it can be exactly 
expressed by a decimal. 

25=5X5 (i. e. no prime factor other than 2 or 5) therefore 
it can be exactly expressed by a decimal. 

12=2X2X3 (i. e. doe. contain a factor other than 2 or 5) 
therefore -h cannot be exactly decimated. 

125=5X5X5 (i. e. no factor other than 2 or 5) therefore Nr 
can be exactly decimated. 
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EXERCISE. 

Of the following fractions, which can and which can)lot 
be exactly decimated, i. e., reduced to equivalent decimals? 

45. I, N;;, ~I, TH., and H~. 
46. Th, l, I., .to, itt· 
47. tt, -fn 17(;, §, and nIn-. 
73,' We may determine the number of places in the 

decimal or finite part of the decimal corresponding to a 
vulgar fraction by the following :-

RULE. 
Reduce the fraction to its lowest terms, and decompose the 

denominator into its prime factors. 
If the denominator contains no factors other than 2 or 5, or 

powers of 2 or 5 the whole decimal is finite. 
If the denominator does not contain 2 or 5 as factor, the decimal 

contai718 no finite part. 
The highest exponent of 2 or 5 will indicate the number of deci­

mal places in the finite part of the corresponding decimal. 

EXAMPLE 48.-How many decimal places will be required to 
express TN;;? 

Here, 8125 = 5X5X5X5X5 = 5'. Therefore the equivalent decimal will 
contain 5 places. 

EXAMPLE 49.-How many decimal places will be required to 
express 17t!Jr, ? 

Here,l600=2X2X2X2X2X2X5X5=26XS2. Hence 6 is the highest 
exponent, aod the number of decimal places will therefore be 6. 

EXERCISE. 
50. How many decimal places will be required to express the 

following fractions, viz:- H, .~, 1l'-cN1J and fJV4? 
. Ans. 4, 3, 6 and 10. 

51. How many places will there be in the finite part of the de­
cimals corresponding to -to, Uk, TH~" and ,N!.? 

ofns. 5, 1, 4 and 11. 

74. In decimating vulgar fractions where many places 
are required in the decimal, the method of continually di­
viding becomes very tedious. In such cases we may some­
times shorten the work as follows:-

EUIIPLE 52.-What decimal is equivalent to the vulgar frac­
tion l~? 
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OPERATION. 
29)1'00(0'03~ 

87 

180 
116 

140 
116 

240 
232 

8 

[SECT. IV. 

n = 0'03448,,\. Therefore !oJ = 0'2'1586,l~ and substituting thiB 
value for !oJ we get:-

-h = 0'034482'1586,,0;,.. Hence "20.., = 0'206896551 '1."1,; and substi· 
tuting this for -26" we get :-

~)g = 0'034482'1566206896551 '1i>;. Hence -.}g= 0'2413'19310344-
82'158620i~ and substituting this value for -."1,; we get:-

-.)g = 0'034482'1586206896551 '12413'193i. Ans. 

75. The number of places in a period cannot exceed the 
units in the denominator minus one. 

This is manifest from the fact that all the remainders that occur must 
be less than the denominator. and their number canllot be greater than 
the denominater, minus one; because we carryon the division by alllxiDg 
Os., and it follows that whenever we obtain a remainder like one that has 
previously occurred, the digits of the decimal will begin to repeat, 

451326 
Thus f = 0'857142, where the small figures above the line j'e­

present the successive remainders, none of which, of course, 
can be as great as '1, the divisor,-the next remainder after 
the 6 would be 4 and consequently the digits would com­
mence to repeat, 

76. Those repetends that have as many places, minus 
one, as there are units in the denominators of their equiva­
lent vulgar fractions are sometimes called perfect repetends. 

The following are the only fractions having a denominator 
less than 100 that give perfect repetends when decimated ;_ 

t, 11." 1~' ta, -trJ, .;." t~, ;r and ii' 
77. To reduce a pure repetend to an equivalent vulgar 

fraction :-
RULE. 

Put the period fo/' nUMerator and a3 many nintl as there art 
pku:" in the period for denominator. 
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• EUJIl'LI53. What vulgar fractions are equivalent to ", '93, 

'704 and '007043. 
. . . 

.8ns. '7 = ~ j '93 = ~3 = H j '704 = H3 j '007043 = 1J§~~1J' 

Reason ~='i therefore~, ~,a, &c.,=-2. '3, '4, &c., hence 'i, '2, '3, &c., = 
t, ~, B, &c. 

Similarly *= 'ili, therefore -if. = '07; ~ ='23; ~~ = '79; &c, 

Hence'oi=*; '07=*;'23=~~; ·i7=U; &0. 

80 also 1Jh='ooi ;-.f,]j='005; M1 =·i67; &c. 

Henoo'Ooi = 1ih; '243 = H~; &0., whence the reason of the rule Is evident. 

EXERCISE. 
. .... 

64. Reduee '8, '06, '342, '7004 and '002003 to equivalent vulgar 
fractions. 

. . .. . . 
lils' Reduce '19, '1067, '11115 and '704103 to equivalent vulgar 

fractions. • 
.8ns. H, ·m·~=*" ttH~=n.Wr and ~~m~=1HUt. 

. . . . 
66. Reduce '102, '0013, '00007103, '01020304 and '987654321 to 

equivalent vulgar fractions . 
.dns. 'N'S, rlh, ~H~]j1J, .'g°9g9Q,N9\ and t-H-HHH· 

78. To reduoe a mixed repetend to an equivalent vulgar 
fraction:- . 

RULE. 
Subtract the finite part from the whole and set down the differ­

.nce for the numerator. 
For denominator put as many 98 as there are p laces in the 'in­

finite' part followed by as many Os as there are places in the 
'finite' part. 

. .. 
EUMPLE 117. Reduce '73, ·1234.and '7132092 to their equivalent 

vulgar fractions. 
Ol'BlIATIOB. 

78- 7 = 66 = numerator of first fra.otion. 
]28~ 12 = 1222 = .. second" 

'1l32092-718 =7181879 = .. third" 
90 = 1st Denominator, since the repetelld contaiIIB one place In the 
ilnlte, and one place in the infinite part. 
IKIOO = 2nd Denominator, since the repetend contatns two plllC6I In 
the Anite 'part and two in the tnllnlte part. 
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9999000 = Srd DenominatorJ since the infinite part of the decimal, 
contains four places ana the finite part thlree places. 

Hence, '73=B&=tt, ·1234=H~~=4W.r and ·7132092=~HSi8. 
REAsoN.-Let it be required to reduce '978734 to an equiva­

lent vulgar fraction. 

Let x = '978734 (I) 

Then 100x = 97'8734 (II) 

And 1000000x = 978734'8134 (III) ; subtracting (II) from (III) 
gi ves 999900x = 978734-97 

978734-97 
Whence x = 999900 = Whole repetend minus the finite paTt 

fOT numerator; and as many 9s as there are places in infinite 
part, followed by as many Os as there aTe places in finite part 
fOT denominator. 

The rule may also be explained as follows:-
Taking the same example '978784 and multiplyiug it by 100, we get 

'978734 x 100=97'8784=97+'8734=97+~H~ (Art. 77.) 
Now. since we multiplied by 100 this result is 100 times too great. There· 

fore '978784=-f!ll! + ~Hh and to add these fractions we must reduce 
them to a common denominator when they become :-

97 X 99~9 8734 . 999900 + 9999iiO = (smce 9999 = 10000-1) 
97X (10000-1) 8734 97 X 10000-97 8734 970000-97 87341 

99~900 + ~99900 = 999900 + 999900 = 999900 + 999900 
978734--97 '" 

= 999900 = Whole repetend minus fimte partfor numerato,.; and /J8 

many 9s as there are places in infinite part, followed by as many Os as 
there aye places in finite part,foy denominator. 

Whence the truth of the rule is manifest. 

EXERCISE. 

58. Reduce '8325, '147658, and '4320075 to their equivalent 
vulgar fractions . 

.lJ.ns. ~m = nu, HHM, and m-ma = HH-m. 

59. Reduce 875'4965 and 301'82756 to their equivalent mixed 
numbers. .lJ.ns. 815HH and 30100. 

60. Reduce '083, '0~14285, and '123456 to their equivalent 
vulgar fractions. .. .lJ.ns. -h, -h, and ~joI,fJrr. 

Gl. Reduce '7034, '96~32, '00207, and '14327i to their equivalent 
vulgar fractions. .lJ.ns. ~~~~, ~U. m~ and MbS~~. 
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• 
79. There are several properties belonging to repetends 

which it is necessary to remember, They are as follows: 
1st, Any finite decimal may be rcg:arded as a repetend 

if we make the Os recur: 

Thus, '27 = '2ii) = '27(lIi = '2iOOO ~ '27';0000, "r, 
2nd, A repetend having any number "f place:; may he 

reduced to one having twier, t"rice, &c" that numbcr of 
places, 

Thus a repetend having 2 places may be reduceu to one having 
., 6, 8, 10, 12, &c" places, 

.. " . . 
For example, '372 == "37272 = ';~i2i:!i2, &c. 

'232134 = '2321342134 = 'Z'121:H21H2134, &c, 

3rd, Two or more repetends, having a different number 
of places in each, may be reduced to others having the 
same number of places in each, by the following:-

RULE, 
Take the numbers indicating how many places there are in each 

repetend, and find their least common multiple, Reduce each repe-
tend to that nU1nber of places, , 

Thus, let it be required to reduce '147, '932, '8417, to repetends 
having the same number of places, 

Here the numbers of places are 1, 2 and 3, and thp least common multiple 
of I, 2 and 3 is 6, and hence each new repetend must have 6 places, 

Therefcre, '147= '147777i7, '932 = '9323232, and '&U7= 'S417.n7, 

4th. Any repetend may be transformed into another 
having a finite part and an infinite part containing as many 
places as the original repetend, and hence any two or more 
repetends may be made similar, 

Thus, '4iza='4123i= '412312, &c. 

7'6s432i = 7'6543216 = 7'S543216ii, &c, 

5th. Having made two or more repetends similar by the 
last article, they may be made coterminous by the preced­
ing one, and hence two or more repetends may always be 
made similar and coterminous. 

6th. If several repetends of eqnal places be added toge­
ther their sum will be a repetend of the same number of 
places j since every set of periods will give the same sum, 

!'! 
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ADDITION OF CIRCULATING DECIl\IALS.­
To add circulating decimals:-

RULE. 
80. Make the repetends similar and coterminous and write then! 

under one an ~ther, so as to hat'c the units of the same order in the 
same vertical column . 

.I1dd, beginning at the right hand side and carrying what would 
have been obtained if the decimals had been carried out two or three 
places further. . .. 

EXAMPLE 62.-Add together '~83, '92~, '421 and 9'123456, 
Dissimilar. 

'7s:i 
'92'; 

'·1:!1 -c= 

9'123456 

Similar, 

'783 

"n272 
"421k! 

a '1~04tiG 
--

Similar and Coterminous, 

'78333333333333 

'92727272727272 

'42i42142142142 
, , 

9'12345684563456 
1 carried, 

Sum, = 11 '25548382766204. 

EXERCISE. 
. .. . . 

63. Add together '9, G'32~, 19'43, 2~'02~8 and '0347123, 

.I1ns. 53'8198638274. 

64. Add together ~'42~, 9'1234, n'298~643 and 18'6~. 
. . 

.I1ns. 52'526228203901471. . . . 
65, Add together 4'95, 'l'l64, 4'7123 and '9731~ . 

.I1ns. 1 ~'8092502138. . . . 
66, Add together 1'5, 99'083, '162, '814, 2'93, 3'~69230, 9~'26 

and 134'09. .I1ns. 3119·62611'i443. _ 

SUBTRACTION OF CIRCULATING DECIMALS. 
To subtract one repetend from another :~ 

RULE. 

Make the repetendf similar and coterminous, and write one be. 
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malh the other, so as to have units of the sallie order in the sallie 
vertical column. 

Subtract as in whole numbers, taking notice whether one would 
have been borrowed if the periods had been extended. 

EXAMPLE 6'1.-From 97'03429 take 1l·038'16. 
Dissimilar. 

97'03429 

11'03876 

Similar. 

97'03429 

11'038768 

Similar and Coterminous. 

97'034292929 

11'038768768 

True difference, 85'995524160 
If the periods had been extended we would have hael to borrow one from 

the la.st figure of the miuuend period, and bearing this in mind we say M 
from 8,0, &c. 

EXERCISE. 

68. From '129'3427 take 93'126. 

69. From 1'437291 take '00713. 

70. From 1'12'154 take '47384. 
. . . 

71. From 42'18763 take 17-0000008432 

.!lns.636·216742. 

.!lns. 1'4301600507824. 
. . 

.!llts. '65370016280907. 

.!lns. 2::>'1876324900. 

MULTIPLICATION OF CIRCULATING DECIl\IALS. 

81. To multiply one repetend by another or by a finite 
decimal :-

RULE. 

Change the decimals into their equivalent vulgar fractions 
(.!lrt8. 76 and 77), multiply these together, and reduce the product 
to its equivalent decimal. 

EXAMPLE 72.-Multiply '3 by '78. 

'3=~=!and ·78=H~~~. 

Therefore,'3 X '78=! X H=~~=26 .!lns. 

EXAIlPLE 73.-Multiply '318 by '7432. 

'3is = hand '7432 = H 

Therefore '3is X ''1432 =l'i X H=-N,=·23648. 
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EXERCISE. 
~4. Multiply ~'25 by 2'9. 

75. Multiply '29~ by H2. 

~6. Multiply '818 by .77, 

n. Multiply 1'~35 by '47053. 

~8. Multiply 4'~22 by '198. 

An6. 21"75. 
~ .. 

Ans. 2·29ii13. 

Ana. '63. 

Ans. '81654168350. 

Ans. '935. 

DIVISION OF CIRCULATING DECIMALS. • 
82. To divide one repetend by another or by a finite 

decimal;- . 
RULE. 

Change the decimals into their equivalent vulgar fractions, 
divide as in Art. 48, and reduce the result to its corresponding 
decimal. 

EXUIPLE 79.-Di"ide '427 by '818. 

'427 =l!?o and '818 = -le. 

Therefore, ·427"';-818=-Slo"';-_'"'-=1i(o X V=H=0·52. 

EXERCISE. 
80. Divide '082 by ·In. Ans. '6. 

81. Divide 389'185 by 15·7. Ans.24·6. 
.. . 

82. Divide '81654168350 by ·4~053. Ans.l·735. . . . . 
83. Divide '45 by '118881. Ans. 3'8235294117647058. 

MISCELLANEOUS EXERCISE ON DECIMALS. 
84. Reduce! of ~ of 14. of 14 to its equivalent decimal. 

85. Multiply '67 by 2'13. 
86. Find the value of '678125 of a week. 

87. Reduce '92437 to its equivalent fraction. 

88. Add together 6~'234,98'7I3, and 91'03471234, and from t.heir 
sum take 100'123456789. 

89. Reduce 5 fur. 36 rds. 2 yds. 2 ft. 9 in. to the decimal of a 
mile. 
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90. Find the difference between 17'428511 sq. ft. and 100'8 s'l. in. 

9!. What is the value of '91789772 of two acres? 

92. Reduce 11'287 and l'04285'1i to vulgar fractions. 

93. Divide 47'345 by l' 76. 
94. From 85'62 take 13'76432. 
95. What is the difference between ''134 of a lb. and '198 of an oz. 

avoirdupois? 
96. How many yards of carpet 2 ft. 5:J in. wide will be required 

to cover a floor 27'3 ft. long and 20'16 ft. wide. 

9'1. Multiply 3'145 by 4'291. 
98. How many finite places are there in the decimals correspond. 

ing to :it" ~7., {;, }f., ."o, and -if,". ? 

99. Add together 8q, 61'I~G, 3~S~~, and 5'(;3.1. 

100. Reduco (4'.4-2~83. 6'8 of 3) 2'8 of 2'2 '1 
of ~.:?r'. + .. 

I' 6+ 2'l.i 29 - -" 1'136 
to a simple 

quantity. 

QUESTIO)<S TO BE .t)<SWERED BY THE PUPIL. 
XOTE.-The numbm's aftel' the question. ,·{:te,· to the articles of the 

Section. 
1. What is a decimal fraction? (52) 
2. What is the distinction between a decimal and its corresponding decimal 

fraction? (54 aud Art. 47 Sect. I.) 
8. How is a decimal reduced to its corresponding decimal fraction? (55) 
4. Howi. a vulgar fraction reduced to a decimal? (56) 
5. How would you reduce 4 oz. 17 dwt. 16 grs. to the decimal of alb? (57) 
fl. How would you find the value of '71345 of a 'French ell ? (58) 
7. What is meant by repeating or circulating dccimals ? (60) 
~. What is a rcpetend. period, or circle? (61) 
9. What is a single repetenel, and how i. it expressed ? (62 & 63) 

10. What is a circulating decimal or ('omponnd rcpctf·nu, and how is it 
expre""el? (64 & 65) 

11. What i. a pure repetenel ? (06) 
1~. What i. a mixed repetenel ? (67) 
13. What are similar repetend.? Give an examplc. (6S) 
H. What arc dissimilar repetonds P Give examples. (G9) 
15. What arc coterminous repetends? Give examples. (70) 
16. When are rcpetends said to be both similar anel coterminons? Givo 

examples. (71) 
17. When ran a vulgar fraction be exactly expressed by a decimal P (72) 
18. Show that tlliB mnst necessarily be the case. (72) 
1U. How can lVe ascertain the nllmber of places m the finite part of tho 

decimal corresponding to any vulgar fraction? (73) 
2U. If the decimal corresPQnding to any Vulgar fraction contain a repetenel, 

what is the greatest number of places that repetend can contain? (7.) 
21. Show that this must necessarily be tho cnse. 
22. Whataro perfect repetends P (76) 
'i3. Row is 1\ pure repetend reduced to a vllIg,," fraction? (77) 
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24. How is a mixed repetend reduced to a vulgar fra.ction P (78) 
25. Show the truth of this rule. (77) 
26. Show that any finite decimal maybe made into arepetend. (19) 
27. Show that any repetend may be reduced to another liaving twice, thrice, 

&c., as many places. (79) 
28. Show that any number of repetellds may be made to have the same 

number of places, and give the rule. (79) 
29. Show that any pure repetend may be transformed into a mixed rape. 

tend. (79) 
30. Show that two or more repetends may be made similar and cotermi· 

nous. (79) 
31. How are circulating decimals added P (SO) 
82. How are circulating decimals subtracted P (Sl) 
33. How do we multiply circulatin~ decimals together P (82) 
34. How do we divide one circnlatmg decimal by another P (83) 

MISCELLANEOUS EXERCISE. 
(On preceding Rules.) 

1. Transform 4312131 quinary, into the nonary, ternary, and 
octcnary scales, and prove the results by reducing all four 
numbers to the decimal scale. 

2. Write down seven hundred and two trillions seven millions 
thirty thousand and seventeen,and four millions and seventy. 
six tenths of quadrillionths. 

3. Divide 976'432 by '00000096. 
. (2l+·5625-1·5+,!,,)+J.,.' 

4. What IS the value of (1-,s,-X ~X296X~1-)+'947:i947 
19 
6 

5. Divide 97 lb. 3 oz. 4 dr. 1 scr. 17 grs. by 91b. 7 oz. '1 dr. 2 scr. 
6. A wall is to be built 15 yards long, 7 feet high, and 13 in. 

thick, with a doorway 6 ft. high and 4 ft. wide; how many 
bricks will it require, the solid content of each being 108 
cubic inches? 

7. Multiply 9 ft. 6' 4" 7'" by 11 ft. 7' 9" 11"'. 
. 4~+!-}2" 

8. Fmd the value of t of l.\+i of~. 
9. Reduce 782436 pints to bushels, &c. 

10. Find the least common multiple of'17 42 2'1 21 33 14 7, 
11, 63, and 30. ' , , , , , 

11. Divide 36t87942 by 28e4 in the duodecimal scale. Also 
change 3762814 from the nonary to the decimal scale. 

12. How many divisors has the number 150528 ? 
13. Find. the value of '1234625 of 2 weeks and 2 days. 
14. Multiply 27 lb. 4 oz. 3dr., avoirdupois, by 7281. 
15. Add together $98'17, $42'29, £16 3s. 8~d., $97'l9,$127'87I, 

and from their sum subtract £67 17s. 7Ad. 

16. Redu~e '8, '76, '9123, and '003327 to their equivalent vulgar 
fractions. . 
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17. Take the numher 704 and by removing the decimal point. 
(1) Make it 10000 times greater; (2) make it 10000000 
times less; (3) make it billions; (4) make it hundredths of 
billionths; (5) make it tenths of millionths; (6) make it 
hundredths. 

[{(2!X'5 of 1~H9H+09+22lr}-11-I",H-(t+ of '16)' 

[('7632763X 11) x! of{ %1] X 0 of'2 of'3 of'25 of 96)-;-'2 
18. Reduce ! of '6732467-;-§-

19. Divide £550 3s. l!d. among 4 men, 6 women, and 8 children, 
giving to each man double of a woman's sharej and to each 
woman triple of a child's. 

20. Add together 16+.-, 19!, 23~, and 1307. 
21. Write down all the divisors of 8100. 
22. Find the G. C. M. of 2691, 11817 and 9828. 
23. Find the exact length of the lunar month which contains 

2551443 seconds, and of the solar year, which contains 
31556928 seconds. 

24. How many times will a carriage wheel turn in going from 
Toronto to Hamilton, a distance of 38 miles, the circumfer­
ence of the wheel being 14 feet 11 inchesr 

25. What is the weight of the water contained in a rectangular 
cistern 11 feet wide, 13 feet long and 15 feet deep, and how 
many gallons of water does it contain? 

NOTB.-A cubic foot or water weighs62·5Ibs. and a gallon weighs 10 Ibs. 
26. Reduce £73 17s. llild. to dollars and cents. 
27. From 93-,\ take 76H and divide the result ..J-ls. 

. 5i -;- § l! of 4~ 
28. Find the vll-Iue of 1~ of ~ -;- 10~ X ~ of 13t of 5!' 
29. Transform 91342 undenary into the quinary, duodenary and 

/jinary scales and prove the results by reducing all four 
numbers to the decimal scale. 

30. What are the prime factors of 7680 ? 
31. Reduce 72 miles, 3 fur., 7 per., 2 yds., 1 ft., 7 in. to lines. 
32. Find the price of 97 pairs of gloves at 47 cents per pair. 
33. What is the worth of a pile of cord wood 73 feet long, 4 

feet wide and 11 feet high, at $3'62j per cord? 
34. Divide 9H23 by 29'4i 73, 
35. How many bushels of oats are there in 73429 lbs. ? 
36. What is the worth of 719630 Jbs. of wheat at S; 1'80 pcr 

bushel? 
37. Add together S73'14 and S03"76; multipJy the sum by 0'47 

and divide the product equally among 11 persons. 
38. Find the G. C. M. of21389 and 180781: 

• These questions though apparently difficult are not so in reality-they 
are designed for exercise. in canceling, and do not require much work. 
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39. Reduce 1~' !, ~,h, H, 16 and ~ to equivalent fractions, 
having a common denominator. 

~O. Purchased 17 yards of cotton at 11 cents per yard, 19 yards 
of ribbon at 37! cents a yard, 14! yards of silk at $2·17 a 
yard, a parasol $4·15, a bonnet $11·50,61 yards of sheeting 
at 27 cents a yard, 15 yards of French merino at $1·37! 
a yard, and trimmings $1·93. Require the amount of my 
bill. 

SECTION V. 

RATIO AND PROPORTION. 

1. Two numbers having the same unit may be compared 
with one another in two ways: 

1st. By considering hOIl' much greater or less one is than 
the other j and 

2nd. By considering how 1/Utny times one contains the 
other. 

2. Ratio is the relation which one number bears to 
another with respect to magnitude, when the numbers are 
compared by considering, not how much greater or less 
one is than the other, but how many times or parts of a 
time one contains the other. Hence: 

The ratio of two numbers is the quotient arising from the 
division of one by the other. 

Thus the ratio of 18 to G is 3. since 18 + 6 = 3. the ratio of 7 to 21 is t. since 
7+21= i-r =!. 

3. The ratio of one number to another. wheu measured with respect to 
their difference. is sometimes called arithmetical ratio, to distinguish it 
from the ratio considered as ill (Art. 2), which is called geometrical ratio. 

III the followin!,: pages. whenever the term ratio is used, geometrical ratio 
is meant; we shall use the term difference ill place of arithmetical ratio. 

4. Since ratio simply expresses the quotient arising 
from the division of one number by another, and since 
(Art. 66,Sect. II.) we have three ways of indicating division, 
it follows that we have three ways of expressing the ratio 
of one number to another. 

Thus the ratio of 9 to 4 is expressed either by 9+4, or by t or by 9 : 4-
The ratio of 7 to 13 i. indicated either by 7+13. or by la, or by 7: 13. 

5. Ratio can exist only between numbers of the same 
kind. 
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Thus it is obvious tbat no comparison witb respect to magnitude can be 
mad. between 6 /wurs and 11 pounds. or b.tween 19 days and 16 miles. &c. 
i .•.• these numbers are not of the same kind. and thereforc no ratio can 
elist between them. 

6. Numbers are of the same kind when they are of the 
same denomination, or when they have the same unit, or 
when one can be multiplied so as to exceed the other. 

7. The two given numbers which constitute the ratio 
are called the terms of the ratio; when spoken of together 
they are called a couplet. 

S. The first term of a couplet is called the (wtecedent; 
the last term, the consequent. 

When the ratio is expressed in the form of a fraction, the nu­
merator is the antecedent and the denominator the consequent. 

9. Ratio is either direct or inverse, simple or compound. 
10. A Direct Ratio is that which arises from the division 

of the antecedent by the consequent. 
11. An Inverse or Inverted Ratio is that which arises 

from the division of the consequent by the antecedent. 
Thus the inverse ratio of 15 to 3 is 3 : 15. or -h. or 3 -7- 15. or!. 
12. An Inverse Ratio is sometimes called a reciprooal 

ratio. 
Ilt~u:. the reciprocal ratio of 15 to 3 is 3 : 15 or l.· = -} = inverse ratio of 

13. The reciprocal of a quantity is unity divided by 
that quantity. 

Tbus the rociprocal of 8 is t; of 11. rf; of l' ~ ; of /';; • .J,.3 ; of~, 9: of 
-.,\.J63. &c. 

14. When the direct ratio oj two numbers is expressed by points, 
the inverse or reciprocal ratio is expressed by inverting the order 
oj the terms; when by ajraction, by inl'erling thejraction. 

15. A Simple Ru,tio is one that has but one antecedent 
and one consequent. 

Thus 9: 3. 7: 11. 18: 2, &('., are simple ratios. 
16. A Compound Ratio is a ratio produced by com­

pounding or multiplying together the corresponding terms 
of two or more simple ratios. 

Thus, the simple ratio of ... ... ... ... 9: S is 3. 
the simple ratio of ... ... ... . .. 2~: 2 is 12. 
Tbe ratio compounded of the." is 216: 6 = 36. 

17 It must be distinctly remembered that a compound ratio is of the 
same nature as any otber ratio, and. like a simple ratio. consists of one 
antecedent and one consequent. The term compound ratio i. used merely 
to indicate the oriqil! of the ratio in p:Lrticular cases. 



202 RATIO. [SEer. V. 

18. Ratios are compounded by multiplying together all the an­
tecedents. for a new antecedent, and all the consequents fOI' 'a lIew 
consequent. 

Thus, the ratio compounded of 2: 7, 2: 3,5: 11, and 4: 3 is 2 X 2 X 5 X 4: 7 
X 3 X 11 X 3 or 80: 693. 

EXERCISE. 
1. What is the ratio of 27 to 3? 
2. What is the ratio of 7 to 11 ? 
3. What is the ratio of 9 to 27? 
4. What is the ratio of 42 to 5? 
5. What is the ratio of 72 to 6? 
Required the ratio of the following numbers:-

Ails. 9. 
Alls'Tr' 
Ans. !. 

Ans. 8~. 
Ans. 12. 

6. 5 to 25. Ans. t. 13. $17 to $8'50. Ails. 2. 
7. 49 to 7. Ans. 7. 14. $93 to $31. Ans.3. 
8. 83 to 7. Ans. 11~. 15. 14 bus. to 2 pks. Ans. 28. 
9. 187 to 11. Ans. 11. 16. 40 m. to 12 fur. Ans.26,. 

10. 19 to 152. 17. 24 lb. to 12 oz. 
11. 23 to 299. 18. 17 shillings to £51. 
12. 147 to 21. 19. 16 acres to 30 sq. per. 

Required the inverse ratio of the following numbers :-
20. 7 to 21. Ans.3. 27. 6 days to 4 weeks. Ans. 4j. 
21. 12 to 2. Ans.l;. 28. 11 min. to 30 sec. Ans. n. 
22. 27 to 6. Ans.~. 29. 4 lbs. to 12 oz. Ans. fo. 
23. 9 to 36. Ans. 4. 30. 3 qts. to 43 gals. Ans. 5H. 
24. 19 to 57. 31. 70 per. to 2 miles. 
25. 81 to 9. 32. 7 Flem. ells to 9 Eng. ells. 
26. 187 to 17. 33. 11 oz. to 68 scruples. 

Reql1ired the reciprocal ratio of the following numbers:-
34. '1 to 42. Ans. 1-: -.~=6. 39. 'h to :lb' Ans. j. 
35. i to !. Ans. 8 : 2 =~. 40. 72 to 18. AilS. i. 
36. 42 to 28. Ans. :li : n = §. 41. 512 to 32. Ans. ·h. 
37. 17 to 68. 42. ! to jI. 
38. 19 to 17. 43. , to !. 

Required the ratios compounded of the following ratios :-
44. 2 to 3, 5 to 7 and 1 to 7. Ans. 10 to 147. 
45. 8 to 6 and 17 to 3. Ans. 136 to lR. 
46. 9 to 8, 7 to 6, 5 to 6, 4 to 3 and 2 to 1. AilS. 2520 : 864. 
47. 1 to 7, 1 to 3, 3 to 1 and 5 to 1. Ans. 15: 21. 
48. 2 to 5, 3 to 7, 4 to 5, 21 to 2 and 1 to 9. Ans. 504: 3150. 

19. Since the antecedent of a couplet is a dividend, the 
consequent a divisor, and the ratio the quotient, it follows 
from the principles established in Arts. 79-84, Sect. II., 
that:-
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1st. Multiplying the antecedent of a couplet or divid­
ing the consequent by any number multiplies the ratio by 
that number. 

Thus the ratio of 28 to 112 =t. 
The ratio of 28 X 3 to 112 = a = ~ X 3 = three times the ratio of ~s to 112. 

2nd. Dividing the antecedent of a couplet or multiply­
ing the consequent by any number divides the ratio by 
that number. 

Thus the ratio of 64 to 16 = 4. 
The ratio of 64 -i- 2 to 16 = 32 : 16 = 2 = 4 -i- 2 = half the ratio of 64 to 16. 

3rd. Multiplying or dividing both antecedent and con-
sequent of a couplet by the same number docs not alter 
the value of the ratio. 

Thus the ratio of 18 to 6 is 3. 
The ratio of 18 X 7: 6 X 7=126:42=3=ratio of18 -i-2 :6"':"'2=9: 3. 

20. Since any number of ratios td be compounded to­
gether may be expressed as fractions and then compound­
ed by the rule for multiplication of fractions (Art. 45, 
Sect. IV.) it follows that:-

When several ratios are to be compounded together we may, be­
fore multiplying the corresponding terms together, cancel any factor 
that is common to an antecedent and a consequent. 

EXAMPLE 49.-Compound together 4 : 17,34: 55, 11 : 2, 13 : 7, 
and 21: 65. 
OPERATION. 

4 1'1: ) EXPLANATION.-17 cancels 17 and re-
~ 5 f duces 3~ to 2 aud this 2 cancels 2, the 

Si'l !ill ;~t.!;~nt5e~~e~t ~~J ~c~~~';,"c~~ ~~ 5 t;o I; 
11 ~ =4X3 : 5X5 The only antecedents now left are4and3 
1": V or which multiplied together make 12, and 
~ the only remaining cunsequents are 5 and 

3 5 12 : 25Ans'5 which multlphed together make 25. 
~1 : ~ll J The ratio 12 to 25 is therefore the ratio 

compounded of all the giveu ratios. 
EXAMPLlII 50.-Compound the EXAMPLE 51.-Find the ratio 

following ratios ;- compounded of the following 
OPERATION. ratios ;-

1\) 

1: I 
~ 9 'I~ V j= 9 Xl: ~<: .an •. 
1'1 11 

2 
~~ : 13 

4 .ans. 
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EXERCISE. 

52. Find the ratio compounded of 9 : 16, 25 : 31, 341 : 18 and 
48 : 100. .dns. 33: 8. 

53. Find the ratio compounded of 18 : 25, 7 : 9, 11: 12, and 
91 : 49. .dns. 143: 150. 

54. Find the ratio compounded of 1 : 2, 2 : 3, 3 : 4, 4 : 5, 5 : 6 
and 7 : 11. .dns. 7 : 66. 

55. Find ~he ratio compo~nded of 2: 5, 8: ll, 14: 17 and 
187 : ll2. .dns. 2 : 5. 

56. Find the ratio compounded of 3 : 5, 7: 9, 11 : 13, 15 : 17 
and 19 : 21. .dns. 209: 663. 

21. If the antecedent of a couplet be equal to the con­
sequent, the ratio is equal to 1 and is called a ratio of 
equality. 

If the antecedent be greater than the consequent the 
ratio is greater than 1 and is called a I'cttio of greater in­
equality. 

If the antecedent be less than the consequent the ratio 
is less than 1, and is called a ratio of less inequality. 

Thus the ratio of 7 : 7 =1 is II ratio of equality. 
The ratio of7 : 2 =a! is II ratio of greater inequality. 
The ratio of 7 : 14 = ! is a ratio of less inequality. 

EXERCISE 

In examples 1-43 of the foregoing Exercises point out which are 
ratios of greater and which ratios of less inequality. 

22. Ratios are compared with one another by expressing them in 
the form of fractions-reducing these to their equivalent fractions 
having a com/non denominator and comparing the numerators. 

Ratios may also be compared by actually dividing the antecedent 
by the consequent and thus ascertaining which gives the greatest 
quotient. 

NOTEI.-The latter methotl. is usually the more convenient. 
EXAMPLE 57.-Which is the greatest and which the least of 

the following ratios, viz: 3: 4, 7 : 8, and 9 : 10. 

By 1st Rule 7; 8 ~ i;;; ~~ Hence 9 : 10 is greatest and 3 : 4 
3' 4- '-£Q~ 

9 : 10 = /u- = ~fr least. 

By 2nd Rule 7: 8 = 7 -;- 8 = '875 Heuce 9: 10 IS greatest 
3: 4=3-;- 4= '75~ . 

9:10=9-;-10='9 and 3:4 least. 

EXAMPLE 58.-Compare together the following ratios, 7: 8, 
2 : 3 and 11 : 3 and ~ ; 6, 
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7: 8= ;=tH 1 
Bit R I > ~: 3= ~=SH Hence 7 : 8 is the greatest and 

y sue 11 : 13=H=~Hg 2 : 3 is the least. 
5: 6= g=H~ J 

7: 8= 7-'- 8='87"> 1 
2: 3= 2";" 3-'S Hence 7 : 8 is the 

By 2nd ~.rrthod • -. . greatest and ., . 3 
11 : 13=11-'-13='846153 the least. " . 
5: G=!:i";- 6='83 

EXERCISE. 

!:i9. Point ont which is greatest and which least of the ratios 
7 : 4, 6 : 3, 17: 8, and 11 : 5 . 

• !Ins. 11: 5 is greatest and 7 : 4 least. 
60. Point out which is greatest and which least of the ratios 

16: 9, 10: 3, 7 : 2, and 8 : 3. 
Ans. 7: 2 is greatest and 16 : 9 least. 

61. Point out which is greatest and which least of the ratios 
7: 33, 11 : 49, 16: 71, and 21 : 106 . 

.I1ns. 16: 71 is the greatest and 21 : 106 least. 

23. If the terms of two or more couplets, having the 
same ratio, be added together, the resulting couplet will 
have the same ratio. 

Thus, the ratio of 6: 2=3, the ratio of 21 : 7=3, and the ratio of 33: 11=3, 
and the ratio 6+21+33 to 2+7+11, that is, of GO to ~() is also 3. 

That is, if6:2=2l: 7 =33: 11, then 6+21+33: 2+7+11=6: 2. 

24. If from the terms of any couplet the terms of an­
other couplet having the Rame mtio be subtracted, then the 
resulting couplet will have the same ratio. 

Thus, the ratio of 35 to 5 is 7, and the ratio of 14 to 2 is 7. So also the 
ratio of :15-14: 5-2, that is, of 21 ::1 is 7, or, if 3515 = 14: 2, tben 35-14 : 5 
-2=35:5. 

25. A ratio of greater inc'J1utZity is dimilli.~hcrl by add­
ing the same number to both terms. 

Thus, tbe ratio of 48 : 8 = 6. 
Tbe ratio of 48+12 : 8+12 or 60 : 20 = 3 wbich is less than ratio 48 : 8. 

26. A ratio of lr',<g illcquality is increased by adding 
the same number to both terms. 

Thus, the ratio of 8: 48 = i. 
The ratio of 8 + 12: 48 + 12 or 20 1 GO = t which is greater than ratio of 

8:48. 
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PROPORTION. 

27. Proportion is an equality of ratios. 
Thus, the ratios 15: 3 and 25: 5 constitute a proportion, since 15: 8=5= 

25 :5. 

28. The tcrms of the two couplets are called propor­
tionals. 

29. Proportion may be expressed in two ways, 
1st. By placing = , the sign of equality, petween the 

ratios. 
2nd. By placing four points, thus: : , between the two 

ratios. 
Thus. we may express the proportion existing hetween 15, S, 25, and 5 by 

15: 3=25: 5, or by 15:3:: 25 :5. 
We read either of them by saying the ratio of 15 to 3 equals the ratio of 

25 to 5; or simply 15 is to 3 as 25 is to 5. 
N oTE.-~'he sign: : is supposed to be derived from =, the sign of equality 

the four points beiug merely the extremities of the lines. 

30. In every proportion there must be four terms, since 
there must be two couplets, and each couplet consists of 
two terms. 

31. When three numbers constitute a proportion, one 
of them is repeated so as to form two terms. 

Thus. if 18, 6, aud 2 are proportional •. 
18: 6:: 6: 2. 

Iu this case the 6, I. e., the term repeated, is called the middle term or a 
mean proportioual between the other two numbers. 

The 2 is called the third term or a third proportional to the other two 
numbers. 

32. It is important to remember the distinction between ratio 
and proportion. 

A ratio consists of two terms, an antecedent and a consequent, 
A proportion consists of two couplets or four terms. 
One ratio may be greater or less than another. 
One proportion cannot be greater or less than another, since 

equality does not admit of degrees. 

33. The outer terms of a proportion are called the ex· 
tremes, and the two intermediate ones; the means. 

Thus, in the proportion 3 : 17 : , 21 , 119. 
3 and 119 are the extremes. 
17 and 21 are the means. 

34. If four quantities be propol'tionals, the product of 
the extremes is equal to the product of the means. 

This, if6 ,11: : 18: 33. Then 6 x 33=11 X lB. 
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This may ho e.tabli.hed in the following manner :-G : 11=;fi.- and 18 : :33= 
¥"andsince 6:11: :18: 33'1"r=!~(Art.27.) Now, since multiplying equals 
by the same number does not destroy their equality, if we multiply these 

fractions by 11 we get 6 = 18:a 11 ; and multiplying each of these by 33, we 

have 6 X 33 = 18 X 11 ; but 6 and 33 are the extremes and 18 and 11 are the 
mesns, therefore in any geometrical proportion the product of the extremes 
equals the product of the means. 

The same fact may be established more generally as 
follows:-

Let a, b,c and d be any four proportionals whatever. 
Thena:b::c:d 

a c 
Buta:b=-;;andc:d=d: 

Therefore T= ~ - Multiplying each of these equals by c X d, we have 

a X d=b >: c. But a and d are the extremes and band c are the means. 
Therefore, &c. 

35. This priuciple then may he considered the test of a geometrical pro­
portion. If the product of the extremes equals the product of the meaus, 
the four quantities are proportional; if the products are not eqllal, the 
numbers are not proportional. 

36. It follows from Art. 34 that :-
1st. If the product of the means be divided by one extreme, the 

quotient will be the other extreme. 
2nd. If the product of the extremes be divided by one mean, the 

quotient will be the other mean. 

and hence, 
3rd. If any three terms of a proportion be given, the fourth may 

be found thus: 

2nd term X 3rd term 
1st term = ~ter:m:--
2ndterm=~~ 4th term 

3rd term. 

aTd term = 1st term X 4th term 
2nd term. 

4th term = 2nd terln ~ 3rd term 
lst term. 

EXAMPLE I.-What is the fourth proportional to '1, 11 and 35? 
4tht -~~ llX85 -55A erm - 1st term. = 7 - ns. 

EXAIo!PLIII 2 ....... The firat, second and fourth terms ofa proportion 
Bre 9, 16 and 128. Required the third term. 

3rd t _l.t X 4th _ 9X128 - 72 ' 
erm - 2rur- - 16 - .aM. 
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EXEROISE. 

3. The second, third and fourth terms of a proportion are 17, 
11 and 93l. What is the first term 1 .dm.2. 

4. The first, third, and fourth terms of a proportion lire 21, 63 
and 39. Required the second term. .dns. 13. 

5. The first three terms of a proportion are 2, 3 and 7. What 
is the fourth term 1 .dna. 10j. 

6. The last three terms of a proportion are 91, 88 and 104. 
Required the first term. .dna. 77. 

Find the fourth proportional to 
7. 4 yds. 18 yds. and $96. .dns. $432. 
8. 5 lb. 2 lb. and :ji3·73. .dns. $1'50. 
9. 1 cwt. 215 cwt. and $7'50. Ans. $1612'50. 

10. 6 miles, 1 mile and 27 shillings. .dna. 4s. 6d. 
11. 10 lb. 150 lb. and £6 3s. 9d. .dna. £92 16s. 3d .. 
12. 4 days, 27 days and $100. .dns. $675. 

37. It will be useful to remember the following properties of 
a Geometrical proportion. As the proofs are given in every 
common work on Algebra, it has not been thought advisable to 
insert them here. a, b, c and d stand for any four proportionals 
whatever. 

If a : b : : c : d Or if 15 : 6 : : 10 :.~ 
Altenlatelya : c: : b: d 15: 10 :: 6: 4 
Inversely b: (l : : d : c 6: 15 : : 4: 10 
By Composition a +b: b:: c+d: d 15+6:6 ::10+4 :4.01' 21 :6::14:4 
By Divisiona-b: b:: c-d:d 15-6: 6: :10-4: 4.01' 9:6::6:4 
By Conversion a: a +0:: c: c + d 15: 15 + 6:: 10: 10+4,01'15:21:: 10:14 

Or a :a- b:: c :c- d 15: 15-6: :10: 10-4, 01'15:9::10:6 

38. Proportion in Arithmetic is usually divided into 
simple, compound and conjoined. 

SIMPLE PROPORTION. 
39. Simple Proportion is frequently called the Rule of 

Three, because when tliree terms are given, by means of them 
a fourth may be found. It is also sometimes called the 
Golden Rule from its extensive utility. 

40. EXAMPLE 13.-1f 16 barrels of flour cost $112, what will 
129 barrels cost 1 

In this and every other question In Simple Proportion there are two 
ratio., one of which is perfect (i.e. has both terms given) and the otherim' 
perfect, and from the nature of proportion we know that these two ratios 
';'lUst be. both of the .ame kind, that is. they mUllt be both ratios of greater 
tnequaltty or both ratios of less inequality. 

Now in the above example, tho ratio of $112 to the answer is a ratio 01 
l~s inequality since it is evident that, if 16 barrels cost $112, 129 barrel. 
wlll cost more. Therefore the other ratio is also a ratio of lei, inequaUtti 
and mnst be written 16: 129. 
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And since the ratios are equal, 
barrels. dollars. 
16:129:: 112: .dn~. 

. 112X129 
Also (Art. 36}.dl1S.= -1-6- = $903. 

l'RooP.-Sct 903 in the fourth place, thus: 
16:129::112:903 

and see if the product of extremes = product of means (Art. 35.) 
16X~03 = 14MB = 129X1l2. 

209 

From the preceding illustrations and principles we dc­
dU(Je for Simple Proportion the following general 

mrLE. 
Set the given terln of the imperfect ratio in the third pluce, and 

the leller x, to represent the answer, in the fourth. 
Then, if, by the nature of the question, the !"atio of the third 

term to the answer is a ratio of greater inequality, make the re­
maining ratio a ratio of greater inequality also; but if the ratio 
of the third term to the answer be a ratio of less inequality, make 
the other ratio a ratio of less inequality also. 

Lastly, (.IIrt. 36,) multiply the second and third terms together, 
divide the product by the first term, .. md the quotient will be the 
answer in the same denomination as the third terln. 

PRooF.-Multiply the first term and the al1Sl1'er together, and, if 
the product is equal to the product of the second and third terlns, 
the work is correct. (.IIrt. 35.) 

EXAMPLE 14.-If a man can walk 155 miles in 12 days, how 
many miles can he walk in 60 days? 

Here the imperfect ratio is Ijj miles to .r, and, in order to ascertain 
whether it is a ratio of J,'Teater or less inequality. we have merrly to ask the 
following simple question-' If a man can walk 155 mill~s in l~ days, can he 
walk more or less in 60 days P Evidently more. Therefore the ratio of 
155:x is a ratio of les~ inequality; or, ill other words, the autecedent must 
be the lea,t of the two numbers, and the statement is 

days. miles. 
12 ;60:: 15i:;C. 

Wh tl 60X155 775 '1 ence 1e answer = 12 = m' es. 

41. Since the second and third terms multiplied together, con­
stitute a dividend, and the first term is a divisor, it is manifest, 
from the principles of division (Arts. 79-84, Sect. Ir.), that we 
may cancel any factor that is common to the first term and either 
of the other terms. 

Thus in the last example we have 12: 60 : : 155 :;c and, dividing the first 
and second by 12, we get 1 : 5 : : 155;.r and 155X 5 = 775 Ans. 

EXAMPLE 15.-If 96 bushels of wheat cost S128, what will 15 

bushels cost? 
As the answer to the question must be in dollars, the imperfect ratio is 

$128 : ,', and from the nature of the question, we know that 15 bushels will 
o 
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cost less than 96 bushel., we therefore pla~e 15, the smaJl~r of the remaining 
terms ill the second ;place, and the other term, 96, 1U the fir8t pl4ce, 
Henc~, the statemellt 1S 96: 15 bushels: : $128 : x 

OPERATION. 

bush. $ 
~&:l&:: 12.&: x 
Ii 5 X 4 = $20 .Jlns. 

Here 32 reduces 96 to 3 and 128 to 4, and 8 
cancels 3 and reduces :u; to 6. 

The teacher would do well to insist upon his pupils per­
forming all questions in Proportion by analysis. 

Thus to solve the last question, we hegin as follows: If 96 bushels r.os1; 
$12B,1 bushel will cost 9

'
• of $128, or SI·SS!. Then if 1 bushel cost $1'88i, 

15 hushels will cost I" times as much, which is $20. 
EXAMPLE 16.-If 27 men can mow 60 acres of grass in a day, 

how many acres can 93 men mow? 
OPERATION. Here the imperfect ratio is 60:., acres, and 

men. acres. since 93 men will evidently mow more than 27 
2,'1 : ~B : : &"l: x men, we make 93 the second term and 27 the 
L 31 20 first. Henco the statemeht is 27:98::60:." 
'" Then 3 reduces 27 to 9 and 93 to 31,and 3 &gail! 
3 reduces 9 to 3 and 60 to 20, and the answer ia 

31 X 20 equal to 31 multiplied by 20 and divided by 3. 
--3-=206~ acres.Jlns. 

This question may be thus performed by analysis: 
If 27 mell mow 60 acres a day, 1 man will mow n of 60 acres,or2i'acres; 

U3 men will therefore mow 93 times 2~ acres = 206l Ana. 

EXERCISE. 

17. If 11 baskets of peaches cost $13'42, what will S7 baskets 
cost? .8.ns. $106'14. 

IS. If 28 cords of wood cost $266, what will 25 cords cost? 
.11m. $231-50. 

19. If a man receives $29'20 for 16 days' work, for how many 
days should he work for $83°60 ? .Jlns. 45* days. 

20. If 16 bags of potatot!!; are sold for $12 0 S0, what will 156 
bags bring? .Jlns. $124'80. 

21. If a stick 7 reet long cast a shadow of 5 feet, what will be 
the height of a tree which casts a sbadow of 112 feet long? 

.Jlns. 156f feet. 
22. If a stack of hay will feed 27 cows for 99 days, how long 

will it feed 55 cows? .Jlns. 48f days. 
23. If 9 bushels of peas sow 5 acres, how many bushels will be 

required to sow 48 acres? .Jlns. 86S bushels. 
24. If 3 men put up 73 perches of fencing in 2 days how long 

will they take to put up S03 perches ? .Jln~. 22 days. 
25. If 176 pails of maple sap make 100 Ibs. of sugar how much 

sugar will 1128 pails make? .8.d. 640+1 Ibs. 
26. If it cost $20'88 to weave 108 yards of cloth, what will it 

cost to weave 465 yards? .JlnB. $89'90. 
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21. If $16 pay for the carriage of 72 barrels of Bour, for the car­
riage of how many barrels will $1278 pay? Jins. 5751 barrels. 

28. If 11 men plough 165 acres in a week, how many acres would 
3 men plough in the same time? Ans. 45 acres. 

29. If 4 barrels of flour make 250 four-pound loaves of bread 
how many such loaves will 67 barrels .make ? ' 

Ans. 4187! loaves. 
30. If 190 bushels of apples make 16 barrels of cider, how many 

barrels of cider will 38 bushels of apples make? 
Ans. 3J barrels. 

31. If 90 men call build a wall iu 12 days, how many men could 
build it in 15 days? Ans. 73 men. 

32. If 17 days' work pay for 2 barrels of Bour, for how many 
barrels will 279 days' work pay? Ans. 32H barrels. 

33. If a train tranl 27 miles }leI' honr, how far will it travel in 
24 hours? Ans. 648 miles. 

34. If 7 cows make 30 Ib3. of butter a week, how much may be 
expected from 23 cows? Ans. 981 Ibs. 

42. If any of the tctlns contain fractions or mixed numbers, 
apply the rules if! Section IV. 

EXAMPLE 35.-If g. of a basket of peaches cost f of a dollar, 
how much will lr of a basket of peaches cost? 

OPER.!.TIO?rl. 

g:·h::1:X. Therefore answer=fX}l-;-~ = $jXlfX~ =19jt 
cents. 

EXAMPLE 36.-If 1~6 of a bushel cost }, of a pound, what will 
H of a bushel cost? 

OPERATION. 

1\:n ::£/,·:x. Therefore answer =i\XB719g =1\X HxV = 
£~j = 11s. 10§cl. 

NOTE.-If the first term be a fraction, invert it and connect it to the 
others by the sign of multiplication. 

EXERCISE. 

37. If 135 ofashipcost:;;OiGO, what will 'Ii cost? Ans. $42000. 
38. How much will i of a yard comc to if t of a yard cost i of 

a shilling? Ans. 29d. 
39. If :j\7'49 pay for 1; of a ton of coals, what will 8t tons cost? 

Ans. $80'25. 
40. If 5! yards of broadcloth cost $28'42, what will f of a yard 

come to? Ans. $2'80. 
41. If H- of a dollar pay for ~ of a bag of apples, for what part 

of a bag will -z., of a dollar pay? .fillS. Ii of a bag. 
42. If$100 stock i3 worth SC'iJj, what will~ $472H stork be 

worth? .liILS. $4G7·12!. 
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43. If 1 '1B tons of hay last a certain number of horses 10'1(r 
days,how many days will 11H tons last the same number 
of horses? .I1n8. '1otn daYB. 

44. If 22~ cords of wood last as long as 15n- tons of coal, how 
many cords of wood will last as long as ll.\ tons of coal? 

.I1ns. 16-;c. cords of wood. 
45. If! of t of 3} yards of broadcloth cost ~ of lr of $4" wbat 

will i! of ~ of H of a yard cost? .I1n8. $-#;; or $0'0669. 
43. When the first and second terms are not of the 

same denomination or contain different denominations-

RULE. 

Reduce both to the lowest denomination contained in either, and 
then apply the rule in .I1rt. 40. 

EXAMPLE 46.-If II bushels 2 pks. 1 gal. cost $'14, what will 
'16 bushels 1 pk. 1 gal. 1 qt. 1 pt. cost? 

OPERATION. 

The lowest denomination contained in either is pints. 
11 bush. 2 pks. 1 gal. : 76 hush. 1 pk. 1 ga!.l qt. 1 pt. : : $74: :r; ; this reduced 

hecomes 744 :4891 ::$74: x. 
A $740 X 4891 ~,o6'47+ ns. 744 ....., 

Iu this example 11 bush. 2 pk. 1 gal. = 744 pints aud 76 hush. 1 pk. 1 gal. 
1 (Jt.l pt. = 4891 piuts. 

EXERCISE. 

4'1. What will 3'1 sq. yds. 4 ft. 120 in. of painting cost, if 9 sq. 
yds. 2 ft. cost $3' 50 ? .I1ns. $14'245. 

48. How much will 12 lb. 10 oz. of silver come to at $1'25 per 
oz. ? .I1n8. $192'50. 

49. If 10 yards of ribbon cost $3'40, what will 3 yds. 2 qrs. 
cost? .I1n8. $1'19. 

50. If 15 oz. 12 dwt. 16 grs. cost $3'80, what will 13 oz. 14 grs. 
cost? .I1ns. $3'161-

51. What will 3 lb. 1 oz. 11 dwt. cost, if 12 lb. 6 oz. 4 dwt. cost 
$600 ? .I1ns. $150. 

52. If a man can pump 54 barrels of water in 2 hrs. 46 min. 30 
sec., in what time will he pump 24 barrels? 

.I1ns. 1 h. 14 min. 
53. What will 73 yds. 3 qrs. 2 na. 1 in. of velvet cost, if3 Flem. 

ells 2 qrs. 1 no. cost £4 1 '1s. 8ld. ? .I1ns. £128 6s. loHd. 
54. If 4fr oz. avoirdupois cost 8U shillings, what will 8li Ibs. 

cost? .I1n8. £13 9s. Oid. 
55. In the copy of a work containing 32'1 pages, a remarkable 

passage. com!D-ences at the end of the 156th page. On what 
page mIght It be expected to begin in a copy containing 
400 pages? .I1ns. On the 191st page. 
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56. 

5'1. 

58. 

59. 

60. 

61. 

62. 

63. 

If the rent of 46 acres,3 roods, and 14 perches be £100, what 
will be the rent of 35 acres, 2 roods, and 10 perches? 

.8.ns. £75 18s.6jtHJ. 
When A had travelled 68 days at the rate of 12 miles a day, 

B, who had travelled 48 days, overtook bim. How many 
miles a day did B travel, allowing both to bave started 
from the same place? .8.n8. 17. 

If 21! sbillings pay for 16~ Ibs. of prunes, bow many pouuds 
can be bo~ght for 32j shillings? .8.118. 24-fl-h Ibs. 

A ton of coal yields about 9000 cubic feet of gas j a street 
lamp consumes about 5, and an argand burner (one in 
which the air passes through the centre of the flame) 4 
cubic feet in an hour. How many tons of coal would be re­
quired to keep 17493 street lamps, and 192724 argand burn­
ers in shops, &c., lighted for 1000 hours? .8.118. 95373t. 

The gas consumed in London requires about 50000 tons of 
coal per annum. For how long a time woulLl the gas this 
quantity may be supposed to prcduce (at the rate of 9000 
cubic feet per ton), keep one argand light, (consuming 4 
cubic feet per hour) constantly burning? 

.8.n8. 128·12 ycar; and 170 days. 
Suppose 11270 lbs. of beef for a ship's use were to be cut up 

in pieces of 4 lb., 3 lb., 2 lb., 1 lb., and! lb.-there being 
an equal number of each. How many pieces would tbere 
be of each? .8.ns. 1073 j and 3! lb. left. 

The slotb does not advance more than 100 yards in a day. 
How long would it take to crawl from Toronto to Kingston, 
allowing tbe distance to be 180 miles? 

.8.ns. 3168 days, or about 8, years. 
Suppose tbat a greyhound makes 2'1 springs while a hare makes 

25, and that tbeir springs are of equal length. How many 
springs must the hound make to o,ertake tbe hare, if the 
latter has a start of 50 springs? .8.ns. 675. 

COMPOUND PROPORTION. 

44. Compound Proportion is an equality between a 
compound ratio and a simple ratio. 

Thu. 7 : 11 compounded with 22 : 21 : : 34: 51, is a compound ratio. 
Or 7X22: 11X21:: 3~: 51, and applying Art. 40 we have 7X22X51=llX21 

X3~. 

45. Compound Proportion is also called the Double 
Rule of Three. It enables us to obtain the answer by a 
single statement, although two or more proportions are con­
tained in the question. 
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46. In Compound Proportion there are thee or l1wre 
ratios, one of which is imperfect and all the others perfect. 

47. Let it be required to solve the following question: If 18 
men dig a trench 30 yards long, in 24 days, by working 8 ~our8 
a day, how many men will dig a trench 60 yards long, ill 64 
days, working 6 hours a day? 

Let us suppose tha time to be the same ill both cases, and this question 
becomes the same as the following: 

If 18 men dip; 30 yards of trench, how many men will dig 60 yards? 
Here it is evident the answer will be the same fraction of 18 that M yards 

is of 30 yards; or, in other words, the required uumber of men =1% of 18 
men. 

Next let us take iuto account the number of days; but suppose they 
work tbe same number of bours per day in both cases: . 

Tbe question tben becomes: If t& of 18 men reqmre 24 days to dig a 
trpnch, how many men will dig it in 64 days? ._ 

In this case it 1S plain that the answer will be the same fractiOn of ¥o 
of 18 men that 24 day. is of 64 days; that is, tbe required number of men = 
51 oq~ ofl8 men. 

Lastly, let us take into consideration the time worked each day. 
The question then becomes: If ~! of R g of 18 mell dig a trencb in a cer· 

tain number of days, working 8 hours per day, how many men will dig it 
working 6 honrs per day? 

In tbis case the answer is obvionsly =~ of~! of is of 18 men, or dividing 

these equal by 18. Answer = ~xHx~&. 
18 

Or taking the reciprocals A~ = g X H X ~&. nswer 
Tbat iB the ratio compounded of 6: 8, 64 : 24, and 30 : 60 = ratio of 

. 30: 60} 
18: Answer, or~6~: 24 :: 18: Answer. 

6:8 
The answer is equal to the continued product of the third term, aud all 

the second terms, divided by the continued product of all the first teru •. 

From. the preceding principles and illustrations, we dr. 
duce the following general 

RULE FOR CO~IPOUND PROPORTION. 
Place that number which is of the same kind as the answer In 

the third ter"~, and the letter n to represent the answer in the fourtf! 
term. 

Then take tlte other numbers in pairs, or two of a ki~d, and 
arrange them as in simple proportion. 

Finally, multiply together all the second terms and the third 
term, divick the result by the product of the first term, and the 
quotient will be the fourth term or answer required. . 

NOTE.-Since the third term and second terms multiplied to­
gether constitute a dividend, and the first terms multiplied to­
gether, a divisor, we may (Arts. 79-84, Sect. 11) cancel any 
factors that are common to any of the first terms and to the third 
term or any of the second terms. 
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EXliIPLIII I.-If 5 compositors, in 16 days, 11 honrs long, can 
compose 25 sheets of 24 pages in each sheet, -14 lines in each 
page, and 40 letters in a line j in how many days, each 10 hours 
long, may 9 compositors compose a volume, to be printed in the 
same letter, consisting of 36 sheets, 16 pages to a sheet, GO lines 
to a page, and 45 letters to a line? 

STATEMENT. 

!l comp.: 5 compo 1 
10 hours : 11 hours. 
25 sheets: 36 sheets. J~ 
24 pages : 16 pages. 
44 lines : 50 lines. 
40 letters: 45 letters. 

days. 
: : 16 : x 

4 

Hi : x. 

.!lns.3X4=1:! 
days. 

EXPLANATION.-The imperfect ratio is tbat of 16 days to an unknown 
nnmber of days. We place this ratio to the rigbt hand-side, as in Simple 
Proportion. Now we compare f'aeh pair of terms \\;th thi~ ratio, in order 
to decide whether they constitute :t ratio of greater or less inequality. 
Thus, if 5 compositors require 16 days, will 9 compositors require more or 
Jess P Evidently les~; thercfoTl" it IS a ratio of greater inequality, and we 
must write it 9: 5. Next, if 11 hours to the day require 16 days, will 10 
hours to the day require more or less ?-morc; therefore we must write 
10: 11. Next, if 25 sheets require 16 days, will 36 days require more or 
less ?-more; tberefore we write 25: 36. Next, if 44 lines to a page require 
16 daYR. will 50 lines to a. page require more or less ?-more; therefore 
we write 44: 50. Lastly, if 411 letters to a line require 16 days, wiJl45 letters 
to a line require more or less ?-more ; therefore we write 41) : 45. 

The statement is now complete, and we cancel as follows; 5 cuncels :i, 
the first consequent, and reduce!oJ 25, the third antecedent, to 5, and 1) can· 
eels this 5, and reduces 50, the fifth consequent, to 10, and 10 cancels this 
10 and 10, the second antecedent. Again, 9 cancels tho first antecedent 
and reduces 36, the third consf'quent, to 4, aud 4 rancels this 4 and reduces 
44, the fifth antecedent, to 11, and 11 cancels this 11 an,\ 11, the second con­
sequeut. Again, H redu('cs 24 to 3 and 16 to 2. 3 cancels this 3 and reducefol 
46 to 15. 2 cancels the 2 resulting from the 1G and redures 40 to 20, and 
5 reduces this 20 to 4 and the 15 resulting from 4;; to .~. .,astIy. 4 can­
cel. this 4 and reduces 16, the third term, to 4. 'I1"'re J1main hut 3 
and .. which multiplied together make 12. Ans. 

EXA.MPLE 2.-If 24 men can saw 90 cords of wood in 6 days, 
when the days are 9 hours long, how many cords can 8 men saw 
in 36 days, when they arc I:! hours long? 

STATEME~T. SA1!E CAXCELLEn. 

'\ 2 l 10 ~>{:" :: ~fil: X. 

& : 11&& .!lns. 10 X2 X 12= 
~ : 12 J 240 cord8. 

24 men : 8 men. ~ cords. 
6 days : 36 days. : : 90 : I. 

9 hours: 12 hours. 

Here tbe imperfect ratio Is 90: AilS. II 2~ men saw 9(1 cords, willS meu 
saw more or less P-Iess· therefore it is a ratio of greater inequality, aud 
we write 24' 8 Next ir6 days saw 90 cordsofwood, will 36 days saw more 
or less ?-m~r~; tber~fore it is a r .. tio of less inequality, and we write 6: 36_ 
Lastly, if 9 bours per day .• aw 90. cords, will 12 hour. per day"".'" more, or 
Ie .. ?-more; therefore it IS a ratIO of less me'luahty, and We wnte 9 : 12. 
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EXAMPLB 3.-If 248 men, in 5j days, of 11 hours each, dig a 
trench of 1 degrees of hardness, 2321 yards long, 3~ wide, and 
2 ~ deep; in how many days, of 9 hours long, will 24 men dig a 
trench of 4 degrees of hardness, 331 ~ yards long, 5~ wide, and 
3! deep? 

STATEMENT. 

CANCELLED. 

1& 
!l ~ 'iii 4 

~x~X~X&Vlix~X..!.X~X~x~x~x~xlx~ 
1 1 1 ~ Ii ~ ~ ~~ !it V ~&Ii 11 'i 

=4X3X 11=132 days. l.l l.l1 

EXERCISE. 

4. If 120 bushels of corn last 14 horses 56 days, how many days 
will 90 bushels last 6 horses? Ans. 98 days. 

5. If a waIl of 28 feet high were built in 15 days by 63 men, 
how many men would build a waIl 32 feet high in 8 days? 

I Ans. 135 men 
6. If 1 I . of thread make 3 yards of linen of l! yards wide, 

how many pounds of thread would be required to make a' 
piece of linen of 45 yards long and 1 yard wide? Ans. 121b. 

1. If 3 lb. of worsted make 10 yards of stuff of Ij yards broad, 
how many pounds would make a piece 100 yards long and 
l! broad? . Ans. 25 lb. 

8. If 12 horses in 5 days draw 44 tons of stones, how many 
horses would draw 132 tons the same distance in 18 days? 

Ans. 10 horses. 
9. If 21s. are the wages of 4 men for 1 days, what will be the 

wages of 14 men for 10 days? Ans. £6 15s. 
10. 3 masters, who have each 8 apprentices, earn $144 in 5 weeka 

-each consisting of 6 working days. How much would 5 
?lasters, each having 10 apprentices, earn in 8 weeks, work­
lDg 5! days per week-the wages being in both cases tbe 
same? Ans. $440. 
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11. If 6 shoemakers, in 4 weeks, make 36 pair of men's and 24 
pair of women's shoes, how many pair of each kind would 
18 shoemakers make in 5 weeks? 

.Jlns. 135 pair of men's and 90 pair of women's shoes. 
12. A wall is to be built of the height of 21£eet j and 9 feet high 

of it are built by 12 men in 6 days. How many rue~ must 
be employed to finish the remainder in 4 days? .Jlns. 36. 

13. If a footman travels 130 miles in 3 days, when the days are 
14 hours long, in how many days of 7 hours each will be 
travel 390 miles? .Jlns. 18. 

14. If the price of 10 oz. of bread, when the flour is Is 101d. per 
stone, is 1d., what must be paid for 3 lb. 12 oz. when the 
flour is 2s. Gd. per stone? .Jlns. 8d. 

15. If 5 compositors in 16 days of 14 hours long, can compose 
20 sheets of 24 pages in each sheet, 50 lines in a page, and 
40 letters in a line; in how many days of 7 hours long may 
10 compositors compose a volume t<~ be printed in the same 
letter, containing 40 sheets, 16 pages in a sheet, 60 lines in 
a page, and 50 letters in a line? .Jlns. 32 days. 

16. If 336 men, in 5 days of ten hours each, dig a trench of 5 
degrees of hardness, 70 yards long, 3 wide, and 2 deep, what 
length of trench of 6 degrees of hardness, 5 yards wide, and 
3 deep, may be dug by Z40 men in 9 days of 12 hours each? 

.Jlns. 36 yards. 
17. If a pasture of 16 acres will feed 6 horses for 4 months, how 

many acres will feed 12 horses for 9 months? 
.Jlns. 72 acres. 

18. If 25 persons consume 300 bushels of corn in 1 year, how 
much will 130 persons consume in 7 years at the same rate? 

.Jlns. 1161 bushels. 
19. If 32 men build a wall 36 feet long, 8 feet high, d 4 feet 

wide, in 4 days; in what time will 48 men build a wall 864 
feet long, 5 feet high, and 3 feet wide? 

.Jlns. 30 days. 
20. If a regiment of 679 soldiers consume 702 bushels of wheat 

in 336 days, how many bushels will an army of 22407 

21. 

