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P RE¥ A C E~ 

THE following pages contain solutions to all, or nearly 

all the problems and' exercises given in the Author's 

Elements of Algebra. In many cases, two or more solutions 

of the same problem are offered, so as to afford the student 

additional illustrations of the best and neatest modes of 

working jand of the application of artifices employed by the 

experienced algebraist in order to obtain a required result. 

On this account, also nearly every operation has been 

given ~t full length. 

The Author hopes that the KEY will prove serviceable 

to the many who are privately prosecuting the study of 

Algebra, or endeavouring, without the aid of' a living 

teacher, to prepare themselves for entrauce into our Univer-

8ities j and that it may likewise be of advantage to those 

teachers whose school duties are so many and varied as to' 

render them unable to devote to the subject that time and 

study which long and intricate algebraic. llolutions in 
general require. 
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KEY 
TO 

ELEMENTS OF ALGEBRA. 

EXERCISE IV, 

1. 18 -1:::1-1:::0 

2, 33 - 3 x 3'::: 2'T - 9 ::: 18 

3. 1 x 2 + 3 x 4 ::: 2 + 12 ::: 14 

4. ::: 12 X 2a - (3 - 1) ::: 1 X 4 - 2 ::: 4 - 2..: 2 

5. -12 + 3+4 ::: "';9 ::: 3 

6.0 '.' m::: 0 

7. 6 X (1 - 32) ::: 6 X (9 - 1)::: 6 X 8::: 48 

8. (22X 42 _ 3 X O)ft::: (4 X 16)ft::: ({I64)2 = 42 = 16 

9. (1+ 2) X (4 - 0)2::: 3 X 42 ::: 3 X 16::: 48 
~ ~ 2 

10. 4 {I - (4 - 3)V = 4 (1 - 1)7 = 4 X 0 1 = 4 x 0 = 0 

11. bed = 2 x 3 x 4 ::: 24 

12. (42 - 2 X 3)2 (33 - 2 x 3 x 4)3 = (16 - 6)2 (27 - 24)8 

:. 102 
X 33 = 2 'Too 

1+1 2 b+l 2+1 3 3 6 
13 -"-::: - = 1 ~ a' -::: --:: - ::: - ::: -- := 2 = b 

. 1.-;1-1 2 't+l i+l 1;2 i 3 ' 
&c. 

14. 14·){ 1 - (3 x 2 + 3) ::: 14 - 9 -= 5 i 42 
- 2 (2 + 3) = 16 - 10 

= 6, and 5 < 6 • 



6 KEY TO [Ex. IV. 

15. Each = 0 '.' m" one factor of each, is equal 0 

16. VI x 4 x 27 - 4 (2 + 4) 3 == V108 - 4 x 6 x 3 = V36 :;. 6' 

\/(2+3)x(16+9)=={/5 x 25 == {/m:: 5, and 6:> 5 

lx4x27-2x4 10S-S 100 
17. 1 + 2 + 3 + 4 == -1-0 - == -1-0 == 10, and 2 x (2 + 3) + 0 

:= 2 x 5 = 10 

Ix9+0-(4-3)2 9-1~ 8 8 

18., {/z (16 + \J) + 2 (3 + 4) = {/2 x 25 + 2 x 7 = {/64 ="4 = 2 j 

and {4 x 3 - (4 + 3 + 2 + I)} = 12 - 10 == 2 

19. (2-2)(3+8-3)+{2+(l2-6)}-4(6-6)-{IS-(9+l)} 

+ [8 - (3 + 4) x I} 2 j = 0 x S +(3+6)-4 xO-(IS-IO)+(S-'7)x 2 j 

=0+S-0-8+1x2==lx2==2 

20. (9 - I) (4 - 0) + 0 + 3 {I + 3 (4 - 3)} = 8 x 4 + 0 + 3 (1 + 3) 

= 32 + 3 x 4 = 32 + 12 = 44. 

21. [(1-2)+(3+4)}2+{(3+0)-(2-1)}3-{(0+4)+(4- 3W 
= ( _ 1 + 7? -I- (3 - 1)3 - (4 + 1)2 j == 62 + 23 - 52"== 36 + 8 -- 25:. 19 

22. V(I +3) x 4+{/9 x (1 + 2) +{2 (4+ 6)2+ (2S -12)}! - (24+ 1){ , 
___ '_ I ~ _ _ _ 

';! -/4 x 4 + {/9 x 3 + (2 x 103 + 16):1 - (25)2 = -/16 + {/:!.7 + {/216 

- (-/25)3 = 4 + 3 + 6 - 53 == 13 - 125 = - 112 
1 

'7x-/0+3-/4-(S+I2) 36-2S+{64x(1+3)}' --
23. ~X6+0t +{(2_1)+1}{4_(2+0)}-{/24-16 

0+6-20 36-28+-/256 - 14 24 
=: 2 + 0 + -2x-2-- -{/S=-z + '4- 2 ==-7+6-~ ==- 3 

24. !(2(1 + 2)} - ! {6(3 + I)} + t {(3 - 2)(2 + 3)} + ~ f(4 + 3) 

0+ 6 - 6 + 4)2} = H2 x 3) -! (6 x 4) + t (I x 5) + } (7 x 25) 

0= 2 - 6 + 1 + 25 == 22 

3(1 + 2_3)3+ 11{(3+6)(2-2+2)} {(1+ 12)2-(27 +10)-(3+4)}~ 
? 5 + '-'----'---"--==-.:......:'---..:..:2... 
~. {(9+2)-v4}(4+3+4-0) 0+v36-1 

(4+1Z-8).(4+3) 3x03+11(9x2) (169-37-'7)~ 8x7 
+ 7 (4 + 4) = (11- 2)(11 - 0) + --6---1 - + 7X8 

11 x IS ({I125)2 56 52 
:: -9 x 1 t +--q -, + !S6 =: 2 + 5" + 1 == 2 + 5 + 1 :;. 8 

'l<' 
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EXERCISE IX. 

1. a + 1n - C + 6 + 5 - 7n - a - e + c + 3 - 5c - 7n = 14 - m - 5c - e 

2. a - b - c - b + c + a - c + b + a - a - b - c = 2a - 2.') - 2 

3. 3u - 4 - 6y + :r. - 5a + 4 + 6y - 3a + 4 - 6 = x - 5a - 2 

4. 6 + (- {- (- {- (m) })} ) = 6 - {- (- {- (m) I ) } 
" 6 + ( - { - (Ill) } ; = 6 - { - (m) J = 6 + (m) = 6 + m 

5. 2a- 3c+ 4d- 5d t (m+ 3a) + 5a-( -4 - d) - 3a+ (4,l- 5L - 4) 

'" 211 - 3c + 4d - 5d + m + 3a + 5a + 4 + d - 3a + 4a - 5ti - 4 

= Ua - 3c - 5d + m 

6. m2 
- c2 + a2 + 11/2 - 2all + 2a2 - rn2 _ 51n2 + c2 + a~ - c2 + 3m~ 

• = 2a2 _ m2 _ c2 

7. 1 + 1 - 1 + 1 + 1 - 1 = 2 

S. a2 + 2x - a2 + a2 + 2x2 _ 2m2 + m2 +a2 + 2x+m2 +3a2 +3x + 3m2 

= 5a2 + 7x + 2X2 + 3m2• 

9. a2bc + 3c2 + 3a2bc - m - c + 4a2be + e - 3c2 - m = Sa2bc - 2 m 

10. 3a - 2a - 1 + a - 2 + a + 1 - a - 2a + 2 + a + 1 = a + 1 

] 1. - a - b - c + a - c - e + a + 2a - 3b - 2e ... 3b - a - b - c - a 

= a - Sb - 6e· 

12. am -e-7 + 5 -7am+c+ 3a+ 5am-4.<lm - 6+ c - 9-3c-4a 

= - a - 5a7n - 2e - 17. 

EXERCISE XII. 

1. 3am - 3x + 31j + 5ax + 15ay + 2a?n - 2111Y + 4ax + 4x . 

= 5am + x t 3y +9ax+ 15ay- 2my = 5a7n+x+9ax+3y+ 15ay-2my 

= 5am + (1 + 9a)x + (3 + ] 5a - 2m)y 

2. am - mx +my + 3mx + 3ax + 4n - 4y + 3ay + 3xy = mn + 2mx 

+ m.y + 3ax + 4a - 4y + 3ay + 3xu = 4a + am + 2mx + 3ax + 3xy 

- 4lJ + my + 3ay = (4 + m) a + (2m + 3a) x + (3x - 4 + m + 3a) y 

3. 7a + 7b - 7e'- 5b - 5x + 5be - 3m + 3a + 3e 

= lOa + 2b - 4c - 5x - 5be ~ 3m = lOa - 5x - 5be + 2b - 4e - 3m 

= 5 (2a - x - be) + 2 <f - 2e) - 3m 



8 KEY TO [Ex. XII, xvm. 

4. ax + mx - 3amxy - 3exy + 2ay2- 2eml/2+ ax + ay2 + exy + axy 

_ by2 - f y2 

== 2ax + mx - 3amxy - 2exy + 3ay2 - 2cmy~ + ary - by2 - f y2 

== 2(Jx + mx - 3,z?nxy - 2exy + axy + 3ay2 - 2emy2 - by2 - f y2 

== (21t + m) x - (3am + 2c - a) xy + (3a - 2em - b - f) y2 

5. 3ay - 3by + 3ey - 2mx + ex - 3amx - 3amy + 3amz - (3amx ' 

+ 30my + 3amz + 2ex + 2ez + aey - aez) == 3ay + 3by + 3ey - 2mx 

+ ex - 3al/lx - 3am,y + 3amz - 3amx - 3arny - 3amz - 2cx - ,2ez 

- aey + acz 

== 3ay - 3by + 3cy - 2mx + ex - 6amx - 6amy - 2cz - aey + aez 

== 3ay - 3by + 3cy - 6amy - acy - 2mx + ex - 6amx - 2ez + aez 

== (3a - Bb + 3e - 6am - ae) y - (2m - e + 6am) x - (2 - a) ez 

6. 11amy + Ilbmy - 3axy + 3bxy -3exy - (2acp + 2acxy - 3em 

+ 6cxy - 3cy2 - 3ay,- 3ac) 

= llamy + llbmy - 3axy + 3bry - 3exy - 2acp - 2aexy + 3em 

- Gcxy + 3cy2 + 3ay + 3ae 

== llamy + llbmy + 3cy2 + 3ay' - 3axy + 3bxy - 2acxy - gexy 

- 2acp + 3cm + 3ac 

== {ll (a + b)m + 3 (cy + a)} y - {3(a - b) + (2a + 9)r} xy 

+ 3 (m + a) c - 2acp 

EXERCISE XVIII. 

1. {(a - b) + cH(a - b) - c} = (a - b)2 - e2 = &c. 
, fa - (b - e)lflL + (b - c)} = a2 

- (b - e)2 = &c. 

:a + (b + c)}{a - (b + c)} = a2 - (b + C)2 = &c. 

2. {4 +- (3a - 2e)}{4 - (3a - 2e)} = 16 - (3a - 2C)2 = &c. 
12a - (x - 3m2)}{21l + (x - 3m2)} = 4a2 - (x - 3m2)2 = &c. 

[2:1:Y + (21L - 3Y)}[2xy - (2a - 3y)} = 4x2y2 _ (2a _ 3y)2 = &c. 

3. {(2a - 3e) + (2x - 3y)} {(2a - 3c) - (2x - 3y)} = (2a _ 3c)' 

- (2x - 3y)2 = &c. 

I (It + 3d)+ (2c + 4m)}{Ca + 3d) - (2c t 4m)} = (a' + 3d)2_ (2c + 4mY 
- ~y, 
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4. {(3a - m2) - (2 - XV)} {(3a - m2) + (2 - xy)l = (3a - m2)~ 
- (2 - xy)Z = &c. 

{(2a2 - 3x2) + (1 + yZ)H (2a2 _ 3x2 ) _ (1 + yZ)} : (2a2 _ 3X2)2 

- (1 + y2?: &c. 

5. (5ab + 6az - 6b2) - (4aZ - IGab + 16bZ) - 4(9 _ a2) - 4( 4a2 

- 4ab + b2
) ::: 5ab + Ga~ - 6b2 - 4az + 16ao - 16bz - 36 + 4a2 - l.)a~ 

+ 16ab - 4b2 = &c. 

6. (24axy-16aZ - 9X2y2) + 3 (4a2 + 4axy + xZy2) _ 7(X"y2- 9,12) 

+ 4(4a2 - 12axy + 9x~yZ) : 24axy _ 16az - 9X2y2+ 12!L2 + 12axy 

+ 3X2y2 - 7X2.y2 + 63a2 + 16a2 - 48axy + 36xZy2 = &c. 

7. (1 - xa)(l + x2)(1 + x 4) + &c. to 7 terms: (1 - x4)(1 + x4) 

(1 + x 8
) + &c. to 6 terms = (1- x 8 )(1 + x 8 )(1 + x IG ) + &c. to 5 

terms: (1 - X I6 )(1 + x 16 )(1 + x3'J) + &c. to 4 terms- _ (1 - X32) 

(1 + xSZ)(1 + X 64 ) : (1 _ x'i4)(1 + x 64 ) ::; 1 _ x I28 

8. Product of first two terms: a2 - x2y2; of first three terms 

= a4 _ x4y4; of first four terms = as - XSys, aud so on. 

Now the ir:de.x: of each term in the product of the first two 

factors = 2 = 21 '" 22.-1 

Index of each term in the product of the first three factors 

= 4 = 22 = 23 - 1 

Index of each term in the product of the first four faotors 

" R = 23 = 24 -1, and so on 

Therefore the index of each term m the product of n such 

factors::;: 2" -1 .'. (a - xy)(a + xy)(a2 + xZ!J'l.) •••• to n terlll~ 

2" - 1 2" - 1 = a - (xy) 

EXEROISE XIX. 

4. (as + 'bB) (as - bS) = &c. 

5. '(a8)8 - (xa?': (as _ x8)(a6 + ~S~3 t x6 ) : .te. 
7. (a2+m~x2)(aZ_mz!f;Z) = &0. 



10 KEY TO [Ex. XIX. 

8. (2a)5 + x 5 = (2a + x){(2a)4 - (2a)8x + (2a)2x~ - 2axB + X4] 

= &c. 

9. 34- (2e)4 = {32 + (2e)2}{32 - (2e)2} = (9 + 4e2)(3 + 2c)(3 - 20) 

10. (3m)5 - (2c)G = (3m- 2c){(3m)4 + (3m)3(2c) + (3m)~(2r)~ 
+ (3m)(2c)3+ (2C)4} == &c. 

11. (a 7? + (X 7)3.::. (a7 + x 7)(al4 - a7I7 + xl4) = &c. 

12. (a4l + (m4)" == (a4+ m4)(a 16 _ n12m4 + a S m8 _ a4/n1Z+ ml6 ) 

13. (C S)3 + (X~)B = &c. 

14. (XIO)~+ (mIO)3= (xlO+mIO) (x20_xIOmIO +m20) = &c 

15. (It24 + c24)(a12 + C12) (a6 + c6 )(aS -I- c3)(a3 _ e3) 

:.:.{(as)B + (c S)3H(a4)B + (e4)3}[ca2l + (e 2)3}(aB + c3)(a3 _ cB) '" &c. 

16. (I£B~l + (ma2i = &c. 

1'7. (a 64 + c54 )(a27 + e27 )(a27 _ C27 ) = {(a 1B )3 + (cls)a} 

{(1£9)3 + (C9)a}f(1£9)3 _ (c9)S} = (a l B + el B)(a36 _ al BCI S + e36) 

(a g + e9) (alB _ age9 + eIS) (a 9 _ e9) (a18 + age9 + el B) 

= {(a 6)3+ (e6)BH(aB)~ + (eB)3H(a3)3 _ (eB)S}(ao6 _ aiSe lS + e36) 

(a l S _ age9 + eIS )(a18 + age9 + eI8) = (1£6 + e6)(a12 _ aticS + e12) 

(1£3 + e3)(a6 - a3eS + e6)(aS _ e3)(a6 + a3e3 + e6)(aB6 _ aiSe iS 

+ e36 )(aI8 _ a ge9 + e1S)(aIS + age9 + eIB.) = {(a2)S + (C2)3} 

(as + e3).(aS - e3) (a 36 - a1se is + ellS) (a LS _ age9 + e1S) 

(1£18 + (l.g e9 + elB )(a12 _ aGe6 + e12)(a6 _ aSeS + eS)(a6 + aSeS 

+ eti ) = &c. 

18. (m 48 )S + (e48 )S = (m4S + e4B ) (m 96 _ m4Sc48 + e9G ) 

= {(11l 16 )S + (e I6 )S}(m96 _ m48 c48 + egG) = &c. 

19. (a2)7 + (m2)7 = &c. 

20. (a 27 m27)3_ (p27)3;:: (a Z7 m27 _ p'V)(aHm54 + a27 m27p27 

+ pO 4) = {(a9m9)3_ (p9)3}(aHmH + aU m2 7p2 7+p6 4) = (agm g _p9) 

(a l8
mIa + a9m9p 9 + pI8)(a54m54 + a27m27p21' + pH) = {(a3m3)3 

_(pS?}Ca I8m18 +a9m 9p 9 +p18)(a54m5 4 +a27 m27pH +P" 4) = &c. 



Ex. xx.] ALGEBRA. 11 

EXEROISE XX. 

1.a-x+~-a-a+a+a-x+a-x-a=a-2v 

2. 3(aZ_ x2) - 2(a2- 4ax + 4x~) - (12ax _ 9az_ 4X2) _ 4(9x2- a2) 

" 3u2 
- 3xz - 2a2 + 8ax - Sx2 - 12ax + 9az + 4xz - 36x2 + 4az 

= 14az - 43xz - 4ax 

(4) (5) 

am+xP +q a + x) a"- x" (a" -I_a" -2 x + a"- 3 x2 _ &c. 

ac_xm-p a'n+a'n-lx 
ac +1l1.+ acxp + q _an-1x_x'R. 

aC + m + aC xP + q _ a'" xm - p _ xm + q 

(7) 

1 - 1) 1 (1 + 1 + 1 + 1, &c. 

1 - 1 

+ 1 

1 - 1 
1 

1- 1 

1, &c. 

8. (a9 + x 9) (aY _x9) = {(a3)B+ (Xa)3J {(a8)5 _ (X3)8J = (a3+ x8) 

«(~3 _ x3)(a6 _ as x3 + x6)(a6 + a8 x3 + x 6) = &c. 

9. x21n2 (a4 x 2 _ 4a2 xp + 4pZ) = mZ XZ (a2 x _ 2p)z. 

~4(6+3) - {,,(~2{_3_+_4}=-=I~)=Z+==6}=-=f~12~(~S_+_4~)_+~1} 10. +{/O - -
12-0 . 0+.y4(12+1)-3-(2+3+1) 

.y36 {(14 - 1)Z + 6} - (84 + 1) _ 6 (169 + 6) - 85 

= 12 - ~52 - 3 - 6 - 12 - .y49 - 6 
~ . 

1 175-85 .1 
. =2-~ =2- 90 =-89! 

(11) 

~+.2+3+2+1 

1 _ 2 + 1 

1+2+3+2+1 
-2-4-6-4-2 

.. 
1+2+3+4. 

1-2-3 
1+2+3+4 

-2-4-6-8 
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1+2+3+2+1 
1+0+0-2+0+0+1 

- 3.- 6 - 9 - 12 

1 + 0 - 4 - 8 - 17- 12 

= a5 _ 4aBb2 _ 8a2b3 - 17ab4 - 12b 5 

(12) 

X4 + Ox8 - (a2 _ b + e) x 2 + (ab + ae) x - be .;. x 2 + ax - e T + 0 - (a' - b + ,) + (ab + "') - b, 
- a - a + a2 

- ab 

+ e + c - ae + be 
1-a.+b = x 2 - ax + b. 

13. (a 61 _ m 6 4) ::: (a82 + '1n82) (a82 _ m82) = (a82 + m~2)(a16 + m 16\ 

(a 16 _ m l6 ) = &c. 

14. (a2+ e2) x 4th factor = a2Z + e2't j (a - c) x 51b factor = (Lll_ ell 

and (a + c) x last factor = all + ell, Hence required va.lue 

= (all _ ell)(all + ell) (a22 + e22) = (a 22 _ e22)(a2't + e22) = a44 _ e44 

15, a + b = 0 and a· = ~ .'. b = - ! j a + b + e = 0, and a + b = 0 

.'. e = 0 j Hi - (- DH = i Ii - ( - i)} = i (i + i) = i x ~ = ~ 
16. as - b8 

- 3a2b + 3ab2 + 3a2b + 3ab~ + aa + ba ..::. 2uB + 6ab t 

= 2a (a2 + 3b2
) 

17, 3 (11 - m)2 - 2 (4112 - 9m.2) - (lOlnZ + 6am) + 7 (aZ _ m2) 

+ (lOam - 4m2) =. 3a2 
- 6am + 3m2 

- 8aZ + 18m2 
- 10m1 T" 6am 

+ 7a2 - 7m2 + lOam - 41n2 = 2a2 - 2am -= 2a (a - m) 

18, = mf(m - 2a)(m - 2b) + (m - 2b)(m - 2e) + (111 - 2~)(m - 2a)} 

= In!(b - a + e)(a- b + c) + (a-b +e)(a+b - c) + (a+b- e)(b -ate)} 
= m{c2 _ (b - a)2 + a2 _ (b _ e)2 + 6z _ (II _ e)2} 

= m(e2 _ 62 + 2ab - a2 + a2 
- b2 + 2be - e2 + b2 " a2 + 2ac _ e2) 

= 111(211b + 2ac + 2bc - a2 _ 6z _ c2) 

= m(2rlh + 2ae + 2bc - a2 
- b2 

- e2 
- 4ab + 4ab) 

= m(2lte - 2ab + 2be - nZ - 62 - e2 + 4ab) 

= mf(c - a:- b)(a + b- c) + 4ab} = m{(e - a-b)(I1+ b + c - 2c) + 4ab} 

= m{(c- a- b)(m - 2e) + 4ab} = m{m(c - a- b) - 2e(c - a - b) + 4ab} 

;= ~abe + m2(e - a - b) + 4abm - Zem(e - "- b) - 8C\bc 
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=8abe + m2(m - 2a - 2b) + 4abm - 2c71l{m - 2a - 2b) - Babe 

= 8abe + m(tnZ- 2am - 2bm + 4ab) - 2e(m2 - 2am - 2bm + 4ab) 

= 8abe + (m - 2c)(m2 - 2am - 2b711 + 4ab) 

= Babe + (m - 2e)(m - 2b)(1l~ - 2a) 

EXERCISE XXI. 

1. 3b x 6ab2m, and 4am2 x 6ab2m. 

2. 3a2m2 x 7a2, 3aZm.2 x 6am, and 3a2m2 X 5m2• 

3. axy(Sax + 17m - 3am2x), and xy(5 + 3a - 14a2x). 

4. (X2 - mx2) + (2x - 2mx), and (X2 + 4x + 4) + (ax + Za); 

that is of x 2(1 - m) + 2x( 1 - m) j and (x + 2)2+ a(x + 2) j that is 

of (X2 + 2x) (1 - m), and (x + 2)(x + 2 + a); that is of x(x + 2) 

(1 - m), Ilnd (x + 2)(x + 2 + a). 

5. Tba~ is of 3a2(a - x)(a + x), and 4a2x 2(a - x?; 

6. That is of 3m3(a3 _m3)(a+m)j 4mB(a2 _ m2)2, and 4m2(a2 _ m2) 

(a - m) j that is of 3m3 (a2 _ m2)(a2 + am + 711 2); 4m3 (a2 _ m2)2j 

and 4m2 (a2 
- m2

) (a - m) 

7. Th!lot is of (x - 7)(x + 3); (x - 7)(x - 5), and (x - 7)(x + 12) 

8. That is of a2(x - 1)2, and a2(x - 1)(x - 2) 

9. Thatisof(x+4)(x-l)j (x-l)Z,and(x-l)(x+l) 

EXERCISE XXII. 
(1) (2) 