22. 

soldiers consume in 112 days? 
.Jlns. 7722 bushels. 

If 12 tailors in 27 days can finish 13 suits of clothes, how 
many tailors in 19 days of the same length, can finish the 
clothes of a regiment of soldiers consisting of 494 men? 

.Jlns. 648 tailors. 
If 17 head of cattle consume 5 acres 2 roods 10 perches of 
pasture in 30 days, how many acres would be consumed by 
40 head in 51 days? 

.Jlns. 22 acres 1 rood. 
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23. If 180 bricks, 8 inches long, and 2 inches wide, are required 
for a walk 20 feet long, and 6 feet wide, how many bricks 
will be required for a walk 100 feet long and 4 feet wide? 

.!.Ins. 600 bricks. 

CONJOINED PROPORTION. 
48. Conjoined Proportion is a kind of Compound Pro­

portion, in which thc ratio of one of the terms to its cor· 
responding term is made to depend on equivalencies among 
the intermediatc terms of the proportion. 

49. Conjoined Proportion is sometimes called the Chain 
Rule, from the peculiar manner in which the different 
pairs of terms are linked, as it were, together. It relates 
principally to eXl'hanges between different countries, in 
respect to specie, weights, and measures, but is applicable 
to common business transactions. 

50. EXAMPLE I.-Suppose 7 yards of velvet in Toronto cost 
as much as 9 in Montreal, and 16 in Montreal as much as 24 in 
Paris, how many yards in Toronto will cost as much as 54 in 
Paris? 

EXPLANATION.-This question may he stated as a problem in Compound 
ProportIOn as follows: 

The imperfect ratio is 7 yards Toronto to an unknown 
9: 16} .. 7." numher of yards. Toronto. Then. if 9 yards. Montreal. 

24: 54 .. .' pay for 7 yards Toronto, will 16 yards pay for more or 
less ?-more; therefore we write 9: 16. Next if 24 yards 

Paris pay for a certain number (!GP) y",'us Toronto, will 54 yards Paris 

pay for more or less?-more; therefore we write the ratio 24:54. Now 
(Art. ~7) an answer== 16X.54":7 ; and itis evident that we may consider all 

....- ." . 9'<:.! ~ 
the factors of the l~rator as antecedents, 'Ill(l all the factors of the de' 
nominator as cons.,its, anditben make the statement thus: 

"'t '.. ... STATEMENT. 

7 yds. Toronto == 9 yds. Montreal. 
16" Montreal == 24 " Paris. 
·4" Paris == x " Toronto. 

Sillce the left· hand numbers coustitute a dividend aud the right.hand 
numbers a divisor. we may cancel factors that are common. Merely writ· 
in/l; the numbers and doing this we have-

SAME CANCELLED. 

7==~ 
4 1~ = ~~~ 
1\ &~ == x = 4 X 7 = 28 yds . .!.Ins. 

From the preceding principles and illustrations we de· 
duce the following: 
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RULE FOR CONJOINED PROPORTION. 

Write the equit-alent terms, as they occur, right and l~ft of the 
sign of equality, taking care that terms of the same name shall 
always be on opposite sides. 

Multiply all the terms on the same side as the odd term for a 
diddend and all on the other side fa?' a divisor. The quotient will 
be the required term. 

EXAMPLE 2.-If 20 sheep eat as much bay as 19 goats, and 33 
goats as much as 10 cows, and 38 cows as much as 22 horses, 
how many horses will eat as much as 60 sheep? 

STATF.'lF.XT. SAME CANCELLEIl. 
25 sheep =19 goats 1 Or writing the r iii ~t -111 
33 goats =10 cows ~ numbers merely, J l.,I .~ =1 2 
38 cows =32 horses I cancelling and ap- I ~ ~~ =~~1l 4 
x horses=GO sheep J plying the rule.. l. • ~1il1:l~1:l 

.I111S.'\)( 2=8 horses. 
Here. since the term 25 sheep is on the left hand-side,' we put the odd 

term, 60 sheep, on the right-hand side. 
NOTE.-Thc sign =in such questions, merely means equal in value. or 

equal in time, or equal in effect, &e. 
EXAMPLE 3.-If 19 Ibs. of tea in Guelph cost as much as 20 Ibs. 

in Hamilton, and 7 in Hamilton as much as 8! Ibs. in Quebec, and 
30 Ibs. in Quebec as much as 29~ Ibs. in Boston, and 8~ Ibs. in 
Boston as much as 5l Ibs. in London, and 10 Ibs. in London as 
much as 57 Ibs. in Hong Kong; how many Ibs. in Hong Kong 
are worth 100 Ibs. in Guelph? 

BTATEliENT. SAME CA~CELJ~ED. 

19 Guelph == 2? Hamilton ) HI = ~~ 10 
7 Hamilton = 9, Quebec \ 'i: == 91 

30 Quebec = 29l Boston l.,Il.,IQ - ~l!' ll;' 
81 Boston == 5~ London ~!H = 5" • 
10 London = 57 Hong Kong 11:l =!iii 1l! 
x Hong Kong = 100 Guelph x -; 1QQ11:l 

.I1ns. 10X9~ X 5!=GOG5 Ibs. 

EXERCISE. 
4. If 17 cords of wood are equivalent to 116 Ibs. of tea, and 87 

Ibs. of tea to 23 barrels of flour, and 19 barrels of flour to 
34 days' work, and 92 days' work to 57 baskets of peaches, 
and 31 baskets of peaches to 24 dollars, and 12 dollars to 
2 tons of coal; how many cords of wood may be purchased 
for 3:; tons of coal? .I1ns. 135~. 

5. If 6 Ibs. of tea are worth 29 lbs. of sugar, and 17 Ibs. of 
sugar pay for 1 bushel of wheat, and 27 bushels of wheat 
are equivalent to 4 tons of coal, and 34 tons of coal pur­
chase 15 cows, and 29 cows cost $1160; how many pounds 
nf to.Q I'llon ht> Tlll,..,..hnc:u:t.n fnT' ~I)O? .Ans. 26g.R~. 
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6. If 11 bushels of barley pay for 21 bushels of potatoes, and 
19 bushels of potatoes for 29 bushels of oats, and 115 bushels 
of oats for 44 bushels of wheat, and 14~ bushels of wheat 
for 38 bushels of peas, and 60 bushels of peas for 55 bushels 
of rye, and 75 busheis of rye for IH bushels of clover seed j 
for how many bushels of barley will 36 bushels of clover 
seed pay? .Rns. 87ft. 

7. If 16 baskets of pears pay for 29 turkeys, and 17 turkeys for 
7 days' work, and 71 days' work for 187 loaves of bread, and 
3~ loaves of bread cost as much as 4 lbs. of veal, and veal 
is 11 cents per pound, and $7'92 pay for 63 Ibs. of sugar j 
how many pounds of sugar will 21 baskets of pears pur­
.::liase ? .Rna. 4041. 

8. Suppose A can do as much work in 7 days as B can in 11 
days, and B as mUl)h in 5 days as C can in 8 days, and C as 
much in 15 days as D can in 21 days, and D as much in 11 
days as E can in 5 days j in how many days would A do as 
much work as E can do in 42 days? .Rns: 26*. 

9. If 7 barrels of flour pay for 23 cords of wood, and 6 cords 
of wood pay for 11 cwt. of beef, and 46 cwt. of beef cost £28, 
and £77 pay for 9 sheep, and 5 sheep are worth as much as 
8 tons of coal j how many barrels' of flour may be purchased 
for 9 tous of coal ? .Rns. l3l. 

10. If 15s. in N.England be the same in value as 20s in N. York, 
and 24s. in N. York the same as 22s. 6d. in N. Jersey, and 
30s. in N. Jersey the same as 20s. in Canada j how many 
pounds in N. England are the same in value as £240 7s. 6d. 
in Canada? .Rns. £288 9s. 

QUESTIONS TO BE ANSWERED BY THE PUPIL. 
NOTE.-The numbers following the questions refer to the numbered 

articles of the section. 
\. In how many ways may one number be compared with another with 

respect to magnitude? (1) 
2. What is ratio P (2) 
8. What is the difference between the Geometrical and the Arithmetical 

ratio of numbers P (8) 
4. How many ways have we of expressing the ratio of one number to 

another? (4) 
5. Between what kind of q.nantities only call ratio oxistP (5) 
6. When ar'l quantities SRid to be of the same kind P (6) 
7. What is a couplet P (7) 
8. What is the antecedent P-the consequent P (8) 
9. How many kinds of ratio are there P (9) 

10. What is a direct ratio P (10) 
11. "'hat is an inverse ratioP (11) 
12. What is the reciprocal of a quantityP (12) 
18. What is a reciprocal ratio? (13) 
14. How is the reCiprocal ratio of two numbers expressed P (Ii) 
15. Show that .. reciprocal ratio" and" inverse ratio" are interchangeable 

terms? (13) 
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16. What is a simple ratio? (15) 
17. What is a ('Om pound ratio? (16) 
18. Since a compound ratio does not differ in nature from a simple ratio, 

why is the term used P (17) 
19. How are ratios compounded together? (18) 
20. How does multiplying the antecedent or dividing the consequent of a 

couplet by any number, affect the ratio P (19) 
21. How does dividing the antecedent or multiplying the consequent of 

conplet by any number, affect the ratio? WhyP (19) 
22. How does multiplying or dividing both antecedeut and consequent of a 

couplet by any number, affect the ratio? Why? (19) 
23. How does it happen that we may cancel any faetors common to an an-

tecedent and a consequent, before compounding ratios together r (20) 
2t When is a ratio called a ratio of equality I (21) 
25. When is a ratio called a ratio of greater inequality! (21) 
26. When is a ratio called a ratio of less inequality? (21) 
27. How are ratios compared with one another? (22) 
28. When equal ratios arc added together, what is the nature of tho result­

ing ratio P (24) 
29. What effect has adding the same number to both terms of a ratio? (2:; 

and 26) 
80. What is Proportion P (27) 
81. What are the terms of the two equal ratios called? (28) 
82. How many ways are there of expressing Proportion? (29) 
88. What is the supposed derivation of the sign::? (29-Notc) 
34. How many terms must there be in every proportion? (30) 
35. When three numbers constitute a proportion, what is the repeated term 

called P-What is the last term called P (31) 
86. Point out the distinctions between ratio and proportion. (32) 
37. What are" extremes" and" means .. ! (33) 
38. Prove that if four quantities are proportional, the product of thc ex­

tremes is equal to the product of the means. (34) 
89. What is the test of geometrical ratio, (:15) 
40. Deduce !rom this principle a rule for findmg anyone of the terms when 

the other three are given. (36.) 
~l. If r ::w ::: x: y, what does the proportion become P bt, by composition, 

2nd, alternately; 3rd, by conversion; 4th, by division; 5th, inver,". 
ly. (37) 

42. What arc the different kinds of Proportion? (38) 
43. What other names has Simple Proportion ?-Why so called? (39) 
44. Give the rule for making the statement in Simple Proportion? (40) 
45. Give the rule for finding the unknown Quantitv after the statement is 

made? (40) 
46. Show that we may cancel any factors that are common to the first term 

and either of the others, before apphing the rule? (41) 
47. H any of the terms contain fractions, what is done? (42) 
48. If the first and second terms are not of the same denomination, what is 

the rule P (4:3) 
49. What is Compound Proportion? (44) 
60. What other name has Compound Proportion? (45) 
51. How many ratios are there in Compound Proportion, and how many of 

them are perfect? (46) 
52. In stating a question lD Compound Proportion, what do you make the 

third term? (47) 
113. How do you know whether the other ratios are ratios of greater or less 

inequality P (47) 
fi~. When the statement is made, how is the answer obtained P (-17) 

- M. Show that before apfbing the rule we may cancel any factors that ara 
common to any 0 the first terms, and to the second and third terms. 
(47-Notc) 
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56. What is Conjoined Proportion? (48) 
57. Why is it sometimes called the Chain Rule? (49) 
58. Give the rule for Conjoined l'roportion ? (50) 
59. In what sense is the Sigh = taken in these statements? (50) 

MISCELLANEOUS EXERCISE. 

(On preceding Rules). 

1. What is the ratio compounded of the ratios 7 : 8,17: ll, 23 : 29, 
319 : 119, and IG : 69? 

2. Reduce £ll9 16s. 6~d. to dollars and cents. 
3. How many days are there from 12th March to the 17th of the 

following February? 
4. Compare together the following ratios, and point out which 

is greatest and which least, 9: 13,21: 27, 7: 10, and II : 15. 

5. From 76'23418 take 19·134229i. 
6. Multiply 713241 undenary by 23421 quinary and divide the 

result by t4e7 duodenary. Give the answer in each Bcale. 
7. If 5'63 cubic inches of water weigh 3'254 ounces avoirdupois, 

what will be the weight of 7'9 cubic inches of nitric acid 
having a specific gravity of 1'220? 

8. Divide 63 yds. 3 qrs. 2 no.. 1 in. of ribbon equally among 17 
persons. 

9. What is the value of '913625 of an acre at 67 cents per sq. 
yard? . 

10. Multiply! oq of} of 20 busbels by '5X ·6X;. 
11. Of the ratios 6 : 7, 17: 8, 23: 11, and 88 : 176, point out (1) 

which is the greatest, (2) which is the least, (3) which are 
ratios of greater inequality, (4) which are ratios of leBs in­
equality, (5) what is the ratio compounded of these ratios. 

12. The population in Canada in 1851 was 1842265, and in 
1857 it was estimated at 2571437. What was the rate per 
cen t. of increase? 

13. From one-half of two-thirds of eighteen twr.nty-ninths sub-
tract one-eighth of two-thirds of five-sevenths. 

14. Deduct 7 per cent. from 11 feet. 
15. What is the value of 791bs. of tea at £'00163 per ounce? 
16. If 3 men in 2l days, working 12 hours a day, can cradle a 

field of wheat containing 20 acres, in how many days can 
4 men, working 10 hours a day, cradle a field of wheat con-
taining 35 acres? . . 

17. Find the value of (t of 1'rX'02 X . 456)-;-{+9 oq of! of 51.) 
lR. A certain numbel' is divided by 5, the result is divided by i, 

this result by V, and this last resnlt by}. The last quotient 
is 2 i what was the ol'iginal number? 



SECT. V.] MISCELLANEOUS EXERCISE. 

19. If 50 barrels of flour in Toronto are worth 125 yards of cloth 
in New York, and 80 yards of cloth in New York 6 bales of 
cotton in Charleston, and 13 bales of cotton i:l Charleston 
3; hogsheads of sugar in Xe" Orleans; how many hugs­
heads of sugar in New Orleans are worth 1000 barrels of 
flour in Toronto 1 

20. Multiply 73'47 by '0063, and divide the result by 17'2345. 
21. Reduce 2 roods 7 per. 4 yds. 3 ft. 117 in. to the decimal of 

7 acres. 
22. Deduct '73 of 11 furlongs from ~ of ~ of t of 70 miles. 
23. From 274312 nonary take 1101011010 binary, and multiply 

the result by 5555 septenltry. Give the answer in all three 
scales. 

24. Find the I. c. m. of 44,270, 18, 190, 209, and 225. 
25. If 60 men in 6 weeks of 5 working days, of 10 hours each, 

build an embankment 800 yards in length, 18 feet in mean 
breadth and 11 f"l. in mean height, how many men will 
make an embankment 8742 feet long, 20 feet wide and 8 ft. 
high, in 10 weeks, of 6 days each, and 11 working hours to 
each day 1 

26. How many divisors has the number 172000? 

27. Multiply 42'7 by 9'7123. 
28. Deduct 27 per cent. from $73'42. 
29. What are all the div;$ors of 6300? 
30. If ~ of i of 311bs. Ot coffee cost or of ~ of ~~ of J of a dollar, 

what will ~ of' '1 of '6 of H of 90 Ibs. cost? 
31. If $2739'18 be divided among 7 men, 2 women, and 11 chil­

dren, ao that each child shall have t of a woman's share, 
and each woman la.,; of a man's share, what will be the 
amount received by each 1 

32. What is the reciprocal ratio of l : l}-; the direct ratio of 
93 : 17; and the inverse ratio of 1.' of i ? 

33. Add together ~ of 61 yards, ~ of! of 81 ft., and , of I"" of 
71',; inches. 

34. What is the ratio compounded of 23 : 7, 4 : 11, 6: '" 13: 1 n, 
and 38l :31 

35 A pint contains 9000 grains of barley, and each grain is one 
third of an inch long. How far would the grains in 23 bush. 
2 pks. 1 gal. 1 qt. 1 pt. reach if placed one after another 1 

36. Reduce !.f:fr.\ to its lowest terms. . 
37. Add together 1, t, t, and t in the octenary scale. 
38. If 17 sheep eat as much grass as 6 cows, and 26 cows re'juire 

271 acres, and 12 acres supply 13 horses, and 11 horses eat 
as much a9 28 goats, how many gimts will o~t as milch as 
68 sh(>(>p 1 
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39. Suppose that 50 men, by working 5 hours each day, clln dig, 
in 54 days, 24 celiars, which are each 36 feet long, 21 feet 
wide, and 10 feet deep, how many men would be required 
to dig, in 27 days, 18 cellars, which are each 48 feet long, 
28 feet wide, and 9 feet deep, provided they work only 3 
hours each day? 

SECTION VI. 
PRACTICE. 

1. Practice is so called from its being the method of 
calculation practised by mercantile men; it is an abridged 
modc of performing processes dependent on the Rule of 
Three-particularly when one of the Mrms is unity. 

The statement of a quest,ion in practice, in general terms, wonld be­
One quantity of goods: another quantity of goods:: price of former : price 

of latter. 

2. The simplification of the Rule of Three by means of 
practice, is principally effected, either by dividing the given 
quantity into" parts," and finding the sum "Of the prices of 
these parts; or by dividing the price into" parts," and 
finding the sum of the prices of E'[il1h of these parts; in 
either case, as is evident, we obtain the required price. 

3. An Aliquot Part is an exact or even part. 
Thus, 2 shillings is an aliquot part of a pound; 12k cent. is an aliquot 

part of a dollar; 6 months,,~ months, 3 months, 2 months, It months are 
aliquot parts of a year, &c. 

TABLE OF ALIQUOT PARTS. 

Parts of $1 .1"al'ts of i-'marotnStOh!. a Parts of £1. .YarlLs'. ot I'llr~(1:2'I:t ,. 
----·1- ayea~ -==='--1 _____ 1 ___ 1 ___ _ 

50 ets.= I 6 m'ths= I 15 days= ! lOs = t 6d = I 56 lb = I 
33t _ 1 4 = ! 10 =! 68 8d = t 4d = ! 28 lb = i 
25 = -! 3 = ! 7t =! 5s = t 3d = i 16lb = + 
20 =! 2 = i- 5 = i 4s = t 2d = i- 14 lb = i 
lOt = i-1t = i 3 =,l~ 3s4d= i-l!d= i Sib =h 
12t = i 1 =,1" 2 =f, 2,6d= tId =.h 7lb =ll~ 

81 == Tf 1 =lu 2s = r6 puta or 8 qr. 
6l = l~ Is Sd= i~ ,,,BIb. 
5 = 'll~ 18 4d = .. It; 14 lb, ;; ~ 
4 =. hN=h 7lli. 
2 = -lIT IS = r6 31lb = i 

111b =hr 
• Although we allow but 100 Ibs. to the cwt. III Canada It IS often neces. 

sary to make calculations with the old cwt., of 1l21bs. This arises fr01/1 tbl! 
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EXAMPLE I.-Find the price of 2783 yards of silk at S3'37~ 
per yard. 

OPERAlION. 

25 c. ! 2783 The cost of 2783 yards at s:,.~, 1 = cost at ~:, + cost at 
3 37} cents. 

2783 yds. at $,3 comes to 3 times a., much as at $1 ; i.e .• 
8349 to 3 times $2783, or $8:349. ,371 cts. equals 25 cts. + 12} 

l~l c. t 695'75 cents, hence, 2783 yds. at 3n cents = price at 25 cents + 
347'87t price at 12t cents. 
--- Since 2783 yards at $1 comes to S2iS3, and 2:; ('('His = t 

Ana. $G392'62! of a dollar; 2783 yards at 25 cents come to ~ of S~;8:\. 
i.e., to 5695'75. A~ain, becausp 2iS,.1 yards at 2:i ('('lit." 

come to $695'75 and 12l ('cnts equals! of 2;' cents, 27~;j ,'arus at 1~ \ cents 
will come to t of $695'75 ; i. e., to $347·S7t. • -

Then 2783 yards at S3'3n = price at S3 + price at 2.; cents + price at 12! 
cents = $8349 + $695'75 + 8347'87 t = S93U2·62~. 

EXAMPLE 2.-What is the cost of 972 oz. of gold dust at £3 
14s. 8!d. per oz. ? 

lOs. ' 

3s.4d. 
10d. 
5d. 

I!d. 

OPERATION. 
972 

3 

£2916 = cost at c:; 0 0 
486 =C08t at ,,10 0 
162 = cost at II 3 4 
40 lOs. = cost at 0 0 1" 
20 5 = cost at 0 0 5 
5 1 3d. =c08tat 0 0 1} 

£3629 16 3 = cost at £3 14 8t 

EXAMPLE 3.-Find the price of 729 days work at £1 78. l!d 
per day. 

OPERATION. 

5Sfl 
£729 0 o = price at £1 0 0 

Is. 3d. i 182 5 o = price at 0 5 0 
5d .• 6015 o = price at 0 1 8 

ld. ''''If 15 :3 9 = price at 0 0 5 
15 3t = price at 0 0 01 

£987 18 II! = price at £1 7 It 
EXAMPLE 4.-What is the cost of G24 bush. 1 pk. 1 gal. 3 qt. 

of wheat at $2'871 per bushel? 

50 cts. ! 

25 ct •. 
12icts. 

62-' 
2 

OPERATIOX. 

'1248 = price of 632 bush. at $2'00 
312 = price .. .. at 50 
156 = price H U at 25 
78 = price at 12! 

'1794 = price of624 bush. at $2'87! 

!Bet that the latter is .till in common use in Great Britain. several of the 
States of the American Union, &c. The aliquot parts of the new (,lI't., or 
100 Ibs. are the same as the aliquot parts of $1. 

P 
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1 pk, t $2'87! = price of 1 bush, 

1 gal. t 
2 qt, ! 
1 qt, t 

'71t = price of 1 pk. 
'35H- = price of 1 gal. 
'17H- = price of 2 qt. 
'8H= price oft qt, 

$1'3~i= price'of 1 pI<. 1 gal, 3 qt, 

[SECT. VI. 

Theu $1794 = price of 624 bushels at $2'S7t per bushel. 
1'34H = price oft pk, 1 gal. 3 qt, at $2'871 per bush. 

$1795'34H = price of 624 busb, 1 pk.1 gal. 3 qt. at S2'S7! per bush. 

EXAMPLE 5.-What is the price of 96 acres 1 rood 141 per, at 
£7 lIs, 5:\:d, per acre? 

1 rood 

10per,' ~ 
4per, 110 
~per, t 

lOs, ! 9G 

ls,3d, -k 
l~d, l~j 
,d, 1 

£711 5l 

7 

£672 0 ~~ price of 96 acres at £7 0 0 
48 0 =" .... at 0 10 0 
6 0 = .. .. at 0 1 3 

1~ ~ :: :: :~ g Z M 
£i~G IS = price of 96 acres at £7 11 5l 

117101+;f = priceofl rood. 
9 5} + -r" = price of 10 perches. 
3 9l + t 1l- = price of 4 perches. 

5t + g.~ = price of! perch. ------
£2 11 7 +.to f. = price oft rd,I#. per,at £7 11s. 5td. perae, 

<t7~G 18 = price of 96 acres, 

Ans, 1:729 9s, 7d. +.hI f, = price of 96 acres 1 rood 141 per. 

EXAMPLE 6.-What is the cost of 964ti square yards of plas­
tering at 22~ cents per square yard? 

20cts,!!! 96~ 
2! cts, t $192'80 = cost of 964 yds. at 20 cts, 

24'10 = cost of 964 yd., at 21 ct •• 
22! X 11 = 1~ cents. 

15 

$216'90 = cost of 964 yds, at 22! cts. 
'16! = cost of of a yd, at 221 eta, 

Ans, $217'06! = cost of 964 it yds. at 22l ct •• per yd, 

EXERCISE. 

7, Required the value of 92647 Ibs. of tea at 35 cents per lb . 
.I.l118. $32428'45. 

8, What is the cost of 94937 pails at Is. 5d. each? 
.I.lns. £6724 148. Id. 
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9. What is the worth of 95972 boxes at 7~ cents? 
.8ns. S71~'7<j(l. 

10. What i, the cost of 6~ acres at S~8'80 per acre? 
All" $110S"Ct_', 

11. Find the price of2310 Ibs. at 3~l cents per lb. AI/s. S7:;0·75. 
13. Find the price of 2117 bags at 371 cents each. Ans. 793'871. 
13. Find the price of 7:;OG pair of shoes at L 9~d. a pair. 

Ans. £G80 4s. 7ld. 
14. What is the value of 12171bs. of coffee at 17i cents. perlb? 

.8ns. ~<! 1~'0j b. 
15. Find the price of 2103 cords of wood at S3'07! per cord? 

JiIiS. SG4GG·7:2~. 

16. What i., the cost of 20% oz. of gold dUot at .t::J 18s. 10!d. 
per oz.? Ans. £8266 2s. Od. 

17. Required the value of 6 oz. 18 dwt. 20 grs. of silver at S 1',"-' 
per oz.? AilS. SIO·7:;;;. 

18. What is the cost of 98 yds. :3 qrs. 1 na. of cloth at.L! 1:;3. 
per yard? AilS. £172 18s. 5;\d. 

19. What is the rent of 344 acres 3 roods 15 per. at £4 Is. Id. 
per acre? Ans. £1398 Is. 0; :d. 

20. What is the price of 5 oz. (j d wt. 17 gl·S. of mercury at So. 
10d. per oz. ? Ans. £1 11s. 1~ !d. 

21 Find the price of·1 yanl5 2 qrs. 3 nails of satin aLL! 2s. 4d. 
per yard? Ans. £5 4s. 8id. 

22. Find the price of ~2 acres I rood J.I perches at .. n 16s. per 
acre? AilS. £58 4s. lid. 

23. Find the price of 3 gals. [; pts. of '1,iriI5 of wine at 7s.6d. 
per gallon? .!lIlS. £1 7s. 2;\d. 

34. How much·will 724 bushels of apples come to at SI'G7! per 
bushel? .!lIlS. SI212·70. 

25. Wbat is the cost of 721 bush. of wheat at $1'031 pcr busb ? 
.!lns. SI38G·n~. 

26. What is the cost of 4j14 rods of fencing at £2 17s. 7 jd. per 
rod? .!lns. £13005 19s. 3d. 

27. What is the price of 3740; acres at £3 15s. 6d. per acre? 
.!lns. £141:;3 17s. 9ld. 

Allowing 112 Ibs. to the cwt., find the value of-
28. 17 cwt. 1 qr. 17 Ibs. at £1 45. 9d. per cwt. 

All'. £21 10s. 8)V",d. 
2~. 78 cwt. 3 qrs. 12 Ibs. at $1l'55 per cwt. Ans. $910'80. 
30. 20 tons 19 cwt. 3 qrs. 27! Ibs. at £10 lOs. per ton . 

.11M. £~20 9s. ll!d. nearly. 
31. 219 tons 16 cwt. 3 qrs. at :;q~'50 per ton • • dlls. ~I0002·601. 
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BILLS OF PARCELS. 

(No. I.) 

Mr. JOHN DAY, 

15 yards of fine broadcloth, at ..•... 
24 yards of superfine ditto, at ..... . 
27 yards of yard wide ditto, at .....• 
16 yards of drugget, at ..•..•.•.... 
12 yards of serge, at. •.•......•..•. 
32 yards of shalloon, at ••..•.....•. 

(No.2.) 

QUEBEC, 16th April, 1859. 

Bought of RICHARD JONES. 

s. d. £ s. d. 
13 6 per yard, 10 2 6 
18 9 " 22 10 0 
84" 1150 
6 3 " 5 0 0 
2 10 " 1 14 0 
1 8 " 2 13 4 

Ans . .£53 4 10 

MONTREA.L, 24th June, 1859. 
Mr. JAMES PAUL, 

9 pair of worsted stockings, at ..•• 
6 pair of silk ditto, at ..• , ..••.•.. 

17 pair of thread ditto, at .......•• 
23 pair of cotton ditto, at ...• " ... 
14 pair of yarn ditto, at ., ......•• 
18 pair of women's silk gloves, at .. 
19 yards of flannel, at .....•...•.• 

(No.3.) 

~[r. WM. FILBERT, 

Bonght of THOMA.S NORTON. 

4 6 per pair, 
15 9 " 

5 4 " 
4 10 " 
2 4 " 
4 2 " 
1 7i per yard, 

Ans . .£23 15 4j 

TORONTO, lOth July, 1859. 

Bought of GEORGE PaICB. 

751 lbs. of sugar, at. . . • . . . • 7i cents per lb., 
63 lbs. of tea, at.. . . • • . • • • 93 " 

126 lbs. of butter, at....... 13 " 
35! lhs. of raisins, at....... 18i /I 

17 lbs. of sago, at......... 15 /I 

23 lbs. of rice, at . . . . • . . • • 9 " 
681 Ibs. of starch, at .......... 22 " 
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(No.4.) 

HAMILTON, 12th August, 1850. 
MR. JOHN JAMES, 

Bought of JAMES THOMAS. 

Seta. 
198 Sangster's National Arithmetic, at .••••••••• 0'60 
197 Robertson's Philosophy of Grammar, at ..••. , 0'50 
83 Hodgins' Geography, at •••••••••••••.••.•. 1'00 
57 Sangster's Algebraic Formula, at .•••..•.••• 0'12l 

217 Strachan's Canadian Penmanship, at ........ 0'37l 
143 Hodgins' Geography of British Provinces, at.. 0'45 
227 Sangster's Elementary Arithmetic, at ••..••. 0'30 

Ans. $521'25 

(No.5.) 

NIAGARA, 17th September, 1859. 
MR. ·ALEX. LEITH, 

Bought of LAWRENCE MERCER. 

s. d. 
91 yards of silk, at .............. .. 

13 yards of flowered ditto, at •...••• 
Ili yards of lustring, at ••.••••••••• 
14 yards of brocade, at ........... .. 
121 yards of satin, at .............. . 
Ilg yards of velvet, at .•••.•...•••.• 

(No.6) 

12 9 per yard, 
15 6 " 

6 10 " 
11 3 " 
10 8 " 
18 0 " 

Ans. £44 15 10 

KINGSTON, 11th July, 1859. 
DR. ALEX. HAMILTON, 

Bought of TIMOTHY PESTLE. 

14 oz. ipecacuanha, at .................. $0'67 
23 " laudanum, at.. •• • . • . • • • . • • • • • . • • • 0'89 
17 " emetic tartar, at... .. ... .. .. ... .. .. 1'25 
25 " cantharides, at.................... 2'17 
27 " gum mastic, at ................. ·.. 0'61 
56 " gum camphor, at.... .... •. •. .... •. 0'27 

.fllls. $136'94 
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(No. '1.) 
LONDON, C. W., 1st May, 1859. 

MR. JAS. GREY, 
Bought of MICHAEL LEWIS. 

s. d. 
151 lbs. of currants, at .............. .. 
1 '11 lbs. of Malaga raisins, at ...•...•.. 
19i/ lbs. of Bun raisins, at ............. . 
1'1 lbs. of rice, at ................... . 
81 lbs. of pepper, at ... ' ............• 
3 loaves of sugar, weight 321 lbs., at .• 

13 oz. of cloves, at .•••.•••.•••.•••.• 

o 4 per lb., 
o 51 " 
06" 
o 31 " 
1 6 " 
o 81 " 
o 9 per oz. 

Ans. £3 13 5~ 

TARE AND TRET. 

4. Tare and Trct is the name given to a rule by means 
of which merchants calculate the amount of certain 
allowances which were formerly made in buying and sell· 
ing goods by weight in large quantities. They were as fol· 
lows: 

1. Tret, an allowance for waste in weighing. 
2. Tare, an allowance for the actual or supposed 

weight of the box, bag, barrel, &c., containing the 
goods. And 

3. Cloff, an allowance of 2 Ibs. in every 336 for the 
turn of the scale in retailing goods. 
Of these the only one known in Canada is Tare j and as 

this is always set down in full in the invoice, Tare and Tret, 
as a rule, has no existence in Canadian mercantile trans­
actions, and has therefore been altogether omitted. 

QUESTIONS TO BE ANSWERED BY THE PUPIL. 
N OTE.-The numbers after the questions refer to tho articles of til, 

section. 
1. What is Practice? (1) 
2. Why is it so called P (1) 
3. Of what rule is Practice merely a modification P (1) 
4. What would be the general statement of a question in Practice P (I) 
5. How is the process for finding the price of a number of articles slmpli 

lied by Practice P (2) 
6. What i8 an aliquot part? (8) 
7. What are the aliquot parts of a dollar? (8) 
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8. What are the aliquot parts of a year P (3) 
9. What are the aliquot parts of a month P (3) 

10. What are the aliquot parts of a £ 1 (3) 
n. What are the aliquot parts of a shilling? (3) 
12. What are the aliquot parts of a cwt. (112 lbs.) 1 (3) 

MISCELLANEOUS EXERCISE. 

(On preceding Rules.) 

231 

1. Take the number ~0204, and, by removing the decimal poin t 
(1) multiply it by 100000; (2) divide it by 10000; (3) 
make it thousandths; make it tenths o/billionths; (5) make 
it tenths; and (6) make it hundredths 0/ billionths. 

2. Divide 427-1 by '0000631. 
3. What will 19 tons 19 cwt. 3 qrs. 21! lbs. of hops cost, at 

£19 19s. 11id. per ton? 
4. Add together 13'723, 11'34:i, 16'713, 19'034, 113'213437, and 

12-:145678. 
5. Of the ratios 5: 7, 9: 13, 12 : 17, and 7: 10, point out (1) 

which is greatest, (2) which is least, (3) what is the ratio 
compounded of these? 

6. If 1 acre of land cost $80'50, what wlll 25 acres, 2 roous, 
35 rods cost? 

7. What is the G. C. M. of 144, 485, and 63. 
8. What is the price of 7439 cords of wood at S3'S8l a cord? 
9. Rednce HtHfr, tH~g~·, ill~~~, and ~JJH to their lowest 

terms. 
10. If 341 bushels of turnips are worth 11 bushels of potatoes, 

and 9 bushels of potatoes 59! lbs. of tea, and 6 lbs. of tea 11i 
stone of flour, and 13 stone of flour $3'60, and 38 cents pay 
for 12 lbs. of bread; how many bushels of turnips are worth 
119 lbs. of bread? 

11. If 27 men in 7 days, working 8 hours a day, paint 42 floors, 
each 20 feet long and 16 feet wide, with 3 coats of paint to 
each; in how many days, of 11 hours each, will 54 men 
paint 77 floors, each 24 feet long and 22 feet wide, giving 
each 5 coats of paint? 

12. Take the number 7449164 and by removing the decimal point, 
make it (1) One hundred thousand times greater. 

(2) One million times less. 
(3) Hundredths of quadrillionths. 
(4) Thousandths. 
(5) Tenths of billionths. 
(6) Tenths. 

13. Reduce 72342 nonary to equivalent expressions in the duo­
denary, senary, and ternary scales, and prove the results by 
redncing all four numbers to the decimal scale. 



232 PERCENTAGE. [Slcr. VII. 

14. Eltpress in the decimal scale the greatest and least numbers 
that can be formed with six digits in the binary, quaternary, 
senary, octenary, and duodenary scales. 

15. Write down all the divisors of 1728. 
16. What is the 1. c. m. of the first fifteen even numbers, 2, 4,6, 

8, &c.? 
1 7. From 97-91342 take 18'1234567'. 
18. What would be the cost of painting a ceiling 20 ft. 7 in. 

long and 19 ft. 5 in. 7" wide, at $2'S7! per square yard? 
19. Divide 916 acres, 3 roods, 17 per., 7 yards, by 43 acres, I rood, 

:l per., 17 yds. 

SECTION VII. 

PERCENTAGE, COMMISSION, BROKERAGE, 
STOCKS, INSURANCE, CUSTOM-HOUSE 

BUSINESS, ASSESSMENT. 

1. The term Per Cent. is derived from the Latin word 
per, "by" or "for" and centum, "a hundred," and means 
" for a hundred." The term is usually employed to indi­
cate the allowance paid for the use of money, but may also 
be used to express so much the hundred units of any other 
quantity. 

Thus, the term 5 per ceut. on so many dollars, gallons, miles, days, &0., 
signifies iS5 on every 5100, or 5 gallons on every 100 gallons, or 5 miles on 
every 100 miles, or 5 days on every 100 days, &c. 

2. When the rate per cent. is known the rate per unit 
is easily obtained by dividing the rate p~r cent. by 100, 

Thus, 1 per ceut. is equal to Th or '01 per unit. 
2 per cent. is equal to 1'%u or '02 per unit. 
7 per cent. is equal to rtu or '07 per unit. 
9 per ceut. is equal to n IT or '09 per unit. 

10 per cent. is equal to f./Ir or '10 per unit. 
18 per cent. is equal to }Jr; or '18 per unit. 
39 per cent. is equal to lci'lf or '39 per unit. 
95 per cent. is equal to _9.1\r or '95 per unit. 

125 per cent. is equal to ~ ~% or 1'25 per unit. 
378 per cent. is equal to ~ ~11 or 3'78 per unit. 
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! per cent. is equal to .L or '005 per unit. 
100 

t per cent. is equal to --±. or '0025 per unit. 
100 

J 
i per cent. is equal to &0 or '0075 per unit. 

t pcr oent. is equal to .l. or 'O"1~5 per unit. 
100 

tj~ pIT rent. is equal to ~ or 'Of);) per unit, .ie, 
IOU 

EXERCISE. 
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1. What rate per unit is equivalent to 1'6 per cent., 11 per cent., 
17 per cent., 63 per cent. 1 

2. What rate per unit is equivalent to 6 per cent., 25 per cent., 
137 per cent. 1 

3. What rate per unit is equivalent to 8! per cent., 9:1 per cent., 
21 per cent. 1 

4. What rate per unit is equivalent to ~ per cent., rper cent., 
8l per cent. ? 

5. At 6! per cent., how much is it for 1 ? 

';. At 18i per cent., how much is it for 1 ? 
7. At 23~ per cent., how much is it for 1 ? 
8. At 2'734 per cent., how much is it for 1 ? 
9 .• H 82'7 per cent., how much is it for 1 '! 

10 .. ~t 19j per cent., how much is it for I? 

.ilns. ·OG~5. 
.'ill<. '186. 

.1118. '23625. 

.11lO:;. ·O~7~~·1. 

.1I1s. '827 . 
• 1I1s. ·W3. 

3. To find the percentage of any given nurnLer­
RULE . 

.ftfultiply the given number by the rate per IIllit expressed deci­
mally, and point off the product as directed in .11'1. (;3, Sec. II. 

EXAMPLE 11.-,,"",,( is 7 per cent. on $G7~'~J 1 
OrETI.tTIOX. 

$Iij:n;:) ,': 'ui == ':;'47'1';',',1 
EXPLANATION.-7 per cent. is ('qlli\'ah:nt to '07 per unit: or, in otlwr 

words, the percentu(' Oil each dn\Jar i:-.7 cpnts. It is obvious then that thl' 
percentage on the w)lOle sum will lH: as many hnws 7 c<-'uts a.s Ow sum. con­
tains dollars; that is '07 /" Ij7;)"~I;3, 

EXAMPLE l~.-Wha( is 6! per cent. on s~,,~n 
.ilns. S~934 X '065 = 5190'71. 

EXAMP!.II: 13.-Whnt is 47; I"'r cent. on 7893 gallons of molasses? 
.!lns. 78~13 gal. X '477;; = 37GS·o075 gallons. 

EXEI~CJ:':E 
14. What is 5 pf'r cent. of S742'10? 
15. What is 11 per cent. of 51000 1 
16. How much is 10 per cent. of S734'1~? 

,·JI/S. S37·10j. 
.1m. $110. 

.ilIlS. S73·<119. 
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1 '1. How much is 8'11 per cent. of $1624'50? .dns. $1421'43'5. 
18. What is 121 per cent. on $994''10? .dns. $124'33'5. 
19. What is 8i per cent. on $H7"50 ? .dns. $68'031. 
20. What is 2! per cent. of $1135'80 ? .dns. $160'5555. 
31. A merchant imports 2740 boxes of oranges, and finds, upon 

receiving them, that 20 per cent. of the whole quantity are 
decayed. To how many boxes was his loss equivalent? 

.dns. 548 boxes. 
22. A gentleman purchases a farm for $7490, agreeing to pay 

10 per cent. down, 17 per cent. at the end of the first year, 
27 per cent. at the end of the second year, and 46 per cent. 
at the end of the third year. What is the amount of each 
payment? .dns. $'149 down. t 

$1273'30 at the end of 1st year. 
$2022'30 at the end of 2nd year. 
$3445'40 at the end of 3rd year. 

23. What is the difference between 41 per cent. of $740 and 21 
per cent. of $1680? .dns. $8'70. 

24. If I purchase '129 gallons of brandy and lose 11 per cent. by 
leakage, &c., how much have I remaining? 

.dns 6481
6
0
16 gallons. 

25. Add together 25 per cent. of $'163'22,16 per cent. of $847-16, 
and 6! per cent. of $1234·l'1. .dns. $403'486225. 

26. A person dying leaves an estate worth $1 '1429'40 to be 
divided among his three sons. The eldest is to receive 43 
per cent. of the whole, the second 3'1 per cent. of the 
whole, a,nd the younges't son the remainder j what is the 
share of each? . 
.dns. The eldest receives $7494'64!, the second $6448'87t, 

and the youngest $3485'88. 
2'1. A merchant purchases vinegar to the amount of 689'18 gallons 

and finds, upon receiving it, that 36 per cent. had leaked 
f1way. What was his loss? .dns. 24832'08 gallons. 

28. A brick kiln contains 29800 bricks, and it is found after 
burning that 17 per cent. of the entire quantity are worth­
less j how many good bricks were there in the kiln? 

.dns. 24734. 

COlUMISSION. 

4. Commission is the percentage charged by agents, 
or commission merchants, for their services in purchasing 
or selling goods, collecting bills, &c. 

C 
The . p~rson who buys or sells goods for another is called all Agent, 1\ 

OlDID1SSlon Merchant, a Factor, or a Correspondent, 
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5. To find the commission or any sum at a given rate 
per cent. is simply to find the percentage on that sum, and 
the rule employed is the same as that in Art. 3, viz: 

Multiply the given amount by the rate per unit expressed deci­
mally. 

EXAMPLE I.-What is the commission on $190'80 at 3 per cent.? 
.I1ns. $190'80 X '03 = $33' 734. 

EXAMPLE 2.-A commission merchant sells goods to the amount 
of $7982'75; what is his commission at 2:1 per cent. ? 

.I1ns. $7982'75 X '0275 = S219·535625. 

EXERCISE. 
3. What is the commission on $1000 at 41 per cent.? .I1ns. $45. 
4. What is the commission on $1678'30 at 2! per cent? 

.I1ns. $37'76175. 
5. What is the commission on $7531'19 at 3. per cent.? 

.I1ns. $282'419625. 
6. Find the commission on $508'60 at 11 per cent. ? 

.I1ns. $6'3575. 
7. Find the commission on $1863'50 at Ii per cent.? 

.I1ns. $137'61125. 
8. An agent collects debts to the amount of $818'30; what is 

his commission at 2j per cent.? .I1ns. $21'9575. 
9. A correspondent purchases teas for me to the amount of 

$7193'16; what have I to pay him for commission at 3i per 
cent.? .I1ns. $224'78625. 

10. A commission merchant sells goods to the amount of 
$6734'10; what is his commission at 11 per cent.? 

.I1ns. $114,1'197. 
11. An agent sells 718 barrels of flour at $7'13 a barrel; what 

is his commission at 41 pe~ cent. ? .I1ns. $217'57195. 

12. A commission merchant disposes of 8243 bushels of wheat 
at $1'85 per bushel; what is the amount of his commission 
at 5~ per cent. ? .I1ns. $857'7871875. 

BROKERAGE. 
6. Brokerage is the percentage charged by money dealers, 

ealled Brokers, for negotiating notes, mortgages, bills of 
exchange, &c., or for buying or selling stocks, &c. 

7. Brokerage is merely another name for commission, 
and is computed by the same rule. 
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EXERCISE. 
13. What is the brokerage on $7893'87 at 2 per cent. ? 

Ans. $157'8774. 
14. What is the brokerage on $8000 at t per cent.? Ans. $70. 
15. What is the brokerage on $8643'22 at Ii per cent 1. 

Ans. $108'04025. 
16. What is the brokerage on $78963'80 at ~" per cent. 1 

AilS. $690'93325. 
17. What is the brokerage on $1987'27 at 3i1 per cent. 1 

Ans. $74-522625, 

8. Commission and Brokerage should both be computed 
on the amount of money collected or invested. 

For example: If! receive $10000 to invest and charge 5 per 
cent., my brokerage would be $500 if I invested the whole 
$10000; but if, as is usually the case, I am requested to deduct, 
from the amount sent, my brokerage or commission, and invest 
the remainder, it would obviously be unjust to charge commis­
sion on the whole amount,-i. e" on the sum invested and also 
on the sum I retain for commission, Hence, in all cases, the 
sum actually expended is the proper basis upon which to com­
pute the commission, brokerage, &c. 

9. To compute commission or brokerage when it is to 
be deducted in advance from a given amount, and the 
balance invested:-

RULE. 

1. Divide the given amOullt by $1, plus tile commiSSIOn on $1, 
and the result will be the sum to be invested. 

2. Subtract the PaI't to be invested from the given amount, and 
the remainder will be the commission or brokerage. 

EXAMPLE 18,-A correspondent receives $16782, with instruc­
tions to deduct his commission at 31 per cent" and invest the 
balance in sugar at 9i cents per pound. How much sugar does 
he ship to his employer, and what is his commission? 

OPERATION, 
$16782 -7- 1'085 = $16214'49275 = SUm to be invested. 
$16782 - $16214'49275 = $567'50725 = commission. 
$16214'49275 -7- 9l cents = 17067S'S711bs. Ans. 

EXPLANATION,-The commission on SI, at the rate of 3t per cent., is 
SO:03~. Hell~e, for every time he receives $1'035, he k~eps $0'035 for com· 
mISSIon and mvests $1. It is plain, then, that if we divide the Biven 
amo~t, $16?S2, l?y $1"035, or, in other words, find how often the latter 
sum 18 contamed m the former, we shall find how often he invests $1; t",e. 
how many dollars he invests, "" 1 
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The work may be proved by finding the commission on the sum 
invested (.I1rt. 5), and comparing it !"ith the commission as found 
by deductinK the sum inve8tedfro7lt the whole .1111n sent. If these 
are equal, the work is correct. 

EXERCISE. 

19. An agent receives $4000, with instructions to purchase Great 
Western Railway stock. After deducting his brokerage at 
Ii per cent., how much money had he to invest and what 
was his brokerage? .I1ns. Invested $3950'61728. 

Commission $49'38271. 
20. A merchant sends his agent 87500, with instructions to de­

duct his commission at 4l per cent., and purchase laces with 
the remainder. What is the commission, and what sum was 
expended in laces? .I1ns. Commission $32~·96651. 

Invested $7177'03349. 
21. A commission merchant receives $8470, with instructions to 

purchase the best brand of Canadian superfine flour at $6'40 
per barrel. He is to receive out of this sum 5 per cent. on 
the amount he invests. How many barrels of flour does he 
purchase? .I1ns. 1260l" barrels. 

22. A brokQr receives $11000, with instructions to invest it in 
Bank stock-deducting his brokerage at ~ per cent. ""hat 
sum had he to invest? .I1ns. SI0904·584882. 

23. If I remit to my agcnt $13000, instructing him to purchase 
broad cloth at $3'63 per yard, and he keeps 4! per cent. on 
the sum invested, for commission; how much cloth does 
he send me, and what is his commission? 

.I1ns. 3427'0499 yds. of cloth. 
$559'8086 commission. 

STOCK. 
10. Stock is a term used to denote the Capital of 

moneyed institutions, as Banks, Railroad Companies, Gas 
Companies, Insurance Companies, Manufactories, &c. 

11. Stock is usuaUy divided into portions of $100 or 
£100 each, called ~7wl'cs, and the different individuals 
owning these are called shareholders or stocldwlders. 

12. The Association of Shareholders, is called a Com­
pany or Corporation,. and the Act of Parliament specify­
ing their corporate powers, rights, and privileges is caUed 
a charter. 

13. Thc nominal or par value of a share is its original 
cost of valuation. 
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14. The market 01' real value of a share is the sum 
for which it can be sold. 

15. The rise and fall in the value of stock is reckoned 
at a certain per cent. on its 1wminal or par value. 

16. When stocks sell for their original cost or valua­
tion, they are said to be at par; when they sell for more 
than their original valuation, they are said to be at a 
premium or advance, or above par; when they do not bring 
their original cost or valuation, they are said to be at a 
discount, or below par. 

XOTE.-Par is a Latin word, and means equal or a state of equality. 
Stock is at par when a hundred-dollar share sells for $100; it is ablYVe par 
when it brings more than $100, and below par when it will not bring 88 
much as $100. 

17. Persons who deal in stocks are called stocl.-brokers 
or stock-jobbeJ's, 

18. To find how much stock either above or below par 
a given sum will purchase:-

RULE. 
Dit-ide the given amount by the worth of$1 stock, and the result 

will be the stock required. 
EXAMPLE I.-How much stock at 10 per cent. below par can 

be purchased for :;;35UOO. .ilns. $25000 -:- O'~O = $2~77~·77~. 
EXPLANATION.-When stock is 10 per cent. 'below par, each share of 

$100 selb for only $90, i. e. $90 money will purchase $100 stock. thereCore 
$0'90 money will purchase $1 stock and the given sum will purchase.' 
stock as often as it (the booiven sum) contains $0'90. 

EXAMPLE 2.-How much stock at 15 per cent. premium may 
be purchased for $ 7000 ? .ilns. $7000 -:- 1'15 = $6086'9565. 

EXPLANATloN,-When stock is 15 per cent. above par, it requires $115 
money to pill'chase $100 stock, or $1'15 money to purchase $1 stock, Hence 
if we divide the whole sum to be invested by the value of $1 stock. it is 
evident we must get the amount of stock produced. 

EXAMPLE 3,-I own $16400 stock of the Bank of Montreal, 
and sellout at 13 per cent, premium. What do I receive? 

.ilns. $16400X1'l3 = $18532. 
EXPLANATION.-Each $100 stock bring me $113 money. or $1 stock 

brings $1'13 money. therefore $16400 stock must bring $ 16400 X 1'13 money. 

EXERCISE. 
4. A person has $9000 which he wishes to invest in Grand 

Trunk Railway shares, then selling at 17 per cent. discount, 
what amount of stock can he purchase? .ilnr. $10843'373. 

5. If I invest $8500 in Upper Canada Bank stock which is sell­
ing 11 per cent. above par, what amount ofsto~k do !receive? 

An., $7657'6576, 
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6. If I remit to my agent $17500, with instructions to deduct 
his brokerage at 11 per cent.,and invest the remainder in Great 
Western Railroad stock, then selling at 7 per cent. premium, 
what amount of stock do I receive? .!1ns. $16153'22. 

7. If I receive $20000, with instructions to deduct my commis­
sion at Ii per cent., and invest the balance in stock, which 
is then selling at 3 per cent. discount, what amount of 
stock do I remit to my employer? .!1ns. $20263'937. 

8. Mr. A. owns 200 sbares in tbe Canada Life Assurance Com­
pany. Tbe par vaiue is $100 a sbare, the stock at a premium 
of 5i per cent. i if I purcbase it through a broker wbo charges 
me i per cent. for the transaction i bow mucb do my 200 
shares cost me? .!1ns. :331284'625. 

INSURANCE. 

19. Insurance is a written agreement by which an indi­
vidual or an incorporated company binds itself, in con­
sideration of a certain sum paid in advance, to exempt 
the owners of certain kinds of propcrty, as houses, house­
hold furniture, merchandise, ships, &c., from loss by fire, 
shipwreck, or other calamity. 

20. The Written InstJ'wnent, or contract between the 
parties, is called a Policy of Insurance. 

21. The sum. paid for the insurance is called the 
Premium, and is usually a certain per cent. on the sum for 
which the property is insured. 

22. Houses, merchandise, furniture, &c., are usually in­
sured against risk of fire for the year, or other specified 
time. 

NOTE.-Tho rate of insurance on dwelling honses. stores, goods, house­
hold furniture, &c., varies from ± to 2 per cent. per annum, on the sum 
insured, according to the character and position of the tenement; vessels 
are insured for the voyage or the yellt. 

23. To compute the premium for insurance for 1 year, 
or a specified time, we use the same rule as for Commission 
or Brokerage. 

EXAMPLE I.-If I insure my house and (urniture for $7389, at 
the rate of 11 per cent. per annum, wbat premium IllUSt I pay 
yearly? .!1ns. $7389 X '0125 = $92'3625. 

EXPLANA.TION.-H per cent., i. e. $1'21) per $10.0. is equal to 5'0125 per 
dollar. The premium therefore will be as many tImes $U'0125 as the Rum 
jnlured contains '1 i. e. ,the premium will be ~O'OI25 X 7389. 
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EXERCISE. 

2. What is the premium for insurance on $ 7500, at 1 i per cent. ? 
.Rns. $131'25. 

3. What is the premium for insurance on $8375, at i per cent. ? 
.Rn,. $62'8125. 

4. What is the premium for insurance on $6000, at Ii per cent.? 
.Rm. $112'50. 

5. What is the premium for insurance on $5000, at $1'17 per 
cent. (i. e. per $100) ? .Rm. $58'50. 

6. What is the premium for insurance on $6400, at $0'90 per 
cent. ? .Rns. $57'60. 

7. What is the premium for insurance on $4500, at $0'35 per 
cent? .Rm. $15'15. 

8. What preminm must I pay for insuring a cargo of flour worth 
$36000, from Quebec to Liverpool, at $3 per cent. ? 

.Rns. $1080. 
9. A firm owning four steamers running on Lake Ontario, effect 

an insurance with a company in TorQntQ on each, tQ the 
amount of $21000, paying $4'82 per cent. (i. e. 4-.\16 per 
cent.) What is the total premium on the four steamers? 

.Rn,. $5205'60. 
10. What is the annual premium on an insurance for $39000, 

at 2t per cent. ? .Rns. $868. 
11. A farmer insures his barns and their contents tQ the amQunt 

Qf $17800. What premium dQes he pay at ! per cent.? 
.R1I8. $89. 

12. A vessel running between Hamilton and OswegQ is insnred 
for $12350, at the rate of q per cent. per month. TQwhat 
dQes the premium of insurance amQunt for 7 mQnths, begin­
ning with the 16th Qf April and ending with the lOth of 
NQvember? .Rn8. $1235. 

24. To find what sum must be insured on property so 
that, if destroyed, its value and the premium may both be 
recovered :-

RULE. 

Divide the value of the property by $1, minus the premium on 
$1 at the given rate pel' cent. 

EXAMPLE 13.-A ship-Qwner wishee tQ insure a vessel vlLlued 
at $11450, SQ that if it be wrecked he may reCQver bQth the 
value Qf the vessel and the premium. In Qrder tQ dQ SQ, fQl' 
what sum must he insure, at $4'60 per cent. 1-

.Rm. $17450+'954=$18291'40461. 
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EXPLANATION,-If I insure goods to the value of $100, at 4'6 per ceut" 
and they are destroyed, I receive only $95'40 towards my loss, since I 
paid $4'60 for insuraace; that is, for ever," $1 of my loss I receive $0'954, 
lIince, then, the recovery of $0'954 requires $1 to be insured, the recoverY 
of $17450 will require as many dollars to be insured as $O'95~ is contained 
times in $17450, 

PRoOP.-$18291'40461 X 'O<W=$811'40461 ~tl,c prcmimn, anll $18291"40461 
-$841"40461= $17450 =value of tbe vessel, 

ElLI.HPLE 14.-What sum must be insured on a house valued 
at $6000, at 3 per cent" so that in case of fire the value of both 
premium and property may be secured? 

.!lIlS, $6000 -;- '97 = $6185'567. 
EXPLANATION.-For every dollar I lose (1<.kinl; premium into account) 

I receive 97 cenb; that is, in order to ff'reivp ~17 cents, I must insure for 
$1, and in order to receive $600U, II ithout any loss, I must insure for 
$6000 -+- '97 = $6185'567. 

EXERCISE. 
15. For what sum must I insure a cargo valued at S17000, so 

that in case the whole is lost I may recover both the value 
of the property and the premium of 3! per cent. ? 

AilS. $17GI6'58. 
16. For what sum must I insure on $~~750 in order to cover 

both the premium of 6 per cent. and the yalue of the property 
insured? .!lIlS. :;;34202'127. 

17. What sum must be insured at 3! per cent. on property 
worth $15000 so that the owner may be secured against all 
loss? .!lns. $15345'2685. 

l8. A steamer worth $33000 is insured at 5 ~ per cent. for such 
a Bum that in case of its becoming a total wreck, the 
owners recover both the worth of the vessel and the pre­
mium of insurance. For what sum is it insured? 

Jins. :535013'2625. 

CUSTO}1 HOUSE BllSI~ESS. 
25. All goods coming into Canada from Foreign coun­

tries are required by law to be landed at certain places or 
ports called Ports of Ell!,.!!. 

26. At every Port of Entry in Canada the G~vernment 
has an establishment called a Custom HOllse, Wlth one or 
more officers attached to it, called Custom House Officers. 

27, A certain charge called a DIl!Y, fixed by Act of 
Parliament, is made upon nearly all goods entering Canada 
from Foreign countries. 

28. It is the business of the Custom House Officers to 
inspect the cargoes of all vessels entering at any of these 

Q 
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ports, to examine the invoice of goods, collect the duties, 
&c., &c. 

29. Besides the duties on merchandise, all vessels en­
gaged in commerce are required to pay certain charges for 
the privilege of entering the port, &c. j these charges are 
called harbor dues. 

30. The duties levied by law on goods imported into 
Canada are of two kinds: 

1st. Specific duties. 
2nd. Ad Valorem duties. 

31. A specific duty is a certain sum levied on the ton, 
cwt., lb., gallon, square yard, &c., of a particular kind of 
merchandise, as so much per square yard on woollens, 
flannels or cloths, so much per lb. on tea, so much per gal­
lon on brandy, wine, &c. 

32. An ad valorem duty is a certain percentage on 
the actual cost of the goods in the country in which they 
were purchased. 

Thus an ad valorem duty of 10 per ccut. on satin purchased in France 
is a charl':e for duty of 10 per ceut. of tho sum the invoice of satin cost in 
France. 

NOTE l.-The term ad valorem is from the L&tin, and means accorllill{J 
to the value, i.e., ~tpon the value. 

NOTE 2.-All fnvoice is a written statement of the goods, showing the 
quantity of each sort and its value or price. 

33. In the United States Custom Houses certain legal 
allowances are made for draft, tare, leakage, &c., before 
specific duties are imposed. In Canada, however, as 
before remarked, (Art. 4., Sect. VI.,) these are not known, 
the tare being found by actually weighing one or more of 
the boxes, &c., containing the goods, and the leakage by 
gauging the cask. 

N OTE.-At present (1859) the various kinds of spirits are the only arliclea 
upon which specific duties are charged by the Canadian Tariff. 

34. To calculate the specific duty on an invoice of 
goods:-

RULE. 
Deduct the tare, leakage, /i-c., and multiply the remainder by 

the given duty per gallon, lb., yard, ~c. 
EXAMPLE I.-At ~i ~ents per lb. what is the specific duty on 

7 bags of coffee welghmg 73 lbs. each, allowing 4 lbs. per 100 
for tare. 
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OPERATION. 
73 X 7 = 511 lbs. = ~ro's weight. 

511 X 'O~ = ~o-H lbs, = tare. 

490H = net at 4; cents per lb.= 4(,,,~ '. X 41 = S20'S463. "1,/s, 

EXAMPLE 2.-"-h"t is the specific duty on 10 chests of tea 
the net weight 783 Ibs., at 11 cents per lb. ? ' 

OPERATION. 

783 X 11 = 8613 cents = S8G 13 . .I1ns. 

EXERCISE. 

J, What is the specific duty, at 3! cents per lb., on j hhds. of 
sugar, each weighing U~ 7 Ibs., allowing tare 6 Ibs. l"'l' 100 ? 

.I1ns. ~~~1'58. 
4. '''hat is the specific duty, at :;;1'20 per 100 Ibs., on 11 bags 

of rice, cach weighing 1271bs., allowing 3 ibs. per 100 fur 
tare? .I1ns. ~IG'~G. 

5. What is the specific duty, at 13 cents per gallon, on 1~9 gal-
lons of oil? .I1ns. SI6·77. 

6. What is the specific duty, at 5~ cents per lb., on 207 drums 
of figs, each weighing 31 lbs., allowing 2l lbs. " drum for 
tare? AI/s, ~3!~'1968. 

7. What is the specific dllty, rtt 47 cent, per yard, on ~14 yards 
of black silk vclvet? JiIlS. $100'58. 

35. To find the ,ul L',riul'nn duty on un invoice of mel"­
chandise ;-

RULE. 
Null/ply tlte value of lite goods at the place in I('hie" they (('err 

I,urr"";,,,] 1"1 the per cel/t. charged, expressed decimally, and the 
result w,tt I,,' the duty required. 

EXAMPLE 8.-What is the ad valorem duty, at n per cent., on 
an invoice of brandy which cost :374Cl:j'70? 

OPERATION. 

$74:J3"70 X ":.!7 = S~03;j·~~~ . .Il.ns. 
EXAMPLE 9.-What is the ad 'Valorem duty, at 10 per cent" on 

a quantity of broadcloth which cost ~4116'40? 
OPERATION. 

:3111G'40 X '19=:3783'116. AilS. 

EXEnCJ~E. 

10. What is the ad valorem duty, at 21 per cen!., on an invoice 
of silks which cost ::;17429'80? .!lns, ::;3660'2580. 

11. What is the ad valorem duty, al 7i per cent., on 40 boxes 
of tea which elJ,t S~~'~O'16? .!lns. $319'OI~. 

12. "'llal is the ad valorem dllty, at 25 per cen!., on an invoice 
ol'jewellery which cost Sil:;'I~<"J? .!lns. S17.'i:;';7~,j, 
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13. What is the ad valorem duty, at 20 per cent., on an invoice 
of boots and shoes which cost $913'73? .dIll. $182·~46. 

14. What is the ad valorem duty at 33 per cent., on an invoice 
of French silks which cost $14713'19? .d1l8. $4855·352~. 

ASSESSMENT OF TAXES. 
36. A tax is a certain sum required to be raised by a 

municipality for local improvement, payment of officers, 
and other general purposes. It is collected from each 
citizen in proportion to the value of his property. 

37. In levying taxes the first thing to be done is to 
make a complete inventory of the value of all the property 
in the city, town, township, &c., in which the tax is to be 
raised. This inventory is made by officers called Assessors, 
appointed by the municipality. 

3S. To calculate tpe amount of taxes anyone indivi­
dual has to pay :-

RULE. 
Divide the whole sUin to be levied by the whole value of rate­

able property i:n the town, township, /re.: the quotient will be the 
sum to be paid on each dollar. 

:Multiply the rate per dollar by the amount of the person's pro­
perty, and the product will be the amount oj his tax. 

EXAMPLE I.-A certain township requires to raise the sum 
of $14729'00 for general purposes; the whole amount of rateable 
property in the municipality being set down at $2743500, what 
proportion must I bear if my property is assessed at $7490'00. 

OPERATION. 

$14729 + $2743500 = $0'0053tl8 = ratc pcr dollar. 
$0'005308 X 7490 = $40'20632. Am. 

EXERCISE. 
2. The assessment rolls ofa town show the value of the rateable 

property to be $7142300. A tax of $23900 is to be levied 
for general purposes, how much is my proportion, my prop­
erty being Bet down at $14729'50. .dns. $49·28~8. 

3. A tax of $100000 is_to be levied on a county having rateable 
property to the value of $5793000, what is the amount 
borne by A, whose property is valued at $18600 ? 

.dns. $321'0732. 
4. In the last example what would be the amount of B's tax, 

the value of his property being $7500? ,fin8. $129'465. 
5. In the same example what would be the amount of C's tax, 

bis property being assessed at $11400. .dn8. $196' 7868. 
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Ql'E,;Tr,x\,iS TO BE "\X:-;WERED HI' THE PU'iL. 

NOTE.-The 'nu,merals after the questions I't/C}' to the numbered ar­
ticles of the section. 
1. What is the meanin~ and derivation of the term per cellt.? (1) 
~. When the rate per cent. is known, how is the rate per unit obtained? (~) 
3. Row do we ascertain the percentage on any gi\'en number? (3) 
4. What is commission? (4) 
5. What is the person who sells goods for another called? (4) 
6. How do we find the commission 011 ~UJy given sum? (5) 
7. What is hrokerage? (6) 
8. How is the brokerage on any sum computl'll? (i) 
9. Upon what sum should commission and lJnJh.4'ra.,ge be computed? ('-:) 

10. Exploin this b)' an example. 
11. How do we compute commission or brokerage when it is to be ueullctt·u 

ill advancf' from a JriV(,ll amount, and the balance inH'stl'll? (!~l 
J~. Row is this rule proved? (9) 
13. What is understood by the term Stock? (10) 
14. How is stock usually r1i"id,·c\' (11) 
I:,. What i' meant by thc terms Shareholders, Corporation, and Charter? 

(11 and 12) 
I';. Wl,at do you understand h,\' the nomillal or pa,' value of Stock? (13) 
17. 'Vhat is meant by tl!(' IiUl/'kd or nat \'altlll of Stock? (14) 
1'i. '\,h~'n is Stock said 1 () be ot paJ·'! when at a jlremiu7n or a.0nl'e par.l 

and when at a d/Sf'fllIlll or below }If?lo? (Iii} 
EI. '¥hat is the IDr·allin::.!: 11f' til(' 11'rlll j)llr: (lC, lIotl') 
~o. 'Vhat a}'!' ))('rS(JIlS who (lI'al ill !'.t I I('k:-- /'alkd'~ (17) 
~1. 'Vhen :-o:tock i" ('itlu:r ~:t1HJVC or bl'lo\\ par.iJl)\\' dOJ we find bow murh 

nfit a t:iven SIIIll will purchase: (18) 
~:!. "'nat i .... IIl<;ur:1!IC'I' ~ (UI) 
~a. "llat 15 a jJolir''y ot' fll-..IlI':UI('('? (211) 
~l. Wbat is I1ll-ant by tile l'n'mlUUlIJf Insurance? (:!l) 
2;', For what kng-ill oftimc is )Jnqwrty luwally insured? (22) 
26. How du WL' (,Ol1lputf' til\' IJl'l'UliuIU uf insurance on any amount of gOQUS, 

property, &c. P (~a) 
::!i. How do we compute tilf' amount for which we must insure In oru('r to 

cover both the value of the pru}l4'rty and tll!' 1,rcllIinlli IJaid? (:!!, 
2,. Row may the truth of thi, rule be 1"'O\'od P (~4) 
~". \l'lIat arc Ports 'If Entry? (25) 
:1<1. \\'I,at is the dnty of Custom House 011i"pr,? (~g) 
:n. \l'hat are duties P (27) 
a~. \rhat are harbor dues? (~0) 
3:3. \l'hat <lifforcnt kiwIs of duties arc Ie\'ic'! on goods in Canada P (30) 
:1I. \l'!Jat arC' spedjic dulies? (:ll) 
:);), \r!lat i'i an ad t'alm'c11l duty? (32) 
at,. ""liat is the meaning ofthc tcrm ad l'alv}'cm? (32) 
::7. \\'hat is an invoice? (32) 
::'. \l'hat is the rnle for computing specific duties? (34) 
39. \l'hat is the rule for calculating ad valorem duties? (:lo) 
40. \\'Imt is a tax P (36) 
41. How are taxes imposed? ( and :;,) 
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SEOTION VIII. 