:£2_ X ~ 6)X2-5x -14(1 2x3-12x2+.21x -10)x4-- 8x3+ 21x2 ... 20x + 4 
~-x-6 2 

-4x-8 

-4(x+2) 

x +·2)x2 
- X - 6(x - 3 

x 2 + 2x 
"';3x-6 
-3x-6 

~~~'-~~~7-~~~ 
2X4 - 16xB + 42x2 - 40x + S(x - Z 
2x4- - 12x3 + 21x2 - lOx 

- 4x3 + 21x2 - 30x + 8 
4x3 + 24x2 - 42x + 2·0 

- 3x2 + 12x-12 
_3(xZ_ 4x+4) 
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/ 

;r - 4x + 4)2x3 - 12x2 + 21x ...; 10(2x - 4 
2xs - 8x~ + 8x 

- 4x2 + 13x - 10 
- 4x2 +-16x - 16 

..: 3x + 6 
- 3ex - 2) 

.z- 2)X2- 4x + 4(x - 2 
. x 2 - 2x 

-2x+4 
- 2x + 4 

3. (aZ - ax) - (7a - 7x), and (as - aZx) - (3a - ax) 
a(a - x) - 7(a - x), and a2(a - x) - 3(a -x) 
(a - 'T)(a - x), and (c. z - 3)(a - x) 

4. X(X2 + X - 12), and X2(X + 4) + 5(x + 4) 
x(x + 4)(x - 3), and' (X2 + 5)(x + 4) •. 

5. a2 - ab - 2b~)a~ - 3ab + 2b2(1 
all _ ab _ 2b2 

- 2ab + 4b~ 
-2b(a-2b) 

a - 2b)a~ - ab - 2b2 (a + b 
a2 - 2ab 

ab - 2b2 

ab - 2b2 

6. a7.....: 5ab + 4b2)aS - a2b + 3abz - 3bB( a + 4b 
as _ 5a2b + 4abz 

... 

4a2b - ab2 _ 3bs . 

4azb - 20abz + ISb8 
i 19ab2 - 19b8 

1?b2(a - b) 

a'" b)a2 
- 5ab + 4b2(a - 4b 

al - ah 
- 4ab + 4bll 

-<fab + 4bJ 



.AWEBRA. 

7. Rejeq.ting the factor 2 from the first quantity (4X2 _ 28 

15x4 - 9x3+ 4 7x2_ 21x + 28)60x 6- 36x 5+ 48x4 -45x3+ 42x2- 45x + '12 

60x 6 - 36x5 + 188:i;4 - 84x8 + 112x2 

- 140x4 + 39x3 - 70 x" - 45x + 12 

3 

-.420x4 + 117x3 - 210x' - 135x + 36 

- 420x4 + 252x8 - 1316x2 + 588x - 784 

- 135x8 + 1106:1.2 - 723x + 8~O 
135r-l106x2+ 723x-820)15x4 - 9x3 + 47x2 - 211: + 28(x + 205 

9 

135x4. - 81x3 + 423x2 - 189x + 252 

135x4 - 1106x8 + 723x2 - 82()x 

1025x3 - 300x" + 631x + 252 

27 
27675x3 - 8100a;" + 17037x + 6804 

27675x3 - 226730x2 + 148215x - 168100 

218630x~ - 131178x + 1749U4 

43726(5x2 - 3x + 4) 

5xl'- Sx + 4)135x8 - 1l06x2 + 723x - 820(27x - 205 

135x8 - 81x2 + 108x 

- 1025x" + 615x - 820 

- 1025x2 + 615x - 820 

8. That is of 2b(3a8 - 3a2y - yB + ay2), and 3b( 4a2 + y2 - !5ay) 

That is of 2b{(3a8 - 3a2y) + (ay2_ if)}, and 3bf(4a2- 4ay) - (ay _ y2) 

2b{3a2(a - y) + y2(a - y)}, and 3b{4a(a - y) - yea - y)} 

2b(a - y)(3a2 + y2), and 3b(a - y)(4a - y) ; 

Otherwise, 
4a2 _ 5ay + y2) 3as _ 3a2y + ay2 _ y8 

4 . 

12a8 - 12a2y + 4ay2 - 4y8 (3a + 3y 

12as - 15a2y + 3ay2 

3a2y + ay~ - 4ys • 4 
12a"y + 4uy2 - 16il 
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12a2y - l5av2 + 3yB , 
19ay~ - 19y3 

19yZ (a - y) 

a _ y) 4az - 5ay + y2 (4a - y 

4a2 - 4ay 

+ 
2'" G. C. lIf. = b (a - y) 

-ay y 
_ ay + y2 

9 .. aZ + 12a - 28) as + 9az + 27a ~ 98 (a - 3 

as + 12a2 - 28a 
- 3a2 + 55a - 98 

- 3a2 
- 3Sa + S4 

91a ~ 182 

91 (a - 2) 

cr - 2) a2 + l2a - 28(a + 14 
a2 _ 2a 
----

14a - 28 

14a - 28 

10. Sbz (as ~ 3a2b + 3ab"- - bS), and 12a2 (a2 
- 2ab + b2

) 

'that is of Sb2 (a - b)3, and 12a2 (a - b)Z 

11. Rejecting the factor 2 from the first quantity and mul

tiplying the second by 3 (a + Z 
3u!i+ 10a4-6as- 24a2+ lla+6)3a6+ l2a5-9a4-48u3+ 33a2 +3t3a- 27 

Sa6 + 10aG - 6a4 - 24as + lla2 + 6a 

2a6 - 3a4 
- 24aB + 22a2 + 30a - 27 

3 

6a5 - 9a4 - 72ao + 66a2 + 90a - S1 
6aG + 2(1a4 -12as - 4Sa2 + 22a + 12 
-----=-29£14 - 60as + 114a2 + 68a - 93 

29a4+ 60aB-114a2-68a+ 93)3a5+ 10a4
- 6as - 24a2 + lla + 6(3a + 110 

29 
87a6 + 290a4 - l74aa - 696a2 + 319a + 174 

S7a~ + lSOa' - :J42as - 204a2 + 279a 
llOa4 + IG8as - 492a2 + 40a + 174 x 29 :::: 
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3190a4 + 4872a8 
- 1426Sa2 + lI60a + 50413 

3190a4 + 6600a3 - 1254011.z - 7480([ + 10230 
-----=--1iZ!;aa - 172Sa" + 8640u - 5184 

- 1728 (as + 112 - 5a + 3) 

as + a~ - 5a + 3) 29a4 + 60as - 114a2 
- 68a + 93 (29a + 31 

29a4 + 29as - I45az + 87a 

3las + 31az - I55a + 93 

31as + 3Inz - 155a + 93 

12. Rejecting the factor 2 from the Drst, and 3c from the sec::md 

- a"b - Sabz + 6bS
) a4 - 3a8b - 8a2bz + IBaba - Bb4 (a - 2b 

a4 - aSb - 8a2bz + 6aba 

- 2a3b + 12ab8 - 8b4 

- 2a3b + 2aZb" + 16abs - 12b4 

- 2aN)2 - 4abs + 4b4 

- 2b" (aZ + 2ab - 2b2) 

a2 + 2ab _ 2b2) as - (l2b - Sab" + GbB ea - 3b 

as + 2a"b - 2abz 

- 3a2b - 6ab" + 6bs 

, #a2b -_6ab2 + 6b8 

EXERCISE XXIII. 

2. 4 x 3 x a2x 2y2z2 = 12a2xZy2zZ 

3. ex - y)Z (X2 _ y)2 = {(x..,. y)ex2 - y)}2 = (xB _ x2y _ xy + y2)'J 

4. (X2 + xy + y2) (X4 _ y4) = x 6 + ;x:5 y + x4y2 _ x2y4 - xV" _ y6 

5. x2(1 - x)Z j (x - l)(x + I), and 4.x(1 + x) that is x2(1 -.:r?; 

(1 - .:r)(1 + x), and 4x(1 + x) =: 4x2(1 - X)2 (I + x) = 4:c 5 - 4x4 

• 
B 



Ib KEY TO [Ex. XXII, XXIV". 

6. a6 _ b6 contn.ius a3 - b~, and a3 + bS as factors; .'. l. c. m 

::: 36 (a _ b) (a" ~ bG) = 36 (a,1 ~ aGb - ab6 + b7
) ::; 36a

7 ~ 36a
6
6 

- 36ab 6 + 36'11 7 

7. 3; (x - 3); (x - 3) (x ~ 7); and x (x ~ 7) 

.'. l: c. m. = x (X2 - lOx + 21) = x 3 ~ 10x2 + 21J: 

8, (a8 - x8), and (a~ - ax) - (a - x) 

a3 _ XB, and a (a - x) ...:. (a -:r.) 

a"_x3, and (a-x) (a-I) 

.', t, c. m = (as - x 3) (a - 1) = a4 
- as - QX

s + afI 

9 G. C,14.. of two given quantities is a2 
- 7a + 12 

as _ 9a2 + 2Ga - 24 
a2 _ 7.t + 12 -: a - 2 

(us _ 8a2 + 19a - 12) (a - 2) = a4 - lOlLS + 35a2 
- 501L + 24 

10. 3ea - b)(a2 + ab + b2
) j 4 (a - b)S; 5(a - b)(a + 6)(a2 + 62) 

6(a - 6)2, and {(a - b)(a + b)}3 

Or of 3(a - b)(a2 + nb + b2
); 4(a - b)8; 5(a - b)(a+ b)(a2 + b2

) j 

G(a - b)2, and (a t b)3(a - b)3 

.', l, c. m. '" 3 x 4 x 1) (a - b)3 (a + b)3 (a2 + ab + b2
) (a2 + b2

) 

= 60(a 1 0 + aPb _ a 8 b2 - 2a7 b8 - 2a6 b4 + 2a4b~ + 2a8b 7 + a2b8 _ ab 9 

_ bID) 

EXERCISE XXIV. 

a(a - b) 
1. a(x + y) 

c(l + a) 
3. n0+ a) 

abc2 

5, b(n + c) 

. 7a;2y2(3 - 5x) 
7 ------, 14x3y2 

, (a 4' b)(a2 ~ ab + b~) 
9, ---rrz+-b)(a-=-fJ) 

m(2a + mx - m2) 
2. m(3a2 + m) 

a2b(1 + b + m) 
4. x(l+b+mj 

ax2yB 
6. 2 ~ 

x( a xm + ay + X Zy2Z8) 

a-m 

8. (a-m)(a+m) 

(a-b)(a-b) 
10. (a _ b)(.a2 ~ ab + b2) I 



Ex. XXIII, XXIV.] 

(a + b)(aZ 
- ab + b2) 

11. «(t =-6)(112 + ab + b2) 

(a2 _ m2) (.1 2 + m2) 
13 ------. a3(a2 _ In") 

(x - 7) (x - 4) 
15. (x-7)(x+3) 

X2(X + 2y + 3!P) 
17 ----

. X"(2X2 ... 3xy - 5y2) 

ALGEBRA. 

(a,a _ m 2)(a4 + aZma + mi) 
12. ·az _1fI,a 

7(x2 -3x+5) 
14. 11(x2 _ 3x + 5)' 

(2x + 3)(2x + 3). 
IG. 

(2.1:+3)( x-4) 

(a2 
- ab + b2)(a - b) 

18. (a2-ab+b~)(a2+ab+b2)' 
(a2 _ m") (a2 + m2 ) (a2 _ m2)(a" + m 2) 

19. ~(a _ m) _ m"(a _ m) == (a2 - m2)(a - m )' 

(ae + be) + (ad + bd) e(a, + b) + d(a + b) 

20·.(am+bm)+(2ap+2bp) = 1n(a+b)+Zp(a+b) 

(c + d)(a + b) (x + a)(x + b) 

= (Ill. + 2p)(a + b) 21. (x + e)(x + b) 

19 

(x _1)(2x2+ 3x - 5) 
22. (x -l)('ix - 5) 

(a + m)(a2 + 2al1t + 11/2 - x2) 

23. {x" _ (a _ m/H(a + m)Z _ x 2) 

(aZ + 2am. + m 2 _ x 2) (X2 - a2 + 2am _ m") 

(a4+x4) (a B _a4x4 +x8) 
. 24. -"-(a-=-4-+-x-=-4):-':-(a-=-j-'-S _ aBx4 + a8x8 _ n4x I ~ + x16) 

EXERCISE XXV. 

a3 + aZ + a - aZ - a-I + 2 as + 1 
2t a-I - -a---l-

3ax + 9a - yx - 3y - (3aZ
_ 30) 3ax + 9a - xy - 3y - 3nz+ 30 

3. x + 3 = x + 3 

3ax - 3ay + xy - y2 - 2a - xy 
4. ----~--~~-----~ 

.x -y. 

3ax - 3ay - 2a _ y2 

x-V 
3a2x + ;lax" - ay2 - xy2 + am + mx - 3ax2 _ x'!Iz 5. - - .. -

a+x . 

3a2x - ayZ - 2xyZ + am + mx 
:: . -- ... 

a+,x 
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xyz + 2mxy + mz2 + 2m2z + xyz - Z21/L - 2m2z 2xyz + 2mxy 
6. z + 2m = -z-+-Zm-

2xy(z T m) (a+b)3-(a-b)8 
7. a + b z+ 2m 

IL3+ 3a"6 + 3(/,62+ bo- (u3_ 3u·b +3ab2 - b.) 6a2b + 2bB 2b(3a2+b2) 

a. + b ::: -a+v = a + b 

a2 +m2_a2 +m2 2m2 a2+x2 _a2 +2ax_x3 2ax 
8 ----- -- -----. a2 + mZ - a2+m~ 9. 

EXERCISE XXVl. 

2X2 
2. a - x) a2 + x" (a + x +--

a2 _ a.x a- .. 

---ax +x2 

ax -x2 

2x" 

a3 +,1;3. :::; "2+ .. 3 

y8 + y4 
:iI. x+y) x 2 + 2xy +y2 + x 8 _y4 (.1: + Y+Z3_ rey +y2 __ -

.. +y 
x 2 + xy 

xy+ y2 

xy+y~ 
x3 _ y4 

x3 + x2y 
_x2y_y4 

_ x2y _ xy2 

--xy2_ y4 

xy2 + y8 
_ yB _ y4 

3 
4. m - p) 5m3 

- 5pB + 3 (5m 2 + 511lp + 5p2 +-
m-p 

5m3 _ 5m2p 

5m"p - 5pa + 3 

5m2p - 5mp2 

5mp2- 5p8+ 3 

~111p2 - 5pa 

3 
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a-I 1 
5. ab - b) a2b - ab - a + 1 (a- b-( 1) = a--b a2b _ ab a-

-a+1 
b(4a + 1) 

6. m + b) m + ab + 5am (1 + 5a - ... b 
m+b m 

oarn+ab - b 
Dam + 5ab 

-4ab-0 

EXERCISE XXVII. 

2(x+y)3x 2(4x+y) (x-y)(2x-3y). 
6: 2(X2_y2) i 2(X2_y't)i 2(X2_y2) t&c. 

a 4.1: X2+ 1 3x + 2 3a(x2 - 1) 4X(X2 -1) 
8. T' 3' X2 -1' and --3 -, = 3(x~ - 1)' 3(x2 - 1)' 

3(x2 + 1) (3x + 2) (X2 - 1) 
3(X2 _ 1)' and 3(x~ - 1) . 

6a2(a-b) 2a a-b 
9. 6al(a2_b2)1 6a3(a2 _b2)' and 6a8(a2 _lfI) 

-
EXERCISE XXVIII. 

4am + 3m - 2bc y(x + 3) x + 2 (a - b) 
1. --2b--:;;;:-- 2. y2(X + 3) 

(n. - b)2 _ (n. + b)2 - 4ab 4ab 
3. aZ _ b2 = a2 _ h2' = 62 _ a'" 

315x - 18x + 35x + 63x2 

4. 63 



KEY TO tEx. xxnIL 

m (m - p) - p (m + p) _ m2 
- mp - mp - p2 &c. 

7. (m+p)(m-p) - (m+p)(ln-p) , 

3(2a-l)-4(1-5a)-7(2a+l) __ ~~ 14-12a 
B. 4u2 _ 1 - 4a2 - 1 = 1 - 4a~ 

9. Multiplying both num. and den. of 1st fracto by - 1 in 

order to change the signs of the den. we get 

x(x - 16) + (x + 2)(2x + 3) - (2 - 3x)(2 - x) 

4"- x 2 

x2-16x + (2X2+ 7x + 6) - (4 - 8~ + 3x2) 
;::: 4 _ x2 = &c. 

x+y x+y x+y x-y x+y x-y x+y-x+y 
10. -a- + 'b- - a + -b - = --b-- - -b- = b =: &c. 

(m + p)(m - p) + (p + x)(p - x) + (m + x) (x - m) 
11. (p _ x)(X _ m)(m, _ p) 

(m2 _ p2) + (p2 _ x 2) + (X2 _ '1112) 0 

:::: (p - x)(x - m)(lIl. - p) = (p - x)(x _ 1n)(m _ p) = o. 

(a - b)(b + c) + (b - c)(a + b) 2ab - 2ac 12 -. -_._-, 
. (a+b)(b+c) ab+ bc+ac+bc-bc+b2 

2ab - 2bc - 2ab + 2ac 
::: ab + ac + be + b2 ;::: &c. 

1 + x - (1 - x) 3(1 + 2x) - 3(1 - 2x) 2x 12x 
[3. --1-~ + 1- 4x2 '" 1-.:1..2 + 1- 4x2 

2x - Bx3 + 12x -12x3 14x- 20x3 

(1 - x2)(1 - 4X2) ;::: 1- 5x2 :" 4x4 

, 14. Multiplying both terms of each of the last two frac. by 

- 1 we get 

~ m m 
a(a-b)(a-c) - b(a-b)(b-c) - c(a-c) (c-b) 

_ bem (b - c)(c - b) - acm (a - c)(c - b) - abm (b - c)(a - b) 
- abc (a - b)(a - c)(b - c)(c - b) 

_ m(2b2c2 -b3c_ bcS _a2c2 + 2a2bc+acs-abc2_a2b2+ ab3 -ab2c) m 
- <lbc(2b~c~-b3c-bc~-a2c2+2a2bc+ac3_abc2_a'~b2+abS_ab2c);::: abc 
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OTHERWISE THUS 

Multiplying both terms of 2nd fraction once by - 1, and of 3rd 

fraction twice by - 1, we get 

m m m 
a(a-b)(a-c) - b(a-b)(b-c) + c(a-c)(b-c) 

whence we have l. c. m. of the den. = abc(a - b)(b - c)(a - c) 

. . bcm(b - c) - acm(a - c) + abmea - b) 
.'. the given fractIOns = abc(a _ b)(a _ c)(b _ c) 

bZcm - bczm - a2cm + acZm ~ a2bm _ ab'J,m 
= abc(a- b)(a- c)(b - c) 

ac2m - bc2m - a2cm + b2em + a2bm - ab21n 
;;;: 

abc(a - b)(a - c)(b - c) 

C27nea - b) - cm(a2 - b2
) + abm(a - b) c2m - cm(a + b) + abm 

= = abc(a - b)(a - c)(b - c) abe(a - c)(b - c) 

m(c2 - ae - be + ab) m{(ab - be) - (ae - e2)J 
abe(a - c)(b - c) abc(a-- c)(b - c) 

m{b(a-e)-e(a-c)} m(b-e)(a-c) m 
;; abc(a - c)(b - c) ;;;: abc(a - c)(b - c) = abc 

EXERCISlI XXIX. 

2x x 3x 3x2 211t X x2 xy" 
1. 5 x 2a = 5ll 2. xy x my x z = 2 

2(a + b) x(a- b) 2a - 2b 
3---x------

• xy 3(a+b)- 3y , 

Sa x+l x-I 3(x+l)(x-l) Sr-3 
4. T x ~ x a+ b '" ~~ = 2a+2b 

(a - ;)(a + x) (a + b)(a- b) a a(a - b) 
5 x x---;;;:---

. a+b a+x x(a-x) II: 

a2 _ m 'J. a2 + m2 (a+m)(a2 +m2) as+ma2 +m2a+ml 
6. --x---=- =-my a-m my my 

(a - 'x) (a + x) 4"ax 2 4x(a - x) 4ax - 41£2 
7. --30-1£-- x a+x;;;: S = 3 
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(x-7)(x-6) (x-5)(x-4) (x-7)(x-4) x 2-11x+28 
8. x(x-5) x x(x-6) = x~ = x 2 

abcdm an1, 
9. bcdJ2y 16 = f2y lO 

(a-2)(a+2) a.2 _1 a- 2 (a-2)(a-2) (a_2)2 
10. (02-1) X2U X a+ 2= 2a =~ 

(x - a)(x + a) x(x + b) + c (x + b) 
11 x-

. x(x + b) - a(x + b) x(x + c) + d(x + c) 

(x-a)(x+a) (x+b)(x+c) x+a 
:= (x + Ii) (x - a) x (x + c) (x + d) := x + d 

, (X+4)(;1;-3) (x-5)(x+7) (x-3)(x+7) x 2+4x-21 
12 ---- x------- ------ ---=----

. (x - 8)(x - 5) (x + 4)(x-11)- (X -8)(x-11) - x2-19x+68 

1 - a + a~ a2 + a + 1 { (a2 + I) - al{ (a2 + 1) + al 
13. 1 X· aA == a2 

«(12 + 1)2 _ a2 u4 + a2 + 1 
== ------;ZJ--:= a2 

(21l+4m)(2a-4m) 5a a+2m 
14. x X--

a - 2m 5(20 + 4m)(2a + 4m)' a 

2ea - 2m)(a + 2m) 1 
~ 2(0 - 2.m)(a + 2m) = T = 1 

EXERCISE Xxx. 

l.~~:"'=~xJ-.-J... x y x x-x~ 

a+x a-x a+x a a+z 
2. -- ~ -- == -- x -- - _ 

a a a a-~-a-z 

a+b (a-b)2 a-b 
3. a _ b x ea + b)2 := a + b 

(a2 +x2)(a+x)(a_x) (y+2)(Y-2) aa 
4. y+2 x a-:I: Xa2+:l:2::3a(a+'~)(Y"'2) 

x - 3 (x.- 9) (x - 8) x - 3 5. -- x - __ 
x-9 (1:-8) (x-7) - ;l;-7 
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a' + b2 a2 + b2 a.2 + b2 a2 _ bZ 1 
6 a2 _ b2 .;. a" _ b2 = a~ _ b2 x a2 +-62 = T = 1 

(as - x 8 ) (a3 + XS) 1 a - x 1 
7. (a.-x)" x a+ x x a"+ax+x" x a2_ax+x2 

(a-x)(a2+l1x+x~)(a+x)(a2-ax+x") 1 a-x 

(rt - x) (a - x) x a + x x a2 + UA: + x" 

1 1 
x a' _ ax + x2 = T = 1 

3(a2 -1) 2a(a+b) 3a('12-1) 3as -Sa 
8 x - ----. 2 (a + b) x 2 - 1 - x 2 - 1 - x" - 1 

(xy + y2) + y2 + X (x + y) (2xy + 2y2) + X ex + y) - xy 
9. xy + y" .;. xy + yZ 

2y2 + 2xll + :{2 xy + y3 . 
= x-----l 

xy + y2 2y" + 2xy + x2 -

4a2bz 4ab 4a2b2 a2 _ b2 ab 
10. a4_ b4';' a2 _ b2 = (a"_b2)(a2+ b2 ) x 4ab = a2 +1Jii 

EnROlS» XXXI. 

a-b 7a- 2x 

3· 5(a - b) --7-' 

1. 101£ + 96 = 2. -= 
lOa + 9b 3 

15 1 

x 21 - 12x 

1 aJ: 20 
3. ~ =--- 4. a+ :lx a + 2x 3x -1 

a 6 

15 - 6x + 6a 

10 3 (15 - 6x + 6a) 
5.' lOa"," lOx - 6;; 2(10a + lOx - 6) 

--1-5-,--

8a 

1- 4az 4a 
6, 2 + 8aQ :: 1 + 4az 

- 2a 
1- aZ-

• 7 . ...,.- = - a 

1- a~ 

7a- 2x 

21 

= 3(21 - 12x) 
10(3x - 1) 
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b . a2 _ b2 a(aZ - ab + b2) (a -,b)(a + b) 
8, -a--"'Ib- x as + 63 = --a-::-r;- x (a + b)(a2 - ab+b2) 

-(Ib 
x2y2 _ 1 _ x2y2 - 1 - 1 

.9. __ .. x;;.y~_ :: nmP""'r = __ ... x",,~:;... """' ... 

1 1 1 1---'---
- .! - xy xy - 1 - xy 
1--1- 1---

xy - 1 xy - 1 xy - 1 

xy 

-1 -1 -1 -1 
xy xy xy XiI 1 

= "'-xy"-::"i = .... ' 1 - xy - 'I -':-1 + xy = -;;;- =: - X'l.y2 

1-'--=--1 1--1- 1 1 

a 
c 

1 a 
b+--

df+ e cf 
f b+dj+e 

10. adf- ac = adf-ac 

bdf + be + c/ bdf + be + c/ 
ad/+ ae a(d/+ e) 

:: adf-ac:: a(d/-c) = &c. 

2 + 8m2 

4rn - 8m2 

11. 41n + 8;? = 

-8m 

1 + 4m2 

m- 2m2 

1+2m 
-1 

a 
I 

bd/+be+c/ 

:: 
df+ e 

ad/-ac 

bd/+6e+c/ 

EXERCISE XXXII. 

= 

1. 12x + 4x :: 84 - 3x, or 19x:: 84, or x = 4llf 

2. lOx - x :: 5x + 20, or 4x = 20, or x = 5 

ad/+ ae 
bdf+ bet cj 

ad/- ac 
bd/+ be+c/ 

3. 168x - 28x + 12x :: 63x - 231 + 84x + 756, or fix '" 525, 

orx=I05 
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4. 30x - 105 + 9x - 3 ::: 5x + 40 - 30x, or 64x::: 148, or x::: 216 

5. 56 - 4x + 20 ::: 84 - 7x + 49, or 3x ::: 57, or x ::: 19 

6. 56x - 8x ::: 21x + 7 + 14x + 84, or 13x ::: 91, or x::: 7 

7. 8x - 65 ::: 35 + 2.v, or 6x == 100, or x ::: 16~ 

8. 15x + 45 -12x - 48 - 960::: - 20x - 20, or 23x::: 943, or x == 41 

9. 80~ - 8x - '16 ::: 300 - 35x - 55, or 107x ::: 321, or x=:3 

10. 112x + 480 = 3024 - 39x + 84, or 151x ::: 2628, or x::: 17 h\-
11. 208x - 442 + 308.l: + 374 == 858x - 4433 + 143x, or - 4853: 

::: - 4365, or x ::: 9 

lZ. 4x + 4 - 3x == 6 + 14 - 3x, or 4x == 16, or x ::: 4 

13. 3GOx - 160x + 200 + 48x == 2040 + 60 - 180x + 45x + 15, 

or 383x = 1915; or x::: 5 
. 40x - 60 

14. Multiplying by 12 we get x + '1 

39x + 12 
::: 12 - 4 

36 - 23x 

2 

34x - 108 
5 

160x - 240 136x - 432 
This x 4 and reduced gives '1 - --5-- ::: 3x - 36, 

or SO Ox - 1200 - 952x + 3024 ::: 105x - 1260, or 257x ::: 3084, 

or x::: 12. 

15. 60x + 30x + 15x - 36x + 252 ::: I~Ox - 156, or 51x ::: 408, 

or x::: 8 

16. 336 - lOx + 10 - '1'16 + 56x ::: l6x - 3x + 11 - 144, or 33x 

-:::: 29'1, or x '" 9 

17. 30x + 20x + l5x + 12x + lOx =: 60x + 25x + 240, or 2x 

::: 240, or x ::: 120 

18. 12x - 20 + x + 60 = 9x, or 4x = - 40, or x ::: - 10 

125x + 500 125x + 500 
19. 36 + 20x - 20x ::: 86 - 9x _ 16 ,or 9x _ 16 = 50., or 

125x + 500 :: 450x - 800, or 325x = 1300, or x::: 4 

• 
"" 
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120+'70x 15x-65 
20. 331 - 30x - 9 + 9 + 5x = 8 

55x - 85 
4 (1) 

=. the given eqnat X 10 

960 + 560x 
~730 - 200']; - 9 15x - 65 - 1I0x + 170 (n) = (t) 

reduced and x 8 

945;; + 960 + 560x = 23535 (lI!) = II reduced and x 9 

1505x = 225'7.3, or x = 15 

144x - 432 
21. 9x + 20 = 5x _ 4 + 9x (I) = given equat. x 36 

100x - 80 ~ 144x - 432 (II) = I reduced and x (5x - 4) 

44x - 352, or x = 8 . 

22. 30x + 20x + 60 - 15x + 60 = 12x + 60 + 1900, or 23x = 1840, 

or x = 80 

23. 90:c - 35x - 70 =: 75 + 20x + 10 - 51 + 9x, or 26x = 104, 

or x = 4 
. 12x2 +36x+27 

24. 15x + 10);2 - 10x2 + 18 = 27 + 18x - ------s+~ (1) 

= given equat. x (3 + 2x) 

12x2 + 36.1; + 2'7 
3x + 9 = 3 + 4x (II) = (1) transp. and collected 

9x + 27 + 121:'2 + 36x = 12x2 + 36x + 2'7 (III) = (n) x (3 + 4x) 

.'. 9x = 0, or x=:O 

21x - 39 
25. 6x + 12 - 1 + 2x '= 6x + '7 (1) = given equ~t. x 9 

5 + lOx = 21x - 39 (n) = (I) red. and x (1 + 2x); llx = 44 .'. x = 4 

c-b 
26. ax = c - b, or x =: --a 

3bz + 3be 
27. 9ax - 3b~ =: abc - 2ax, or !lax = 3be + 3b2, or x :: ~--

110, 

28. 8bx - 6x = a - b2 + 3ax, or (8b - 6 - 3a)x = a _ bZ, 

a - b2 

or x = Sb _ 6 _ Sa . 
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29 •.. 4a8bx - 6az+ 2ax = 2abx - i6x + b2x (I) = given equa. x 2ab 

(4asb + 2a - ab - b2)x = 6u2 (II) = (I) transp. and bracketed 
• 

• ', x = 4a8b + 2a _ ab _ b3 

30. l5abe - lO.ex - 5ac = 20ab - 15bx - abex.+ b2c (I) = given 

equat. x 5bc 

(15b + abc - 10c)x = 20ab + Pc + 5ae - 15abe (n) = (I) trans-

pOSEd and bracketed 
20ab + b2c + 5ae - 15abe 

• x;: 15b+abe-l0e 

31. bdx + adx + bex = bdj, or (bd + ad + be)x = bdf, &c. 

32. abx + 4a2 - 4u2 + 12bx - 4abx = 4a2b2 
- IOa2 + 12bx + 4a2x, 

by multiptying the given equation by 4a j and this reduced and 

.;. by a gives 3bx + 4ax = lOa - 4ab2, or (3b + 4a)x~,= lOa - 4ab2 

.'. x = 
lOa - 4ab2 

3b +4a 

33. abx - a2x - b2c + abc = b2x, or (ab - a2 - b2)x ;: b2e - abc, 

be(b - a) 
MX=d_~_~ " 

34. Ua2 - 3ax - Hab + 3bx - (6u2 + 6,;;; - 5ax - 5bx) 

= (a + b)2 + 2x ,(I) = given "quat. x (a2 _ b2) 

2ax + 86x - 2x = b2 + 19a6 - 4a2 (rr) = (I) reiluced and transp, 

b2 + 19ab - 4a2 

(2a + 86 - 2)x = b2 + 19ab - 4a2
, or x =: 2a + 8b _ 2 

_ a 
35, a2 + 2ax + x 2 ,_ 4abx = ,2;2, or (46 - 2)x = a, or x =: ~ 

3abc bx 2ab + b2 
) a2bz 

36"a+ b - a (1- a2+2ab+b2 + (a + b)8 = 3ex (I) 

= given equa. with num. and den. of 1st term x 3, and 2nd nnd 

5th terms fac~ored 

3abc bx { a
z

} a2
b

3 

a + b - Ii (n + b)2 + (a + b)8;: 3ex (II) = (1) with 2nd term red 
. . 
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3abe abx . a2b2 I. .' -- _ ---, + ---a = 3ex (III) = (n) with 2d term further red. 
a+b (a+b)2 (a+b) 

a a: b {3c + (a :bb)2} = xf3e + (a :bb)2} (IV) = (m) with 1st and 

3rd, and 2nd and 10th terms factored 

ab ab l 
.·.x=a+b (v) = (Iv)+{3e+"(a+b)2j 

37. 3000 + 1720x - 2210x = 203x (I) = given equa. x 1000 

693x = 3000, or x = 4il-r 

3x 23x 
3S. "9 + 6x - ax = 3a - -"99' or 33x + 594x - 99ax = 297a 

- 23xj or 650x - 99ax. = 297a, or (650 - 99a)x = 297uj 

297a 
or x = 650-99a 

3_9. 42(x-!)+35(I-x-~)-30(x-l- ;).= 105x + 30x" 

by multiplying the given equation by 1 05 j and removing tjJ.e 

brackets from this we get 42x - 14 + 35 - 35x - 14 - 30x.+ 30 

+ 101' = 135x; or 14Sx = 37 :. x = ! 
40. 72ax - 9b - 75b = ISO - 45b - 35e, or 72ax = ISO + 39b - B5c 

ISO + 39b - 35e 
.'. x =. 72a 

41. a2bz + a2x - b2x - x 2 - 3ab + 3abx = ex _ ae + ax _ x2 " 

a2x - b2x + 3abx - ex - ax = 3cb - ae _ a,2b2 

(a2 - b2 + 3ab - e - a)x = 3ab - ac _ a,2f>8 

3ab - ac - a2b3 

-
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EXEROISE XXXIII. 

1. Let x:: greater, then 47 - x = the1eS8, an4,x - (47 - x» 

:: 13, or 2x - 4'7 = 13 
2x + 21 

2. Let x:: the less, then x + 21 = the 'greater; x = 3'1 
or 2x + 21 :: 3x 

2x 2x 
3. Let x :; money; 3" + 7" :; part paid away j then x' 

2x 2x 
'" 3" + '1 + $2'50 

x - 21 
4. Let x = the number j then ----sr- = 5 

5. Let x::: the quotient, then 2x + 3x + 4x = 54 

2x 3x 
6., Letx::: debts j then "5 = 1st payment, and '5 :: remainder; 

3- 3x 9x 2x 9x 
.. 7 of '5 =' 35 ~ 2nd ~~yment; then "5 + 35 + 192 :: x 

'7. L,et x = the nu~bElJ.',of cattle in the drove, 

x x x 
tpen 3" + ~ + "5 + 9 ~x 

8. Let x ::: the number of , sheep in each flock j x - HI is twic.e 

~s great as x - 91, that is x - 19 = 2x - 182 

x x 
9. Let x :: the nnmber; then 4" - 7 :: 6 

3 x 3x 
10. Let x:: the number j' then 2x -7 of 2'= 25, or 2x-

14 
= 25 

x 
11. Let x :: the number j then x + 2' = 39 

)t~ 

12. Letx=theJiUmber;thenx-(~ +-~)=I?,OIr:& ... ; - ;"~:' 
: 1'7. ' , ' • 
'., 2x - 15 3x 
13. Let x = the number; th~,n --2- + '7 ::: '4 + 3' 

0, , .. ' 5(x + 11) 
14. Let x '" the nu~ber 1 then 2 '" 85 
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x 2x 3.2: lIz 
15. Let x = the number j then '2 + 3" + -4'" -8- + 21 

36 
16. Let x = price per barrel; then x = number of barrels j 

36 
~nd .- - 5 = number of barrels sold the second load j 

x 

:= 21, or 36 - 5x = 21 

(
36 
--5)x 
·x 

17. Let x = distance in miles, then ix = half distance j !x.;. ~ 

x x . . b B '" "7 = times in hours A travels i ~x.;. 4 = 8' '" tlmes In ours 

281 
travels i then ·J-x - kx = .. 60" = H, or x = 26~ 

18. Let x = the time in hours, and since the three runs of 

stones severa.lly require 72, 84 and 90 hours to empty the 

granary, they will ,in 1 hour empty respectively 7\' -lor and to 
x x x 

of it, and iu x hours they will empty 72' 84 and 90; similarly 

x x 
the teams will respectively fill in x hours 60 and 78 i then 

x x x x x 
72 + 84 + 90 - 60 - 78 = 1 

19. Let x = date of abolition of slavery in Canada j then 

3(x - 1780) + 1620 = year of massacre of Lachine. Therefore 

x + 3(x - 1780) + 1620 
2 + 116 = 186a 

, 20. Let x ..: A's share, then x - 120 = B's, and x - 106 = O's. 

Therefore x + x - 120 + x - 106 = 7400 
.. f . 1 24x - 300 21. Let x ~ prIce III cents 0 a mUSIC esson, then 32 . 

(
24X-300) = price ofn.drawing lesssou; therefore 32x = 24 -~ + 1000 

22. Let x = the number of volumes on science; then 3x 

= number on travels, 3x = number on biography; 4ix = number 

on history, and 9x = number on gen~ral literature.· Therefore 

x + 3x + 3x + ~x + 9x = 1411a; whence x = 70 
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23. Let x = length of Niagara river, wherefore 4x - 6 = length 

of Rideau canal; then 2(5x - 6) - 100 = 230 

24. Le.t x = days required to finish the work. Then since .11 

does -h, B, +0-, und C, -l·s- of the work in 1 day, .11 and B work

ing 1 day, and !1 and. C wor~ing 2 days will finish -IY + i~6- + .J~'; 
:: 1lo of it, and the part remaining to be done = H·~·; in x cl ays 

x x· x 
.!l does 12ths.; B, 15ths. and C, lsths. of the work, therefore 

x x x 
12 + 15 + 18 = Hll, or 15x + 12x + lOx = 109 

25. Let x = greater part; then n - x the less; and x - (n - x) 

=a-c 

26. (x) Let x = minute divisions the hour hand passes over; 

- then since the minute band t.ravels 12 times as fast as the holl!' 

band it will pass over 12x; but the minute hand also passes 

completely round the circle (60 minutes), and then in addition 

over the x minutes. Therefore 60 + x is also equal· to the 

number of minute divisions passed over by the minute baud; 

then 12x :: 60 + x, or 11x = 60, or x = 5 .. Pr; hence the bour 

:: 5{'/ x 12 =: 1l;!. 5l'r m. 

(n) To be opposite the hands must be 30 minutes apart; then 

lettiag x '" space in minutes passed over by bour band, and 

remembering that the millute hand travels 1 Z times as fast, and 

also goes over 30 + x !)linutes, we bave 12x = 30 + x, or 11x 

= 30, or x = 2)13"[ and 2·h x 12 = 321.8./ past 12 

(m) By silllilar reasoning to tbe above 12x = 15 + x, or 11x 

:: 15, or x::: l-lj , and li'1- m. x 12 = 16-li [ m. 

2'1. Let x = price in dollars of first field; then x + 90 ~ 23 

== price of seconCJ,field, wherefore (x + 90 - 25) + 90 = 2x 

28. Let x ::: days required 1>y.l1 and C to finish the remainder: 

then to - Un + "1;16):: THo::: Pll(ft C does in 1 day, .', in 11 day~ 

o does fjo~i and Band C to.gether ill 5 days do ""2Vcr + -C:J = 16Q

rJ , C . 
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::: ,la' Hence part remaining to be done = 1 - UNci- -: to) 
x 19x 

::: H&S - -;!,p,}u ::: tU; then in x {lays .11 and C will do 50 + 1300 

x 19x . 
. '. 50 + 1300 = ~H, or 26x + 19x ::: 896, or x = 19H days 

. 32 . 
29. Let x::: C's snare in cents, then 'f - 2540 ::: D's share; 

2 x ~. .~ 
r;( 30 - 2540) + 4000::: 'f + 2984::: E's share, and (x + :1-,2540 

~ ~ ~ 
+ 7" + 2984) = 2x + 444 ::: .I1's. Then x + If - 2540 + '1 + 2984 

+ 2x + 444 = 718900, or.4x + 888 = 718900, or 4x::: 718012 .'. x 

3x 538509 . R 

= $1795'03 = C's share; '[ - 2540::: -7- - 2540 ::: $743'89?, 

&c. 

30. Let x ::: the nnmber of days required; then since 4 men 

can do it in 9 days, 1 man can do "316 of it in 1 day ;simil~rly a 

woman can do '71°' and a child rio of it in 1 day.·E;ence 

x 3x X· 
36 + 70 + 30 ::: 1, or 35x + 54x -+- 42x::: 1260, or 131x = 1260 

31. Let x ::: right band digit, then 14 - x ::: tile .left hand. digit 

and 10(14 - x) + x = the number. Hence}r (140 - 9x) = ·gx 

32. Let x ::: value of the property; then 8600 - x =" gain had 

the note b-;en good, a.nd x - (8600 - 640) ::: x - 7960 = loss 

when note proved worthless. Hence x - 7960 = H8600 - x) 

33. Let x ::: weight of head i then x + 9 ::: weight of body. 

Hence x="9 -I- Hx + 9), or 2x = x + 27, or x = 27 ::: weight of 

head i and body = x -I- 9 ::: 27 + 9 ::: 36. Hence fish weighs 9 + 27 

-I- 36::: 72 Ibs. 

34. Let x = his capital; x + !x - 1000 = capital at end of 1st 

year; 3x - 1000 + !C4x - 1000) - 1000 ::: capital at end of 2nd 

16x - 21000 16x - 21000 1 (16X - 21000) 
year::: . . + - _ 1000 

9 ' 9 3 9 
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64x - 84000 

= --2-'[-- - 1000 == capital at end of 3rd year. Hence 

64x - 84000 
--27-- -1000::. 2x 

x 
35. Let x == the distance in feet, then a == number of revoI-

x 
utions of the fore-wheel, and b = revolutions of the hind-wheel. 

x x 
Hence a == b + n .'. Dol: == ax + aCm, whence bx - ax == abn .. 

abn 
x ---- b-a 

36. Let x = number of minute divisions the hour hand passes 

over before the minute hand overtakes it j then the minute hand 

must pass from XII to XII, i.e. 60 minutes plus x minutes iIi order 

to overtake the hour hand, that is while the hour hand passes 

. over x minute diVISIons the minute hand passes over 60 + x 

minute divisions, but the minute hand moves through twelve 

times the space the hour hand travels in a given time. Hence 

12x == the space travelled over by the minute hand, while the 

hour hand goes over x minutes. Hence 12x == 60 + x.'. 11x == 60 

and consequently x == 5l"i j that is the hands will be togethel' 

for the first time l}fter XII when the hour hand has passed over 

.5-:J51 of the minute divisions, i. e. in 5-{lr x 12 == 1 h. 5-[)y m., and 

simiiariy they will be together again 1 h. 5-h m. afterwards, ann 

so on. Hence they will be together at 1 h. 51[',- m., 2 h. 10 H m., 

3 h. 16-h m., 4 h. 211-\ m., &c., and they will be together as 

dften as 1 h. 5-h m. is contained times in 12 h., i.e. 11 times. 

37. Let x= the greater part, 'then 96 - x = the less. Hence 

:t 
7' + 3(96 -:1;) = 30 j clearing offl'actions we have x+ 2016 - 21x 

.... 
== 210, whence x == 9013

0 == the greater, and 96 - x = 96 - 901~ 

= 5ic = the less. 
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3x 3x 9x 
38, Let x ~ B's share, then 2" = .IPs share, fr of 2" = 4' = C's 

3x 9x , 
share, consequently x + 2" + 4' = 251iO, whence by cleanng of 

fractions 4x + Gx + 9x = 10240 j that is 19x = 10240, whence x 

:= $ii38'!)4i it = B's sh:H~, ,', '/1's share = i of B's = $S08'421~41 and 

C's share = ~ of .!l's -= $1212'63}g 

39, Let x = ro.te down ,', 28x = distance, and x - 5 = rate up 

the river, and x - 3 = rate up the lake j length of river = * of 

2Sx = l~x, ,'. length oflake = 16x 

Then ~_ + ~6x = 19(' 2BX) ,', _3_ + _4_ = __ 19_ 
x-5 x-3 21 x-5 x-5 x-3 3(x-5) 

4 10 ex _ 3) = 3Cx-5) ,', 12x - 60 = lOx - 30, x=: 15, x - 5 = 10, 

x - 3 = 12, and 2Bx = 420 

40, Let x = the whole property" then $lBOo..+ Hx - 1800) 

x x 
'" $1800 + 6' - $300 = 6' + $1500 = share of thit eldest; -also 

" 
x - (~ + $1500) = 5: ~ $1500 = part remaining, and $36UO 

(
5X 5x 53! 

+ -~ '6 - $1500 - $3600) = $3600 + 36 -$850 = 36 + $2 7liO 

:= slial'e of the second, but these shares are equal. 'therefore 

x 5x x . 
"6 + $1500 = 36 + $2750, whence x = $45000 and 6' + $1500 

:= $9000 = share of each; also $45000 -;. $9000 ::: 5 = number of 

cbildren. 

41. Let x = the left hand digit, thei:! x + 7 == the right hand 

digit; also lOx + x + 7 = the number, and x + x + '7 = 2:;: + '7 

10x+x+ " 7 = sum of the digits, Then 2x + '7 =: 2 + 2x + '7 whence 

11x + '7 = 4x + 14 + 7, and :;, x = 2, x + " = 9, conseque~tly the 
number is 29. 
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4.2. Let x = B's share, x - 20 = C's, and H2x - 20) + 80 = .I1's. 

2(2x - 20) 
Then x + x - 20 + 5 + 80 == 2100; whence lOx - 100 

+ 4x - 40 + 400 = 10500 .'. 14x = 10240, and x = $731'42~ = B'a 

slJare j also $731'42~ - $20 = $111'4Z~ = C's share, and 

H$731'42~ + $71 l'42 j-) + $80 == $657-l4't = .I1's share. 

43. Let x == the number of rows, theu X Z + 75== number of trees 
i 

also x + 6 rows each can taining x - 5 trees = x 2 + X _ 30 + 5 == the 

number of trees. Then x2 +x - 30 + 5 = x2 + 75; whence x == 100 

.'. a;2 + 75 = 10000 + 75 = 10075 == number of trees. 
n 

44. Let.1: == one part, then a - x:. the other; and x == -(a - x) 
In , 

- na 
.'. mx = na - nx, or mx + nx == na .'. x = 1n + n; also a - x 

na ma + na - na 71ta 
'" a - 71~ + n = ------;n~ = 1!l, + 11 

45. Let x and 60 - x = the two parts, x being: the less; then 

:1.'(60 - x) = 3x2 .'. eo - x';' 3x, and x = 15 == the les.s; whence 

60 - x = 45 == the greater. 

46. Let x == the growth in acres of one acre of grass for one 

week. Then the growth of 3~ acres for 4 weeks = x x l,p_ X 4 

40a; 
3 ,and tbegrowth of 10 acres for 9 weeks = x x 10 x 9 = 90a;. 

Therefore the whole quantity of grass eaten in the lirst case 

40x 40x + 10 
= -3- + 3k == --3-- acres, and the quantity eaten in the 

seco!1d case == 90x + 10 

Hence in the first case the quantity of grass eaten by one ox 

40x'+ 10 20x + 5 
= --3--- x ! x 1\- = -7-Z-' and in the second case the quan. 

90,. + 10 
tity of grass eaten by one ox == (90x + 10) x ~ x ,jy = -iS9-

But by tlile question~q ox in th~ ti~st Case eats as much as an 
- , 

O;X- ill the second. c~se 
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20x+5 90x + 10 1 
Therefore 72 = 189 ; whe~ce x = Tz of an acre 

20x + 5 1~ + 5 80 , t' 1 t f Hence --- = --- = --- = 75~.f = frac lOna par 0 an 
72 72 12x72 

acre of grass eaten by onc 04 in one week, ,'. one ox in 18 weeks 

will eat -/.[ x 18 '" ~ acres. 
Now since each acre increases at the rate of -bi of an a{:re per 

week 24 acres will increase 2 acres per week, and ill 18 weeks 

the 24 aCres increase by 36 acres, and therefore become equiv. 

alent to 60 acres 

Then 60 acres -;- % aCres'" 36 oxen. 

41. Let x = the first, then nx '" the second, and mx = the third. 

a 
Therefore x + nx + 1nX = a, whence x = 1 + n + m = first; second 

na ma 
" 1IX = . and third = 1IlX = ,,-----l+m+n' 1+In+n 

- mx p:r. 
48. Let x = thp, first, then - '" the second, and - '" the third. n q 

1JIX px 
Therefore x + -- + - '" a, whcnce nqx + mqx + npx = nqa, and n q 

a,nq 
.. x = ----~- = the first part 

nq + mq +np 

111 X m anq amq 
Second part'" -n = -n x = ----=---

px 
Third part'" -

q 

p 

q 
x 

nq + ~tq + np nq + mq + np 
anq 

nq+mq+np 
aUF 

nq + m,q + np 

49. Let x '" the number thrown by the first after the second 

commences; then x + 36 '" whole number thrown by the first; 

7x 
-8- '" the number thrown by the second. But every 4 charges 

of the first consume as much powder as every 3 charges of the 

second, and they are to consume equal amounts of powder, 

x + 36 7x 
, --'10- '" ~4; whence x = ZIG" balls thrQwn by the flrHt 
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after the second commences. Thel'efol'e A of 216 = 189 = balls 

thrown by second. 

EXERCISE XXXIV. 

10. 4x + 6y :: 2a } 
15.1;:- -:-- 6y :: 3b 

19x = 2a + 3b 

2a + 3b 
x::;19 

3y = a - 2x 

4a + 6b 
3y:: a-19 

19a - 4a - 6b 
3y = 19 

15a - 6b 
3y =- 19 

5a- 2b 
y= -1-9-

12. !abx - 4aby = 2bz 

labx - aby == ac 
3aby - ac - 2b~ 

ac - 2bz 
y=~ 

11. 12x + 4ay = 4m 

12x + 3by = 3n 

4ay - 3by = 4m - 3n 

(4a - 3b)y := 4m - 3n 
~ 

4m-Sn 
y = 4a - Sb 

-4am - 3an 
3x = 111 - ay :: m - 4il1 _ 3b 

3x = 
4am - 3bm - 4am + ~all 

4a - Sb 

3an - 3bl[1-
ax = 4a _ 3b 

an-bm 
x = 4a- 3b 

13. x - y:: if} 
x 2 _ y2 = b 

(x - y) (x + y) = b} 
a(x + y) :: b 

2ac -_4bz 
ax + ay:: b 

ax...:.ay==a2 

2ax = a2 + b 
ax '"- b + 2ay = b + Sb 

3bZ + 2ac - 4bz 
ax:: 3b 

2ac':'" b2 

ax= --
,3b 

2ac - b2 

x----- 3ab 

a2 + b 
, x =-Zit 

2ay = b - (1,2 

b - (1,2 

Y="2a 
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. ex - ay = aent } 

(m - c)x + (m + e)y = aem 

14. 

c(nL - e)x - a(m - e)y = aem(m - e) 

e(m - c)x + c(m + c)y = o.c2m 
mey + c2y + amy - aey ~ ac~m - aem~ + ae2

IJL / 

acm(2e - m) 
y = me + c" + am - ac 

I 
am(mc + c2 + am - ac) + 2a2em - aZm2 

/ 
I x= I 

am.2e + a.meZ + a2mZ - a2cm + 2a2cm _ aZm'l 
x= / am2c + ame2 + a2cm 
x= mc+~+anL-ac 

bm bn 
15. -,- + -'- = ab 

x y 

bin mq 
-.-- - - - = b1n 

x y 

bn mq 
- + _.- = ab - bm y y 

(ab - bm)y = bn + mq 

bn + mq 
y =- ab - bm 

m n n 
-=a- -=u- -~.'1V~IL.~ 

x y bn + mq 

ab - bm 

m abn - bmn 
-:: a-
x bn + mq 

m abn + amq - abn + bmn 

x bn+mq 

x 
aq +bn 

mq+bn 

'mq + bn 
x - ---- aq + bn 