INTEREST, DISCOUNT, EQUATION OF PAY· 
MENTS, AND PARTNERSHIP. 

1. Interest is the sum allowed for the use of money, 
and is usually reckoned at a certain rate per cent. per 
annum; that is, so many pounds for the use of £100 for 
one year, so many dollars for the use of $100 for one year, 
&c. 

NOT E.-The term per cent. means per "undred; per annum means per 
year. 

2. Interest differs from Commission, Brokerage, &c., in 
that the latter are computed at a certain per cent. without 
regard to time, while interest is calculated at a certain 
rate per cent. for one year, and consequently for longer 
and shorter periods in like proportion. 

3. The Principal is the sum lent. 
4. The Rate per cent. is the sum paid for the use of 

each hundred dollars, pounds, &c. 
5. The Rate per unit is the sum paid for the use of 

cach dollar, pound, &c. 
6. The Interest is the whole sum received for the use 

of the principal. 
7. The Amount is the sum obtained by adding together 

the principal and the interest. 
Thus. if I lend 5200 for a year. on the agreement that I am to reoeive 

interest at the !"te of 7 per cent. (per annum, understood), at the end of 
the year I reCClVe back the $200, and in addition 514 for interest. Here, 

5200'00 is the principal. 
7'00 is the rate per cent. 
0'07 is the rate per uuit. 

14'00 is the interest. 
214'00 is the amount = principal + interest. 