16. (x - y)(x + y) :: 551 

x+y=ll sl 
ll(:x-y) '" 551 

x-y=5 

x+y= 11 
---
2x = 16 I 

x=8 

2y = 6 

y=3 

) 

17. 459x - 463y = - 495} 

.- 5x + 19y = 131 
2295x - 2315y = - 2475 

- 2295x + 8721y = 60129 
6406y = 57654 \ 

Y = 9 

5x = 19y - 131 = I'll - 131 

5:& ==40 

:&::::8 
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18. ex - uy = acp 

ax - cy :: UZ + c2 
acx - aZy = a2cp 

ac:r; - c~y = aZc + r:fd 

ALGEBRA. 

e2y - a"y =-. a-;;z,--cp-_-u"""Zc-_---.c!J: 

a2ep - ah - dl 
Y = --c" -' a.-

a2c2p _ aZc~ _ c4 
IX :: aZ + c2 + cy = aZ + c2 + - c" _ a2 

c4 _ a4 + aZcZ.p _ u.2c2 _ c4 acZp _ u3 _ acZ 
ax= cZ _a2 .·.x= cZ_aZ 

(19) 

41 

35x - 126 + 28xy + 49y = 28xy + 76y } 

72x2_ 90zy - \1.01 X + 42y - H= 72x2 - 90xy+930y-1002x+ 2666 

35x - 27y = 126} 
3293x'- 2960y = 8917 

115255x - 88911y = 414918 

115255x - 103600y = 312095. _ '1 
14689y :: 102823 .• Y -

35x ;=: 126 + 27y = 126 + 189 = 315 .'. x = 9 

(20) 
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(6) 

EXEROISE XXXV. 

(1) 
1 1 5 

+-=x y 6 

1 1 3 
-';+-;="4 
-1--1-' --5 3 1 

Y -; = 6" - "4 = 12 

lIT 
- + - = 12 Y z 

2 8 
-, 8y = 24,' Y = 3 11 = 12' 
.-~----

1 I 7 
3 + z = 12 

1 1 1 1 
-;=12-3="4,'·z=4 
1 1 5 
-+-:::-
x 3 6 

I 5 1 1 
-=---=-,'.x=2 x 6 3 2 

(8) 

x + 3y + 2z = b } 

3x + 5y - 2z::: m 

8x - 2y + 2z == 2n 

4x + By == b + m} 
11x + 3y = m + 2n 

i2x + 24y = 3b + 3m 

x + y = XY} 
x + z = 2xz 

2y + 2z = 3y:. 

1 I 
- + - = 1 Y x 

1 1 
- + - = 2 z x 
1 1 

- - - = 1 z y 
2 2 
-- - = 2 z y 

2 2 
- + - = 3 z y 
4 4 
-=5.,.z=-5 z 

4 
-=I,·.y=4 
Y 
1 1 

- + - = 1 x y 

1 1 4 
X-+"4=l,'.x=3 

(10) 
.Add all four equations to

gether and then", 3 

v+x+y+z=c23 

v + x + y ::: 13 

z = ]0 

+ z = 17 
S8x + 24y = 8m + IBn Y = 6 
T6x ;;: 5m + 16n-3b 

5m + 16n-3b 
x = 76 

5m + I6n - 3b 

v+y 
x 

+ z = 18 

::: 5 

x + y + z ::: 21 
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b 
51n t 16n - 3b 

8y = t 11/, - ---1-9--

22b t 14m - 16n lIb t '1m, - 8n 
8y = 19 \ j y = '16 

51n t 16n - 3b lIb t '1m - 8n 
::.=n-4xtYj z=n- 19 t '16 

'16n - 20m - 64n t 12b t 11b t '1m - 8n 
. 'z = '16 

23b t 4n - 13m 
Z = 76 

(9) 

abx t b'Zy = be 

abx + acz = all 

blly _ acz = be - 0-3 

cZy t acz = be 2bc - a" 
(b2 + e2)y = 2be - a2 j Y = b2 + e2 

2be2 _ a2e bB t bcZ - 2be2 + alle 
az = b - elJ = b - bll + ell j az = b2 + ell 

bB _ bell t a2e 

z = ab2 + ac2 
2b2e - ba.lI eb2 t cB - 2b2e t a2b 

a.x=e-by=e- bZtell ; ax.. bll+cZ 

x= 

(11) 

ax t ay + az = all + ab + ac 

. Ox + ct' + az x: a2 t b2 t ell 
(a - b)x t (a - e)y = ab t ae - b2 - ell 
bx + by t bz = 'ab t b2 t be 

ex t ay t bz = a2 t bll t eZ 

(b -c)x t (b - a)y = ab t be - all - ell 

(a - b)x t (a - c)y = ab t ae - bll _ ell} 

(b - c)x + (b -a)y '" ab + be __ all _ell 
, ' .. 

(2ab - b2 _ aZ)x t (a -c)(b - a)y = 2ab2 tabc-bB- beZ _a2b_a2etaeZ 

(ab _ ac - be T c2)x t (a - c)(b ~ a)v = a2b - aB - ac2
". be2 t a2c t eS 
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(bZ+ aZ+cz_ ab _ ae- be)x = b3 +c3 -a3 - 2abz-abc'+ 2a2b + 2azc - 2ac
2 

b3 + c3 _ as _ 2abz _ 2ac2 + 2a2b + 2a2c - abc 
x = b2 2' 2 b b . = b + c - a + a + e - a - ae - c 

(a _ e)y = ab + ac - 62 - e2 - (a - b)(b + c - a) 

(a _ c)y = a2 - ab - c2 + be ... y = a + e - b 

x + y + z = a + b + c.'. z = a + b + c - (b + c - a)- (a + e - b) 

z=a+b+c-b-e+a-a-c+b; z::;:a+b-c' 

(12) 

ax i- a2.y + a2
z = aml 

ax + y + az = n 

oo;+ay + z =p 

aZy - y + a2z _ az = am - n} 

ay - y + z - az = p - n 

(a2 _1)y+ (a2 _a)z= mn-n} 

(a - l)y - (a - l)z = P - n 

(a2 _ l)y + (a2 - a)z = am - n } 

(a2 _a)y_(a2_a)z=ap -an 
am-n+ap-an 

(2a2 - a - l)y = am - n + ap - an .'. y ;;, 2 2 1 a - a-
(a - l)z = (a - l)y - P + n 

am -n + (lP - an 
(u - 1)z = ----za+-l-- - p + n 

am - 11 + ap - an - 2ap + 2ctn - p + n 
(a,-I)z= 2a+l , 

--~+--p --~+--p 
(a-l)z= 2a+l .·.z= 2a2-a-1 

) (a_m_-_n_+_a..::.:p_-_a=-n_+:_a.:..:m_-~ap~+:...a=n~-~p) 
x ::;: 1It - a(y + z = m - a 2 20 - a.,.. 1 " 

_ (2am - n - p) 2a2
1n - an - ap 

x - In - a 2a2 _ a-I ... x = 71t - 2a2 _ a-I 

2a2m - ant - m - 2a2m + an + ap ap - am + an - m 
;r;::;: 2 2 ,', X = "::"-=.~'--'--

a - a-I 2a2 
- a. - t 
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EXERCISE XXXVI. 

1. 7(x+y)+4y:::50, and 2(x-y)+3x::: 16 

2. x + y ::: a, and bx - cy ::: 0 

3. Let x ::: price iu cents of hay per ton, and y ::: price of 

4y 
oats per bushe~: 2x +35y= 4400, also "5 = reduced price of 

4x 8x 
oats and 3 ::: il;lCreased price of hay ; then 3 + 28y ::: 15120. 

8x 
Hence the eq1latioIlS are 2x + 35y ::: 4400, and 3" + 28y::: 5120 

4. Let x ::: length, and y ::: breadth; then xy ::: area. Then 

(x + 20) (y + 24) ::: xy + 4180, and (x + 24)(y + 20) ::: xy + 3860, 

which two equations when reduced give 6x + 5y::: 925, and 5x 

+ 6y =- 845 

5. ~x + !y ::: 11; ix - 1 ::: ty 

6. x + y ::: 144, and tx - ~y ::: I! 

x 4x 
7. x + y::: 48, and 4" ::: y' or xy::: 16x, or dividing by x we 

get y ::: 16 

8. x::: Hy + z); y::: lex +'z) + 6; z::: Hx + y) - 3; whence 

by reduction we get 4x - 5y - 5= '" 0; - x + 2y - z = 12, and 

- x ~ y + 3z::: - 9 

9. Let x == sulphm,; y ::: saltpet1;e, and z = charcoal 

x+y+z=4000;,¥+z~x:::3240; x+y-z= 2760 

10. x + y + z = 72 i ix:::!y; h::: !z 

11. Let 1:. '" space occupied by one shilling, .and y ::: space 

filled by a ten cent p~ece; th~!l 16x + 27y ::; 1, and llx + 13y . * . . 
::: -?(fI whence x :: T~h, and y'''; '?Tf; wherefore the pUl'se would 

hold IH.1.:: 40~1 shillings, or fJ/ :: 44lte,n cent pieces. 
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12, Let x::: number of iines, and y ::: number' of letters in a 

line; then xy::: number ofletters on a page, ,Then (x + 3)(y+4) 

::: xy + 224, and (x - 2)(y - 3) ::: xy - 145; or 4x +3y::: 212, and 

3x + 2y::: 151 

13, L'et x::: left hand digit, and y ::: right hand ahe; then tbe 

lOx + y 
number will be represented by lOx + y, Whe~ce 2x + 2y _ 4 

lOx + y 
=: 3, and -+ 5::: 13; or 4x - 5y::: - 12, and 23x - 12y::: 65 V-x ' 

14, Let x ::: number of ten cent pieces, and '!J ::: number of 

, 51/ 
twenty-five cent pieces; then lOx + 25y :::8169',' an4 2" - 6x 

::: 4; 01' 5y - 12x ::: 8, and 5y + 2x ::: 1632 

16, Let x ::: rate before the accident ,', x _..:,: ~, x(a .... 1) 
'a ' a 

'" rate after the accident 

Let n ::: the number of miles from Kingston at wllich the 'ac
cident occurred, 

n n an n 
" x(a - 1) ::: X + b ,', x(a _ 1) ::: X + b (r) 

a 

n - c n-c a(n-c) n-c 
And x(a _ 1) = X- + d ,', tCd ..;. 1) = ~ +,d (II) 

a 

- , an 
From (i) x( a-I) 

n n 
::: x(a ..:. 1) ::: b (m) --x 

t;, a(n-c) n..;;c n-c" . 
l'l'om (II) :c(a _ 1) - ~ ::: x(a .... 1) ::: d (IV) 

F n C n 
.. , rom (IV) x(a _ 1) - x(a _ 1) ::: d, B~t (m) :c(a _ 1) ::: b 
,c c 

,', b ~ x(a _ 1) == d; or bx - a-I::: dx 

c c 
whence x(b - d) ::: -- .'. x ::: ---:-.----=--~ 

, a-I (a - l)(b - d) 

'." 
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16. Let x';' the number of inside passengers, a,nd y = the fare 

in dollars of each 

Then x + 4 = number of outside passengers, andH 4y - !:> 
= fare of each 

Then xy + (x t 4) x H4y - D = 45; or 22xy + 32y - x = 634 

Also ~ Y = fare of inside passengers for half way, and ·l-.f,( 4y - ~) 

:0 fare of outside passengers for do., and the whole fare was in· 

creased by -bf of $45 = 6 

Then iY + -he 4y - D = 6; or 38y = l71; or y '" $4L and this 

'8ub3tituted in the first equation for y gives us 22 x *x + 32 x ~ 

- x = 634, or 98x = 490; whenee x ::: 5 = inside passengers 

17. Le t x and y = the digits; then the number will be lOx + y 

Then lOx + y = 2xy (I) and lOx + y = 4x + 4y; or 6x ~ 3y = 0 j 

'or 2x - y = 0 (II) 

Add'ing equations (I) and (n) we have l2i' - 2xy = 0, and 

. '!l.ividing this by 2x, and transposing, we have y '" 6; whence 

x = 3, and the number = 36 

18. Let x, y and z be the digits, then the number will be 

lOOx + lOy + z 
100x + lOy + z. Then y ::: :Hx + z); x + y + z '" 48, and 

tOOx + lOy + z - 198 ::: 100z + lOy + x. These reduced give the 

'equations - x + 2¥ - z 7' 0, 52x - 38y - 47z .:: 0, and x - z = 2, &c. 

'1.9 •. Let x ::: the oz. of .11, and y =: oz. orB; . then x + y '" p (1) 
. . b 

sihce p oz. of .I110ge b oz. in water, 1 oz. will lose p' and .'. x. 

bx ..' . ey.; bx cy 
oz. lose ~.; SImIlarly y oz. of Blose - az. III water.'. - + -p . p ,p p 
'= a (II) . 

From (II) bx + cy = ap (Ill:) and multiplying (1) by b we get 

bx+ by=. bp (IV); theU~III) - (IV) gives us cy-by::: ap -bp 

(a - b)p.. (c - a)p 
'" '//' = --- . sImilarly x ::: ---• .• c - b' ., ·c - b 



:20, Let their money at starting be represented respectively by 1', W, X, y, and z, 

Thed v + W + x + y + z = 160, since each had $32 at end, their llloney mnst be equal to 32 x 5 

.8 B 

1st game, v - (w + x + y + z) 2w 

c 
2x 

D 

2y 

E 

2% 

2nd game, 2(v - w':' x - y -. z) 2W-(V-w+x+Y +Z)1 4x 4y 4% 

ard game, 4(v-w-x-y-z)2(3w-v-x-y-z)4x-(v+w-3x+y+z) Sy 8% . I 
4th game,'s(v-W-X-Y-Z)4(3W-V-X-Y-:)12(7x-v-w - Y - Z)ISy-(v+tv+x-7Y+Z) 16z 

5th game, 16(v - W - x - y - z) S(3w - v - x - y - z}4(7x - v - w - y - z)12(15y - v - tv - X - z)116z - &c, 

v + 'W + X + y + z = 160 (I) as above 

Consequently 16(V - tv - X - Y - z) = 32 .', v - w -:/: - y - z = 2 (II) 

Also S(3w - v - x - y - z) = 32 ,', 3w - v - x - Y - z == 4 (lI!) 

4(7x - v - W - Y - z) = 32 ,', 7:1" - V - tv - Y -z = 8 (IV) 

And 2(15y - v - w - a: - z) = 32 ,', 15y - v - w - x - z =16 (v) 

Now (1) + (n) gives 2v = 162 ,', V= $81; Also (I) + (m) gives 4w = 164 ,', w = $41 

(1) + (IV) gives Sx = 168 ,', x = $21 ; (I) + (v) gives ley = 176 ,', Y = $11 
. .\ 

.And v + w +:r + y +:; = 81 + 41 + 21 + 11 + z = 160 .'. z = 160 - 154 = $6 

~ 
00 

l:'1 
~ 
1-3 
o 

t;;j 
~ 

a 
;l 
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EXERCISE XXXVIII. 

1. (2a+ 3)6 = (2a)6 +6(2a)53 + 15(2a)432 + 20(2a)333+ 15(2a)23 4 

+ 6(2a)3 5 + 36 

S. (3 - 2m)5 = 35 - 5 x 3i (21n) + 10 x 33(2m)2 - 10 x 3Z(2m)8 

+ 5 x 3(2m)-! - (2m)5 

9. (3a - 2y)5 = (3a)5 - 5(3a)'!(2y) + 10(3a)B(2y)Z- 10(3a)Z(2y)3 

+ 5(3a)(2y)i - (2y)5 

iO. (2b - 5C)B = (2b)B - 3(2b)z(5c) + 3(2b)(5c)Z - (5C)3 

11. (3x - 4y)i = (3x)4 _ 4(3x)B(4y) + 6(3x)Z(4y)2 - 4(3X)(4y)3 

+ (4y)i 

12. (ab + 3C)5 :: (ab)5 + 5(ab)4(3c) + 10(ab)S(3c)2 + 10(ab)Z(3c)s 

+ 5(ab)(3c)4 + (3C)5 

13. (2ac - xYZ)3 = (2ac)B - 3(2ac)2(xyz) + 3(2ac)(xyz)2 - (xYZ)3 

14. {(a + b) - C}3:: (a + b)3 - 3(a + b)2c + 3(a + b)cZ - c3 = as 

+ 3a2{, + 3abz + bB _ 3c(aZ + 2ab + bZ) + 3c2(a + b)- c3 

15. {2a - (b + C)}4 = (2a)4 - 4(2a)B(b + c) + 6(2a)Z(b + c)Z 

- 4(2a)(b + c)B + (b + C)4 = 16a4 - 32a\b + c) + 24aZ(b2 + 2bc + c2
) 

_ Sa(bB + 3b2c + 3bc2 + cB) + b4 + 4liBc + 6bzcz + 4bcB + c4 

. 16 .. {2(a + b) - 3cp = 25 x (a + b)5 - 5 x 24(a + b)4(3c) + 10 

x 23(a + b)B(3c)2 - 10 x 22(a + b)Z(3c)S + 5 x 2(a + b)(3c)4 - (3C)5 

:: 32( a5 + 5a4b + 1 OaBb2 + 1 Oa2b8 + 5ab4 + b5) :... 240c( a4 + 4aBb + 6azb2 

+ 4ab3 + b4 ) + 720c2(aS + 3a2b + 3ab2 + b3
) - 10S0c3(aZ + 2ab + b2) 

+ SIOc4 (a + b) - 243c5 

17. {(I + x) - xZ}4 :: (1 + x)-! - 4(1 + X)3(XZ) + 6(1 + x)Z(xz)2 

_ 4(1 + X)(X2)3 + (XZ)4:: 1 + 4x+ 6X2+ 4x8 + x-!-4xZ(1 + 3x +3xZ+x3) 

+ 6x4(1 + 2x + x2
) - 4x 6(1 + x) + x B 

18. {(a - b) + 2C}5 :: (a - b)5 + 5(a - b)4(2c) + 10(a _ b)3(2c)Z 

+ 10(a - b)2(2c)3+ 5(a - b)(2c)-!+ (2C)5 = as - 5a4b + 10a3b2_10a2bs 

+ 5ab4 _ b5 + IOcCa4 _ 4aBb + 6a2b2 - 4abs + b4) + 40c2(aB .. 3a2b 

'l- 3ab2 - liS) + 80cBCaZ - ~a~ + b2).+ 80c4(a - b) + 32cB 



50 KEY TO 

EXERCISE XXXIX. 

(1) 

4 + 2x - 12x2 
iX2 _ 3x8 

+ 9x4 

(3) 

4x~ - 12xs -: 2x4 

9x4 + 3X 5 

(2) 

x,2 + 2x,3- 2x4 
x,4 _ 2x5 

(4) 

1 - a + 4a2 
- 2a3 

!aZ _ 2a3 + a4 

[Ex. :xUrx. 

+ !x,6 4a4 - 4a5 

(5) 
1 + 2x - x2 - X S + 2X4 

x,2 _ x3 ~ X4 + 2x6 

ix4 + !X5 - x,6 

!x6 _ x,7 

(6) ('7) 
402 _ 4a2x + 8a2x2 1 + 2bx - 2cx2 

a2x2 _ 4a2x 3 b2x 2 _ 2bcx3 

+ 4a2x4 

(8) 
a2 _ 2ubx _ 2acx2 + 2adx3 

b2x2 + 2bcx3 _ 2lidx4 

C2X 4 _ 2cdx5 

(9) 
1 - 2a + 2b2x2 - 2csxs + 2d4x4 

0,2 _ 2ab2x 2 + 2adlxS _ 2OO4 X 4 ' 

b4x" _ 2b2c3X 6 + 2b2d4x 6 

+ c2X 4 

C6X 6 _ 2c3d4x 7 

+ d 8x S -
---------------............. ""'--'-=-------.~- ."_ .... -. 



Ex. XXXIX.] ALGEBRA. 

(10) 

{(a + b)8l
2 = (a3 + 3a2b + 3ab2 + b8y = 

a6 + 6a5 b + 6a4b2 + 2a8b8 

Pa4bZ + IBa3b3 + 6a2b4 

9a2b4 + 6ab S 

+ b6 

(11) 

tea - c)2l4 = (aZ _ 2ac + C2)4 

= {(aZ _ 2ac + c2y}2 = (a4 _ 4a3c + 6a2c2 _ 4ac3 + c4/ = 
as _ Ba7 c + 12aoc2 _ Ba5 cB + 2a4c4 

16a6~ _ 4Ba5 c3 + 32a4c4 _ 8a8eS 

36a4c4 _ 48aBcS + 12a2c6 

16a2c6 - Bac7 

(12) 

(a2x2 _ 4ax + 4)2 = a4 x4 _ Ba8xS + Ba2x2 

(13) 

4 - 12x + 16x2 - 2x3 + HX4 

9x2 - 24x3 + 3x4 - 2x" 

16a2x 2 - 32ax 

16x4 - 4xo + ~X6 

+ 16 

!x6 -lx7 

+-ItX 8 

(14) 

1 - 4x - 2X2 + 4X8 _ 2X4 

4xz + 4X8 _ 8x4 + 4x5 

X4_ 4X 5 + 2x6 

4X 6 _ 4X7 

51 



52 KEY TO 

EXERCISE XLI. 

(3) 

4x.1 + 12x3 + 5x2 - 6x + 1 (2X2 + 3x - 1 

4x4 

4x 2 + 3X) 12x3 + 5x 2 

12x3 + 9x 2 

Llx 2 + 6x -1) - 4x2 - 6x + 1 

- 4x 2 - 6x + 1 

(4) 

[Ex. XLI. 

This may be worked by the rule or it may be bracketed so a.s 
to show the sq. root: thus x4 - 2X2(y2 + 1) + (¥2 + 1)2 

(6) 

9(L.1 + 12a3 + 34a2 + 20a + '25(3a 2 + 2a + 5 

9a4 

6a 2 + 2a) 12a8 + 34a2 

12a3 + 4a 2 

6a2 + 4a + 5) 30a~ + 20a + 25 

30a2 + 20a + 25 

(12) 

(x _ y)4 _ 2(X2 + y2)(X _ y)2 + 2(x4 + y4) = X4 _ 4xay + 6x2y'.l. 

_ 4xy3 + y4 _ (2x4 _ 4x3y + 4x2y2 - 4xy3 + 2y4) + 2x.1 + 2y4 

= X4 + 2Jf1ly2 + y4 j and VX4 + 2x2yZ + y4 = x2 + y2 

(13) 

a4_ 2a2b2 + b4 + 2a2c2 _ 2b2c2 + c4_ 2a2d2 + 2b 2d2 _ 2C2d~ +d4 

a4 

2:£2_ b2) _2a2b2+b4 

_ 2a2 b2 + b4 

2a2 _ 2b 2 + c2) 2a2 c2 _ 2b2C~ + c4 

2a2c2 _ 2b2c2 + c4 

2a2 _ 2b 2 + 2c2 _ d2 ) _ 2a'.l.d 2 + 2b 2d!l _ 2c 2d2 + d4 

_ 2a2 d 2 + 2b 2d2 _ 2c2 d2 + d4 
., 



E:;:. XLI, XLII.] ALGEBRA. 53. 

(14) 

1 - !X + \PX2 _ _ ~X3 + ~X4 _ !XG + ftrX6 (1 _ !X + X2 _ !:r1 

1 ' 

~-~x) _~X+\~X2 

_ ~x + ~X2 
2 - ~x + X2) 2X2 _ ~xa + ~x4 

2X2 _ il-X3 + X4 

2 - jx + 2X2 - !x") - ~X3 + -i;x4 -!x· + +6x6 

_ !X3 + -kX4 - !X5 + ,]liJx 6 

X'l X2 

-+-y y2 

x 3 x 2 

y+Jf 
2x y) y2 

x 2 + - _ - - xy - 2 + -;' y x x~ 

y2 
- xy - 2 + x 2 

EXERCISE XLII. 

(2) 

a6 + 6as _ 40a3 + 96a - 64(a2 + 2a - 4 

a6 

6~" - 40a3 

3{t~ + 6 3 
a + 4a 2 

3a4 + 6aa + 4,a 2 

3a4 + 12a3 + 12a2 

- 12a2 - 24a 

Sa5 + 12a4 + Sa3 

1- 12it4 
- 48a3 + 9Sa - 64 

• 
+ 16 

- 24a+ IS -12a4 - 48a3 + 96a- 64 



64 KEY TO [Ex. XLII. 

(4) 

a6 _ 6a5 + 15a40 - 20a3 + 15a2 - 60. + 1(0.2 
- 2a + 1 

-Ga" 
I - 60.5 + 15a4 - 200.:$ 

+ 4a21 
3u4 - 6a" + 4a~ - 6a5 + 12a4 - 8a8 

3:z4 _ 12a3 + 12a2 1 30.4 - 12a3 + 15a2 
- 6a + 1 

3a2 - 60. 

3a4 - 12a3 + 15a2 - 6a: ~\ 3a4 -12a3 + 15a2 
- Go. + 1 

12x4 

(G) 
8x 6 -3Gax5 + 102a2x4 _171a3x3 + 204a4xZ -144(L5 x + 64a 6 

Sx 6 

1

- 360..1:" + 102a2x 4 -171a.3x 3 

-18ax3 

+9a
2
x

2
\ 

12x4 -1Sax3+ 9a2x 2 
- 3GaxG + 54a2x 4 - 27a.3x 3 

12x4- 3 Ga.X 3 + 27a2x 2 14sa2x4-144a3x3+204a4xZ-144ar.x 

24a2x 2 -3Ga3x . +640.6 

+16a4 

+ 64a6 

(8) (a + b + c + d + e 

a3 + 3a2 b + 3ab2 + b3 + 3(a + b)2C + 3(a + b)c~- + &c. 
a3 

3a2 

+ 3ab + b2 

3a2 + 3ab + b2 

3(a + b)2 + 3(0. + b)c + c
2 

3(a + b)2C + 3(0. + b)c2 + c3 

3(a + b)'1. + 3(0. + b)c + c2 3(a + b)2C + 3(0. + b)c'l. + c3 

3(0. + b + C)2 + 3(0. + b + c)d + d
2

1 3(a + b + c)'td + &c. 

3(0. + b + C)2 + 3(0. + b + c)d + d 2 3(a -I- b + c)2d + &c. 



Ex. XLIII.~ At.GEBBA. 55 

EXERCISE XLIII. 

{(a-~)-n}-m '" (!!-.)-m. or = (a- 1),mn = (~)"m 
5. b -. bzn, . b- 2 a 

( a' )- 3 ( .'l ;)- 3 ( 19,)- 3 1.11. -6. a - 6 X a -!I = a - 5 - = a - ['5 = a 6 = o/a19 

( 
nst + mrt + prs) .at 

, . x ------:-;::;-t - y",.,.q . Xn.t + 'TTIIrt + pro y4srQ 

:: ( 4nQ+4r .• +7B.)4'Q X x rTItrq = ---X;;,;r.;q-- X y4nQ '" 4rs ... 78q 

y 4'Q _ 

'::: X!Ult+ """/ >1"" - "'t,'qy4"'~ - 4M - "B - 7BQ 

::: Xmtr(l- V + (nt + pr)~y~~.(q -1) - Q,47t + 78) 

(10) 
!l 1 i :I 

(l~ -3ab2 + Sa b _ b2 . 

a2 - 3a~bi + Bab ~ £h~ 
3 ! l ~ 

- a2 b + 3ab _ 3a b2 + b2 

a2 _ 4a~bi + Gab _ 4}b€ + b2 

• 

(11) 

(a; + x*) - (ax)! 
(ai+x~)+(ax)! 

(a; + x§ f - (ax)'; 



56 KEY TO [Ex. XLHr. 

(12) 
1 _1 1 *, 1 _1! 

4x-2x'Y 2+2x2z 0 _Y- +y liZ 

:1 _1 1 1 1 _1 ~~ 
8x"-4xy 2+4xz:l_2x2y-l+2x2y 'Z1r 

4xy -! - 2x~y-l+ 2X~y - ~Z! - y-t + y-lzl 

J, 1 _1 J, l' l _1 ~ 
_4xz"+2x2y ~Z"_2X2Zl"+y-lz _y 2Z 

(13) 
~ 3X-4y-2:r.8) 9x-9y _ 4x- 7 y-l( _ 3x- 6 + 2x- 4y-l 

9x- 9y + 6x- 8 
--::------c;:---:----;;----. _ 6x - 8 _ 4x -1 Y - 1 

_6x- 8 _4x- 7 y-l 

(14) 

q£ + alb -t + aib -! +a!b -i +aib -i + b- i ) 

a+a~b '1_ a'lb '1_b- 1 as_a4b-S+aTib-4_b-li ;1,_1 1 _a (3 t t t J 3 

1 _1 6 _ J ! _, '" _!!. ;1 _Ii !I._J;; 
_asb "_aSb 4_ asb "_aSb "_aSb "_aSb S 

a~b-t _ b-1 

ji _2. .!i _, '" _"'- II _Ii !!. _6. t_1. 
a"b s+a'b "+asb "+a"b "+a"b ij+alib ' 

fL _ ~ ~ _± a _li 2 _ &. 1 7 
_a8 b S_aSb 8_ a"b "-aSb 8_ a"b-"_b- 1 

5- .i1. 4. 4. -'1 • ~ Jl. 1 7 _ aSb - ,. _ aSb - 8 _ atlb - 8 _ a8b - 8 _ aSb - 8 _ b -1 



\ 

Ex. XLlIt.] ALGEBRA. 57 

(15) 

x -! + 1 + xl )x-l + x -! _ 1 + xl + x(x -, - x -! + l-x!+x~ 
X-I + X - ~ + x -! 

_x- i _l+xl +,x 

-x-~-x-!-1 

x-! + xl +x 

x-~+ 1 + xl 
-l+x 

-I-xl _ xi 

x! + x~ +x 

xl + x~ +x 
(16) 

( 3 I -1 _3)2 
a~ -'a + a + 1 - a _ ,a -1 + a 2 

= (t3 _ 2}i + 2a2 + 2ai - 2a - 2a1 + 2 

a2 - 2a} _ 2a + 2a1 + 2 - 2a - j 

a + 2a1 - 2 - 2a -I + 2a' 1 

1- 2a- l -2a- 1 +2a- ~ 

a- 1+ 2a - ~- 2a-2 

(17) 

a1 1- 2a1 _ 1 _ 2u - ! + a - 1 (a! + 1 _ a- ir 

a1 

2a! + 1 )--;a! - 1 

2al + 1 4> 

2al +2_a- 1) - 2 - 2a- l + a-I 
- 2 - 2a - ! + a - i 

r, 
a- 2 _2a-" 

a - ~ 



58 KEY TO· [Ex. XLIlI. 

(18) 

(X$ - 2x k + 3 - 2x -! + x - § 

x} _ 4x + lOx; - 16x!+ 19 -lex - t + lOx - i_4x - 1+X-j 
4. 

x:! 

'~x - 2X!) - 4x + 10X3' 

-4x + 4x~ 
~x! - 4x~ + 3) 6X~ -16x! + 19 

6x~-lix!+ 9 

2) -~x! + 6- 2X-!) -4x! + 10 -lI?X-! + lox-I 
- 4x1 + 8 - 12x -! + 4x -; 

(19) 

3x -~yz. 3 +xiy-Z) x- 11f-3x -!y + 3x1y-l -xy· 3(X -!y - X!y ~ 1 
X- 1y3 

(20) 

1. .l 21 1i.1. .{l. 1 
3x! - 6xy6 + 4x"!ly"' - 6X:ly6 + 12xay"3" - 8xy~ 

~ -6 2le 4!! ~~ lef> 
3xa_12xy + 12..t:"!I y" 9x3 y - 36xy +63x y -54x"y6+27y 

9x!y! - 18X!Y! 

+ 9yl 

3:r.J -12XY~· + 21x~y! -18X!Y! 9X1.y!- 36XY!+63xly;-54x!y"~+2'7y 
+ 9y* '--_____ _ 



Ex. XLIV.] ALGEBRA. 59 

EXERCISE XLIV. 

1. 2! = (22)1 = 4! j 7~ = (7S)! = 343! j 2! '= (24)t = 16t j (O~ 
. = rm2}k = m! j nn - t =: C1\)t = 6\fg)! j 31 = 9! j _(at )-- 1 



60 KEY TO [Ex. XLIV. 

6. 2aC:2)-1 =: 2aC2a54)-!:: 2Cb(::i) 1 
:: (8.~ ~ ::4y 

~ C90:)!, or (29;0 ) -! 

-} (-3;-) t =: ! C~2) t =: (3~~5 X 9~2) t >=-G~;~;) t 
~ (am - P'J)! arn - pq}i 

(am + pq)' x am + pq = {(am+ pq)(um + pq) x am + pq 

2' 2 • ! ( 1 )- i == (a m- - p q-) , or 2 2 2 2 am -p q 
), 1 ---

7. (135)" =: (27 x 5)" =: 3V5 j -1162 =: -181 x 2 =: 9-12 j 

V80 == V16 x 5 =: 2V5 j 7V324 =: 7 VZ7 x 12 =: 7 x 3t112 :: 2l{112 j 

!-I'¥ =: ~-IH =: -h-l21 j 

!, (704m6
) t (704m

5) l (1116) J. 1 1 (1;'4:)6 --ua =: 704a t> >= a 5 = ~(a5m5)6 

8. {6(:~ X)}! =:{b2;6~:~ :):)} !={ 36(a
b
: X)2X6a«(l+,1;)}! 

b 
=: 6(a + x)-I6a(a + x) j 

!!.... I (c~m' x !:..) = ~X~. /1 = cm. / n .= Cll"'n' 
b V a2 n b a V n b V n 2 bn'V' 

___ _ {(az - z2)2Q(b + Z)} 
'l!j(um ... nx) =: a'l!janx j !f/ c + z -::: (az - Z2)2 X 

9/(b + Z) _ (az- ,.2)2 X 9/{(b + z)(c + z)q-l) 
'V c+z - - 'V (c+z)q r 

(a'" _ .,,2)2 

~: +: !f/{(b + z)(c + z)q-l} 

3..j2 and 3V3, or 18t~nd 81!, or IsH: and SI f j or (5S32'16 

and (6561)'1:-

Or (~'l); (44)i'1l,nd(5103)tj or (U2~GQg-)t,(S51S4)* and (5103)t, 

01' (3528;i\yk-, (851S4)t and (5103)i 



Ex. XLIV.] ALGEBRA. 61 

10. 12-{2 + 12-{2 - -{2 - 8-{2 + 35y2 = 59-{2 - 9'V li = 50-{2 j 

svcn + 4{f5 - ~1..rf5 + V~·~ = 4-{3 + 4.yl5 - liV15 + h'15 

,,4,y3 + 4,y15 - 2,y15 = 4-{3 + 2-{15 

11. 2-{7 + 6-{7 + 3V3 - 4V3 = 8-{7 - V3 i 

3ab2..jai: + 2a2,yac - ~4lae = (3ab 2 + 2a2 
- ~}vac 

12. f!.'j2mamPb'ln'l' x 1I!ja3b5 + f!.'j3mW'n- mnb'" x f!.'ja 3b5"_'f!.'j-;,ziTi x f!.'ja3b5 

= 2aPbn f!.'ja3b5 + 3w·- nb f!.'ja3b5 _ c2 f!.'/.a"bo = (2aPbn + 3aB- nb _ c2) f!.'ja3b6 

13. 6-{200 = 6-{100 x 2 = 60-{2 j 35-{60 = 35-{4 x 15 =.10-{15 j . 

3 € 1..., 
(3 X 66) X (4 x 60 ) = (3 x 4) X (216 6 X 3600" 

= 12{j64 x 12150 = 24{ji2T50 

14. 16~ X 83 = V16 x 16 X 8 X 8 x 8 = {j46 X 32 :: 4{j32 j 

l!. ~:z ~.I." l. 
28a6 X a6 = 28a6 = 28a{ja j 2 X 30 X 72 6 = 2 X (2, x 72)6 

= 2{j1944 j 7ifi4 X !V5 = 14-t/3 X !V5 = 7Vf5 

ax by c2d ! ! L} 
15'bcxcdx~x{(ax) x(by) X(CZ)4 ~ 

.: xy{(axyf2"" X (byy& X (czl'l:} ;: xy(a6b4c3x6y4z3yh 
_ ;3. 3. 

(X - -{xy + y)(Vx + -{y) = x 2 + y2 [Seet\.lg. Art. 179.J ,. 

16. (2-{3 + ~-{~)(3..rv. - 4-{3) ;: (2-{3 + 12.6V15)G{fO - 4-{3) 

= ~,y30 + t.yTIO - 8-{9 - .. ld45 = 3-{30 + -{6 - 24 - N5 
~ ~ ~ -

·17. ~-{~ = H~)2 = i-{6 j iG)2 = i(U)" = l'd14 j 

2(~';' i} ;: 2-{lf-:: ~-{10 j W}.;. ll)! ;: ~-{H = ~-{H~:: -h-{130 

18. 2(12~ .;. 7~) = 2 X C ~:8) f = 2 X C44~ 27) t = 4 X G:) i 
= 4 x C\~ 74) t = W6482'T 

~(-t/4) = ~({jiB ) = 3 (~)t = ~(16 X 125)t = 3 M-
2 -{5 2 {j125 2 125 2 56 16V

2000 

: (ti) = : (~) = : (~,); = : (::3) if = : (:2
6
9)1,= ~{j96 

~(~Tx) _~({ja'X2) =~(a2x~)h =.!...(a5X5)i=~ aGxiJ 
B "'ai - 3 J;ja3xB 3 a8x3 3 ·a6x6 3ax{j 



62 KEY TO 

19. '/:2 + :~~ = 4 + !~~ = 4 + ; = 4 + 6 = 10 j 

,4Ij'3 5Kj4 6fj7 4*/9 5'~256 6'~49 

ivs - 2*/3 + Z*/3 = Zf.j3 - 2'~27 + 2'~27 

[Ex. XLIV. 

11 5----
= 2f.j3 - ~e-;p.)n: + 3(H)12 = 21./3 - 61~5038848+ 1~964467; 

( 

abn-le2 )t _ (ab
n

- 1e
2 )t _ (abn-1Cn+1d)t 

.. /luu -1 - ==aSb2 - aSb~ 

en-lb-~ en-1d 

(
aSbn " Sen +ld) t 

= aU = &C. 

ZO. Multiplying by ,,/7 - 6 we have (V7)2 - 62 = '1 - 36 = - 29 

Multiplying by -./3 + -./2 we have (V3? - (-./2i = 3 - 2 = 1 

Multiplying by 4,,/3+ 6-./2T we have (4-./3)2- (6y'2Dz= 48 -90 =-42 

Multiplying by ~-./l- g-./2 we have n-./!?- cg-./2)2= }%-U= 2;du 

Multiplying by ~vk + ~-J. ~-we ha ve O-'/t)z- (~-'/k)Z=-t5---A: =-j.hu 

2(1/3-2-./5) 2-./3-4-./5 Z-'/3-4V5 4-./5-2-./3 
21. (y'3+2-./5)(-./3-2-./5) = (y'3)2_(Z-./5)~ 3 - 20 = 17 

(-./2 + -./3)(2,,/5 + 3-./6) 2,,/10 + 2{f5 + 3-./12 + 3.yT8 
(2",5 - 3-./6)(2-./5 + 3,,/6) = 20 - 54 

2{lo + 2..JT5 + 6-./3 + 9,,/2 
- 34 

(2-./3 + {TI)('1-./8 + 8,,/7) 141}24 + 7va'S + 16.y2I + 8{77 
(7-./8 - 81/7)(7,,/8 + 8-./7) = 392 - 448 

28-./6 + 14{22 + 16{2T + 8{77 
= _ 56 = &c. 

3(-./3 +,,/x) 3,,/3 + 3,,/x (a,,/rn-m-./a) (a-./m-m,,/a) 
22. (,,/3-1x)(-./3+-./x) = 3 - x ; (a-./m-m-./a)(a-./m+7lIA/a) 

(uy'm - mVa)Z a2m, - 2am,,/ma + m2a 
= -a2m _ m2a = a2m _ m2a 

(2 + 3-./~)O"/! + ND N! + 1-.jg + -./! + 2,,/} 
(!y'~ -~-'/DOv! +£I/D = tX! -~-x t 

!V2 + 1.7;";15 + !-./3 + N10 . 
"" . - i~ -- '::; &c. 



EX, nIV~ XLV.] ALGEBRA 

;:: 

(VXZ+X + l-.o,/xz- x -1)(Vxz+x + 1- ";X2_ x-I) 
3.~7,====:~~==~~~==~~~==~ 

(VX2 + X + 1 + ";xz - x - 1) (";X2 + X + 1- .o,/X2 - x-I) 

(..;x2 + X + 1 - ";X2 - X - 1)2 

NX2 + X + 1)~ - (";X2 - X - 1)2 
---c---

XZ + X + 1 - 2(..;xZ + X + 1)(";x2 - X - 1) + X 2 '_ x-I 
(X2 + X + 1) _ (X2 - X - 1) 

2X2 - 2";X4 - x2 - 2x - 1 x2 - ";x4 - x2 
- 2x - 1 

= = 2x + 2' x + 1 

";3 -.0,/2 -.0,/5 
24. (";3 _ ";2 + .0,/5)(";3 - ";2 - ";5) 

";3 - ";2 - .0,/5 ";3 - .0,/2 - ";5 

63 

= {(..;3 - .0,/2) +.o,/5H(..;3 - '112) - ";51 = (";3 - ";2)2 - 5 ( 

";3 -";2 - .0,/5 .0,/'3 -";2 - ";5 (..;3 - .0,/2 - .0,/5) x .0,/6 
= 3 - 2\16 + 2 - 5 ::; ~---s- = - 2";6 x ";6 

,.jIB -.jT2 - -J3O 2";3 + {35 - 3";2 

_ EXERCISE XLV. 
,....--~--

6. Let .0,/42 + 3.o,/174~ = .o,/x +.0,/'" 

Then ";42 - 3";174~ = .o,/x - .o,/y \ 

Or ";1764 - 1568 - ";196 - 14 = x - y 
Also 42 '+ 3.o,/~ = x + 2.o,/:ii; + Y or 42 = x + y 
.'. 2x = 56 or X = 28 j 2y = 28 or y - 14 

:.";42 + 3-/1'l4l =-/28 + -/14 = 2.0,/7 + 414 



64 KEY TO 

9, Let va - 2,ya - 1 = ,yx - VY (I) 

then Va + 2,ya - 1 = ,yx + ,yY (Ii) j 

or ,ya2 - 4a + 4 - x - y 

or a - 2 = x - Y 

Squaring (r) we get a = x + '!! .'. 2a - 2 = 2x, &0. 

10, Let V2a + 2,ya2 
- bZ = VX +,yY 

V2a-2,y~2 = 'l/x-'l/y 

;.,f4az - 4a2 + 4bz ::;: 'l/4b2 = 2b::;: x - y 

And 2a '" x + y 

[h XLV. 

2x -= 2b + 2a j or x ::; a + b 

2y = 2a - 20 j or y ::;: a - b 

11. Let V8 + ,y39 = 'l/x +;.,fy 

Thenv~=vx-'l/y 
Or ;.,f64 - 39 ::;: ,y25 = 5 = x - y 

..Also 8 = x,+ y 

,', 2x ::;: 13 or x ::;: li1, and 2y ::;: 3 ,', Y :: il 

,'. ,y8 + 39 ::;: ,yV + V1 = ~V26 + N3 
/a 2 

--
12. Let V4 + !b'l/n2 

- b2 
::. ;.,fx +"",y 

la2 
--44 - !h,ya2 

- b2 = ;.,fx - ;.,fy 

la 4 /a 4 a2ba ~4. a 2 b2 
-116 - !b

2
(a

2 
- b

2
) ::;: V 16 - 4+ 4' =="4- -2== x- y 

a2 

And 4' == x+y ...,., a2 b2 a 2 b2 

Then 2x = 2" --2 j or x = "4 -'4 . , 
b2 b2 

2~ 2 j or y =" .·~&o. 

',' 
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EXEii:cnSE XL VI. 

1. V32 -4'H = V8(2 - V3) .'. VV32 - V?,4 = VV8(2 - '13) 

::: '18V2 ---::[3 '" V8(iVS - lV2) = '18(W31) - W4);= !W:lSS - *./32) 
= vrs'.:.. V2 

2. 3'..;5 +";40·=-/5(3 + 2V2).·, -J3~5 + V40 = V-::;5(3 + 2";2) 

= 1/5V3 + 2-';2= V5N2+ 1) = o/5cV4 + 1) = Vw + V5 

3. 3VS + 2Vrr = VS(3 + 2V2) .'. V3 ";S + 2V12 -= V";--;-6::-:C(=-'3 +'---2=-";=2) 

'" '16V3+ 2V:l = V6(V2 + 1) = VSW4 + 1) ;:;. ifi4 + V6 
4. VIS - 4 = VIS - V16= ,,/2(";9 - VS) = V2(3 - 'l/S) 

:·';V1S-4::. VV2(3 -VS) = V2V(3 - ";S) = '12(V2 -1) 

= '12W4 - 1) = 'IS - '12 

EXEROISE XLviI. 

1. ~ - zFTI = 12v"=3---4{73 = 8V'-:3 

(a +:";70) + (IL + V-- c) '= Zit·+ (J./b' + Vc)V-::r 

2 . ..;-::.5 + V-;::-;'[ + -.j - 11 = (v5 +47 + .;TI)V-::-r 
3: V7 + 6'1 - 2 = VX + Vy·; V7 ~6'..; - 2= VX - Vy 

V49 + '72·= 11 = x·- y 

And 7 = x+y 

_ • '. x ;:: Q, and y = - 2 

4. (4'1/--=-3 +·70)(40- 7v--=-2) = (4v73? - Cl0)2 

= (16 x - 3) - (49 x - Z) = - 4S .;,. (- 98) = - 48 + 98 = 50 

5. (,,;-=2 - 3V~)2 = :.. 2 --SV6( V·:"'jy + (9 x - 3) = - 29 + 6V6 

V2 -..;-:::-5 ";2 -0 V2 - V-:::::5 
6. = ---- '" -'--~-

(42+V--5)(.;2-;';-5) 2 - (- 5) 7 

7. al28 x - V-:::-r = - al.'l1l..;-::r ';' + 1; V-:::r; - 1 [See Algebra 
Art. 193 (m)] -

8. (a - ..; - a)Z = a2 "'2a";~ + ( _ a) = a2 - 2ay=a - a 
E 
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9, C'/2 -v4)3-= C'/2)3-3(V2)2(0) + 3V2(0)Z - (,{-::"4,)3 

:: V8 - 6V4V-:::::-r + 3V2( - 4) - C'/40)3:: 2V2 -120 - 12V2 

+ 8~ :: - 4..j-::::-r - 10V2 

10, Let V - 2 - 2V - 15 :: -';x --Vy, then V - 2 + 2V - 15 

= vx + Vy ,', V4 - 4( - 15):: {64::: 8:: x - y, and x + y =-2 

.', 2x :: 6; x :: 3; 2y::: - 10 j and y ::: - 5, fu_nce 1x - -.;, 
:: V 3 - y---::5 

11. Weare to find the square root of 0 ± ..j7I 

Let VO ± V-I::: -';x ± -';y , 

then VO + V-I:: -';x + -';y 
or VU - ( - I}::, VI ::: 1::: x - y, and ~ +-'g '" 0. 

,', x ::: !, and y ::: - ! 

Hence VO ± V---:::t; that is {)f ±V-=t. ::!oJ! ±-4~ 
. ~ ~V2 + ~V-----:::z,; or N2 -)v::::-z 

12, LetV31+42V-2=VX+Vy; thenV31-42V-Z~";:C-";Y' 
. ,V961 - 1764( - 2) = V961 + 3528::: V4489 = 67 =-x - y 

and 31 ::: x + y ,', 2x = 98, and x ::: 49; 2y =~ 36, or '!I ::: - 18 

Hence </x + Vy:: V49 +FI8:: 7 +3~ 

4 + </-----:::z, (4 + V-----:::z,)(2 + v--=2) 8 +~ +2V-=2 - 2 13 - - _. .,,-----,--'-=,.,----
, 2 - V - 2 - (2 - V - 2)(2. +..y - 2) .. i - ( -. 2) 

6+6V~ -
= 6 =1+V-2 

H. 'l - "';--=--5) 14 - </15 - 'T '';-=:3 - '2.-r-5 ('J. - V - 3 
14- 2V-::::--5 

- IN - 3-</15 
~ 7V--::S - V15'* 

15.. (a + b{71)(a-lJF!)::: aZ - (bFi)?::;.ct'- - ('62 ?f:-1J 
" a2 ~ ( _ b2) = a2 + b2 

-Thus - V~ x - v-:::S = - V5V---::], X - V3V-:::J. ::: V15( v---:::-I)2 
:::{f5x-1=-{f5 
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EXERCISE XL VIII. 

1. 12+x"=4+4y'x+xj or4,yx::;'8j or1;e:::2i-0rz=4 

2. 3x - 6 = 2x j or x = 6 

3. x - 24 :: x - 4,yx + 4 j or 4.yx :: 28 j or 'Ix:: 7 j 01' X ::: 49 

4. X-'2'iXY;+ a:p-l = a + x; or - 2Va + ax- 1 = a; 

_ 2 + ,yo,. =..ya' or ,yo,. = ,yOr+ 2' or"~ :: ~ . ..m"X-=~ 
x 'x 'yo,. ,yo,. + 2' L 2 + ";0,. 

5 •. ~ j ). ',., + 4 + 5 + 6 + 7 = 4 j or V l!J'V.y;l:+lZ3 

y J -/ ,y x + 123 + 4 + 5 + (', = - 3 j or J''';-::,y=X=+=12=3=+=4::-:-+-;'5 + -6 ::: 9 ; 

or ,j-/,yx+123+4+5 = 3;ot-/,yx+lZa+ 4 + 5::9ior 

-/,yX+123 +4 =: 4j or-/x+123+4-=16j or'lx+123=12j OJ.' 

a: + 123 = 144 j or x = 21 ! 
~ ,ya 

6. Vax -'Ix = ,ya; 01' -{x(";a -1) = "10,.; or.y.x "" 10,.'" 1; 

a 
or x=: (";'0,_1)2 

7. 2x+4x4-x~=:r;2+ZX+lj or4x4 -x2 ::x3 +1j orx"-x2 

= X4 + 2X2 + 1 j or 3x2 =: - 1; or.v2 =: - ~ j or x = ± ,y - ~ =: ± !,y--::-§ 

8. x + 341/x + 168 = 152 + 42Vx +:q orB,y:Jr= 16; or 'Ix = 2; 

or x=:4 
- 4 - .1':::'70 

9. ,yx + 'Ix + 2:: -= j or'lx,yx + 2 +x + 2 =4; Qr..yx,¥x+ 2 
'-Ix + 2 

=2-xj ora;(x+2)=:4-4x+x2j orxz+2x=4-4x+.x2 j. or 

6x =: 4 j or x:: ~ 

10. a+x+2';~+a-x=--ax; or2.ya2 _x2 =ax-2aj 01 

4az - 4X2 :: a2x2 _ 4a2 x + 40,.2; or o,.2x2 + 4,xll;;;, 4a/"1A! ';' or qh; + ~. 
I 40,.2 

;; 4a2 • or x(aZ + 4)'=-4a~' or:c;;: --,. , ,I, #+4,; 
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11. a2 + 2ax + x"!.::: ct2.+ x4b2 + x2 j or 2ax + x 2 == x'l/b2 + x2 
j 

or 2a + x = 'l/b2 + xZ, {lr 4a2 + 4ax +,xZ:::; bZ +xZj or 4ax= bZ
_ 4.aZ

j 

bZ _ 4a2 

orx= ---
1a 

12. 'l/b2 + ax + x 3 == a - b - x ; or bZ + ax + XZ 
== tP - 2ab - 2ax 

+ bZ+ 2bx + X2; or 3ax - 2l!,x 0:: a2 _ 2ubj or x(3a- 2b) = aZ- 2ab; 

a2 -2a6 
or-x == 3a _ 2b 

13. x + 2aV'X + 3b1x + 6ab :: tab + b'l/x + 4a-lx + Z i 
ab a2bz ' 

or 2byx -·2a'l/x '" - ~ab.; or 'l/x ='(~ _ b j or x == (a"" b)Z 

__ ~a __ 
14. -Ix+V4a+x=-=jor'l/x+x2+v4a +4ax + rt + x 2 

'1/1 + x 

'" 2a j or '1/ 4a + 4ax + x + x2 = 2a - '" x + x2 
j or 4a + 4ax + x + XZ 

= 4a2 - 4a V x + X Z + x + X Z j or 4a + 4a.x - 4a2 = - 4a '1/ x + j;2 ; 

or 1 + x -a == - '1/ x2 + X j or 1 + 2x - 2a + x2 - 2ax 'I- a2::: xZ + x; 

2a- a2 _1 
or x - 2ax = 2u ... aZ 

- 1 j or x == 1 _ 2a 

15. x - 32 <: 256 .... 32 -Ix + x; or 32 ..fx ",. 28S i or -Ix = 9 ; 

or x = 81. 

16 _b_ +2 / ~.)'! +_c __ (~)!. ~-t-_C_ 
. a + x \ aZ - x2 a.;.. x - . aZ _ x2 ,or a + j; .a - x 

::: 0 j or aQ - ax + ac- + ex = 0; or bx ..;. ex "" ah + ac j or 

a(b+c) 
x----

- b-c __ 3yx 
17; x + 'l/x - "",x2 ...;. X :: -z- ::: given equation multiplied by 

-Ix + 'l/x j or 'l/x + 1- yx - 1 = i- (dividing by 'l/x) j or Z'l/x + 2. 

= 2:y x-I + 3 j or 24 x .:.. 1 =.2 .; x ,;, 1; or 4x - 4'1/ x + 1 = 4x --4 j 
or 4 'l/x .:. 5; or 16x = 25 j ,or x = H' 

18. x + a = cZ "" 2c 'l/x+b +x + b jor ... 2c 1/ IX + 1J = a -b - c21 

or 4c2 (x + b) == (a - b - c2?j or 4c2x == (a_c2 _b)2_4c2bj 

(a - c2 
- b)2_4c2b (a _ c2 _ b)2 

or x ::: 4c2 = 2c ~. b 



I 
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1 4 4 4 9 149 
X2 + ax + a2 = a2 + x 2 j or X + -; :: X j or a + 4X = 9a; or 

4x = aa j or x = 2a 

yx+.a+"';x-a m ,2"';x+a .. m+l. 
20. . ,::- or ~---, 

...; x + a - ...; x - a 1 .2 ...; x _ a m - 1 

"';x+a m+l x+a m2 +2m+l 
01'---==--' 01'--::: . . 

"';x _ a 1n - 1 ) x - a m2 - 2m + 1 ' 

2x 2 (m2+ 1') x m2+ 1 a (m2+ 1) 
or 2li::: 4m j' or'a:::: 2m j or x=: 2m 

EXERCISE XLIX. 

1. x2 
'" 9 j or x = ±3 

Z. 18- lax+ la + lax:: 100 - 100x2; or lOO;tl!:'!! 64 ; or,~ = 1"u"o; 

or x == ± t 
3. 4x2 ::: 3x2 + 9 j or x2 ::: 9 j or x ::: ± 3 

4. 4x2 - a ::: 1; or 4x2 :: 9 j or x 2 :: ~ j or x ::: ± 1 
5. x 2 - 6x' + 9 :: 13 - 6x j or x 2 :: 4 j or ~ :: ± 2 

6. 3 (X2+ lOx + 25)- 7x:: 23xj or 3x2= - 75 j orx2 =- 25; Dr 

x=+5 J =1 
- v 216x2 + 36 216x2 + 36 

7. 10x2 +17 .... 10x2 +S= llx2 -S ; or25=Uxz_S j or 

275x2 - 20e == 216x2 + 36; or 59x2 :: 236; or x 2 ::: 4 j or x:: ± 2 

S. ~9 + .2x2 :: 9; or 9 + 2xz:: 81; or 2X2 =; 72; or x 2 ::= 36; or 

x=±6 • 

9. "';(x -,3~(x + 3):: 3a.i Op;2 - 9 = 9a2 j or x 2 = 9a2 + 9 j 0+ 

x = t 3 "10.2 + J 
;" "'.-
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4a2 4a2 2a 2a 
or --;;z = 5b2 

j or x~ = 5b~ or x = + 7;'Vt = ± 5bV5 
12. 3ax2 - cx2 = d-l-bj or x 2(3a-c).;::d -1- bj or'~ 

_ d _-1 - b . _ V (d - 1 - b) 
- 3 ' or x - ± 3 . a-c a-c 

13. va2 
- x 2 = aVI - x 2 

- xvaz::T j 

a2 _ x2 = a4 - a4x2 _ 2a2xV(1 _ x2)(a~ _ 1) + a2x2 _ X2 j 
.-=---;;0--:-';:--: 

or 2xV(1 - x2)(a2_ 1) = a2 - a2x2_ 1 + x 2 j or 2xV(1 - xZ)(a2_ 1) 

= (a2 -1)(1 - x 2
); or 2x = v(a2 -1)(I- x2)j or 4x2 = (a2 -: 1)(1- x2) 

a2 - 1 • 
::: a2 - a2x2 + x 2 _ l' or 3X2 + a~x2 - a 2 l' or x 2 - --' Dr , - -, - 3 +aZ1 

x = ± ( ;2 +-a~) 1 

14. xVb2 +X2+b2 +X2=cb2; xVb2 +X2=-cb2 _b2 _X2j or b2x 2 +X4 

= c2b4_ 2cb4 - 2cb2x 2 +b4+ 2b2x 2+ x4; or 2cb2x 2 _ b2x 2 = c2b4 _ 2cb4 

+ b4 ; or 2cx2 
- x 2 = c2b2 

- 2cb2+ b2 = (c2 - 2c + 1)b2 j or (2c _ 1)X2 

(c - 1)2b2 (c - 1)b 
= (c - 1)2b2; or x 2 = 2c _ 1 ; or x = ±-= 

_ V2c-1 

15. 3 + *x - 2 V 2; V3 + lx + SX ::: *x - 3; or - 2 V 2; V3 + !x 

2x ~ /2x --- x . 2x x? 
=-6--3 ; or V-;;V3 + *x =3+-

3 
j Or'-(3+!x)=9+2x+-

~ 3. 9 
X2 x 2 X2 

or "6 ::: 9 +9 j' or 18 = 9; or x2 = 81 x 2 i or x = ± 9V2 , . 
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16. a+x+3(a+x)§(a-x)!+3(a+x)!(a-x)~+a-x=b3j 

or 2a + 3(a2 
- X2)! ({la+ x + {lw) = b8 j and by given equation 

V~ + {I~ = b j substituting this in the last equation we 

- --' or a2 _ x2 = --- . bS 
_ 2a (b3 - 2(1,)8 

- 3b ' 3b I 

.1 (bS
_ 2(1,)3 

" :x = V·aZ - 3b 

EXERCISE L 

1. 2X2 + Sx = 90 j or x2 + 4x = 45; or XZ + 4x + 4 "" 49 j or 

x + 2 = ± 'T j x = 5 j or - 9 .. 

2. X
Z 

- 19 = 8x - 10 j or x2 
- 8x = 9 j or x2 

- 8x + 16 = 25 j or 

or x - 4 = ± 5 j x = 9 j or - 1 

3. x2 
- 8x = 20 j or x 2 

- 8x + 16 = 36 j or x - 4 = ± 6 j x:: 10 j 

or - 2 

4. x2 + 12x = 45 j or x2 + 12x + 36 = 81 j or x + 6 = ± 9 j 

x = 3 j or - 15 

5. 3x2 + 2x = 85 j or x2 + ~x = al jor x 2 + §x + § = ~1i + ~ = ~J!. : 
or x + k::; ± \fi.j x = Q j or - 5§ 

G. 3x2 - 1'4x, = - 15 j or x2 - lix = - 5 j or x2
...,. l.a!l.x + V 

= - 5 +it = 3 j or x -1 = ± j; or x = 3 j or 1j 

'1. 5x2 -236x=-4'1; orx2-Jl~fi.x=-1l j orx2-~!ix+H2~l{ 

= - ~t + H,hH = ul"ll! j or x - iF-:; ± IF j or x ::: !I p or t j that 

is x = 4'1 or t-
8.' 4x2 - 8.x = 320 j or:v2 _ 2x = 80 j x2 - 2x + 1 = 81; x-I 

• • = ± 9 ; x = 10 or - 8 

9. $2 - 2x =: - a2 j. or 3;2 _ 2x + 1 = 1 -:: a2 ; or x-I =: '-/ 1 - .a2 j 