S. Interest is either Simple or Compound. 
9. Money is lent at Simple Interest when the interest 

i~ not added to the principal so as to bear interest. 
Thus, if $100 be lent at simple interest at 5 per cent .• the principal reo 

~~~'~s u$~~ltl1ged. being always $100, and the interest for each successive 
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10. lIIoney is lent at Compound Interest when the in­
terest, as it falls due from time to time, i, added to the 
principal; the sum thus obtained constituting a lICIt' prin­
cipal for the ensuing year, half year, quarter, &e., as tho, 
case may be. 

Thus. if $100 be leut at 5 Jor cent. pcr annum compound interest. the 
principal changes at the en of each year; bcin~ SlOO for the tlrst year, 
5105 (i. e. former principal + its interest) for the second, Sl1O"~J for the 
third, &eo The interest is conseq[l(,lltly S::; for the first year, .),j':!,j for til., 
second, 55'ri125 for the third, &c. 

SDIl'LE INTEREST. 

11. Question,.; in Interest are dependent on Proportion, 
and may all readily be ,.;01n:,1 by one or m()re statements in 
the llulc of Three; but in order to dc·duee sr",dal rules, 
we shall represent th(' different'luantities I,), their initial 
letters. and thus obtain a scries of algebraic formulas, which, 
translated, become the CIIllllll<m arithmetical rule.s for in­
terest. 

It is to lw presumed tilat the pupil has made sufficient progr,·" ill .\t­
Jl'phra lwflfr(' he arrives at this pnilLt, to readily understand what f.,IlI)\\'s. 
The operations involved arc of tlw :--implest kind, and may with(Iut ditti~ 
{'ulty bp comprehended. even hy t.hose wholly il!lloralit of AI~t'llra. The 
only Ilar1, however, absolutely 1\I'('t's<.;ary for wvrhll\g all,\' prt1ldt'lH ill 
illterl,,,t, is the interpretation of tIle (.n'll!lda, i. ('. till' anthrl/I,ti('al l'lllc. 
amI this WI' har(' alwa,Ys appe'lltkll. ',\ !!Ian('e' at tIl!' formul:1" :llitl tIll' 
cornspo1ll1ing- rules will slil)\\' how DIll4'h II'"'' }allor is W'('("';";1ry to reUlf'll1-
ber the former than the latt('r ;-and intl('(~u tll(' pupil sllfluhl Ih' required. 
to deduce from time to tilUP allY rUrIllllb }I(' may IiUll it W'l'l'~~ary to USf'. 

X OTE.-When two or more letters are written together \l'll3, 

prl. the meaning is that the "alues of these !ttters are to be ,,"d­
liplicd together. Thll3, Prl means that the value of the P is to 
be multiplied by the ;-allle of r, and that by the value of t . 

.I1-P 
When letters are written in the form of a fraction, thus -p,:-

the meaning is the same as in common arithmetical fractions; 
i. e., that the part constituting the numerator is to be divided 
by the part constituting the denominator . 

.I1-P 
Thus, Pr means that the value of P is to be subtracted from 

the value of .11, and thi5 difference is to be divided by the ,alue 
of P multiplied by the ,alue of r. 
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12. Let P = Principal, I = Interest. A = Amount. r = rate per unit, 
and t = time (i. e., number of years). 

1=Prt (1.) 
1 

P = 'rl(II.) 
1 

I' = Pi(1II.) 

1 
t = p,.(IV.) 

.11 = p (1+,·t) (fT.) 

.11 T 
P = l+rt( J I.) 

,. 
.I1-P 
Tt(VII.) 

.I1-P 
= """"J'ir(VIII.) 

n-1 
I =-r-(1X.) 

n-1 
"=-t-(X,) 

n = tr+1 (XI.) 

Then because r = interest of $1 for 1 year, and 
t = numbel' of years. rt = interest of $1 for the 
given time, and Prt = interest of given prine'!' al 
for given tlme and at given rate. Therefore = 
Prt and dividing each of these equals, 1st by- ri, 
2nd by Pt, and 3rd by Pro we get formulas (Ii.), 
(III.) and (IV.) in tbe margin. 

Again, becau.e rt=interest of $1 at given rate 
and for giveu time, 1 +rt = the amount of $1 ~t 
!,:iven rate and time, and P times 1 + rt, that '., 
P (1 + rt) ~ amount of given principal at the 
given rate and time. Therefore A = P (1 + rt), 
which is formula (V.) in the margin. and divuling 
each of their eq',ais by 1 + rt. we get formula 
(VI.) in the margin. Taking (V.) and actually 
multiplying as indicated, the part within tbe 
brackets by p. we get A = P + Prt; and sub· 
tracting P from each of these, we get A-P= Prt. 
Dividing tbese equals 1st by Pt and 2nd by Pro 
we get formnlas (VII.\ and (VIII.) in themarpn • 

Lastly, if we are required to find in what time 
any sum of money will amount to any given 
number of times itself at a given rate per cent .. 
(lr, in other words, in what time any principal 
will amount to n times that principaJ where n 
simply stands for the required number of tim68, 
we have in formula (VIII.) in the margin. 

iJ.-P nP-P . 
t = --p:;;- = --p;:- • because the amount 18 to be 
n P; and dividing both numerator. and denomi· 
nator of this fraction by p. we get formula (IX.) 
in the mar~iu, multiplying (IL) by rwegettr= 
n-l; and d.viding these equilis by t, we get for· 
mula (X.) '\ and again, addmg 1 to each of thcse 
same equa s. we get formul" (XI.) 

APPLICATIONS. 
13. When the principal, rate per cent~, and time are 

giYen, to find the intcl'est-
RULE. 1=Prt. (i.) 
bTERPRETATION.-The interest is found by multiplying the 

principal by the rate per unit, and the resulting product by the time. 
EXAMPLE I.-What is the interest on $342'20 for 7 years at 8 

per cent. ? 
OPERATION. 

Here P = $342'20. r = '08, and t = 7. 
'I'hen I = p,·t = $342'20 X '08 X 7 = $191'632. AM. 

14. When the interest, rate per cent., and time are given 
to find the principal-

1 
RULE. P = ;:r(ii.) 

INTERPRETATloN.-The principal is found by dividing the inter· 
est by the product of the rate pel' unit and the time. 
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EXAMPLE 2.-What principal "ill give $207'50 interest in 6~ 
years at 4t per cent. ? 

OPERATIOX. 
Here I~ S2uj":;O. f:--- n'5, and 7"= '04j!:i. 

1 .~:207 ',)1"1 ,~:?Oi·.'jo 

ThenP=rl==iJ'5:--:'O~75:-=';)()'7;j ==.3(j7::!·OI~·L Ans. 

15. When the interest, principal, and time are given tn 
find 17,,: ral.' pCI' cenl-

I 
RULE. r = PI (iii.) 

INTERPTIETATION.-T/, .. rale per unit is found by dividing' the 
interest by the product of the prinripal and time, and the rale peT 
cent. isfoundfrom the rate ]1('1' unit by multiplying the latler by 100. 

EXH!PLE 1.-At what rate per cent. will Si~8'18 give 8109'11 
interest in 9 years? 

OPERATION. 
lIere P = .'7":1'1'. I= .';HJ0·11. and t = 9. 

I 109'11 111:/'11 
Then,.. = PI = i::!~I'l ""/ ~) = p~;:! == (l"fIlGI~::! = rate prr unit. 
Therefore the rak }!f'l' L'1~llt,. == WHII;I;::! .: 1\)11 -----: 1'(:1.:3 = 1 ~ llf'arl,r. Ans. 

16. When the interc:;t. principal, and rate pCI' ccnt. arc 
given, to fineZ the timr-

I 
RULE. t = Pr (iv.) 

INTERPRETATloN.-The time is found by didding tit,' ill/crcs! by 
the product of the principal and rate per unit. 

EXAMPLE 4.-In wllat time will S8:;0 give 880'75 interest, at 
13 per cent. ? 

1Iere P =---: _:"''''.,if, I = ,~"'~I·'j:., and r == '13. 
Then t =- ./ ~~~ ~~1'7.j _ ~~:l"iG = ""~17'.; = O'81:!:.!17 ypal'S = n month~. 

Pr IS::iO:'-:'l:) -.- 110";) 1105 L 

2:! days. 

17. 'Vhen the principal, rate per cenL and time arlO 
givcn. !uji",l!hc ClInOlll/t-

r.ULE. .11 = P (l+rt) (v.) 

INTERPETATION.-The amount is/ouiII! by lIIultiplying the prin­
cipal by the amuunt ofSlfor the ,{iccll rate and lillie. 

EXAMPLE 5.-To what Bum will 8i8~'80 amount in 11 years, 
at 3 per cent. ? 

OPER.\ TIOX. 
Here P = 878~·81'. r = '03, and t = 11. 

Thell.A. = P (1+rl) = S7~~'Su>:1'33 = 10:;rr4:,!, AilS. 

XOTE.-(1+rt) in thiB quostion = 1+3Xll = 1:·'33 = 1·~3. 
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18. Whcn the amount, rate per cent., and time are 
given, to find the ptincipal-

.A 
RULE. P = l+rt (vi.) 

INTERPRETATION.-The principal is found by dividing the 
given amount by the amount of $1 for the given time at the given 
rate. 

EXAMPLE 6.-What principal put to interest at 7i per cent. 
will amount to $2000 in 8 years? 

OPEUATION. 
HereA=$2000,r='075 andt=8. 
Th P = ~ = 2000 = 20000 - ~1250 .Ana 

en l+rt 1'60 16 -9 • • 

19. When the amount, principal, and time are given, to 
find the rate per ccnt-

.I1-P 
RULE. r = --p-t (vii.) 

INTERPRETATION.-The rate per unit is found by subtracting 
the principal from the amount, and dividing the difference by the 
principal multiplied by the time. The l'ate per cent. is found by 
multiplying the mte per unit by 100. 

EXAMPLE 7.-At what rate per cent. will $730 amount to 
$2783'80 in 23 years? 

OPERATION. 
Here A = $2783'80, P = $730 and t = 23, 

.t1-P 52783'80-$730 $2053'80 
Then r = -n = S730X~ = $16790 = '1223 = rate per unIt. 

Hence rate per cent. = 12'23 = 121 nearly. 

20. When the amount, principal, and rate per cent. are 
given, to find the time-

.I1-P 
RULE, t = PT (viii.) 

INTERPRETATIoN,-The time isfound by subtracting the princi· 
pal from the amount, and dividing the difference by the principal 
multiplied by the rate per unit. 

EXAMPLE 8,-In what time will $666'33 amount to $983'73 at 
12 per cent, ? 

OPERATION. 
Here A = $983'73, P = $666'33 and r = '12 

A-P 983'73-666'33 . 317'40 3174000 
Then t = -p:r = 666'33X'12 = 79'9596 = 799596 = 3'9695 year! 

= 3 years 11 months 19 days • . ,d,ns. 
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21. To find 11",' time ill which any sum will amount til 
any givcn number of tinws ihdf at a .~i\'l'1I r~ltc pcr cent­

n-l 
RULE. t = -,-. - (ix.) 

INTERPRETATIO:i.-To find the time in which a l!;il'Cn SUIlI will 
amount to n times itself at a giL'ell rate pcr cent., subtract lfrolll 
n, and divide the re","inder by the rate 1"'1' unit. 

EXAMPLE 9.-ln what time will any sum of money amount to 
eleven times itself at 8 per cent.? 

OPERATION. 

Hercn=ll andr='O" 
Then t =- n -1 = ll-::! = ~ = lfIOO = 1".; years. AilS. r 'UH "()"\ ~ 

EXAMPLE 10.-In what time will Se7'S3 quadruple itsdfat 4J 
per cent.? 

OPERATION. 

Here n= ..t,. sillce the money is to q/f{ldoljJh· itself, and r-=- "(H';'.;. 
11-1 ~-l 3 :WHIIO 

Then t =: _r- 'tJ-1,7~ -:- :Ui~) = 475 ~---: (':3'l.ij yf'ar .... Aus. 

22. To jiilll the rai,' JII,!, ('till. at which any SUIll will 
amount to a gi'll?n numbcr of times itself in a given time­

n-l 
RULE. 1'=-1- (x.) 

hTERPRETATIOx.-The raie pa allit is found by subtract ill!!: 1 
from n, the number of times itse((to whirh thr "iL'en principal is to 
<lIIWllllt, and dividing the remainder by the given number of years. 

EXAMPLE ll.-At what rate l,cr cent. will a given sum amonnt 
to 2:; times itself iu 73 years? 

OPERATIO~·. 

Bert' n :-- 2:; t = iZ. 
n-l :!:i-l :!j. 1 • 1 • 

Then 1·= T ~-::: 7T -= 7:! -=-3== 33 j =ratc pcr unIt. 
Hence rate por cent. =33t. Alls. 

23. T" fiu,l (') heJII.' many times its, 1/ a ~!'i\'cn sum will 
amount in a given time at a given rate pcr cent.-

RULE. n = II' + 1. (xi.) 

h'TERPRETATIO,.- The number Of limes, or n, is found by mul. 
tiplying the time by Ihe rate per unit, and adding 1 to the product. 

EXAMPLE l2.-To how many times itself will fUlir ('ellt< 
amount in 20 ycar3 at 17 per cent. ? 
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OPRRA5ION. 
Here (=20allu )'='17, 
Then n=f>'+1 =20 /. -17 +1=3'4+ 1 =-1"-1=45' times itself. Ans. 

EXERCISE, 
13. What is the interest on 8723-19 for 7'32 years at6'7 per cent, 

.I1n,. $354'6813036. 
14. To what sum will $857'19 amount in 6! year8at6! percent? 

.I1ns. $1219'352775. 
15. To how many times itself will £2 19s. 9id. amount in 11 

years at 72} per cent.? .I1ns. 8'975, or nearly 9 times. 
16. In what time will $654'32 give $234'56 interest at 7 per 

cent.? .I1ns. 5'12112, or 5 years 1 m. 13 days. 
17. At what rate per cent. will $700 amount to $1200 in 5 

years? .11m. 14; per cent. 
18. In what time will any sum of money quadruple itself at 23 

per cent? .I1ns. 13 years 15 days. 
19. Find the time in which $270 will give $87 interest, at 7 per 

cent. .I1ns. 4 years 7fT months. 
20. To what sum will $680 amount in III years, at 11 per cent? 

.I1ns. $1540'20. 
21. What principal will amount to $2000 in 20 years, at 8 per 

cent. ? .I1ns. $769·23n-. 
22. At what rate per cent. will any sum of money amount to 21 

times itself in 24 years? .I1ns. 83~ per cent. 
23. In what time will a given sum of money amount to 23 times 

itself, at 16 pel' cent. ? .llns. 137! years. 
24, Find the interest on $679'18 at H per cent., for 11'73 years? 

.11m. $617'4255. 
25. At what rate per cent. will $950 amount to $1763'42 in 10 

years? .I1ns. 8'562 per cent., or rather over 8! per cent. 
26. In what time will $666 amount to $1347'50, at 6 per cent.? 

.I1ns. 17'054 + years, or 17 years 19 days. 
27. In what time will 8273 give $100 interest, at 9 per cent.? 

- .I1ns. 4 years 25 days. 
28. At what rate pel' cent. will $476'30 amount to $500 in 2 

years? • .I1ns. 2U per cent. 
29. At what rate per cent. will $749'49 give $257 interest in 7 

years? .I1ns. 4'898 per cent. 
30. What principal will amount to $1111'11 in 11 years, at 11 

per cent. ? .I1ns. $502'7647. 
31. Find the interest on £167'47, at 11 per cent. for 9 years . 

.11m. £165 15s. 101Hd. 

SPECIAL RULES. 
24, The interest of $100 at 6 per cent., for one year is $6; hence the in· 

terest on $1 at 6 per cent" for olle year, is $0'06, and 'for two months it Is j 
of $0'06; i.e., 1 eenf, 
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Hence, to find the interest of $1 tiJl' any nUlllbcr of 
months, we deduce thc' following :-

TIGLE. 

Divide the number of months by ~, and call the quotient cenis. 

EXAMPLE 32.-lIhat is the interest of Sl at G per cent. for 7 
years and 9 months? 

OPERATION. 

'; years and 9 months = ~1;3 months, and U3+::! = ~;~ cCll1s=·50· hj0, Ails. 

EX.U'PLE 33.-Find the intel'",t on S7~'G3 for 7 years and 8 
months at 6 per cent. 

OPERATION. 

7 ,years 8 mo. = 92 months. half of D:! -=40 (,pnts = int...:rl':-t of $1 for given 
rate and time. 

Theil ~O'4G >: 72'93 ~,3:j:Y,jlj:-::. Ails. 

EXElt('ISE. 

34. find the interest on S I for 11 months at 6 per cent. 
.111,.5! cents. 

3:;. Find the interest on $1 for IG month. at G I,er cent. 
Jins. $0'08, or 8 cents. 

36. Find the interest on 81 for 9 years 8 lllontiJ, at 6 per cent. 
.!Ins. SO' :;8. 

J 7. What is the in tere't on $1 for 16 yrs. 3 months at G per cent.? 
.. 1fl.~. SO<'7~. 

38. What is the interest on SI for 11 yrs. 7 months at 6 per cent.? 
.BIZ$. SO·GGc,. 

3G. What is the interest on 81 for 12 yrs. 5 months at G per cent.? 
.!Ins. $0'745. 

40. Find the interest on $279'40 for 3 yrs. 2 mo's. at G per cent. 
Jins. $53'086. 

41. Find the interest on $189' 70 for G yrs. 7 mo's. at 6 pcr cent. 
.1ns. '37·1'9315. 

42. Find the interest on $141)3 for 3 yrs. 11 mo's. at 6 per cent. 
Ans. S343'80G. 

43. Find the interest on S3S~II)7·:jO for 11 years 1 month at '; 
per cent. .tIlS. SlG%3·3875. 

25. Since in computing illt(:rf;'st the month is taken as 30 days, two 
month!'! will contain GO days, and, by Art. :!l, the interest on $1 at 6 }Jer 
t:ellt. for 2 month~ or 60 days is one cent, 1 hl~ illU~re~t on $l at 6 per ct'nt. 
p(~r aunum. for G daJl.i, will tl}('rdur(~ be fa of one ('(:nt; i. e., (jue mill or 
1 !lIto) of $1. 

Hence, to find the interest on 81 at 6 per cent. pel' an· 
num for days, we have the following :-
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RULE.· 
Call one-sixth of the number of days mills or thousandths of a 

dollar. 
EXAMPLE 44.-What is the interest on $1 at 6 per cent. for 

16 days? 
OPERATION. 

16 -;- 6=2! mills = $0'0026. Ana. 

EXERCISE. 
45. What is the interest on $1 for 2 days at 6 per cent. ? • 

.Rna. $0'0003. 
46. What is the interest on $1 for 7 days at 6 per cent.? 

.Rna. $O·OOli. 
47. What is the interest on $1 for 11 days at 6 per cent. ? 

.Rns. $0·001~. 
48. What is the interest on $1 for 27 days at 6 per cent. ? 

.Rns. $0·004!. 
49. What is the interest on $1 for 47 days at 6 per cent.? 

.Rns. ~0·001~. 
50. Required the interest on $1 for 8 months 12 days at 6 per 

cent. .Rns. $0'042. 
51. Required the interest on $1 for 66 days at 6 per cent . 

.Rns. $0'011. 
52. Required the interest on $1 for 2 years 2 months 19 days at 

6 per cent. .Rns. $0·1331r. 
53. Find the interest on $1 for 7 years 8 months 9 days at 6 

per cent. .Rns. $0'4611. 
54. What is the interest on $1 for 17 years 11 months 23 days 

at 6 per cent.? .Rna. $1·018t. 
55. Required the interest on $1 for 12 years '1 months 17 days 

at 6 per cent. .Rns. $0·751~ . 
. ~ 

26. To find the interest on any sum of money at 6 per 
cent. per annum for any time :-

RULE. 
Find the interest on $1 for the given time, by .Rrts. 24 and 25, 

and multiply this by the given principal. 

EXAMPLE 56.-What is the interest on $763'20 at 6 per cent. _ 
for 6 years '1 months and 26 days? 

• T~is is. the m.ethod in common use for computing interest for days: 
but. smce It consIders the year as containing only 860 days instead of 863. 
the r~sult !s too lar~e by -:rh-. or>h of itself. Hence. when perfect accu 
racy IS deSIred. the mterest for the days when obtained by tbe rule mUit 
be diminished by -h part of itself. 
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OPERATIO:<. 

Interest on $1 for 6 years 7 months 
Interest on $1 for 26 days 

-= $0'395 
4t 

Therefore interest on $1 for 6 yr •. 7 months 26 days = $o-:J~Il'~ 

Then* $0'3~9t X 763'20= .$301';il~, .1>18, 

EXERCISE. 

~55 

57. Find the interest on S817'30 for 7 months 17 days at 6 per 
cent. .Ilns. :33,J,704516. 

58. Find the interest on $842'50 for 3 months 13 days at 6 per 
cent. .IlIlS, SI4'4G2~'16. 

59. Required the interest on :3j'i~'2~ at 6 per cent, for 2 years 
11 months 10 days. .Ilns. :3101'3766. 

GO. Required the interest on S'; 12'30 at 6 per cent. for G Fars 
9 months 19 days. .Ilns. S2G2'1GS45, 

Gl. Required the interest on :31427'87! at 6 per cent. for 5 years 
5 months 7 days, .Ilns, $46;;'72;;2, 

';3. Find the interest on SjO~I'G3 for 4 years 7 1110nlb3 IG days 
at 6 per cent. .Ilns. :;;197'040596. 

63, Find the amollnt of S2'IG~'20 at 6 per cent. for 7 years 7 
months 22 UUI'8, .Ilns. $35n'9877. 

64. What is the in"terest on 8898'99 at 6 per cent. for 9 years 9 
months 9 days? Ans, :3::;SG'4U4135, 

65. \lhat is the interest on $';S'70 for 3 years 4 months ~7 duys 
at 6 per cent. ? .Ilns. S14'04915. 

66. Find the interest on S7-12'G3 at 6 per cent. for 3 years 28 
days. .Ilns. $137'139. 

G7. To what sum will S200 amollnt in 7 years ,1 months 11 days 
at 6 per cent. ? .Ilns. S288'~G6. 

68. To what sum will Si43',;3 amount in 9 years 3 months 9 
days at G per cent. ? .'ins. 8115 i41;0095. 

27. To find the interest on any sum at any other rate 
per cent. for any givcn timc-

RULE. 

Find the interest on the given principal for the gi1'en time at 6 
per cent. by.llrt. 26. 

Then add to or subtract from this interest such a fractional 
purt of itself as the given rate exceeds or falls short of 6 per cent. 
per annum. 

The amount is obtained by adding the int'.'fest and the principal 
together . 

.. In order to obtain the correct answer, this fract j()ll wlien it occurs Illust 
be retained in the form ot a vulgar fraction; and ill t .hat ease it is better 
t" make the interp,t of $1 for the given time the m«{I'l'/'"'' 
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EXAMPLE 69.-What is the' interest on $450 for 3 years 6 
months 11 days at 8 per cent? 

OPERATION. 

Iuterest on $1 at 6 per cent. for given time = $0·211~. 
Interest on $450 at 6 per cent. for given time = $o'iui x 450 = $95'&25. 
Hence interest on $450 at S per cent. for given time = $95'325 + one third. 

of $95'325 = $127'10. An •• 
NOTE.-Since 8=6+2=6+iof 6 we fi.nd the interest at6 per cent., 

and increase it by one thiru of itself for the interest at 8 per cent. 
So for interest at 9 per cent., we should find the interest at 6 per cent., 

and increase it by one-hal}" of itself; for 7 percent., increase the interest at 
6 per cent by one-S"i",'" ; at 14 per cent., double the interest at 6 per cent., 
and increase it by t of the interest at, 6 per cent.; at 5 per cent., find the 
intere.t at 6 per cent. and deduct one-sixth; at 41 per cent., find the inter. 
est at 6 per cent. and dednct one-fo"r'lt, &c., &c. 

EXERCISE. 
70. Required the interest on $1234'56 for 8 years 9 months 10 

days at 7 per cent. .!lns. $758'5685. 
71. Required the interest on $9876'54 for 2 years 1 month 11 

days at 3 per cent. .!lns. $626'337245. 
72. Required the interest on $715'30 for 3 years 7 months 10 

days at 8 per cent. .!llls. $206'6422. 
73. To what sum will $555'55 amount in 2 years 4 months 8 

days at 12 per cent. ? .!llls. $712'58546. 
74. To who.t sum will $7766'55 amount in 100 days at 5 per 

cent. ? .tillS. $1874'41875. 
75. To what sum will $500 amount in 8 years 8 months 8 days 

at 16 per cent. ? .tins. $1195'111. 
7G. What is the interest on $576 for 3 years 5 months 7 days 

at 5 per cent. ? .!lns. $98'96. 
77. What is the interest on $2478'91 for 2 years 6 months 11 

days at 4! per cent. ? .tins. $282'285. 
78. What is the interest on $780 from May 9, to December 11, 

at 6 per cent. ? .tins. $28'08. 
79. What is the interest on a note of $1830'63 from August 16, 

1851, to June 19, 1852, at 7 per cent. ? .!lns. $109'63439. 
80. What is the amount of a note of $6200 from Sept. 3, 1858, 

to January 9, 1859, at 6 per cent.? .tins. $6332'266;. 

PARTIAL P AYl\IENTS. 
28. To compute the interest on notes or bonds, when 

partial payments have been made;-

RULE. 
If tI!~ interest be paid by days: 
Multzply the sum by the number of days which have elapsed before 

any payment was made. Subtract the first payment, and mllltipl~ 
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the remainder by (he number oj days 11'/'ieit passed belu'crn thejirst 
and second payments, Subtract the second payment, and multiply 
this remainder by the number oj days which passed between the 
second and third payments, Subtract the third payment, qe, 

Add all the products together, and jind the interest oj their sum 
for one day, 

If the interest is to be pair/ by the week or month, substitute 
weeks or months jar days, in the abot'e rule, 

EXAMPLE 81.-How much prinei!,,,1 and interest ha.e I to 1JllY 
on the following note on the 10tb X o\,ember, lS59? 

T"Ro~To, 18th October, 18j8, 
For valne received, I promise to pay to Timothy Thomas, or 

order, the Bum of six hundred flnd twent.\" dollars, On demand, 
with interest at 6 per cell!. 

THO~!AS \\'[LLIAM~. 

The following endorsements were made on this note: 
1858.-:-Io,ember ~:;th, there was endorsed S 47'50 

" December 28th, " " " 108'93 
1859.-February 11th," "216'18 

,j June 6th, """ 60'10 
" September 2nd, " " " 183'25 

OPER"\TI(I:,{. 

From 18th Ortllhl'f to 2,~Jth XOyelllUer there are 3S uax~ . 
.. 25th Xo\,. to :!.;:th D('('('mlwf " 33 ,,' 
.. 28th Dec. to 11th F)·IJnn!'.)' 45 .. 
I. 11th }'ebruary to lith J llne 1),') u 

H 6th Jun" to 2nd Septemlwr ~'-i " 
2nd ~'·IJt'·!I1ber to lOth Xov. 6~ u 

Whole sum 5620 for 3S days = $~3:;Gn for 1 dar, 
First endorsement 47'':;0 

Balance ·OJ7~·50 for 33 days = .~l 5S92 50 for 1 day, 
Second endorsement Itl:...·!;n 

Balance &\63'57 for 45 days=~2fJ~Gu'G,; for 1 day. 
Third endorsement 216'18 

Balance ~ZI7'3~ for 115 <lays = ·328 149'85 for 1 dn)', 
Fourth enuorsement tiU"10 

Balance ~ls7'~" for s" days=Slra'I'52 for 1 dJiy, 
Fifth endorsement 1')'~5 

Balauco &\'04 for 69 days = 27S'~G for 1 d.)·. 

"·h(ll0 interest = that of $lo,\j::!:y :!':'I for 1 day. 
Interest on ~lIlS:;Z:l"Z' at 6 pr'r cent, for I year = $6511'39138 
Hence interest for 1 uay == ~li511'3~61'j-:-365 =$17'839-:1. 
Then interest due ... = $17'839~ 
Balance on note = 4'04 

PrincIpal and int~rr.t '\l1e 
R 
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EXERCISE. 

82. What principal and interest was due on the following note 
on the 7th October, 1860? 

GUELPH, June 2nd, 1859. 
For value received, I promise to pay, on demand, to James 

George, or order, the sum of twel ve hundred and seventeen dol­
lars and thirty cents, with interest from date at 6 per cent. 

JOSEPH JOHNS. 

On this note there were endorsed the following payments: 
1859.-July 17th, received $201'80. 

" Oct. 6th, " 209'60 
" Dec. 11 th, " 320'90 

18GO.-~Iarch 29th," 421'83 
.Bns. $98'6816. 

83. What principal and interest was due on the following 11-000 
on the 1st lIlay, 1863? 

PORT HOPE, June 11th, 1860. 
For value received, I promise to pay, on demand, to Messrs. 

Henly & Jobson, or order, the sum of seven thousand, three hun­
dred and forty-eight dollars and twenty-five cents, with interest 
from date at 8 per cent. 

HENRY GOOD PAY. 

On this note there were endorsed the following payments: 
18BO.-September 5th, received $2463'80 

" December 7th " 392'20 
1861.-June 11 th, '" 982'20 
1862.-February 7th, " 2842'90 

" December 19th," 317'23 
.Bns. $ J 003'1333. 

COMPOUND INTEREST. 
,129. In the present article we shall merelyt:1ke some of the simpJerprob' 
lems in Componnd Interest, leaving the full discussion of the rule uutil 
after the pupil is familiar with the use of Logarithms. (See Sect. XI.) 

30. We have seen (Art. 10) that when money is lent at 
compound interest, the interest is added to the principal at 
the close of each period, and, with it, constitutes a neW 
principal for the next term. . 
. Hen?e to find ~he compound interest of any sum for any 

giVen tlme at a gIven rate per cent :-
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RULE. 
Find the interest OIL the r;ivcll principal for one period, i. e., 

ONE YEAR, HALF YEAR, orQl"ARTEn, us the case muy be, and add it to 
Ihe principal. 

Thenjind the interest on this amount for the ~EXT PERIOD and 
add it to the principal used for that period, as before. 

Proceed in this IIUlflner with each successit'e year or period of 
the proposed time. 

Then the last result u'ill be the amount of the gil"" principal, 
at the given ratc, (or the given timc. Subtract the giL·en pri'''''j'''/ 
from this, and the remainder will be the ('''"1/)/~ullrl Interest 
required. 

EXAMPLE I.-What is the Compound Interc't on :;;1000 for 4 
year. at G per cent. per annum? 

OPERATlt)Y 
$1000 Principal. 

50 Interest for 1st year. 

~In.;o Amount for 1 year:::::: principal for 2nd ye" ... 
;')2 ':iH Interest for ~lld'year. 

~llo2',jO Amount for 2 years = principal for 3ni )'cal'. 
G5'I:.?;) Illterest for3rd ,year. 

~1l57'625 Amount for 3 yo,,', = principal for 4th year 
!J7'~:'1I~,j IntcrL'~t fUI' HII ycar. 

~1~15·,j(Ht.!') Amount for 4 years. 
IUOO given Prillcipal. 

AilS, $llJ·;jo.)~,j ==Compound Intc'l't':-:i relJllired. 

EXERCISE. 

2. Wbat is the Compound Interest of$1800 for 5 Furs at G per 
cent. per annum? . 'illS. S')OS·S06. 

~. Wbat is the Compounu Interest of S700 for 31 yeurs Itt 7 per 
cent. half-yearly? .lins. S4~4·040. 

Xol'E.-Sinre the paymf'nts are made h(l~f·lIn( /·l/I. and lwar inff'J'4'-.t at 
the rate of'i p('r cent. P('l' half ,Ycar, We sililply lind the allloullt (If' the 
!;i\ 1.:11 principal at. i IH'r cent. for 7 paymellts. 

4. What are the amount and Compounu Interest of SC73'40 for 2 
years at 3 per cent. qnarterly? 

Ans. SS53'04c~ = Amount. SI7a'G-±~O = Interest. 
5. What are the amount and Compound Interest of $S60 for 3 

years at 4 per cen t. half-yearly? 
.·j"s. SlOSS'l74~ = Amount. S~38'1743 = Interest. 

31. Compound Inkrl'~t is JlJO,t eXI,elliti"\l~ly calculated 
by the f"lIowil~g-
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TABLE 
SHEWI:-'CI 'l'llE AMOUNTS OF $1 or £1 A'f COMPOUND INTER, 

EST. FOR ANY NUMBER OF PAYMENTS FROM 1 TO 50. 

Npl1;~ per per per per ";.~~ per per per 
meol'1l. cent. cent. cent. cent. meola- cent. cent. cent. C o! 3 ~,I" 5 6 3 !I" 6 

1 1 '0300n 1 '0400n I '0500U 1 'OOOO( 26 2 '15659 2 '77247 3 55567 4 '~~93~ 
2 1 'OU09" I '08160 1 '102:;01 '1236( 27 2 '22129 2 '88337 3 '73346 4 '8~235 
3 1 '0927" 1 '12486 1 '15762 1 '19102 28 2 '287932 '99870 3 '92013 5 '11169 
4 l'12551 1 '16986 1 '21551 1'2624> 29 2 '35657 :1'11865 4 '11614 5 '41839 
6 1'15927 l'216U5 1'27628 1 '3382;' 30 2 '42726 3 '24340 4 '32194 5 '74849 

fl 1 '19tO" 1 '26532 1'34010 1 '4185, 31 2 '50008 :1 '37313 4 '53804 6 '08810 

7 1 '1298. 1'~159:1 1'40710 1 '5036~ 32 2 '57508 3 '50806 4'76494 6 '45339 

8 1'2667. 1 '36857 1'47U5 1'5938" 33 2 '65233 3 '64838 5'00319 6'84059 

V 1 ':10477 1 '423;11 L '55133 1'68V41- 34 2 '73190 3 '79432 5 '2533[. 7 '251M 

10 1'84392 1'48024 1 '62889 1'7908, 35 2 '81386 3 '94609 5 '51601 7 '686U9 

11 1'3842" 1'53945 1'71034 1'89830 36 2 '89828 4'10393 5 '79182 8 '14725 

12 1 '4257(: 1 '60103 1 '79586 2 '0122~ 37 2 '98523 4'26809 6 '08141 8 '63609 

13 1 '46B5:l 1 '66507 I'S85fl5 2 '13293 38 3 '07478 4 '43881 6 '38518 9 '15425 

14 1 '51259 1'73168 1'97993 2 '26090 39 3 '16703 4 '61637 6 '70475 9 '70351 

15 1'55791 1'80094 2 '07893 2 '3965" 40 3 '2620<1 4 '80102 7 '03999 10 '28572 

16 1 '60471 1 '87298 2 '18287 2 '54035 41 3 '35990 4 '99306 7 '39169 10 '90286 

17 1 '6528;; 1'9H9n ~ '29202 2 '69277 42 a '46070 5 '19278 7 '76159 n '55703 

18 1 '7U24:l 2 '02582 2 '40662 2 '85434 43 ;j '56452 5 '4004~' 8 '14967 12 '25045 

19 1 '75351 2 '10685 2 '526~5 :1 '02560 44 :1'67145 5 '616[il 8 '55715 12 '93548 

20 1 'S0611 2 '1911" :!'6033:> 3 '2071:3 45 3 '78160 5 '8,1118 8 '98501 13 '76461 

21 1 '86029 2 '27877 2'7.%% :j'39n56 46 3 '80504 6 '07482 9 '4.3426 14 '59049 

2~ 1'9161(1 2 '36~m:? t 'Ut52ti :1'60:154 47 4 '01190 6'31782 9 '90597 15 '46592 

2:> 1 '97359 2 '4G4i~ '; '1)7152 ;j '81975 48 4 '13225 6 '570;;3 10 '40127 16 '39387 

24 2 '0327~ ~ '5()3:~tl :j'22510 4 '04893 49 4'25622 6 '83335 10 '92133 17 '87700 
2j 2 '0937812 '6051H :; '38035 .. '29187 50 4,38391 7 '106G8 11'46740 18 '42515 

32. To Compute Compound Interest by the above 
Table:-

RUr-E. 
Find by the table the amount of $1 for the given time and at the 

given rate, 
Multiply the sum thusfound by the given principal, and the result 

will be the required amount. 
Subtract the principal from this amount, and the remainder will 

be the Compound Interest. 
EXAMPLE 6.-What are the amount and compound interest of 

$3400 at 5 per cent. for 15 years? 
OPERATION. 

By the table tbe amount Of$1 at 5 per cent, for 15 yearS =$2'07893. 
Then '2'07893 X !\,j()0 = $7068'362 = Amount, 

3400 Principal. 

$3668'362= Interest 
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EUl!PLG 1.-What is the amount and compound interest of 
£47 lOs. for 6 years, at 3 per cent. half-yearly? 

OT'EfU.TION. 

£ 17 Ills, = £47'5. 
w,· i1l1o! h, thp tal,le that 

1.:1'4~5'j'I:"is tlll' :tlrl()lI11t of £1 for the given time and rat(·, 
·17'3 b the lllultipli!'r . 

. J.: s. d. 
,lGj-7:!:..\i) == I;i 14 ;.~ i .... t he required amount. 

-17 10 0 is the given principal. 

AmI t20 4 01 is the required interest. 

EXEP'('ISE . 
. '. What are the amount and compound interest on :38'jj for 11 

years at 6 per cent.? .Jns. Amount = ::;:IGCI·rJl~;). 
Interest = $78,;'012:'. 

O. ,,'hat are the amount and compound interest on SC4~'08 for 
13 years at 4 per cen t. half-yearly? 

.:ltl~·. *\lnount == $17S;'·41S:2:~. 
Interest = S1141·43523. 

10. What are the amonnt and compound interest of I cent at 6 
percent. per annum for 40 years'! .lins. Amullnt = $'131646. 

Interest = 5·1~784';. 
It. What are the amount and compound int"rest of S78'~f) for 7 

years at 3 per cent. quarterly? .lin.'. Amount = 5178'916. 
l"tcre:'t = $100'716. 

I" What are the amount an.1 compound interest of :?-777'77 for 9 
year; at 5 pcr cellt. half-yearly? 

,'ins. Amount=SI871·7%S. 
Interest = SIO"4·f)~';8. 

13. What arc the amount and compound interest of £H Ss. 9d. 
for 11 years at 6 per \'l."t. per annum? 

.'ins. Amount = £84 Is. 5.1. 
Interc,t = £39 15s. BLl. 

14. What are the amount and compound interest of £32 4s. 9"Ll. 
fur 3 ycaro at 4 per cellt. half-yoClrl.,·? 

.111S. Amount= £40 Ijs. 10l'l. nearly. 
Interest = l 8 lis. 1 ,I. 

33, (;i\,·" tl!" amount, time, and rate-t" find tIll' 
principal; that is, to find the pr('snif /l'f))'/ It of any sum to 
be due h,rl':,ft"r-:t certain rat.: "!' inten"( b,'ill~ allowed 
for tIll' money no\\' paid-

nrLE. 
Filld by tlte Tablr the amount ~r SI at 1/" .. ~ i('I'" r,d,. und fur 

lite given time, and diddc it illio Iltee;iL'e1I (/1/1 II IInl. The IIIIII/i, III 
II'ill be Ihe prillcip"l. 
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EX.U!PLE 15.-Wbat principal will amount to $10000 in'12 
years at 6 per cent. compound interest? 

OPERATION. 
Amount of $1 for 12 years at six per cout. = $2'0122. 
$10000-;-2'0122 = $4U69·684. Ana. 

EXERCISE. 

16. What principal will amount to $~439'8~ in '1 years at 4 per 
cent. compound interest.? .11118. $5653'697. 

17. What principal will amount to $9193'90 in 20 years at 5 per 
cent. compound interest? . .I1ns. $3465'081. 

18. What ready money ought to be paid for a debt of £595 lOs, 
2Z-d. to be due 3 years hence, allowing 6 per cent. per an­
num compound interest? .I1ns. £500. 

19. What ready money ought to be paid for a debt of $7111'11, 
to be due ~ years hence, allowing 6 per cent. compound 
interest? .I1ns. $4729'295. 

20. What principal, put to interest for 6 years, would amount to 
£268 Os. 4td., at 5 per cent. per annum? .I1ns. £200. 

DISCOUNT. 

34. Discount is an allowance made for the payment of 
a debt before it is due. 

35. The present worth of a debt, payable at some future 
time, without interest, is that sum of money which, being 
put out at legal interest, will amount to the debt by the 
time it becomes due. 

Thus, if lowe a man $100 and give him a note for that amount, 
payable one year hence, without interest, the present value of my 
note is less than $100, since $100 being put out at interest for 
1 year at 6 per cent. will amount to $106. 

36. From Art. 18 it is evident that to find the ,Present worth of a note, 
payable at some future time, witbout interest, is SImply to find wbat prin­
cipal, put to interest at the rate specified, will amount to tbe sum named 
on the face of tbe note in the given time; i. e., by the time the note becomes 
due. 

Hence, to find the present worth of any sum, to be paid 
at some future time, without interest, we have (Art. 18) 
the following :-

.11 
RULE. P= l+rt 

INTERPRETATloN.-The present worth is found by dividing the 
amount of the note, debt, ~c., by the amount of $1, at the specified 
rate per cent. for the given time. 



ARTS.3!-36.] 1I1:--.('() ll:\ 'I'. 

NOTE.-The discount is found by deriuding Ihe piCS"'! ,·a{ur. 
from the note, debt, frc. 

EXAMPLlII l.-What is the present value of a note for :38G() 
payable 3 years hence, allowing diocount at the rate bf G per 
cent. per annum? 

OPERATIO~. 

Here A = $860, ). = '06. aud t = 3. 'Wheuce 1+,,/ = 1'18. 
A :-It~O 

Then P = l+rt = j'J;. = '72~·sIH. Ans. 

l'Roop.-Intercst on '72~'Sli: for 3 years at 6 per ceut. = -31:;1'l'~ ~. 
Added principal " ...................... " ...... = 7~~·Sl~~~. 

Amount ................................................... = S860'00 

EXAMPLE 2.-What is the discount on a note for .;;7~8·63 due 
9 months hence, allowing discount at 7 per cpnt. per annum? 

OPERATIOX. 

Here A. = $i:!S'tJ:J, r = '07, and f -'. '70 yrrlr. \\'IJt'JlV 1+1'! = l'oJ:!j, 
A 728'63 

Then P = 1 + rt = i:ii525 = $G~t:.!·2S3S present worth. 

Then amount on face of note .......... S7:.!S·t)3 
Present yalue................ 'j(12'~"5 

EXERCISE. 

3. What is the present worth of a note for ~:tG~, pnyahlc in one 
year, at -1 per cent. discount? ./lilS. :3~25. 

4. What is the present worth of S2202, payable in 5 years and 
9 months, at 6 per cent. pcr annum discount? 

.llns. $lG37'17"L 
G. What sum will discharge a debt of :3I(1f)~'GO, to be due in 

8 months hence, allowing G per cent. I'er annnm Lli,count? 
.ilIlS. :;;CII]4,'9038. 

G. 'What ready money will now pay a debt of :371 G due 7 months 
hence, allowing discount at 8 per cent.? .'1".<. :3 f,8·J,07G4. 

7. What ready money will now p<tya debt of SJ::~~'Gn, due 
125 days llcncl', at GI per cent. '/ .1",. SIJI3·~GG. 

8. If a legacy of ::"·\00 is left to me on the 3rd of MaT, to be 
paid on the Cbristmas day following, wuat must I rccei'l'c 
as present payment, allowing 5 per cent. per annum discolln1? 

. .'lfls. :3:!3~·J:S4. 
9. Find the discount on a bill of :3~cO" at 5 per cen!., payable 

9 months hence. AilS. :37~·~~Il)3f]. 
10. What is the present worth of a note for :343GO, payalJle one 

yenr and 5 mon ths hence, at G per cpnt.? . h". :34018'43317. 
11. What is tlip present worth of a not'· ("I' :311347, Llue 11 months 

hence, at I; per nllt ? Jin5. :::1561'13744. 
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12. Required the present worth of a note for $2000, due 3 years 
1 months hence, at 6 per cent. Ans. $1646'09053. 

13. What is the discount on a note for $20tO'90, payable 1 year 
1 months hence, at 5 per cent. ? Ana. $151'919. 

14. What is the present worth of a note of $970'63, payable in 
11 montbs, at 8 per cent. ? Ans. $904'313. 

)/OTE.-Wben the payments are to b~ made at different times, find the 
present value of t.be sums separately; their sum will be the present value 
of the note, and. as before, this subtracted from the whole amount will 
give the discount. 
15. What is the discount on $3024, the one-half payable in 6, and 

the remainder in 12 months, 7 per cent. per annum being 
allowed? Ana. $150'0464. 

16. A merchant owes $440, payable in 20 months, and $896, 
payable in 24 months; the first he pays in 5 months, and 
the second in one month after that. What did he pay, al­
lowing 8 per cent. per annum 1- Ana. $1200. 

BANK DISCOUNT. 
37. Bank Discount is a charge made by a bank for the 

payment of money on a note before the note is due, and 
differs materially from discount as commonly calculated. 

38. Banks consider the discount to be the same as the 
interest on the whole amount of the note, from the time it 
is discounted until the time it becomes due. Bank Dis­
oount is therefore greater than the true discount by the 
interest on the discount. 

39. The three days of grace which, by mercantile usage, 
are allowed to elapse after a note falls due, before it is pay­
able, are always included by banks in the time for which 
they calculate the discount. 

40. Two kinds of notes are discou)lted at hanks: 
1 st. Business notes, or business paper. These are notes ootually given 

by one individual to another for property sold or value received. 
2nd. Accommodation notes, called also accommodation paper. These 

are notes madc for the purpose of borrowing money from the banks. 

41. To find the bank discount on a note :-
RULE. 

Add 3 days to the time which the note has to run before it becomes 
due, and calculate the interest for this time at the given rate per cent. 

EXAMPLE It.-What is the bank discount on a note of $700, 
payable in 70 days, allowing discount at 6 per cent. ? 



.um. 3j -42.] B.\:\,K VlSCODNT, 

OPERA.TION. 

Here the time the note has to run is 7~ days = 2 months 12 days. 
Interest of $1 at 6 per cent. for 2 months 12 day,. b $0'1112. 
Interest of $700 at 6 lK'r ceut. for 2 months 1:.! d:l,Y~ . .:....: $U'012 >< ';'01) 

,~""·4n. Ana. 

EXERCISE.' 

18. Wbat is tbe bank discount on a note for $086, baving 2 year5 
and 3 montbs to run, allowing discount at 7 per cent.? 

.'1115. SI55·8701. 
19. If I bave a note for S';'1 11 , payable in 100 days, and get it 

discounted at tbe rate of 8 per cent. per annum, what dis­
count am I cbarged? .1I1s. S1-1·6488. 

20. I sell a borse and carriage for S.jG3·SO, und recei,'e a note 
for that sum, payable, witbout interest, 01 days bence. 
~ow if I get tbis discounted at tbe rate of l; pcr ccnL. per 
annum, what sum do I receive? .1/15. :3G54·967. 

42. It is often \leer,,,ary to lllake· a llOtc uf' whieh the 
prcsent value shall be a C'crtain SUIll. 

TbuF, suppose I require to receive from the bank": lUOO, ant! 
wisb to give my note, payable in 7 months, at .i per cent., what 
amount must I put on the face of tbe note '! 

~(JW the inil'rf'st on $1 at 6 P(,T cent. for"; month..., and. 3 (by~ (i. p, d:l~'s 
(If Jl;'ra('e) is ,~tytJ3,j::" and this ,,;ll be thl~ bal:k discount all iSl for 7 months 
at II 1J('r rent. 

To j.!'d the present value of .~l, we subtruet $Vtl30,j from $1, which giH'~ 
us .sO·~'1~4.j. 

lIence, for every $O'~ll;!::' I recei,·c, I must put :''1 Oil th(' fal..'c of the note j 
lutlo , 

and therefore to receive 810f)fl, 1 must put 0'911-15' I. p. ~I036'806 on the face 

of the note. 

PROOF.-Fa.ce (If noh',... ........ ." .......................... $11J:)j;'bOlj 
Bank ui~Cullnt on $lO;;\.j'':'UI; at tj l)l'f cent.p('r an. for; m. 0o'b06 

$1000'00 

lIence to find thc face (,f a note, due at some future 
time and discounted at a given rail' per cent. 1"'1' annum, 
tbat ~hall haw a known prl':'cnt vallle. we have the follow­
mg:-

-These pxamplps :l.l'f' worked by the rule I-.:j\('U in .\rf~. ~jj nlH1 :!7. If tIlt.' 
absolutely correct allswer is l'('4uirC'd. it lUlI~t be olJtailll'(l by d,'dudill1',' 
from theMe result~ ;-)- of the interest for the duys us(~Ll.&J befure I'xldaill1·d. 
In clamp!(; 1~, this will be .. I}served, it makes a diffcrcllc'-, of 20 (,("01,, 
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RULE. 

Find the present v(t/ue of $1 for the same time (adding the three 
days of grace) and at the same rate; divide the required present 
value of the note by this, and the quotient will be the face of the 
note. 

EXAMPLE 21.-For what sum musta note be drawn at 8 months 
18 days, so that discounted immediately at 6 per cent. it shall 
produce $670 ? 

OPERATION. 
Interest on $1 for 8 months 21 days at 6 per cent. = $0'048;;, and this taken 

from $1 gives us $0'9565 = present worth of $1. 
670 

Then 0'9565 = $700'47. Ans. 

22. 

23. 

24. 

EXERCISE.-
What sum must I put on the face of a note payable in 90 
days so that I may obtain $3755 when discounted at a bank 
at 7 per cent. ? .lim. $3824'15. 
For what sum must a note be drawn payable in 6 months 
in order that its proceeds at 5 per cent. bank discount may 
be $1147-80? .lins. $1177'734. 
For what 8nm must a note be drawn payable in 45 days so 
that its proceeds at 3! per cent. bank discount may be 
$713'90? .lins. $717'2471. 

EQUATION OF PAYMENTS. 
1,,0 

43. Equation of Payments is the process of finding the 
eq1tated or average time when two or more payments, due 
at different times, may be made at once without loss to 
either party. 

44. The average time for the payment of several sums 
due at different times is called the mean time or equated 
time. 

45. To find the equated time for any number of pay­
ments :-

RULE·t 
First multiply each debt by the time before it becomes due; then 

divide the sUln of the products thus obtained by the sum of the 
payments, and the quotient will be the equated time required . 

• Work by Arts. 26 and 27. 
t This nIle is based upon the supposition that what is gained by keep­

Ing certain payments after they become dne is equal to what il lost by 
paying other payments before they become clue. This however, is not 
"xactly true: for the gain is the interest, while the loss is equal only to thQ 
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XOTE,-When there are both days and months, they ruU,l all be 
reduced to the same unit; i. e., the payments must all be 
reckoned for so many days, or so many mon ths or parts of 
a month. If one of the payments is due on the day from 
which the equated time is reckoned, the corresponding pro­
duct will be nothing; but in finding the sum of the debts, 
this payment must be added with the others. (See Exam­
ple 3 below.) 

EXAMPLE I.-A merchan t purchases a vessel for 37000, 32000 
to be paid in 3 months, $2000 in 5 months, and the balance in 
11 months. Now if he wishes to make the whole in one pay­
ment for what time must his note be drawn? 

OPERATION. 

$2000)( 3=8 60110 x 1 
21100 X 5= 10000 X 1 
3001) X 11 = 33000 X 1 

70(0) ~!~IIOI)(7 mouths. AilS. 

EXPLA~ATION.-Tl1t-' iutC'rf'st of 
:b~IIIIO f(lf 3 months i~ equal t.o thp 
)!It<-rt)~t of $6()IIO for one month. 
Similarly. the-interest of the second 
p!l,ymcnt is equal to the interest of 
::"l()UutI forollPlDolltlJ. and the intl'r­

f, ... t of the third pa,Ymf'nt is equal to the iutl'rest of $:;.')1100 flJl' ulle IlltJllth. 
Hene(', the interest of the several payments, at thr· l!in'll tinF's, will lw 
equal to that of $4~IOOO for onc month; and if we dhidr· this .$ t.~lon:) hy tho 
!:Ium of the paymcnt8, $7000. we obtain 7 mOIlOl .... fur tlw l'fJuated tilll<'. 

That is, .~7fl(llI: $490('0:: 1 month: AilS. -= ,';:'~701lt1 X 1 = 7 months. 
$7(11)0 

EXAMPLE 2.-A person owes another £20, payalJlc in 6 months i 
£50, payable in 8 months; and £90, payable in 12 months. At 
what time may all be paid together, without lOCi or gain to 
ei ther party? 

OPERATIO:s' . 
.(; £ 
20 X 6 = 1~n 
!lOX 8= 41111 

90 X I:! = 10'-.0 

160 lflO)WII'(lO mouths. AilS. 
IljO 

discount, wbich (Art. 33) is always less than the interc,t: but the discre­
pancy is so trifling a"i not to makl' ally material tlilf«'T('Il(,{' in the resnlt. 

With thi.; exception, the rule i"i true, and may he demoll'-.trated as fol­
lows :-Let p = first payment and i = the time he fore It lJl'comes due; 

p';:- other Jj:IYI~WIit', alld t'= the ti~c 1 ,,-,fnTt· it hf'!'ul11es due; 
:r:=f'f}uated tllllP, and r=rate ofmtf'Te:o.t. J)/·r 1.\1 lit, 

.\1[(1 "illl'(, .1', the equah,t! tinw.lies bet\\'(,('11 t and tl, the tmw bC'tWf'l'll t 
and .r i ... ;;..: .r-f, and that iwt\\'('en II and.r is = fl-,I', 

The intl'rl'"t of}) flJr till' tint!' .l·-I i ... (from Art. 13) pr (,r-i). 
J\lso illtl'f! .... t of ,/ [fir tli(' tiluC 1'-.,' i:-l i,'" (t'-r). 
Hp.nc(~ p" (~f-f) - I,' I' (6'- ,r.) 

And.r= (~!...{~,~, \\ bil h i'~ the rnlf', anullla,Y ll!~ "imilal'ly 11l'tly(>(1 for 

any number of p~ym~nt'. 
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EXAMPLE 3.-A debt of $450 is to be paid thus: $100 imme­
diately, $300 in four, and the rest in 6 months. When should it 
be paid altogether? 

OPERATION. 
;;;100 x 0= 0 

300 X 4=1200 
50X6= 300 

10lJ 450)1500(at month •• An •• 
1350 

~}-'. -. 
450 

EXERCISE. 
4. A owes B $600, of which $200 is payable in 3 months, $150 

in 4 months, and the rest in 6 months; but it is agreed 
that the whole sum shall be paid at one payment. When 
should the payment be made? .I1ns. In 4i months. 

5. A debt is to be discharged in the following manner: i at 
present, aud ! every three months after until all is p'lid. 
What is the equated time?' .I1n8. 4i months. 

6. A debt of $120 will he due as follows: S50 in 2 months, $40 
iu 5, and the rest in 7 months. When may the whole be 
paid together? .I1ns. In 41 months. 

7. lowe $1000, to be paid down, $1500 in 1 month, $600 in 3 
months, $700 in 5 months, and $1400 in 7 months. For 
what time must my note be drawn so that the whole may 
be paid in one payment? .I1n8. 3i'o months. 

8. Bought of lIIessrs. Hendrie & Robarts, goods to the following 
amounts, on a credit of six months: 

15th of January, a bill of $3750, 
lOth of February, a bill of 3000, 
6th of Marcb, a bill of 2400, 
8th of June, a bill of 2250, 

I wish on 1st of July to give my note for the amount; at what 
time must it be made payable? .I1ns. 31st August. 

P ARTNERSIIIP OR FELLOWSHIP. 
46. Partnership or Fellowship is the joining together 

of two or more persons for the transaction of business, 
agreeing to share the profits and losses in proportion to the 
amount of money each invests in the business. 

47. The persons thus associated are called Partners, 
and the association itself a Company or Firm. 

48. The money employed is called the Capital or Stock. 
49. The gain or loss to be shared is called the Dividend. 
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~DIl'LE P.\RT~EnSHIl). 

50. When the p;lrlil~r,; employ their "hares of the 
calli tal for the "line l"'ri"ll of tillie, the partncr"hip i, called 
Simple l'artlll:r.,ltip. 

It is abo called Single Partner.hi]>, or Partnership without Timc. 
51. It is evident that th(~ whole sto('k wllich sutfers thH gain or lIJ~'s mu ... t 

hear the same prlJportion to the ~to.:k of each I);utncr tlta"t tht''' It()Je 1.:.1 in 
or lo,,~ bears to h b share of the gain or loss. -

lIeuee, for l'artncr,;hip without tilllO, '11''' haw the j;,I· 
lowiug:-

m'LE . 
.tis the !dwle slack is to cach mail's slt",.e of the stock, so is ,h" 

whole gil in or loss to each man's share of the gai" or loss. 
EXAl!PLE I.-A Rncl B enter into tralle with a capitRI of:3:17(1I), 

of which A contributes :3~1)1J0 and B the remainuer. They gain 
S1200. \I'hat i. each mlln's share of the profits? 

orEIU.TIOX. 

Whole stock: .\', stock:: whole profit: A', prolil, 

That i~, $.~illH: $::!Udd :: $1201); :!Ut)II,,'~. I~OH =-=$I.)1"·t;h= ~\'s sharo . 
• )jtHI 

.\~aill, whole stock: n's ,tuck: : whole profit: E's profit. 

That is, $3700: $170(1: : $1200: 170U/.l:';OU =$551'3:Jl---=B's sharp. 
:37on 

XIHE -.\.;t, l' ~\':. shan' has bl'l'1l found, B\; ~11ar(' mil,\" be obtaiHc'd by 
!'Illbtractlllg .\ ':-, pruht (rom the whole profit. 

EXERCISE, 
2. Two merchants enter into part "l',"shil' with a stock of :34300, 

of which .\ contributes :3:;UOO. 'ney gain $1117; how 
should this be divided betwl'en them? 

.1I/s, A's share = $779'302. 
B's share = :3:>:'.7'697. 

~. Three persons, A, D and C, agree to form a company for the 
manufacture of woollen cloths, A p"ts in $'; 1,0, B $3780, 
and C :3:18,;0. By the enu of the year tlll'y tind that they 
ha\'c gained :378,'0. What portion (,f this profit belongs to 
each'! .11/,. A's share = $~538·45c., 

H's share == ~1.lS3·05::-!, 
C's share = :33";,~'493. 

4. B anu C buy certain mcrcbanuize, amounting to :3:3"0, of 
which B pay, S 1 ~O, and C S~I)O; and they gain :3~0. 1I0w 
is it to be ,liyi,jc,j '/ .1"8. B $30 and C $50, 

5. Il and C gain by trade :3 7~,q; B put in S 1200, and C S 1600. 
What is the gain of each ? ,;]I/s. B SolJ and C $-lIG. 

G, Two persons are to share S 100 in the proportions of 2 to B 
anti 1 to C, \\'hat i~ the share of each? 

,tiffS. B ::;t~(~,r;61 Rnu C S33'3:l~. 
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7. A merchant failing, owes to B £500 and to C £900 i but has 
only £1l00 to meet these demands. How much should 
each creditor receive? .!lns. B £392~ and 0 £707). 

8. Three merchants load a ship with butter i B gives 200 casks, 
C 300, and D 400 i but when they are at sea it is found 
necessary to throw 180 casks overboard. How much of 
this loss should fall to the share of each merchant? 

.!lns. B should lose 40 casks, 0 60, and D 80. 
9. Three persons are to pay a tax of $100, according tQ their 

estates. B's yearly property is $800, C's $600, and D's 
$400. How much is each person's share? 

.!lns. B's $44'44§, C's S33'33!, and D's $22·22§. 
10. Divide 120 into three such parts as shall be to each other 

as 1, 2, and 3. .!lns. 20, 40, and 60. 
11. A ship worth $900 is entirely lost i t of it belonged to B, 

! to C, and the rest to D. What should be the loss of each, 
$540 being received as insurance? 

.!lns. B $45, C $90 and D $225. 
12. Three persons have gained $1320 i if B were to take $6, C 

ought to take $4, and D $2. What is each person's share? 
.!lns. B's $660, O's $440, and D's $220. 

13. Three persons join j Band C put in a certain stock, and D 
puts in £1090 j they gain £1l0, of which B takes £35, and 
C £29. How much did Band C put in i and D's share of 
the gain? .!lns. B put in £829 6s. llt1d., 

o " £687 3s. 5ttd., 
and D's part of the profit is £46. 

COMPOUND PARTNERSHIP. 
52. When the partners employ their capital for different 

periods of time, the partnership is called Compound Part· 
nership or Compound Fellowship. 
It i. likewise called Double Partnership, or Partnership With Time. 
For eXlLmple: Suppose A puts in $20U for 3 yelLrs, and B $300 for. years, 

amI they make a certain gain or los •. This would give a case ofCompounu 
Partnership. 

In "ueh cases it is plain thlLt each man's shllre of the profits depends 
upon two circumstanoo.q : 

1st. The amount of his stock; and 
2nd. The period for which it is continued in the business. 
Also that when tho times are equal, the shares of the gain or loss are as 

the stocks; when the stocks are equal, the shares are as the times; and 
when neither the times nor the ,toeks are equal, the shares are as their 
products. 

Hence, for Compound Partnership we have the following­
RULE. 

Multiply each 1nan's stock by Ihe time he continues it in trade; 
th~1I say, al the sum of the products is to each pal·ticular pI'oduct, 
.01$ the whole gain 01' lO$$ to each man'$ shal'e of the gain or 10$'. 
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EXAMPLE I.-A contributes S120 for 6 montiJs, B SJ3G for 
11 months, and C S~84 fur S months; and they lose So'" What 
is C's share of the loss? 

OPERATIO~. 

$120.< G::-= $i20 for one month 1 
~s1 ; 1 ~ ~ ~;;~~~ ~~~ ~~~ ~~:!~~5 = $i ~s~ for one month. 

$; h"l: $:HJ'/:!:: $.:iG: (":) share; or .f;.1u7:..! < .j.~ = $~:.:!·~li 1. 
74~8 

EXPL.A~'\ Trnx.-It is clear t llat . .::: I ~I) cow.tributed for G mouth ... are, as far 
Il"l the gain or l()~.., i!i ('OIJt"l'flWU, the same as 6 times ,;;;1:2(1, or ~i:2l1, rontri~ 
lJUtl'u for OIlC month. HI'IWl'.\ 's l"ontrihution may bl' takell as $7:20 rill' 1 
llliJllth; and, for the same reason, B's as S:)t:i~6 for the sallie tiuJt'; anu (";-, 
it..; ,s:;oi:!, al..,q for the same time. This reduces tIlt' question to (Juc in SiUl. 
Jlb'I·\·1l,)w..,blJ 1, 

EXET:CI;-;E, 

2, Three merchants enter into partnership; B jluts in 8337 for 
5 months, C 8371 for 7 months, and D 81j,! for 11 months; 
and they gain :3~", 7'20. What should be each person's share 
of it? .1,,\, B's $102,1;'8 :3148'·10, and D's S~lj',S(), 

3, B, C, and D I,a), SICO as the year's rent of a pasture, B l'llts 
40 cows on it fur I, month" C 30 for 5 months, anel n Gil for 
the rest of the time. How much of the rent should each 
person pay? .!lns, I.l :387'27 j ",-, C S5,l"l ,\, and D SIS'18/r. 

4. Three dealers, A, B, and C, enter into partnel'ship, and in a 
certain time make £291 13s.4d. A's stock, L150, wa, in 
trade 6 months; D'", £200,3 months; and C's, £1~j, I,; 
montbs. What is each pel'son's share of the gain? 

.1"s . • \'s is L7S, D's, £50, and ("0, £IC6 13s. 4,1. 
5. Three I,,'rsons have received 8CC5 intel'c',(; B had l,"t in 

S4000 for IJ months, C S:JI)OO for 15 montilS, and D $jUOO 
fur S months. II"w much is each l,nson's part of the 
interest? .1/1S, U'S 8240, C's $"35, and D's $200. 

6. Three troops of horse rent a field, for which they pay S3cII ; 
the first seut into it 5,; horses for 12 days, the second 64 for 
I.; un)'s, and the third SO for IS days. What must eaoh 
pay? .!lns. The first must I'''}':;; 70, 

The second " 100, 
The third "150. 

7. Threc merchant., are concerned in n ,team-n-ssel; the first, 
A, puts in 8%u for G months; the second, B, a sum unknown 
for 12 months; and the third, C, ::,G40, for a time not known 
when the accounts were settled. c\ received $1200 for his 
stock aTIII profit, B $",100 fur his, and C S1040 for his: what 
WRS B'" stuck, and '''s time? .111'<, B's stock was SIGOII j 

and Cs time was H; months. 
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::\OTE.-lf ,\ ~ail\~~41) ill" months, Iw would gain MSO in 12 months; that 
i~ •. \'.~ stul'k and IIl'fllit at tho 1~1J(1 of I:! months would be 5960+S4-"iO 
-=~IHU. 

2·~OO X 9roO 
Theu $1110. $!!400 : . $:lI;II' B's stock; or ~ = $IGOO B's stock 
.\gain, B's stock, C's stock: : 1:'s profit: C's profit for same time, viz: 

12 lIlontll'. That is $IGOO : $G40 : : $800 : 640.X 800 = ~i:J~1) = C's pro. 
tit fill' 1 ~ Iilonths. 1600 

L:l.<..,tly, C's profit, for U months: l"s ;..::iY('u profit:: 12 months: C'8 

time; that is, $:;:211 : $·100:: 12 mouths: ·\1111:< J2 = 15 mo. = C's time. 
;j~l) 

8. In the foregoing question A's gain was $340 during 6 months, 
B's S800 during I ~ months, and C'S :::~OO during 15 months j 
and the sum of the producto of their stocks and times is 
34:'GO. What were their stock, ? .fins. A's was $ 960, 

B's " lGOO 
C's" 640~ 

a. In the same question the sum of the stocks is $3200; A's 
stock W,B in trade 6 months, B's 13 months, and C'o 15 
months j and at the settlin" of accounts, A is paid $240 of 
the gain, B $800, and C $4'111. What was each person's 
stock? .fins. A's Wa" sa"o, B's SIGOO, and C's $640. 

Ql;E~TlUXS TO BE .\::\~\rERElJ BY THE PUPIL. 

Xll1E.-Thc 1llflllbers following the questions refer to th_ Articles of the 
St'ctiun. 

1. What is interc,t' (1) 
2. 'Vhat is t.he llH:'alling of the terms pel' renf. and per annum 7 (1) 
3. Iu what respect does interest differ from Commi~sion and Brokerage? 

(2) 
4. What is the principal? (3) 
5. What is meant by the rate per ernt.! (4) 
6. 'Vhat is meant by the rate pO' unit.l (5) 
7. 'Yhat is the interest? (6) 
S. '''hot is the amount 1 (7) 
~. Of how many kinds is interest? (8) 

10. Explain the distillction between Simple and Compound Interest. (9 
aud 10) 

11. In using formulas for interest, what is the meaning of tbe letters P, A, 
I, t, and,.! (12) 

12. Deduce algebraically a full set of rules for Simple Interest. (12) 
13. How is the interest fOllud when the principal, rate per cent •• and time 

a1'(, ~iveu r (13) 
X OTEth:f;:;;:'~l~~is and sllcceediD~ similar questions by giving 

H. Interpret this formula. (13) 
15. When the interest, rate per ccnt., and time are given what is tbe rule 

for finding tbe principal P (14) , 
16. Interpret this formula. (14) 
17. How iS,the rate per cent. found when the inf['rest, principal, andthut' 

are glVen P (15) 
18. Interpret this formula. (15) 
19. When tbe int""est, prinCIpal, an(1 ,.at~ are given how i. the timo 

fouod P (16) , 
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20. Interpret this formula. (lG) 
21. When the p~inc-ipal, 'rate, and tiJlI(; arc givE'Il, how is the amount 

found? (17) 
22. Interpret this formula. (17) 
2:3. "11cn the amount, rate, and ti/lte :ll'i~ given, how UO We find the prin­

cipal? (18) 
2~. Interpret this formula. (is) 
25. 'Vhen the amount, jll"incipal, and timo are :.;ivcn, how do we find the 

rat.P (19) 
26. Illtl'rpret this formula. (19) 
27. 'Vh.ell the amount, princip(d, and rate ~l'(. ~il.'en, how do we fiud tho 

tmw ~ (:!q) 
~O;. Interprtt tbi-; formula. (~o) 
29. How au we Ill1d the time in whil'li any sum of motH',V will amount to 

any given number of times itsdf at a given ratl' ~ (:!l) 
30. Interpret this formula. (21) 
31. Howdo wcllnd the rat!' at whi('h al1,\' sum win amount t!Ja g-iw'u num ... 

ber of times itself ill a givt'li tillll~ ~ (~~) . 
32. Interprel this fomlUla. (~~) 
33. When the time and r:1.t(> an' .!Z'1\,f'11. l]flw do '\'~ find to how many times 

itselfagiven sum will amouHt ~ l:'!:j) 
~~. Interpret this formula. (~:l) 
:i5. How do we find the illt .. rl':-;t on $1 at G lwr ('pnt. per annum for any 

nnmber of months? (24) 
36. How do Wf' find thf' interest on $1 at 6 per cr'llt. for any numher of 

days? (:!;j) 
37. How uo we tind the interest orany sum for all:; ~i\'('1l time at t) per 

crnt.' (2G) 
38. How ma.y we find thp itli4'l'I".;t at 3.11Y otl,wr rate than A per ('(Int.? (:!'i) 
39. How do we compute illterpst OU Iloks, .. \.\.'., when partial payml'lIts arc 

made? (28) 
40. What is the rule for calculating Campoul1'\ Int('rest? (:)0) 
41. How is Compound Interest calculated by the table gi"en in .trt. 31? (:12) 
4:!. How do Wt' ascertain the present u'urth of a debt due :-.OllJ() dVen timo 

hence. allowing Compound Interest at a gi\,(~1l rate'~ (:):) 
4:1. What i8 Discount r (34) 
~I. What is meant by the present worth of a d.N, notp . .xc. P (:m 
I.;. How do we compute the present worth of a (Lt·I,t or note? (:31;) 
46. What i. Bank Discount, (37) 
·17. What i. the distinction between Bank Vi'.count awl True Discount p 

(3~ and 35) 
48. What are days of g'l""'C P (39) 
·l~t. 'Vhat are the two killd:-; flf notf''i i.li'il'fJllllted :d .. banks? (40) 
50. How do we calenlah' the bank dbcoullt on llotf' ..... &c. ~ (41) 
;jl. How do wo find what amount t.o J lut on t lin face of a note so that its 

rm':-.t'nt valul' shall be a l't'rtain ..... 11111 r (l~) 
!)~. "'hat is mesIIt by tho Eqllatirlll of l'aytllf'llt.., '~' (1:3) 
sa. "~hat is weant by till.' mI.-an lim( or CfJ11fl1f'd ti!J/" of Il:"lymcnt? (.!-J.) 
M. Un,'!-' do we find the t'quated timp (If paYUlellt ~ OJ) 
65. \\'hat is l'artllf-'rsliip or Ft'llll\\'~hip? (11;) 
5ti. 'Vhat art' tlw lu'r!'ons as~octated tnJ.(4'iilt'f in partiwrsllip called P (47) 
57. What is tl", money employed in the business called P (I') 
58. WI,at i. meant by the divlI.ltnd? (19) 
59. "'hat is tho di.stinction bctwel'n Siulflll' and (',)mprllllHl Fellowship? 

(50 and 52) 
m. By' what other nalDes is Simple Partnership known? (;;0) 
IiI. \1 hat is the rule for Simple Partnership 1 (., I) 
6~. What is the rnle for Compound Partnershil11 (02) 

R 



PROFIT AND LOSS. [SllCT, II. 

SEOTION IX. 

PROFIT Ai\D LOSS, BARTER, ALLIGATION, 
CURI~EXCIES, EXCHA~GE, &c. 

PROFIT AND LOSS, 

1. Profit and Loss is a rnle by which we are enabled to 
Hscerbin what we gain or lose in mercantile transaction~, 
It also instructs us how much we must increase or diminish 
the price of our goods in order that our gain or 10s8 may 
bc so much per cent. 

CASE 1. 
2. To find the total gain or loss on a certain quantity 

of goods when the prime cost and selling price arc given: 
FIRST RULE. 

Find the price of the goods at prime cost and also at the selling 
price, The difference will be the whole gain or loss. 

EXAMPLE I.-What do I gain if I buy 207 cords of wood at 
S3' 78 per cord and sell it at $4'25 ? 

OPERA.TION, 

207 cords @ $4'25 = $si[I'7:; = whole sum for which goods were sold. 
207 cords @ $3'78 = $,:'"',113 = whole cost. 

Difference = $Ui·:.:tl = whole gain = Ans. 

EXAMPLE 2.-1f I purchase 900 bushels of wheat at $1'47 per 
bushel and sell it at Sl'35, what do I lose upon the whole trans­
action? 

OPERATION. 

900 bushels ~ $1'47 = $1323 = whole cost. 
900 bushels ® $1'25 = $11"5 = whole sum received for wheat. 

$198 = whole loss = Ans. 

SECOXD RULE. 

Find the difference between the buying and seiling price of a 
bushel, lb., yard, ~c. 

Multiply the gain or loss per bushel, lb" yard, ~c., by the number 
of bushels, lb." or yards, and the result will be the whole gain or 1088. 
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EXAMPLE 3.-Bought 211 yards of flannel at 37~ cents per 
yard, and sold it at 45 cents j required my total gain? 

OPERATION • 

. $lr37G := buying prict'. 
$0'45 = selling price. 

$0'07;' = p:ain per yard. 
$0'Oi5 X 211 = $15'825, Ails. 

Xnn.-This second rule affords the sborter melboll of findinf; tim ~aill 
or JH:::. ..... 

EXErrcr:-;E. 
,1. Bought 317 Ibs. of butter at 9 cents per lb., anll sold it Itt I~; 

cents; what was my gain on the whole? 3"$. :311 'I.I~'" 
5. Bought 2138 bushels of potatoes at 87] cents per busbel, an'] 

sold tbem at :31'~O; wbat was my gain on the wbole? 
.l1ns. $694'85. 

6. Bougbt 13 barrels of ,ug:lI', each weighing 317 lh". llet at 1:, 
cents per lb., and sohl tlte whole for :37:;:;; how much did I 
gain or lose on the transaction? Ans. Gained :311"'85. 

7. Bougbt 17 kegs of wine, each containing 22 gaUons, at :3:,'1:; 
per gaUon, and paid in addition ;O:;'2G'33 for carriage, .h., 
and an ad valorem duty of :;7! per cent. I s"ld tbe whole 
f"r :31G~j; what was my gain or loss? .1".<. Los; :3~1·"17:,. 

('.\.:-:E II. 
3. Let it be required to find for what sum I must seU " honse 

which cost :3"900 so that I may gain 15 per cent. 
Ikn' for (,YCl'Y $100 tlu' hous(' cost Dlf: I am to recI_,i\'(, $] 15, or t'Ul" "\'(,I'y 

$ll'jJ~t 1 alll tu p'(,l'in:' $1'1;,. 
The ~f'lIl1lg prie" 1I111 ... t evidently 11(' a ... man,Y tim('s $1'15 as the 1)1[.\ il1l~ 

price contains $1; i.t'., $1'1a X ~:ltlH $.{;::j;/·oll. AilS, 

A:.!aill: If a pel'Sr)1l huys a horse for .~:!:w, all'} aft('l'\r:1TUS "dis it 80 a-.; til 

In':-I~ 11 percl'llt.; 110W lUuclidol:s hen"l"l·j\'e for it? 
HrT(' for I'Vt'r~' $1 hI' 1):tiIL rol' tlw hors(' IJ(' r('('civcs only $0"8U (sil1(,c he 

loses 11 P('I" ('('lit., i. 1"'.11 (·t·llt<.: (Ill thf' $1.) 
Thrn, thl' sl'llinK Ill'lce will ull\'iullsly be .$0':0-9 X ~;HJ S~'I'1"i\l .• 1".< ... 

HI'lil"'. 10 jil/lli/l /I.-hut l'ric!' an article Illtvit be "oJ,l so 
a" to f!:aill (,I' Jr,,':l' a "I'l'l'ific'd P('I' ('cnta~(', thc !· .. "t I, .. il'c 
bein~: ,i!il'<.~n :-

l:lLE. 
Find (.\rt. ~, Sect. \'11.) how much ",ust be (r('Ciud for oc" 

dollar of the buyinc; price, and multiply th is by the whole buyinc; 
price. The reslllt "'illl" the selling price. 

EXAMPLE 8.-Bought a qllantity of oatmeal for :;;17:11'80. fur 
what must I . .:el1 it ,0 as to gain 8 per cent. ? 

OPERA..TIO~. 

Here f(lr every $11 expf'nd I df·...,irr. to Tt'ccive $1'00;; h~nce, the "cHing 
price will 1)0 $1'08 X 1793'SO = $1937'31)-1 . .d1l8. 



rnOFIT AND LOSS. [SEcr.IX. 

EXAMPLE O.-Bought a Jot of sheep for $1000, and am willing 
to lose 3 per cent. For what sum must I sell ? 

OPERATION. 
Here for ('\'f'ry $1 I ('X}JI'IHl I am willing to receive $0"97, and hence tho 

~l'Ilill.L'" llrit": \\ ill be :~O'~li X 70UO == $6790. AilS. 

EXERCISE. 
10. Bought cordwood at $3'35 per cord; at what rate per cord 

must I sell it in order to gain 30 per cent.? .I1ns. $4·22j. 
11. Bought a stock of goods for $13420; for how much must it 

be sold in order to gain 5 per cent. ? .I1ns. $14091. 
1') Bought a quantity of wool at 11 cts. a lb., and wish to sell 

so as to gain 15 per cent.; at what rate per lb. must I sell 
it? .I1ns. 1213 cents. 

13. Bought axes at S15'2S a doz., and desire to sell them so as 
to gain 23 per cent.; at what rate per doz. must I sell? 

.I1ns. $18' 75~. 
14. Bought a farm for $7S~O, and am willing to lose 11 per 

cent.; at what price must I sell? .I1ns. $7022'10. 

CASE III. 
4. Let it be required to find what per cent. of profit a merchant 

makes by buying tea at 43 cents per lb. and selling it at ti7 cts. 

Here the gain on each lb. is :::4 cC'nt~. 
That is every ·n cents invested b";ves a gain of 24 cents. 
Thf>refore every c~nt invested gaips -}:r of:!4 (',f'I~~~ = l ~ cents. 
,\ll(l hence, the galn per cellt. = ~ l- X 100= "j J - = 55'S percent. 

Hence to find the I'I1te]'(I' ('nd. (/. pl"ofit 01" loss when 
the prime cost and selling price are ~i\'t~Il, we have the fol· 
lowing:-

RULE. 
Find the difference bel own the buying and selling price, and 

hence the gain or loss per unit. 
],[ultiply this by 100, and the l'esult will be the gain or loss per 

cent. 

E:"'''PLE I J.-A speculator invests SH400 in stocks, and sells 
out for $50UOO; what per cent. does he make by the operation 7 

OPERATION. 

lI!'TI' the wh"le ,l!aill is $;jO!l(tO- $44400=$5600. 
That is $"1410(j gain $5600, and therefore $1 gains ,'.".",;) u = -ll\ of a dollar. 
Hence gain per cent. = -/I'lr X 100 = VPf = 12'6. Ans. 
N OTE.;-The above a~<l all similar questions may be solved by Proportion. 

Thus thiS questlOllls, If $44400 gain $5600, what will $100 gain P 

.\",\ th~ ,tnt"Illf'llt is $44400 : $100 : : $5600: Ans = 5600 y. 100 = 12'6, 
. #400 
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EXEIlCISE. 
16. Bought tea at 60 cents a lb., and sold it at 87i a lb.; how 

much did I gain per cent. ? Ans. 4~::, 
17. Bought coffee at 13 cents and sold it at 11 cents a pound; 

what was my loss per cent. ? Ans, 15+'s. 
18. Bought flour at S6'20 a barrel, and sold it at $7'80 ; what 

was the per cent. of profit? .!lns. 25t per cent. 
19. Bought cloth at $2'75 per yard, and sold it at $3'10; what 

was my gain per cent.? Ans. 121
8,- per cent. 

20. Bought oats at $0'47 per bushel, and sold them at SO'56; 
what was my gain per cent. ? Ans. 19}< per cent. 

21. Bought meat at 12 cents per lb., and sold it at 10! cents a 
pound; what was my loss per cent. ? Ans. 12! per cent. 

22. Bought a horse for S~J~, and sold it for $127: what per cent. 
of profit did I make? Ans. 36~ ~. 

23. A man bougbt a farm for $6742.50, and sold it for $6000 ; 
what was his loss per cent. ? Ans. 11 i.frJ per cent. 

24, If I purchase a house for S5700, a horse for S275, and pay 
S1987.32 for household furniture and a carriage, and then 
sell the whole for $8750, what is my gain or loss per cent. ? 

Ans. Gain 9'80 or nearly 10 per cent. 
25. I purchase 723 yards of black silk velvet in Paris and pay 

$4'25 a yard; I further pay 7 per cent. for insurance, 
$23'70 for carriage, S2'70 for harbor dues, $3'lG for wharf­
age and storage, and an ad valorem dnty of 22 per cent., 
and then sell the whole for S~2 70; what is my gain or loss 
per cent. ? Ans. Gain 31'96749 or nearly 32 per cent. 

CASE IV. 
5. Let it be required to find the prime cost of cloth which I 

sold for S4 and gained 10 per cent. thereby. 
Here the gain on $1 was 10 cents. or what I sold for $1'10 cost me only 

$1. 
Therefor(1 the cost price will contain $1 as many timos as the selling price 

contains $l'l0. 
That is the cost price = .!-nl = $3'636. Ana. 

Hence, to find the cost price, the selling price and the 
gain or loss per cent. being given, we have the following :-

RULE. 
Find the gain or loss per unit, and add it to unity if it be gain 

but subtract it front unity if it be loss. 
Divide the selling price by the quantity thus obtained, and the 

result will be the cost price. 
Or suy as $100 + ~ain per cent. (or as $100-1088 pel' cent.) is 

to $100 so i" the selling prire to 'he ro" prirc 
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EXAMPLE 26.-80ld a quantity of coal for $719, and lost 1 per 
cent. by the transaction; what was the prime cost? 

OPERATION. 

1ST RULE.-Loss on $1 is 7 cents, or for every $1 paid I receive $0'93. 
Hence cost = $$~.U = $773'117. 

'OOX 719 
2ND RULE.-$93 : $100 : : $71n: A"s. = ~ = $773'118. 

EXERCISE. 
21. For what did I buy a quantity of sugar which I sold for 

$24'60, losing 4 per cent.? .I1ns. $25'625. 
28. A gentl~man sold his library for $2360, which was 10 per 

cent. less than cost j what did he give for it? .I1ns. $2622'22. 
29. A farmer sold his farm for $1400, gaining 11 per cent. on 

the prime cost j what did he give for it? .I1ns. $6666'666. 
30. A merchant sold a quantity of silk velvet for $3789'40, 

gaining 17 per cent. by the transaction j required the. buy­
ing price? .I1ns. $3238'803. 

31. Sold a lot of cattle for $2740, losing 13 per cent. by the 
transaction j what did I give for them? .I1ns. S3149·425. 

BARTER. 
6. Barter signifies an exchange of goods or articles of 

commerce at prices agreed upon so that neither party in 
the transaction may sustain loss. 

7. The principle of solution depends upon finding the value of 
the comlnodity whose price and quantity are given, and thence the 
equivalent quantity of a second commodity. of a given price, rIr the 
equivalent price of a given quantity of a second commodity. 

EXAMPLE I.-How much tea at $1'10 per lb. ought to be given 
for 712 lb. of sugar at 13 cents per lb.? 

OPERATION. 

712Ib9. of 9u~ar at 13 cents per lb. = $92'56, and $92'56 -;- $1'10=84'1454 
Ibs. = 84 Ibs. 2} oz. Ana. 

EXAMPLE 2.-1 desire to barter 96 Ibs. of sugar, which cost 
me 8 cents per lb., but which I sell at 13 cents, giving 9 months' 
credit, for calico which another merchant sells for 17 cents per 
yard, giving 6 months' credit. How much calico ought I to 
receive? 

OPERATION. 

I first find at what price I could sell my sugar, were I to give 
the same credit as he does-
If 9 months give me 5 cents profit, what ought 6 months to give? 

6 X 5 30 
9 : 6 : : 5 : -9- = "9 = 3} cents. 

Hence. were I to give 6 months' credit, I should chRrge 8 + 3j = lli cento 
perIl). N ext-
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As my selling price is to my buying price, so ought his selli"" (0 be to his 
bu~;ng price, both 6-iving the same credit. 

111: S:: 17: 8X~7 =12 cent,. 11, 
The price or llly sugar, therofore. is 96 X 8 cents, or $7'1;~: and of his 

rsli<:o, 12 cents I H-,r yard. 
57'68 

Hence ~ =64. is the required number of yards. 

EXERCISE. 

3. A bas coffee wbich be barters at 10 cents tbe lb. more than 
it cost him, against tea wbich stands B in ~2, but wbicb he 
mtes at :32'50 per lb. How much did tbe coffee cost at first? 

.I1I1S. 40 cents. 
4. A has silk which cost 52'80 per lb. ; B has cloth at $2'50, 

which cost only 52 tbe yard. How much must A cbarge 
for his silk, to make bis profit equal to that of B? 

./111S. $3'50 . 
.I have cloth at 8 cents the :rarll, and in barter cbarge for it 

13 cents, and give 9 moutbs' time for payment; another 
merchant has goods which cost him 12 cents per lb., and 
wilh which he gives G months' time for payment. How bigb 
must he charge his goods to make an equal barter? 

.I1ns. At 17 cents. 
G. K and L barler. Ii: has clolb worth 51'GO tbe yard, which 

he barters at Sl'85 with L, for liuen cloth at GO cents pcr 
yard, wbicb is worth only 55 cents. Wbo has the advan­
tage j and how much linen does L give to K for 70 yards 
of his cloth? .I1ns. L gil'os K 215~ yards j and K has tbe 
advantage. 

'1. B has five tons of hutter, at $102 per ton, and 10~ Ions of 
tallow, at S 135 per ton, which he barters with C ; agreeing 
to receive S600'30 in ready money, and tile rest in beef at 
S~'20 per barrel. How many barrels is he to receive? 

.11 liS. 316. 

} .. LLIG.\'TIOX. 
8. Alligation is the method of finding the ,,,ill" of a 

mixture of iUC!Tedients of different yalne" or of forming a 
compound which "hall haY,", a giycn yalne. 

NOTE.-The term alligation is derivcd from the I~atin Wlll'd aUino H tl) 

tic or bind," the referen('c bl'in~ to the manner of C-Olllll"cting or tyiflg t lw 
numbers together in a certain class of questions. 

9. Alligation i'l diyided into Al1ig('tioll J["lial and 
Alligation Alternate. 

10. Alligation Medial (Latin medius, "mean or ave­
rage") cnablc~ U~ to find Ill!' nIne of a mixture when th,' 
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ingrcdients, of which it is composed and their prices arc 
known. 

11. Alligation Alternate enables us to find what pro­
portion must be taken of several ingredients, whose prices 
are known, in order to form a compound of a given price. 

ALLIGATION MEDIAL. 
12. Let it be required to find the price per lb. of a mixture 

coutaining 47 lbs. of sugar at 11 cents per lb., 29 lbs. at 13 
cents, and 24 lbs. at 17 cents. 

OPERATION. 
471bs. at 11 c(,l1ts=517 ccuts. 
291bs. at 13 cents =377 cents. 
241bs. at 17 cents = 40S cents. 

Thcn1001bs. cost 1302 cents and lIb. will cost ~3J1,~=13fo cents. 

Hencc for Alligation Medial we deduce the following :­
RULE. 

Divide the clltire cost of the whole mixture by the sum of the 
ingredients, and the quotient will be the price per unit of the 
mixture. 

EXAMPLE 1.-What will be the price per lb. of a mixture of 
tea containing 7 Ibs. at $0'50 per lb., llib. at $0'80,19 at $1'06, 
nnd 3 Ibs. at $1'23? 

7lbs. @ 
11" @ 
19" @ 
3" @ 

OPERATION. 

$0'50 = 
$O'SO = 
$1'OR = 
$1'23 = 

$3'50 
$8'SO 

$20'14 
$3'69 

401bs. =sum ofingre- $36'13= Total cost. 
dients. 

40)$3S·13($0·90-}il. Ans. 
36'0 

'13 

EXAMPLE 2.-A goldsmith has 3lbs. of gold 22 carats fine, and 
2 Ibs. 21 carats fine. What will be the fineness of the mixture? 

In this case thQ value of each kind of ingredient is represented by anum­
bel' of carais-

OPERATION. 

3 Ihs. X 22 = 66 carats 
2" X21=42" 

5 5)108 .. 

The mixture is 21! carats fine. 
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EXERCISE. 
3. Having melted together 'T oz. of gold 22 carats fine, 12! oz. 

21 carats fine, and 17 oz. 9 carats fine, I wish to know the 
fineness of each ounce of the mixture? ./1ns. 1511 carats. 

4. A vintner mixed 2 gallons of wine, at 14s. per gallon, with 1 
gallon at 12s., 2 gallons at 9s., and 4 gallons at 8s. What 
is one gallon of the mixture worth? ./1ns. lOs. 

5. A farmer mixes 15 bushels of wheat worth 51'20 with 30 
bushels worth 51'50, and 60 bushels worth 51'10 and 83 
bushels worth SI·75. What is one bushel of the mixture 
worth? ./1ns. SI·458. 

G. A grocer mixes together 12 lbs. of tea at 50 cents, 16 lbs. at 
72 cents, 22 lbs. at 65 cents, 18 lbs. at 85 cents, and 100 
lbe. at 42 cents. How much per lb. is the mixture worth? 

./1l/s. 53;h- cents. 

ALLIGATION ALTERNATE. 
13. Alligation Alternate is the reverse of Alligation 

Medial, and may be proved by it. 

CASE 1. 
14. Given the prices of the ingredients, to find the pro­

portion in which they must be mixed in order that the 
compound may be worth a given price:-

RULE. 
Set down thp prices of the ingredients in two columns, placing 

those greater than the price of the compound to the left, and those 
less than it to the right. 

Between these columnsform two others composed of Ihe differences 
between the prices of the several ingredients and of the compound ; 
writing each difference next to the number by which it was obtained. 

Link, by means of a line, the leJl-hand differences to the right­
hand differences in any order. 

Then each difference will express how much of the quantity with 
whose difference it is connected, should be talcen to form the required 
mixture. 

If an~ difference is connected with more than one other differellce, 
it is to be considered as repeated for each of the differences u'ith 
which it is connected; and the sum of the differences with wltich it 
is connected is to be taken as the required amount of the quantity 
who,e difference it is. 

EXAMPLE 'T.-How many pounds of tea at 5s. and 8s. per lb., 
would form a mixture worth 'Ts. per Ih. ? 
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OPERATION. 

PriceS. Differences. Prices. 
~ 

7=8-1--2+5=7 

[SECT. IX. 

1 is connected with 28., the difference between the 7, the required price, 
and 5 •. : hence there must be lib. at 5s. a is connected with 1, the differ­
ence between 8s. and the required price; hence there must be 2lbs. at Ss. 
Then lib. of tea at 5s. and 2 Ibs. at 8s. per lb., will form a mixture worth 
7s. per lb.-as may be proved by the last rule. 

It is evident that anyequimultiples of these quantities would answer 
equally as well; hence a great number of answers may be given to such a 
question. 

EXAMPLE 8.-How much sugar at 9d., 1d., 5d., and 10·d., will 
produce sugar at 8d. per lb. ? 

OPERATION. 

Priccs. Differences. Prices. 
~ 

8= {l~=~===Un =8 
1 is connected with 1. the difference between 7d. and the mean, 8; hence 

there is to be 1 lb. or sugar at 7d. per lb. 2 is connected with 3, the differ­
ence between 5d. and the mean; hence there is to be 2lbs. at 5d. 1 i8 con­
nectec\ with I, the dift'erence between 9d. and the mean; hence there io to 
be lIb. at 9d. Aud 3 is connected with 2, the difference between 10d. and 
th,> mean; hence there are to be 3 lb •. at 10d. per lb. 

Consequently we are to tako 1 Ih. at 7d. and 2 \bs. at 5d .• lIb. at 9d. and 
3 Ibs. at 10d. if we examine the price of the mixture these will give (Art. 
l~). we shall find it to be the given mean. 

EXAMPLEI 9.-What quantities of tea at 4s., 6s., 88., and 9s. 
per lb., will produce a mixture worth 5s. ? 

OPERATION. 

Prices. Differences. Prices. 
~ 

{
S-3--l + 4 = 5 

5= ~!7 
3.1, a"d 4 are connected with Is .• the difference between 48. and the 

mean; therefore we are to take 3lbs. + lib. + 4 lb •• of tea, at 40. per lb. 
1 is comUlcted with 3s .• Is .• and 40., the differences between 8s., 69 .. and 99., 
and the mean; therefore we are to take 1 lb. of tea at So., lib. of tea at 69., 
and 1 lb. at 9s. per lb. 

EXAMPL1l lO.-How much of any thing at 3s., 48., 58., 18.,8s., 
9s., lIs., and 128. per lb., would form a mixture worth 6s. per lb. ? 

OPERATION. 

Prices. Differences. Prices. 

6'-{ EflH} =6 
It:t:::/~ 

1 lb. at 88., 2 lb •. at 40., 3 Ib9. at 7s., 2 Ib9. at 89 .. 3 + 5 + 6; i. e., 140 lb •. at 
~i~t':~e. at 98 .• 1 lb. at 118., and 1 lb. at 129. per lb. will form the required 
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NOTE.-The principle upon which this rule proceeds is that the e,c(·" 
of one ingredient above the mean is made to counterhalanee what the 
other wants of being equal to the mean. Thus in example 7, 1 lb. at 58. 
per lb. gives" deficiency of 2 •. ; bnt this i'l corrected by 2s. e.t·cess in the 
2 ibs. at 85. per lb. 

In example 8, 1 lb. at 7d. gives a dejlcien("J1 of Id .. lib. at 9d. gives nil e.!" 
e",. of 1d.; bnt the excess of 1d. and the defiCiency of Id. exactly neulmlize 
each other. 

Agaiu, it is evident that 2 Ibs. at ,;d. and 3 11),. at IOd. are worth just as 
much as 5 Ibs. at 8d.-that is, 8d. will be the averao;e price if we mix 2 Ibs. 
al ad, with 3 Ibs. at 10d. 

EXERCISE. 

11. How much wheat at $1'60,81'40, Sl'lO, and 81 perbusf:tel 
must be mixed togetber in order to form a mixture worth 
81'25 per bushel? Give at least two sets of answers. 
An •. 35 bushels at $1'10,1" at 51'SO, 15 at $1'OO,and 25 at S1'40. 

35 bushels at $1'00, 10 at Sl'4fJ, 15 at $1'1U, and 2;; at .'l·tiO. 

12. How much wine at 60 cents, 50 cents, 42 cents, 38 cents, and 
30 cents per quart, will make a mixture worth 45 cents a 
quart? .!lns. 15 qts. at 42 c., G qts. at 30 c., 3 qts. at GO c. 
and 22 qts. at 50 c. 

13. A merchant bas sugar worth 10 cents, 12 cents, 14 cents, 
15 cents, 16 cents, 17 cents, and 18 cents per pound, and 
wishes to form a mixture worth 12j cents a lb. How many 
pounds of each must he use? .!lns. 21 lbs. at 14 c., l! lhs. 
at 10 c., 16 lbs. at 12 c. and! lb. at each otber price. 

14. A grocer has sugar at 5d., 7d., 12d., and 13d. per lb. How 
much of each kind will form a mixture worth 10d. per lb ? 
.!lns. 21bs. at 5d., 31bs. at 7d., 5Ibs. at 13Ll., and 31bs. at 13d. 

CASE II. 
15. When a given quantity of one of the ingredients is 

to be taken :-
1. Find the proportional quantities of the ingredients as in Cllse I. 
II. Then say, as the amount of the ingredient as thus found is 

to the given amount of the same ingredient, so is the amount of any 
other ingredient (found by Case 1.) to the required quantity of that 
othe/'. 

EXAMPLE 15.~291bs. of tea at 4s. per lb., is to be mixed with 
teas at 6s., 8s., and 9s. per lb., so as to produce what will be 
worth 53. per lb. What quantities must be used? 

OPERATION. 

By Case I we find that Sibs. of tea at 40., and lib, at Ss., lib. at 8 •• ,lmd 
1 lb. at 9 •. , will make a mixture worth 5 •• porlb. 

Ther.rore 8 lb •. (the quantit.v of tea at 48. pel' lb., a.. found by the rule) : 
29 lb •. (the given quantity of the same tea) :: lib. (the quantity of tea at 
Os. per Ib , as found by the rule;) or I X 29 lb. = 3j Ibs. An •. 

8 
We may ill the s.me m1lnllcr find what quantitios of t,'" at ~ •. anI! ~ •. 

I'er Ih., correspoll(\ with 2V lb. of tea at .\;. pcr lb. 
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EXA~IPLE 16.-A refiner has 10 oz. of golLl 20 carats fine, and 
melts it with 16 oz. 18 carat; tine. 'What must be added to 
make the mixture ~ 2 c[lra ts fine? 

10 oz. of 20 earats fine = 10 X 20 =~OO carals. 
16 oz. of 1~ carats fine = 16 X 18 =288 

~r.: I:: 488 : 1St!) rarats, the tll",. 
Hess of the mixtllT(:. 

!. t-2~ -=----~ ('aral s bascl' metal, in a mixture 22 carats fine. 
_ 24-1~t~-=';-?f carats baser uletal in a mixture18-t~ carats fine. 
'1;hen 2 carats: 2~ carats : .. : 5-?r : 57--,13- carats of pure:J;old-rcquired to 

change 5lf carats baSOf metal il1to a mixture 2::! carats fine. But there arc 
already in the mixture 181-% carats gold; therefore 5i lj-18tg.=381 ~ carats 
gold are to be addecl too"ery ounce. There are 26 oz.; therefore 26X38tfr 
==1008 carats of gold arc wanting. There are 24 carats in every OZ; tll(~n·· 

fore ~-p carats = ·12 oz. of gold must be added. There will then be a mix· 
ture containin.l; 

oz. car. car. 
10 X 20= 21l1J 
16/18= :!..,~ 

42 X 2·\ = l"lj~ 

68 : loz.:: H.~.Hj: 2~ carats, tlw required fineness. 

EXERCISE. 

17. How much molasses at 16 cento, at 19 cents, and at 23 cents 
per quart must be mixed with 87 quarts at 31 cents in order 
that the mixture may be worth 25 cents per quart? 

.!lns. 30H qts. at each price. 
18. How much oats at 37 cent~ per bushel and barley at 68 cts. 

per bushel must be mixed with 70 bushels of peas at 80 cts. 
a bushel so that the mixture may he worth 75 cents per 
bushel? .!lns. 7~ bush. at each price. 

19. How much brass at 14d. per lb., and pewter at 101d. per 
lb., must I melt with 50 Ibs. of copper at 16d. per lb., so as 
to make the mixture worth Is. per lb. ? 

.!lIlS. 50 Ibs. of brass, and 200 Ibs. of pewter. 
20. How much gold of 21 and 23 carats fine must be mixed with 

::0 oz. of 20 carats fine, so that the mixture may be 22 carats 
fine? .!lns. 30 of 21, and DO of 23. 

CASE III. 
16. Whell the 'iu:mtity of the compound is given as 

well as the price-
1. Find the proportiollal quantities as in Case I. 
II. Then say, as the sum of the proportional quantities is to each 

proportional q71olltity, so is the given quantity to the corresponding 
part of each. 
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EXAMPLE 21.-What must be the amount of tea at 49. per lb. 
in 736 lb. of a mixture worth 59. per lb., and containing tea at 
68., 89., and 9~., per lb. ? 

To produce a mixture worth :is. per lb., we require 8 lb. at ~s., 1 at 8s., 1 
at 6s., and 1 at 9s. per lb. (Art. 14). But all of these added together, willmako 
11 Ill'. in which therp are 8 lbs. at 408. Therefore 
lbs. lbs. Ibs. lbs. Ibs. Oz. 
11 : 8 :: 736: 8x736 = 535 ~if' the required quantity of tea at 4s. 