~r x :: 1 f ,-/1 _ (1,2 
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10. 5x2 +4x=273; x~+tx=2.~.3; xZ+tX"!-~i6=J..Hf!.+~46 

= l~gll.; X + ~ = ±3r/-; X = 7 or - 7f 
11. 7x2 - 20x = 32; ~2 -: "'px = ;J7~; x 2 

- ?'71JX + III = 'IN. + lfflQ. 

= ;Jl-gi j X - ll- = ± V, j x = 4 o~ - It 

12. x2 - 7x = - 12 j XZ _ 7x + 1l· = -: \8 + \9. = ! j x - ~ = ± ! ; 
x = 4 or 3 

13. 3xz - 11x = - 6; or x2 
- lix = - ~; or 3;2 - J,i·x + ljd

= - 2 + llsJ = -H j x- J61 = ± ~ j x = 3 ~r ! 
be - ad bd 

14. acxz + bex - adx = bd' or x2 + -- X = _. , ae ae' 

orx2 +,--x+ .-- = -+ . be - ad (be - OO)Z bd (be _ 00)2 

a e 2ae ae 4ah2 ' 

be - ad (be - ad) 2 4abed + b2e2 _. 2abed + aZdz 
or XZ + --- + -- = ------=--.----ae Ute. 4q2e2. ' 

. , ' 

_ b2c2 + 2abcd + a2d2 
_ (be + ad) 2: or x ~~ -_ ad _ be; + arlo 

- 4a2~.2 - 2ae ' + 2ae - ± 2ae ' 
, " 

be + ad be - ad 200 d 2be b 
or x '" ± ~ - 2ac-; x = 2ae = ci of x = - 2~ = - -0: 

1 x -..;x b d' 'd' th· t" b 15. x _ yx = --4- Y IVI mg e gIven equa lOn y 

x + yx; or 4 = Xz'_ 2xyx + x; or 4 = x(x - 2yx + 1); 

4 2 
or x = (yx - 1)2; or yx = :!; (";x .,. 1) (1); or, 2 = x - yx i 

or x -..;x + t = ! + -1- =: t; or";x - i = ± ! i or ";x = 2 or - 1 

.'. x = 4 or 1 
2-

Takin~_ the minus sign in (1) we have ,,;; = - 4x + 1; 

or 2 = - x + yx i orx - yx = - 2 i or.x.- "Ix + 1= - t+{-= -! i 
or yx - ~ = ± y - !; or yx = t ± t y~ ::; HI ± y----::-7) j 

or X= t (l±2";~ - 7) = i(- 6.± 2 F7) = t{- 3.±";~) 
The rejected factor x + yx = 0 gives us x =O,or 1 

16. x2 
- x = 210 j X2 - X + i = $,!l + ! ::; .8~+ i II: - i :: ± zl; 

x = 15 or - 14. 
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17. ~X2 + 36 = 3X2 + 48 - llx j or :v2 + llx = 12 i 

Ilr X2 + : 1 x + l!-l- = ¥ + ~p. = l.P·i x + ¥ = ± l,} i x = 1 or - 12 

x-2 x+2 x-3 x+4 x2",4x+4+x2 +4x+4 
18. X+2 + x:2 = x .;. 3 + x - 4 j x2 - 4 

;j;2-'Tx+12+x2+7x+12 2X2+S 2X2+24 
== x2 _ X _ 12 ; or" x2 -.4 == ~~ ..:. ~ -12 j" 

x2 + 4 x2 + 12 2 X2 2X2_X X 2x - 1 
or x2 _ 4'" x2 _ X _ 12 i' or 8 '" x + 24 ; or 4" :: x + 24 ; 

orxa+24x=8x-4; orx2 +16x=-4j orx2 +16x+-64=QO; 

or x + 8 = ,/60 = ± 2 ,/15; or x = ± 2 ,/15 - 8 

The rejected factor x = (} gives: us the other value. 

]9., 49.X2 + 4,2x + 9 = 10(2x2 + 4x - 6 .:.. 2x2 + 3x + 9) 

'" 10(7x + 3); or 4,9x2 + 42x + 9 = 70x + 30; or 7x2 - 4x = 3 i 

X2 - t i x = ~ x2 - tx + 4~!f = H + ig- = ~~. i x.,. ~ = ± ~ i x = 1 or - ~ 

20. ax2 - fx2 - bx - ex = - lJ - c i Ot fx 2 
- ax2 + bx + ex = b + e 

(/- a)x. 2 +: (b + c):v = b.+. c.' x2+. fb + C)x = b+ c. . . ." ' .. , .. V- a j'- a" 

a:2 + (b +.=);1: + (~)2 '7 b +c.+ (~)2 . V - a ", \,2f - Za.' f- - a ' 2/ - 2a 

x=+ ./b+c + (~)2_~ 
- V f.,. a ; 2/ - 2a 2/ - 2a 

1 1 1 1 1 mx - ax + am 
2.1. a-m+~=a,- m,'+'-'Xia-m+x-= amx 

amx = 3amx - a2x + 'al-m - 1J1~X- - a7Ji2+ mx,~ - ax2 i ax2 - mx2 

+ a?x ... 2"mx + m2x, =, a2m - am2 = am(a - m) i (a - m)x2 

+ (a2, _ 2am: +: 11J-2).:J! = am;(a .,. m) i. x 2 + (a - m)x = am i 

, (a .,. m)2 (a - m)2 4am + (a - m.)2 
xa + (a - m)x + . '4 = am + 4 4 

a2 +' 2am + m~ (a + m)2. a - m a + m 
= ------- x . + -2-- ;:;:' ± 2 I' 4 -. 4 

a + m a .,. m 
a: ± 2 -2- = m or - a 
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2(a.+ b) (a - b)1 
22. abxZ.- 2x(a + b)Vab = (a-b)2i X2_~ x = ~ 

'lab 

2(a + b) (a + b)2 (a ... b)2 (a + b)2 _ 2(aZ + b2
) 

;r.2 - vab + ab = - ab + ab - ab 

a + b v2{a2 + bZ
) a + b i v2(a2 + b2

) 

;X - 'lab. = ± --vab -; x = 'lab 

EuaCISE LL 

1. 3x2 + 2x = 85 j 36x2 + 24x = 1020 i 36x2.+ 24x + 4;;: 1024 j 

6x + 2 = ± 32 j 6x = 30 or - 34 j x = 5 or - 5~ 

2. 4x2 -4x=840j 4x~-4x+l=841; 2x-1=±29j 2x-=30 

or - 28 j x = 15 or - 14 

3. 64x2 
- 48x = 1360 j 64x2 - 48x + 9 = 1369 j 8x _ 3 = ± 31; 

x = 5 or - 4! 

4. Xl - 26x = - 25 j 4xz - 104x + 676 = - 100 + 616 = 516 j 

2x - 26 = ± 24 j 2x = 50 or 2 j x = 25 or 1 

5. 5x2 +4x = 213 j 100x2 +80x= 5460 j 100x2+80x+ 16 = 5476 j 

lOx+4=±'l4j 10x='lOor-78j x=1or-'l~ 

6. 4x2 + 8x=21; x 2 + 2X=l!4lj 4x2 + 8x+4=21+ 4 = 25, 

2x + 2 = ± 5 j 2x = 3 or - '1; x = Il or _ S! 

7. 11X2 + 7x - 4 = 14x; 11X2 - 7x = 4; 484x2 - 308x = 176; 

484x2 
- 303x + 49= 176 + 49 = 225; 22x - 7 = ± 15; x = 1 

or --lr 

8. a2x2-J-(ab_ ae)x = be; axz+(b _ e)x = be j 4a2x2+4a(b-e)x 
a , 

+ (b - e)2 ;;.; 4be + (b - e)2 = (b + e)2; 2ax + b -c ;:: ± (b + e) j 

e b' 
2ax = 2e or - 26 j x = - or- _ -

- a a 
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9 . .12X2 + 120 = 16x + IS5; 12x2 - 16x = 15; 3x2 - 4x = lii l 
36x2- 48x = 45; 36x2- 48x + 16 = 45 + 16 = 61; 6x - 4=±{\IT j 
6x = 4 ±.y6l, x = t(4 ± .y61) 

10. 7x2 
- 4xV3 + (2 --";3)x = 2; (7 - 4<[3)X2+ (~ -,/3)x = 2\ 

x 2 
x2 + 2 _ .y3 = 7 _ 4<[3 [since 7 - 4v'3 = (2 - y3)2] 

4 . 1 8 1 9 
4x

2 + .~ _ Vax + 7 - 41/.3 = 7 - 4.y3 + '7 _ 4y'3 = 7 _ 4.y3 

1 3 4 I 2 
2x + 2 _ .y3 = ± 2 .,... .y3; 2x = - 2 _ .y3 or 2 - .y3 

1 2 
x = 2 _ .y3 or - 2 ._ ';3 

11. x 2 + 6a;!: = b2 ; x 2 + 6ax + 9a2 = b'l: + 9a2 j x + .3a 

= ± ";9a2 + b2
; X = ± .y9a2 + b2 

- 3a 

45-9x 63+36x 19(45-9x) 
12. x + 3 _ - 3x = x - 19 ; 3 + x - = 40x - 63 j 

855 -llIx = 40x 2 + 5'1x - 189; 10x2 + 57x = 261 j 

400x 2 + 2280x + (57)2 = 10440 + 3249 = 13689 j 

20x + 57 = ± 117; 20x = 60 or - 174; x = 3 or - 8-?rJ 
13. x? - 5x = - m~; 4x 2 - 20x + 25 = - 4m 2 + 25 j 2x-5 

~ + ";25 - 41n2; 2x = 5 ± ';25 - 41n2; x = H5 ± .y25 - 4m~) 

14. mx 2 i'" nx2 - 2mx.yn = - mn; (In - n)x2 - (2TMjn)x = - mn 

2m.yn mn 8m1/n 4mn 
x2 - --x = - -- . 4X2 - --x = - --

m-n m-n' m-n m-n 

2 8;m-.jn4m2 n 4m2n 4mn 41nn2 
4x - _.- + --- = ---- - -- = ----

m - n (1n ...,. 1£)2 . (m_ - n)2 m - n (m - 11.)2 

2m.yn 2n.ym 2n/m + 2m.yn . 2m1/n - 2n.ym 
2x - --.- = + --' 2x = --... -- or ----

. m-n -m-n'. m-lI 7n-n 

Vmn(.yn + .ym) .ymn(';rn - .yn) . .y mn .ymn 
:V='-·-.··--·-or . x= or---
. m - n 'Tfl- - n ' 1m - -/n .yrrt- +1n. 
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z_(~~) (I+XZ+x4\_(a+l) (1+X2+X4+X_X) 
15.1+x+x- a-I I+X+X2)- a-I 1+X+X2, 

2_ (a + 1) (1 +X +x
2
_X(1-X

3
)\ 

1+x+x - a-I 1+x+x~} 
. / 

= (a + 1) (1 + x +- x
2 

- x(1 - x)(1 + x + X2») 
a-I 1+x+x2 

(
a+ 1)' {(I + x + x 2

)(1_ x + X2)} (a+ 1) 2 1+X+X2= -- 2:: --1 (l-x+:l:) ' 
'a-l l+x+x a-

1 + x + x 2 a + 1 2 + 2X2 2a 1 + x 2 
2 

:-----:--.:; --. --::: _. -- = a·· 1 + x = ax' 
1 - x +. x 2 a -. 1 ' 2x 2.' x' l 

x2 - ax :; - 1; 4x2 
- 4a..:v +- a2 = a2 - 4, 2x - a :; ± ,>/c;y.~ j 

x=!(a±,>/az -4) 

16. x4 + 3x8 + 6 = X4 + 3x3 + 13x2 + 'lx - 60 j 13x2 + 'lx:; 66 j 

G76x2 +- 364x = 3432 j 676x2 + 364x + 49':; 3481 i 26x + 'l = ± 59 j 

26x ;: 52 or - 66 j x:; 2 or - 2l~ 

EXEIlCISE LIL 

1. x + 2 = 0, and x + '1 = 0 ... (x + 2)(x + '1) :; x 2 + 9x + 14:: 0 

2. (x - 4) (x + 2) (x - 1) x = 0 j or x4 - 3x3 - 6X2 + 8x = 0 

3. (x - 2..)(x + 2)(x - 3)(x + 3)x:; 0; or (X2 - 4)(X2_ 9)x = 0; 

or x 5 
- 13x3 + 36x = 0 

4. (x - 5)(x + 5)(x - 2)(x+ 2)(x - 3 - ,>/2)(x - 3 'l- ,>/2) :; 0; 

or(x2-25)(x2_4){(x - 3)2- (<j2)2}= (X2_ 25)(x2-4)(x2_ 6x + 7) ::: OJ 

o'r x 6 - 6x 5 - aax4 + 174x3 - 103x2 - 600x + 'loo :; 0 

5. (x - 1)(x'- 2)(x - 3)(x - 4) (x - ~ - ,>/6) (x - 5 + ,>/6) ,;, OJ 

or (X2 - 3x + 2)(X2 - 'lx + 12)(x2 - lOx + 19) = 0 j 

x 6 
- 20x' + 15"4x4 - 590x3 + 1189x2 - 1190x + 456 = 0 

6. (x - 5)(x - 4) (x -1)x (x - 2 - <j-:::S) (x - 2 + '>/-.;.. 3)=0 i 
or (X2 - 9x + 20)(X2 - X)(X2 - 4x + 7) ::: 0 j 

;C6 ... HxP + '16x4 - ~06xs + 2SS:cz - 140~ :; 0 
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7, (x - 5)(x + 2) '" 0; o,r x 2 _ 3x -10~ 0, 'ancl: (x 1 -6x3 + 5x2 

+12x - 60) .;. (X2_ 3x ~ 10) gives us x 2 _ 3x + 6 =(); then 

x3 
- 3x = - 6; x 2 

- 3x + ~ == ~ - 'Jl == - J;[l; X - ~ = ± ~ ,,; - 15 ; 

x=H3±";-15) 

8. (x - 1 - V~)(x - 1 + ,,;--::::-(;) == 0; or x 2 
- 2x + 7 = 0; and' 

therefore (x1 - 4x3 + 8x2 _ 8x - 21) -;. (X2 - 2x + 7) gives us 

:j;2-2x-3=O, TheI).x2 ...;2x=3; x2-2x+l=4; x-l=±2; 

x = 3 or - 1 

9, (x3 + 6X2 -: 3920) -;. ex - 14) gives us x 2 + 20x + 280 == 0 ; 

.x2 + 20x = - 280';~2 + 20x + 100 = - 180; x + 10 = ± 6 ,,;~ ; 
x=-10 ± 6";~ 

10. x = 0 is evidently another root, thim (x1~ 6x3 + 13x2-10x) 

+ (X2 _ 2x), gives us x 2 
:- 4x + 5 == 0; x2 - 4x = - 5; x2 - 4x + 4 

=~lix-2=±";~;x=2±";~ 

11. (x - 3)(x + 4)x = 0'; therefore (X5 - 2x1_ 25xH+ 26x2+ 120x) 

.;. (.r3 + X2 _ 12x) gives us X2 - 3x - 10 = 0; x 2 - ax = 10; 

4X2 - 12x + 9 == c49 ;2x -: 3 = ± '1 i 2x == 10 or':" 4; x = 5 or - 2 

.12 .. x = 0 is obviously another·root. Then (x - ,,;--:::<i)(x + ,,;~) 
:::x2 +2=0 

.... (x4-.;rS", 2x ,"': 4) -;. (x~+2) = x 2 _ x - 2 = 0; that is.x2- x == 2, 

Whence x ::: 2 or i... 1 
J 

13;, A)g, Art, 206, when the roots a.re equal 42 ,= 4 x 2 x Cj 

or]6 :.Bc;, or c= 2 
. . "b " C tH'Y b 

14, Alg, Art. 208 (Cor.), /3 + 'Y = ... - MId f3'Y:: - ,', ----;;- = - -
a a »'Y. a 

c b 1 I' bel a 
.;.;: = - c ,', fi + -::; == - c i .AIB!iI sinee,/3,}, = Ii' J3'Y == 7' 

b' r 'a . 
Itence c = the sum of the root:! and ;c~~ their ,product and the 

b ,a" .. '.' , . 
equation is' X2 + - X + -i£Othat is cx2 + bt + a= 0 

.c c 
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15, Alg; Art. 208 f3 + "'I == - p and f3'Y == q 

/32 + 'Y~ = f32 + "'12 + 2f3'Y - ':lf3-y= (f3~ +2f3'Y+-y2) - 2f3'Y= (f3+'Y)2 

::; 2f3'Y = p2 .;;. 2q (1) 

(f3 "" "'1)2 == f32 - 2f3'Y + "'12 = (f32 + -y2,.. 2j3-y) = p2 - 2q - 2qfrom 

(1) ,', == p2 ~ 4q (n) 

f32 ~ "'12 == (f3 1" "'I) (f3 - 1) = - p (±-./ p2 - 4q), alnc.e from (n) 

f3 - "'I = ± </p2 - 4q) j 

1 1 f3+-y P 
fi+-::;=JiY=-q 

f33 - -y3 = (f32 + f3'Y + 12) (f3 - ,,)=(ttt + ",2 + (Jy)-,(13 - ,,) 
;:: (Pi - 2q + q) </ p2 _ 4q) ;:; (p2 - q) ";p'!. -4q) 

EXERCISE LIlt 

1. x-S</x+9=25i ";x~3=±5j -Ix =8or ... 2".x=64or4 

2, </x - 4f.jx + 4 = 1 i Vx - 2 :: ± 1 i Vx :: 3 or I, ,', x = 81 or 1 

3, x4 - I4x2 = - 40 j X4 - 14x2 + 49 :: 9 j x 2 - ~ = ± 3 j xi = 10 

or 4, .. , x = ± 2 or ± .flO 
4, x3 +I4{XJ==1l0'7j x3+1~+49=1l56j x%+7=±34j 

.a 1 -- --, 
x 2 == 2'7 or - 41 j x 2 

;; 3 or ~ - 41 j ... x=:9 or ~1681 

5. x-2</x+6==2j (x+6)-2</x+6=:8j (x+6)-2-1x+6+1=9j 

</x + 6 - 1 == ± 3 j </x + 6 :: 4 or - 2 j x + S :: 16 or 4, ... x :: 10 

or - 2 

6. x4_ !X2== 248 i x4_!X2+f6":: 248 +,.16"= .3tP'j X2_!:: ±.!i} j 

x 2 = 16 or -!if, ,'. X ::: ± 4 or ± !F62 
7: x 6 -8x3 =513j x 6 -8x3 +16=529j,x8 -4::±23j x 8 =2'7 

or .... i9, ,' .. x :: 3 or ~ - 19 

8, (x + 5) -..;x + 5 ::: 6 j (x + 5) - ";x + 5 +! = 6 +! = ~f j 
"x + 5 - ! =: ± i j ";x + 5 ;:; 3 or ... 2 j x + 5:: 9 oH, .', x:: 4 ~r-l 
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9. -IX(X2 + X - 6) == 0, .'. -Ix ::: 0 and.'. x ::: 0 

Also X
Z + x - 6::: 0, .'. x2 + X == 6 j x2 + X + ! =: :Jl'- i .x + ~ =: ±~, 

... x=:2 or - 3 

: 10. Clearing of fractions 2x + 2-1x = 16 - x; 3x - 2-1x =: 16 j 

36x - 24.jx + 4 = 192 + 4 = 196 j 6-1x - 2 = ± 14 j -e-lx " - 12 

or 16, .'. -Ix =: - 2 or t, .'. x = 4 or 7t 

11. -Ix + 21 + Vx + 21 = 12 j -Ix + 21 + *Ix + 21 + ! = ±l j. 
*Ix + 21 + l == ± i j Vx + 21 == 3 or - 4 j :;: + 21 = 81 or 256 ; 

1: =: 60 or 235 

12. ';x(:t~ 2 --Ix)::: O, .... -Ix = 0, ... x = O. Also x - 2 --Ix::; 0, 

.... 11: -";x == 2 j x - -Ix + ! =: t; -Ix .. i :: ± ~; 1x:= 2 or - 1, 

... a; == 4 or 1 

x 5 + x4 + 2 XS + x 2 - 2 
13. x6 _ x4 = xa _ x2 • Then (by Art. lOG .. VII) 

2x" + 2 2x8 - 2 x 5 + 1 x 3 
- 1 

~ ~. -- - --' x 7 x 6 + x 2 1 - x 7 x4 2",4 + 2 - 2x· - 2 ' :;:4 + 1 - x 2 - 1 ,- - - -

+ x3 _ 1, or x 2 - x 5 = x8 - x4; x 5 - X4 + xa .. x 2 ::: 0 j 

X4(X -1)+x2(x- 1):: 0; (x_l)(x4+x2) =: 0, .'. x-I::: 0 Of.:!: = 1. 

Also x4 + x 2 = 0, ... x4 + xZ + ! :: !; x 2 + ! = ±!; x 2 :: 0 or - 1, 

,'. x = 0 or±0 

9(6--Ix) 7X2-3x+4 23(x-2-1x) .. 
14. x + 2-1x =: (6 + -Ix) (x + 2-1x) + 6 + 'Ix i multIplYlDg 

'by the denominator of the 2nd term we get 

,9(36 - x) = 7x2 - 3x + 4 + 23(X2 - 4x) 

'or 324 - 9x = 7x2 - 3x + 4 + 23x2 - 92x i 30x2 - S6x= 320 I 

or x2 
- fix = ~J, j x2 

- Hx + OB)2 = Vo4r?- + llJlo!lo!l = .lhUJ! j 

a; .. H :. ± IN- j x::: 5 or - 21i,; 
... 

15. ·x8 - 3x2 + 3x .. 9 = 0; X2(X .. 3) + 3(x .. 3) = 0 j 

(x - 3)(X2 + 3) = 0, ... x .. 3 ;;: 0 or x := 3 j also XZ + 3 =: 0, 

.'. XZ = .. 3 j or x ;:; ± ..;-::a 
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16. (x - 3) (x - 4) = 2 - 2V2V(X - 1) (x - 2) + (x -1)(X -' 2) j 

or x2 - 7x + 12' = 2 - 2V2Vx· .;... 3x + 2 + x~ - 3x + 2 ; 

or - 4x + 8 '" - 2V2VX2 - 3x + 2; 2x - 4 = V2VX2 "'-3x + 2; 

4x2-16x + 16 = 2(X2-'3x + 2) = 2x2 - 6x + 4'; or 2x2 -l:Ox =-l~j 

.'. x 2 _ 5x + ~f = ~l'- - 2-l =!. Hence x .;... ~- = ± !, .'. x = 3 01' 2 

17; x 3 ..: 1 _ 3x + 2 + 1 = 0; or X
S 

- 1 - 3x + 3 = 0 j 

or XS _ 1 ~ 3(x - 1) = 0; or (x - 1) (X2 + X + 1) - 3( x - 1) = 0 ; 

or (x-l)(x2+x - 2) = 0, .'. x-I =0 orx= 1. Also x 2 ,+x - 2 = 0, 

.'. x2 + X = 2; or x2 + x + ! = t; or x + ~ = ± ~, .'. x = 1 or - 2 

18. Since (.Yx2+ax+b + vx2-ax+b)(vx~+a't+ b -VX~--;X1~) 
::: 2[!x, dividing these equals by the given equation we have 

2ax " vxz + ax + b - .Jx2 - ax ... b = -, and adding the given equation 
C ' 

::lax 
to this we gilt 2,/x2 + ax + b = -c- + C'; or, by squaring, 

4a2x2 4a2x 2 

4x2 + 4ax + 4b =: ~ + 4ax + c2
, .'. 4x2 ~ -----;;z- ::: c2 

- 4b i 

. "c./c2 -4b 
or x2(4c2 

- 4aZ
) = c2(c2 - 4b), .'. x = ± "2V c2 _ a2 

19. Reducing the terms of the first member to a common denoo 

xvx~xva-x+rr:vx+xva~x b 
mlnator and adding we get ) = - . 

x-(a-x Vx' 

2xVx b ab 
or -2 --" - =: .I

X
; or 2x~::: 2bx - abi or x2 - bx = - -' 

x"-a v" 2' 
b2 b2 ab b2' ~2ab b 

x2 
-' bx + "4 = "4 - "2 :: --4- ; whence x - 2' =: ± iVb2 - 2ab, 

or x ::: !Cb ±Vb2 ~ 2ab) 

20; Clearing offractions we get 

(vx + 60 + vxz + 9)2 = 2VX-;3;-+--::-6"'"OX'702""+-::-9x-'--'+~'--54'-:;'0 + 89; that is 
, ' 

x+ 60 +2VX3+60X2+ 9x + 540 +X2+ 9 =: 2VX3+ 60;1;2+ 9x + 540+8flj 

or x2 + X :: 20 j x2 + X + ! ::: 20 + ! ::: 1i41. j X + i :: ± * .'. X ::: 4 or - 5 
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21. x12 _1:: 0 j or (X6+ 1)(1:6 -1) = 0 j or (x 6 + 1)(x3+ 1)(x3 _ 1) 

:;: 0 j or (X2+ 1)(x"- x 2+ 1)(x + 1)(x2 -:r: + 1)(x -1)(x2 + X + 1) = 0 

:, we have, separately, X2 + 1 =.0 j or x 2 = - 1, ,', x:;: ± V~ j 
Also x4 - x 2 + 1 :: 0; x4 - x 2 + ! :: - ~, ,', x 2 - ! :: ± !v-=3, 

,', x:: ± VHI ± V - 3) j Also x + 1 :: 0, ,', X :: - 1 j Also 

x2 - x + 1 :: 0 j or x 2 - x :: - 1, ,', x :: HI ± V~3) j Also x-I 

~D,,',x=lj Alsox2+x+l::0j orx2+x=-I,,',x=H-l±v~) 

22, x3 
- 6r!;2 :.. lIx - 6 :: 0 j multiplying by x we get 

:r;4 - 6x3 + llx2 _ 6x = 0 j or X4 - 6x3 + 9x~ + 2X2 - 6x :: 0 j 

or (X2 _ 3X)2 + 2(X2 - 3x) = 0, ,', (X2 - 3x)" + 2(X2 - 3x) + I :: 1 j 

or x2 _ 3x + 1 :: ± 1, ,', x 2 - 3x :: 0 or - 2 j x(x - 3)~ = 0, 

.. , x - 3 '" 0, or x :: 3. Also x 2 - 3x = - 2 j whence x :: 2 or 1 

23. x 3 _ 4x2 + x :: 0 j or X(X2 - 4x + 1) :: 0, .'. X :: 9. Also 

:r;2 - 4x 'I- 1 :;: 0 j whence x :: 2 ± V3 

24. x3 - 8x2 + Ux + 20 = 0 j multiplying by x we get 

:r;4 -8x3 + llx2 + 2Dx:: 0 j or X4 - 8x3 + 16x2 - 5xz + 20x :: 0 j 

or (XZ - 4X)2 _ 5(X2 - 4x) :: 0; (X2 - 4X)2 - 5(2,2 - 4x) + ,zl :: 'lcl', 
:, x2 - 4x - ~ :: ± 1 j or x 2 - 4x = 5 or 0 j x(x - 4)* :: 0, ,', x :: 4. 

Also x 2 - 4x :: 5, ,', X :: 5 or - 1 

x + a - b + b _ (2X + a + c + b - b) Z , x + b + a - b 
25, x + b - 2x + b + c ,or x + b 

_ (2X+b+c+a - b)2, a- b _ ( a-b )2, 
- 2x + b + c ' or 1 + x + b - 1 + 2x + b + c ' 

a-b2(a-b) (a_b)2 1 2 
or 1 + x + b :: 1 + 2x + -b + c + (2x + b + C)2 j or x + b - 2x + b + c 

a - b 2x + b + c - 2x - 2b a - b . 
:: (2x + b + c)2 j or (x + b)(2x + b + c) :: (2x + b + c)Z j 

c-'b a-b -
or -- :: ----- , or ?cx - 2bx - b2 + c2 :: ax - bx + ab - b2, 

a; + b 2x + b + c ' ~ j 
c2 _ ab 

r;Jr (a + b ... 2c)x :: c2
;... ab; or x = a + b _ 26 

F 
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26, 3x3 _ 14x2 + 21x - 10 = 0; lllultiplying by 3x we have 

9x4 - 42x3+ 63x2- 30x = 0; or 9x4 - 42x3+ 49x2 + 14x
2
- 30x = 0; 

or adding x 2 _ 5x to each side (9x 4 - 42x3 + 49x2) + (15x
z 

- 35x) 

= x2 _ 5x; or (3xZ _ 7X)2 + 5(3x2 - 7x) + ~.p. = x 2 - 5.1' + ~l, 
,', 3x2 - 7x + ~ = ± (x - D 
Then 3x3 

- 7x + 'i = x -i 
that is 3xz - 8x = - 5 

whence x = 1; or 1 

Or 3x2 - 7x + ~ = ~. - x 

that is 3x2 - 6x = 0 

\"bence x = 2 or 0* 

27, Assume J.jx + J.ja = J.jn, then cubing each side we have 
., 1 l ? -

X + 3x"a" + 3x"a" + a = 11.; or x + a + 3J.jax(J.jx + Kja) = 11.; 

or x + a + 3Kjanx = n since Kjx + Kj<L = Kjn, But comparing tbis 

with the given equation we see that n := b, ,', J.jn = Kjb, 

,', Kjx + Kja = Kjb; or Kjx = Kjb - Kja, ,', x 0= (Kjb - J.ja)B 
~ 

28, (4X2 _ 9x) - (4X2 - 9x + 11)2 = - 5, or adding 11 to each 

side we have (4x2 - 9x + 11) - (4X2 - 9x + 11)! = 6; or com

pleting the square (4X2 - 9x + 11) - (4X2 - 9x + 11)1 + * = 'J./; 
,', (4X2 _ 9x + ll)! - ~ = ± ~; or (4X2 - 9x + 11)1 = 3 or - 2, 

,', 4x2 _ 9x + 11 = 9 or 4, Then 4x2
- 9x = - 2, whence x = 2 or! i 

1 --
Also 4x2 - 9x = - 7, whence x = 8(9 ± ..j - 31) 

29, Completing the square we have 

(x + 6)2 + 2x~ (x + 6) + x = 138 + x + x!, and taking the square 

root, x+6+..jx=±..j(138+X! +x); or (x+,jx)+ 6= ±vx-t-x! + 138 j 

sqnaring, we have (x + ..jX)2+ 12(x + ..jx) + 36 = (x + x!) + 138; 

or (x + ..jX)2+ 11(1: + ..jx) = 102; or (x + yX)2+ 11 (x +..jx) + ItL 

=102+ Ll 1 ="'P, ,',x+..jx+l}=±~,;}, ,',x+yx= 6, whence 

x = 4 or 9, or x +..jx = - 17, whence ..jx == '~( - I ± y - 67), and 

.. , x = H - 33 + ..j - 67) 

"'We thro\V away the root x = 0 because it arises from the x by which 
we multiplied each side of the equation in ·the solution, and is conse
quently not a root of the given equation, 
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30. X4 ~ 4x3 + 6x2 - 4x + 1 '" 6, or extracting the square root 

x2 
- 2x + 1 = ± V6 j and again taking the sq. root x-I = ± V ± V6, 

whence x = 1 ± V ± V6 
31. 'Squaring we have 4X2 - 4x 6", a" - 2aZx4 + a2x 8, ~nd divid-

4 ~2 1 4 ~2 
ing by a2x 4 we get, ---Z-:-, - -" = ----;- + 2 + X4 " or ---.,--.. - -,. - 4 

a X" U" .1:' 'a"x" a" 

1 (1) (4X2 4 ) ::.. 4 - 3 + X4 j or x4 - 2 + -.- + ~ -~ = - 4 j x x a a:t; 

or (X2 ~ .l) \ ~ (X2 - !-) :;: -4' x" a" Xl " 

( 1)2 4 ( 1) 4 4 4 -4a4 4 or XZ - -;-- + - x 2 - ~ + - = - - 4 :;: --- = ~(1 _ a4) 
Xl u 2 x~ a 4 a 4 a4 a 4 

122 __ 1,2 __ 
.'. X

Z 
- - + - '" + _. '1- a4 .'. x 2 - - = - -( 1 -+ "1 - a") x 2 a2 - a2'Y x2 al 'Y 

2 __ 
Let - iJ2(1 t VI - a") be represented by 2bz, then we have 

1 , 
XZ - - = 2bz , or X4 - 2bzx 2 :;: l' or x4 - 2b2x2 + b4 :;: 1 + b4 ., x2 ' , 

or XZ - bZ = ± VI + b"', .'. X
Z = b2 ± VI + b-l (A) 

2 -- I __ 
But 2bz = - a2 (1 t VI - a4

), .'. bZ 
:;: - ae(l t VI - a4 ) 

{

I _}2 1 _ 
.·.b4 :;: -a2 (ltvI-a4 ) :;:~(lt2vl-a4+1-a4) 

1 __ ' 1 __ 
:= u4 (2 t 2Vl - a4 - a4 ) .'. b4 + 1 = 1 + a" (2 t 2Vl - a4 - a4) 

1 ___ a4 1 ---
:= 1 + -4(2 t 2V1 - a4 ) - 4' = 4(2 t 2Vl - ( 4) .'. 1 + b4 

a a a 
2 __ 

, :;: (01(1 t VI - a') Substituting these values for b2 and 1 + b4 

in eqnation A, and then extracting the square root we have 

.1 1 -- .. 12- ---
II: :;: V ~ a2 (l t VI - a4) ± ;;(;1(1 t VI - a4 ) or using only 

tbf}, upper i3tgllS 

'" ± ~ {V - 1 + -/1 '" a4 + V2(1 t -/1 - a4) } 
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or x = + ..!:.. { - 1 + VI - a4 + ,.j2~1 - a4 }! 
- a 

1 ---- - -- d = +_{ _ 1 + VI - n4 + V(I' + a2
) - 2Vl - a4 + (I-pZ)J 

- a 

.'. x = + ..!:.. { - 1 + VI - a4 + VNl + a" - vi - a")2}! 
- a 

± "!:"f - 1 + VI - a4 + V~a2 - VI - a~~~ 
a 

= ± : leVI + a" - 1)(V~~ + l)l! 

32. {(x - 2)2 - x}~ - {(x - 2)2 - x} = 90 

.'. {(x _ 2)2 _ X}3 _ {(x - 2)2 - x} + ! = ;lil. j 
d'L' {(x _ 2)2 _ x} -! = ± J28, .'. (x - 2)2 - X = 10 or - 9 

that is x 2 - 4x + 4 - x = 10, whence x = G or - 1 j 

or x 2 - 4x -I- 4 - x = - 9, whence x = !(5 :!: 3..;-=3) 
b n 

33. Dividing through by x 2 we have (lX
z + bx + c + -; + ;;2 = 0 j 

or (ax2+ :2) + (bX+!) +c=0 j ora(x2+ :2) +b(X+ ~ )+c=O 

1 l' 
Let x + - = y j then x2 + -- = y2 - 2, and substitLlting these x X2 

values for x we have a(yZ - 2) + by = - C j or ay2 + by = 2a - c, 

_ b ± v8a2 + 62 - 4ac 1 - b ± V8az + 62 
- 4ac 

whence y = 2a .'. x + X = 2a 

that is 2ax2 + (b + V8a2 + -bZ 
- 4ac)x = - 2a, whence 

± 'lj8az + 62 - 4ac - b ± V - 8a2 -I- 2b2 
- 4ac + 2bVSaz + 62 

- 4a.c 
x = 4a ' 

KOTE.-An equation such as the ah'ove, in which the coefficients follow

ing the middle term are the same as those preceding it but reversed in 

order, is called a rec1£rring eq1tation. The above solution affords a g"neral 

method for solvibg 6uch reClt7"rin(f biq1tadratic equations, 
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we have x2 _ - + - _ - x2 _ -
, a4 

X4 2X2 ( a4 )! 
x~ a2 a \ 'x~ 

or x" - - x2 _ - 2 + - _ a2 = O. , 2X2 ( a
4

) 1 (X4 ) 

a x 2 a 2 , ' 

2x 1. x4 _ a4 
01' x" - - (x4 - a4)2 + --.- = 0; or taking the square root we a a 

';(X4 _ a4) 
get, x - - a 

a2 _ 

x4-a4 
0; or transposing and squariug, x 2= -~~ -, ; 

... x· = '2(1 ± ';5), whence x = ± a.JHl ± ';5) 

-- - 2f(:lx + 4) - 4(2 - x)l 
35. ';2x + 4 - 2';2 - x = ; or factoring 

V9:L; + 16 

the second member, we have ';2x + 4 - 2';2 - x 

2{(';2x + 4 - 2';2---::::-;;) (..,/2 x + 4 + 2';'!. - x)J 
" --,'-------'---=::::::::==-----'----' 

';9:t~ + 16 

Then dividing each side by ';2x + 4 - 2';~ we have 

2(";2x+4+2';2-x) ___ --- --
1" . or ';9x'Z+ 16 = 2{v'2x + 4 + 2";2 - :rJ 

";9x~+ 16 ' 

Now squaring l>ac1l side, we get 9x2 + 16 = 48 - 8x + 16";8 - 2x" 

... x2+8x= 32-8x2 + 16';8 - 2X2; or x 2 + 8x = 4(8 - 2X2) + 16';8 - 2~,2 

or x2+ 8x + 16 = 4(8 - 2X2) + 16';8 - 2X2+ 16.'. x+4=± (2';8 - 2.£2+ 4) 

... x 7' 2";8 - 2x2, or ;;:;2 = 4(8 - 2X2); whence x = ± ~';2 
Also x 1= _ 2';8 _ 2X2 _ 8, or x. + 16x + 64 = 4(8 - 2.1:Z) ; 

or 9x2 + 16x = - 32, wheuce x = - ~ ± §.; -14 = - H2 t ';=-14) . --- --
And by equating the rejected- factor ';2x + 4 - 2';2 - x " 0 

2 
we obtai~ the remaining root x = 3" 
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?x' + 1 + x.j4x~3 a ' 
36, ~ = - whence Algebra, ArtIcle 1%. 

2X2 + 3 + xV 4xz + 3 1 ' 

2 I-a . -, - 2 
--_._=== = ~ = 1 - a, .'. 2X2 + 3 + xV 4x2 + 3 = 1 _ (t.; 
2X2 + 3 + xV 4x' + 3 1 

2 3a - 1 " ' ._- 3 2 2 -- - 2x·' sqnarIng or xV 4x2 + 3 = 1 _ a - - x = 1 _ a ' 

each side we have 4x4 + 3x2 = Ct:: a1) 2 - 4XZCla ~ :) + 4X4 

,', 3x2 + 4XZC~ = ~) = C~ = ~yj or X
Z(3 + 12; = !) 

2 (3 1)2 
_ 2 (9a. - ~) _ (3ct - 1) ,', xZ(9a _ 1) = a-
- x 1 _ a - (1 _. a?' 1 - a 

3a. - 1 
,', x = ;:=:===:====;: 

V(1 - a)(9a - 1) 

37, {Cx-l)(x-4)}{Cx-2)(x-3)} =: 8; {x2-5xH}{X2-5x+6} = 8 

,', {(X2 _ 5x) + 4}{CX2 - 5J.') + G}, that is (XZ_ 5x)z+ 10(x2- 5x) + 24 = 8 
or (X2 _ 51:)2 + 10(x2 - 5x) + 25 =: 9, ,', x 2 - 5x + 5 = ± 3 

,', X2 - 5x = - 2, whence x = ;(5 ± V17), Also X2 - 5x =: - 8, 

whence x = !(5 ± V - 7) 

38, {ex - l)(x - 8)}{(X - 2)(x - 7)}{(x - 3)(x - 6)}f(x - 4)(x - 5)} 

= {(X2 - 9x) + 8}{(x2 - 9x) + 14}{Cx2 - 9l') + 18}{(x2 - 9x) + 20} 

= (X2 - 9x)(17x' - 153:c + 230) + 401. For x 2 - 9x write y, thcu 

we have (y + 8)(y + 14)(y + 18)(y + 20) = 17y2 + 230y + 401 j 

that is y4 + 60y3 + 130Sy2 + 1217Gy + 40320 = 17y2 + 230y + 401, 

subtracting from each side 8y2 + 17Gy + 320 we have 

y4 + SOy3 + 1300y2 + 12000y + 40000 = 9y2 + 54y + 81, or taking 

the square root of each side y2 + 30y + 200 = ± (3y + 9) 

,', y2 + 27y = - 191, whence y =: H - 27 ± V - 35) 

Also y2 + 33y = - 209, whence y = H - 33 ± V253) 

But y = x 2 
- 9x, ,', X2 - 9x = !(- 27 ± v--=-35), whence 

x = H9 ± ,,)27 ± V - 33 

Also x 2 
- 9x = H - 33 ± v253), whence x = l(9 ± ,,)15 ± 2 1253) 





88 KEY TO [Ex. LIII, LIV. 

1 1 
Alsoa-2$-1+a-l$-~=O' Of-,- = - -,' or r;t;r;2= ... a2x, .. ' ala; ax~ , 
whence $ = - a a 
Also x2 - 3ax + a,2::; 0 j or $2 ... 3a$ = ... a2

, whence ;r; = 2(3 ± y5) 

43. Add $4 to each side, then 

x4, + 8x. + 22x2 + 24a; + 9 = x4, and takulg the slJ,llare fOQt 
x 2 + 4x + 3 = ± X2, .'. 4x = - 3, when ce $ ::; ... ~ i l\lsQ 2.x2 t 4x ::; - 3, 

whence x = - H2 t y--:::z.) 

44, Changing signs, adding (4 - 2X4) to each side, and 

arranging we have $4, - 4x2 + 4 = 4$4 - 4$a-t 13$2 - 6$ + 9, and 

now extracting the square root ± ($2 - 2) = 2x· - x + 3, 

',2x2 -xt3=x2 - 2; whence x2-$= - 5, and ,', $:; HI ±y - Hl) 

Also 3x2 - x = - 1, whence x = ! (1 ± y - 11) 

x2 + 2x(v3 - '15) + (8 - 2'11'5) x 2
_ 2x(V3 -'15) +(8 - 2'115) 

45. $ _ y3 t y5 - 3; t y3 ... "15 

= x 2 
- 8 - '115 

, (x+v3-v5)2 (x-'l/3+'l/5)2., _ 
Thatls X-'l/3+'l/5 - x+V3 -y5 =$"+8-2y15; orclear-

in g of fractions 

(x + '13 -'l/5i- (x - '1/3 + '1/5)3 = ($2 + 8 - 2y15)($L 8 t 2'1/15) j 

or 63;2('1/3 - '1/5) + 2("13 _V5)B={X2t ('1/3 -y(i)2Hx~~ ("13 -V5)2Jj 

Let '13 - '1/5 = (I., then x<\ - 6ax~ '" «4 - ~aal whence, 

or = ± y3a i aVa~ t 2a t 9 where ~ == "13 '" "10 

EUROISE LIV, 

1. (x t y)(x - y) ;:: 45, but x - y == 5 ,', 5(~ + '1/) :: 45, 
or x t y == 9 and' x ... y == 5 .', 2x ;:: 14, &c, 

2, (x + y)(x ... y) ::; 105, but x +- y ;:: 21 _,', 2l(a; ,.. y) ::; 105, 
or x - y == 5 ,', 2$ == 26, &Cc, 
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3, x2 + 2xy + y2 =: 81, but x2 + yZ :: 41 ,', 2;r;y =: 40, and 

.. , x2 
- 2xy + y2 =: 1, whence x - y =: ± 1, ,'. 2x = 10 or 8, &c. 

4. x 2 
- 2xy + y2 =: 225, but x 2 + yZ =: 113 ,'. 2:ry =: - 112 

... x2+ 2xy + y2=: 113 - 112 = 1, whence x + y =: ± 1 and x - y = 15 

.'. 2x =: 16 or 14, &c. 

y4 _ 89y2 + (Sl)2 = _ 1600 + 1.J!4'U = lfill .'. yZ _829. :: f 3,?, ,v hence 

40 40 40 
Y = + 8 or + 5, And x =: _. = -, or - =: + 5 or + 8 

-::- y ±8' ±5 - -
'72 24 242 

6, x2_y2= u5, andx =: - '" - ,', -2 _y2= 5::;' ory4+ u5y2:: 5'76 
3y Y Y 

whe~ce yZ '" 9 or -,64, and.'. y = ± 3 or ± 8y--::1 
24 24 24 _ 

And x '" - = -. or ----= '" ± 8 or + 3y - 1 
Y ± 3' ±8y-l 

7. x2 + 3yZ", 143, and y '" 24 - 2x ,', x 2 + 3(24 - 2x y2 '" 148; 

or x 2 
- 1728 - 288x + 12x2 =: 148 j or 13xz - 288x =: - 1580, 

wl1ence x=: 12,2.3, or 10 

And y = 24 - 2x =: (24 - 24-ls) or (24 - 20) = - '/3 or 4 

2 + 3y (2 + 3Y) 2 
8. 3xz_ 2y2,=: 115, and x =: -2- .', 3 -2- - 2y2= 115; 

.;>r 19y2 + 3Sy =: 448, whence y =: 4 or - 5H 
I . 

2 + 3y 2 + 12 2 - 1 '7H 
And a;, =: -2- =: -2- j or -2- = '7 or - '1i~ 

. 2y ( 2Y)Z 9" 4X2+ 3~z = 511, and x=:9 - 3' .', 4 9 -"3 + 3!Jz =: 511, 

or 43y2 - 432y =: 1683 j whence y = 13l:! or - 3 

2y ( 26'44s) And x '" 9 - "3 = . 9 - -3- or (9 + g) = H or 11 

10. x8 _ yB = 26 j also from 2p.a cquat. x 3 - 3x2y + 3xy2 _ yB '" S 

,', by subtraction 3x2y - 3xy2 =: 18 j or xy(x - Y) = 6, but x - Y =: 2 
I 

,', 2.'I:!1 := 6 or xy =:,3. Then xy = 3 and x '" 2 + y ,', y(2 + Y) '" 3 

er y2 + 2y = S, whence y ~. 1 or - 3, A nd x=:2 + y == 3 or - 1 
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11. x+y=,4 ,', (x + y)z= 16.'. x 3 + y3: 16, and from 1st 

equat. 3,.8 + 3xZy + 3xy2+ y3 = 64, ,', by sublraction 3x~y + 3xy2 = 48; 

or xy(x + y) = 16, butx + y= 4 ,', xy= 4 ,', y(4-y) = 4 ory2-4y=-4, 

whence y = 2, and x = 4 - Y = 4 - 2 = 2 

12, Squaring tbe 1st eqnat, *Ix + 2 Vxy + *ly =- 9, hut 4 ",fxy = a 
,', subtracting we haye*Jx - 2 ",,/xy+*ly = 1; ~hence Vx-8,jy= ± 1 

and R.jX +"/y = 3, ,', by addition 2 '../x = 4 or 2, ,', s.;x = 2 or 1, 

whence x = 256 or 1, &c, 

13, y2+4x - 2y = U,and x = 14 - 4y ,', y2+4(14-4y) - 2y = 11, 

or yZ _ lay = - 45; whence y = 15 or 3; and x = 14 - 4y = - 46 or 2 

3y + 1 
14, 21:2 + xy - 5y2 = 20, and x = --2-

(
3Y + 1) Z (3Y + 1) , ,', 2 --2- + y --2- - 5y2 = 20; or 2y2 + 7y = 39, 

3y + 1 
whence y = 3 or - 6i and x = --2- =: 5 or - 9~ 

15. 9x + 5y - 4xy = 0, and x = 2 + y ,', 9(2 +y) + 5y - 4y(2 +y) =: 0, 

or 2y2 - 3y = 9; wb~nce y = 3 or -~, and x = 2 + y = 50r i 
16, X2y2 + 4xy + 4 = 100 ,', xy + 2 =: ± 10 ; whence xy = a or ~ 12 

From second equation x=:6 - y ,', y(6 - y)' =: a or - 12 

That is y2 - 6y = - 8, whence y = 4 or 2; and y2 - 6y = 12, 

whence y = 3 ±-./21 ,', x = 6 - Y = 2 or 4, or 3 +-./21, 
17, 9X2 + 36xy - 85y2 = 0, and x=:2 + y 

,', 9(2 + y)2 + 36y(2 + y) .:... 85y2 = 0, That is 10y2 - 27~ = 9; 

whence y'= 3 or - -p,,) and x :: 2 + y = 5 or 1-?o 

, 12 + y2 
18, From second equatIOn x = --- and substituting this y 

for x in the 1st equat, we getC2 ; Y~ Z + C2 
; y~y = 77; 

144 + 24yZ + y4 ) 
'or yz + 12 + yZ :: 77; or 2y4 - 41y2 = - 144 

,', y2:: 16 or J.;f, whence y = ± 4 or ± ~-./2 
A 12 +yZ 28 ! of 66 33 - 11-./: 

ud x = -y- =.L-,- 4 or ± 3"2 ; = + 7 or --' =+70r+--n - ± 3-./2' - - 2 
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19, Let x", v + z and y '" v - z 

Then x
2 + xy'= (v + Z)2 + (v + z)(v - z) = 2v2 + 2v= '" 66 (r) 

Also x2 ~ y2 = (v + .::)2 - (v - Z)2 = 4vz '" 11 ,', 2vz '" -V .. (n) 

Fro.ill (I) we get 2u2 
=: 66 - ·ii· '" J..~J.. ,', v 2 = l~l or v '" ± 12l 

].<from (II) we get by 'sLlbstitution z = 12l 7- ± 11 = ± ~, Then 

x = v + = = ± II ± i = ± 6, And y = v - z = ± 11 f ! = ± 5 

20, From 1st equat, by clearing of fractions x 3 + yB '" 18xy (1) 

and cubing the 2nd equat, we get xB + 3x2y + 3xyZ + y3 = 1 '728 (n) 

and taking (1) from (n) we have 3x2y + 3xyZ = 1728 - 18xy; 

or xy(x + y) = 576 - 6xy; or since x + y = 12, we have 12xy 

= 576 - 61'y ,', l8xy = 5'76, and hbnce xy = 32, Then x = 12 - Y 

,', y("I.2 - y) = 32, or yZ - 12y = - 32; whence y = 8 or 4, 

And x = 12 - Y = 4 or 8 

21. Let x = v + z and y = v - z 

,Then x 5 + y5 = (v + Z)5 + (v _ z)G = 2'v5 + 20v8z2 + 10vz~ = 3368 ; 

or v' + 10'UBZ 2 + 5v::4 = 1684, But x + y = v +:; + v - z = 2v = 8 

",V = 4, and substituting this for v, 1024 + 640::2 + 20z4 = 1684; 

wh~nce z4 + 32:;2 = 33, ,', ZZ = 1 or - 33 and z = ± 1 or ± -.; - 33 

Then x " '1.' + z = 4 ± 1; or 4 ± -.; - 33 = 5 or 3 or 4 ± -';-:::33 

y = v - z = 4 t 1; or 4 f -.; - 33 = 3 or 5 or 4 t -.; - 33 

22, From 1st equat, x3 + 3x2y + 3xy2 + yB = 343, and x3 + yB = 133 

.. ~3x2y+3xy2=210; orxy(x+y)=70,butx+y=7,',xy= 10 

Aud x = 7 - y ,', y(7 - y) = 10 j whence y = 5 or 2, and x = 2 or 5' 

23, Let x = v + 'z and y = v - :: 

'I'hen X4 + y4 = (v + ::)4 +(v - ::)4 = 2v4 + 12v2zZ + 2:;4 = 97 

But x - y = v + z - v + z = 2z = 1,', z = ! 
Hence 2v4 + 3v2 = 97 - i == 961\ j. whence v 2 =~4fL or - J!} 

.. , vb ± ~ Ol' ± ~-.; - 31 

Then x = v+z= H +!; orf ~-.; - 31 H = 3 or - 2 or !(l ± -.; - 31) 

Andy =V -z= H - ~; or ± N - 3l-! = 2 or"- 3 or H - 1 ± -.; - B1) 
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24. Multiplying the ind equat. by 3 and adding it to the 1st 

equation we have x 3 + 3x2y + 3xy2 + y3 = 343; whe'nce x + y := 7 

.'. x = 'I - y. Also x2y + xy2 = xy(x + y) = txy = 84 .'. xy = 12 

.'. y(7 - y) = 12, or y2 - 'Iy :: - 12; whence y = 4 or 3, 

and x = 'I - Y = 3 or 4 

25. x 2 + y2 + X + Y = 26, adding 2xy to each side of the equat. 

we have (X2 + 2xy + y2) + (x + y) = 26 + 2xy, or completing the 

square (x +y)~+(x+y)+ *:: 26* + 2xy .'. x +y +! :: ±-/WT:i=2Xy 
orx+y" ±-/26!+2xy-h but 4(x + y) = 3xy .'. 3xy:: ± 4-/26! + 2xy 

- 2; transposing and squaring these we have 9:r2y2 + 12xy + 4 

:.: 420 + 32xy .'. 9X2y2 - 20xy = 416; whence xy = 8 or - f!y'" 

Then 4(x + y) :: 3xy = 24 .'. x + y :: 6, and x :: 6 - Y 

.'. y(6 - y) = 8, or y2 - 6y = - 8; whence y :: 4 or 2, and 

,'. x = 2 or 4. Also y(6 - y) -= - 1592; whence y = t< - 13 ± -/377) 

and .'. x = -1,( - 13 + -/377) 

26. Clearing the first equation of fractions we have 

5[(x + y)2 + (x - y)2} :: 26(X2 - y2): i. e, 10x2 + 10y2 '-= 26x2 _ 2Gy2 

, 2x 
Rence 36y2 = 16x2

, or 6y:: ± 4x, or y = ± "3; substituting this 

ill. the 2nd equation, we have X2+( ± 2:) 2 = 52; or x2 + 4;2 :: 52 

13x2 X2 x 
or -9 = 52 .', 9" = 4; or "3 = ± 2; or' x = ± 6. And 

2x 
V=±3=±4 

2x+36 . 
27. 7y = 2x + 36. ,'. Y = --'1-; substituting this in the first 

2x + 36 
equation, we have x + --'1- = x2, or '1x2 - 9x = 36; whence 

2x + 36 
x = 3 or - 1if. And y::; --'1-:; 6 or 4B 

28. Let x = v + z, and y ::: V - Z i then we have from the first 

equation 2v4 + 12v2z2 + 22.4 = 14v4 - 28v2z2 + 14z4 , !Lnd this by 

transposition gives 40VA
Z

2 = 12v4. + 12z4 j but x + y = v + z + v - z 
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= 2v :: n~, .', v = !1n: substituting this for v, we have 101lL2z2 

31noJ,' 3/J~ 7n 
;:; ~11t4;+ 12z4 or 6z4._ 5n~2zZ= - _. whence z = + - or +_ 
., 8 ' - 2y3 - 2y3 

311~ lit ?It 1n 
Thenx= Hz= ~1n ± 2~3; or!11t ± 2y3 = "2(1 ±y3); or "2(1 Hy3) 

m 3m m 11t m m 
Andy=v-x ="2+ 2y3; or"2+ 2y3:: "2(1 +y3); or"2(l"+ !y3) 

74 
29. Let x=: vy' then v2y2 + 2y2 + vy2:: 74 or y2:: -, ----

, 'v2 + V +;l 
73 74 73 

and2vy2+y2+Zv2y2= 73; ory2 2v2+2v+l "'v"+v+2 '" 2v"+2v+ 1 

74 
or by reduction va + v = H; whence v :: g' or - t i y" r v2 + V + 2 

74 74 
= -l;; + ~ + 2 = 25 ,', Y = ± 5, also y2 :: H _ t + 2 =: 25 i whence 

as before y :: ± 5. Therefore x = vy :: ± 5 x t; or ± 5 x - f :: ± 3 

or"+ 8 

30, Adding the two equations together, we have x4 + 2x2y2 + y4 

= 169, whence x2 + y2 :: ± 13 j but x2 + 2x2y2 + y2 :: 85 ,', by sub

tr9Jction 2x2y2:: 72 or 98 ,', x2y2 :: 36 or 49, and xy =: ± ~ or ± 7 

± 6 + 7 'h' " h Then x = -- or =--, and substitutmg t IS Lor x, we ave 
y y 

(+ _~)2 + y~ = + 13 that is 36 + y2 = + 13' or y4 + l3yZ = _ 36, - Y - I y2 -, 

whence y2 = 9 or 4, and.', y = ± 3 or ± 2, (Impossible values 

being rejected,) 

81 
Also v2y2 - 3'oy2 - 7y2 = - 81 i whence y2 :: 3v _ v2 + '1 

108 in 
,', 3v2 + 2v _ 4; = 3v _ v2 +7 or by reduction, l3va - 6v = 40; 

whence v :::: 2 or - H 
, 81 81 

Then y2:: 3v _ v2 + 7' - 6 _ 4 + 
81 

7 or .... H _ H~ + 7 i :: 9 

or 169 x 27 ,'. y'= ± 3 or:; ± 39";3 

':'1 •• ; 
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And x = t'Y = ± 3 x 2; or ± 3 x - 1 g- = ± 6 or t 4-i';i 

Also x = vy = ± 39V3 :: 2; or ± 39V3 x - B = ± 78V3 or t 60y3 

32, Factoring the first equation, we have ] 2 

(1;3- x3
) - (I' + x) = 12 ,', (y + :c)(y - x - 1) = i2; or y + x = Y _ x -1 