11 
That is, in 736 lbs. of the mixture there will be 530 lbs. 4-},- oz. at 4s. pcr 

lh. The amount of each of the other ingredients may he fouml in the 
same way. 

EXERCISE. 

22. A druggist is desirous of producing, from medicine at SI·00, 
SI·30, SI·60, and $1·80 per lb., 168 Ibs. of a mixture worth 
SI·40 per lb. j how much of each kind must he use for the 
purpose? .!lns. 28 Ibs. at Sl·00, 561bs. at $1·20, 561bs. at 
$1·60, and 28 lbs. at $1·80 per lb. 

23. 2i Ibs. of a mixture worth 4s. 4d. per lb. are required. It 
is to contain tea at 5s. and at 3s. 6d. per Ib j how much of 
each must be used? .!lns. 151bs. at 5s., and 12 Ibs. at 38. 6d. 

H. now much brandy at S2·40, S2·60, :32·80, and S2·90, per 
gallon, must there be in one hogshead of a mi:I:ture worth 
$2·7(\, per gallon? .!lns. 18 gals. at S2·4 1), 9 gals. at :32.60, 
9 gals. at :32·80, and 27 gals. at $2·90 per gallon. 

EXCIL\.:WE OF CURREXCIES. 
17. Exchange of Currencies is the proc('f's of changing 

a sum of money expressed in the denominations of one 
country to an e'luivalent sum expressed in the denomina­
tions of another country. 

18. By the cllrrou·.'lof a country is meant the coins, 
or mOIlC!/, or circulatillg lit! clil//n of trade of that country. 

19. The i"trillsic ('«llle of a coin is determined by the 
'ciud, pftrit!/, and quantity of metal it contains. 

20. The n:'aticc 1"alllc or cflInilurcifll un711" of a coin is 
its market value, and is fixed by law and commercial 
usage. 



286 EXCHANGE OP CURRENCIEs. [SEcr. IX. 

FOREIGN MONEYS OF ACCOUNT, 
WITH TUE PAR VALUE OF TUI!l UNIT, AS FIXED BY COMMERCIAL 

USAGE, EXPRESSED IN DOLLARS AND CENTS. 

AUSTRIA.-60 kreutzer=l fiorin; 1 fiorin (silver)= ...................... $0'485 
BELGILII.-100 cents=l guilder or fiorin; 1 guilder (silver)=......... '40 
BRAZIL.-1000 reo=l milree=. ..................................................... '828 
BREMEN.-5 schwares=l grote; 72 grotcs=l m-dollar (silver)=.... '787 
BRITISH INDIA.-12 pice=l anna; 16annas=1 Company's· rnpee= '4i5 
BUENOS AYRES.-S rial=l dollar currency (variable), mean vaiue= '93 
CANTON.-10 cash t=l cantiarine,; 10 cand.=l mace, 10 mace=l 

tael= ..................................................................................... 1'48 
CAPE OF GOOD HOPE.-6 stivers=l schiling; 8 schilings=l m-

dolla= ................................................................................... 'SIS 
CEYLON.--4 pice=1 fanam; 12 fanams=l rix dollar=..................... '40 
CUBA. COLOMBIA, AIID CHILI.-8 ria1&=1 dollar=... ............... ........ 1'00 
DENMARK.-l~ pfcuning=l skilling; 16 skilling= 1 marc; 6 marc= 

1 rix dollar=............ .............................. ...... ............... ............ '52 
ENG LAND.-4 farthing=l penny; 12 pence=lshillillg; 20 shil.=£I= 4'868 
PRA.NCE.-10 centimes=1 decime; 10 decimes=l fran=.,.............. 'lS6 
GREECE.-100 lepta=l drachme; 1 drachme (silver)=................... '168 
HOLLAND.-100 cellt=l fiorin or guilder; 1 fiorin (silver)=.......... '40 
HAMBURGH.-12 pfenning=l schilillg; 16 schil.=l marc; 3 marcs 

=1 rix·dollar=... ............................. ..... ........... ......... ............... '84 
MALTA.-20 grain=l taro; 12 tarl=l scudo; 2t scudi=1 pezza=.... 1'00 
MILAN.-12 dcnari=1 soldo; 20 soldi=llira=................................. '20 
IIIEXICO.-3 rials=l dollar=....................... ................. .................. 1'00 
MONTE VlDEO.-100 centesimos=1 rial, 8 rial=l dollar=............. '833 
XAPLEs.-10 grani=l carlino; 10 carlini=l ducat (silver)=............ 'SO 
NORWAY.-120 skillinss=l rix-dollar specie (silver)= .................... 1'06 
PAPAL STATES.-IO bajocchi=1 paolo; 10 paoli=1 scndo orcrown:= 1'00 
PERU.-8 ria!s=l dollar (silver)=................................................. 1'00 
PORTUGAL.-400 rees=l cruzado; 1000 rees=l milree or crown=... 1'12 
PRusslA.-12 pfenni.n,l(s=l grosch (silver); 80groschen=1 thaler or 

dollar=.................................................................................... '69 
RUBSIA.-100 copecks=1 ruble (silver)=........................................ '78 
SARDIXIA.-100 centesimi=1 lira=. ............................................... '186 
SWEDEN.--48 skillings=1 m-dollar specie=......................... ......... 1'06 
SICILY.-20 grani=1 taro: 30 tari=l oncia (gold)=...... .................. 2'40 
I';PAIN.-34 maravedi$=l real of old plate:j:= ................ :................. '10 

8 reals=l piastre; 4 piastres=l pistole of exchange. 
20 reals vellon=l Spanish dollar =.................................... 1'00 

• The current silver rupee of Bombay, Madras and Bengal. is worth 
$0'444. In India al.o they use cowries for coin. 'These are small shells 
found in the Maldives and elsewhere; 2560 cowries make a rupee. and 100000 
rupees make a lac. 
in tlh~:~.ash.made of copper and lead. is said to he the ouly money coined 

t The old plate real is not a coin. but is the denomination in which 
exchanges are nsua.\ly made. 
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ST. DOlUNGO.-l00 centimes = 1 dollar = ....................................... $0'333 
TUBCANY.-12 denari di pezza = 1 soldi di pezza; 2 soldidi pezza= 1 

pezza of S rials, 1 pezza (silver) =.................. ... ... ..................... '90 
TURKEy.-3 aspers = 1 para; .;,0 paras = 1 piastre (variable) about... '096 
VENICB.-l00 centesimi = 1 lira =............ ....................................... '186 
UNITED STATES OF AllERICA..-I0 mills = 1 cent; 10 cents = 1 dime; 

10 dime, = 1 dollar = ................................................................ 1'00 

21. The following table exhibits the commercial mlue 
of the Foreign coins most frequently met with: 
GUINEA ....................................................................................... ~;;·oo 
SOVEREIGN of Great Britain ........ ............. .................................... 4'867 
CROWN of England...... ................... ...................................... .. 1 '216 
HALP·OROWN of England........... ............. ...................................... '608 
SHILLING of England ............... ...... ............................................. '241 
DOLLA.B of the United States............ ......................... ........ ............ 1'00 
FIUNC of France .......................................................................... . 
Fnr: FBA.NC PIECE of France .................................................... . 
LIVEE TO.URNOIS of France ........................................................... . 
FORTY·FRANC PIECE of France ..................................................... . 
CROWN of France ......................................................................... .. 
LOUIS·D'OR of France .................................................................. . 
FLORIN of the Netherlanda ........................................................... . 
GUILDER of the N etherlauds ....................................................... .. 
FLORIN of Southern Germany ..................................................... . 
TIIA.LER or Rix·Doliar of Prussia and Northern Germany .............. . 
RIX·DoLLAR of Bremen ............................................................ .. 
FLORIN of Prussia ...................................................... . 
}IARC·BANCO of Hamburg ........................................................... . 
FLORIN of Austria and city of Augsburg ...................... . 
FLORIN of Saxony. Bohemia. and Trieste ..................................... .. 
FLORIN of Nuremburg. Frankfort. a.nd Creveld ............................. . 
RIX·DoLLA.B of Denma.rk .............................................................. . 
SPECIE·DoLLAR of Denmark ........................................................ . 
DOLLAR of Sweden andNorway ..................................................... . 
MILKEE of Portugal. .................................................................... . 
1011LREE of Madeira ..................................................................... . 
MILKEE of Azores ....................................................................... .. 
REAL· VELLON of Spain ................................................................. . 
REA.L-PLA.TE of Spain ................................................. 1 .............. .. 

PISTOLl! of Spain .......................................................................... . 
RIAL of Spain ............................................................................ .. 
PI8TEBEEN ................ ~ ................................................................ .. 
OROSS PI8TABEEN ....................................................................... .. 
RUBLE (silver}.of Russia .............................................................. . 
~IIPBBIA.L of Russia ..................................................................... . 

"IS! 
'93 
'181 

7'66 
1'06 
4'56 
'40 
'40 
'40 
'69 
'781 
..).)1 "-. 
'35 
··l-8l 
'48 
'40 

1'00 
1'05 
1'06 
1'12 
1'00 
'83! 
'05 
'10 

3'97 
'12 
'18 
'16 
'75 

7'83 
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DOUBLOON of J[exico ..................................................................... $15·60 
HALF-J OE of Portugal ... ........•.........................•............................ S'53 
LIRA of Tuscany and Lombardy. ................................................... '16 
LIR.' of Sardinia ........................................................................... 'IS~ 

O-UNCE of Sicily ................... , .........•.......•. ,... ........ ...... ........ ........ ... 2'·W 
DUCAT of Naples........................................................................... 'SO 
Cr-·,\\·s of Tuscany........................................................................ 1"05 
Floreuce LIYRE . ............... ............ .................. .................... .......... '15 
Genoa 'ISI 
Gelle,'a . ...................................................... .................... '21 
Leghorn DOLLAR......... ................................................... ........ ....... '90 
Swiss LI"VRE .................. .......•............•............•••......•..... ............ '27 
~(rDO of Malta............................................................................ '40 
Turkish PIASTRE.................................. .... .......... ............ ............... '05 
PAGODA of Iudia................................. ......... ...... ............ ............... 1"84 
RUPEE of India. ........................................................................... '4~ 
TAEL of China. .. ........ ........... ...... ......... ....... ................. .................. 1'48 

22. In Canada all accounts were kept in pounds, 8hillin~s, pence, and 
farthillgs, previous to the adoption of the decimal coinage by Act of Pro­
yiucial Parliament in 1:-:;.;"1. In the enit('d ~tatcs also accounts were simi· 
larly kept prior to the adoption of Federal Money in 17~6. In the States, 
at the tIme .Federal mOllP,Y was adopted, the Cul()nial cnrrency or bills of 
,,'red it had become more Of less deprcciatt.·d in value, 1. e., a colonial shilling 
was worth le~s than a shilling sterling', &('., and the depreciation in value 
bein~ ~rcatcr in the currencies or SOllll~ colonies than in others gave rise to 
the different m/ nes of th,' present old currencies of the dilfereut States. 

TABLE OF CURREXCIES 
1.'< C"~NADA AND THE UNITED STATES. 

In Canada, Nova Scotia, New Brunswick, &c., $1 = 58. 
In X. Y., X. C., Ohio, and Mich., SI =8s. 
In X. Eng., Va., Ky., Ten., la., II!., ~Ii's., 

or£J. 
or£t· 

~lissouri, $1 = 6s. or £ ,~. 
In Penn., xc\\" Jer., De!., and ~IJ., SI = 7s. 6d. or.£l. 
In Georgia and S. C., SI = 4s. 8d. or£}". 

NOTE.-The remaining States use the Federal moneyexclu­
sively. 

23. To retlucc dollars and cent~ to old Canadian CUI'­

rency, or to any State Currency :-

RULE. 
in the required CUT­

The product will be 
:lIlul/iply the git'cn sum by the value of $1 

rency expressed as a fraction of a pound. 
pounds and decimals of a pound. 

Reduce (.!lrt. 58, Sert. IV.) tlte derimal to shillings pence, and 
farthings. . , 
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E:U.lIPLlI: 1.-Reduce $493'72 to Old Canadian Currency. 

OPERATION. 

<W3'72 A ! = .1:123'43= £123 8s. 'td • .4118. 

EUMPLE 2.-Reduce $749'SO to New England Currency. 

OPERATION. 

7 4U ·~u X -1"0 = £t24'U·t = £222 l8 •• 9}()u • .4" ... 

EXAMPLE 3.-Reduce Sllll'll to New York Currency. 

OPERATION, 

11U'11 A ~. =.£~·'144=,£'144 8s.10Hd. A"s, 

EXERCISE. 
4. Reduce $1974'80 to New Jcrsey Currcncy. .I1ns, £140 Hs. 
5. Reduce $165'43 to Michigan Currency. .I1ns. £306 3s. 5i6d. 
6. Reduce $S172'19 to Old Canadian Currency . 

.I1ns. £2043 Os. llSd. 

24. To Reduce Old Canadian Uurrency or any State 
Currency to dollars and cents;-

RULE. 

Express the given sum decimally alld divide it by the value of a 
dollar expressed as a fraction of a pound; the quotient will be 
dollarB, cents, ~c. 

EXAMPLE 7.-Reduce £119 18s. 4N" Old Canadian Currency, 
to dollars and cents. 

OPERATION. 

,£179 18s. 4N. = L'l79'919791G and 179'91979lU -H =S71U'67916 . .4'18. 

NOTB.-OId Canadian Currency may be most expeditiously reduceu to 
dollars and cent. by the rule given ill Art, 80. !'ec!. 1. 

EXAMPLE 8. Reduce £234)8s. 9!d" Ohio Currency, to dollal'S 
and cents. 

OPBRATION • 

.£2M l@a. 9N. = .l:2M'U3S:i4l1l and 234'9385~16 + t = $587'3460;;116 . .4,/s. 

EXERCISE. 

9. Reduce £143 18s, lld., New England Currency, to dollars 
and cents. .I1ns. $2479'SI94. 

10. Reduce £119 9s. SId" Maryland Currency, to dollars and 
cents. .I1n •• $31S·625. 

11. Reduce £473 I1s. lid., Georgia Currency, to dollars and 
cents. An •. $2030'816964. 

T 
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25. To reduce dollars and cents to sterling money :­

RULE. 

Di'Jirie the given sum by the ",tille of £1 sterling ($4'867), the 
quotient l('ill be pounds sterling and decimal of a pound. 

Reduce the decimal part (Art. 58, Sect. IV) to shillings" pence. 
EXAMPLE 12.-Reduce $749'83 to sterling money. 

orEIlATION. 

'; !-~!,~~j+.j.·";(;7 = £15·1.'0641 =£154 h. :J~u . .A11~. 

EXERCISE. 

1:;. lleduce $1006'90 to sterling mon(·y. 
14. Reduce $916'87 to sterling money. 
15. Reduce S3114·81 to sterling money. 

AI/s. £206 170. ~id. 
Ans. £188 7s. 8id. 

Ans. £ .. 34 lOs. 4ld. 

26. To l'l·t1uce sterling money to dollars and cents :­

RULE. 

Express the ~. i I', " SUIll decimally and multiply by the legal value 
'" £1 staling (S"·SG7) . 
• EXAMPLE j,;.-nl',luce £78 lIs. 4£d. to dollars and cents. 

OPERATION. 

Ci::-; 11~. ·t~d.-= J;IS·,jG~)i~l1tJ. and 78'5697916 X 4'81-,7 _ $3~:!'3H~L .11Is. 

EXERCISE. 

17. Reduce L30 .. 3 lIs. 3d. sterling to dollars and cents. 
Ans. $9946'01868. 

18. Reduce £777 7s. 7d. sterling to dollars and cents. 
Ans. $3783'50437. 

10. Reduce £557 19s. 5;<1. sterling to dollars and cents . 
• l1ns. S3715·65418. 

EXCIL'tXGE. 
27. Exchange is a cOllllllercial tel'lll, denoting the pay­

ment of money by a person residing in one place to a per­
~on residing in another, by draft or bill of exchange. 

28. A Bill of' Exchange i,; a written order addressed tl> 
a person di]'ectin~ him to pay, at a specified time and 
place, a certain sum of money to another person or his 
order. 

29. The person who signs the bill of exchange is called, 
tIte drcwf)' or maker of the bill. 



ABrs. 25·39.] EXCHANGE. 291 

30. The person on whom it is drawn is called the 
drawee, and, after he has accepted it, the acceptor. 

31. The person to whom the money is directed to be 
paid is called the payee. 

32. The person who purchases the bill of exehange 
i. e., the person in whose favor it is drawn, is called th~ 
buyer or remittel·. 

33. The person who has legal pussession of the bill is 
called the holder. 

34. The acceptc£nce of a bill or draft is a promise on the 
part of the drawee to pay it at maturity or the ~pecilicd 
time. The usualrnode of accepting a bill is for the drawee 
to attach his signature to the word "aeo'lltcel," written 
either across the face of the note or on it" back. 

NOTE.-A draft or bill of exchange should ho presenteu to the drawe,', 
for his acceptance. immediately on its receipt. 

35. If the payee or holder of a bill 01' draft wishes to 
sell it or transfer it, he endorses it; i. e., he "rites his 
name on the back. 

NOTE.-If the endorser directs the bill to be paid to a partkuiar person, 
the endorsement is called a special endorsement, and the person therein 
named i. called the e"dor .. ee. 

cn~0~:m~~~oi~~~lls:d.l.'1tza~:t!;;~~~:C1~:~5~ on the back of Ihe bill, tiIc 
When the endorsement is blank, or when the bill is made payable to 

bearer, it may be transferred frOln one to another at pleasure, <1ud the 
drawee i. bound to pay it to the holder at maturity. If tiIe drawee or ac­
cep!or of a bill fail to pay it, the endorsers are responsible for the paynH'tl I. 

86. When the drawee or a bill refuses acceptance, or. having acccJ)tcd, 
fail. to make payment when it becomes due, the bill is immetliately pru­
tel/ed. 

37. A prolest is a formal declaration in writing, made by a public officer 
called a Notary Public, at the request of tbe holners of the hill, nolilying 
the drawer, endorsers, &c., of its non.acccptance or llon.paymellt. 

NOTE.-lfthe ru-awer and endorser. are notnotilled within a reasonable 
time of the non-acceptance or nOli-payment of the bill, they are not r,',­
ponsible for its payment. 

When a bill is protested for nOll-acceptanee, the draw(~r must pay it 
immediately, even though the specifil'll time has not arrived. 

38. The time specified for the payment of a bill varics. anti is a matter of 
agreemelJt between the drawcrand bnyer. Some are poyable at sight, some 
at a certain number of days or month .. after si~bt or after <late, In bo th 
C88es it is customary to allow Ihree days of urace. 

39. Bills of Exchange are divided into inland audIu)" ;(1" bills. When 
both arau'er and drawee reside in the same country. tin:,), are l"alled inland 
bill. or clra}'ts; when in different cQuntries,.frwt'iyn ')i{{.~. 

NOTB.-1hree bills are commonlr drawn for the same amoullt, &c., and 
are called respectively the Fi,·.,/, Second, and .Third '1/ Exc/"",U" anti to­
gether constituto &. set. These are sent by (hflcrellt ShlPS or conv<'.\'anl't.'S ; 
an~ wben .thofl~8t that arril'l's is IIC9cpte,l or paid. th" oth~rs bcco.me void. 
Th18 plan III adopted ill order to) aVOid the delays whICh mIght aTise from 
accidents. miscarriage, &. c. 
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FOIDI OF AX INLAND BILL OR liRAF'f. 

TORONTO, !st July, 18:;8. 

Tell day" aftcr ,igltt, pal tu tlte order of (;corgc McCalluw, 
Esq., Three Thunsand Volle,!",', value received, and charge the 
same tl) 

:\Ic::;::,l'::;. H.11'1lulall l~ )1 Ol'l'i::: , 

13<1n],:l-f2) Hamilton. 

RIDOU'I' &; :-lTEVEN, 

FornI 01,' A FOIt.BIO.s: BILL 01' l::Xl'llAXliE. 

E"c)'allg'C 8000 fmlll',', TUIlI)C:'fO, 17th July, l~jD. 

At sixty days sight of tlli" lil',t ur excl.tange (the ~econd and 
third of the ,awe cla1t> and tenor unpaid) par to Edward Atkin­
son, ES'I" or order, .the "un of Eight Thousand Francs, with or 
without fUl'lll<'l' ndYlce. 

Jle~·sl'::). Duhamel & HealtbarucJj .. , 
H~l1k"I''') Paris. 

40. The Ji"1' 'f (:",11'1 11:;' i,-; tbat dlilUllut of the I!wlIey 
of one l'uuutry ~Idu"lly '-"jua] to a ::;il'clI SUlI! e,f the money 
of allother, alld i" t'it]l('l' II1/l'i""I(' or ""illil/I )'('1117. 

41. The ill 'riIlSlf.' jill I' (f LullUllye i:i the FUll clf/lle of 
the money of different countries, as dctcrmined by the 
"l'i:;ht and purity of their standard euins. 

Thus, tIl" J:ll~lisll sU\"Cl't'i!-'11 is intrinsic-any \\"odll :::~·~l.a ufthe guldcoiu 
of the L"llitcd ~t,tt( '). 

42. The "I)IIIIIU'!',';"! p",' If ",«'//I(/(Y( is a (;olllparison of 
the <;oius of different countries, <ll'tul'I.lin,,!; to tlleir nominal 
or market value. 

1.'hus, tIll' EII~lhh ::'ovL'I'eign varies in 111~L1'kel valUl' froUl !;)·t':-5,i tu $4'85. 

XOTE.-'r!l(' il111 illsi(: pal' is always th~ same as long as the standard coing 
art' of the ~:Lllll' l ... ind, qlW:lltity. anuyuahty of metal; the commercial paris 
ddl'l'lllilwd by ('OllllflCl't'ial u~agc, and fluctuates, lJcing different at different 
tilHes. 

43. 'fhe C'u'U'sc 1)/ .b',(cil'IIIYt' signifies the current price 
paid in oue country f:)1' bills uf exchange drawn on another. 

~OTE.-'l'h(' .·nnrs(~ lA' tX('ll;LlI~C h eOllstautly fluctuating from varions 
l'auses. \\'111.:'11 t ~l" export" 'II' a l'Ol1l1t.ry just equal its imports, the exchan~ 
will be at p:t,r; \\'11"11 tlw llala..nl'c of trade is against a place, i. e. when its 
iIlIH"'l'h 1'\l'C't'd it...; "\IJurh. bills on foreign ('onntries will be abo-vcpar, 
hf·(·'ull",,'lIl1'l'l' \filllH' a ~rl'a!('~ demand forthem to vnytho bills due abroad; 
\\ 111.:11 tlJl; lJalalll"l' 1)1 trad(~ 18111 favor 01' a ('oulltry, i. e. wheu its exports 
"~'\TPeu its iltlJlort~, 11111:-0 of exchange on foreign countries will be be7Q'Wpar 
:-.illCI~ fl;\\'I:1' or 1111:111 wIll he rO'1uired. 
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The course (..If cxchangr can never very greatly ~xcc('d the iufyillSi~ par 
.aiue, because when the preminm on bills of exchange becomes great it is 
less exprnsive to importers to pay for the insuran('c and t,ransportation of 
bullion or coin to meet their payment. than to transmit bills of exchange. 

44. By an old act of Pro,'incial Parliament it wa,.. enacted that £100 ster­
ling or 100 sovereigns should be cqui,'alent to £111~ Canadian money, i, e, to 
$*'441 or £1 sterling = $H'4-l4. It was found however that this was 
very much below thp real or intrinsic value of the sterling pound. accord­
ingly, while its legal valun was oul,' $~'44·i, the market or commercial 
value varied from $4'83 to 1/14'86, By an act rcccntl,V passed hy the Provin­
cial Parliament, the value of the pound sterling was fixed at $ ~·:-"fjt;. 

Now the nm" par is equal to the old par plu.. nine and a-half per cent, of 
tbeoldpar. that i8,$I'444+ 91 per cent, of$4'44ii, which is'42~.make $4'866= 
tbe now par, Conseqnently the rate of exchange )john'en Canada and 
Oreat Britain must reach the nominal premium of ~~ per cpnt, hofore it 
i. at par, according to the new standard, 

45. Rates ofcxchange bctwccn Canada and Great Britain 
are commonly reckoned at a ccrtain per cent. on thc old 
par of exchangc, instead of on the new par, 

EXAMPLE I.-A mercbant in Hamilton wisbes to remit to 
London £749 38. 6d, sterling; excbange being at lO per cent. 
premium j how mllch ml].~t he pay for the hill of excbange? 

opr,nAT10X, 

Oldcomroercial par of £1 Rterling,'~n1l­

To which add 10 per cent. of it,olf= '4-H 

(; in's price of J~l:-:: 4'~"ij 

Then £7493., Gd.= L74a, 17;; X 4'888 = $3GG2'63}. An.". 
EXAMPLE 2,-A merchant in Toronto wishes to remit 144479 

francs to Paris, exchange heing at a premium of 2 per cent, 
What will he tbe cost of his bill in dollars and cents? 

OPEUATIOX. 

Commercial value of the franc = 1~·r. ('(Ill! ,_ 
Add 2 IJ('r cent. = 'aj'~ .. 

Gives value for rmnittin.c: _=-: lS'Oi2 .1 

Thcn 18·972 X 141179 = ~~inl)':;,;;;s~. Ans, 

EXAMPLE :;,-What sum in dollars and cents will pnrchase n 
bill of exchange on Hamburg for 14G67 mares banco, exchange 
being at I! per cent. discount? 

OPERATIOli. 

Commercial value of the marc hanco = 3;) eo!)ts, 
Deduct 1, per cent, ',;2;) 

Give. value for remitting "" ~4'47;; 
Then :W47~ centl ~ 1466i = $~O~6'44-'l. ~ "g, 
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EXERCISE . 
. 1. If 1 wish to remit Sltl185'2G to Paris, for how many francs 

nnd cen times can I obtain a bill-exchange being 5 francs 
4 centimes to the dollfll'? 

.!lns. 84591 francs 66 centimes. 
5. What io t he cost of a bill of exchange for 4000 mares banco 

at one per cent. aboyc par? .Ans. $1414. 
6. How much must I giyc for a draft on New York for $35678 

at 2~ per cent. premium? .Ans. $36480'15,. 
7. What will a bill of exchange on St. Petersburg for 2560 

ruble, cost in dollars and cents, at 2 per cent. discount, 
the par being 7:; cents per ruble? .An •. $1881'60. 

fl. Whitt will be the cost of a bill of exchange on Great Britain 
for £800 sterling at. 8 per eent. premium? 

.lIn •. S~R40·00. 

AlmITIL\TION OF EXCHANGE. 
46. Arbitration of exchangc is the process of changing a 

givcn amount of thc money of onc country into an equiva­
lent sum of the money of another, through the medium of 
one or mol'C illtel'l'l'ning C'urrcncies with which thc first and 
la~t are comparl"l. 

NOTE.-,\rbitr:1tioll enables a. pf'l'~nll to ascertain whether it is more 
a(lYantageoll8 to draw or remit a hill of exehangc direct from one country 
to another or indirect ly through other places. 

47. Whcn thcrc is but one intervcning country, the ope­
ration is termcd simjJlr arbitrl,tioll; when there are two 01' 
morc inten-cning countries, mmpound arbitration. 

48. All 'luestions ill arbitration of exchange may be solved 
by onc or morc ~tatemcnts in simple proportion; it is more 
convenient, howcycr, to consider them as problems in Con­
joined Proportion, and work thcm by the rule givcn in Art. 
50, Sec. Y. 

'liOTE.-C{IJ'C must be taken to reduce aU the money of the same 
country to the same denomination before linki7l1j them as directed 
in the rule. 

EX,DIPLE 1.-.\ merchant in Toronto wishes to remit 2000 
mares banco to Hamburg, and the exchange between Toronto 
and Hamburg is 35 cents for one marc banco. He finds, however, 
that the exchange between Toronto and Lisbon is $1'08 for 1 
mitree, that between Lisbon and Paris is 6 milrees for 38 francs, 
lind that between Paris and Hamhurg is 19 fra.ncs for 10 marc. 
baDen. How mneh will he gRin by t.he circuitonli exchan"a? 
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OPERATION. 

STATEMENT. BAME CANCELLllJ). 

108 cents = 1 milrec. "lOS = 1 ? 
G milrees = 38 francs. "( ~ = ~Il." 

19 francs = 10 marcs banco. 1~ = l~ 
2000 marcs banco = x. ~QtlQ = x 

x = 200 X;} X 108 =:)648. 
2000X35 = $100'00 = what he has to pay by direct exchangp.. 

G4S'00 =what he haa to pay by circuitous exchange. 

Difference = $ 52'0(, = Wlw.l he gains by the latter mode. 
EXAMPLE 2-£S24 Flemish being due to me at Amsterdam, it 

is remitted to France at IGd. Flemish per franc; from France 
to Venice at 300 francs per 60 ducats; from Yenice to Bamburg 
lit 100d. per ducat; from Hllmburg to Lisbon at 50d. per 400 
rees; from Lisbon to England at 5s. Sd. sterling per milree; 
and from England to Canada at :34'8G7 per £1 sterling. Sball 
I gain or lose, and how much. tbe exchange between Canada 
and Amsterdam being 7s. Id. Flemish per dollar? 

OI'ERATIOX. 
STATE)[EI'T. 8A)IE CANCELLEJ). 

2 
16d. }'lemish = 1 franc. "0 l~ = 1 

300 francs = 60 ducats. .J l1QQ = ~Q 
1 ducat = 100d. Flemish. 1 = lQJil 

50d. Flemish = 400 rees. &Q = 'l,QQ8. 
1000 rees = 68d. British. l~lQ!ilQ = ~Il. 17 

240d. British = ::34'867. ' ~'l,Q = 4'867 3296 
x = 197760d. Flemish. x = l~'l'iIltQ l~n~ 

17 x 4'867 X 3296 . . 
x = ~ -50-- = $2727'071 = amount remItteu. 
Then since exchange between Canada and Amsterdam i. 7s. 1d. Flemi"h 

per dollar we have 
85d. Flemish = 100 cents. 

x " = 197'itiud. -Flemish. 
Here x= 197760 XI00 = ~"~"G'li = sum I should have received had it 

85 . 
been transmitted direct from Amsterdam to Canada. 

Hence by the circuitous exchange I gain the Ilifff'r('ncc betwe~n .':';~7:27·07{ 
and $2326'47 that is ~00"6')l. 

EXERCISE. 
3. If London would remit £1000 sterling to Spain, the direct 

exchange being 42jd. per piastre of 272 maravedis; it is 
asked whether it will be more profitable to remit directly, 
or to remit first to Holland at 35s. per pound; thence to 
}'rance at 19~d. per franc; thence to Venice at 300 francs 
per 60 ducats; and thence to Spain at 360 maravedis per 
ducat? .9"s. The circular exchange is more advantageous 

by 103 pialitres, 3 reals, 20 marll.vedili. 
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4. A merchant wishes to remit $4888'40 from lfontreal to 
London, and the exch:l.I;ge is 10 per cent. He finds that he 
can remit to Paris at 5 francs 15 centimes to the dollar, 
and to Hamburg at 35 cents per marc hanco. Now, the 
exchange between Paris and London is 25 francs 80 centimes 
for £1 sterling, and between Hamburg and London 13i 
mares banco for £1 sterling. How had he better remit? 

.4ns. If he remits direct If) London he will obtain a 
bill for £1000. 

If he remits through Paris he will obtain a 
bill for only £975 15s. 8~d. 

If he remits through Hamburg he will obtain 
a bill for £1015 15s. 5d. 

Henco the best way to remit is through Ham­
burg, Imc1 the next hest way is direct to 
London. 

5. A merchant in Quebec wishes to remit 1200 marcs banco 
to Hamburg, and the excbange of Quebec on Hamburg is 
35 cents for 1 marc. He finds the excbange of Quebec 
on Paris is 18 cents for 1 franc; tbat of Paris on London, 
is 25 francs for £1 sterling; that of London on Lisbon, is 
180 pence for 3 milrees; that of Lisbon on Hamburg, is 5 
milrees for 18 marcs banco. How much will be gain by 
the circuitous exchange? 

.!In.'. Direct exchange :t;·I~() ; circllitnus excbange 
$375; gain $45. 

QUESTIONS TO BE A:\~ WERED BY THE PUPIL. 
NOTE.-The numbers affer the que.,Nons r~r",' to tll4J numbered articles 

Qf the section. 
1. What is profit and loss? (1) _ 
2. How do we find the total gain or loss on II quantity of goods when the 

cost price and selling price arc given? (2) 
3. How do we find at what price an article must be sold so as to gain or 

lose a specified percentage, the cost price being given P (3) 
4. HolV do we find tlie rate per cent. of profit or loss P (4) 
5. How do we find the cost price when the selling price and the gain or 

loss per cent. arc given P (ii) 
6. What i. barter r (6) 
7. What is alligation? (7) 
8. Into what rules is aUigation subdivided? (!l) 
9 What is alligation medial? (10) 

10. What is alli~ation alternate? (11) 
11. HOlv is alligation alternate proved? (13) 
H. Give the different rules for alli~ation. (12.14.-16) 
13. What is meant by the exchange of currencies P (17) 
14. What is meant by the cnrrency of a countrr P (18) 
15. How is the intrinsic value of a coin determmed P (19) 
16. What fixes the commercial value of a coin P (20) 
17. HOIv do you ...,connt for the fad that the. is of different values in the 

American States P (22) 
18. GiS"t!~~."alne of the pound currency in Canada, and in the different 

1~. How do we reduce doUars aUd cent; to old Canadian ourrency or to 
any .tate aurrenoy P (113) . 
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20. How do wo roduce old Canadian curroncy or any state cun-one.v tn 
dollars and cents P (24) 

21. How do we reduce dollars and ccnts to .terlin~ money P (2 .• ) 
22. How do we reduce sterling monry to dollars and cents? (~I;) 
21. What is a bill of Exchanlic? (28) 
U. Explain the terms drauoer, drot('(,f!, acceptor, pr.t,1JPf', lwlrlt -,·, endoi's(';· 

and endorsf'e. {29-35) 
25. How is a bill ""cepled 1 (S3) 
26. What is the ditfercl1(,o between a blank CIHlol',r.,f'I'fll'id and a spC'C'ial 

endorsement? (35) 
2i. What is meant by protesting a hill? (:3(j.~i) 
2.01. Explain what is meant by tho Fil':;t. :--;f'('o!1I1. :nld Thinl ()f Exdlflll':;('. 

(39) . 
29. What is the par of Exchange? (4111 
3U. Explain the differeuce between 1111"' int.rinsic }l3r and the commercial 

par of Exchange. (41.42) 
31. What is the course of Ex('hall~e. (I:;) 
32. l:Jplain what is meant hy :--a,villg t,ile par of Exchall~e between Canada 

and Britain is 9} IJer cent. (41-) 
33. Upon what is thp rat(' of Ex('hange lJr-tW(>('1l ('~ll~Hl:1. and Britain 

reckoned P (45) 
34. ,nlat is arbitration of Exchange ? (46) 
35. What iR thp diU'erence between~imple anll ('ompound arhitl atioll? (47) 
36. By what ntIe are que!)tions in arlJitratil)l1 of Exchange WOl b'd ':' (...J.'H 

INVOLUTION, EYOLUTIOX, LOGAllITIDIR. AXn 
LOGARITHMIC ARITHMETIC. 

1. A power of any number is the product obtained by 
multiplying that numbcr liy itself one or more time'S. 

ThuB 2.i =':'X5 is a power of j: ~l == :)/,3:<:L"';~ is a power of 3, &r. 

2. The number which, being multiplied once or oftener 
by itself, produceI' thc pawN, is callen thc Toni of that 
powcr. 

Thus5isthl'rootof:3.i,siI1N';J.::';=-2.-,: ;}i:-; tlw root of 81, "ltW,- :1/:);-: 
3X3=SI. 

3. The powers of a number are called the first, second, 
thil'dJourth,fifth, &e., according :I:'; the root is taken ())lrr. 

IlOice, thl'ice,/olll' timrs,ji/'c limes, &c., ns fowillr. 
Thus. 81 i. called the fourth power of 3, l,..rall'p 3 is taken·1 times as 

fact<>r, in order to produce 81. 

4. The second powcr ofa number is also called its squaTe, 
because a square surface, thc length of one of whose sides 
is expressed by a given number, will ha,e its area expressed 
by the second power of that number. (SCf~ .\rt. G2,Sc('. 1.) 
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5. The third PU1Yl'l' flf' a number is also called its cube; 
becausc if thc length of (Inc side (lj' a eube be expressed II) 
a .!.!:in'll number, the solid contcnts of thc cube will be l'X­

Pl'C'''cl'rll,y tIl<' third power ofth~lt number. (~C(' Art. ti+' 
~"('. J.J 

6. 'I'll<' iildc.r or f,''jl'"IClli of a powcr is a small figure 
written tl) the right, iudieatinc; how oftcn the root has tl) 
he bb'n as f<1(,jur ill (Irrl"r ttl produec the !2:ivcll power. 

']'1111 .. , 21 ::::'2 :.= :2 - = Fir . .,t po\ycr of 2. 
~ '..' ==~:<:! = ~ =--= ~pconu power of~. 
:! : ==~ /.:.! '2 == S = Third power of ~. 
~4==~··2 :.!:''-' =lfj==F4)Hrtllpowerof~. 
~-, ==:.!Y::! ~/:! ::::=-o~= Flflh Jlower of:.!. 

~u also ~F means tile seventh power of 8; i. I'" J llumber produced b~' 
takin:.c 8 sevC'n times as factor, 8.:l'. 

7. (:J+"';); U1('~lh tlI:lt the sum of;-, :tl1ll8 i.;; to be squared 1\8 one number 
and is a verr (liircrent thin,:;from 52 +-;:l, wliieh means the swnofthesquarclS 
of 5 :lIlt! ;;. 
'rhus (.;+"), = I:;" = IGO, while ;;'+,'" =";)-\-GI=89. 

Thr'I""fllj'C' (,j+") 2 == ~:.H-';;I1+!~-!,=lst part sq(llfi'cd, plus twice product 
(If Is! pad 1),/1 '2.w! po}'/, 1"'1,\' '!.nd j)II}'t .'111((((/'1'1/. 

8. Thc proccss of finding a power of a given number 
11'y multiplying it into it~clf is ('"lle<l Involution. 

9. To involve a nnllllrc,l' to all} l'efplired power:­

r:l'LE. 
Take Ihe :;i"clI number ",fuctor as mallY times a., there are 

ullits in the indcI of the rC'lllired pov'cr and find the continued 
product of these factors. 

i\ oTE.-Fo,r! iOlls are int'olrcd by multiplying both numerators 
IIlld denominutors as above, and mixed numbers should be reduced 
to fractions before al'pl!Jill~' the rille. 

EXAMPLE 1.-Wll:l t is the fifth power of 7? 

nrEr,.ATln~~. 

Here the inuex of the requireu power is,"', and hence t.'iH' given numllCr 
7 mu~t be taken 5 tillIe'S a ... factor. 

7/..i:':7':7:</=lCSH7 All .... ·. 

F.XA~rrr,E 2,-Who t is the third power of ,~_? 

AilS. {~)3 =~Xixi= ~" An-so 

EXEnCJSI~. 
3. Find the fifth power of 3. 
4. Requiretl the tenth power of 20. 
5. Hequired the sixth power of 1'05. 
I;. Find tbe seventh power of '!. 
7. Find the fifth power of ~-. " 
8. Required tbe tbird pow~r of lIz. 

Ans. 243. 
Ans. 10240000000000. 
Ans. 1'340095640625. 

.Ans. lfrlJ,'6' 

.Ans. NNq. 
.i1ns. UfNl.3 = 1481J"/,. 
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10. Let it be required to finol the product of .\' hy 1'. 

4' -~1 X ·IX I and4' =4X l. Therefore!-' X~' = (4 Xl Y ·1) X (4 v I) 
=IX4~<4X lX4=4"=4,J+2. 

Hence two or more powers of the samc number are 
multiplied together by adding their indices or exponents. 

Thus,S':; Y.62 x6 3 =6.5+2+3==6 10 

GX52X;jJ X5 1 :::..:jITZ+3 7=:'jl·~t&c,&r. 

11. Let it be required to uividc 3" bo' 3 2 , 

3l:i =:} X!) /: 3 X 3 X ~ :lntl3 2 ~~:) /: :3. 

Therefore 3" -'-3' =~ = ~ X:3 / :l,,;j X ;) ~3 X 3 Y. 3=33 -3[,-2 
3 2 3 Y. 3 . . 

Hence, to divide one power of a number hy another 
power of the same number, we subtract the index of the 
divisor from the index of the dividend. 

Thus, 7" -:-7'~ =7"'-:1 =7'1 
3'1 +3' =3'1_4 =3' • .l:c" .\;c. 

12. Let it be required to find the third power of 7'. 

(7 2 )3=7 1 Xi: X'j~=---·7>:i>-: iX'iY7X'j'=--iG='j'!" J 

Hence to find any refjuired power of a given power, w,­
multiply the index of the given P()lI'l'l' by the index of til" 
required power. 

Thus,(~4)'~'=-2" )(5=:-:;:0; {3~);=32'" 7:::-=3 14 .&C.,li:.c. 

EXERCISE. 
9. Multiply together 42 ,4., 4" and 4'. .I1ns.4'8. 

10. Divide 13 ' 1 by 132 • .I1ns. 13°. 
n. Find the fifth power of :J'. .I1ns. 3' ~. 
12. Find the value of !(7'X7J )--;-(7 1 x7'>j6 .I1l1s.7'8. 

13. Find the value of f (;. 'X:"xr,11 X5q)--;-(51X!i2x5'xr,~) 13 
. 

.Iin.f). Gill, 

EVOLUTION. 
13. E,olution is the I\I'OCC'", of finding any required root 

of a given power. 
NOTE.-Evolntion is the n"'c'"r of iln"olution; the latter teaehes how to 

find a power of a numher hy multiplying it into itself; the former, how to 
find the root ofa power bv·resolving it into eq""lfactoTs. It follows that 
powers and roots are correlative tcrms.-lf oue Humber is a power of 
another tbe latter is a root of the former. 

14. A root of a number may be indicated by either of 
two methods. 



SQUARE RO()'I. [SECT.X. 

1st. By n'iJl~ Y, called thc radical sign (Lat. mdi.T , a 
root J. 

~nd. By w;in~ a fractional index having unity for its 
nUlllerator, awl the numhcl' expressing the degree of the 
root for denominator. 

Thl' ..... The Sf]uare ro()t of 7 is "X]II"f'-;sl'd (·it II:")" hy V '; or by 7: 

T1Jl' ('\11)(, root nf 6 is f!.j G or hy Ij~ 

Til" 3tvcnth root of 2 is V 2 o~ bJ' 2t 
XOTr:.- -Th(' fi~llr(' pia!"'ll in the T:Hlical sign, Of as denominator of tlw 

frnrtiPllal ]tHkx tll'llOtl'''' till' }"()(,t. 

A frat'! iOlla] ill!it-X ",'ith J/ umerair)j' ;:rrr';ltf'f than one is sometimes used. 
In suell ('~l"p., t,he (hnnmiriotor UPllot(':s t he root, and. the numerator tIlt' 
}JOWel' to ~(' tab'n. 

Thus, ~j means either Hle tulle root nf t·be . ..,quar(' of 2 or the square of 
the {'HltC' root of~. 

Tilf' radical ~i~1l V a corrupted form of the letter j", tllt~ initial I!'ttljl' or 
the L:11 in wOi'd ,'(uJ (.1', .. :1 root." 

EXERCISE. 
I. Express the "Iunre root of I 7 and the cube root of 11. 

2. Exprc2s the fifth root of 4. 

.'In.'. y17 or 17~ and {Ii! or l1 j
· 

- ) 

.ans. R/4 or 4' 

:1. Express the fourth root of G". Ans. f.j5i or "l. 
_ i. , 

.t, Express the sixth root of ". .flns. {l7+ or 7' = 7;' 

G. Express the third power of the fifth root of 2. Ans. (R/2)" or 2~' 
6. E"l're.'s tb~ eleventh power of the tenth root of 161. 

.1ns. (10/161)' 'or 161H. 

15. I,et it be required to extract the fifth root of 3l ~. 

The fir! h root of 310 i, espressed eitber by R/ 3 15. or by ll'-· 
Tok'l1~ the latter mode, we hoyc a'l' =3' =31:. -+ '. 

HellCl', to ext.ract any root of a ;:6\"('11 power of a numher, 
we diyjrl" thl' index of the power by the index of the root. 

'rhus, rrhe seventh root of 214 is 214 + 7 ::- ;;2 
Thf' fonrth root of ~ 1 2 i.'i 2 1 '2 -;- 4 :::-.:::::!:1, &c., <-xc. 

EXTIL\CTIOX OF THE :-;QT}ARE ROOT. 
16. To extract the square root of a number, is to find a 

num~er which, being multipli('rl once by it.self, will produce 
t.he glveu 11 I1lllh'J". 
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RULE. 

1. Point off' the git'etL number into periods u.l two .ligures each, 
beginning at the decimal point. 

11. lind the hi!fhest square contained ill tlte left-iwild period and 
place its root to the right of the number, in the pl,'re occupied by 
the quotient in division. . 

III. Subtract the squtlre of tlte di~'it, 1'"1 ill tI,e ruut ji'o/a the 
left-hand period, and to the remainder brill; down the next period, 
to the right, for a new divid,nd. 

lV. Double the part of the root ""'eadyfultndfor <L TRIAL DIYlSOR. 
V. Find how tlWIIY times the I rill' dil,isor is eoa/ained ilt the divi­

dend, exclusive of the rifjht-halld di-;it, (lnd place the figure tltw; 
ubtained both ill the root (wd a/so to the ri!fht of the trial didsor. 

VI. Multiply the divisor thu., completed by the digit last put 
in tile 1'00t; subtract the product from the dicirlel/rl, and to the 
remainder bring down the lIext period for a lIew dividend. 

VII. .9::lIil/, double the part IIf the r,,"1 uIN""'I./il//IIrlfur a new 
'rRIAL DIVISOR j proceed as in V. aad VI., and "Ullti,!IIC Ihe process 
until all the periods un' brought dl)ll'//. 

XOTE.-If the given llumlJer is not a IJf'rfl'ct sqtwr.', its exad square rout 
cannot be found; hut bv annexing period . .., (11' ciIJlwr:-;, we can obtain a.ny 
required approximation'to it. 

EXA.MPLE I.-What is the square root of ~2-12/)~2J? 
l~XPL.1~.A.TIOi\ ... -HI_·J'I_· ~~ is the 

~;!~:!i):?;~.j( !;:J.J, is the required root. left hanu p,'riod, and tile hi.!!"Jw'it 
ltj square in :!:.! i":i lli, ()t' wllit'll the 

square root hi -!!. ,re p!a<:e 4 
.~7)li42 in tlwroot awl subtract 1ti t'rnlll ~2. 

{jon '£hi ... leaves a remainder (;, til \\'\Iieh 
we bring dOWK the next IJvriod, ·1:!. 

{J.13)0:H'~ amI tlw') ohtaill fa~ ful' tile )It'W 

2~:!9 uivi4icud. Our nl'xt ~tf'l. i~ to tirld 
the I;-;(Ii divltUf', which we obtain 

91tJ'))·~7:1:!.~, hi-' lluHl,lill~ the part of the root 
·1702;'j alr"nlly fUlIl!/1. 11'1Ii:i gives U~ ~, 

(==·t dr)Illdr'tlj alld \\"1_' ask how 
many times 8 will go illio 64 (tilL' uiYitll'IHI.'xdtl",i\'I' td' thl' I"lo:ht h:l,nd di~it). 
Bearing' in minu that we are to pnt tlw di!!il llll(~(jld ailll'lllJ(A h in the root 
and in the divisf)r, and that tllP compktf'J diyi..,or will 1)(' ()V{'r SU, we lind 
that the required digit is 7, whic-h \\e ac(")rtliH~.d'y IJI~H'l' both in the root 
and in the divisor. TIl(' complete divisor is .')7. which l.Onltiplicd by 7, 
gives 6119, and this subtracted from f;·l:!, hriV('S a remailltlrl' .::~, to whirh we 
bring down the next period, 02. and thll"> g'1·t 330~ for tIll' IIL'xt dividend. 

Again. t1ollblin,,; the part of tho root already found, we obtain D~ (=47 
doubled) rm' a trial divisor, and as this will go into 3:311 (tbe dividcml 
exclusivo of tbe right band digit) ~ time<; we pl",ce 3 bolh ill the root and 
in the divi.or. 

Multiplying the U~~ thH' obtained by 3; sllbtractinp: aml bril1!,il1g down 
tho next period we /2:'ct ,na:Ui for th(' next dividend. 'fbe TlC'xt trial divisor 
i.946 (=47Sdoubled) which will flO iuto ·17:~~ (tbe clividcntl exclusive of 
the right hand figure) 0 times; aud we therefore place 5 both ill th~ root 
and ill the divisor. MUltiplying and tlUbtraeting. we finel no remamder . 
• 73 is therefore the square root of 22!20225, 
PRooF.-~735 Y 4735 = 2242022~. 
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EXPLANATION AND REABON. 

17. We may consider every number as consisting of its tet18 plus its ""U.; 
that is, if the tens be represented by the letter a and the units by the letter b. 

Number =aXb; and 
Number squared = (aXb)'=a'+2ab+b'. 

Hence, the square of a number is equal to the square of 
the tens, plus twice the product of the tens by the units, 
plus the square of the units. 

Thus, 69 = 60+9 
And (69)2= (60+9)2= (60l'+~X60X9+9'=3600+1080+81=4761. 

18. Let it now be required to extract the square root of 4761. 
I. It is evident tlt,t the square of a number consisting of a single digit can 

never contain more than two digits or less than On{~i converselythesqnare 
root of a number of one or two digits must be a number of one digit. Again 
the squaro of a number consisting of two digits can never contain more 
than four or Ie,s than three digits; conversely the square root of a number 
of three or four digits must be a number cou"isting of two digits. Similarly, 
the s'luare of a number consisting of three digits can contaill neither more 
than six nor less than five di",its, and c<lnversely, the square root of anum. 
bel' consistill(\, of five or six digits, must be a number of three digits, &c.; 
that is, one dIgit in the root is equivalent to two digits in the square or 
conversely, two digits iu the square are equivalent to one digit in the root. 

Hence, if we divide the given number into periods of two figures 
each beginning at the decimal point, the number of periods will 
indicate the number of digits in the root. 

II. Taking the numher 4761, we divide it into periods, thus, 47in, and 
since there arp two periods in the square there must be two digits in the root. 
We thus leal'll that 4761 is the square of a certain number of tens, plus a 
certain number of units. Now it is manifest that the square of the tens 
can only bc found in the second period, 47,since tens squared can give no 
digit of a lower order than hundreds. Also, that no part of the square of 
the units can he fnund in the second period, 47, since any single unit squared 
can /o\'ivc no (li~it of a higher order than tens. 

Therefore the square of the units is found only in the first or 
lowest period, the square of the tens only in the second period, 
the square of the hundreds only in the third period, &c. 

OPERATION. 

4761(69 = square root. 
36 = highest square in 2nd period. 

(j tens X 2 = 12 teus+ 9 units =129) 1161 = remainder which contains, 1st, 
twice product of tens by 
units, 2nd, the square of 
the units. 

1161 = twice 6 tensX9+92. 

Ill. In extradiIlg the square root of this number, we look first for the digit 
occupying th.e pl~e of tellS in the ~oot. We know (II.) that the square of 
~ens IS contamed 10 the second p~nod, 47. and the highest square contained 
10 47 must be the square of the highest digit that can possibly stand in the 
place of tens in the root. But the highest S(IUare in 47 is 36 the square 
ro~t of which is 6. Placing 36 uIlder the 47,6 in the root, we s,',.btract and 
bring down the next periOd, 61, and thus get a total remainder of1161. Now 
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(Art. 17) the whole number 4761 consists of the square of the tens, plus 
twice the product of the tens by the units, plus the square of the units; 
and, since we have subtracted from it 36, (or if the ciphers be annexed 
3600) the square of the tens, the remainder, 1161, mnst contain twice the 
product of the tells by the units, plus the square of the units; that is, 
twice 6 tens X by a certain number of units, plus the square of that num­
ber of units i and because we do not know as yet what the urtits' figure of 
the root is, we use twice the tens for a tria.l divisor. 

IV. Since we are now seeking the units' digit of the root, and since tens 
multiplied by units can give no digit of a lower order than tens, the ri~ht 
hand digit of the divitlend can form no part of twice the product of thc 
tens by the nnits, and we have simply to ascertain how oftcn 12 tens 
(= twice 6 tens) will go in 116 tens. Evidently 9 times. 

V. Lastly, we place the digit thus found in the root, because it is a figure 
of the root, and in the divisor. because the dividelld contains not Duly 
twice the prodnct of the tens by the units. but also the square of the units. 
Now when we multiply the 9 hy 9 we get thc square of the units, and when 
we mUltiply the 12 tens by D ullits, we get twice the prolluct of the tens of 
the root by the units. 

EXAMPLE 3.-Extract the square root of 127449. 

OPERATION. 

i27449(357 
9 

65)374 
325 

707)4949 
4949 

EXPLANATION AND REAsoN.-From the pointing oft' we learn that the 
given mrmber i~ the square of a certain number of hundreds, plus a certain 
number of tens, plus a certain number of units. 

I. We are first then to look for the digit in the place of hundreds, and 
since hundreds squared can give DO digit of a lower oruer than tens of 
thousar:.ds or of a higher order t.hall huudreds of thousands, we see that the 
square of the hundreds can be found ouly in the lett, haud period. The 
hIghest square contained in the left hand pcriod is 9, the ,quare root of 
which i. the left hand digit of the entiro root. 

II. After 8!lbtracting. w.e .br.in~ down tllf' next l?eriod 0111.'1. bccansr: we 
are now lookmg for the dl~lt 111 the place of tens In the l'oot. Auu smce 
tens squared can give no dl~it of a lower order than hundreds, the lowest 
period cannot enter into any part of the square of tens, much l('~s can it 
enter into any part of twice the product of the hundreds by the tens, an(1 
therefore wben looking for the tens of tho root, \\'e pay no attention to the 
ri~ht haud period of the square. 

III. The remainder of the process is similar and the reason for the various 
steps the same as in examples 1 aud 2. 

19. To extract the squarc root of a decimal ;-

RULE. 

1. Annex one cipher, if necessary, ill order that tlte /lumber of 
decimal places may be even. 

11. Point off into periods of two figures each, beginning at the 
decimal point, and extract the square root as in whole numbers 



304 SQUARE ROOT. [SECT.X. 

remembering that tlte number of decimal p/acea in tlie root will be 
equal to the number of periods in the squau. 

EXERCISE. 

4. Extract the square root of 195364. .I1I1S. 442. 
5. Extract the square root of '0676. .I1n8. '26. 
6. Extract the square root of 984064. .I1ns. 992. , 
7. Extract the square root of 5, true to five decimal places . 

.I1n8. 2'23606. 
8. Extract the square root of .~, true to six decimal places . 

.I1ns. ·70H06. 
9. Extract the square root of 60'48'1129. .I1n8. 7'77t 

10. Extract the square root of 79'19226629'1612001. 
.I1n8. 282475249. 

11. Extract the square root of 0'0000012321. .I1n8.0·00111. 

20. To extract the square root of a fraction :-

RULE. 

1. Reduce 11/ i.ceJ numbers to improper fractions, and compound 
and complex fractions to simple ones, and the resulting fraction to 
its lowest terms. 

II. Extract the square root of botlt numerator and denominator 
sepamtely, if they have exact roots; but if they have not both exact 
roots, reduce the fraction to its corresponding decimal, by.l1rt. 56, 
Sec. IV., and then extract the root as in .I1rt. 19. 

EXAlIPLE 12.-Extract the square root of 21. 

OPERATION. 

-.)9 
.1/15. ~! = t and -.)'J; = - = ~ = n. 

-.)4 
EXAMI'LI!l 13.-Extract the square root of 3~. 

OPERATION. 

31 = "!= 3'4285'1142 and -.)3'42857142=1'8516. 

EXERCISE. 

14. Find the square root of·1. .I1na.l. 
15. Find the square root of T~'l' .I1n8. fro 
16. Find the square root of 51. .I1ns. 2'267786. 
17. Find the square root of t·n. ..i1na. '63509. 
18. Find the square root of 13t ..i1m. 3'63318. 

21. Let it be required to extract the square root of 63513'423 
."ptenary. . 
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OPERATION. 

630is'42aO(236'155 + 
4 

EXPLANATION,-WCj,oiut o(f iuto I""'iods of 
two places each, as in the decimal or common 
scale. Then the highest square ill G, the first 
period, is 4, of which the square-rout is 2. SUU~ 
tracting 4 from the 6 and bringing down the 
next period, 35, we get 2'35 for the di vidpllu. 
Next doublin~ the 2 we obtain 4, and we fillu 
that this will go iuto 23, the rlividend exclusive 
of the ri~bt hand fi~lIrc, 3 times, Placing this 
3 in both root and divisor, multiplying- (hearing 
in luind that 7 is the common ratio of the svs~ 
tern) and subtracting', WP. obtain :1. rcmain(ll'r 
of 43, to which we hring UOWll the next ppriOil. 
13, and thus get 4313 for the next uivideud, j;e, 

43)2.35 
162 

oW6) 4.113 
4161 

5051)122 '42 
50'51 

605 '25)41 '6130 
3~ '3064 

505 '335) ~ 't2:1:JIIO 
3'4:163,1-' 

'45362,3 

EXAMPLE 19.-Extract the square root of 4731392 ul1rlel1ary 
true to two places to the right of the sepamting point. 

OPERATION • 

. t7:Ji:J;)~(:213~'tl~l. Alls. 
4 

41) 73 
41 

42,')321:; 
;~ut~l 

4352) 11 ;'i!12 
Still< 

4351'9) 3999 'Ill' 
3:;91"/ ~ 

435;; '79) 40l'u,Ol) 
3G05744 

G:J ':Jfl;7 

EXERCISE. 
20. Extract the square root of 11333311 septenary. .I1ns. 2G~G. 
21. Extract the square root of 33233344 senary, .I1l1s.4344. 
22. Extract the square root of 4234'10123 quinary, AilS, 4:~'412. 
23, Extract the square root of 88888'888 nOl1ary. .I1ns. 288'88. 
24. Extract the square root of 248664et69 duodenary . .I1l/s.54313. 

APPLICATION OF SQUARE ROOT. 
22. A trianO'le is a fiO'ure having three sides, and con­

scqucntly thretan,~lc~. o'Vhcn one of t~c angl:s i~ a'l'i,q/tt 
allgle, like the corner of a SljlWrC, the trIangle IS called ~, 
right angled triangle. 

u 
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23. In a right angled triangle the side opposite the light 
angle is called the hypothenuse, and the sides containing 
the right angle, are called the base and the pelpendicnlar. 

24. It is shown by elementary geometry that the square 
described on the hypothenuse of a right angled triangle is 
equal to the sum of the squares described on the other two 
sides. 

Or if" be the hypothenuse, b the base, and l' the perpendicular: then 
1t2 = b~ + p2, and hence 

It =Vbi +p'l. 

b =Ylt._p' 
P =Y1<2 -02 

Tlw t is-to find the hypothenuse of a right angled triangle when 
the other sides are git'en we add the square of the base to the square 
of the perpendicular and extract the square root of the sum, 

To find the length of the base we subtract the square of the per­
pendicular from the square of the hypothenuse and extract ti,e 
square root of the remainder. 

To find the length of the perpendicular we subtract the square 
of the base from the square of the hypothcnuse and extract the 
square root of the remainder. 

25. The following principles are also established by 
geometry:-

Circles are to each othe?' as the squares of theil diameters. 
If the diameter of a circle be multiplied by 3'1416, the product 

is the circumference. 
If the squ'are of half the diameter of a circle be multiplied by 

3'1416, the product is the area, 
If the square root of half the square of the diameter of a circle 

be extmcted, it is the side of an inscribed square. 
If the area of a circle be divided by 3'1416, the quotient is the 

square of half the diameter, 

EXAMPLE 25.-If the hypothenuse of a right angled triangle is 
12 feet long and the base 10 feet, how long is the perpendicular? 

OPERATION. 
122 = 144 
10' = 100 

difference = ""4:; andY 44 = 6'63324 . .tins. 

EXAMPLE 26.-If the foot of a ladder be placed 20 feet from 
the side of a honse, how long must it be in order to reach to the 
top of the house, the latter being 46 feet high? 
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OPER.l.TlON. 
462 = 2116 
20' = 4lJO 

sum = 2516 and V 2516 = GO·15 . .tins. 

EXERCISE. 
21. Suppose a iadd~r 100 feet long be placed 60 feet from the 

foot of a tree j how far up the tree will tbe top of the 
ladder reach ./ .!lns. 80 fe~t. 

28. Two persons start from the same place, Rnd go, the one due 
north 50 miles, the other due west 80 miles. How far 
apart are they? .!lns. 94'34 miles, nearly. 

29. How large a square stick of timber can be hewn from a round 
stick 24 inches in diameter? .!lns. 16'97 in. to the side. 

30. A man has a ladder 313 feet long, which, when put on the 
outside of a ditch 20 feet wide, exactly reaches the top of 
the wall. Required the height of the wall. .!lns. 29'933. 

31. A ladder 40 feet long is placed against a wall 14 feet high, 
. and just reaches the top j it is tlten turned over and touches 

the top of another wall 26 feet high. Required the breadth 
of the street. .!lns. 22'022 yds. 

32. If the area of a circle be 1760 yards, how many feet must 
there be in the side of a square to contain that quantity? 

.!lns. 125'857. 
33. A certain general has an army of 141376 men. How many 

must he place in rank and file to form them into a square? 
.!lns. 376. 

34. What is the distance through the opposite corners of a square 
yard? .!lns. 4'24264 feet. 

35. The distance between the lower ends of two equal rafters, in 
I the different sides of a roof, is 32 feet, and the height of 

the ridge above the foot of the rafters is 12 feet. What 
is the length of a rafter? Jins. 20 feet. 

36. What is the distance measured through the centre of a cube 
from one corner to its opposite corner, the cube being 3 
feet, or 1 yard, on a eide? .!lns. 5'196 feet. 

37. If an iron wire 11" inch in diameter will sustain a weight of 
450 pounds, what weight might be sustained by a wire an 
inch in diameter? .!lns. 45000 Ibs. 

38. What length of rope must be tied to a horse's neck, in order 
that he may feed over an acre? .!lns. 7'136 + perches. 

39. Four men, A, B, C, D, bought a grindstone, the diameter of 
which was 4 feet j they agreed that A should grind off his 
share first, and that each man should have it alternately 
until he had worn off his share j how much did each man 
grind off? • 

NOTE.-!n this question we disregard the thic~lle .. :of. the grindstone. 
After the IIr8t has ground off hiB portion, thero Will rcmam t of the stone 
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'flll'll Ow whole lStlllll' : part rcm~illin~:: ~qll:lrn of lli:ullt'ipr of whole 
stulle: tH1Uarl' or t.liallH't.Cl' of part rClllaiuil1g. (j\l't. :!G) 

That is, 1: }::4~ : .1''1) antI hCllce.l" =4 X V: = ,t. X V~ = 'SGlj X 4= 
3'461 = Llia llleil'I' of stone after the first has ground off his portion. 

Similarly. after tlu' second has ground off his portion there will remain} 
of the' st'>lle. and after the third has t:Lkcn his portion. ~ of the stone. 

Hell('l'l : ~ :: 4~ : .1'2, whence .r == 4 X vT = :,!'s:!:--; ft. = diameter after 
2ml has takt'll hi..; portion. 

1: 1::.12 : .,.2, whence x= I X vT = 2 ft. = diameter after 31'd hast.ken 
off his portion. 

lIellce ,\ take'S ofl' 4-:~'4(11-- ',-,;;!) ft. --= 6"432 inches. 
1; .. ;;'4tH-~'s:!S = 'I~;)!) ft. = 7'632 inches. 
C ~'S~~~~ == ',"'I:!'j ft. = 9'~36 inches. 
II l'l'Waillillg ::! ft. == 2~ inches. 

CUBE ROOT. 
26. To extract the cube root of a number is to find a 

number which taken thr/(' times a,; factor will produce the 
given number :-

RULE. 
r. Point off the number into periods of three figures each begin­

ning at the decimalpoint. 
II. Find the hi;"e,,1 cube contained ill the left hand period mId 

place ils root to tlte 1'ight of the number, in the place occupied by 
the quotienl in di,·ilioll. 

III. Subtract the cube of the di:>:i/ put in the 1'00t from the left 
hand I'ni'''/, and to the remainder bring down tiu nut period to 
the ri;1tI fur a new riiciriclld. 

IV. llfuitipiy the square of the paTt of Ihe root a/ready found 
by 300 for a TRIAL DIVISOR. 

V. Find how mlllly times the tri"l divisor is contained ilt the 
dil'idend and put tke jigure thus obtained ill the root. 

\'1. ('uIIII"dc the TRIAL DIVISOR by adding to it: 
1st. The part of the root previously found X the last digit 

j,"1 in the root X 30 and 
2nd. The square of the last digit put in the 1·00t. 

VII. Multiply the divisor thus completed by the digit lasl put in 
the root; subtract the product from the dividend, and to the re­
lIIai",/er brillg doten the next period for a lIew dividend. 

VIII . .J1gain multiply I he square of the part of the root already 
found by 300 for a new TRIAL DIVISOR, find what di;it to place 
next in the root as in TT, complete the divisor by making the two 
additions to the trial divisor described in 1'1, multiply, subtract 
and bring down as directed in VII, and continue the process until 
all tlte periods are brought dOlCiI. 
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EXAMPLE I.-What is the cube root of 429112932001? 
OPERATION. 

1st trial divisor = 72 X 300 = 
1st increment = 7X5X30 = 
2nd " 52= 

1st eomplete divL.or 

14700 
1050 

25 

15775 

2nd trial divisor =75 2 X ~OO= 1687500 
1st iUl'reruellt = 75>-:·1:<:)(1 ~ 9000 
2nd .. 4t = 16 

2ud eomplete divisor = 1696516 

3d trial divisor = 7542 X 300 = 17055J·800 
1st increment = 754X3X30 = 67860 
2nd" 3 2 = 9 

429i 72iJ32007 
34.3 

I 75·J,3Alls. 

S(jlj::! = 1st dividend. 

iRS7.; = product of eomp. eliv 
1JY 5. 

.,786064 = product of eoUlp. 
div. by .~. 

51 [''''~IJ07 = 3rd di vWend. 

3rd complete divisor = 1 i(H)!21~I~n !jllSfjQnOi = 111'()llll('t of compo 

EXPLANATION.-After ointill!! off,,"c find that the hi~l~~.;?~~j,e number 
contained in the left han~ pt'riou is al:J of which the cube root is 7. \Ve 
therefore place 7 iu the root and subtract 34=j from the first period. 
This gives us 8 remaind~r of 86 to which we brillg' down Lhe ncxt pcriod 
172. and thus obtain 86172 for a new dividend. 

Next we take 7. the part of the root already found. square it and multiplv 
the 49 thus obtained hy 300. this gives tl1« first trial divisOl' J.l700 which 
we find will ~o into the dividend 86172 (making due allowance for tho 
increase of the uivisor) 5 times. 

Ncxt we complete the divisor by adding to it. 
1st, iX5X30 = 1050, and 2nd, 52 =2:i wllich givos us 

15775 for" complete divisor. This we multiply hy G. til<' 11i~it last put ill 
the root. subtract the product 78875 for the bl 11il·i,\<o",l, and to the 
remaiuder 729'/ bring down the next period 932. ~e., .I.e. 

'1:1. EXPLANA.TION A.ND REAsoN.-We hale seen (Art. I,) thai we may 
consider eVC1'y number as cOllsi::;ting of its I, us plus its units, or if a=tl'll!S 
and b=units. then 

Numher =a+b; and 
Number cubed = (a + b)3 =a3+3a 2 b+3alJ 2 +lJ 3 • 

Hence the cube of a number is equal to the cube of thc 
tens, plus three times the product of the ten" squared 
multiplied by the units, plus three times the product of 
the tens multiplied by the square of the unit~, plus the 
cube of the units. 

Thus 69 =(60+9): and 
693=(60+9) ·l=60"+3X602 X9+3X61l;< (," +9 1 

=216000+97200+ 14580+ ,~9 
=328509. 

28. Let it now be required to e:l(tract the cube root of 328509. 
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I. It is manifest that the cnbe of a single digit can never contain more 
than three digits or less than one digit, and hence the cube root of a num­
ber (i. e., perfect cube) of one, two or three digits mWit be a number of one 
digit. Again the cube of a number consisting of two digits can never con­
tain more than six or less than four digits, and conversely the cuhe root if 
a perfect cube consisting of four, five or six digits must be a number of 
two digits. Similarly the cube root of a perfect cube consisting of seven, 
eight or Iline digits must be a number of three digits. &c. 

Hence, one digit in the root is equivalent to three digits in the 
cube, and conversely three digits in the cube are equivalent to 
one digit in the root, and therefore if we divide the given nnm­
ber into periods of three digits each, beginning at the decimal 
point, the number of periods will indicate the number of digits 
in the root. 

II. The cube of the nnits can be found only in the period immediately 
to the left of the decimal point, siuce any unit cubed can give no digit ofa 
higher order than hundreds. Also the cube of the tens can be found only 
in the second period to the left of the decimal point, since tens cubed can 
"ive no digit of a higher order than hundreds of thousauds, or of a lower 
order than thousands. Similarly the cube of the hundreds can be fOmId 
only in the third period to the left of the decimal point, &c. 

Hence, counting from the decimal point towards the left, the 
cube of the units can be found only in the first period, the cube 
of the tens only in the second period, the cube of the hundreds 
only in the third period, &c . 

. III. Taking the numb.er 32~509 we divide it into periods, thus 32851)9, aud 
smce there are two perlOd. 10 the cube there must be two digits 10 the 

root. We thus learn that 828509 is 
OPERA-TION. the cube of a certain number of tens 

plus a certain number of units. We 
328509(63 first then look for the digit in the place 
216 of tens in the root. We know (II.) that 

1

_- the cnbe of the tens is contained m the 
I;' = 36X300 = 10800112509 second period,328,and the highestcuhe 
6X9= 54X30= 162U contained in 828 must evidentIybe the 

9' = 81 ~uhe ofthe highest digit that can oc~u-
-- py the place of tens in the root-whlCh 
12501112509 digit we are seeking. The highest cube 

contained in 328 is 216, of which the cube root is 6. We then subtract 216 
from :128 and to the remainder bring down 509, the next period, which 
gives us 112509 for a new dividend. 

I V. From the given number we have only subtracted 216 (or if the ciphers 
be affixed, 216000) the remainder, 112509, therefore consists (Art. 27) of three 
times the product of the square of the tens by the nnits, plus three tim08 
the produrt of the tens boY the square of the units, plus the cube of the 
unit.; that is, 112509 cons1sts of (6 tens). X3Xa certain number ofunits+ 
(6 tens) X3X (that number of units).+(that number of units)3 ; anil 
because we do not know as yet what the umts' figure is, we use (6 tens)'X3 
for a trial divisor. 

But (6 tens)oX3=(60)'X8= (6X10)'X3=62XI02X3=6'X800; or, 
in other words, any number of tens squared, multiplied by 8, is equal to that 
same number of units squared and multiplied by 300. Hence we obtain th~ 
constant multiplier, 300. .. 

V. 6' =36, and this multiplied by 300 gives us 10800. In asking how: 
often this is contained in 112509 we have to bear in mind that we must inT 
crease the trial divisor by the two additions indicated in the sixth section 
of the rule. Making allowance for these additions, we find the IllIiW 
figure of the root to be 9. . 
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VI. If we were to multiply the 10800 we have obtained as a trial divisor 
by 9, the units' figure of the root, we should only get three times the pro­
duct of the square of the tens by the units; but we require also three times 
the product of the tens by the square of the units and lastly the cube of 
the units. Our complete divisor must therefore evideutly consist of-

1st. Three times the square of tens. 
2nd. Three times the tens mnltiplied by the units. 
3rd. The square of the units; or representing the tens byaand the units 

by b, the divisor must =3a2 + 3a b +b2 , and this mnltiplied by b, 
the digit in the units' place will !dve 

(3a 2 +3ab-l-b2 )b=3a2 b+3ab 2 +0 3 = the dividend. 
Now (6 tens) X 3 = (60) X 3 = 6 X 10 X 3 = 6 X 30 i.e. the product of any 

number of tens multiplied by 3, is equal to the product of that same num­
ber of units mnltiplied by 30. 

Henee we obtain the constant multiplier 30. 
The additions we make then are 6 X 30 X U = 1620, and 92 = 81, and thus 

we obtain the complete divisor 12501= (60)2 X 3+60 X 3 X 9+9 2 , and 
multplying this by 9, we get 
{(60)2 X ~+60+3X 9+92 }9=602 X 3 X 9+60 X 3 X 9' +93 = three 
times the square of the tens multiplied by the units, plus three times the 
tenB multiplied by the square of the units, plus the cube of the nnits. 

N oTB.-When there are more than two periods, the reasons arc analogous, 
Bince we nAver have to do with more than tens and units of the root at one 
time; i.e., when we are seeking the second digit of the root, 've call the first 
digit tens and the second, units; when we are seeking the third digit of the 
root we consider the first two as so many tens, aud the third as units, &c. 

The reason for bringing down only one period at a time is similar to the 
reason for the same step in the extraction of the square root (for which see 
Art.lB, Example 3). 

29, To extract the cube root of a decimal :­

RULE. 

I. .8nnex two ciphers, if necessary, in ordel' to make the la .• i 
period complete. -

II. Point off into periods of three places each, beginning at lite 
decillULI point, and extract the cube root as in whole numbers, re­
membering that the number of decimal places in the root will be 
equal to the number of periods in the cube. 

EXERCISE. 

2, What is the cube root of 62712'728311? 
3. Extract the cube root of 1953125. 
4. Extract the cube root of 10'16890625. 
5. What is the cube root of '697864103? 
6. What is the cube root of 102503'232 ? 
7. Find the cube root of 1'1959'1'069288. 
8. Find the cube root of 483'736625. 
9. Find the cube root of '636056. 

.!ins. 39'13. 
.!ins. 125. 

.808. 1025. 
.!ins. '88'1. 
.8ns. 46'8. 

.!ins. 56'42. 
.!ins. '1'85. 
.!ins. '86. 

30. To extract the cube root of a mixed number or a 
vulgar fraction:-
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RULE. 
r. Reduce mixed numbers to improper fractions, and compound 

or complex fractions to simple ones, and the resulting fraction to 
its lowest terms. 

II. Extract the cube root of both numerator and denominator 
separately, if they have exact roots; but if they have not both 
exact roots, reduce the fraction to its corresponding decimal by .I1rt. 
56, Sect. IV, and then extract the root as in JIrt. 30. 

EXAMPLE 10.-What is the cube root of 3~ ? 
OPERATION. 

- - il./2'i ,1/3-1- M21 ___ - .3.-11 tIns 
'V .-'V. -il./s -,- •. .a • 

EXAMPLE ll.-Extract the cube root of 17k, 
OPERATION. 

17t= l7'123, and {/17'125 = 2'577, nearly. 
EXERCISE, 

12, Extract the cube root of }g' JIns, '4121. 
13, Extract the cube root of -,3" .I1ns. '5609, 
14, Extract the cube root of! of 2!, .I1n8, '941. 
15, Extract the cube root of 28£, .I1n8,3'063, 
16. Extract the cube root of 32l1, JIns, 3'198, 

31. In extracting the cube root of a number in any 
scale, other than the decimal, we proceed in the same man­
ner, pointing off into periods of three figures each, finding 
a trial divisor and afterwards completing it as in the pre­
ceding examples. 

NOTE,-In all scales having a radix higher than 3, the constant multi­
pliers arc 3UO and 30; but as ill the binary aud terna1"y scale we cannot 
usc a digit so hi~h as 3, these 1llultipliers become respectively 1100 and 110 
for the billa,.y scale, and 1000 and 100 for the terna1oyscaie, 

EXAMPLE 17,-Extract the cube root of 613412'132 septenary, 
OPERATION. 

in3412'132 ( 65'04 
426 

6' = 51 '< 300 = 21300 154412 
6 X 30=21U X 5 = 1560 

52 -= 34 

23224 152456 

65 2 =630-~ X 300 = 2521500 1623'132 
G50~ = 630-100 X 300 = 252150000 1623'132000 
650 X 30 = 26100 X 4 =. 143400 

4 2 = 22 

252323422 1402'630321 

220'201346 
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EXERCISE. 

18. Express one million 
its cube root. 

in the senary scale and then extract 
.;]IIS, 2-14. 

19. Extract the cube root of 6131271 octenary. Ans. 165'32. 
20. Extract the cube root of 10221012'102 ternary. 

Ans. 112'012. 
21. Extract the cube root of teteet in the duodenary scale true 

to two places to the right of the separating point . 
. ,1ns. e7'12. 

23. Extract the cube root of 421030'4412 quinary true to two 
places to the right of the separating point. Ans. 44'004. 

32. Since many teachers prefer Horner's method of extracting the cuhe 
root to the common methou, we shall give it here. rJ1~llI l'1o.scly exalDin~ 
iog it the student will find that the reasuns for the several strps of the pro­
cess are identical with those ~iven in Arts. 27 and 28. 'The l'Ollstallt multi­
pliers 300 and 30 arc still used, hut in a disguised form, 

RULE. 

1. Point off as in the common method, 

II. Find the greatest cube in the first period on the left hand; 
place its root on the right of the nUillber for the first figure of the 
root, and also in col. 1. on the left of the number. Then lIlulti­
plying this figure into itself, set the product for the first term in 
col. 1I.; and multiplying this lerllt by the Sllme figure again, sub­
tract this product front the period, and to the remainder bring 
down the next period for a dividend. 

III. Adding the figure placed in the root to the first term in col. 
1., multiply the sum by Ihe same figure, add Ihe product to the 
first term in col. 11., and to Ihis sum anncx 1"'0 ciphcrs,for a di­
visor; also add the figure of the 1'001 to the second IeI'm of col. I. 

IV. Find how many times the dirisor is contained in the din'­
del/fl, and place the result in the root, and also on the right of the 
third term of col. I. Next multiply the third term thus increased 
by the figure last placed in the root, and add the product to the 
divisor; then multiply this sum by the same figure, and subtract 
the product from the dividend. To Ihe remainder bring down the 
next period for a new dividend. 

V. Find a new divisor in the same manner that tlte last divisor 
was found, then divide, ~c., as before; thus continue the operation 
till the root of all the periods isfound. 

EXAMPLE 23.-What is the cube root of 78314'6, true to two 
decimal places. 
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OPERATION. 

Col. 1. Col. II. 78314'600 (42'78+. 
lst term 4 16X4 = 64 

2nd" 8 4800, 1st divisor 14314 

3rd " 122 5044oX2 = 10088 

4th " 124 529200, 2d divisor 4226600 

5th .. 1267 538069x7 = 3766483 

6th .. 1274 54698700, 3d divisor) 460117000 

7th .. 12818 5,!801244:<8 = 438409952 

EXPLANATION.-The cuhe root of the greatest cube in 78 is 4 which is 
placed in the root and also in column I, then multiplying this 4 by itself 
gives us 16 which is the 1st term in column II, aud again multiplyin~ this 
16 by 4 gives us 64, the number which we are to subtract from the first 
period 78. 
lle~~~ti~i~~~8. and bringing down the next period 314 we get 14314 for the 

Now adding 4, the fio;nre placed in the }·oot. to 4 the 1st term in col. I, 
~ives us 8, the 2nd'term in col. I, multiplyinp: this 8 by the 4, i. e., the figure 
m the root, gives us 32 which we add to the 1st term of col. II, and affix 
two ciphers. We thus obtain 4800 the second term of col. 11, which is our 
trial divisor. 

We then find that 4800 goes 2 times in the dividend. Thi.2 we place ill 
the root and also to the right of the sum of the lst and 2nd terms of col. I. 
1'he 1st and 2nd terms of col. I, added together make 12 and the 2 of the 
root affixed makes 122, the third term of col. 1. Then we multiply this 122 
by 2, the last digit put ill the root, this gives us 244 which we add to 4800, 
the 2nd term of col. II. and thus obtain 50440, the 3rd term. Lastly this 
third term multiplied by 2, gives us the number to subtract, &C • 
. NOTE.-For examples in this method work any of the preceding ques­

hons. 

APPLICATIOX OF THE CUBE ROOT. 
33. Principles .!lssumed.-l. Spheres are tu one another as the 

wbes of their diameters. 
II. Cubes and all other regular solids are to one another as the 

wbes of their like dimensions. 

25. 

26. 

37. 

EXERCISE. 
If a cannon ball 3 incbes in diameter weighs B lbs., wht 
will be the wei~ht of a ball of the same metal 4 inches in 
diameter 1 3':4": :Blbs.: .Bns.=IB~·~ lbs. 
If a ball 3 inches in diameter weighs 4lbs:, what will be the 
weight of a ball that is 6 in ches in diameter 1 .!lns. 32 lbs. 
If a globe of gold one inch in diameter be worth $120, what 
is the value of a globe 3! inches in diameter 1 .!lns. $5145. 
If ~he weigbt of a well proportioned man, 5 feet 10 incbes in 
hel~bt be 180 pounds, what must have been the weight of 
GolIath of Gatb, who was 10 feet 4~ inches in height 1 

.!lns. 1015'1 Ibs. 
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28. A person has a cube of clay whose sides are 913 ft. long j he 
wishes to take out of the same 5 cubes whose sides are 45 
feet, 62 feet, 30 feet, 80 feet, and 20 feet. He requires to 
know the length of the side of the cube that can be formed 
out of the remaining clay. .I1I1S. 912'69 ft. 

29. What is the side of a cube which will contain as much as a 
1.- chest 8 feet 3 inches long, 3 feet wide, and 2 feet 1 inches 

deep? .I1ns. 41'9843 inches. 
30. Four ladies purchased a ball of exceeding fine thread, 3 in. 

/ 
in diameter. What portion of the diameter must each 
wind off so as to share off the thread equally? 

.I1I1S. 1st lady must wind off '21432 inches. 
2nd" "'34458" 
3rd" "'49122" 
4th" " 1'88988 " 

NOTE.-This question is solved by a method similar to that adopted ill 
Example 39 of the Square Root. 

EXTRACTION OF THE ROOTS OF HIGHER 
ORDERS. 

34. When the index of the root is a power of 2 or 3, or 
a multiple of any power of 2 by any power of 3-

RULE. 

Resolve the given index into its prime factors. 
Extract the root denoted by one oflhese factors, then of this root, 

extract the root denoted by another factor, and so on till all the 
prime factors be used. 

Thus, for the 4th root extract the square root of the square root. 
for the 6th root extract the cube root of the square root. 
for the Bth root extract the square root of the square root of the 

square root. 
for the 12th root extract the cube root of the square root of tho 

square root. 
for the 16th root extract the square root four times. 
for the IBth root extract the cube root of the cube root of the 

square root, &c., &c. 

EXERCISE. 

I. What is the fourth root of 1998'7113316? 
2. What is the sixth root of 308915176? 
3. Extract the ninth root of 40353601. 
4. Extract the eighteenth root of 381420489. 
5. Extract the twenty-seventh root of 134217128. 

.I1ns. 316. 
.I1ns.26. 

.I1ns. 7. 

.I1ns.3. 

.I1ns.2. 
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LOGARITHMS. 

35. The Logarithm of a number is the index of the 
power to whieh it is necessary to raise a given root or 
base, in order to produce the given number. 

36. The Base of a system of logarithms is the fixed 
number to which all the logarithms of that sYBtem belong as 
indices. 
Thus 103 = 1000; here 3 is called the logarithm of 1000, to the base 10. 
So also 26 = 32; here 5 is called the logarithm of 32, to the base 2, &c., &c. 

37. A System of Logarithms is a collection of the 
logarithms of a series of numbers corresponding to the 
same base. 

Any number whatever may be taken as the base of the system; but it is 
obvious that some uumbers are much more convenient than uthers. 

38. Two system of logarithms have been constructed 
and tables calculated with great care. They are,-
1st. Thc Common System or Briggean System, whose 

base is 10. 
2nd. Napierian System, whose base is 2·71828. 

The Napierian System was invented b.v Baron Napier, aud the peculiar 
base, 2'71828, was adopted chiefly because the lo~rithms having that base 
are more simply expressed and more easily calculated than any other. It 
has hence been called the Natural 8ystem of Lo~arithm., These logarithms 
were also formerly called H,llperbolia logaritlims. from certaiu relations 
found to exist hetw('en them .wl the asnnptotic spotces of the hyperbola, 
and which were ('rrollt'ullsly lwlieved to ))e peculiar to them. 

The Common ::<YS!t·Ul \\'as s]",rtiy afterwards invented by Briggs and 
adopted by Baron X .picr, anu is the system now univorsally employed for 
the purposes of calculation. 

39. The Clul1'ru:lcrislic of a logarithm is the part which 
stands to the left of the decimal point. 

40. The Jlaltiissil (handful) is that part of the logar­
ithm which stands to the right of the decimal point. 

41. Since 10 is the base of the common system of 
logarithms and at the same time the radix of our system of 
notation, we have-

100000 106 ; whence log. 100000 = 5 
101100 = 10' ; whence log. 10000 4 
1000 = 103 ; whence log. 1000 = 8 
100 = ~~~ : whence log. 100 = 2 
10 whence log. 10 = 1 
1 = 10 0 ; whence log. 1 = 0 
'I = 10- 1 whence log. '1 -1 
'01 = 10- 2 whence log. '01 = -2 
'001 = 10-' whence log. '001 = -3 
'0001 = 10-4 whence log. '0001 = -40 
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42. From thi:sit 31I]l('ars that the logarithm of any IIHlllJ)(~r lH.:twt'cn 1 and. 
10 will be more than Oand less than 1 ; i. t· .• willlJe a frat'li,," or a decimal; 
so also the logarithm of an~y number bet'H'C'll 10 al::d 100 wllllH' !;I"f'ater than 
1 and less than 2; i. e., will be 1 and a fraction, or a dl'c1mal ; so also the 
logarithm of any number IJdWCl'll 1(10 antllUUO will be ~ and a tkeilllal, ~\ ('. 

Hence, the characteristic of any number containing di.~­
its to the left of the decimal point is positive and nu­
merically one less than the number of such di~.dt.s. 

Thus, the characteristic of 7842 is 3; of ~iS'2G it is 2: of 813~2G789 it is 8; 
of 3'00429 it is 0; of 2GiS9'4267~9 it is 4, &c. 

43. It also appears, from Art. 41, that the logarithm of every numlJer 
between 1 aud'l willlJe less than 0 and greater than -1; t.hat is, it will he 
equal to -1, pl'ziS some uecimal; the logarithm of every Humber between 'I 
and '01 will be less than -1 and greater than -2; or, in other words. will 
be -2)J/us some decimal; so also the logarithm of every number between 
·01 and '001 will be -3 ph" some decimal, &c., &c. 

Hence, the characteristic of the logarithm of a decimal 
is negative and numerically one g I'UI/''I' than the number of 
Os which come between the dceilllal point and the first 
significant figure. 

Thus, the characterist i •. : or t he IO~:Lritllln of '000001 is ii; the charactel'istic 
of the logarithm of 'OIJCOUOOOIJt)~:;4i is Ii ; the characteristic of the logarithm 
of '000278926345 is~, &c., &c. 

NOTE.-The negative sign affects only the r/wl'llcterisiic-the 
mantissa or decimal portion of a 10garitll1n is always posit iN. To 
indicate this it is customary to write the negative si"n over the 
characteristic, as in the above examples, and not before it. 

EXERCISE. 
What are the characteristics of the logarithms of the following 

numbers: 
1. 723,9126'4, 81234'5G7, 91~G78·9GI2·1jG7, ~3·91~34~. 

JJI/s. 2, 3, 4, G, and 1 
2. '027, '002134, '000000(;98, '81~G7I4, '0000000002131. 

.!lns.2, 3,7, I, and 10. 
3. 1'1111111, 111111'1l, 1000000000,'000000002IG~, 7, 12'78 . 

.!lns. 0, 5, 9, ~, 0, and 1. 
44. Sinrc(Art.ll), to divide one power of n number hy another J)II\\"l'r 

of the same we subtract the index of the divisor from the index of tlw dI­
Vidend, and since common lo~arithms are indlj'\'s to the ba";e 1n, let liS take 
the number 47280 and successively dividing it by 10,cxamiue the results. 

Numbers. Logarithms. 
·.t7:!80 ....................................... = 4'67 ";77 
47~8 ....................................... = a'jiiJfi77 

.1,7:!'S ....................................... = ~·ti74Ij77 
47':!~ .. , ' ................................... = l"i7 ~1~i7 

4'72to1 , ...................................... = .,!!·d7·1ti77 
'4728 ....................................... = 1"674677 
'OI7~S ........................................ = !67'1677 
'004728 ...................................... = 3'674677 
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Here we have simply performed the same operation by two different 
methods, 1st. dividing the numb81's by 10, and 2nd, from the logarithms 
corresponding to the numbers, subtracting 1, the logarithm of 10. 

From this illustration it is evident that,-
1st. The characteristic of the logarithm of a number is 

dependent wholly upon the position of the decimal point in 
that number, and is not at all affected by the sequence of 
the digits that compose that number; and 

2nd. The ~Iantissa or decimal part of the logarithm of 
a number is dependent wholly upon the sequence of the 
digits that compose that number, and is not at all affected 
by the position of the decimal point. 

NOTE.-It is only common logarithms (i. e., those having 10 for their 
base) that possess the important property of having the same mantissa for 
the same figures, whether integral or decimal, or both, and it was this pro­
perty that induced Briggs to adopt that base in preference to the N .. pieri .. n 
base, 2·71S~~. 

45. Since the characteristic of the logarithm of any number does not 
depend upon the value of the digits composing that number, and is so 
easily found by atteution to the rules found in Arts. 42, 43, it is CUStom8J'Y 
to omit it altogether in logarithmic tables, and merely give. the mantissa. 

The annexed tables contain the logarithms of all numbers from 1 to 10000 
calculated to 6 decimal places. When greater accuracy is required, tables 
calculated to a greater number of places are used. By means of the pro­
portional parts and difference given in the tables, the logarithm corres­
ponding to all numbers whatever, may be found with sufficient accW'aCY 
for all practical purposes. 

46. To find the logarithm of any number not greater 
than 100 ;--

RULE. 
Find on the first page of the table of logarithms, the given num­

ber in the column marked No., and directly opposite to it,-in the 
olumn marked log., wUl be found the logarithm. 

EXAMPLE I.-What is the logarithm of 471 Ans. 1·6~2098. 
NOTE.-By saying that 1"672098 is the logarithm of 47, we simply mean 

that the base 10, raised to the power 1"672098, i. equal to 47, or briefly 
lOl"67i()9d ~47. 

EXAMPLE 2.-'Yhat is the logarithm of 93 ? Ans. 1'968483. 

47. To find the logarithm of any number consisting of 
not more than four digits:-

RULE. 
Find, in the column marked lV, the first three digits of the given 

number. 
Then the mantissa will be found in the intersection of the hori­

",ontal line containing these three digits and the vertical column at 
the head of which stands the fourth digit. 

To tit is mantissa attach the characteristic as fOUnd by the ruler 
in Art. 42. 
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EXAMPLE 3.-What is the logarithm of 79831 
Looking in the column marked N. we find the first three digits 79.3. 

on page 393 in the fourth horizontal divioion, counting from the top of the 
PBjle and in the last Jine but one of that division. Canyillg the eye along 
thIs horizontal Jine till we come to the vertical column, at the head of 
which stands the remaining dilPt, 3, we obtain for the mantissa of the 
required logarithm '902166, to whICh we prefix the characteristic 3 (since 
tbere are fonr digits to the left of the decimal point in the given number), 
and tbus obtain the required logarithm 3'902166, 

EXAMPLE 4,-What is the logarithm of '000000 12341 
The tlrst three digits, viz: 123, are founu in the fourth Jine of the thiru 

horizontal division on page 382, and at the intersection of this Jine with the 
column headed 4, is found '091315. To this we attach the characteristic;;, 
(since there are six 0., between the decimal point and the ftrst significant 
figure) and thus obtain the requireu 10garithUl, 70091315. 

EXERCISE. 
5. What are the logarithm3 of5794, 57'94, 5794000, and '00057951 

Ans. 3'762978,1'762978,6'762978, and4'762978, 
6. What are the logarithms of 1'169, 11690, and TOV,['O~uu 1 

Ans, 0'067815, 4'067815, and 3'067815. 
7. What are the logs. of '734, 7340000000, and '000000007341 

Ans, 1'865696, 9'865696, and 9'865696, 
8. What are the logarithms of 978'4, 9'784, 978400, alld '97~·I? 

Ans. 2'990516, 0'990516, 5'990516, and 1'990516. 

48. To find the logarithm of a number containing morc 
than four digits:-

RULE, 
FIRST ~hilTHoD.-Find the mantissa corresponding- to the loga­

rithm of the first four digits by the last rule. Subtract this man­
ti&8afrom the next following mantissa in the tables, .lrIultiply 
the difference thus obtained by the relllain;ng dig-its of the g-iven 
number, and cut off fron, the product as many dig-its as there were 
in the multiplier (but at the same time adding- unity if the hig-hest 
cut off be not less than 5), 

Add the number thus obtained to the mantisEa of the log-arithm 
corresponding to thefirstfour digits, and the result will be the man­
tissa of the given number. 

Lastly, attach the characteristic to this mantissa. 
EXliIPLE 9.-What is the logarithm of 53803'21 

OPERATION. 
The mantissa of the logarithm of 5380 ;(the first four digits) is '730782, 

and the neIt following mantissa is '730863. 
Then from '73U963 

Subtract '7307M2 

Difference --si; and 81 X 32 (remaining digits of given number) 
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= 2:;92, from which we cut off two wgits. since we multiplied by a number 
of two digits, and since the highest digit cut off is not less than 5, we add 
unity to the part retained, which gives us 26. 

Then mantissa of logarithm of first l~~ digits '7307~: 

Mantissa of logarithm of given number '730808 
To which attach the characteristic 4 alld required logarithm = 4'730808. 

NOTE.-Except at the beginning of the tables, where the manti~sas 
increase rapidly in magnitude, the difference maybe takell from the rJght 
hand column. (heallcd DJ and opposite the firilt three digits of the given 
number, where the mean difference of the mantissas in that line will be 
found. 

EXA~IPLE IO.-What is the logarithm of 832'1 'i242? 

OPERA.TION. 

Mantissa of logarithm of 8321 ..................................................... '920176 
Difference from column D = 5~; and 52 )0: 7242 = 376584 from which 

we cut off four digits and add............................................. 38 

'92021~ 
To which we attach the characteristic 2 and required logarithm = 2'920214 

49. The difference given in the column headed D in the tables, is that 
due to an increment of one unit in the fourth figure of natural number, thus 

Logaritl.m of 57:38 ................................. 3'758761 
Logarithm of 5739 ................................. 3'768836 

Difference of natural numbers = 1; difference of logarithms = 75 
And since it is shown in common works on Algebra that with small 

increments in the natural numbers the logarithms corresponding to them 
increase in arithmetical progression, in order to find the logarithm of any 
number between those given above, we consider that the increment of the 
logarithm to be added to 3'75~761, bears the same proportion to 75 (the 
increment for I), that the increment of the natural number does to 1. 

For example.-Let it be required to find the logalithm of 6738'47. 
Here the increment of thegiv,,;n number being '47,we form theproporti~n 

1: '47:: 75: '47 X 75=3.j·~:;, the mcrement to be added to 3'758761, and this 
addition having been malle, we get 3'758796 for the logarithm of 5738'47. 

Similarly, if the increment of the natnral number had been '047 or '0047. 
the corresponding increment of the log. would have been 3'625 or '3525. 

These illustrations sulficielltly explain the reasons of the last rule. 
50. Taking the same number as in the last article and dividing the differ­

cnce 75 by 10, we obtain 7'5 the difference corresponding to an increase of 
one unit in thejifth "lace of the naturalnllmber ; the double of this, or 15 
for two units, tbe treble or 22'5 for the three units, and so on; and each of 
the numbers thus obt,ained will be the increment of the logarithm corres­
ponding to an increase of that number of units in the jijlh place of the 
natural nnmber. The increments thus obtained, and corresponding to each 
of the nine digits, are inscrtcd in the left hand column of the tables, 
headed P. P. (Proportional Parts.) 

51. The numbers in the column headed P.P., as already explained;are the 
increments in the logarithm for an increase in thejifth place of the natural 
numbers. They express also the increments for the digits in the sixth, 
seventh, eighth, ninth, &c., places of the natural number when they are 
divided by 10, 100, 1000, &c., as the case may be. ' 

52. Hence, to find the logarithm of any number con· 
taining more than four digits :-
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RULE. 
SECOND MBTHoD.-Find the mantissa of the logarithm con'es­

ponding to the first four digits of the ~'i,'en number. 
Find in the same horizontal division as that in which the mantissa 

isfaund, the proportional part in the column headed P. P., CO)'res­
ponding to the digit in the fifth place of the given number, and set 
it down beneath the part of the mantissa already found, so that their 
right hand digits may be in the same vertical line. Find the P. P. 
corresponding to the digit in the sixth place of the given number, 
and 8et it down so that its right hand figure may be one place to the 
right of Ihe last. Find the P. P. corresponding to the digit in the 
seventh place of the given number nnd set it down onc place to the 
right of the last, and so on till all the digits of the given number 
be used . 

.IUd the part of the mantissa already found, and the P. Ps. as 
written, together, and reject from the result aU but the first six 
digits to the left, adding one to the last Tetained, ~f the highest of 
the rejected digits be not less than 5-the result will be the mantissa 
of the logarithm of given number. 

Lastly, a.ttach the proper characteristic to this mantissa, and the 
result will be the required logarithm. 

EXAMPLE ll.-What is the logarithm of 8372'468? 

OPERATION. 
Mantissa of logarithm of 8372 = '922829 
P. P. corresponding to '4 = ~1 
P. P. .. to '06 = 31 
P. P. " to '008 = 42 

Sum = '92285:) 1·,2 
Therefore required mantissa = '922854 and required log. = 3·g22854. 

EXAMPLE l2.-What is the logarlihm of 403567? 
OPERATION. 

Mantissa of logarithm of 403500 = '605844 
P. P. corresponding to 60 = 64 
P.P. .. to 7 = 75 

Sum = '6059155 

Therefore required logarithm is 5'605916. 

EXERCISE. 

FIND THE LOGARITHMS OF THE FOLLOWING NUMBERS BY THE FIRST 

METHOD-OBTAINING THE DIFFERENCES BY BUBTBAOTION. 

13. What are the logarithms corresponding to 8193217, 73'9245, 

and ·843742? .dns. 6'913456, 1'868789, and 1'926210. 

14. Find the logarithms corresponding to '000234564 and 

'001007013. .dns. 4'370261 and 3·OO~~1G. 
V 
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USING THE TABULAR DIFFERENCES. 
15. Find the logarithms corresponding to 52'376 and 129'476 . 

.I1ns. 1'719133 and 2'112189. 

USING THIl 
16. Find the logarithms 

9136712. 

PROPORTIONAL PARTS. 
corresponding to '000471398 and 

.I1ns. 4'673387 and 6'960790. 
17. Find the logarithms corresponding to 4'~3429 and 763'12987. 

.I1lls. 0'626780 and 2'882598. 

53. To find the logarithm of a vul~ar fraction :­
RULE. 

Subtract tlte IO!;llrithm of the denominator fraT!> Ihe 10gal'ilh711 
of the numerator. 

54. To fiud the logarithm of a mixed number:­
RULE. 

Either reduce the mixed number to a fraction and proceed as ill 
.I1rt. 53, or reduce the fractional part to a decimal, attach it totlte 
whole number and proceed as in .I1rts. 48-52. 

55. To find the natural number corresponding to any 
given logarithm :-

RULE. 
FIRST METnOD.-Find that logarithm ;n lite table which ;s next 

lower than the given one and the four digits corresponding to it 
will be the first four digits of the "equired number. 

II. Subtract this logarithm from the given logarithm, to the 
remainder annex one cipher and divide by the tabular difference 
corresponding to the four digits already obtained, the quotient 
will be the fifth digit. 

III. To the remainder attach anuther cipher and again divide 
by the tabular difference, the quotient will be the sixth digit and 
thus proceed till a sufficient number of digits has been obtained. 

IV. The characteristic of the logarithm shows where to place the 
decimal point 

N OTE.-The number cannot be carried with accuracy to more places 
than the logarithm has decimal places. (See Art. 56.) -

EXAMPLE 18.-Find the number corresponding to the loga­
rithm 4-923267. 

OPERATION. 
Given log. '923267 

Next lower in tables. '923244 = log. of 8380. 

Difference = 23 Tahular difference = 52. 
Then 23000 -;- 52 gives 442 for digits in 5th, 6th and 7th places. 
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Hence the digits of the natural number are S:;,{),142: ami Sill co the char­
acteristio is~, i.e. one less than tbe number of digits to the left of the 
decimal point, the required nnmber is 83804'42. 

SECOND METHOD.-Find the first four digits of the required 
number and also the difference between the given logarithm and 
the next lower in the table as in the last rule. 

II. Find in the same horizontal division of the i(tble the highest 
P. P. that does not exceed this difference. Opposite to it in the 
column headed N. will be found the digit of the fifth place. 

III. Subtract this P. P. /r01n the difference, to the remainder 
annex one cipher and find the highest P. P. not exceeding the 
number thus formed. Opposite to it in column ft. will be found 
the sixth digit. 

IV. Continue this process by the addition of ciphers till the 
required number of digits be found. 

EXAMPLE 19.-Find the natural number corresponding to the 
logarithm 3'553259. 

OPERATlO:<. 

Given log. '553259 
Next lower in table '553155 = log. of ~;;7,~ 

Difference = 104 
lIighest P. P. not greater than 104 = 98 corresponds to 

[place. 
for Jiflll 

t;O 
Highest P. P. not greater than 60 = 49 

Highest P. P. not greater than 110 = 110 
110 

[place. 
corresponds to 4 ill si.rth 

[place. 
corresponds to 9 in set'C'lltlt 

Therefore digits of required number are 3574849: and since the character­
Istio is S, there must be four digits to the left of the decimal point. 

Hence required number is 3574,849. 

EXERCISE. 

BY FIRST METHOD. 

20. Find the natural numbers corresponding to the logarithms 

4'137139,0'718134 and 4'635421. 
.dns. 13713'227,5'225278 and '0004319376. 

21. Of whnt numbers are 2'921686 and 1'922165 the logarithms? 
.dns. 835 and '8359211. 

BY SECOND METHOD. 

22. Of what numbers are 5'407968, 7"408386 and 3'416369 the 
logarithms 1 .dns. 255839"4, 25608588 and '0026083. 

23. What are the natural numbers corresponding to the loga­
rithms 4·877777 nnd 0'555555? 

.dn,'. 7"HIHilC8 and ::1'5938. 
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56, In order to ascertair, how manyfiilures of these results maybe relied 
upon as correct, let us take from the tables any logarithm, as 4'235635. 

Now the real value of this logarithm if carried to a greater number of 
places might be anything between 4'235e335 and 4'235e345. and might there­
fore differ from the given logarithm by very nearly '0000005, which is there­
fore the extreme limit of the error attached to tables of six places; i. e, any 
difference less than '0000005 might occur without producing any ~hange in 
the logarithm as given in the table. 

Now it is demonstrated in works treating of the theory of lo~arithms 
that the dilferelJce between the logarithms of numbers. which dIffer only 
by unity, is less than the modulus of the system divided by the smaller 
number, The modulus of the common system of logarithms is '4342945, 
and if we Jet n represent tho smaller Humber, the differonce between the 
logarithms of n and of n + 1 is less than '4342945 ...c- n. 

Now we have shown that the differenr., between the trne logarithm and 
that given in the table to six places, may be nearly eqnal to '0000005, which 

i8 therefore less than '4322945;- n, Or n is less than ::~~~:. But ::~:: 
= 86858~. That is, uulcss the number whose logarithm is given be less than 
868589 its value caunot be found accurately beyond t.he firstfove digits, but 
if it be less than 868589, then the first six figures found from the table will 
be correct. 

If tables of seven or eight places are used, the resnlt can be depended on 
to seven or eight places, if the number be less than 868589 or it the man­
tissa be less than '9378 ; but if greater, then the result can be relied on only 
to one less number of figures than the decimals of the logarithm. 

LOGARITHMIC ARITHMETIC. 

57. The Arit71metical Complement of a logarithm is the 
remainder obtained by subtracting the logarithm fro,m 10. 

Thus the arithmetical complement of 2'713426 is 10-2'713426 = 7'285574. 

EXERCISE. 
Find the arithmetical complements of 5'631642 and 0'114000 . 

./lns. 4'368358 and 9'286000. 

2, Find the arithmetical complements of3'123456 and 7'213149 . 
./lns. 12'876544 and 16'786851. 

3. Find the arithmetical complements of 6'124357 and 2'000837 . 
./lns. 3'875643 and 11'999163. 

58_ To multiply two or more numbers together by 
means of logarithms :-

RULE. 
1. ./ldd their logarithms and the sum will be the logarithm of 

their product. 
II. Find the natural number corresponding to thU logarithm. 

NOTE 1.-For reason see Art.l0, 
N OTB 2.-The following exercises are all worked by the difl'erence and 

1I0t by the proportional parts; 



AltTS.56-60.] LOGARI~Hmc ARITHMETIC', 325 

EXAHrLE 4.-Multiply 5631 by 4'7. 
Logarithm of 5631 = 3'750586 

.. .. 47 = 1'672098 

5'42268~ 
5'422590 = logarithm of 264600 

94= ';,1 

A,lS, 264657 

EXERCISE, 

5. Multiply 61, 22, and 65 together. .!lns. 8 '7230. 
6. Multiply 52, 734, aud 6 together. .!lns, 229008. 
7. Multiply together 35'86,2'1046, '83'72 and '00294, 

.!lns, '185'761. 
8, Multiply, '00008764 by '86359. .!lns, '000075685. 

59. To divide numbers by means of their logarithms:­
RULE. 

r. Subtract the logarithm of the divisor from the logarithm of 
the dividend: the result will be the logarithm of the required 
quotient. 

II. Find the natuml numbe)' corresponding to this. 
N 0l'E.-For reason see Art. 11. 
EUMPLs9.-Divide 6'732'7 by 478. 

ItPERATION. 

Logarithm of 6732'7 = 8'828189 
Logarithm of 478 = 2'679428 

Difference = 1"148761 
1'148603 = logarithm uf 14'0800 

158= 51 

A,",,14'0851 
EXAMPLI!I lO.-Divide '036584 by '00078593. 

OPERATION, 

Logarithm of '036584 = 2-563291 
Logarithm of '00078593 = 4'895384 

Difference = 1"667907, 
1'667826= logarithm of 46'5400 

81= 87 

Ans.46'5487 

60. Instead of subtracting the logarithm of the dit'isor, we may 
add itt arithmetical complement-the ,.esult, U'itlt 10 subtracted 
from the characteristic, will be the logarithm of the quotient. 
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Thus, in the last example the arithmetical complement of 4'8953840 is 
13'104616, and this added to 2'563291 gives U'667907,and subtracting 10 from 
this charaeterioti", gives us 1"667907, the same as obtained by the other 
method. 

N OTE.-This method of using the arithmetical complement is very con­
venient when we have to divide one number by the prodnct of several 
others. 

EXERCISE. 
11. Divide '6734 by '0009278. .Rns. 725'8033. 
12. Divide 437'89 by 62·735. .Rns. 6'98. 
13. Divide 93'217 by '0007132. .Rns. 130702'4. 
14. Divide 9835267 by the product of 23, 189 and 2'748 . 

.Rna. 823'339. 

61. To raise a quantity to any power by means of 
logarithms :-

RULE. 

1. :JJfultiply the logarithm of the given number by the index of 
the required power, the result will be the logarithm of the required 
power. 

II. Find the natural number corresponding to this logarithm. 
N OTE.-For reason see Art. 12. 
EXAMPLE 15.-Find the lOth power of 2. 

OPERA.TION. 
Logarithm of 2 = 0.301030. 

0'301030 X 10=3'010300= logarithm of 1024. Ans. 
EXA.MPLE 16.-Find the 7th power of 2'71. 

OPERATION. 
Logarithm of 2'71 =0'432969. 
Then 0'432969 X 7 = 3'030783= logarithm of 1073'45. Ans. 
N OTE.-In order to obtain the correct result when the characterestic 

happens to he negative, it mnst be recoUected that the mantissa is always 
pOlSitive. 

EXERCISE. 
17. What is tile 5th power of 5? 
18. What is the 6th power of l'o73? 
19. What is the 4th power of '0279? 
20. What is the 11th power of 1'111 ? 

.Rns. 3125. 
.Rns. 1'5261. 

.Rns. '00000060529. 
.Rns. 3'1831. 

62. To extract any root of a given number by means 
of logarithms :-

RULE. 
1. Find the logarithm of the given number and divide it by the 

index of the requirell root, tlte result will be the logarithm of the 
root. 
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II. Find the natural number corresponding to thili logarithm. 
NOTB,-For reason see Art. \.5, 
EXAMPLE 21.-Wbat is the cube root of 12345? 

OPERA.TION. 
Logaritbm of 12345 = 4'091491. 
Then ~'091491 +3 = 1'363830 = logarithm of 23'11159, Ans, 

63. To extract any root when the characteristic of the 
logarithm of the given number is negative :-

RULE, 
r. If the characteristic is exactly divisible by the divisor, divide 

in the ordinary way, but make the characteristic of the quotient 
negati~e, 

II, If the negative characteristic is not exactly divisible add 
what will make it 80, both to it and to the decimal part of the 
logarithm. Then proceed with the division. 

EXAMPLE 22.-Extract the fourth root of '0076542, 
OPERATION. 

Logarithm of '0076542 = 3'883999, 

Now since 31s not exactly divisible by 4 w~ add-l to tbe characteristio 

and + 1 to I,be mantissll which gives us'4 + 1'883899 and this is evidently = 

3-883899, 

Then"i + 1'883899 +4= 1'4709747= logarithm of '2957~, Ans. 

EXERCISE, 
23. Extract the 7th root of 913426000. 
24, Extract the 11th root of 1'61342, 
~5, Extract the 5th root of 'O()0007139. 
26, Extract the 7th root of '002147. 

.Rns, 19'0588 • 
.Rns, 1'04444 

.Rns, '0934817, 
.Rns, '41575. 

64. When the logarithms of two or more prime num­
bers are given the loO'arithm of any multiples of these 
factors by eaeh' other c~n be easily obtained by attention 
to the foregoing rules. 

Thus if tbe logarithm of 2 aud 3 be given :-
1st, We can obtain the logarithm of any power of 2 or 3 by Art, 61, aud 

any root of 2 or 3 by Art. 62. 
2nd, We know tbe logarithm of 10, to be 1 a,nd hence we can .obtain the 

logarithm of 5 since 10 + 2=5 and also of 3'3 since 10+3=:=3'3, bence we 
can also obtain the logarithm of any power or root of 5 or 8'3, 

8rd, By Art •• 58, 59, we can obtain the logarithm of any power or root of 
2,8, 6 and 8'S multiplied by any power or root of 2, 3, 5 or 3'3, 

EXA.JlPLE 27,-Given the logarithm of 2 = 0,301030 and the 
logarithm of 3 = 0'477121. Find the logarithms of 500, 24, 54, 
120, 75000, 16a, !, lind 13'5, 
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OPERATION. 

Sinre 5 = 10 +2 the logarithm of 5=log. 10-log. 2 =I--o'301U30 = 0"6%nO. 
'l'h~n lo~arithm of 5CO = 2'698970. 
21= 8 X 3 =2 3 X 3 :.Iv". 21 = (log. 2) X 3 + (log. 3.) 

log. ~ = 0"3010311 X 3 = 1I"~'O::O\lO 
log. 3 = 47i'1~1 

Sum =1'3~U211-=1(!,~' 2·l. 
:;1=27 X 2=3 J X 2 :.log.54= (log. 3) X 3 + (log. 2.) 

log. 3=1)"477121 X 3=1'431363 
log. 2 = 0'301030 

Sum = 1'732393 =]og. M. 
120 = ~ X 3 X HI - 2'1 / 3 ~< 10.'. log. 120= (log. 2)" 2 + (log. 3)+(log.10.) 

log. 2=0'301030 Y. 2=0'602060 
log. 3 = 0'477121 
log. 10= 1 

Sum = 2'079181= log. 120. 
75000 = 25 X 3 X 1000=5" X 3 X 1000.'. log. 7;;OUO= (log. 5) X 2 + (log. 3) 

+ (log. 1000.) 
log. 5 = 0'G9SnO X 2 = 1',1\'7~' 10 
log. 3= W·17'il:!1 
log. 1000= 3 

Sum=4'S75061 = log. 75000. 

163 =3'3 X:;. '.logarithm of I,:; = (log. 3'3) + (log. 5.) • 

l:linrc 10-'-3 = 3'3, log. 3·3=log. l<f-log. 3 = 1-0'477121=0'522S7\1 
logarithm 5 == U tj\-J~~'iH 

Rum = 1'221849 =log. 1Ga. 

J ='5:. by changing only th" l'h"racll'l'istic = 1-698970= logarithm ~. 
13'5 ='5 X 27 ='5 X :;3:. lo~arithl1l 1:\"5=: (Io~. 3) X 3 + (log. '5.) 

h_'!;:lrithll1 3=0'·177121 >~ 3=1"431363 
logarithm '5 = 1-698970 

Sum = 1'130333=log. 13';;. 
EXERCISE. 

28. G i\elllogarithm ~ = 0'301030 and log. 1 = 0'845098,find the 

logarithms of 14000, 4'9, '00196, 1150, 1438'571428, 
'OOOOO1l2 and 3'0625. 

.!lns. Log. 14000 = 4'146128. 
Log. 4'9 = 0'690196. 

Log. '00196 = 3'292256. 
Log. 1750 = 3'243038. 

Log. 1428'511428 = 3'154902. 

Log. '00000112 = 6'049218. 
Log. 3'0625 = 0'486076. 
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EUMPLB 29.-Given logarithm I = 1'698970 
logarithm 3 = 0'471121 
logarithm 11 = 1'041393 

329 

Find the logarithms of 49!, 363, 4.09, 2'4,392'72, 293333! and 
19'965. 

Ans. Log:trithm of 49! = 1'694605. 
Logarithm of 363 = 2'559907. 

Logarithm of 4'09 = 0'611819. 

Logarithm of 2'4 = 0·3S8181. 

Logarithm of 392 ·72 = 2'594090. 
Logarithm of 293333i = 5'467362. 
Logarithm of 19'965 = 1'300270. 

QUESTlOXS TO BIl ANSWERED BY THE PUPIL. 

NOTE.-The numbers after the lJuestions r(:fer to Ihe "/{lIIueJ'ea arlicles 
of tlte secti{)lI. 

1. What is the power of a number P (1) 
2. What is a root of a number P (2) 
3. Why is the second power of a number called its square? (4) 
4. Why is the third power of a number called its clIhe' (5) 
5. What is the iudex or exponent of a power? (6) 
6. What is involution? (S) 
7. How do we multiply two 01' more different powers of the same number 

tOl(ether P (10) 
8. How do we diVIde any power of a number by another power of the 

same number? (11) 
9. How do 've find any required power ofa given power? (12) 

10. What is evolution P (13) 
11. By what methods dowe indicate a root of a number? (14) 
n How do we extract any root of a given power of a number? (15) 
13. What is meant by extracting the square root of a unmber? (16) 
14. What is the first step in extracting the s'tuare root of a number? (16) 
15. Why do we point oll'ioto periods of two ligures each? (1S-I) 
16. What is the second step in the process of extracting the square root? 

(16) 
17. How do we know that the square root of the highest sgnare in the left 

hand period is the highest digit of the root? (IS-Il) 
18. What is the third step in the process of extracting the sqnare root? 

(16) 
19. Why do we bring llown ollly the next period to the right P (18-II io 

Ex.3) . 
20. What is the fourth part of the process for extracting the square root? 

(16) -
21. Why do we double the part of the root already found for a trial divi­

sor? (18-Ill) 
22. What is tbe next step in extracting the square root of a ~umber? (16) 
~1. Why do we not illc1",'" the right. hand figure of t~e dIVIdend '~hen 

seeking bow many times the tTial d,nsor IS contall1e~ 10 It P (Is-I' ) 
24. Why do we place the digit thus found 10 both the d,v,sor and the 

root? (IS-V) 
25. What are the other steps used in cxtractinl) the sqllarl' prot? (16) 
26. How do we extract the square root of a declwal ? (19) 
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27. How do we extract the square root ofa fractiou or mixed numh~r? (20) 
28. What is a triangle P (22) What is a right-an~led triangle P (28) 
29. How may anyone side of .. right-angled trIangle be found when the 

other two are given P (24) 
30. What proportion exists between different circles P (2;;) 
31. How may the area of a circle be found when its diameter is known P 

(25) 
32. What is meant by extracting the cube root of a number P (26) 
33. Give the different steps of the process of extracting the cube root. (26) 
34. If a nq,mber consist of a certain number of tens, plus a certain number 

of units. of what does its cube consist? (27) 
35. Why do we divide off into periods of three figures each P (28, I.) 
36. How do we know that the cnbe root of the highest cube contained In 

the left band period is the highest digit of the root P (28, II.) 
37. Whence do we obtain, in the cube root. the constant multipliers 300 

and 30. Illustrate by an example. (28, V. and VI.) 
38. Why do we make the two additions, indicated in the rnle, to the trial 

dil'isor? (28, VI.) 
39. How do we extract the cube root of a decimal P (29) 
40. How do we extract the cube root of a fraction or mixed number? (30) 
·U. In extracting the cube root of a number in any other scale, what 

changes must we make in the rule P (31) 
,12. Give the different steps of Horner's method of extracting the cube 

root. (32) • 
·t3. What proportion exists between the magnitude of similar solids P (33) 
44. How do we extract the higher roots when the index is a power of 2 or 3 

or a multiple of 2 by 3 P (34) 
45. What is a logarithm P (35) 
46. What is the base of a system of logarithms? (36) 
47. What is a system of 10!1arithms P (37) 
48. What systems of loganthms have been constructed and how do they 

differ from one another P (38) 
49. What is the characteristic of a logarithm P (39) 
50. What is the decimal part of the logarithm called P (40) 
:il. How do we find the characteristic of a logarithm P (42 and 43) 
52. Why is the negative sign written over the characteristic of the loga­

rithm of a decimal P (43, Note.) 
G3. Show that the characteristic of the logarithm of a number depends only 

on the position of the decimal point in the number, and the man­
tissa only in the sequence of figures. (44) 

:;~. Explain clearly what is meant by the numbers in column D of the 
tables. (4J) 

55. Explain how the proportional parts in column P. P. are obtained. (50) 
56. Explain how the numbers in the column headed P. P. become the incre­

ments to be added to the logarithms for an increase in the sixth, 
seventh. eighth, &0" place in the natnral number. (51) 

57. How do we fiud the logarithm of a vulgar fraction P (53) 
58, Explain to ho,v many figurps we may rely upon the accuracy of the 

results obtained by logarithmio tables. (56) 
5~. What is the arithmetical complement of a logarithm P (57) 
60. How do we multiply numbers by means of their logarithms? (58) 
"1. How do we divide numbers by means of their logarithms P (59,60) 
6~. How do we involve and evolve quantities by means of logarithms? 

(61,62,63) 
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SECTION XI. 
PROGRESSION, POSITION, COMPOUND INTEREST, 

AND ANNUITIES. 

PROGRESSION. 

1. Quantities are said to be in Arithmetical Progression 
when they increase or decrease by a common difference. 

Thus, 2, 5, 8, 11, 14, &c .• are in arithmetical progression, the common dif­
ference being 3; 

12, 10, S, 6, &c., are ill arithmetical progression, the common difference 
being 2. 

2. In every progression the first and last terms are 
called the extremes, and the intermediate terms the mC(ll/s. 

ARITHJIETICAL PROGRESSION. 

3. In arit/!metical progression there are five things to 
be considered: 

1. Thefirst ferm. 
2. The last term. 
3. The common, diffe)"ence. 
4. The number of terms. 
5. The swn of the series. 

These quantities are so related to one another that any t hrec of them 
being given the other two can be found, and hence there Itro ~o distinct 
cas~ arising from these comhinations. 

4. If we represeut theBe five quantities by letters, thus: 
a = the first ferm. 
1 = the last term. 
d -= the common d;ffe}"ellCe. 
n = the number of terms. 
s = the sum of the series. 

We shall be able easily to deduce algebraic formul!", whi~h. being inter­
preted, become the common arithmetical rules for arIthmetical progresSlon. 

Ii. The general expression for an arithmetical Beries then become 
a+(a+d)+(a+2d)+(a+3d)+(a+4d)+(a+5d)+.&r. 

where the coefficieut of d is always 1 less than the "umb." of th" tel'/I' 
Thus in the third term the cocfficient of dis 2, which is 1 less than the 
number of the term· in the Nth term the coefficient of dis 4, which is 1 
less than the number 'Of the term. &c. . . 

Hence l=a+(n-l) d· that is the lasf term of an arithmetical serIes IS 
equal to the first term added to'the product of the common difference hy 
OM Iu. than the number qfterms. 

6. Since the Bum of the series iB equal to the snm of all the terms taken 
in any order whatever, we have 

8= a+\a+d+\a+2d+,a+3d+\ ... 1-3d+l 1- 2d+\I-d+1 1 

Also.= 1+ l-d+ 1-2d+Il-3d+ ... a+3d+ ,,+2<1+ a+d+ " 
Hence 2B=(a+l) +(a+l)+(a+l)+(a+I)+ ...... to" terms. 
But (a+/)+(a+l) ...... to n terms = (a+l) II. 
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Therefore 2s= (a+l) 11, and dividing these eqnals by 2, we haves= (a+l)~ 
That is, the swn of the series is found by adding together the firlff and l<18t 
terms and multiplying their sum by ha/fthe lIumber of terms, 

NOTE.-In addil1i!: the corresponding terms of the foregoing series to­
gether the d's callcel out, thus adding the second terms of the right hand 
members together we hR,'e a+d+l-d, where the d's cancel, and the sum 
becomes d+l: so also in the third terms we have a+2d+1-2d = a+l, &c. 

7. From the formula obtained in Art. 5, we find by trallsposing the terms 
l=a+(n-1)d 
a= 1-(,/.-1) d 

d=l-a 
11-1 
I-a 

n==d+1 

and substituting these values of 1 a d and" in the formula obtained in 
Art. 6, we find ' , , 

s= [2a+("-I) d}-%-

s= [21-(,,-1) d}-',l-
8=(I-a) (l+a) + l+a 

2-d ~ 

"-e thus obtain the five fundamental formulas from which the other 
fifteen are dcri"cd by transposing the terms, &c. Thus 

l=a+(n-1) dgives formulas for I, a, 11, d=4 

8=(a+l)~ 

s = { 2,'+(;1-1) d} -T 
('I ( )) n 8=("-,.-1 d 5 "?!,-

s= (/+a) (I-a) + l+a " 
"2.£1 a 

a,a, l,'Jl.==4 

s,a, u, d==4 

s,a,l,d=4 

Total 20 
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8. THE FOLLOWING TABLE GIVES THE 20 FORMULAS FOR 

ARITHMETICAL PROGRESSION WITH THEIR RELATIONS, &C. 

----=-~ .-.-,-----

No. Given Required. Formulas. Whenco uerived ----------------- ------
I. a,d.n I=a+(n-l)d funuamental. 

II. a,d,8 1=-1d+V2ds + (a-Jd)2 nu. 
m. at n,8 I I=~-a I Y. 

" I 

IV. d,n,3 I=!.+(,,-J)d 
! HI. 

" 2 .- ,----

v. a,l, 11 s= (n+l) ~'- funuamental. 

, { ) n Y. and I. VI. a,d,u s= 2a+(n-1)d 52" 
s 

s= {2l-(n-J)d}f VII. d,l,lI Y.andXnr. 

VIII·la,d,1 s= (l+a~dl-a)+ l~a Y.andXIlI. 

IX. a,n,l 
i-a 1. d=--
,,-a 

X. a,n,s d=~ n. 
d 

n(n-l) 
(I+a)(/-o) Yill. Xl. a, l,s d=-----

2s-l-a 

XII. I, n,s d=2,,1-2. VII. 
n(n 1) 

XIII. a,d,l 
I-a 

n=--;["+1 I. 

XIV. Il,d,s ,,_d-2a V~ (~~) 2 n. 
-2(l+ d+ 2d 

n 
Y. XV. a,l, s n=_~ 

/+a 

><=21+
d

+ V el+dr-~ 'in. XVI. d,l, ..: 2d 2d cl ,. 

XVII. Id, n, I a=I-(,,-I)d ! 
8 (n-1)d n. XVIII·ld,n,B a=----
n 2 

a Y. XIX.l, n,8 ·s a=:- -l 

I n 

XX·ld,I, • a = id + V(Hd);=;;;; nIl. 

I 

i 

I 
9. The following examples will. enable the s~ud~nt to 

understand clearly the interpretation and appphcabon of 
these formulas: 
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10. To find the last term of an arithmetical series when 
the first term, the common difference, and the number of 
terms are given:-

RULE. 
1 = a + (n-l)d. (I.) 
INTERPRETATloN.-The last term of a series is found by adding 

Ihe first term to the product of the common difference by 1 leIS 
than the number of terms. 

EXAMPLE l.-'Yhat is the tenth term of the arithmetical series 
1, 3, 5, &c. 

OPERATION. 

Here we have givm the j1.rst term 1, the common difference 2 and the 
"umbor of terms 10 to lind the tenth or last term. 

Then l=a+ (n-1)d=1+ (10-1) X 2=1 +9 X 2=1 + 18=19. Ana. 

11. To find the common difference of an arithmetical 
series when the first term, the last term, and the number 
of terms are given;-

l-a 
d=Il_1 (IX.) 

RULE. 

INTERPRETATION.-To find the common difference of an. arith· 
metical series,-Subtract the first term from the last term and 
divide the difference tituS obtained by one less than the number of 
terms. 

EXAMPLE 2.-The first term of an arithmetical series is 3, the 
13th term 55 j find the commondilference. 

OPEILI.TION. 

Here we have given the first term 3. the last f"'m ;;j. and the "",,,ber of 
ferms 13. to find the common difference. 

4I.rhen d= I-a = 55-3 = ~ = 41 = Ana 
n-l 13-1 1~ ~ • 

12. To find the sum of an arithmetical series when the 
first term, the last term, and the number of terms are 
given :-

RULE. 
n 

8=(0.+1)2' (\".) 

lNTERPRETATION.-.Bdd the first and last terms together and 
multiply their sum by half the number of terms. 

EXAMPLE 3.-Find the snm of an arithmetical series whose 
first term is 2, last term 50 and number of terms 11. 
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OPERATIO:"f. 

Hero we !la\t' giYcn the first term 2, the last term 50 a.nd tho Humber of 
terms 17 to find 8, the sum of the seric •• 

n 17 17 
Thens= (a+ I):! = (2+50) X T=!)J + -i = ~I; X 17 = ,tI~. A"S. 

13. To find the common llljj; ,','1/1'( when the last term, 
the number of t€rms, and the oHm ofthc serie . ..; are .!.!:iY~n ;-

2nl-2s 
d=n(n_l)' (XII.) 

RULE. 

lNTERPRETATION.-Tal,e twice the product of the number of 
tenns by the last term, and from it subtract twice the sum of the 
series. Divide the resulting difference by /I". product of the 
number of terms by 1 less than the number of terms II"d the quotient 
will be the common difference. 

EXAMPLE 4.-1n an arithmetical seric.s the last term is 80, the 
number of terms 11 and the slim of the series 741;, I'C(lllired t hI' 
common difference. 

OPEIU.TIOS. 

H (>r~' \\'1' have given 1, 11, and s to find d and since [.::-:-::.':w, 1/-= 11 and S:::::: 
;.11.; We ha\t~: 

d=2nl-2s = (2 X 11 X 8_0~~(~:--: ~(~) __ -= l_~~=.]~~~....:: 2'~~ ~---: ~,~-t .. LIS. 
n(n-l) 11.< (Il-I) 11 .' 11/ no 

14. To find th~ 1/II/III,er 'f ICI'IIIS of an aritlllucti<:,,1 "eril'" 
when the first term, the common difference, and the sum 
of the series are given ;-

rWLE. 

INTIIIRPRETATION.-I, Subtract the common dtjl;'{Cwc ./i'ulI, 
twice the first term divide the rellUl illdcr by twice the common 
difference, square tlte quotient, add the Tesult to the quotiellt.ob­
tained by dividing twice the sum of the series by tlte common diffe­
rence and extract the square root of this sum. 

ll. Next, from tlte common dtjfcrCilN subtract t,wice the first 
term, divide the remainder by t"'il'e the COl/II/lOll dijjcrencc, and to 
the quotient add the square root obtained in T. The SUIII u'ill be 
the number of terms. 

EXAMPLB 5.-The first term of an arithmetical progression is 
7, the common difference i, and the sum of all the terms 14~. 
What is the number of terms? 
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OPERATION. 
Here we have given a,d,and S, to find 1t and sincea...=7,d=t,alld 

s := 142, we have 

= d-2n+V!!. + (2a-d)' = t-2 X 7 + ."142 X2 + (2 X 7-1)' = 
n 2d d 2d 2 X l -v t 2 xl 

~-14 + .IZti~ + (14-1)2 ~ + "'- (~)' _ 27'+ i- 'VT 1 =- t '\11136+ t -- 2 

V 11:36 + (27~0 = - 27j + -11136 + 756i= - 27! + V1892i= -271 + 43} 
= 16. Ans. 

EXERCISE. 
6. In an arithmetical series the first term is 4, the number of 

terms 17 and the sum of the series 884. What is the last 
term? .!lns. 100. 

7. The extremes of an arithmetical series are 21 and 497, and 
the number of terms is 41. What is the common differ­
ence? .!lns. lln. 

8. In an arithmetical series, the first term is 12, the last term 
96 and the common difference is 6. Required the num­
ber of terms ? . .!lns. 15. 

9. In an arithmetical series the last term is 14, the common 
difference 1 and the sum of the series 105. Required the 
number of terms? .!lns. 15. 

10. The first term of an arithmetical series is f" the common 
difference 0, and the sum of the series 1180. What is the 
last term? .!lns. 39~. 

11. If the extremes of.an arithmetical series are 8 and 170 and 
the sum of the series 4895, what is the common differ­
ence? .!lns. 3. 

12. If the extremes of an arithmetical series are 5 and 2'i'jand 
the common difference 2*, what is the number of terms? 

.!lns.11. 
13. If the first term of a series is 2, the last term 478 and the 

number of terms 86, what is the sum of the series? 
• .!lns.20640. 

14. In an arithmetical series the last term is 998, the first term 
2 and the common differenee 6. What is the sum of the 
series? .!lns. 83500. 

15. In an arithmetical series the first term is 5, the number of 
terms 11 and the common difference 21. What is the 
last term? .!lns. 27!. 

16. In an arithmetical series the last term is 199, the common 
difference is II and the number of terms 19. Required 
the sum of the series? .!lns. 1900. 

1 '1. The sum of an arithmetical series is 39840, and the extremes 
are 2 and 478. What is the number of terms? .!lm. 166. 

18. The sum of an arithmetical series is 83500 and the extnemes 
are 998 Rnd 2. Required the common difference? .!In •• 6, 
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19. A snail crawls up a flag staff 130 feet high and upon reach­
ing the top begins to descend. In what time will he 
again reach the ground if he goes 2 feet the first day, -1 
feet the second, 6 feet the third, and so on . 

.Jlns. 15 days, 15 hours, 10 min. 21'~64 sec. 
20. The sum of an arithmetical series is 83500, the first term i., 

2 and the common difference 6, what is the last term? 
.Jlns. 998. 

21. A person wishes to discharge a debt of Sl125 in 18 annual 
payments which shall increase in arithmetical progres­
sion. How much must his first payment be in order that 
the last may be $120 ? .Jlns. $5. 

22. In an arithmetical series the extreme, are 5 and 21! and the 
number of terms is 11. What is the common difference? 

.Jlns.21. 
23. 220 stones are placed in a straight line exactly 2! yards 

apart, the first being 21 yards from a basket, how far will a 
person go whilst picking up the stones, returning with 
one at a time and depositing it in the basket? 

.Jlns. 691. miles. 
24. The Bum of an arithmetical series is 39840, the number of 

term! IS 166 and the last term is 418. What is the first 
term? Ans. 2. 

25. A person travelled from Toronto to Kingston, in 12 days, 
walking 4 miles the first day, 6 miles the second, 8 miles 
the third, and so on. How far is Toronto from Kingston? 

.Jlns. 180 miles. 
26. The clocks of Venice strike frOID 1 to 24. How many 

strokes does one of these clocks make in the day? 
.Jlns. 300. 

GEOMETRICAL PROGRESSION. 

15. Quantities are said to be in Geometrical Progression 
when they increase 01' decrease by a common multiplier. 

Thus S. 12. 48,192, &c .• are in geometrical progression. the common ratio 
or common mUltiplier bein~ 4. 

~OO. 20,4, t, ~7;, &c., are III geometrical prollTession, the common ratio 
being t. 

16. In geometl'iw.l Pl'ogl'cssiol! there are five things to 
be considered: 

1. 7'''6 jirst term. 
2. The last term. 
3. TM common ratio. 
~. The number of terms. 
G. The sum of the ,eries. 

1V 
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A. in arithmetical progression. these five quantities are 80 related that 
any three of them belD~ Biven the other two !'I'n be found, and hence there 
are 20 distinct cases anslDg from their combmations. 

17. Representing these five quantities by letters, thus, 
a = the first term. 
I = the last term. 
r=the common ratio. 
n = the number of terms. 
S = the sum of the series. 

the general expression for a geometrical series becomes 

a+ar+ar'+ar 3+ar4+ar6+, &c., 
where the index of I' is always one less than the number of the term. 

Thus in the third term the index of I' is 2, which is one less than the 
number of the term; in the fifth term the index of I' is 4, which is one less 
than the number of the term, &c. 

Hence I =:. ar-1 ; that is, the last term is equal to the first term mUltiplied 
by the common ratio raised to that power which is indicated by one less 
than the number of terms. 

IS. Sinoe the sum of the series is equal to the sum of 
all the terms. 
S=a+ar+a>·2+ar 3+ ...... ar-3+al"-2+ar-1 • multiplying by 1', we get 
Sr= al·+ar.+ar3+ ...... ar-3+ar-2+ar-l+arn 

a(r-l) 
Hence sr-s=arn-a; or s (r-1) =a (r-1), and therefore 8=---r::r-

That is, the sum of the series isfound bYfinding that power o/the com­
mon ratio which is expressed bV the numbe'!' ofterms-subtract.ng Ifro". 
this, dividing the remainder by one less than the common ratio and mul­
tiplying the quotient by the first term. 

N oTB.-The second of the above series is found from the first by multi­
plying both sides of the equation by r, and in subtracting we take the 
terms of the upper series from the corresponding terms of the lower. Only 
the first three or four and the last three or four terms are written and 
between ar 3 and ar~~ I,here may be any number of intermediate terms. 
The ar-' in the lower series is obtained by multiplying the term before 
ar--3 in the upper series, which is arn- 4 , by 1". 

19. From the formula obtained in Art. 17 we get by 
transposing the terms, &c. 

l=aj'~J 

I 
a=,-n-l 

i':=: (~-).2 
=,log. I-log. a. + 1 

• tog. r • 
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And substitutillg these values of I, a, J', " in the forlllula outaiucl\ in .1rt. 
18 we find 

rl-a 
S=-­

r-l 

I(ru-l) 
s=--­(1'_1)1',,-1 

l"_I-a" I 
s=---­

I 

l"_l_a~ 

nd these togethor with the two formulas outained in .\rh. 17 alll118, 

a(1',,-I) 
s=---

,'-1 

arc the fundamental formulas of geollletrioal progre,sion frolll which tll e 
other fifteen are derived by reduction. Thus, 

rl-a . 
s = r-l' uwtsformltlasfol' s, I', I, and a = oj, 

1("~1) 
8=---­

(r-1)r"..112 

In.-I ::t 
-a 

8=-1--1-

lW_a::l 

0(",,-1) s=---r-l 

l=ar"-l 

., S, )', 1, and 11, = 41 

ct Sf 1, il, ((lid a -::. 4 

.. S, 1', at a lId n == 4. 

" l,".r,Gudn=4 

Total 20 

20, The following table ,(:ivcs the 20 formulas for 
geometrical progression, with their relationt'o &e, It will 
be observed that questions inn)lvill~ jorlllula~ III, XII, 
XlV and XVI cannot be solved by comlllOll arithmctic, 
but r~quire the aid of the hi,.:hcl' mathcmatics. All tIl(; 
formulas for n involve the use of logarithms. 
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~II Given. Required. ___ ~~__ ::tv~d~ 
I. la, ,', II, I = am-I fundamental. 

II I . l=a+(r-1)s VI. 
• a" '}, S, 1 r· 

III. '(t, ii, s. l(s-I)"_J_a(s_o)"_J = 0 VII . 
. !. 1= (r-l)sr·- J 

1\'1" n, S, '}>n-l 

I 

V'lo, ,', ii, 

VI. (f" .,., 1, 

VII. a, n., 1, 

I VIlI.,.. n, I, 

IX.", n, I, 
I 

a = -;:;;:T 

X. r, n, S, 

" 
a= (r-l)s 

,,'-1 
XI. I', I, s. a=r(t-l)s 

XII. n, I. s, a(s-a)·-I-I(s-I),,-J =u 

, X:X I'" I. S.,' ,I = log. (s a) log. (s-I) -H 

I XX I 11= 100;. l-log. ["l-(1'-1)81 + 1 
- . ,., , S, log.,. 

VIII. 

I fundamental. 
I 

V. and I. 

I 
I Y. and XIIl. 

Y.andlX. 

I. 

V. 

n. 
VlI. 

\11 

\,111, 
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APPLICATIONS. 
21. Given the first term, the common ratio, and the 

number of terms, to find the last term:-
RULE. 

1= ar·-'. (I) 

INTERPRETATION.-lIfultiply the fir.,t term by Ihe common ratio 
raised to that power which is indicated by one less Ihan the 'lUmber 
of terms. 77.e result will be the last term. 

EXAMPLE I.-Whitt is the 9th term of the series 7, 21, 63, &c.? 

OPERATION. 

Here a = 7, 7' = 3, and" = ~. 
Then I = a7'''-' = 7 X 3"_1 = 7 X 3" = 7 X 6561 = 45927. Alls. 

22. Given the first term, the common ratio, and the 
last term, to find the SUIn of the series;-

RULE. 
rl-a = r-l' (n.) 

INTERPRETATION.-Subtract the first term from the product of 
the com,non ratio by the last term and divide the umainder by one 
less than the comln on ratio. 

EXAMPLE 2.-The first term of a geometrical series is 5, the 
common ratio 4, and the last term 1000000. What is the SUIll 

of all the terms? 
OPERATION. 

Here a = 5. ,. = 4, and I = 1000000. 
Then., = rl-a = 4 X 100000U - 5 = ~ = 133333H. Ans. 

r-1 4-1 3 • 

23. Given the first term, the common ratio and the 
number of terms, to find the sunt of th" series:-

RULE. 

(1'''-1) 
3 = a r _ 1 (v.) 

lNTERPRETATION.-Find that power of the common ratio which 
is indicated by the number of terms, subtract one from it, and 
divide the remainder by one less than the common ratio. 

Lastly, multiply the quotient thus obtained by the first term of 
the series, and the result will be the sum of all the terms. 

EXAMPLE 3.-The first term of a geometrical series is 3, the 
COmmon ratio is 4, and the number of terms 9. Required the 
SlIlD of the series. 



OEO~IETRICAL PROGRESSION. [SlICT. XI' 

OPERA.TION 

Here a = 3, l' = 4, allll n = 9. • 

(
,.. -1) 49 -1 2621U - 1 

Then .• =a ,. _ 1 =3 X 4-1 =3 X --3--=262143. An8. 

24. T" .fInd the cornnwn mtio when the first term, the 
last knll, and the SHill of the terms are given:-

RULE. 
8-a 

r = 8 -l (n) 

INTERPRETATION.-Divide the differencc bet1Hcen the first term 
and the sum by the difference between the last term and the sum: 
the quotient will be the common ratio. 

EXAMPLE 4.-The first term of a geometrical series is 1, the 
last term 19683, and the sum of all the terms 39~34. What is 
the common ratio? 

OPERATION. 

lI01'O a = 1. I = 1~6S3, and s = 29524. 

Tl - 8 - a _ 29524 - 1 _ 29.;:]3 - 3 A 
Jen r - s=:z - 29524 _ 19683 - 9"-11 - • liS. 

EXERCISE. 

5. A nobleman dying left 11 sons, to whom he bequeathed his 
property as follows: to the youngest he gave £1024 j to 
the next, as much and a half: to the next, 1! of the pre­
ceding son's share j and so on. What was the eldest 
son's fortune j and what was the amount of the noble­
man'~ property? .I1n8. The eldest son received £59049, 
and the father was worth £175099. 

6. The first term of a geometrical progression is '1, the last 
term is 1240029, and the sum of all the terms is 1860040. 
What is the ratio? .I1ns. 3. 

7. What debt can be discharged in a year by monthly payments 
in geometrical progression, the first term being £1, and 
the last £2048 j and what will be the common ratio? 

.I1ns. The debt will be £4095 j and the ratio 2. 
R. The ratio of the terms of a geometrical progression is ~, the 

number of terms is 8, and the last term is 106H-}. What 
is the sum of all the terms? .I1n8. 307H}. 

9. In a geometrical progression the first term is 1, the number 
of terms 7, and the common ratio 3, what is the sum 
of thp sprie.? .I1ns. 1093. 
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10. The first term of a geometrical progression is 1, the last 
term is 10077696, and the number of terms is 10. What 
is the sum of all the terms? .!lns. 12093235. 

11. The first term of a geometrical progression is 6, the last 
term is 3072, and the sum of all the terms is 6138. What 
is the ratio? .!lns. 2. 

12. The ratio of the terms of a geometrical progression is 2, the 
number of terms is 11, and the snm of all the terms is 
20470. What is the last term? .!lns. 10240. 

13. A gentleman married his daughter on New Year's day, and 
gave her husband 1 shilling towards her portion, and was 
to double it on the first day of every month during the 
year. What was her portion? .!lns . .£204 15s. 

13. What will be the price of a horse sold for 1 farthing for the 
first nail in his shoes, 2 farthings for the second, 4 for the 
third, &c., allowing 8 nails in each shoe? 

.!lns. £4473924 5s. 3.Jd. 
15. The first term of a geometrical progression is 4, the last 

term is 78732, and the number of terms is 10. What is 
the ratio? .!lns. 3. 

IG. A person travelling, goes 5 miles the first day, 10 miles the 
second day, 20 miles the third day, and so on, increasing 
in geometrical progression. If he continue to travel in 
this way for 7 days, how far will he go the last day? 

.!lns. 320 miles. 
17. The first term of a geometrical progression is 5, the last 

term is 327680, and the ratio is 4. "hat is the sum of 
all the terms? .!lns. 436905. 

18. A king in India, named Sheran, wished (according to the 
Arabic author Asephad,) that Sessa, the inventor of 
chess, should himself cllOose a reward. He requested the 
king to give him 1 grain of wheat for the first square, 2 
grains for the second square, 4 grains for the third square, 
and so on ; reckoning for each of the 64 squares of the 
board twice as many grains as for the preceding. Sheran 
was angry at a demand apparently so insignificant; but 
when it was calculated, to his astonishment it was found 
to be an enormous quantity. What was the number of 
grains of wheat and what was its worth at ~1'50 ppr 
bushel, reckoning 7680 grains to a pint? 

.!lns. 1844G744073709551615 grains. 
37529996894754 bushels. 
$56294995342131. 

19. The ratio of the terms of a geometrical progression is 3, the 
number of terms is 10, and the sum of all the terms is 
295240. What is the l3~t term? .11I1S. 196830. 
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20. The first term of a geometrical progression is 1, the last 
term is 2048, and the number of terms is 12. What is 
the sum of all the terms? .8.ns. 4095. 

21. The first term of a geometrical progression is 5, the ratio is 
4, and the number of terms 9. What is the last term? 

.8.lIS. 321680. 

25. When the COlUmon ratio of a geometrical series is a proper fraction, 
i. e., less than 1, the series is a descending one, and when the number of 
terms becomes very large ro becomes very small. In an infi!)ite descending 
series ro becomes infinitely small. i. e. its value becomes = 0, and therefore 
am may be neglected and the formula for finding the sum becomes 

arn-a -a n 
S = r -1 = ,. _ 1 = ~.' Hence for finding the sum of any infinite 
series when r is less than I :-

RULE. 
a 

S= l-r (xxi) 

INTERPRETATION.-The SlIm of an infinite series is found by 
dividing the first term by unity minu8 the common rat io. 

EXAA[PLE 22.-What is the sum of the infinite series 1 + } + 
-h+Tn-, &c.? 

OPERATION. 

Here a=1 and 1"=~-
" 1 1 

Then8=1_ "=1-! =T='~ = !l.A1Is. 

EXAMPLE 23.-What is the sum of the infinite series '734? 
OPERATION. 

Here a = iu\~r and ,. = -[7,','-;:;' 

Then s-~ ~ _?(;J1)'11 _ 1'0
3
0.1.5_ ~ ;'.' .!In.<: 

-1 - r - I - TiJ\m - -fiJ9.o'lu - q ~ • • 

EXERCISE. 

24. What is the sum of the infinite series ~, h, -it;, &c. ? 
.8.ns. ~. 

25. What is the sum of the infinite series 4, 2, 1, i, !, &c. ? 
•• .8.n8. 8. 

26. What is the sum of the infinite series ''19? .8.n8. ~§. 

2'1. What is the sum of the infinite series '1234? 

26. To insert any number of means between two given 
extremes: 
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RULE. 

If the series is un arithmetical OIlC, find 'he (0111 ilion difference 
by fOT1llula IX. AnT. S. Then add this common diJference to the 
first term and the result will be the second term; add the common 
difference to the second and the result will be the third term, ~·c. 

If the Reries is a geometrical one, find the common ratio by for. 
mula XIII. ART. 20. Then multiply the first term by the common 
ratio and the pl'oduct will be the second term; multiply the second 
term by the common ratio and the result ,,,ill be the third, Ere. 

EXAMPLE I.-Insert 7 arithmetical means between 3 and 51 ? 

OPERATIOX. 

Sillce there are 7 means and 2 extremes the number of terms is 9. 

Thend=l-a =51-3=~ =6. 
n-l 9-1 8 

1st term =3; 2nd=3+6=V: 3rd=9+6=15: 1111=13+6=21, 
6th=21+6=27: 6th = 27 +6=33. and so on. 

And series is 3, 9,15,21,27,33,39,43,51. 

EXA)IPLE 2.-Insert 6 geometrical means between 1 and 128 ? 

OPERATION. 

Since there are 6 means and 2 extremes the number of terms is S. 

Thenr= (~) •. '., = C~8)fT = (128)t=2. 

Hence 2nd term =1 Y 2=2: 3rd term "",2 x 2= I: 4th=4 X 2 =8. &c· 
And series is 1, 2, 4, S, 16, :1~, 64, l~~. 

EXERCISE. 

3. Insert 9 arithmetical means between 2 and 92 . 
.!ins. 2, ll, 20, 29, 38, 47, 56, 65, 74,83,92. 

4. Insert 4 arithmetical means between 7 and 50 . 
.!ins. 7, IS}, 24\, 32!, 41}, GO. 

5. Find 8 geometrical means between 4096 and 8 . 
.!ins. 2048,1024,512, 2GG, 128, 64, 32, and 16. 

6. Find 7 geometrical means between 14 and 23514624 . 
.!ins. 84, 504, 3024, 18144, 1088GI, 653184, and 3919104. 

POSITIO~. 

27. Position is a rule which enables us to solve, by 
means of assumed numbers a class of problems which we 
could not otherwise solve without. the aid of algebra. 

NOTB.-Positlon is also called the Rule of False, or the Rule of Trial 3nd 
Error. 
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28. Position is divided into :-
1st. ~ill,~le Position·-when only one assumed num­

ber is used. 
2nd. Double Position-when two assumed numbers 

are w'c<1. 
29. Single Position is employed in the solution of those 

problems in which the re(juired Humber is increased or 
decreased in ~ny !=!iYE'll ratio, i. e., when it is increased or 
diminished by ((11,'/1"11'1 of ilse?!, or when it is multiplirtl 
or ",('i,l'>ll by (/".'1 !7/(" (( ?l1lmber. 

30. Double Po-itioll is employed in the solution of 
those problems in which the m~/llt found by increasing or 
decreasing the required number in any giwn ratio, is itself 
increased or diminiHhed by some other number which is 
no known part or multiple "f the n·'jllir,·,l number. 

SE(;J,E rOSITIOi-i. 
31. Single l'ositiull I'l'I'ceclt; upon the principle that 

the results are proportional to the numbers used, and is 
employed in all cases when the problem can be stated 
algebraically in the form of ax = b, where x = the re­
f/uired number, a the given multiplier, integral or frac­
tional, and b the given result. 

32. Let it be required to find a value of 3' such that ax = b. Suppose:x' 
to be this value, and instead of b we obtain b' for the result. Then we have 

a.l~ = b amI a.r:' = b', and dividing we get ax' ::-:- ~ or ~ = ~ whence 1/: 
b ny b x b 

b :: ,r-' : ,r or.r = I) X w. 

Hence for sinQJe position we deduce the following:­
mOLE. 

Assume a number, and perform with it the operations desaibed 
in the question; then say, as the result obtained is to the number 
used, so is the true or given result to the number required . 
• EXAMPLE I.-What number is that which being increased by 
Its fourth part and diminished by its fifth part gins 63 for the 
result ? 

OPERATION. 

Assume any number, 40.' Then one-fourth of numb or = 10, and onellfll. 
=8 . 

• For the sa.ke of convenience we assume a number of which ww can take 
the reqnired pal't~ without using frnutions. 
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40 + 10 - 8 =42, which by the question should have been 1i3. 
Then-Result obtained: Result required:: Number used: Number reo 

quired. 
63 X 40 

Or, 42: 63: :40: ~=60Ans. 

PROOP.-60 +:f of GO-! of 60 = 63. 

EXAMPLE 2.-A teacher being asked how many pupils he had, 
replied, if you add!, !, and ~ of the nnmber together, the snm 
will be 18 ; what was their number? 

OPERATION. 

Assume 60 to be the number of pupils. 
Then one· third of 60 = 20 

one· fourth of 60 = 15 
one·sixth of 60 = 10 

Sum = 45, but it should, by question, eqnallR. 
Then 45: 18: : 60: 18 X 60 = 24 Ans. 

4:; 
PXOOF.-} of 24 + l of 2' + i of 24 = 18. 

EXERCISE.' 

3. A gentleman distributed 78 pence among a number of poor 
persons, consisting of men, women, and children; to each 
m9.n he gave 6d., to each woman 4d., to each child 2d.; 
there were twice as many women as men, and three 
times as many children as women. How many were there 
of each? .!lns. 3 men, 6 women, and 18 children. 

4. A person bonght a chaise, horse, and harness, for £60; the 
horse came to twice the price of the harness, and the 
chaise to twice the price of the horse and harness. What 
did he gi'te for each 7 .!lns. He gave for the harness, £6 
13s. 4d.; for the horse, £13 6s. Sd.; and for the chaise, 
£40. . 

i. A's age is double that of B's ; B'g is treble that of C'g; and 
the sum of all their ages is 140. What is the age of each? 

.!lns. A's is 84, B's 42, and C's 14. 
:. After paying away! of my money, and then t of the reo 

mainder, I had 72 guineas left. What had I at first? . 
.!lns. 120 gumeas. 

• All questions in position may be solved by simple analysis, and. v~ry 
'equently this is the better method, and indeed the teac~lPr s~ould llIS1St 
pon the pupil thus solving each problem. The followlIlg will serve as 
wuples of the mode of solution. 
EUl!PLII 5.-Since 140 is equal to A's age, + B's age, + C's age, and B'. 

18 Is equal to three time. C's. and A's to 6 times C's, it ~ollows that 140 is 
lual to 1 + S + 6 = 10 times C's age, and hence C's age 1. Y!r of140 = 14 ; 
"=14X3=+2; an?A'~=I4 X 6=8·1. 
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7. A can do a piece of work in seven days j B can do the same in 
5 days j and C in 6 days. In what time will all of them 
execute it? .A1ls. In l~S' days. 

8. A and B can do a piece of work in 10 days; A by himself 
cun do it in 15 days. In what time will B do it? 

.Ans. In 30 days. 
9. A cistern has three pipes j when the first is opened all the 

water runs out in one hour; when the second is opened, 
it runs out in two hours j and when the third is opened, 
in three hours. In what time will it run out, if all the 
pipes are kept open together? .Ans. In fr hours. 

10. What is that number whose\, ~,and ,. parts, taken togetber, 
make 211 :Rns.42. 

II. There are 5 mills; the first grinds 7 bushels of corn in 1 hour, 
the second 5 in the same time, the th·ird 4, the fOUl·th 3, 
and the fifth 1. In what time will the five grind 500 
bushels, if they work together? .AilS. In 25 hours. 

12. There is a cistern which can be filled by a pipe in 12 hours j 
it has another pipe in the bottom, by which it can be 
emptied in 18 hours. In what time will it be filled, if 
both are left open? .fins. In 36 hours. 

DOUBLE POSITION. 
33. When the number sought is to be increased or 

diminished by some absolute number, which is not a known 
multiple, or part of it-or when two propositions, neither 
of which can be banished, are contained in the problem, 
we use double position, assuming fico numbers. If the 
number sought i", during the process indicated by the 
(luestion, to be involved or evolved, we obtain only an ap­
proximation to the quantity required. In other words 
double position is employed in all cases in which the pro­
blem stated algebraically would take the form of 

ax + b = c 
where x is the number sought, a the given multiplier, 
integral or fractional, b the given increment, and c the given 
result. 

EXA..'I1PLE 7. By ANALYSIs.-Since A can do the whole work in 7 days,in 
1 day he will do,. of tho whole work, similarly in 1 day B will do t, and C 
t of the whole work. Therefore working together they will do ~ + t + i = tn of the whole work, and they will require as many days to do the 
wllole work n~ t'lf. is contained times in I, i. e.,1 -;- 1H = Po-f days Ans. 
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34. Let it be required to find a value for.l' such as to satisfy the equation, 
az+b=c. 

In such a ca .. e assume any two known numbers nand n' aud perform on 
tbeae the operations indicated in the question, and let the errors in the 
result be e and e' both, suppose in excess. 

Then an+b=c+e (I) and an' +o=c+e' (II) and, by the question, 
az+b=c (III). 

Subtracting IlIfrom I we get an-aa:=e, Or a (,,-.,,)= e (IV). 

Subtrading III from II we get an'-ax = e', or a (n'-.,,) =e' (V). 

Di . l' IV b V t a(n-x) e 1>-.' e 
VI mg y we ge a(It'-.r) = -;;; Or ,1'=Jj = --;;;. 

n'e-ne' 
And reducing this we.get :x: = e-e" 

Hence for double position we deduce the following :­
RULE. 

I. Assume two convenient numbers, and perform upon them the 
processes supposed by the question, marking the error dcrit'cd from 
each with+or-, according as it is an error of excess, or of defect. 

II. Multiply each assumed number into the error which belongs 
to the other; aM, ijthe errors are both plus, or both minus, divide 
the difference of the products by the difference of the errors. But, 
if one is a plus, and the other is a minus error, diride the sum of 
the products by the sum of the errors. In either ca.~e, the result 
will be the number sought, or an approximation to it. 

EUMPLE I.-There is a fish whose head is 8 feet long, his tail 
il as long as his head and half his body, and his body is as long 
as his head and tail j what is the whole length of the fish? 

OPERA.TION. 
Assume 24ft. as the length of body. l ABsume 28 feet for length of body. 

Then tail = 8-H of 24 = 8t12 =20 Then tail=8+~ of 2~=Rt14=22 
Body = head + tail = 8 20 = 28 Body = head + tail = 8 22 = 30 

Assumed length of body = 241 Assumed length of body = 28 

Error=+4 Error=+2 
Errors. Assumed nlllllIJel'~. Prouu('ts. 

:.( 28 112 
X 21 48 t~ 

Difference of en-ors = 2 difference of products = 64 
Then 64 -;- 2 = 32 = length of body 

8 +, of32=8 -I- 16=24= .. tall 
.I 8= U heat! 

64= length of fish. 
EXAliPLE 2.-A laborer contracted to work 80 day;; f01' 75 c~nts 

per day, and to forfeit 50 cents for every day he should be 1d~e 
during that time. He received $25: now !Jow many days dId 
he work, and how many days was he idle? 
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OPERATION. 

Suppose he worked 50 days; then he W88 idle 30 days. 
Sum earned = 50 X 75 = $37'50 I True result 
Sum forfeited = 30 X 50 = 15'00 Result obtained 

Slim received = 22'50 Error 
.\gain suppose he worked 40 days; then he lost 40 days. 

[SEcr. XI. 

=$25'00 
= 22':;0 

= 2'50 

Sum earned = 40 X 7:; = $30'00 
Sum forfeited = 40 X 60 = 20'OU 

Result required = $25'00 
Result obtained = lU'OO 

Sum received = 10'00 
Errors. 
-15 
-2~ 

Assumed numbers. 
X 50 
X 40 

Error = 15"00 
Products. 

750 
100 

Difference of errors = 12!. Difference of prod nets = 6:;0 
Therefore resnlt rcquired= 600 +1~1 = 52 days. 
Number of idle days = SCf-G2 = 28. AM. 
PROOF.-Sum earned =::;2 X 75 = $39'00 

SUlll forfeited = 2.~ X 50 = 14'00 

Sum received = $25'00. 

EXA~!PLE 3.-What number is that which, being multiplied by 
3, the product increased by 4, and that sum divided by 8, the 
quotient shall be 32 ? 

OPERATION. 
Assume 40 to be tlte number. 
Then ·10 X 3=120 +4= 124 + 8= 1:;) = result obtained. 

32 = result required. 

Error=-16i 

Again: assume 100 to be the number. 

Then 100 X 8 = 300 + 4 = 304 -'- 8 = 38 = result obtained. 
32 = result reqlilled. 

Errors. 
-lilt 
+6 

Sum of error = 22~. 

Error=+6 
Assumed numbers. 

X 100 =1650 
X 40 =240 

Sum of products = 1890 
. 1890 

Requll'ed number = 221 = 84. AM. 

PROOF.-84 X 3=252+4=256+8=82. 

N OTE.-I n this example we take the sum of the errors for a divisor and 
~~eb~~f '::[nt,~:. products for a diVidend, because the errors are not both plUB 
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EXAlIPLE 4.-What is that number which is equ~l to 4 times 
its square root + 21 ? 

Ol'ERATION. 

32 
21 

53, result obtained. 
64, result required. 

-11, difference. 
81 

891 

Assume 81 

-/81= 9 
4 

57, r~sult obtained. 
81, result reqnired. 

-2-~, difference. 
6~ 

1536 
8~1 

13)645 
The first approximation is 49'6154, 

It is evident that 11 and ~ are not the errors in the ""sumed numbers 
multiplied or divided by the same quantity, and, therefore, as the reason 
upon which the rule is founded, does llot apply, we obtain only an approxi. 
mation. Substituting this, however, for one of the assumed numbers, wo 
obtain a still nearer approximation. 

SECOND RULE, 

Find the errors by the last rule; then divide their difference (if 
they are both of the same kind), or their sum (if they are of differ­
ent kinds), into the product of the difference of the numbers and 
one of the errors. The quotient will be the correction of that error 
which has been used a& multiplier. 

N OTB,-This rule depends upon the principle that the difference hetween 
the assumed numbers and the true numbers are proportional to the diff.r. 
ences of the results obtained using the assumed numbers and that given 
in the problem. As in the last rule. when the question could not by algebra 
be re.olved by an equation of the first degree, the rule gives ouly an ap­
proximation to the correct result. 

EXAMPLE 5.-If to four times the price of my horse £10 be 
added the result will be £100. What is the price of my horse? 

OPERATION. 

,Usume £19, and secondly £25 as the price of the hor8c-
Then 19 25 

4 4 

76 
10 

26, the result obtained. 
100, the result required, 

-His an error of defect. 

100 
10 

110, the result obtained. 
100, the result ~equired. 

+10 is an error of excess. 
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The errors are of different kinds: and their SWlt is 14+10 = 24; and the 
difference of the assumed numbers is 25-19= 6. Therefore 

14, one of the errors, 
is multipliod by 6, the difference of the numbers. Then divide by 

~~)8~ 

and 3':; is the correction fur 19, the number which gave an 
error 004. 

19+(the error being one of defect, the correction is to be lidded) 3'5= 22'5 
=£22 lOs. is the required quantity. 

EXERCISE. 

6. A son asked his father how old he \,as, and received the 
following answer. Your age is now! of mine, but 5 
years ago it was only i-. What are their ages'? 

Ans. 80 and 20. 

7. Required what number it is from which, if34 be taken, 3 times 
the remainder will exceed it by } of itself? Ans. 58~. 

8. A and B go out of a town by the same road. A goes 8 miles 
each day j B goes 1 mile the first day, 2 the second, 3 the 
third, &c. When will B overtake A? 

A. B. A. B. 
Suppose 5 1 Suppose 7 1 

8 ~ 2 
3 

·w ;1, 
15 5 

5)25 1.5 

-j 

;;;) 
~o 

1)15 

56 
~S 

7)28 

-4 

~o 

3 
4 
5 
6 
7 

2S 

::;-,1= 1 =dilference of enol's. 

We divide the entire error by the llumherof days in each '·as". which ~i\"e, 
the error in one uay. 

9. 'What are lllOSl' numbers which, when added, make 23; but 
when one is halved and the other doubled, give equal 
results? .il'iS. 20 and 5. 

10. TlYo contractors, A and B, are each to build a wall of equal 
dimensions j A employs as many men as finish 221 perches 
in a day j B employs the first day as many as finish 6 per., 
the second as many as finish 9, the third as many as finish 
1~, &c. In what time will they have built an equalnum­
bel' of perches ? Ans. 12 days. 

11. What is the number whose ~, ~, awl i multiplied together, 
make 24? 
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Suppose 12 

}=6 
i=3 

Product =18 
t= ~ 

DOUBLE POSITION. 

Suppose 4 

ll=2 
1=1 

Product = 2 
t = 11 

81, result obtained. 
~, result required. 

3, result obtained. 
24, result required. 

+57, error. 
64, the cube of 4. 

3648, product. 

57+21=78 

-21. error. 
17~S, the cube efl2. 

36288 to this product. 
3648 is added. 

78)38936 Is tho sum. 

And 512 the quotient. 
{/512 = 8, is thc required number. 

353 

We multiply the alternate errer by the cube efthe snpposed nnmber, 
because the error belongs to ,h part of the cube of the assumed numbers 
and not to the numbers themselves: for in reality it is the cube of somo 
nmnber that is required-since 8 being assumed, according to the questioll 
woliave~x~x3X8_"4' or~X83=24 2 ~ 8 --, 6~ . 

12. What number is it whose ~, !, t, and i, multiplied together, 
will produce 6998~ 1 .!lns. 36. 

13. A said to B give me one of your shillings and I shall havo 
twice as many as you will have left. B answered, if you 
give me one shilling I shall have as many as you. How 
many had each 1 .!lns. A 7 and B 5. 

14. There are two numbers which, when added together, make 
30; but the i, !, and t of the greater are equal to i, il, 
! of the lesser. What are they 1 .!lns. 12 and 18. 

15. A gentleman has 2 horses and a saddle worth £50. Tho 
saddle, if set on the back of the first horse, will make his 
value double that of the second; but if set on the back 
of the second horse, will make his value treble that of the 
first. What is tho value of each horse? .!lIlS. £30 and £40. 

16. A gentleman finding several beggars at his door, gave to 
each 4d. and had 6d. left, but if he had given Gd. to each 
he would have 12d. too little. How many beggars were 
there 1 .!lns. 9. 

x 
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COMPOUND INTEREST. 
35. Let P=the principal, I=the interest, A=the amount. t=the 

number of payments, anti r=the rate per unit for one payment. 
Then since,. i. the interest of $1 for oue payment, the amount of $1 for 

one payment is 1+1', and since the principal is always proportional to the 
amount. 

1 : 1 + i' •• P : P (1+1') = Amonnt ofP at end oflst period. 
1: 1+1' :: P (1+,') : P (1+1')2 = Amount of Pat end of 2nd period. 
1 : 1 +,. :: P (1+1')2: P (1+,.)3 = Amount ofP at end of 3rd period. 
1: 1+,. :: P (1+,.)3: P (1+1')'=Amount of Pat endof4thperiod. 
And so on; hence at the end of the ttl, period A = P (1 + ,.). which iB 

A 
1'=(1+'-)' (II) 

formula (I) in the margin. 
Dividing each side of (I) by (1+1')' we get 

formula (II) in the margin. 
Dividing each side of (I) by P we get (1+r)' 

= ~ extracting the tth root, and transposing 

the 1, we get formula (Ill). 
t J~ A r=V p -1 (Ill) Obtaining as before (1+1')'=pandapplying 

the principle of logarithms we get log. (1+,,) 
x t=log. A-log. P, and dividing each side 
by log. (1+1') we get t = lOt A-~g. P 

t = log. A -log. l' (IV) Which is (IV) of the ma;gi;,g· (1 r) 
log. (1 + 1') Lastly, to ~nd the time in. which any sum of 

money WIll amount to n tImes itself at a lliven 
rate per cent. compound interest we substItute 
liP for A in formula (1.,) which gives us nP 
= P (l+")'and dividing each of these by 
P we get n=(I+,.), whence log. n=log. 

log.n 
(1+1') X t; or t log. (1+r) which is fOf' 

mula (V.) 

APPLICATIONS. 
Whcn thc principal, rate per cent., and time are given 

to find the amount :-
RULE . 

.a=P (1 + 1')' or log . .a = log. P + log. (1 + 1') X t. 
INTERPRETATION.-Multiply the logarithm of the amount of $1 

fOl one paym~nt, by the nu?nb~r of payments, ar:d to the product 
add the loganthm of the pnnclpal; the result Will be the logarithm 
of the amount. 

11. Find the natural number corresponding to this logarithm and 
the result will be the answer. 

EXAMPLE I.-To what sum will $750 amount in <I years, at 2 
per cent. quarterly compound interest? 

OPERATION. 
Rera P = 750,"= '02 and t = 12, since there arc 12 quarters in 3 years. 
Then A::;::;P (1+1')' or log. A=log. P+log. (1+1") X t=2'S75061+ 

0'00S600 X 12 = Z'a7SZ61 = log. of Answer. Rence amollllt = $951'17. 
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36. When the amount, rate, and time are given to find 
the principal :-

RULE. 
04 

p= (l+r)t ; or log. P= log. o4-log. (1+r) xt. 
INTERPRETATION.- Take the number expressing the amount of 

Slfor one payment, and raise it to the power indicated by the 
number of payments. 

II. Divide the given amount by the number thus obtained and 
the quotient will be the required principal. 

BY LOGARITHMS. 

Take the logarithm of the amount of $1 fo;, one payment, and 
multiply it by the number of payments. 

Subtract the logarithm thus obtained from the logarithm of the 
given amount; the remainder will be the logarithm of the required 
principal. 

EXAMPLE 2.-What princir,al put out at compound interest, 
at the rate of 3! per cent. half yearly, will amount to $8764'00 
in 11 years? 

OPEllATION. 
Here A=8764,r='035 and t = ~2, 

A 
ThcnP= (1+r)' or log, P = log, j, -log, (1 + r) X t, 

log, P = 13'~42702 - 0'014940 X 22 = 3'0·12702 - 0'328080 = 3'oB022, 
Hence P = $4111'70. Ans. 

37. When the amount, principal, and time arc given 
tofind the rate pCI' cent.:-

RULE. 
1-04 ) 10g,04-log,P 

r=t.; (1' -1 j or log. (l+r) = t 

INTERPRETATION.-Divide the amount by the principal lIlId ex­
tract that root of the quotient ,,,hich is indicated by the number of 
payments. 

II. Subtract 1 from the root thus obtained and the remainder 
will be the rule per unit, multiply tltis by 100 and the result will 
be the rate per cent. 

IlY LOGARlTIiMS. 

Subtract the logarithm of the principal f rOln the logarithm of 
the given amount, and divide the difference by tlte number Of pay­
mwts; the result will be tlte logantltm of the amount oj $1 for 
one payment. 

Find tlte natural number corresponding to litis, and from it sub­
tract 1 the result will be the rate per unit, and this multiplied by 
100 gi~es tlte rate pcr cent. 
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EXAMPLE 3.-At what rate per cent. compollllil interest, pay­
ahle half-yearly, will S~78 l1mount to 31,74~ ill 37 years 1 

OPERA.TION. 

Here ... \ == Gi 1~. P == 27S and t == .')4. 
l,,~. A -l"~. P 3'8"S78~' - 2'.\1<101;; ]'384744 

Thelliog. (1 + r) = ---t- -- = ----;;\---= ~ 
= '0".;1,131. Hence 1 + ,. = l'OG, r = '06, and rate per cent. = 6. .A.M. 

38. When the amount, principal and rate arc given to 

find the time:-

lo" . .Jl-log.P 
I = ~g.(l+T)' 

RULE. 

1NTERPRETATION.-Sublracf Ihe logarithm ojlhe principaljrom 
the logarithm of Ihe givell amount, and divide the remainde~ by 
the logarithm oj the amount oj SI jor one p"'JiJlent; the quotwnt 
Icill be the number oj the pa'Jments. 

EX.UIPLE 4.-1n what time will S739 amount to :)l7143 at 2! 
per cent. compound interest, quarterly? 

OPERATION. 

lIen' ~\. ---: i1 !3, P = 7~~1 and r == ·U:!5. 
lop:.,~ -log. P 3'853881- ~·.~n~7"8 0'991153 

Then t = -lo~. (1 + or) = -o-olom--= 0'01072-li -- ~~'I~ pay-

ments == ~3'105 years == ::!;j yt':1rs, 1 month, 7'S days. An-s. 

39. To find il! /I'lwt time any sum of money 'will 
amount to n tillles itself at any given rate per cent. COlli­
pound in terc~t :-

RULE. 
lo~. n. 

t = J;',z-'(l + r)" 
IlITEla'I:<:TATION.-Find the logarithm oj the number expressing 

to how many times itselj the ";1"('11 sum is to amount, lind divide it 
by the logarithm oj the amount of SI jor one payment; the result 
will be the required time. 

EXAMPLE 3.-In what time will any sum of money amount to 
.liN times itself at 5 per cent. per annum, compound interest 1 

OPERATIO:'l". 

Here 1l --=--= 5 and 1" :;::::: '05. 

Then t -~ ~:::- O:'J!I~l~ _: 3~'~IS7 yrs.:.....::: 32 years 11 months 25 
lof'. (1 + r) ()'O~ll"U ' 

days. Ans . 

. EX~MPLE. G.-In what time will any sum of money amount to 
ntne times Itself at 3~ per cent. quarterly, compound interest? 
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OPERATION. 

Beren= 9 and r=·035. 
. log. n _ 0'954243 _. • " 
Then t = log. (1 +r) - 0"014940 = 63'8716 payments = 10 06,0 years = 10 

years 11 months IS days. Ans. 

EXERCISE. 
7. What. is the amount and compound interest of $713'29 for 7 

years at 4i per cent. half yearly? 
.!lns. Amount = $1320 96. 

Compound interest = $ 607'67. 
8. In what time will any Bum of money amount to seven times 

itself at Ii per cent. quarterly, compound intcrest? 
.!lns. 32 years 8 months 2 days. 

9. In what time will S111'11 amount to $1111'11 at 8 per cent. 
per annum, compound interest? .!lns. 29 years 11 mos. 

10. At what rate per cent. quarterly will $~n'~2 amount to 
$3333'33 in 30 years, compound interest being allowed? 

.!lns.2}.,-. 
11. In what time will any sum of money double itself at 7 l;er 

cent. per annum, compound interest? 
.!lns. 10 years 2 months 28 days. 

12. What principal put out at compound interest at the rate of 
21 per cent. quarterly will amount to $100 in 7 years? 

.!lns. $53'63. 
13. To what sum will $2468'13 amount in 13 years at compound 

interest 31 per cent. half yearly? .!lns. $6427'705. 
14. What principal will amount to $7137'40 in 11 years, com­

pound interest at the rate of 41 per cent. half yearly being 
allowed? .!lns. $2856'723. 

11i. In what time will any sum of money amount to 19 times 
itself at 51 per cent. half yearly, compound interest? 

.!lns. 28 years 9 months 8 days. 

ANNUITIES. 
40. An Annuity is any periodical income payable at 

equal intervals, as yearly, half ycarly, quarterly, &c. 
41. An Annuity in possession is one that is cntered 

upon already. 
_ 42. An Annuity in reversion or a deferred annuity is 
one whose first payment is not to be made until after the 
expiration of a given time or until the occurrence of a 
specified event. 

43. An Annuity certain is one that is to continue for a 
fixed numbcr of ycars. 
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44. An Annuity contingent or a 71fe (/nuuity is- one 
that is to continue to be paid only so long as one or more 
individuals shall live. 

45. A PCllJetnity is an annuity that is to continue for 
ever. 

46. An Annuity is in (trI'((f)'S when one or more pay­
ments arc retained after they have become due. 

4 7. The amonnt of an annuity is the sum of the pay­
ments forborne (i.e. in arrears) and the whole interest due 
upon them. 

48. The p)'esellt worth of an all11uil,lJ is that sum whicll, 
being put out at interest until the annuity ceases, would 
produce a mm equal to what would have been accumulated 
had the annuity been left unpaid until that time. 

49. Annuities are calculated at both simple and com­
pound interest. 

ANNUITIES AT SIMPLE INTEREST. 
50. I,et n = a single parnJ.ent of the annuity, t = nnmhel' of payments, 

" = rate per unit for one period, and A. = amount of the annuity. 
Then when the annuitv is forhornE' any nuulher of payments, the last 

paymont being made at the time it falls llue. is equal to a; last payment 
hut one = a + interest on a for one period::::::::::: a + a}"; last but two = a + 
interest on a for two payments = a + 2ar.; last but three ::= a + 3ar; last 
but four = a + 4a,.. &e.; aud hence the last payment = a + interest on a 
for one less than the number of payments = a+ (1-1) ar. 

Hence the payments forborne. with their interest, constitute a series in 
arithmetical progression where the first term is a. the last term a+ (1-1) 
al", the commOn diff~rellce ar, the sum of the series A, and the number of 
torms t. 

Then (Art. 5.) A=a+(a+ar)+(a+2ar)+(a+3m'), &r.+ {a+(t-I)ar} 

{ } 
t (t-I)l') l' h 

'Whence (Art. 6.) A = a+(a+(t-I)ar) 2" = (1+ --2- ta W llC 

is formula I. in the margin. 

A = at(H (I~I)") (I.) 

211. 
a= t(2+(t-I)r (II.) 

r=2(A-at) (III) 
at(t-I) . 

r S1'A { V t-a + (2~,.). J -(2-1') (IV.) 
t= --------____ _ 

2,. 

Formulas II., III.. and IV .• ~re 
der!v.ed from formula I, by trans­
posltIOn, &c. 
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No general fOl'lDula has yet boen discovered fol' tho summation of a 
series for finding the present value of an annuity at simple interest. Tho 
rule generally adopted for finding the present value of au annuity at 
simple interest is the following :-

Find the present worth oj each payment by itself, discounting 
from the time it falls due-the sum oj the present !l'orlh oj all the 
payments will)Je the present worth oj the annuity. 

KOTE.-The absolute n.bsurdity of purchasing annuit.ie..; hr simple int('l''' 
est is evident from the fact. that the interest of the sum reqllired to pur­
chase an annuity, discounting at 5 per cent. simple interest, :1ctu:111y exceeds 
the annuity; i. C" to purchase an annuity to continue only n, limited llum­
bel' of ~"Lrs, requires a sum which will yield a larger Yi..'arly interest for 
ever, .l1ence the various rules given for finding the present value of au­
nuities at simple interest arc, ill effect, valueless. 

APPLICATIONS. 
51. When the annuity, number of payments forborne, 

and the rate per cent. of interest are given, to finO. the 
amount :-

RULE . 

.!1 = at ~ (1 + ~t-;;l)" ~ 
INTERPRETATION.-lIJultiply the ?'ate per unit by one less than the 

number oj payments and to half the result add 1. 
JJfuitipiy the number thus obtained by the product oj the annuity 

by the number oj payments and the result will be the required 
amount. 

EXA![PLE I.-If A. pension of 8600 per annum be forborne (; 
years, to what sum will it amount at 4 per cent. simple interest? 

OPERATION. 

Here a = 600, t = 5, " = '04. 

{ 
(t-l),.} {(.;-1) :"Ol} 

Then A = at 1 + -2- = 600 X 5 1 + --2-- = 3000 X (1 + 
'OS) = 3000 X 1'08 = $:)241). Ans, 

52. When the amount of the annuity forborne, tlle 
number of payments forborne, and the rate per cent. of 
interest allowed, are given, to find the a lUlU ity :--. 

2.11 

a=t[2 + (t -l)r} 

RULE. 

INTERPRRTATION.-lJlu/tiply the rate per unit by One less than 
the number of payments and to the p"oduet add ~. . . . 

Multiply this sum by the nurr-,ber oj payments, <ll1d dwide !wlce 
the given amount oj tlte annuity by the product thus obtained; 
the result will be the an1luity required. 
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EXAMPLE 2.-What annuity payable quarterly, will amount 
to $3625'25 in 7' years, at 4! per cent. per annum, simple 
interest? 

OPERATION. 

Here since the rate is 4} per cent. per anuum or '045 per unit per annum, 
the rate per quarter = '045 + 4 = '01125. 

Then t = 28, A = $3225'25 and,. = '01125. 

a= 2A 3225'25X2 =~~ 
t{2+(t-I),.} 28{2+(2S-I)X'01125} 28X (2+ '30375) 

6450'50 6450'50 
= 28X ~'30375 = 6~'505 = $100 = quarterly payment, and hence annnal 

annuity = $400. An8. 

53. The application and interpretation of the remaining 
formulas will be readily understood from the foregoing ex­
amples. 

EXERCISE. 

3. In what time will an annuity of $1000 per annum, payable 
half-yearly, amount to $8365, allowing simple interest, 
at the rate of 6 per cent. per annum? .I1.n8. 14 payments, 
or 7' years. 

NOTE.-In this question we lise formula IV, ,. being equal to '03 and a 
=500. 
4. If a rent of S450 per annum, payable quarterly, be forborne 

for 11 years, to what does it amount, allowing 6 per cent. 
per annum simple interest? .I1.ns. $6546'37'1. 

NOTE.-Take a= $112'50,,, = '015 and t= 44. 
5. At what rate per cent. per annum, simple interest, will an 

annuity of $300, payable yearly, amount to $1680 in 5 
years? .I1.ns. 6 per cent. 

6. The rent of a farm is forborne for 8 years, and then amounts 
to $2080. Now assuming the rent to be paid half-yearly, 
and simple interest at the rate of 8 per cent. per annum 
allowed, what was the rent of the farm? .I1.1Is. $200. 

ANNUITIES AT COMPOUND INTEREST. 
54. Let A, a, ", t = same quantities as in last articles and also let" = 

present value of the annuity. 
Then, as before, the last payment of a forborne annuity being paid when 

due, = a; last payment but one, = a + interest of a for olle payment =a + a" = a (1 +,,) so also last payment but two. = a (1 + ,,)2 ; last but 
three = a (1 + ,,) 3 &c., and last payment = a (1 + ,.)'_1. 

Henco A, the amount of the annuity = a + a (1 + r) + a (1 + r)" + a 
(1+,,)3+ &c.+a(l+,,)'-l which ill a geometrical series and is equal (Art. IS.) 
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af(1+r)'-l} 
.!l = ---r-- (I) 

.flr 
a=(l+r)'_l (II) 

r = U.flr ~ a _ 1. (III) 

log. (.flr + a) -log. a 
t = log. (1 + 1') (IV) 

V=~{l- (1~1')'~ (V) 

vr (1 + 1')' 
a = (1 +1')'-1 (VI) 

log. a - log. (a - vr) 
t = ---zog,0+7)-(VII) 

a 
v =7(IX) 

a=vr (X) 
a 

T =V-(XI) 

a 
v = 1'( 1 + 1')' (XII) 

a {(1+1')I-1} 
to----___ • which is for-

l' 
mula I of mar;;ill. 

Formulas II, Ill, and 1\' arc oll­
tained from formula I by trans­
position, &c. 

Since the present valne of an an­
nuity at compound interest is 
that. principal which put out at 
compound interest for the given 
time, would produce the amount 
of the annuity we hayc from Art. 
36, formula I, '1.'. (1 + Jo)t = A = 
a {(1+1')'-1} 
------- whence by di­

l' 
vidin;; by (1 + 1')'. we get formula 
V in the margin. 

Formnl,,", VI and VII are deriYCd 
from V. 

To find the present value of an an­
nuity which is to commence after 
t years and then continue for s 
years, we hr..ve from formula VI v 
for s + t years, = 

a{(I+1')'.'-J) - -----). and for t years 
l' (J + 1') •• , 

_" f(I+1')'-I} 
alone," --;;- ll1+r)< 
Therefore for t years to commence 
after 8 years. v = 
a )(1 + 1')'+<-1 (1+1'), -1 ( 
;'1.. """(l-trp;- - (1 + ")' , 

a) 1 I} 
or" = r l (1 + r)' - O+r) • ., 
which is formula VIII in the 
margin. 

When an annuit"lasts for ever as 
in the case of landed property, 
(1 + r)t in formula V becomes in. 
finitely great, alld therefore 

1 1 
1+.) , = c< = 0 and the formula 
~or finding- the lwcseut yaluc of 
a perpetuity is reduced to the 
form given in IX. 

Formnlas X and XI are derived from IX. 
The present value of a freehold estate to a person to whom it will revert 

after 8 years and then continue for ever, is found from formula YIII and is 
represented by formnla XII in the margin. 

51i. To facilitate the calcnlation of annuities the following tallIes are 
given, the first showing thc amount of an annuity of $1 at compound in­
terest, and the second, thc prescnt ynlue of an anlluity of $1 at compound 
interest. 
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ANNUITIES. I'lECT. XL 

TABLE OF TIlE AMOUNTS OF AX AXciTJT1 
OF $1 OR £1. 

),Tr" of 
Pay· 

mCllts. 
3 pcr cent. 

I 

4 pcr cent,' G pcr cent, 6 pcr cent. I 
I -----'-- --.----.----.--, 

1'0(10(10 1'00000 1'00000 1'Uflnno 
~'(I::()(I(I ~'O 1000 2'05000 ~'(Hj{IIHI 

Ii " 3'O~I!I!1O :)"I~l!jO ~·l,j:!.jO 3'183';0 

" 4'}."I:3n.) ·I':? -1-r, ~!i 4':nOl:? 4';)7 JI;2 
, 

5 (j':~(I~ll a 0' ~ 1 (;:~~ ·r;j:!;!":~ r"/I',:)iOti 
6 (;'11;'-'-11 1;'(;:)2~li IYSIJl ~11 1;'~I;:i;;2 

7 j'I:';:?ll; 7··'~~":!fl .... ·H20} .... ::j0:3, ~ 
S X·, .... ;12:3 ~ \I"::J 4~;~ !r,-;1!1l1 !P.;fli 17 
9 1I)'l:-,!lll ] O·,j .... :?7~1 ] l'o:!(;,jl; ]1'-1-~Il;n 

]0 ll'It;:},..,,;;; l:?'owill 1:.!·,j7;·...,~1 ]:1·1~ni!1 

11 ]:!'''0'ii(1 1;;' J,~lj:).') 1 r:!oni!1 1 t'!1;1fil, 
12 l·~ 'J !I:.~o:; l;j'II:?,'j~O I,j'!ll';"]:; lfi· .. ·aiflflt 
J:: ) ,-,'(il ;;!I ]Ij',j:?t';"d. ] ;'712;'-': l""~':I:?B 
II 1 i'II"";:):! lk·:!~t1!ll 19'59863 ~l'()LjO(i 

Ii 1.') 1 S' .J~I,rll ~t)"lI:!:3.5i~ 21'57S.:;ti 2;~'~7;;9S 
1ji ~jl'l.~'li"S 21·s::!·~;j3 ~:rl~,"j7 4!1 ~,-;'li7:!.;:~ 

1, ~l''jtil.j~1 ~:)'t;;I;-,j1 2j'~-!O:3'j ~,':!l:!t-"'; 

'I l,q 2')' ~H-r~ 2;,)'lil.')41 2S'132:{.-': 30"!lj),j(j,) 
]!I :..!.-,' I ]I;'i ~7'1;71:!:3 :;Ij',-;:;!ltltl 3~'7,"j;I~I~l 

21) 2n',"'i';'o:)7 ~;r77""(j-': ;3:)'IIII,j;I,) :;j;'';'8.j.-,~1 

21 2-;' fIjfi1" :~ l'~ 1,~'.1211 ~.~,'71H~;J :3~ I'! ID:?i:{ 
22 ;;II';')::I'';'.'''i ;; j.'~ 17;1';' ;-; .... ·,-,n,"j:!l '1-:)':;~2~~1 I 
23 3:!'·~,j:!~":\ :_;lj·';t; .... :1 4]'4:3047 ·11 ;'~I~I::J .... :j 
24 31:1-:!ti-t-7 ;j~r(j'~ljO 4t';"j0200 ;,0'-':1;I,j"'; .,. :;,;'4,j!121) ~ I 'j; t~,!ll 4';"i~ilO ;'·J.'."'iUV',J 
21; :';:-';';);):3I1t 4t·:al'i.t :,l'lUa~, ;"",;1"13';:.)'.1 -. ·1tI·70~ln:) ·J.'j'IIS [:n fj,I'litin:n fi:-;'';'(J,")'jG 
:!S 4:!'!1;3tl!l:! '!~r!lti7 ,~,,, ;,,'·IO::!:-;S fi~'G:!Sll 
2!) 4,j'21,'\"'5 f",:!'!II;tj:!~~ {j::!':)~2il 7:l'fj3!1SII 
::;0 4i'iy;':al ;,Ij'II"';·Jfll li'i' I:)S~,; 'it),OG81H 
:a 5()'(UI2j;~ !"i()';;2~:);-; 7o''j(jO';'~ :-;.!:~lllli,,\ 

32 .~::!'[jn2iI3 1"j2'7111,1i 'i,j'2~1'\2D ~llrSs~r;'..;; 

:13 G:;'Ui7:--'4 Iii i':!II!I,j:~ Sll'lu;:3'ji ~17';H;31n 

:a 57'';':)018 'i~I'~::;7Ul :-;,;'nl)(j~~,; 11It'18;)7,j 
.... ) f)o'--!-!;208 7:~'j;.~,~~:! flll':;~O:3t 111'\;34,7" 
3G (;;)':::7:;:)~ ';'7';,~I .... :n fl;)'s:)li:?:~ 11 ~1'1~jl'''''7 
37 fHi'li .t:?2 :-;l'in:!~3 1m·j;~,",J.1 1:?7':!t;S1::: 
38 fifl'lr,n45 ~,;'~I;O:~.} 10'j'70!1,) t l:-;'~)'!'I).J.:?o 

39 'i:::':?;~ 1:::3 ~In' ~1I~ll::J 111'!I!I,"j(t~ J.I.j'o:j,"4I~ 

40 7;j'·Wl~ti !1;j'o:?"j51 ] ~11'i~I~-~i7 1;,),1,'il-)1911 
41 ;,",'1;1;:;:;0 fI!n':,:.!li,')~ , 1:.!7'~:)!lil; Ilj,"j'04';'j;Q 
,t! ':-'.!.·II~:~:.!O 101· .... 1',11)(1 1;j;"",·:.!:H7::. li~/~I::'O:J! 

·r~ ~,-,'1"";;""~1 1l1)'Ul:.!:~S I!:.!'!I!I;33-4- ISi'S()';'5g 
,a ..... !I'Ol"H 11 ;)'.~ 1 :.!"'~ 1;,)]'1 t:JIIO 1!1!1'';'[j~n;3 
4.j ~!:.!·7 1 ;' .... 1; 1:!l'O:2!1:3:t 1;,~r7tlO15 :?1:"!''j4351 
'u; flfi',")IIIH; 12n·, .... ifl.')7 1ii:-;"iX.jli) 2:?li';,)0812 
·1-7 100':t',l!;;,O ] :~'.!'~II S:1~) 17S·11~12.j. 24] '0981H 
4" 1 "l··lll .... :;~1 l:HI':.!I;:;:!l 188'11~53!1 :?5tj';jlH5:~ 

"J!-. HI",',"j ~lIt;.) 14;"",':'1:-;:;7;3 19~'·l:?(;t1G 2';'~'H,)S4f1 

GU 1l:!'7~II;s7 152'66708 20U':H7tl\) 2UO'33590 
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I 

TABLE OF PRESENT VALUES OF AX ANXUIT" 

OF $1 OR £1. 

No. of 3 per cent. 4 per cent. 5 pcr cent. o per cent. II payment •. 

------- -------- ----, , 
1 O'9iO~i (,'0Gl!jJ, o'nj~:~s II'(II:~ til 
2 1'91347 1':-\~!~1 ~ l'Sfi:lt-l ] '~:~;;::~I 
3 ~':-;~:"Hil ~'77!jl\-t 2's7:iH} 2'Co7;;II} 
4 3'71710 3'1;2!1~1~} ;~. ;-I~l.j!!.j :)'W,-,liI 
5 4':J7flil 4' t-,}s:! ·r:)2(~I~ ·r~l ~:~.~ 
Co G' (·1 i 1 ~I ;J'~4~1--1 S'07;,!i!1 1'~11 i ~~ 
7 "'2;~I)~~ jj"I()~fI::-) [,'7:-;n:;7 G',-,~~';S 

8 7'Ol~H;(1 Ij'7:;::!74 fi·t.(',:{~l C'~O(17!1 
9 'j'Isla 1 7··~3;-):n 7'10i~~ 1:':-"011;(1 

10 S'5;~(I:!O f.,·110~~1 7'721 i:J 'j'3GIIIIH 
11 !I'2:;~I:~ S'j(ill;-'r> S':\IIi:1l 7'~Sli"li 
]2 n'!I.) 100 !r;is,jOi S':';1;32:; S';):-;:;" ~ 
13 11l"!j:H!h"J tnls.)I'::; ~r:W3;Ji ~·S.~)21:"'; 
]4 11'2!lIi1l7 )w;,r.:n2 ~r.'-\(llo/,li t, !1·2~1·!tl~ 
15 11'~J;j'i!I4I 11'11'+0 l(I':)i~ 'j;,i !.''jl!!:!;j 
16 1~'51)110 ll'(;.j~!~;l 10':-.;:;';'';"7 10'1O.-,"!1 
17 l!;'Hilil:! 12'1Ii:J!i7 11'~'j 1111i 10',lji~fi 

18 la·'j.j!3.-,l l:!'/i;J;llf) 11'r,~~I,i~ lo-S~jljO 
]9 1 r:~2;)f.in IT13!~;q· 1:;·h";;.-;:i2 11'15~1l 
20 14'~j'j 1~ 13'r;UII:;z 1:!'41i:!~1 11'·1Ii;I!':1 
21 ];j··1-1:in:":! 14'O~!H6 1:!·.~211:i 11''jli!07 
2Z 1;,'!1:3(i;'2 Il'1!Jlll ITUi:il.O 1~'041:;S 

23 Ilj',' ~:~Iil It's;,I;I" 1:$··1" ..... -,/ 12·:~{):~;)" 

2~ lfi'tI3ti;jt ];:)'2-11;;'1; l;r'j~·I..:!;.t· 1~':;::;1I;)t; 

25 li'4.1:)]5 ];)'1;2:!U';'; I4'lln::!'!, 12''j'~:):;:i 

~Ii 1i· .... jl''''t 1.;·!''':!7i 1 1';;'j';:l-.; 13·0\·:;lti 
27 1 "';;:!':"O:3 l'i·:3~g.-;'S l·t:la;~I!:) l:r:!lo:;;~ 
2-.; 1 .... ·7IiI11 Ilj'Iil;:;lIfj In\~'''12 1:;',1Iui1,j 

1 2;1 l;n:-.;'" in Ifi'H';;;)jl };;'14tIl7 1;r;,!,o72 
:.)0 ]!l'ljOO..J4 1';"2£120:; 15'aj~·l.j 1:;·'j1)4 .... ;3 II :\1 :!1I'(\O{)-l:3 Ij·;J" .... 1f1 1:;·:J~.:! .... 1 ]:)·n2~'I!R 
;;:! ::!11·:;'i .... 77 1'j'·~7:\;,;j lii·, .... U:!I;7 1·1·OI.!.J.u4 

II :l:l 2W'j'H.i'j'fI },-';'l.t·jlil 1(j'OO:!;,5 l,r2:~o23 

:a ~1·1:0, .. a 1,'·mln 11;'};.:!;Io l·r;.\!',"Il.t 
3.; 21·4...,i22 1...,'lilil.n Ili';)i ~HI 11' t:I"'<~4 
31; :!1·.-';:J:!2,-, l~nIO"~~ lli'!1.!ti>.;:i 1·rti2o;.n 
37 2~'~(ji:?4 ]:n1~'-J" 11;'711~' 1·!-''j;;t'i'-; 
aR 2:!'4~:!4(j I:r;Hj'j,""t; 11; ~1;i"'~1 I,~'i'\4t;O~ 

39 2:!·,,,\O>.;:!:! I;I':;~l-B Ii·OI7h·t 14'('1~'O'j 

40 2:nl ~ii ] ~r'j~I~j7 ]7'15~11)<"'; l,j·;l1t;:.;n 

41 2:)··n~tO l!r!I~I;W;j 1'j"2~11:~t) 15'1:-;':1111 

42 2;~'jOl;M; 20'1S.-,t";2 1'j'1-2:;20 1;)'22t-3~ 

43 23'98HlO 20';j70ifl 1'j",j1-5!)l 1.')·;;om7 , 

44 24-'251-2" ::!fr:asH li'lifi2i7 I:i';;S;;)S 

45 24':ilkil 20'i21HI4 17''j'j·to7 1 [)··1-,,);;<...;;3 

4<3 24·7i;'·~j 20'SS in.') 1i'~'''''"(tt; 1;J·.'j2-l37 

47 2,;·02·til 21'(j-l-~~'3 li';1"1()) 1;,';:;~~HI:3 

,j, 2:i':!I,l1ii 2)'}!lj1:) It:'oii14 )!i'liiiOO2 

49 23'!j91lilj 21'jOlliG 1::-;'1 Gt'i:! l,j'iOi;:;7 

50 2j'i2~li7 21'72~li7 18'23,j~IJ 15·it:n~6 

I' 
-' 
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APPLICATIONS. 
56. To find the amount of an annuity forborne for any 

number of years at compound interest: 

RULE. 

_ al(l+r)'-l} .11 __ ' ____ _ 
r 

INTERPRETATION,-From the amount raised to the power indi­
cated by the number of payments subtract 1 and multiply tlte 
remainder by tlte annuity. Lastly: divide the sum titus obtained 
by the .-ate per unit and tlte quotient will be tlte required amount. 

Br THE TABLE,-Find from the table the amount of $1 for the 
given number of payments and at tlte given rate, multiply it by the 
given annuity and the quotient will be the amount. 

EXAMPLE I.-If a yearly rent of S400 be forborne for 23 years, 
to what sum will it amount at 5 per cent, compound interest 1 

OPERATION. 

Here a = 4..(10, t = 23, 14 = '05. 

a {(1+r).-1 } 400 { (1'05)23-1} _ 400X2'071475_ 828'590 
Then..4. = r = 'OS - --'-05--- --:05 

= $16571'90, Ans, 

Br TITE TABLE.-·Amount of $1 at the given rate and time = $41'43047, 
Thcn $41'43047 X 400 = $16572'188, 

NOTE,-These two methods give results slightly different, This arises 
from the fact that the table shows only an approximation to the correct 
amount of the annuity for $1; all the figures except the first five of its 
decimal being rejected. 

57. To find the present value of an annuity at compound 
interest :-

RULE, 

v=-i-{ 1- (1 ~ r)t} 

INTERPRETATION,-Divide 1 by that power of the amount of$l 
which is indicated by the number of payments and subtract the 
result from 1. 

Multiply the remainder by the quotient arising from the division 
of the given annuity by the rate per unit and the result will be the 
required present value. 

By THE TARLE,-Find the present value of an annuity of$l for 
the given number of payments and at tlte given rate, and multiply 
fhi. /"1 lite giL'en annuity, 
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EXAMPLE 2.-What is the present value of an annuity at :310, 

to continue 5 years, allowing 5 per cent. compound interest? 

OPERATION. 

Here a = 40, t= 5, and,. = '05. 

Then y- .!!... S 1 __ 1_} _~ fl __ l_} 
- ,. t (1+,.)' -'0:; X l (1'05)' 

= SOOX'2165 = $173'20. Ans. 

= 4~0 X (1-'7835) 

OR BY THE TABLE.-Present value of an annuity of $1 for given rate and 
time=S4'3294S and S4'32948X40= $173'179. Ans. 

58. To find the present worth of a perpetuity:-

RULE. 

v=!:. 
T 

INTERPRETATION.-Divide the annuity by tlte rale l'Cf unit all'/. 
the quotient will be the value of the perpetuity. 

EXAMPLE 3.-What is the present value of a freehold estate of 
$75-allowing the purchaser 6 per cent. compound interest for 
his money? 

OPERATION. 
Here a = 75, and,. = '06. 

Then Y =.!!... = 65 = 7500 = $1250. Alts. 
,. '06 6 

59. To find the present worth of a perpetuity In 

reversion :-

a 
v= r(l+r)' 

RULE. 

INTERPRETATION.-Find that power of /I,e amount (!( $1 (or one 
payment that is indicated by tlte number of payment' 'h"t have to 
elapse before the annuity reverts, multiply this by the rate per unit 
and divide the given annuity by the product-the result will be the 
present value. 

EXAMPLE 4.-What is the present value of the reversion of a 
perpetuity of$79'20 per annum, to ~ommence 7 years hencc­
allowing the buyer 4~ per cent. for hIS money? 

OPERATION. 

Here a = 79'20, s = 7, and,. = '013. 
a 7U":!O 79°20 

Then Y= ,,(1+,.), 'Ul";< (1-'013)1 = '045Xl"3G0862 
$1293·2D7. Ana. 

79'20 
'06123870 
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60. With due atteution to the foregoing interpretations 
and examples, the pupil will not experience any difficulty 
in applying the remaining formulas. 

EXERCISE. 

5. What is the annual rental of a freehold estate purchased for 
$3000 when the rate of interest is at 4 per cent. ? 

.ans. $120. 

6. If a perpetuity of $563 can be purchased for $11260 ready 
money, what is the rate of interest allowed? 

.ans. 5 per cent. 
7. A freehold estate producing :;375 per annum, is mortgaged 

for the period of 1-1 years; what is its present value, 
reckoning compound interest at 5 per cent. per annum? 

.ans. S757'60S. 
S. Required the present value of a deferred annuity of $90, to 

be entered upon at the expiration of 12 years, and then 
to be continued for seven years at 4 per cent. compound 
interest? .ans. $337'39. 

9. What is the present value of an estate whose rental is $1500, 
allowing E, per cent. compound interest? 

.ailS. $30000, or 20 years' purchase. 
10. For how many years mayan annuity of £22 be purchased 

for £308 12s. 10d., allowing compound interest at 4 per 
cent. ? .ans. 21 years. 

11. What is the present value of an annuity of $154 for 19 years 
at 5 per cent. compound interest? .ans. SlS61·13. 

12. What annuity, accumulating at 31 per cent. compound 
interest, will amount to £600 in 40 years? 

.ans. £6 13s. lld. 
13. In how many years will an annuity of S8 per annum amount 

to $187'315625 at 3 per cent. compound interest? 
,1I/S. 18 years. 

14. l,bat will an annuity of $74 amount to in 30 years at 4 per 
cent. compound interest 1 .ans. $4150'28. 

QUESTIONS TO BE ANSWERED BY THE PUPIL. 

NOT'Sl.-Tlte numbers after tllc questions refer to the numbered articlea 
of thc section. 

1. When are quantities said to be in arithmetical progression P (I) 
2. What are the extremes? What the means? (2) 
3. What five quantities are to be cOllsideredin arithmetical progression? (3) 
4. How are these related to each other? (8) 
5. How many cases wo from these combinations ~ (3) 
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6. Deduce the fundamental formulas for arithmetical progression. (4-7) 
7. When are quantities said to be in geometrical progression? (15) 
8. What five quantities are to be considered in geometrical progrcssion? (16) 
9. How are these related and how many cases arise from their combi­

n.tions? (16) 
10. Deduce the fundamental formulas for geometrical progression. (17-19) 
11. What rule do you use when finding the sum of any infinite serics when 

the ratio is less than I? (25) 
12. Prove this rule. (25) 
13. How do we insert any lllUnber of arithmetical means between two 

given extremes? (26) • 
14. HOlv do we insert any number of geometrical means betwecn two 

extremes? (26) 
15. What is position? (27) 
16. Into what rules is position divided? (28) 
17. When is a single position nsed 1 (29) 
.S. What class of questions require the use of donble position? (30) 
.9. Give and prove the common rule for single position. (32) 
:0. Give and prove the common rule for double positioll. (3~) 
:1. Dcduce algebraically a complete set or rules for compound interest. (36) 
:2. What is an annnity r (~1) 
3. When is an annuity said to be in possession? (.12) 
4. What is a deferred annuity or an annuity in reversion? (.J,3) 
5. What is aeontingent auuuity? (45) 
6. What is a perpetuity? (46) 
7. When is an anuuity said to be in arrears? (47) 
8. What i. tbe amount of an annuity? (~S) 
~. What is the present worth of an annuity? (49) 
~. Deduce a set of rules for computing auuuities at simple interest. 
l. Illustrate the absurdity and injustice of computing the present value of 

annuities at simple iuterest. (51) 
!. Deduce it set of rules for annuities at compound iuterest. (JJ) 

EXAMINATION PROBLEMS. 

FIRST BERlES. 

l. Write down as one number seven trillions and ninety millions, 
and nineteen and four million two hundred thousand 
and six hundredths of trillionths. 

l. Deduct 19 per cent. from $1580 and divide the remainder 
among A, B, C, and D, so that A may have $111'11 more 
than B; B SOO'OO more than C, and D one-third as much 
as A, Band C together. 

I. A and B can perform a piece of work in 8 days, when the 
days are 12 hours long; A, by himself, can do it in 12 
days, of 16 hours each. In how many days of 14 hours 
long will B do it? 

~. Reduce £119 14s. 8ld. to dollars and cents, and divide the 
result by '00000048. 

;. What is the 1. c. m. of 44, 18, 30, 71, 50 and 21? 
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6. In what time will any Bum of money amount to 20 times 
itself at 51 per cent. simple interest? 

7. Divide 7342163 octenary by 61351 nonary, and give the 
auswer in the duodenary scale true to two places to the 
right of the separating point. 

S. Multiply 43 lbs. 3 oz. 17 dwt. 11 grs. by 7S3~. 

9. Find the sum of the series 1+!+!+~, and ad infinitum. 
2i 

3 
10. Divide ~ of of 192 by---

4! 

2 

T 
11. Extract the 17th root of 129140163. 

12. There is a number consisting of two places of figures, 
which is equal to four times the sum of its digits, and if 
IS be added to it, its digits will be inverted. What is 
the number? 

SECOND SERIES. 

13. Divide $S97'43 among A, Band 0, so that B may have 
$93'40 less than A, and $69'IS more than O. 

14. If 7 lbs. of wheat contain as much nutritive matter as 9 lbs. 
of rye, and 5 Ibs. of rye as much as Sibs. of oats, and 13 
Ibs. of oats as much as 21 lbs. of buckwheat, and 27 lbs. 
of buckwheat as much as 20 lbs. of barley, and 24 Ibs. of 
barley as much as 2G lbs. of peas, and 11 Ibs. of peas as 
much as 35 Ibs. of potatoes; how many pounds of po­
tatoes contain as much nourishment as 16 lbs. of wheat ? 

9 
15. Reduce ; of 4! of 7t of 19! of t of 3 oz. 4 drs. 2 scr. 5 

grains to the decimal of 1n., of '63 of 2U of -Fa of 6i times 
7 Ibs. 3 oz., Apothecaries Weight. 

16. From 623'42793 take 93'4267192; mark distinctly the re­
sulting repetend. 

-17. If I own a vessel valued at $'7493 and wish to insure it at a 
premium of 4)!- per cent. so as to recover, in case of the 
destruction of the vessel, both the premium paid and the 
value of the vessel, for what sum must I insure? 

IS. If IS men in 20 weeks, of 5 working days each, working 11 
hours a day, dig 11 cellars, each 20 feet long, 16 feet wide 
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and 5 fcet deep; how many men will 1Ja required to dig 
24 cellars, each 22 feet square and 4 feet dtep, in :::6 weeks 
of 6 days each, working 0 hours per day? 

19. A certain number is divided by 9 and the quotient multiplied 
by 17; the product is then divided by 300 and 33 is added 
to the quotient; the result is next divided by 3, and from 
this quotient 31 is subtracted, and the resulting difference 
divided by 12~. :'low! of t of ~ of this last quotient is 
2},;. Required the original numbcr. 

20. What is the I. c. ID. of 480, 71,8, 348, and 1176? 
21. What is the n. c. ~r. of 17:;CIS, 46090, and 111347? 
22. In a certain adventure A put in ~12000 for 4 months, then 

adding S'll)rtlJ, hc cOlltinucd the whole 2 months longer; 
B put in 82[)000, and after 3 months too);: out 810000, and 
continued the rest for ;; months longer; C put in $35000 
for 2 months, then ,,·ithdrawing i of his stock, continued 
the remainder for 4 months longer; they gained $15000 : 
what was the share of eac!.! ? 

23. Three merchants traffic in company, and their stock is £400; 
the money of A continued in trade 5 months, that of B 
6 months, and tL"t of C 9 months; and they gained 
£~75, which they divide equally. What stock did each 
put in? 

24. A fountain has 4 pipes, A, B, C, and D, and under it stands 
a cistern, which c"n be filled by A in 6, by B in 8, by C 
iu 10, and hy D in 12 hours i the cistern has 4 pipes, E, 
F, G, and Hi and can be emptied by E in 6, by F in 5, by 
G in 4, and by H in 3 hours. Suppose the cistern is filII 
of water, and that 8 pipcs are all open, in what time will 
it be emptied? 

THIRD SERIES. 

25. Express 74838 and 17498679 in Roman Numerals. 
26. 2310 loaves of bread are divided among charitable institu­

tions in the following manner: as often as the first receives 
4 the second receins 3, and as often as the first receives 
6 the third gets 7; how many will each have? 

27. How much sugar at 4,5, and 9 cents a pound, must be mixed 
with 72 pounds at 12 cents a pound, so that the mixture 
may be worth 8 cents a pound? 

28. What principal put out at interest will amount to $4444·44 
in 4 years, 4 months, 4 days, at 4·44 per cent. ? 

29. For what sum must a ship valued at $23470 be insured so 
as in case of its destruction, to reco>cr both the value of 
th~ vessel and the premium of 21 per cent. ? 

;:-
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30. What principal will amount to $7493'47 in 8 years, allowing 
simple interest at 7 per cent. ? 

31. I send to my agent in Manchester $17460 and instruct him 
to deduct his commission at 31 per cent" and invest the 
balance in broadcloths at $2'95 per yard. When I receive 
the goods I have to pay in addition $1347'90 for carriage, 
$479'40 for insurance, $169'83 for storage, wharfage, and 
barbour dues, and an ad valorem duty at 21 per cent. on 
the invoice of goods. Required how many yards of cloth 
my agent ships to me and what I gain or lose per cent. on 
the whole transaction if I sell the goods for $25000. 

32. Transpose 134234 quinary into the ternary, octenary, and 
duodenary scales, and prove the results by reducing all 
four numbers to the den:zry scale. 

9t 
33. What is the difference between t of 41 of IT. of hi of tr of 

1 . 
£4318s.11ld.,and3~ofl1lof·560fl·750f6! tlmes$97'18? 

34. Given the logarithm of 2 = 0'301030 
3 = 0'477121 

13 = 1'113943 
Find the logarithms of -.~s, 19'5, 1125, 28'16, 65000, '0005, 
152'1, and 8'112. 

35. Extract the cube root of 87ltet'72 duodenary true to two 
places to tbe right of the separating point. 

36. A person passed t of his age in childhood, _,1. of it in youth, 
~ of it + 5 years in matrimony; he had then a son whom 
he survived 4 years, and who reached only! the age of 
bis father. At what age did this person die? 

FOURTH SERIES. 

37. Divide 63 miles 3 fur. 7 per. 3 yds. 2 ft. 7 in. by 7 fur. 23 
per. 3i yds. 

38. Divide 6'3 by '000000274. 
39. If ~ yards of cloth cost $1~, how much will 6-.3f yards cost? 
40. Find the interest on $4237'71 at G! per cent. for 1'67 years. 
41. In what time will $674'30 amount to $1000 at 81 per cent? 
42. What are the amount and compound interest of $813'71 for 

7 years at 4 per cen t. half-yearly? 
43. A owes B $4300 to be paid as follows, viz.: $300 down, 

$700 at the end of 4 months, $750 at the end of 't months, 
$850 at the end of 9 months, $400 at the end of 13 months, 
and the balance at the end of 19 months. Required the 
equated time for the whole debt. 
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4A. Deduct 23 per cent. from $4200 and divide the remainder 
between A, B, C, D, and E, so tbat A may have $17'10 
more thanB, C $19'23 less than B, D $42'11 less than C, 
and E half as much as A, B, C, and D together. 

45. What principal put out at interest at 16 per cent. will 
amount to $3786'80 in 11 years? 

46. Find the value of 

{ ....) 
(3~-2lo)X'46'H of '142857 J+8i times O+}+l-·lN,,) 

{("73 X '12345-;--m)+H9HI7-,\} +27-4922077 
47. Add together 312312302 and 2312132 quaternary; multiply 

the sum by twenty-three thousand and eleven times 4234 
quinary; from the product subtract 555+444+333+232 
+111 senary; divide the remainuer by 6542 septenary, 
and give the answer in the octenary scale. 

48. What is the square of' 1 and also of . i ? 

49. 

50. 
51. 

52. 

53. 

54. 

FIFTH SEnIES. 

Read the following numbers: 
1000300050006000'000700080009. 
7600290034007'000000007400209. 

Find the I. c. m. of 2,9, 16, 27, 48, and 81. 
In what time will any sum of money amount to 7 times 

itself at 6 per cent. per annum compound interest? 
How often will a coach wheel turn in going from Toronto 

to Brampton, a distance of 20 miles j the wheel being 14 
ft. 10 in. in circumference? 

How many divisors has the number 1749600? 
96 i of 7 

Divide, of T by ---gr-
2 

55. A can do a piece of work in 12 days, and A and B together 
can do it in 5 days j in what time can B alone do it ? 

56. What principal will amount to $8899'77 in 11 years at 0 
per cent. half yearly, compound interest? 

57. Divide the number 10 into three sllch parts, that if the first 
be mnltiplied by 2, the second by. 3, and the third by 4, 
the three products will be equal. 

58. There are three fishermen, A, B, and C, who have each 
cRught a certain number of fish j when A's fish and B's 
are put together, they make' 110 j when B's and C's art) 
put together they make 130 j and when A's and C's are 
put together they make 120. If the fish be divided equally 
among them, what will be each man's ~hare j and how 
many fish did each of them cRtch ? 



59. 

60. 

EXAMINATION PROBLEMS. 

What is the forty-seventh term and also the sum of the firsi 
93 terms of the series 7, ll, 15, 19, &c. ? 

In what time will any sum of money amount to 21 times 
itself at 7 per cent. compound interest? 

SIXTH SElliES. 

~l. Divide 83700 among three persons, A, B, and C, so that B 
may have $:;~i less than A and $1~";'8i more than C. 

t;~. What are all the divisors of s7la? 
e3. What is the value of 

{(17 ,'-lO[';',)-('Hl+P-j)} +('8378...;-1 of 31) 

'GJ3~";3j X! of 'd"';- <t of"~ of ,I, of 85}¥"';-101) 
64. Divide S7~OO among 3 men, .. women, and 17 children, 

giving each man twice as much as a woman, and each 
woman three times as much as a child. What is the 
share of each? 

65. How many divisors has the number ~G400 ? 

f~G. What is the difference het'll'ccn :; of 4i of rt of t of £3 16s. 

191 1 
111 d. and -h of 4~ of 3':}0f Pl,- of', 1 of '85 of :131 ofS1783? 

1:1 
-I ~ 

,; i. Compare together the ratios 7: 13, 9: 16, 8: 1" and 10: 19 and 
point ont which is the greatest, 'll'hich the least and what 
the ratio compounded of th ese given ratios. 

e8. Divide 67'4:~i by 7'91)3\;. 
\;9. Reduce 9 per. 9 yds. 7 ft. 120 in. to the decimal of l of g of 

~ of ~1.-, acres 2 roods. 

70. Add together 1 i03-ii, ~7·OG3.~7, 98'123456, 829'G4~;:; 
98a'13::~39S, 9·~7G::.j3·, and 813·9SG423~j67. 

71. In the ruins of Persepolis there are tl'l'O columns left stand­
ing upright. The one is G-l feet above tbe plain and the 
other 50. In a straight line between these stands a 
small statue the head of which is 97 feet from the top of 
the higher column and 86 feet from the top of the lower, 
the base of which is 76 feet from the base of the statue. 
TIcquired the distance between the tops of the columns. 

72. In a mixture of spirits and water, ! of the whole plus 25 
gallons was spirits, but ~ of the whole minus 5 gallons 
was water. How many gallons were there of each? 
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SEVENTH SERIES. 

13. Extract the square root of 401241'3424 in the quinary Bcale. 
14. A {ather being asked by his son how old he was, replied, 

your age is now t of mine; but 4 years ago it was only 
-} of what mine is now: what is the age of each? 

75. Divide '12347 by '0032. 
76. Extract the 11th root of 912947G4'3 73. 
77. Find two numbers, the difference of which is 30, and the 

rclation between them as '1! is to 3! ? 
78. What is the 1. c. m. of 35, 16, 18, 28, 62, 63 and 40 ? 
79. Sum the series 1+1+13+19+&c., to 101 term. 
80. What is the ratio compounded of 19:1, 11:56,35:121, 

11~:29, 8:4~ and 41:3. 
81. Find two numbers whose sum and product are equal, neither 

of them bein g 2 ? 
XOTE.-Ill this question take any number for the fi"t of the two, as for 

example 7. Tbell 7 + SOlDe other llulDber=7 >: that other number. 
Assume for this second number an,Y other, as 3. 

Then 7 + 8=10=7 X 8. gives an error of-11. 
A'3sumc some other for the second as 5. 

Then 7 + 5 = 12 --=== 7 X 5 gives an error 0{-23 
'fhen 23 X 3=69 • 14 1 

11 X 5 = 55 "hellce second number = 12 = 16 , 

82. Find the value of 

( f (9\+4H+3{-Wc~) X ·:;·d -:-l~ )x 35 times ·i42857. 

hdx '243'1SX (1:hX4},"r) S X (4},-2·1.4.r). 
83. The honr and minute hands of a watch are together at 12 j 

when will they be together again? 
84. Given the logarithm of 2 = 0'301030 

85. 

86. 

logarithm of '1 = 0'845098 
logarithm of 11 = l'0413n 

Find the logarithms of 3850000, 3l81'ai, 'U000154, i1 
1'571428 and 93'11. 

EIGHTH BERIES. 

Find the difference hetween the simple and compound i~ter­
est of $700 in 3 years at 4! per cent. per annum. 

X Y and Z form a company. X's stock is in trade 3 
'm~nths, a~d he claims"h of the gRin; Y's stock is 9 
months in trade; and Z ad .. anced $3024 for 4 months, 
and claims half the profit. ITow much did X and Y con­
tribute? 
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81. There is a fraction which multiplied by the cube of 11 and 
divided by the square root of 1*, produces i, find it. 

88. Find the cube root of 80617568161. 
89. How much sugar, at 4d., 6d., and 8d. per lb. must there be 

in ll2 lbs. of a mixture worth 7d. per lb. 
90. Find three such numbers as that the first and I the sum of 

the other two, the second and ~ the sum of the other 
two, the third and! the sum of the other two will make 
34. 

:-;OTE.-Assnme 40 as the .II1n or the three nnmbers. 
Then1st+2nd+3rd=40 and lst+1 (2nd+3r.:l) =3~. '.! (2nd+3rd) 

= 6 and 2nd+3rd = 12. 
2nd+l (lst+3rd) =34. '. i (lst+2nd) =6 and lst+3rd=9. 
Srd+: (lst+2nd) =34 ... t (1st +2nd) =6 and 1st + 2nd =8. 

Then adding these together, twice (lst+2nd + Srd) = 29. .'. lst+2nd 
+3rd = 14! = sum. 

But should eqnal40-therefore error = - 25~. 
Similarly assume some other nnmber and apply the rule and th~ true 

sum, 5S will be found. from which the numbel"l! may be easily obtained. 
91. Insert 4 arithmetical means between I and 40. 
:1"' The sum of all the terms of a geometrical progression is 

1860040, the last term is 1240029, and the ratio is 3. 
What is the first term? 

93. If 6 apples and 7 pears cost 33 pence, and 10 apples and 8 
pears 44 pence, what is the price of one apple and one 
pear? 

28} 
94. Multiply I of:; of ~ of -6- by , of! oq. 

95. From a sum of money, S50 more than the half of it is fir~t 
taken away j from the remainder, $30 more than its fifth 
part j and again, from the second remainder, $20 more 
than its fourth part. At last there remained only $10. 
What was the original sum? 

96. A gentleman hires a servant, and promises him, for the first 
year, only $60 in wages, but for each following year $4 
more than the preceding. How much will the servant 
receive for the 17th year of his engagement, and how 
much for all 17 years together? 

~IXTH SERIES. 

97. Write down as one number eleven trillions and eleven, and 
eleven tenths of billionths. 

98. Reduce £749 16s. 5i1d. sterling to dollars and cents. 
99. What are the prime factors of 177408? 
100. At what rate per cent. per annum will $704 amount to 

$II Ill'II in 11 years at compound interest? 
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101. How many scholars are there in a school to which if 9 be 
added the number will be augmented by one-thirteenth. 

102. Three different kinds of wine were mixed together in such 8 

way that for every 3 gallons of one kind there were 4 oj 
another, and 1 of a third: what quantity of each kind 
was there in a mixture of 292 gallons? 

103. Divide £500 among four persons, so that when A has £!, 
B shall have £L C :I, and D t. 

104. What is the present worth of an annuity of 3100 to continue 
23 years, at 6 per cent. compound interest? 

lO5. Twenty-five workmen have agreed to labor 12 hours a day 
for 24 days, to pay an advance made to them of $900 j 
but having each lost an hour per day, five of them engage 
to fulfil the agreement by working 12 days: how many 
hours per day must these labor? 

106. A man has several sons, whose ages are in arithmetical 
progression j the age of the youngest is 5 years, the 
common difference of their ages is 6 years, and the sum 
of all their ages is 161. What is the age of the eldest? 

lOt If a man dig a small square cellar, which will measure 6 
feet each way, in one day, how long will it take him to 
dig a similar one that shall measure 10 feet each way? 

108. A servant agreed to live with hls master for £8 a year, 
and a suit of clothes. But being turned out at the end of 
7 months, he received ouly £2 13s. 4d. and the suit of 
clothes: what was its value? 

TE!lTH SERIES. 

109. What number is that of which !, !, and! added together, 
will make 48 ? 

1l0. If an ox, whose girth is 6 feet, weighs 600 lbs., what is the 
weight of an ox whose girth is 8 feet? 

111. Four women own a ball of butter, 5 inches in diameter. It 
is agreed that each shall take her share separately from 
the ~urface of the ball. How many inches of its diameter 
shall each take? 

112. Divide 71213'43 by 12'342 in the nonary scale and extract 
the square root of the quotient true to three places to the 
right of the separating point. 

113. Five merchants were in partnership for four years j the 
first put in $60, then, 5 months after, $800, and at length 
$1500, 4 months before the end of the partnership j the 
second put in at first $600, and 6 months after $1800 j 
the third put in $400, and every six months after he 



added S500 j the fourth did not contribute till 8 months 
after the commencement of the partnership j he then put 
in :3:'00, and repeated this sum every G months; the fifth 
put in no capital, but kept the accounts, for which the 
others agreed to pay him :31' ~j a day. What is each 
one's share of the gain, which was :3~000'! 

114. In "hat time will any sum of money amount to IG times 
itself at 5 per ccut. per annum. 1st, at simple interest? 

~nd. at compound interest '! 
115. Three persons purchaseu a house for SG~03 ; the first gave 

a certain sum; the second three times as much; and the 
third ona aud a half times as much as tbe two others 
together; wbat did each pay? 

116. A piece of land of 1 (jj acres was cleared by two companies 
of workmen; the first numbered ~j men and the second 
"3; how many acres did each company clear, and "hat 
tlid the clearing cos t per acre, kuowing that the first 
company received S"e 1I10re than the second? 

117. The greatest of two numbers is 15 and the sum of their 
squares is 346: what arc the t,,·u numbers? 

llS. To what sum will :;'121111 amount to in 10 'years at D! pel' 
cent? 

119. If 4% men, in 5! days of II hours each, dig a trench of 7 
degrees of hardncss 41;," feet long, 3j wide, 3] deep, in 
how many days of 9 hours long will 34 men dig a trench 
of 4 degrees of hardness 3~7! feet long, 5i wide, and 31 
deep? 

l~O. Four men, A, B, C, and D, took a prize of 81]313, which 
they arc to dh-ide iu l'l'O[,,'I,tiun to tLte following frac­
tions: i(Jl""iblc, A, B, alltl C, are to have gj B, C, and 
D, ~7, ; A, C, aud D, luj and _-I., B, and D, ~ of the 
prize. What does each receive? 

ELE,ENTH SERIES. 

131. Reduce '7, '83, .'73\ '9i335 and s'G7i347 to their equi­
valent vulgar fractiuns. 

l::!~. Reuuce 71::;";:/ \- undenary, and 1~1:23 jJ11l';I/}I) quuternary to 
equivalent expressions in the denary scale. 

I~J. Add toget],cr 3] of ~,~ of 7H of a £, ~'i of 3~ of a shilling, 
and S! "I' 4; of ,t penny, and divide the sum by H of 16• 

of; of 3~d. 
~1. If 34 pioneers, in ~1 days of 12! hours 10 ng, can dig a trench 

139.75 yds. long, 4! yds. wide, and 2! yds. deep, what 
length of trench will 90 pioneers dig in 4} days of 9i 
hours long, the trench being 4~ rds. wide and 3} yds. 
deep? 
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125. A person, by disposing of goods for $182, loses at the rate 
of 9 per cent. j wbat ought they to have been sold for to 
realize a profit of 7 per ceut. ? 

.126. In what time will any sum of money amount to 11! times 
itself at 6 per cent. per annum. 

1" At simple interest? 
2nd At compound interest? 

127. It is desired to cut off an acre of lanu from a fidu 15! 
perches in breadth j what length must be taken? 

128. Express a degree (6&,'£ miles) in metres, when 32 metrc~ 
are equal to 35 yds. 

129. Find 7 geometrical means between 3 and 19683. 
130. Slim the infinite series 7 + 11 + }i>' &c. 
131. Four men bougbt a grindstone of 60 inches uiameter. Now 

how much of the diameter must be grounu off by each 
man, one grinding his part first, then "nothn, and so on, 
that each may have an equal share of the stone, no allow­
ance being made for the axle? 

132. Divide 100 guineas into an equal number of guineas, half­
guineas, crowns, half-crowns, shillings, and sixpences, 
and reduce the remainder to a fraction of a pound. 

TWELFTH SERIES. 

133. The owner of 14.,. of a ship sold ,'I of ~ of his share for 
.)\ 

:312 a'J j what would :it of 3 cost at the same rate? 

134. At what rate per cent. per annum will S71)0'90 amount to 
S1679'40 in 5 years, compound interest being allowed? 

135. A person paid a tax of 10 per cent. on his income j what 
must his income have been, when, after he had paid the 
tax, there was :31350 remaining? 

136. The sum of £3 138. 6d. is to be divided among 21 men, 31 
women, and 31 cbiluren, so that a woman may have as 
much as two children, and a man as much as a woman 
and a child: what will each man, woman and child 
receive? 

137. Distribute :3300 among "\, B, C, and D, so that B may 
receive as much as A; U as much as A and B together, 
and D as much as A, B, and C, together. 

138. Find the difference between V ; and lJ ~. 
139. Reduce ,}},;,,',-, 17,~'i + _,1, + 144}h 2.\} - ~ l, i of ~ X 1\ 

of +t of i:, and 6347 -+- 2~, to their simplest forms. 
140. Find the cube root of 884736, and the fourth root of9595l 

m. 
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141. A general levied a contribution of $520 on four villages, 
containing 250, 300, 400 and 500 inhabitants respective­
ly j what must they each pay? 

142. A person had a salary of $520 a year, and let it remain 
unpaid for 17 years. How much had he to receive at the 
end of that time, allowing 6 per cent. per annum com­
pound interest, payable half-yearly? 

143. Insert four arithmetical means between 2 and 79 j also 
find the 9th term and the sum of the first 201 term of the 
series 3, 7, 11, 15, &0: 

144. A, B, and C, start at the same time, from the Bame point, 
and in the same direction, round an island 13 miles in 
circumference j A goes at the rate of 6, B at the rate of 
10, and C at the rate of 16 miles per day. In what time 
will they be all together again? 

ARITH1IETICAL RECREATIONS. 

1. If the third of 6 be 3 what must the fourth of 20 be? 
2. If the half of 5 be 7 what part of 9 will be 11? 
3. Place four nillcs so that their sum shall be 100. 
4. What part of three pence is the third of two pence? 
5. If a herring and a half cost l}d. how much will eleven herrings cost? 
6. If 12 apples are worth 21 pears and 3 pears cost a oent, what will be the 

price of 100 apples? 
7. Find a number such that 5 shall be the three-sevenths of it? 
8. A hundred hurdles are so placed as to inclose 200 sheep, and with two 

hurdles more the field may be made to hold 400; how is this to be 
done? 

9. _~ gentleman who owned four hundred acres of land 
in the form of a square, desired to keep 100 acres. 
also in the form of a square in one corner, and 
divide the remainder abc d ef. equally among his 
four sons, so that each son, should have his lot of 
the same shape as his brothers. How may this be 
done? 

10. Place four t""ees so as to mako 34. 

a b 

-~ e 

----
C 

11. Write down 13 in such a way that rubbing half of it out 8 shall remain. 
12. Two thirsty persons cast away on a desert island, find an 8·gallon cask 

of water. They wish to divide it equally between them but have no 
other measure. than the eight.gallon cask, a five·gallon cask and a 
three· gallon cask. How can they divide it? 

13. How must a board 16 inches long and 9 inch"" wide be cut into two 
such parts, that when they are joined together they may form a 
square P 

H. Place the 9 digits in the accompanying figure, one di~t to Em 
each cell, in such a way that when added vertIcally, 
horizontally or diagonally, the sum shall always be the 
sa·me, 
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15. Three persoWl bought a quantity of sugar weighin/2; 51Ibs., alllI wish to 
part it equally between them. They have no weights but a 4lbs. wcight 
and a 7lbs. weight. How can they di"ide it? 

16. Suppose 26 hurdles can be placed in a rectangular form so as to indose 
40 square yards of groun~; how can LlH'Y be placed when two of thcm 
are taken away. so as to Inclose 120 square yards P 

17. A person has a fox, a goose and a peck of oats to carryover a river. but 
on account of the smallne .. of thc boat he can only carryover one 
at a time. How can this be done so as not to leave the fox with the 
goose, nor the goose with the oats? 

18. The sleeping al'artments of a certain boarding school consisted of nino 
rooms of whIch the centre one was occupicd by a blind porter and 
the rest by the boys. The good porter to assure himself that all were 
in, visited all the rooms and findin~ 3 boys in ea~h which made 9 ill 
each row, retired to rest. Four boys however \H'ut out. and the 
porter returning to count thPID. still found nine in t"ach row, and 
therefore retired as before. The four boys then carne back, brin~";ng 
each another boy with him, and the porter npon paying them another 
visit. counted them as before, and C'utertained no suspicion of what 
had taken place. After this four more strange boys were introduced 
and the porter still fOllnd the number apparently the same, i. e., 
nine ill each row. Again four more were introduced, makinp the 
number of strange boys twelve, and still the porter was satIsfied. 
Finally tho twelve strange boys went away, taking with them six of 
the school boys, and the porter again couuting them, retired in the 
full persuasion that no one had gone Ollt or COille ill. How was all 
this possible P 

19. Three jealous husbands and their wives having to cross a river, find a 
boat without its owner, which can only carry two pp.TtiOns at a time; in 
what manner then, can these six persons transport themselves over 
by pairs, so that noue of the women shall be left in company with 
any of the men except when her husbaud is present? 

W. Place the first 25 numbers 1, 2, 3, 4. 0, &c., in the cells of 
the accompanying figure, so that the columns added 
in any order, i. e., vertically, horizontally or diagonally, 
may amount to the same 5um. 

:1. What is the difference between half· a-dozen dozen and six dozen 
dozen? 

:2. If a cross be made of 13 counters as in the margin, nina 0 
may be reckoned in three ways, i. e., by counting from U 
the bottom up to the top of the perpendicular line; 0 o:~: 0 

from the bottom up to the cross and then to the right; 0 
or from the hottom np to the cross and then to the 
left. Now take away two of the couutcrs and with 0 
the others form a cross which shall pos~('",s the same 0 
property of counting nine when thus reckoned. g 

13. Seven out of 21 bottles being full of wine, 7 half full and 7 empty­
it is required to distribute them among 3 persons, so that each may 
have the same quantity of wine and the same number of bottles. 

14. Two travellers, one of whom had with him 5 bottles of )rine and tho 
other 3, were joined bya third pers<?n, who, .aft('~ the WIne :v~s drunk 
left 8 shillings for his just share of It; how IS this to be diVIded be­
tween the other two ? 

is. A person havin): by accident hroken a basket of eggs, offered to pay ror 
them on the spot if the owner could tell how many he had; to whICh 
he replied that he only knew there was hetween 50 and 100, and that 
when he counted them by 2's and 3's at a time 1l01le remained; but 
when he counted them by " at a time, there were 3 remammg; how 
WIIDy eggs hlld he? 
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26. It is rcquirell to nnll 4 such weights that they may weigh any number of 
pounds from 1 to 40. 

~7. In the accompallying figure it is 
required to till seven out of the 
eight points with counters in 
the following manner, i. e., the 
connter has to start from an 
'Unoccupied point, pass along 
the line and be deposited at 
the other extremity. Thus, in 
cOlllmencing, tile ('ounter may 
start from any point since all 
aro ulloccupied, stal'ting from 

2 

!i£I~:r Ctou~t~~ ~~a~ ~~dca[h~~~ 7 .::....-----.:l-<----,+----'> 
deposited, suppose it be depo­
sited at 6, theu the next counter 
may start from any point except 
Ij and so 00. 

5 
2S. A brazen lion, placed in the lUiddle of a reservoir, throws out water 

from its month, its eyes and its right foot. When the water flows 
from its mouth alone, it fills the rt'servoir in 6 hours; from the right 
eye it fills it ill 2 days; from the left eye in 3 days, and from the foot 
in 4 da~·s. In what timewill the basiu be filied by the water flowing 
t'roill all these apertures at once P 

29. De,ire a person to think of any three numbers, each less than 10, anll 
then tell him the numbers thought of. 

30. Three men, Jones, Brown, and Smith, with their sons Harry, 'rom and 
Ned, had each a piece of land in the form of a square. Jones' piece 
was 2:~ rods longer on each side than Tom's, and Brown's piece waS 
11 rods longer on each side than Harry's. Each man possessed 63 
square rods ofland more than his son. Which of the persons were 
father and son respectively. 

31 .. .\. sea-captain. on a voyu.!;'e had a cre\v of 30 men, ha.lf of whom were 
blacks. Being becalmed on the passage for a long time, their pro­
visiollS began to fail, and the captain became satisfied that. unless 
the number of ffil3 ll were g-reatly diminishecl, all would perish of 
Inm:.>:er before they coulll reach any friendly port. He therefore pro­
posed to the sailors that thp,y should stand in a rowan deck, and 
that every ninth man should be thrown over· hoard, until one~half of 
the crew were thus Ilcstroycd. To this they all agreed. How shonId 
they ~tallLl so as to save the whites? 

3~. Direct a person to mUltiply together two numbers, one of which you 
select, and, unseen by you, to rub out one of the digits of the pro­
duct-it, is required to tell. upon his reading the remaining digits of 
the product, what figure was rubbed out. 

a:!. It is required to write down beforehand the answer t('l a question in 
addition ola given number of lines, you writing the secolld,fourth. 
si.rlh, &c., alldcnds, and some other per~on the intermediate ones, 
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A TABLE OP SQUARES, CUBES, A:>iD hOOT.,. 397 
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400 SQUARES, CIJ.llES, AND ROOTS. 

No·lsqmc.' Cubo. I Sq. Root. I Cub.Roo No.1 squ.re·1 Cube. I Sq. Roo~ I Cub.Root 
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SQUARES, CUBES, AND ROOTS. 401 

!lo·laqua .... Cube. I Sq. Root. CubeRoo' No. I Squnre.I Cube. I Sq. Root. \ CubeRoot 

505 255025 128787625122'4722051 7'963374 5fiR 322624 18.325tl432i23's:m'''61 8'218635 
506 256038 l2!I554216 22'49Hm 7'968627 569 323761 184220009 23·.'-I,!):~7209 8'286493 
rIJT 257049 1303'~ 2'~'5166605 7'973873 ,')70 3249()O IR5193000 I 23·:-q4fi728 8'291344 
5011 258064 131096512 22'538S553 7'979112 ."i7l ~::!li()ll 186169..jll·2:~·~!~:;m')3 R'296190 
IlO9 259081 131872229 22'56102R3 ;'984344 572 327184 IR7I4!12" 2:;,,,1652 I.S 1 8'301030 
510 260100 132651000 122'5831796 7'989570 573 328329 lAA13::!;117'2:1,n741.-':-I 8'305"SU5 
511 261121 183432831 22'6053091 7'9!147R."I .S74 329476 )R911!1:224 2:1'!1:i."i:!!171 S-:nw-i94 
612 262144 134217728 22'6274170 8'OOOUOU 575 33062.S 190Ijl!I:U;, 23'!I7!JI;)'jl; 8':n&517 
513 263169 l=~i~§:~mt.~ 8'005205 576 331776 19110::!!t7G 24'O{)("H II 100 1 8'320335 
514 264196 8'010403 577 332929 192IUtItI? .. 1 24-(1211,";243 8'325147 
615 265225 136590:i75: U'ij!)36114 8'015595 578 3340."4 1!-l3H111;;;,2 24'0-111,:)01; 8'329954 
616 2116256 ~~r:i~ i ~~:n~:~ 8'020779 579 335241 194104539 24'OI;W"'1 "'334755 
517 267289 S'02ti957 580 336400 195112000 2·J,O~'{ \."~I~ H·:~:~95.51 

\618 
263324 138991832 22'75961:-14 8'031129 SRI 337501 l!.l61:!::!:)41124·JO:~!-Hlf; X:':-InH 

519 269381 139798359 22'7815715 8'036293 582 3.38724 W7IJi;3f,~ 2.J,l:!itii!JZ, S<H~I~ti 

520 270400 140608000 22'803508.5 8'041451 5~:3 3.3!l~Q,9 1981f1Y2S7 24'14;,:W:!9' ,<';-:~:,::>:II)j 

621 271441 141420761 22'8254244 8'046603 ",,\4, 31111'"j 1!l917t;,114 24'";609191 K:):.~j~,,, 

'622 272484 142236648 22'8473193 8'051740 r~,",:) I 3-12225 :!lJIJ201625i :.!4·1~f;i732 S'Jf;:H41i 
523 273529 143055667 22'8691933 8'O,,688G r,.% 1343396 21l12:l1)O.56 :!"'ZIl74:i69 R'368209 
624 274576 143877824 22'891016.3 ~H}620JS ;)."'7 3-14569 :!()2:.:W21l1l:3 24·22swt .. ~ ,s<1i:"'J67 
525 275625 144703125 22'9128785 8'06714.1 5>';,"\ 345744 21n' .. ,!lj4i:l 24':!4'iiI131 p,'377719 
526 276676 145531576 22'9346899 8'072202 5.Qy 346921 21)·13:3(;469 N'2n!-I:t~22 tI<'>""!2-!65 
627 277729 14636318.1 2'~'9564806 8'077:174 ,,,") 3481001 2(1.~:$ifIlJfll) 24'Z'{1!II.j6 P,·:l. ... j206 
628 278784 147197952 22'9782500 A'OH24"{) ;;;~I ~~l 21 Hi{2!,117I '24'310·1916 H':\!Il\I42 
529 279841 146035889 23'OOOOono 8'O'Q,')79 207.,17461{'-' 1 24-3.310501 8-:196673 
6.lO 280900 14&!77000 23'02172.~9 8-1(12Ii7~ ?u! ~~6~~, 20."I;2i.'\;')7 21·:~;j!:,\.J1:1 R··IOl::\98 
531 281961 149721291 23'04t1372 8'1/!1j'7[)~j ~~~: 1~41~~' :!(]!1;'j":4.'i"4 :!4-:~721 Hi:! H-WliLIS 
532 283024 150568768 23'0651252 8-1Il2-">3~1 2!OIi41"15 :!4-:~~t!6:!1.':i .'·l!U.'l33 
533 2811)89 151119437 23'0867928 8'107"13 596 355216 211711."7::lfi 24"4UI11:! R'415542 
534 285156 152273304 23'1084400 8-1129t'O 597 3.;6409 21:!i7(j17:1' 24-H.).r,:·(11 tN20246 
533 286225 153130375 23'1300670 8'118041 598 357604 213."47102 1 24·4:i·to3&'J 8'424"45 
538 267296 153990656 23'151673!l 8-1230% 599 358801 214921799 2-1-474476.~1 8'429638 
5.l7 288369 151854153 23'1732605 8'12H145 600 360000 2 t l;1II H)4/OI) I 24-49 1~97 4 8'43~327 
538 289444 155720872 23-l94g270 8-13:31~7 601 361201 2 lin..: 11:iIH 12.J'515:·m13 8-4391)10 
S39 290521 156590819 23'216373.5 8'138223 602 362404 2\.'.;Joi2U~ 24-5:356&'-..) 8'443688 
~ 291600 157,164000 23'2379001 8'143253 fina 3u36l)lJ ~j::~~~~~~ I ~.::~~~;~.;~~ 

M-4.JK.160 
Ifl 292681 158340421 23-2594067 8'148276 ti04 364816 8-453028 
142 293764 159220088 23'2S08935 8'15329·1 605 366025 ~~~,~i~i,~' ~ ::;;~i~~~~:~ 

8-457691 
142 294849 160103007 23'3023604 8·15'<30.S ti06 3G7236 8'462348 
IH 295936 160989184 2.1'3238076 8'163.310 @7 368449 :!:!:11; 1:-.543,:! l'I;:~j',1iIUJ 8'467000 
if/j 297025 161878625 23'3452351 8'1&<309 60S 369664 2247:'.-,712,:!.J t).",7ti:;60 8'471647 
!46 298116 162771336 23'3666429 8'173302 609 37U881 ~~;;~~Y(~~i! I ~i::;~~~~~: 

8'476289 
1f7 299209 16366732.~ 23·3&.~31l 8'17R2'Y fJIU 372100 8'480926 
If8 300304 16456659'2 23-4093998 8-I:-tt?l)9 611 373321 2:!,":(1!)[113121:'71,'>-I142 8'465558 
i49 301401 165469149 2:l'4307190 .':·I,~sZ~.J 612 374544 2Z!IZ~(ln...;, Z·I·73.'-'6:C-3 8'490185 
1.10 302.';00 166375000 2N52078S r;·I~n:.!I:1 613 375769 ~jl;li~i~~ if~;~~;l~ 

8'494806 
lSI 303601 167284151 2.1'4733892 8'19,;175 614 :37G996 8'499423 

i52 304704 168196608' 23'4946.'102 8-ZU,31.3:.! 615 ::l,,~:.!~5 232011837.') '2 t-7~m935 8'504U35 

i53 ,305m 169112377! 2~'5159520 H-:.!O.'-'IL'I.;! 616 :m=l4;,Ii! ~:G;-I-IS!)(i'2 I'HI!nI73 8'508642 

054 306916 170031464 2.3'5372046 :-;-;!l:iO:!, 617 :~."I1f'j89 :!:H,'V-t",II:i :!1·!·n:II.~47 8'513243 

iM 308025 g~~~~! ~f~i~~g 8217966 618 S."'IY:!-!' 236029032124-1)596053 8'517~40 

i56 309136 8-222~98 619 :i.":.11Ia 237176659 24'879,106 8-522432 
238.32RUOO; Z4-R997992 8'527019 

i57 310249 172t108693:Z3-600S474 R 22782~ b2n :$,,-,-1(111 
8'531601 ;sa 311364 173741112i23'6220236 823274" 021

1 
:i";1(j41 1 

239483061 24'9198716 
iI19 312481 174676879123-64.'11808 82 IT{j61 II.!.! ~-II~'i.\I,4 "406418·18 24'9399278 8'536178 

ZIl~).J367 24-9599679 8'540750 
i60 313600 g~=I~:=~~ ~_~!~~! :~jl~ l~~:\~~: 8'515317 
iJl 314721 242970624 24'9799920 

8'549879 
i52 315844 17750432RI23'70G53Q2 8-252371 1;2:) I ;Wt)6Z.'i 244140625 25'OO{)OOOO 

8'554437 
4'1 816969 '~'I~m.iO '·"m"~ "N' 24.'j314376 25'0199920 

8'558990 
~ 3119J96 179406144 23'7486842 8'26214.Q 627 393129 246491883 25'O:l99681 

8-563538 
<;s 319225 lWt~n~ ~n~~~~ ~:m~~ :;~ ~~~if.lt I 

247673152 25'0599282 
8'568081 

<;6 320356 248.858189 25'0798724 
8-572619 

/jT 1121489 182284263 23'8117618, 8'2S6773 630 39690U I 250047000 2!I,U998OOS 

A 



402 SQUARES, CUBES, A:-fn ROOTS. 

No. Isquare, I Cube. I Sq. Root. I CubeRoo lNo. Square, I Cobe. I Sq. Root. CobeBoot 

631 398161 2.51239591
1 ~5'1197134 S'Sm52 694 481636 334255384 26'3438797 ~:~~ 632 399424 252435968 25'1396102 8'581681 695 483025 335702375 26'3628527 

633 4U06S9 2!i3636137 25-1534913 ~ 8'586205 696 484416 337133536 26-3818119 8'862095 
634 401956 254840104 25'1793566 8'590724 697 485809 338608673 26'4007576 8'866337 
63.5 40322.5 2.%047875 25'1992063 S-59523S 698 487204 340083392 26'4196896 8'870576 
636 404496 257259456 25'2190404 8'599747 699 488601 341632099 26'4386081 8'874810 
637 405769 25,'H7·Js''J3 25'2J.~~'S5 8'604252 700 490000 343000000 26'4575131 8'879040 
6&:1 407044 2,'lfh;91072 25-2:,')1)619 8'601:'753 701 491401 344472101 26-4764046 8'883266 
tl:~9 40.'\.'t~1 :.!ti!J01il19 25·~7.:::+1!·G 8'61324~ 702 492804 345948408 26'4952826 8'867488 
610 4U~1(111) ~ti214-JUUO 25'2982213 8'617739 703 494209 347428927 26'5141472 8'891706 
6ll 410:--.>.;1 263374721 25'3179778 8'622225 704 495616 3018913664 26'53-29983 8'895920 
li42 412U).l 264609288 2.,'3377189 8-626706 705 497025 3.504V2625 26'6518361 ~:~~ "43 413H!J 265847707 25'3574447 8'631183 706 498436 351895816 26'5706605 
644 41li:1fl 267089984 25-3771551 8'635655 707 499849 353393243 26'5894716 8'908538 
tJ.t5 416t12.~) 268.'136125 25'3968502 8'640123 708 501264 354894912 26'6082694 8'912737 
646 41i:W', 2695S6136 25'4165.301 8'644535 709 502681 356400829 26'6270539 8'916931 
647 41"'1;11(1 270840023 25'4361947 8'649044 710 504100 357911000 26-6458252 8'921121 
648 4HJ!:H.H 272097792 2.5'4558441 8'653497 711 505521 :l59425431 26'6645883 8'925808 
649 421201 273359,149 25'4754784 g'65i946 712 506944 360944123 26'6833281 g:g~t~ 650 42;!.'jIIi) 274625000 25-4950976 8'662391 713 508369 362467097126'7080598 
651 42:NIl 275894451 25-5147UI6 8'666831 714 509796 363994344 26'7207784 8'937843 
652 4;.!.ilut 277167808 25'5342907 8'6712G6 715 511225 365525875 26'7394839 8'942014 
653 4~1)411~ 278445077 25-5538647 8-675697 716 512656- 367061696 26'7581763 8'946181 
6:il 4:!iiHi 279726264 25'5734237 8'680124 717 514089 368601813 26'7768.557 8'950344 
655 4~~1!l:!.'i 2~1011375 25'5929678 8-~'4546 718 515524 370146232/26'7955220 8'954503 
656- 430336 232300416 25'6124969 S'l~"'''~t;::: 719 516961 371694959 26'8141754 8'958658 
657 431649 28359339,~ 25'6320112 R'(J!I:{1jt; 720 518400 87324S00U 26'8328157 8'962009 
658 432964 284890312 25'6515107 S',;~J7i~4 721 519841 374805861 26'8514432 8'966957 
659 434281 286191179 25'6709953 .s·7o:!1.~ 722 521284 376367048 26'8700577 8'971101 
660 43-%00 237496000 25'6904652 S'jmi.i";l 72.~ 522729 377933067 26'8886593 8'975240 
661 436921 23B804781 25'7099203 1:qlll~I"1 724 521176 379503424 26'9U72481 8'979376 
662 43-'l244 290117528 25'7203607 l;'jItdi:{ i~ 52:'l,:!,j 381078125 26'9258240 8'9&'1509 
663 439569 291434247 25'7487864 8'71~lj59 726 52707,; 382657176 26-9443372 8'987637 
664 4~O896 292754994 25'7681975 8'724HI 727 52s:i:.?~ 384240583 26'9629375 8'991762 
665 442225 294079625 25'7875939 S·7:.?t\.-)I~ n8 529984 335823352 26'9814751 8'995883 
666 443556 295408296 25-8069758 S'i:{2 . ..,!12 729 531441 387420489 27'0000000 9'000000 
667 444"Q9 296740963 25'82634,11 t\'iJi2iiO 7.'30 632900 389017000 27-018.512'2 

9'= 668 44622·' 29.S077632 25'84569tiO tI'j·i!li21 731 534361 390617891 27-0370117 9'0082 
669 447561 299418309 25'8650343 8"74:')9,-, 732 =24 392223168 27'0554985 9'0 ' 
670 448900 300763000 2(j'8S43,/;iR2 ti'j;",1rlll i i;1.:.~ 537289 3938328.37 27'0739727 9:011~1 671 450241 302111711 2.5'9036677 1:\·i."dti!1! i:H 53,,756/395446904 27'0924344 9'0205 
672 451584 303464448 25'9229628 O",.-I!IU:{:"I i:{.') 540225 397065375 27'1103634 9'0246-
67,~ 452929 304821217 25'9422435 .'3',(;:n";i 736 641696 398688256 27-1293199 9'02371 
674 45427t'; 306182024 25-9615100 ~"it;iil!t 7:;7 543169 4<)()315553 27'1477439 9'032802 
675 4,":!f,~:-, 307546875 ~:~~~g~l\ i ~:g~;~~ 7:~ 544644 401947272 27'1661554 9'038336 
676 4!'i(;~till 808915776 739 646121 403583U9 27'1845544 9'040965 
677 458329 310288733 ~~::::i~ii~I I ~:f~~~ 740 647600 405224000 27'2029410 9'045041 
078 459684 311665752 741 549081 406869021 27'2213152- 9'04911 
qg 461041 3130463:19 26'05762:H 8'789~46 742 550564 408518488 27'2396769 ::g~ff8 G.30 4621110 31·l-tt211110 2Ij'076SUnG 8'793659 743 552049 410172407 27'2580263 
1;81 40:q(il 315821241 26'0959767 8'79796'; 744 553536 411830784 27'2763634 9'061310 
6,s:! 46:.12i 317214568 26'1151297 S'Su:!:!72 745 555025 413493625 27'2916881 9'065367 
to"{ 4(j(W19 318611987 26'1342&"7 S·SUo.-li2 746 556516 415160936 27-3130006 9'069422 
(i-.;4 "li7K;n 3200I:t"xH 26'1583937 S'SIUSlj.~ 747 5.'>8009 418332723 27'3813007 9'07347 
6.",-, 4(j!lZ:!.') 32W9125 26'1725047 8'815160 748 55!:1504 418.508992 27'3495887 9'077520 
GS!5 4ilt-,!I!; 322828356 26'1916017 8'819447 749 561001 420189749 27'3678644 9'081~~ 
6~7 471969 324242703 26'2106H48 8'823731 750 562500 421875000 27'3861279 9'085603 
688 473.14·1 325660672 26'2297541 8'828009 751 564001 423564751 27'4043792 9'089639 
(k~l 47·t721 827082769 26'2480095 8'832235 752 665504 425259008 27'4226184 9'093672 
ti!lI 4,tillll) 828509000 26'2678511 8'836556 753 567009 426957777 27'4408455 ::~g: 691 477·HH 329939371 26-2868789 8'840823 754 5611516 428661064 27'4590604 
692 47~";64 331373833 26'3058929 8'845035 763 570025 480368675 27'4772633 n~: 693 480249 332Bl2557 26'324!!982 8'849344 766 571536 432081216 27'4954542 



SQUARES, CUBES, AND ROOTS. 40::; 

No. Square. Cube. I Sq. Root. CubeRoo No. ~qu",e.11 Cube. I Sq. Root·lcubenoot 

7571 G73049 753 574564 
759 5760~1 
760 577600 
761 579121 
762 586644 
763 682169 
764 583696 
765 583220 
766 586756 
767 588289 
768 539824 
769 591361 
77U 592900 
771 591441 
772 595984 
773 597529 
774 599076 
175 6OO6~5 
776 602176 
777 603729 
778 605284 
779 606841 
780 608400 
781 609961 
182 611!J2t 
783 6130M" 
784 614656 
785 616225 
786 617796 
7M7 619369 
768 620941 
709 622521 
790 624100 
791 625681 
792 627264 
793 626849 
794 630436 
7Y5 632025 
796 633616 
797 635209 
798 636804 
799 638401 
800 640000 
SOl 641601 
i!I}2 643204 
S03 644M09 
804 646416 
805 648025 
806 649636 
f'Hl 651249 
S08 6521164 
809 654401 
8\0 656100 
811 657721 
812 6593H 
813 660969 
8\4 652596 
815 654225 
816 655856 
817 657489 
81S 65912·1 
819 670761 



404 SQUARES, CUBES, AND ROOTS. 

No. Square. Cube. , Sq, Root,' CubeRoot No, Sqaa.rc. Cube. Sq. Root. CubeRoot 

1'83 7796.Q,9! 68841i5:tQ,j r ~9'il531[i9 9·:;0.1iIG 942 SSi36!! 83.';896888 130'692018.5 9'302R04 
884 781456 690,~)j"1()·I':!rl·i::;!1:rr5 9'5973:~7 943 ti~!t!t9 838561R07 30'7083051 9'806:!71 
885 783225 6931;j·tl:!.J 2~)·71."~149G 9'6UU~J55 944 tiY113fj 841232384 30'7245830 9'809736 
8136 784996 695506456 29'7657521 9-604:'170 946 ,1.;f.l30:!;i 843908625 30'7408523 9'813199 
8Il7 7813769 697864103 29'7825ct52 9'60.':11:-12 946 894916 846590536 130'7571130 9'816659 
88Il 7,,"-"44 701'227072 29'7!J93~S9 I 9'611791 947 896809 8t9:!78123 30'7733651 9'820117 
.~S9 791l:t:!1 702.')!J53,-j9 29'816103019-615,198 ~4S 898704 851971392 30'7896086 9'823572 
ti~'U 792iUO 704969UOD :!9','-',;{28678 9'610002 949 900601 8.')4670349 30'8058436 9'827025 
~91 793881 707347971 2~·84!.lI:;2:Jl 9'6226(13 950 902500 857375000 30'8220700 9'830476 
,":9~ 79566-1 iO~li322.'iS 29'8663ti90 9'6:.!621)1 951 904401 86001\5351 30'8382879 9'833924 
,93 797449 7121219;)7 29"'R:!tIl5619'62!ln'7 952 906304 862801408 30'8544972 9'837369 
-"'94 799236 7145lt.iYt\4 29'H~~!I~:t!8 9'633300 953 908209 865523177 30'8706981 9'840813 
::\9,'5 801025 716917:175 29'9165506 9'636981 954 9lUll6 8GH~5(l66-4 30'8868904 9'844254 
'''~t, 802816 719323136 29'9332591 9-6411569 955 9t2025 ."i70~~'q5 30'9030743 9'847692 
·"i~7 &l460!J 72173427~ 29'~"~)!I[,~;~ 9'6441;")4 956 913936 8i3722816 30'9192497 9'851128 
.-::9.'3 806-404 724150i!l2 29·%tiLi4.·n I 9'&177,'37 957 915>49 t'764Li;'4~3 30'93541116 9'654562 
.-..99 808201 726572(i9~) 29'9"1.1:!.";7: 9'6:-,1:::17 958 917764 879217912 30'9515751 9'857993 
!11/(1 810000 729000U(H) ,111'111101)000 1 9'6"1'91 959 919681 &11974079 30'9677251 9'861422 
9UI 8llBOI 731431701 30'01666:20 9'u.l:-:-t-6.j 960 ~~~i~l, &<4736000 30'9838668 9'864848 
902 813604 733870'08 30'O3.1:1148 9'1;62040 961 887503881 31'0000000 9'868272 
903 815409 736314327 30'04995.'14 9'6t).,")6U9 962 !1:!,';+14 i 890277128 31'0161248 9'871694 
904 817216 738763264 30'0665928 9'669176 96.1 !J:!7369! 893056347 31'0322413 9'875113 
90" 819025 741217625 30'0832179 9'67:!740 964 ~J:!!~2!:16 ; 895841344 31'0483494 9'878530 
906 820836 743677416 30'0998339 9'67631)2 965 !1:U2:!5! 898632125 31'0644491 9'881945 
907 8226,19 7461·121)43 30'll644tl7 9'6798GU 966 n:H56 I 901428696 31'0805405 9'885857 
908 82H6-4 748613312 30'1330383 9-6S3tI6 967 935039 904231063 31'0956236 9'88Il767 
\1(19 :'I.2fi281 7,~IIJ."'9t2~J 30'1496269 9'6R09iO 968 937024 907039232 31'1126984 9'892175 
910 828100 i.J3Jilll~U 30'1662063 9'690521 969 938961 909853209 31'1287648 9'895580 
9ll 829921 75W5tiU;~1 30'1827765 9'694069 970 940900 912673000 31'1448230 9'898983 
912 831744 7:').'""550528 30' J 9!.J:Bn . 9'69761:'1 971 94.:!R41 915498611 31'1608729 9'902383 
913 833569 7tilO1.~4!/7 30'2'[,,';:!)!), 9'7Illl,","i 972 9H784 918330048 31·1769145 9'905782 
914 83 .... 196 76~j19'U 3U'2:t!·I:t,:!~ 9'7IJ41~!I~1 973 94f172~J 921167317 31'1929479 9'909178 
915 837225 76(iOfi(lhi.'I' 30'2l-"~'t;G91 9'jO"'2:~'j 974 fj·l,"(i76 924010424 31'2089731 9'912571 
916 839056 76f\:i/;i2% :{(l.~~j.-,",!1191 9'711772 975 fJ[,(Ui2.'li 926-859375 31'2249900 9'915962 
917 8408139 771U9,')Z13 ~'·Z."i~41117!~ ~'jl:j3U,J 976 9:,2:'7°1 921J714176 31'2409987 9'919351 
918 842724 773620632 3tJ'2~JS51 J.'" 9'71.~"','l5 !ti7 !I,j-![i29 932.,74833 31'2569992 9'922738 
919 844561 n6151.'j59 3O'3Hiltl2."; 9'i~:::1ti.1 978 !~,jtit~4 935441352 31'2,29915 9'926122 
920 846400 77R68RtJOO 3O·3315In.~ 9'72[ .. -..",.;; ~79 9,):-~441 93K!13739 31'2889757 9'929504 
921 B4J.t241 78122~I9Gl 30'34i~I:-J.";' 9'72!/41l 980 !)lju400 941192000 31'3049517 9'932884 
!!22 850084 7R3777 ·Hi" 130'3ii4.1:l2!) I 9'i:t!931 9111 962361 ~44076141 31'3209195 9'986261 
9'23 851929 786:t)IJ4ti7 ,'3Il'3J:i(/91fjl 9',3644S 982 964324 946956168 31'3.168792 9'939686 
92t 853776 78~"""902·1,.30·30;':;t;'''\;) 9',:;!HJ63 983 966289 949862087 31'3528308 9'943009 
925 855625 7914:'i:lIZ:i13I)'413.';;1:!7I 9'743476 984 96>1256 952763904 31'3687743 9'946380 
926 857476 794n'.!'277ri :iU'4:'W:! I~l g'; ,16986 985 970225 955671625 31'3847097 9'949748 
927 859329 7",;:;",",:1 :ll)'44o';;U 19'7"0493 986 972196 958585256 31'4006369 9'953114 
928 861184 Z~I:)~~y.~:: 30-4~:{~~J2'l 9'Z0~99S 9M7 974169 961504803 3i'4165561 9'956477 
929 863041 KOl,h;,Il,"i\1 :W'4,9,I(JI::I 9'/.,/5OIl 988 976144 964430272 3i'4324673 9'959839 
930 864!IOO 8{J1.":.;;,uno 30',19[,9014 9'7tilllOO 989 978121 967361669 31'448Il704 9'963198 
931 866761 atJIN,! i..j!ll 3O'Sl:!:!!'2G 9-764497 990 980100 970299000 31'4642654 9'966-555 
~/32 868624 8119;{17!',f,,"; 30'5286750 9'767992 991 982081 973242271 31'4801525 9'969909 
933 8701'9 812166237 30'54"",187 9'771484 992 984064 9761914J:t8 31'4960315 9'973262 
934 872J.;6 814780504 30'561.J131i 9'i7t974 993 986049 979146657 31'5119025 9'976612 
9:l5 874225 81741)0375 3U':')i776!}7 9'77R462 994 988036 982107784 31'5277655 9'979980 
936 876096 820025~56 30'[,!JHI71 9'782946 995 990625 985074875 31'5436206 9'983306 
937 877969 822656953 30'61045j; 9'78.5429 996 992016 988047936 31'5594677 9'9866-49 
938 879844 825293672 30'6267857 9'788909 997 994009 991026973 311i753068 9'989990 
939 881721 827936019 30'6-431069 9'792386 998 996004 99{()1l992 31'5911880 9'993329 
940 883600 830534000 30'6594194 9'795361 999 998001 997002999 31'6069613 9'996666 -941 885481 838237621 30'6757238 9'799334 1000 1000000 1000000000 3l'6227756 10'000000 



ANSWERS TO ")II~CELL_\:-:EOU~ EXERCISES. 

2. Sixty-seven trillions eight hundred and r<>rty.liH· billions 
three hundred and ninety-eight millions six hundred and 
seventy-eight thousand nine hundred and four. 

Five quadrillions nine hundred trillions seven hundred and 
four billions sixty millions forty thousands, and sixty 
thousand six hundred all'\ four hUII,ire,II!', of millionths. 

3. 
4. 
5. 
6. 
7. 
8. 

10. 
11. 

)IVDCCLXIX. 
4~8,%IJIJOO , 
S',7' 31 i. 
7'j'8~11. 

605000070011)'0000118. 
46978900. 
69 '800463. 
'8439. 

13. 678900000. 
13. 604328860000uOO, 
14. 1000001000001001'000000000001. 
15. '0007609. 
16. ::-<inety trillions eight hundred anel on'cn billions sixty 

millions five hundred and four thousand and thirty. 
Four quintillions four quadrilliom forty trillions four hundred 

billions sixty thousand four hundred and ,thirty-two, and 
one trillion ten billion two hundred and three million 
forty thousand five hundred and six hundredths of t ril­
lionths. 

18. 77 1 cords. 
10. 717 corLlo ~Il cubic feet. 
30. DCCXVIII, DCX[I', CD\CIX, I.'jlXCL,\, \"M)DIDCXLIII, 

xcnrcxLlx, (TLS:mD!(,}ILXXXVf, Cf)XLll\'CDXLIV. 
21. 333, 1989, and 1000001. 
25. :"3'73t-I, ::;24'58'" and :37j7'47'l~· 

66. S1SI)'2C1;Jo.t. 
67. :313~1~)~I~)D~J":~. 

68. ::1'4~'7318. 
69. 358S753G. 
70. 2i424,jOO. 
71. ~71tjJ3. 

72. 9504000. 
73, 327040000, 

PAGES 100,101. 

74. !J2438 lbs. 8 o~. :l ur. 1 SCI'. 

75. 
76. 
77. 
78. 
79. 
80. 

13 g-rs. 
1 f;~):-j 7:;.~(;O~ D31j. 
78990 bushels. 
:3,;4'97. 
9032 yds. 3 qra. :l lla. 
1037:)['71;01'5. 
Sli;.j·l(·91;f)~, 



JOG .'l.NSWERS TO mSCELLANE()L-~ EXE1{Cl:;E,~. 

PAGES 116, 117. 

61. S3473C'S4~L 70. '578 oz. 
62. S30G34-930G. 71. 50%. 
63. 3308 dys. or 0 yrs. 30; dys. 72. 250 Ibs. 
64. S33. 73. 10'157. 
65. S137. 74. 2 bush. 1 pk. 1 gal. 2 'II:;. 
66. S108. 1-,",- pts. 
67. ::~(I. 75. 18C18~::~·i. 
68. S~9. 76. '2G7 days 7~;~1~' hours. 
69. 43~~~~. 

PAGES 118, 119, and 120. 
L 789G41420714. H. ·0331G32. 
2. Sixty-seven millions eight 15. 4.5,',\ hhds .. 

hundred and thirteen thou- : 16. :3~ 7 50. 
sand four hundred and i 17. llH. 
twenty, and twenty-one' 18. j8 acres. 
million thirty thousand' 19. SO'501. 
and forty-six billionths. 120. S3 7. 

Scnnty-two millions, and 121. 3 Ibs. 0 oz. 14 dwt. 13! grs. 
seventy-two billionths. 122.29 acres 0 roods 21 per. 

One billion one million and I 23. 14 yds. 
one hundred, and ten Iril- '24. 151bs. 4 oz. 1 dwt. 14 grs. 
lion ten million and one 25. $3890'38~. 
tenths of quadrillionths. 26. 1032694. 

3. DCCIX lII~CCCLXXVI 27. 16800. 
-', .' -', . -.-. -.- '28. :':360'15. 

Jl.\\:....:\I:\C~ LXXXVmV, 29.8247'95. 
JDDIl'Jl-'LnDIDXCn. 30. S132082. 

4. ~397:; Ibs. 31. IG9-49 times. 
5. £3 ISs. llid. 32. S79'99i2"' 
6. 10S37 yrs. 119 days 2 hours. 33. S59'85. 
7. S2919-50t,· 34. 8533'12!. 
8. S13::·77. 
9. 5~III1t)Ct)II~II-1:';'oonnooon5'na_ 35. C C C C C CDC CIX. 

10. 1 acre 1 rood 3 per. 4 yds. 36. -jl.:218+. 
5 ft. II in. 

11. SI22GS·30. 37. 18GDG9G9G9·69.-
12. 54 years 19 weeks, 3 days 38. 81713'34. 

IG hours 33 minutes. 39. :321'1433. 
13. 74100001lH, 'Ullin, 741000000" 40. 236fl ~I-' 

'1IIIOOIl1l7n, '000000000741, 'ou;-n, I 
and 71'1. I 

1. $4688·IG},. 
2. ~75~G miles I fur. 

o yds. 1 ft. Gin. 
3.96. 

PAGES 149, 150. 

1

4. 500313 octenary and 
21 per. 20222133 quinary. 

5. 1243994·9S275.; 



AN8WEllS TO MISCELLANEOUS EXERCISES. 401 

6. LXXMXCDXXIII and 10. --
CCXXXMVDLXVII. 11. See Table,. page 125. 

7. 271200. 12. :;;3689'511. 
8. See XL VIII Recapitulation 13. 27. 

Sec. I., page 57. 14. See Recapitulation XL VIII 
9: 642762977065601'1. page 57. 

15. 742000000905000078014'000008'7200011. 
16. Seventy-one trillions three 18. 2' X 53 X 3 X 2J. 

hundred billions one hun- 19. 87 ft. l' I" 3'" 0"" 10"'" 
dred millions two hundred 8""" 10""'" 10"""" 
thouss,nd four hundred and 20. '011436. 
one, and seventy thousand 21. 16383. 
four hundred and two tril- 22. 4096. 
lionths. 23. 11 acres 3 rds. '1 per. 19 yds. 

One hundred and thirty-four 0 ft. 130 in. 
quadrillions nine hundred 24. 336960. 
trillions one hundred and 25. Child's share, $170'41-?r ; 
one billions one hundred woman's, $358'82 1"r ; man's 
thousand and one hundred, :;;1794·12fr. 
and two hundred million 26. 1023 and 512. 
twenty thousand and two 27. 99-r,f'?r' 
trillionths. 28. 48359'8979694. 

Four quadrillions seven hun- 29. 722487'0873859. 
dred trillion twenty thou- 30. 65 lbs. 7 oz. 0 drs. 1 ser. 
sand and seven, and two 31. 1,2, 4, '1, 8, 14, 19, 28, 38, 
hundred and seventy-eight 513, 76, 133, 152, 2G6, 532, 
hundredths of trillionths. 1064. 

17, £2272 Os. 3!d. 32. 82-N. yards. 

PAGES 180, 181. 

1. g, "01;, 'JIu, "2\, and .h· 10. 14}h~ and ]0'(. 
2. -.z,. 11. SI3!·15~. 
3. $4'52;1;,. 12. 828387'064' 
4. lV., 13. 311~;\ bushels. 
5. Gave away ~&and kept l,',. 14. 1 and l'lNo' 
6. 1~1.. 15. 2;1 bushels, 
7. S212·99}t. 16. ~. 
8. Longer part 72 feet and 17. ~~?. 

shorter part 64 feet. 18. 5f.,; and 28~· 
9. 10581Vciacres; :;;13219'681· 19. $1333'33l0r,ltiofthewhole 

PAGES 196, 197. 

84. '8. 
85. 1'44455667788. 
86. 4 days 17 hours 55 

30 sec. 
87. tun. 

88. 156'85931270094. 
min, 89. '730157196 of a mile. 

90, 16 sq. ft. 104~~~inehe8. 
91. 1 acre 3 rood3)3 per.22 yds. 



408 ANSWERS TO MISCELLANEOUS EXERCISES. 

92. IlH and If6' 
97. 13'5169533. 

93. 26'7831428511. 98. 3, 3, I, 4, I, and 9. 

94 .. 71'86193. 99. 476'65028119. 
95. Il'546 oz. 100. ~'. 
96. 75~ yards. 

PAGES 198, 199, and 200. 

2. 702000007030017'0000000004000076. 
3. 1017116666'6. 10. 20790. 
4. 2;. 11. 1375t'12 and 2049151 
5. 10,3.,":'0'". 12. 66. 
6. 5044 brick o. 13. 1 day 23 hours 24 min. 34~~ 
7. III sq. ft. 0' 9" 7'" 4"" 5"'" seconds. 

5""" 14. 19860 lbs. 2 oz. 9 1
, drs. 

8. 8!.~~f. 15. $158'75. -
9. 12225 bush 2pks 0 gal 2 qts. 16. *, H, HH, and .Hh. 

17. 7040000, '0000704, 704000000000, '00000000704, '0000704, 
7'04. 

18. ~f~"r. 124. 13450"1· 
19. ~!au's share=£66 Os. 4jd., 25. 134062jlbs. or 134061 gals. 

woman's =£33 Os. 2id., 26. $2(l5·5:J},z-. 
child's =£11 Os. O~d. 27. 247 (1-.;. 

20. 100 j'I)\'J(i' 28. t)-t:.?~ .. -. 
21. 1,2,3,4, 0, G, 9, 10, 12,15, 29. --

18,20,25, 27, 30,36,45, 30. 29 X3X5. 
50,54, 60, 75, 81, 90, 100, 31. 55045884 lines. 
108, 135, 150, 162, 180, 32. $45'58. 
225, 270,300,324,405,450, 33. $90·%H. 
540, G75, 810, 900, 1350, 34. 3'18598". 
1620, 2025, 2700, 4050, 35. 2159,ii. 
8100. 36. $21588'90. 

22. Il7. 37. $142'8248. 
23. Lunar month=29 days 12 38. 293. 

hours 44 min. 3 seconds. 39. ~jiR, ~~tft, ~-)1Z, hfl,Qcr, 
Solar year=365 days 5 g:~, H:r" HB. 
hours 48 min. 48 seconds. 40. Sl03·35j. 

PAGES 222,223. 

1. 2: 3. 

I 
4. Great~st 21:27 i lea.st 9:13. 

5. 57'100555661872493. 3. 
410042 . 

12014313~ qUinary, and 6. 53ce377:l7 duodenary 
14e7 , 
9972 

760t01257t undenary. 
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7. 5'57052 oz. 14. 13Nu. 
B. 3 yds. 3 qrs. 0 na. On in. 15. £2 Is. 2!d. nearly. 
9. $2962'70. 16. 3: i, days. 

10. 1 bush. 2 pk. 0 gal. I qt. 17. ,}.",-~. 
11. 17: 8; 88: 176; 17: 8 and lB. 5~. 

23:11; 6:7 and88:17Gj 19. 50~~. 
1173: 616. 20. ·(l21;8jl;j~I~I~lti:I+. 

12. 39 per cent. 21. '0778. 
13. ·N}". 22. 4'32958 miles. 
23. 764876837 no/wry; 10011110101000011001111010000 

nary; 11146453021 septenary. 
bi-

24. 188100. 29. 
25. 80~~~. 
26. 48. . . 
27. 41'd71137804. 
2B. S53·5!:16G. 

1, 3, 3, .f, ,), G, 7) 9, 10, 12, 
14, 15, l,~, ~(), ~l, 35, 28, 30, 
:J.\ :":li, 4~, ·15, 50, 60, 63, 
70, 7~" p t, ~JI), 100, 105, 
l~G, 140, lS(), 175, 180, 
210, 22:\ 2:12, 300, 315, 
350, 420, 450, 52~ 630, 
700, 91)0, 1050, ]2GO, 1575, 
2100,3150, 6300. 

30. $5'04. 
31. Each lnau's share, $3'2j'J8~~? ; each woman's, $8S'~0trH j 

each child's, S25·40~1~· 
32. 12~, 51~7' 21'~t;' 
33. 3 yds. 2 ft. 8~ in. 
34. 104: 5. 
35. 71 miles 5 fnr. 34 per. 3 

yards. 

36. f.. 
37. 2 i'P'2' 
3B. 70 gua L,. 
39. 200. 

PAGES 231, 23::!. 

1. 7020400000,7'0204, 70'204, 5. j : 7; 9 : 13; 54: 221. 
'0000070204, 7020'4, and 6. $c07(1·3593. 
'00000070204. 7. 1'11<'.1' have none. 

2. 6704866'561. B. ,:;c7431·31}. 
3. £399 19s. 51·7~·~bd. 9. : ~, I10~11~;~;f;J ~~, and }17[. 

10. ~ :"jl 

n. I'" 4. 84G·;}7~O~~7G3. 
12. 744916400000; 7'449164; 

'0007449164; 7H~11G·1. 
13. --
14. Binary 63 and 33, Quater­

nary 4095 and 1024, Se­
nary 4GG55 and 7776, (Ic­
tenary 262143 and 32768, 
Duodenary :l~18,,(183 and 
248832. 

'0000'1<'1)«"",·11"]64; 7449'164 j 

15. 

16. 

1, ~, 3, 4, G, 8, 9,12,16,18, 
::!4, ::!/, 3~, 3 1", ·18, ;j·I, 64, 
7~, 96, 1(1:-), 144, 1~2) 216, 
:;88, 432, [,7';, Stj4, 17:28. 
720730. 

17. 70·78~I%G'''i748855. 
lB. SI ~ 7'88. 
19. 21'19117. 
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PaGES 367-378. 

_\~S'YEr.S TO EXA.l\II~ATIO~ PROBLE~IS. 

I. 7'Hl(~: I~H )111)1)1 f 1 O'()OflM10() !~OO()nj). . 20. 5456640. 
2. ~\,~)1(~~:C"3:~n ; e,S1528':~n!; 121. They have none. 

C,sH::;7'::;l', ; D, :)1534'95 .. 22, A, :33492'06; B, S4761'91 ; 
3. U;', I C, SG746'03. 
cl, SI4~1780381:N444. '23. A, .£IG7l~; B, £139H; 
5. 83160. , C, £93:h. 
6. 361 Y'l'S, 10 m'ths. 25 days. 24. ~ I'c[ hours. 
7, 40'38, 25. LXX.llfc.lrxXXYIII and 
8. 33[)431bs.4oz,8dwt.l4~grs. _____ _ 
9. 2, X 01l>ll:lJXCnlnIMDCLXXIX. 

10. 130], 26. 1st gets 792 loaves; 2nd, 
11. 3. 594; 3rd, 924, 
12. ~4, 27. 72,18 and 541bs., or 24, 96, 
13. A, S384',±7; B, S~:)l'07; and 96 Ibs. respectively. 

C, S~21·89. 2S. S3725'764. 
14, l:);,~,: Ills. 29. 24010'23. 
15. 'IG;,2~~I, 130. $4803'5064. 
IG, 530'00121864500. ! 31. 5739'29 yds. Gain 251 
17. S78j4'2~1. I per cent. 
IS. 2G~. 32. __ 
19. 81000. 33. SI36'12. 
34. ":]'88G057; 1'200035; 3'051153; 1'4497~j ; 4'812913 ; 

4'G~18~170 i 2'182120; 0'909128. 
35. 18't2. 
36. 84 years. 
37. GG'8057S times. 
3S. :J~~)~1:J700·73c)0~70(). 
39. :35'182 . 

40. $460'0034. 
41. 5 yrs. 8 mos. 5 days. 
42. Amount SI40[)·07. Com­

pound Int. S595'36. 
43. 10 months 18 days. 

44. • I., S371'%75; B, :):':,4'8675; C, S535'6375; D, Sln'5275; 
,,"tl E, S1078. 
:31372'02898. 45. 

40. 1. 
47. 1170427237,t~;~~ octenary. 
clS, '01 and '013345(;7(1, 
10. One quadrillion three 

hundred billions fifty mil­
lion and six thousand, 
and seven hundred mil­
lion eighty thousand and 
nine trillionths. 

Seven trillions six hundred 
billions two hundred and 
ninety millions thirty­
four thousand and seven, 
and sixty-seven millions 
four hundred thousand 
two hundred and nine 
quadrillionths. 

50, 1296. 
51. 33'395 years. 
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52. 7110},. 
53. IH. 
54. 35E. 
55. 8I days. 
56. :334GO·71. 
57. 4-h, 3f" and 2-,~, 
58. Eacllrnan had 60; A caught 

50, B 60, C 70. 
59. 191 and 17763. 
60. 44'D~17 Years. 
61. .\,SI5.,i;<I:J;; B,$1l69'05}; 

V, S~7J·08j. 
62. 1,2,4, 14.29, ~S,,8, 5716. 
63. 2·;l~. 
64. ~lan's share = S01!)-).l:~, 

Woman's == S4S!)-j7iL 
and child's= :;;lj~'I~I,'" 

65. 24. 
66. $21'03. 
67. Greatest9:1';; least 10:10; 

comp. ratio 21 :247. 

68. 8';;:;18·153. 
69. ·0IGl5611S. 

70. 2781'850711<1j7;;807:;118;;8, 
71. 157'036 feet. 
72. Sj spirits, Jj water. 
73. 4~3-:j3. 

74. 70 and 14. 

75. 22Z·s:24G()J8.-,. 
76. 5'22341. 
77. 5S and 28. 
78. l.iG~41). 

79. 30401. 
80. ~3S' : IGI7. 
81. 3 au'd II, or ·1 and Ij, or 5 

and Ii, &c. 
82. }~~. 
83. 51'[ minutes past 1 o'clock. 

84. 6'585461; 3'502675; 5'187;;21; Z'1l350!); 0'190205 ; 
1'069276. 

85. S-l·314. 
86. X $,;72 and Y S1120. 
87. '2\. 
88. 4321. 
89. IS} Ibs. at 4d.; IS} Ibs. at 

6d. ; and U; Ibs. at 8d. 
00. 10,22, 26. 

{)l. 1, 8~, lIn, 24-:, 32.L 40. 
92. 7. 
93. Apple 3d' l pear Jd. 
94. r.'. 
95. 8~7.J. 
96. $124 and $1:,04. 

97. 11000000000011'0000000011. 
98. 83G·\0-::033. 110l. II 7. 
99. 2 8 X 3" X 7 X 11. 102. 62) gal., S3} gal., and14li 
100. 2S;. gal. 
103. A, 1:104 IG3. l\'!d.; B, £120 17s. 4nd.; C, £978;. Ogd.; 

D, £77 ISs. 5lid. 
104. 81~30·33S. 
105. 10 hours. 
106. 41 years. 
".!.07. 4'629 days. 
108. £4 1Gs. 
100. 4-l,'·,-. 

111. 

112. 

1st, '47 inches; 2nd, '57 
in. ; 3rd, 'S2 in. ; 4th, 
3'140 in. 

71'117. 
113. S2'JlO'Gjl; S~871'RO:::; 

81815'805; :3'i-l,;7'730; 
31825. 110. 1·1~~·2 Ibs. 

114. 1~t300 yrs; 2nd ,ji]'S:2'i Yl's. 
1st, S920'30; 2nd, Sc7,;I1'GO; 3rd, $0j~1·~O. . 
Paid each workman S~"cr;'; 1st company cleured_ S71~ 

115. 
116. 

acres; :.!d company, 7j ~} acres j cost of dl':lring, ~s.{'<'.\'-; 
per acre. 
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117. 15 and 11. 
118. $2340'00. 
119. 132 days. 
120. ~\, :3~180 ; D, SIGJ:i ; C, 

SI~08; D, $1080. 
121. -!I) ~2, t§~, 1~;:·;~,1, 8-1~1~~~. 
122. 8G1n and 411-,",;:,\-. 
123. Sum £58 Os. 8',',.'"d. ; 'Illo-

tient 32414',,1;. 
l:H. 401, h yds. 
125. S214. 
126. 1''175 yrs.; ~"'1·H·~114 "TS. 

127. IJ}1- perches. 
128. 111104. 
129. 9, 27, 81, ~43, 7~8, ~187, 

6561. 
130. 9\. 

131. 8'04 in. 9'534 in. 12'426 
in. and 30 inches. 

132. 51 of each, rem. £1ttr. 
133. S~OO. 
134. 11 per cent. nearly. 
135. $1388'888. 
136. Is. 9d., Is. ~d., and 7d. 
137. ~\, S~5; B, S25; C, :)=50; 

D, $100. 
138. '057. 
139. -I-fjCJ7-; IG:2-?-!::ll); 1-}--~} ; 1043 j 

2308. 
140. 96; 17'. 
141. $8CJi::; :3107~~; S1431~ ; 

and S 1 79::",. 
142. $15009'84. 
143. 17', 3~;, 48\ and 63~ ; 

35 anu SG805. 
144. 36! days. 

THE E)lD. 



LOVELL'S SERIES OF SCHOOL BOOK~. 

Opinions of the Press on the National Arithmetic. 
This isone of Lovell's serie, of School books. a series which we hope some 

day to see introduced into all our Canadian Schools. It has been prepared 
expressly for these sC:lOols hy the Mathematical :11",\[,1' ,,[the Upper Cana,\a 
Normal School. From the brief examination we have been enahlcd to 
give it, we are inclinefl to think it will ~i\'(' a more thorough knowlcdg-p 
of the science of numbers than any otlwr ~\rit,hnwtlc we remember, awl 
we hope Canadian teadlers will give,it a trin.I.-JIUl1treal Ga;;ettr. 

It is the production of one of om' most u~pflll :lHd elwl'~dic teachers, 
and it shows a thorough knowledge of the subject and adaptation to the 
wants of the country. Mr. Sang~ter. h.\- this volume, has supplied a want 
long felt; and it augurs well for thc fut ure teac'hers of our children that 
the author of snch a work as this is ~Iathematical )Iastcr in our Nationa.l 
Normal SehooJ.-Ottawa Citi=cl1 . 
. We think it is admirably adapted for, and should be speerlil>" introdlleed 
lutO, all our Cana.dia.n schools.-Carleton Place, C. W.,llerald. 

'fhis arithmetic is not only infinitl'ly bpttc~r ada.pted to the want~ of this 
country than allY other in nse, but the simplicity of its rules. the practical 
illustrations of the theory and IJractice of arithmetic in the manyori­
ginal problem •. "ive it a sl:tmp of nationality highly creditable to the 
author. It is divested of all the useless, lumbering material to be found 
to a greater or less extent in those heretofore in use in this country. 
The problems possess an eminently practical character-and by that very 
adaptation to our wants, ther are tue more interesting. ffhe learner, 
inst~d of covering his slate with figurC"...;, with a vague and confused notion 
as to what they alllUt'an, works a problem in tbi~ arithmetic feeling at 
once that he i~ doing a useful and interesting work, and watches the result 
with a degree of interest that must help to make his schoolboy days 
cheerful anel pleasant.-J/Il';·-kham, C. IV., Economist. 

'\~e hail with much satisfaction the appearance of this work, rendered 
absolutely nec('~sary by the recent introduction of the DC'cimal Curren('Y 
into Canada. l"'or a long time tho want of a Canadian Treatise on Arith­
metic, combinin.e; the aho\·c mentioned system with the application of 
the l\1ouf'rn Scientific llH.·t.llOds of anal'y:sis and formulre, to the elucida­
tion of the various rules, was felt. JJr. Ryerson, conscious that such a 
work was needed, requested the Author to adapt the Arithmetic published 
by the Irish Hoard of Education, to the Decimal Currency of Canada, and 
to abbreviav:· some of the tedious reasons for the rules there given. 1\1r. 
Sangsipr ill compl,}:ing with th.~ request of the Chief Supcrintemlent of 
Education transcrlhed ten or hftl'CIl pages from the commencement of the 
original w~rk hut finding so many" alterations and improvements" neees­
tiary .. aband~l1ed" t.he df':-:i!;Jl and determined to write a new Treatise on 
the ~ubjcct.. Tho admirable volume which now Iii'S before us is the result 
of that determination.-From what fame says of )lr. Sangster's capabilities 
as an excellent T('3clier, and an accomplishl'd Mathematician. the volume 
before us hao; nut l'Xt'l't'dl'~ our l'xpectatiOiy~, though it s~lrpasses every 
Treatise on the subject \\ Inch ha~ yet come Into our hands In three. eS8en­
tial requisit,e-.:, ll:lmely: . )'letho(h('ui ar~am!'.l'm(,llt of matt.er; conCIseness 
yet comprehellsin'IU''';s In the ?-plD:onstratlOll of the varIOUS rules; 3!ld 
the immens(', practical utility WhlC~ It posses~es by the number of examlll­
ation questions given at the end ot l'3.eh sectlOn to test tl~e kt:t0wledge of 
the studeut as he progresses. ~hese advantaJ!l'~ ~ust I.nc\'ltably cause 
it to supersl'de ill a very ~hort tune those SpUl"lfl.US IrcatJse~ on the sub .. 
ject at present in existence throughout the 1)l'onnce: for ,~hlS reason we 
are glad the work i. entitled the" .NA.TIONA.L ARITHMETIC. -Brant,C.W. 
County Herald. . 't t b 

Mr. Sangster's Book is the best gomg-has no, competl ~r-canllo "e 
matched-positively overllowlDg With matter. "e highly re~ommend It. 
It combines beautiful printing, stout bIDdmg, With all that IS wanted to 
make a young person have a complete storehouse of mathematl~al know. 
ledge at his fingers 61idB. No book we have yet seen, on this mdispensable 
In'ailch of knowledge, can compare with it.-Cayuga, C, W., S61ltsncl, 



LOVELL'S SERIES OF SCHOOL BOOKS. 
In tlH' Prr",,; : 

I ~ EY '1'1' Till: :" ITin,,1 T, AT: TTTI IIETF', con1:tinill~ the I'olution. 
\.- of :tIl tlll')II(I1'':' l)lilicltlt 1'1·oT,klll .... By .TIIII~ HEIUJEKf ~_\~G~TEn. 

}:~q .• ':U:l.l1H'llJ:1t il';ll ="1 :I"tn' :11](1 Lrodllff'l' in ('jwllli·..;tI'Y awl Natural Phil .. 
(1"1'1,11,\ ill 1111' "\10)"111:11 ~1'h"lll 1"II:'l-]'jli'r (':111:111:1. ~I,ld II.'" n. &, A.lHrLLER, 
~t. Frall!.,ui .... ,\:!\j':r :-Itl'l'et, .\l"l~t!·'_·al; :twl .... :;- YI1!1c:"I' ~trept:l'()rollto. 

,)Oll:" LlJ\'ELL, Publisher. 

Iu Prf'paration: 

ELE:\m~, T,lRl TT:E.\Tl" I: '.':" AJ.r.ET:n,I, designed for the use of 
I':lll:uli:lll (;l'ammar 3wl r()mmOII :"chllols. By JOHN HERBERT 

,-":\\.:'-[1:1\, E""l., :\i:ltiwInatil';d -:'If:1~h'r :11)(1 T,"dlll"!'r in Chemi"try and 
;\atllr;l\ l'ldl'-':-"'Jlliy ill tlK' Xnl'!ll:t1 ~('hlll.j fl'l' 1-]'11('}' (';~113d:\. 

JI) I r.\ L<'\ ELI" Publisher. 
1\Iontl'cal, .\pril, 1Q,1~(\. 

.Tn"lt, Puhlished: 

E 1,DIE\"T,1 ny .1 RITIDl ETlC', ill l'E< 'Dl 11, ('n:EE\"c'y; designerl 
_ -----A {--'I' tlH~ liSt' of Cana(li~n ~('h()l,l,;;. g\- .J'IlI:\" HERBERT ~'-\':\"(;STER. 
1;"'1 .• :-'ol:llh"lll'tli";il 7Ih ... tt'l· 'lild LC"'llll'lT 111 ('ll"IJli"tn' awl X:l.tllral Phil­
('''''phy ill 111(' X(I]'lllal ~I'll"(il,, ror {'PIH'I' (';111:1.1:1. S,dd by n, ,\:..\.. )IILLER, 
~t. Fra:I,·"i" X:l\·i,T :5tn't't. MVdtr,':11: and 'S7 Y"llo:!."t' :--:trl'I't. Toronto. 

JOHS LI I\"ELL, I'li1Jlislu'J-• 

. 1 lhi Puhlished: 

B ()()l\- h:EEPI:"C: BY 1'[:"1, 1,E A:"D DOFRLE l':"TRY. for the use 
of ~cllo()l". :K~pml)1ined in thr('(' .... 1'ts of ho()ks, :tIHl :-ub]dl'll to tll" use 

(If 111.-, Farmer. :,\lechanir, Rpiail Trao.(''''lll:lll, :tno. the ::\[,Tehant: with a 
'·arif't.\' of llsefnl ('lllll11lf'rci:ll 'Forni";, l:y .TOH~- G. l)I~Xl\*"'" :-:oltl hy R. 
A .\. l\lILLER,::;:'t.. Fralll:uio;; ~a\ icr ~Il·(','t, JIolllrcal; and :-.; YOlll;C :-Itret't., 
rroronto. 

JOIl:" V)YELL, Publisher . 

• TnRt Published: 

NI'Tl-:-~ .I:"n E\l:I:'l"E~ I:" :",1,],1·1:.11, PHI1.I),C'PIlY, inrlnlling 
:-::'1:ltl(,s, ll.\",(l(h,:llj"S, Pnelll11atir~. DSIli.Huit' .... , allil H.\dl'n~lyllallliC's. 

d,':-.i::!ll',t for lIlI' llo.;l' of .:\(ll'IlIal and Grammar ~,'h",d"l auu tlll' hig-IH'r 
('la""t'" ill C'IIl11110n ~1'h'-\l,l" J:.\' .JU!I:"\" llRh.Hl·l:r ~,\.:'\I:~TEr:. E .... '1 .• ":'\lathC'­
~atical 11:1,,11'1' and Lpc'llln'l' ill Chl'llli:-..try :11111 X;lturall'hiloSIJhy in the 
.:;'\ul'lllal SelpH.! rIll' l PI"'l '·:III.I!l:l . 

.111'. ~al1!-("t,'l"" lli:..:h 1'I'ilHtatillll :1" :1 i'-'1C'lH'l' and srholar, will ensure for 
111(' XoI,'" :11111 l'>;"fl'j"I" ill X:ltlll'al Phi\usophy a plaee in all our Cawwian 
~I'hlllll",-/,( I, l'I!I'''"I'IIIi, (', Jr-,ll'l I'i l II'. 

:-;ojll h,Y I~. c\.: A. ":'\IlI.LBR,;-';t. Fl':lw:tJj" Xavier ~trC'l't, J\iontrealj and 87 
YOII,!..:f' Stl'l'd, TUI"Olltt), 

Montreal. April, 18GO. 
JOl!:" J,OYELL, Pltblis7,~r. 

I n Preparation: 

A ~('ITI ,OT, IT ISTOny 01' c.':"_lnA i;;; OF TilE ClTHTcR URITISH 
l)H()\·I~l·ES. \Yith lllll .... ll'athms. By .T.l~E(lHtIE llOIiGIX8-, M.A. 

JOHX Lor ELL, l',,/Aislw·. 
Montreal, April, 1860. 

In Preparation. 

EA~Y l:l:~~c '\"~ T" (;;:" I,: 1:,\ L I; 1:1 1(; 1:.1 l'llY, r,,1' the use of Yonnp:er 
-, l-'~l]III:-;; t~"lJl:! 111Ir!ldIH'l,!\'.\ In .L(,\·t'll'~ (;4'IIl'ral Geography. '110 be 
1·.llllwlh,dH'll WII,ll ;\f;-l]h:!IHI Illll..;tr.1!lI'II~. I:y ,J. eEl). HODGINS, M.A. 

l\lnllfl'4'nl. April. 1-':1;0 .TI)JI~ 1,ofRLT" P1lhli.flher~ 



LOVELL'S SERIES OF SCHOOL BOOK; 
In the Pre" : 

To be published in tit. Wini.,. of 1860-.;1. 
LOVELL'S GENERAL GEOGRIPIIY. lJy.J. GEORGE HODflINS, )I.A .. 

E 
Embellished with about 40 SUPERIO'" )IAI"S. AND luo BEAl'TlFUL 

NGRAVINGS. 
This G~ography. while it is dcsi/!.'ned to furnish a satisfactor," j'/slIlile of 

geographIcal knowlcu~e of all }Jarts of the worlrl. will give ('llua] J)l'omi-

:.ea~~~;Yst~~n~:;l~.I~)~n~~~~'~r~~S~fc~hL'icrkli\~~. \V~fc~~ sfl'.~!i~~~t;~~;f~:?lii 
be a suitnhlf' rrt,xt' 1:(lllk for chiltlrPIl in CANAII.\. :\"()\'.\ :-':1'( )TL\. XE\\~ 
llRCXS\\"lCK. X[-;\\"t·(I\·;>."IlL.I:\D, PR1:\1"I, E[I\LUU/" l:;L.\:\]I, 
the KIST ami "'E,;T IXDIE"'. ,1\'''',["](.\1,1.\. ,\1'. 

R ... \.: A. 1\llLLEH., will Lc til(: (:'-'l1cral .\!!;eIlLs 1'01' the sale of this nook 
1i~"',nghout C.\~ADA. -

The G(,o~l'i1JllIY will n.lso hf' on Sale- itt thc' nnok .. ;fnrf's ill f lw pl'ilH'ijl:1.1 
Citi(" in E Xli L.IX D, Il{E LI:\ II. awl >'( '0'1'1,.1:\ I I-I II :\, 1\-.1 >,,', 1'1' 1.1-
NBW Bl{{':-;S\\"«,K- X E\\Tol·:-;VL.\X [I - I'lll:\('I·: EJI\r.llll>·.~ 
ISLAXlJ-'1'lIe KIST and \rE"'T IX !IIEs-.I '-"'TILI 1,1.1, "c. I";"e "1. 

Montreal, April, ISGO, 
JOJIX LUr~LL, l'aMis/ul', 

J list Published: 

THE ELE~rEXTS OF EL()('I''l'J( IX. designed for the r.,p of Schook 
By JONATHAN BARBEll, ::\If'!Jlber of tIl!' Royal ColleJ.!;'o of SUl'/!t"OIlS, 

London; Professor of Oratory in the L1lin'r~ity of )I'Gill CoUegp, ;,fon­
treal. 

Montreal, April, 1860. 

J list Published: 

OUTLINm; OF CHROXOLO( ;Y. for thc 1',,· of Schools. Edited l,y 
MRS. GORDON. 

JOIlX V)YELL, r,,/,/is/'d·. 
Montreal, April, 1 '60, 

I have carefully looked through ,Yonr "Outiillr''' ()f I 'hl'onnj(,[:',\ ," and I 
have 110 doubt that it::. usefulness will soon hI' a('hlH"\'lf'd~(',1 ;:"lll·l'all,Y. 
and especially by those ellg~ed ill il'3Chil1!!. It i .... (lllit..: a /JIIIIIIIlII iu 
parvo. I shall have much pleaSHl'l' in rt·t·olHllj('nrlill~ it. 

J. llELL)I1-TH, D.D. 

Just Puhlished: 

T HE CLASSICAL EXGLISll SI'ELLIXr. ROOK; in whi('h the 
hitherto ditflcult art of Ortho:.:rajlhy is relld,·n·tl ca",r and pl(·,I',al1l. 

and speedily acquired. Compri:-.ill!!' :J!! the important rIHlt-word .... froUl tlw 
Anglo-Saxon. the Latin and th,' nrl'l'k: and .se,',·!':!1 hundred EXl']'('i."e..; ill 
Derivation and Yerbal Distinctiolls. B,r GEOHUE (~. r~\8EY. 

Sold by R. & A. MILLEn, St. l~~raHeoi,~ Xavil-r :-1t,l't·(:t, J\lontrC':t1: aIHl Si 
Yonge Street, '1'orollto. 

JOHN LOYELL, Publishc,', 

The following is from an eminent Professor ill J[f'lltl'I'aI:-
I have looked carefnll,V over the" Classic:ll Ell)!li .. ,h Spelling Book, h~­

~~~geit;~ ~~':I~~~~e~:an speak in the highest «'nlls of the plan upon 

To Tea<lhers it will be invalnable; and even to those who "re not direct­
ly engaged in teaching, it ,viI! bc acceptable on account of the information 
connected with the origin of the words of ollr language which it contains. 
I shall do all I can to recommend it, and trust it may have a wide circula­
tion. 

]\fontreal, .Tnnnal'Y. 1";0 

W}T. 1Ij('K.~. 
1'!'nr" .... ,,(Il'. "[(·Gill X01'1l1:11 ~i·llnol. 



LOVELL'S SERIES OF SCHOOL BOOKS. 

Just Published: 

T HE GENERAL PRINCIPLES OF LANGUAGE; or the PhilosopbJ. 
of Grammar. By T. JAFFRAY ROBERTSON, Esq., M.A., Head Mastel' 

of the Normal School, Upper Canada. 
Rold by R. & A. MILLER, St. Franc,ois Xavier Street, lIlontreal; and 87 

Yonge Street, Toronto. JOHN LOVELL, Publisher. 
Montreal, April, 1860. 

Jnst Pnblished: 

ENGUSH GR.\lIDIAR MADE EASY, and adapted to the capacity of 
Cliildren. In which English Accidence and Etymological Parsing are 

rendered .imple and attractive. By GEORGE G. V ABEY. ... 
Sold by R. & A. MILLER, St. Fran~ois Xavier Street, Montreal; and 87 

longe Street, Toronto. 

Montreal, April, 1860. 
JOHN LOVELL, Publisher. 

T HE PRINCIPLES OF ENGLISH GRAMMAR: comprisingthesnb­
stance of all the most approved English Grammars extant, briefty 

defined, and neatly arranged: with copious Exercises in Pa.rsing and 8yn­
ta.'<. By WILLIAM LENNIE. 

Sold by R. & A. MILLER, St. Fran~ois Xavier Street, Montreal; and 87 
longe Street, Toronto. 

JOHN LOVELL, P"blisher. 

K IRKHA;\l'S GRA.lIUIAR.-ENGLISH GRAMMAR in Familiar Lec­
tures; accompanied hS a Compendium, embracing a systematic order 

of Parsing', a new lS'yste.m of Punctuation, Exercises in False Syntax, and 
a system of Philosophical Grammar, in notes, to which are added an Ap­
pendix and a Key to the Exercises; designated for the use of Schools and 
private learners.' By SAMUEL KrRKIIA.'\I. First Canadian Edition. 

Sold by R & A. lI1ILLER, St. Fran~.ois Xavier Street, Montreal; and 87 
10llge Street, Toronto. 

JO 11 N LOVELL. P1tblisher. 

Just Published: 

BRITISH A)IERICAN READER. By J. DOUGLAS BORTHWICK, an­
thor of Cyclopr,li;o of Histury and Geography. 

Sold bv R. " A. MILLER, St. Fran~ois Xavier Street, Montreal; and 87 
Yonge ~ireetJ Toronto. 

P IXXOCK'S imprO\'ec\ edition of DR. GOLDSMITH'S HISTORY OF 
E,\GLA,\ D, from the imasion of Julius Cre.ar to the death of George 

II. with a continnatlun to the year 1858; with \,Iuestions for Examiuat.ion 
at the end of each section, besides a variety of valuable information added 
thronghout the work, consisting of Tables of Contemporary Sovereigns 
and of Eminent Persons; Copions Explanatory Notes, Remarks on the 
Politics, ~1anners, and Literature of the Age, an Outline of the Constitu­
tion, &c., &c. lIlustrated with numerons Engravings. By WH. C. T.lY­
LOR, LL.D" of Trinity ColIege. Dublin. Author of Manual of Ancient and 
Modern History, &c., &c. FIrst Canadian Edition. 

Sold by R. & A. MILLER, St. Fran~ois Xavier Street, Montreal; and 87 
Yo~ge Street, Toronto. 

Montreal, April, 1860. 
JOHN LOVELL, P"blisTI61'. 

F RENCH WITHOUT A MASTER: a COllrse of Lessons in the French 

B 
Language. First Canadian Edition. Price 25 cents. 'For sale at the 

ookstores. 
IOHN LOVELL, Publisb". 