48 12 48 1 4 
bu t Y + x = (y _ X )2 ,', y _ x-I = (y _ x )~; or y _ x-I = (y _ X )2 ; 

or (y - X)2 = 4(y - x) - 4 ,', (y - X)2 - 4(y - x) + 4 = 0; whence 

48 
V-x = 2, and y +x = (---,~= 4l= 12, ,', y= 14 or 2y= 7, andx=5 _ V-X) 

33, Transposing the first equation, we have 

:.; + ~; + y + -=- + VY = 20; that is (-=- + yy V + (-=- + YY)= 20 
Y vY Y Y ) Y 

X 3 
,'. -, + VY = 4 or - 5 ; that is x + y2 = 4y or - 5y 

Y , 
Taking x + y2 = 4y = x + 8, (by 2nd given equation) we have 
~-

y2 = 8 ,', y = 4, and x = 4y - 8 = 8 
3· 

Taking x + y2 '" - 5y, and subtracting this from the 2nd given 
3 3 1 

equat.,we have 8 - y2=9y ,'.8-8y=y+y2; or8(1-y)=y(1+y2) 
1 ! 

and dividing each side by 1 + y" we have 8(1 - y') = Yj that is 
1 ! 

Y + 8y2 '" 8, whence y2 = - 4 ± 2V6, and ,'. y = 40 t 16V6, and 

x = 4y - 8 = 152 + 6N6; also 1 + y~ = 0 .', y = 1 

34, x 3 + yS = 35 (1), x 2 + yZ = 13 (n), 

From (I) (x + y) (X2 - xy + yZ) = 35; but X Z + y2 = IE 

. 3ll 
,', (x + y)(13 - xV) = 35 ,', x + y = 13 _ xV' squaring we havE 

1225 
X

Z + 2xy + yZ = 169 _ 26,J;y + x2y2; substituting (II) in this, WE 

1225 1225-2197+338xy-13x2,/ have 2xy = ,-13= . , 
169 - 26xy + xZy2 169 _ 2Gxy + X"y2 

338xy - 13x2y3 - 972 
., 2xy = -169-:-U-xy + x2y"2 ; clearing of fractions, We havl 

2X3yB_3'9x2y2 +972:: 0 i and factoring (xy - 6)(2x2y2 __ 27xy '"' 162: 
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= 0.'. xy - 6 = 0 (III) j and also 2~·2yZ - 27xy - 162 = 0 (IV) 

From (III) xy = 6, and from (rv) xy = 18 or 4! .'. 2xy = 12, or 36, or 9 

Hence adding these to (n) and extracting the square root, we 

hH.ve x + y = ± 5, or:l: 7, or ± '1/2'1, j similarly subtracting these 

from (II), and then extracting. the square root x - y = ± I) 

or ±..; - 23, or ± 2. Hence by addition and subtraction we·have 

x=±3j orU(7 +";-=-23) j or U(2+.y22) 

y = ± 2 j or ± 2(7 - '1/ - 23) j or ± !(.y22 - 2) 

:Qtherwis~, tllUS : 

Let x == v + z, and y = v - z 

Then from (I) 2v3 + 6vzz == 35 (m), and from (n) 2vz + 2zz = 13 (IV) 

Multiplying (IV) by 3v, and subtracting from (m,) we have 

4v8 - 39v = - 35. Multiplying by v, we have 4v4 - 39v2 == - 35v 

Dh-iding by 4, v4 - !ilLV2 = - ;Jl-v j add v2 to each side, and 

v4 _ ~l'vz== v2 _ 3[lV .'. v4 _ va == l4' (v2 _ v) .'. (V2 _ v)(VZ + v - ~b) = 0 

.'. va _ V .: 0 (v), and v2 + 'v = ill'- (VI) 

From(v),v==Oorlj andfrom(vI),v=tOr-~. But2v2 +2z2::13 

.. ,z=!'l/26j orU.y22j orUj orUF23 

Then x = v + z = 1 ± !";ITj or ~ ± ! j or - ~ ± ..r=-'I3 
y = v ,... Z :: values as obtained above. 

NOTE.-Tho values v = 0, and z = h'26 lire derived from the v, by 

which we multiplied equation (IV), 

, -,--- 'l/x+9 
35. By Algebra ArtIcle 106, we have 'l/y2 + 1 = --3- j , 

whence x.=; 9y2 j substituting this in the 2nd equation, we get 

9"y2(y2 + 2y + 1) :: 36y8 + 64 j or 9y4 - 18!f + 9y2 = 64 j 

or 9y2~y2 - 2y + 1) :: 64 . '. 3y(y - 1) = ± 8 j or y2 - Y = ± t, 
whllnce l' :: /;(3 ± v'105), orH3± '1/ - 87) , 

And x =9i12 = ~(1!) ±.yt0'5) i 01',( - 13 ± '1/-='87) 

36, ~~ultiplying the 2nd equation by x, we have X4 + x!f = x, 

but x4+ y4 = x.'. X4+ y4 = X4+x!f .'. ~4_xy8 = 0 j that is y8(y_X):: 0 

, whence y8 = 0 ,'. 'II = 0, and hence x = 1. .Also '1/ ... x ;;; 0 ,', y = xi 

whence 2x3 = 1, a.nd y = x '" H/4 
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37, Dividing the 1st equation by x3, we have (X3 + x\) ~= y2+ 1 

,', x 3 + :3 = y + .~ (r), Again dividing the 2nd equation b! y3, 

we have (y3 + y\)x = 9(X2,+ 1) ,', y3 + y1a = 9(X + ~) 

or ~ (y3 + y\) = 3 (x + :) (n) 

Now adding equations (1) and' (n) together, we have 

_~(y3 + ~) + y + ~ = x3 + 3x + ~ + 13 = (x + ~)3 
3 y" Y x x x 

,', y3 + -.;. ~ 3y + ~ = (y + ~ \)3 = 3 (x + ~)3, or extracting 
y y y x 

the cube root of each, y + ~ = (1; + ~) \13, But (1) Y + ~ 

'" XS + 4 ,', X S + 4 = ( x + _1_) \13, and factoring x x x 

(x+ ~)(X2-1+:2) = (x+ ~)\13,',X+ ~ =O,orx2~-l, 
_ 1, 1 

or x = ± V - 1. Also x 2 
- 1 + x 2 = \13 j O'i' x 2 + 2 + x 2 = 3 + \13 (III) 

1 --
by adding 3 to each side, .. , x + X :: ±V3 + \13, similarly by 

1 ---
taking 1 from each side of (III) and then taking V j x - X = ± V\l3 - 1 

Then by addition, we have x = ± !IV3 + 1lj3 + ~-::...--n 

1 (1) _ And y + 11 = x + x \13 = ± \13 x '1\13 + 3 = '13 + 3\1~ 
1 1 

,', y2 + 2 + y. =. 3 + 3\19, or taking 4 from each y2 - 2 + y'. 

-- 1 = 3\19 - 1 ,', y - y = ± V3\19 - 1. Hence by addition 

1 
y = ± !IV3 + 3\19 + V3\19 ... I}, Also since x + x = 0; 

( 
1 \ I' _ 

x + x )\13 = 0 .. , y + 11 = 0, wlience y = ± V.- i 
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" x~ y2 X Y 
38. By transpoSl twn 2' + t +- - +- - = 'l.l, OT addin 0; 2 to 

Y x Y x 

,(x~ y2' (x. y ) , 
ea;chsroce, -;; + 2 + 2' ) + ,-+ - ,= ~( ; com.pletmg the squA.re 

(~ + 'Y....); + (.::. x+ J!:...) : ! x= 9 ,', .::. + Y.... + l = ±' 3 
y x Y x Y x 

{J! Y ,5a:y 7xy 
, - + - = ~ or - ~ ,', x2 + y2 = - or _ -y x 2 2 

Again by squaring the 2nd equation. we get x 2 + y2 = 2xy + 4 

, 5xy 7xy 
,', 2xy + 4 = -2 or - 2; whence xy = 8 or - }i' Then since 

3,2 - 2'xy + y2 = 4, and 4xy '" 32 or - 'H; we have by additi()ll 

x2' + 2xy + y2 = 313 orH ,', x + y = ± 6 or ± -h'l/3'&, and x - y ==.2 

,', x = 4 or - 2; or 1 ± l1r/33; and similarly y = 2, or - 4, 

or - J ± 1'"r/33 
1 

39, From the lstequa.t" we get (V:r+'l/y) +'l/5('l/X+Vy)2 == la, 
J. 

completing the square (VX + 'l/y) + 'l/5(Vx + 'l/y)' + ~ = -ll'-
,', (Vx + yy); + ~'l/5 = ± N5; whence (VX + 'l/yl = '1/5 or - 2V5 

,', yx + VY == 5 or 20 (n), Taking the former of these va.hles, 

and raising to the 5th power, we have 
.Ii. 2 3, a. 1 1i 

x- + 5x2y' + lOx2y + 10xy'~ + 5x~y2 + y2 '" 3125 

But x~ + y~. == 275 

5x2y,! + 10X~y + 10xyQ + 5X!y2 

x!y~{x~ + 2xyl + 2:xty.+ y~) 
== 2850, 

= 5110 <III). 
. 1 1 

But cubing equatioIi (I), and multiplying it by x"y', we haTe 

xiy~ (x% + 3xyi: + ax!y + y~)' = 125xt'yl (IV) 

Subtracting (III) from (IV), we Ilave 

.:ely! (xy~+ x!y) ; that is xy(xl'+",l) = 125xlyl - 570-

But xl + y! == 5 ,', 5xy = 125x!yl - 570 

'Hence xy. - 25x!y!=,,:,, 114 ,', xiyi == 19 9r 6 

Then x + 2x!yi: + '!I = 25 j and: 4x!yi == 24 or 76 

G 
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1 1 l!· --.-
,', X - 2x'Y' + y ::: 1 or - 51; or x' - y = ± 1 or ± V-51; and 

x! + y1 ::: 5 ,', x~ ::: 3, or 2, or !(5 ± V - 51); whence x::: 9, or 4, 

or H - 13 ± V--:::51); similarly y ::: 4 or 9, or H - 13 t V - 51) 

By using throughout the value vx + Vy::: 20, other values of 

x and y may be similarly found, . 

40, From the 1st equation (x + Y)(X2 - xy + y2);= X - Y 
x - 7/ 

, X Z _ xy + yZ::: --' and from the 2nd equat, x2 - axy + y2::: 0 " x+ y' 
x - y ~ / x2 

- 2xy + !l 
,', by subtraction, we have (a - 1)xy::: x + y ::: V x2 + 2xy + y~ 

'";, ~ "':jl 
- - " -V axy - '1.xy Vea - 2)xy ya:=--2 '\r <\ c. .t 

- - - --, '&1& -. ~'" ,~- b - axy + 2xy - (a + 2)xy - a + 2 ,- ,- a-I - , 

b b2 

suppose, Then y == -, arid y2::: ....,.; substit,t~:ing these values x x 
b2 

in the 2nd equation, we have x 2 + x 2 ::: ab; or x'" _ abx2 == _ b2 ; 

whence x 2 = ~(a ± vaz- 4); and therefore x= ± V ~(a±va~-4) 
___ 1 ___ _ 

= ± !vh{2(a ± va" - 4)}' ::: ± Nb(Va + '1. i vn - 2) by Algebra 
b ___ __ 

Art, 189, And y ::: -;; == ± 2vb(va + 2 t vn - 2), See Algebra 

Art, 181 

41. From the 1st equatIOn xy + ax - ay - a2 ; that is (x _ a) 

(y + a) ::: 0 ,', X - a::: 0; or x ::: a, Also y + a ::: 0 ,', y = _ a 

From the 2nd equat" snbstituting x = a, we have a + yZ + a3 = (, 
1 

,', Y = ± n2v - (a" + 1), Again substitnting - a for y in the 2nd 

equation, we have x + a2 + aa::: 0; whence x::. _ a2(a + 1) 

42, Squaring the first equation, we have 

x4. + y4 + n4 + 2X2(y2 + a2
) + 2a2y2 =: 0; and 8ubtractinO' this fran 

o , 

the 2ndequat"we getx2(yZ_a2)_2aZy2::: 0,', x2(yZ_a2) = 2a2y2 (I 

From the 1st given equat, x2 :::_ (y2+a2) ,',x2(yZ_a2) = _ (y4,_al ) 

,', - (y4 _ a4
) = 2a2y2; or y4 + ZaZyZ =: a"'; whence y2 ::a2( _ 1 ± y"4) 

and y ::: ± ay-::::-l± V'l.. Also x2 '" _ (y2 + a2)::: t oZV'J 

,', x::: {Ta"V 2 
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43. From 2nd equat, x 6 - 3y8 + a6 + 3x4y _ x2y2 _,a3,r4 _ :la3x2 

= 0 (I), and 1st equation x (x4 - y2) gives x 6 _ 3yB + 3x4y _ x2y2 

+ a3x4 _ a3y2:: 0 (n); then (1)- (II) gives a6 .:... 2a3x"'_ 2asxz+ a:iy2:: 0 

or dividing by - aB; we have 2x'" + 2xz - as,:", y":: 0 (m). But from 

first of the given -equations 'fI2:: { _ (X"; as)} Z == (XZ; a3
) Z 

... substituting this in (m), 2x4+ ~X2_ (XZ; a) Z _"0,3 == 0; that 

is when clear of fractions lSx'" + 18 .. :2 - x'" - 2aSJ:2 - It6 - 9as = 0, 

that is 17x4 + 2(9 - as)x" :: as(9 + ~) . 
as - 9 + 3.,f9 - 15a" + 2a' 

whence x2 
== 1 7 I and 

.'. :r == ± -n-{17(aS 
- 9 ± 3.,f9 ...,. 15a" + 2u ti )l! 

x2 + as 
And y:: - --3- = - -h(6aS 

- 3 ±.,f9 - 15u" + 2u6 ) 

44. Raising the 1st equation to the 4th power, we have 
X4_ 4xSy + 6x2yz- 4xy8+ y4 == X4+ y4_ 2x2y2_ 4xY(X2- 2xy + y2) ::: a4 

But-x" - 2xy + y2:: a2, and x4 + y4 :: b4 ... b4 _ 2x"yZ _ 4a2xy == a4 ; 

- 2a2 + .,f2a4 + 26'1 
that is 2x2yZ + 4aZxy :. b4 - a~, whence xy == - 2 

Then x2 - 2xy + yZ:: a2, and multiplying value of xy by 4, and 

adding, we have X
Z + 2xy + y2:: - 3a" 1: 2.,f2(~4, -I- 264,:: In", suppose 

In+a 1n-'-a 
,'. x-y :: a, and x + y == 'In; wbence x ~ -2-,andY=-2-

where 'In " ± V2.,f2a4 + 2b4, - 3a2 

45. From 1st equatiort x" + y2 = aZ + xy, and squaring this, we 

have X4 + 2x2yz + y4 = a4 + 2a2xy -I- x2y2 .'. x4 _ x2y" + y4 _ 2aZxy == a4 

subtracting tae 2nd given equation from this, wc have 

ci,z ± .,fJa4 ~ 2b4 
2x2y2_ 2a2xy :: a4 - b4 ; whence xy,. ----2-- :: c21 sUppOSO 

Then xy == c2, and' x2 _' xy + yZ == aZ ••• x 2 _ 2xy + y2 == a2 _ cZ, 

and x. - y == ±VCiT~. Also x2 + 2xy + y2 = a2 + 3e"; whence 

:r: '4 y == ±' .,fa" -I- 3c~ ... x == ± ~Na" + 3? ,± Vii!' - c"), and 
__ ' ___ aZ ± .,f3u4 - 2b4 

'Y == ± I;(.,faz + 3c~ t .,fa2 - c~), ,where c2 = 2 
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46. From the 2nd equation, we have 
x4.- 2x2yz + 2x2(a - 1) + y4 ~ 2yZ(a ~ 1) + (a - 1)2 = q} - 4a -j;- 4 

... extracting the square rQot of each, we have XZ _ y2 + (a - 1) 

= ± (a - 2). To find the, values of x aJ;lrl y which f!cfe ~ndepenuent 

of a use X Z - yZ + (a - 1) = + (a - 2). Then:r;z _y2 + 1 = 0, or 

X2 =: yZ _ 1; x 2 - 3 =: y2 - 4 (III). Again from the first given 

equation 3x6 -18x4 + 2'7x 2 =:: 3X2(XZ-", 3)2 = 2116 -110+52)1,2 +27 

But (III) x 2 - 3 = y2 - 4, and x 2 = y2 -1 ... 3(y2 - 1)(y2 - 4)! 

= 2y6 _ Uy4 + 52yz + 2'7; that is 3y6 - 2'7y4. + '72 y2 - 48 

= 2y6 - lly4+ 52y2 + 2'7.·. y6 -160 + 20y2 - '7-5 = 0; multiplying 

by - 4, we have - 4y6 + 64y4 - 80yZ + 300 = 0, and adding tQ, 

each side yB - 20y4 + 100 we get yS .:;. 4y6 + 44yz - 80yZ + 400 

== yB "'- 20y4 + 100. Then taking the square root y4 - 2y2+ 20 

'" ± (y4..;. 10); tq.at is yZ ::; 15, or y4",- y2 '" _ 5, whence y'" =: 15, 

or HI ± ";-=19); and X
Z = yZ - I_=: 14, Of ~( ± ,y-=19 - 1) 

whence y = ±y15, or ± .jHl ±,y - 19) = &c. 

4'7. Frol!1 the lsi given equat. y4 "" 2x2yZ + X4 + 4(y2 _ ajz). + 5 

== 2 'l/4(y2 - x 2 )3 + 5(y2 _ X 2)2 j that is (y4.:;. 2x2y2 + x4) 

"'- 2(yZ '- xZ),y4(y2 ~ x 2 ) + 5 + {4(y2 "'"' x 2) + 5} =: 0 ... extracting 

the square root, we have y2 - x 2 .:;;. ,y4(y"- _ :1: 2 ) + 5 =: 0; 

01' yZ_ x 2 = ,y4(y2..;. X2) + 5 ... (y2_ X 2)2_ 4(y2 _ x 2) = 5 

wheIice y2 - x 2 = 5 01." ... 1, taking y2 - X2 =: 5, we have from the 

2nd giveu equation 0 -" 3y2 + 1 = 5x2-- 8x + 8x.j x 2 - 2x .; 5 + 4 
== 5x2.:;. 8x+4x,y4x 2 -8x+20 + 4= 5x 2 ""," 8x+4x,y3yZ -I-x'l- - 8x+ 5+4 

since 15 = 3y2 - 3xz. Hence by transposition, we, have 

y4 = 3y2 + x 2 
- 8x + 5 + 4x,y3y2 + x'l- - 8x + 5 + 4x 2 , and taking 

the square root y2 = ± (,y3yZ + x 2 - Sx + 5 + 2x); usiug 

the positive sign; y2 "'" 2x = 43y2 + x 2 "" 8x + 5; squaring 

y4 _ 4xyZ + 4X2 = 3yz. + X Z - 8x + 5 ... y4 - 4xy2 + 4x z _ 4y2 + 8x + 4 

=: x~ - y2 + 9; but y2 - x2 =: 5.·. y4_ 4x2y2 + 4X,2 _ 4yZ +- ax + 4 

= 9 - 5 = 4 ... y2 - 2x-2 ",±2 ... y2 - 2x= 40rO; but.y2_=x 2 +5 

~
• X2 - 2x + 5 = 4, or x 2 - 2x + 5 = 0; whence, x = 1, or 1 ± 2,y-::). 

~ d y ;:; ± ,yX2 + 5 ::: ± ,y6/ or ± -/2 ± 4"-1 - 1 
~ . 
, 



Ex. LIT, LV.] ALGEBRA. 101 

48, From the 2nd gh'en equation, we have 

x2y2 _ 6xYVy2 - x 2 + 9(y2 _ x 2) = 16(y~ - x 2) ,'. extracting· the 

square root, we have xy - 3Vy2 - x 2 == ± 4Vy2 _ x" 

.·.XY= 7# _x2 or-Vy'l. _x'1, and ,', x2y2 = 49(y2_ X2) or (yO _X2) 

From the 1st given equation x4 - y4 - 4x2 + 4y2 = 4x 2 - '12 

.'. x4 - 8x 2 + 16 = y4 - 4y2 + 4 j whence x 2 _ 4 = ± (y2 - 2) 

thatis y2 = x 2 _ 2, or 6 - x 2 ,', y2 _ x 2 = - 2 j x2y2 = 49(y2 _ x 2) 

or (y2 - X2)j that is X2(X2 - 2) = 49( - 2) or - 2; that is 

X4 _ 2X2 = - 98 or - 2; whence X2 = 1 ±'F97 or 1 ± V - 2 

and y2 = x 2 - 2 = - 1 ± ~, or - 1 ± V~, Also since 

y2 = 6 - X2, we have by substitution x'(6 - x 2) = 49(6 _ 2x2) 

or 6 - 2x~; that is X4 - 6x' = 98x 2 - 294, or = 2X2 - 6 

that is x4 - 104x· = - 294, whence X2 = 52 ± '12410; or X4 - 8x2 

= -6; whence x 2 = 4 ± {rO, And y2 == 6 - xt = - 46 t ..,;2410 

or 2 t {fO j whellce x = &c. 

EXERCISE LV. 

1. Let x :::: one part, then 19 - x = other, and x(19 - x) == 84 

361- 336 
x 2 - 19x,,; - 84, x 2 - 19x + (J"ll)2 == 4 = 'J.l'- ,', x _1/= ± ~ 

iI: = 12 or 7 j whence the numbers are 12 and 7 

2. Let x = greater, then 17 - x = less; x - (17 - x) = 2x - 17 

= difference.; then .t(2x - 17) = 30, 2X2 - ,17 x = 30, w hell.ce 

x = 10, and the numbers are 10 and 7 

3. Let x = length, then x - 12 = breadth, and x(x - 12) = 2080 

that is x 2 - 12x = 20tlO, whence z = 52 and sides are 52 and 40 

rods, 

4. Let x = greater, t,hen x - 9 = the less, and x 2 + (x - 9)2 = 353 

that is 2X2 - 18x + 81 = 353; x Z - 9x = 136, whence x = 17 or - 8 

aM ~jie numb~J.'\are 1'T ap'C! 8, or - 8 apd - l'T 
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5. Let x ;: one part, then 16 ..,. x ;: other, then x(16-- x) + x 2 

+ (16 - X)2 ;: 208 j that is x 2 - lEx;: - 48, whence x ;: 12 or 4, 

and the numbers are 12 and 4 
x 

9. Let x = gain per cent. =. buying price of whel:t.t; then 100 

x x 2 

= gain per dollar on buying prioe, and:r: x 100 = 100 ;: gain on x 

dollars, i. e. gain on whole transaction; but 1'71 - x = whole gain, 

x 2 

whence 100 = 171 - x; or x 2 + 100x = 17100, whence x = $90, 

buying price of .wheat. 

PROOF. $81 + $00 = $171; also if he gain'$81 on $90, he gaills at th~ 

rate of $9 on $10, or $90 on $100. 

80 
7. Let x = number of sheep bought, then --;; ;: price in dollars j 

80 80 
then ---4 =- - - 1', that is x 2 + 4x = 320, whence x ;: 16. 

x+ x 
8. Let x, y and z be the digits, z being the right hand one j 

then x 2 + y2 + :::;2 ;: 104 (I); y2 = 2xz + 4 (II); 100x + lOy 

+ :::; ..,. 594 = 100z + lOy + X (III). Substituting (II) in (I), we have 

x 2 + 2xz + :::;2 = 100; whence x + z =: 10 (IV). Reducing (III), we 

have 99x - 99:::; = 594, or x - z = 6 (v). Adding (IV) and (v) 

together, we have 2x = 16; whence x ;: 8. Also x + z ;: 10 

.'. z = 2, and y2 ;: 2xy + 4 ;: 32 + 4 ;: 36 j whence y ;: 6. Hence 

the required number is 862 
24.0 

9. Let x = number of sheep bought, then x = price per sheep, 

240 
x - 15 = number sold, and x + t = selling price j then 

(
240 2 ) (600 + X) (x - 15) x + 5 = 216, that is 5X (x..,. 15) ;: 108 j 

or x 2 + 45x ;: 9000 j wbence x = 75, and 5Jl,P' = $3·20.. Hence 

number bought was 75, and price per sheep $3·20 

10. Let x = one number, then 10 - x;: other, and x8 + (10 _ X)3, 

t):J.at is x3 + 1000 - 300a; + 30x 2 ..,. x8 ;: 2801 that is aOx 2 ..,. 300a: 
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= - 720 i Or x 2 .,. lOx =: - 24, whence x =6 or 4, and the required 

numbers are 6 and 4 

11.. Let x = less, then 24 - x = greater, and x(24 - x) 

= 35(24 - x :- x), thitt is 24x - x 2 =: 35(24 - 2x) = 840 - 70x; 

or :1:
2 

- 94x = - 840, whence x == 10 or 84, and 24 - x = 14 or 

- 6~ .'. the required parts of 24 are 10 and 14, Or 84 and - 60 

12. Let x and y be the numbers, then x + y = xy = x 2 _ y2; 

X + y = x 2 - y2, whence dividing by x + y, we have x - y = 1; 

or x = 1 + y. Also x + y == xy, that is 1 + y + y = y(1 + y); or 

I + 2y = Y + y2 .'. y2 - Y = 1; whence y = HI ± '15), and x = 1 + y 

= 1 + HI ± '15) = H3 ± '15) 

13. Let x = circumference of hind wheel, and y = that of fore 

. 120 120 
;Wheel in yards; then - and - => revolutions made by each 

· x y 
· 120 120 
· in going 120 yards. Also by second condition x + 1 and y + 1 

~ revolutions made in 120 yards. 

120 120 20 20 
- = - - 6}. - = - _1} (I) by dividing by 6 

nen X· y . or x y 
120 120 ' 30 30 

x + 1 = Y + 1 - 4 x + 1 =: y + 1 - 1 (n) " 4 

,'. ZOx - 20y = xy (m) and 29x - 3ly = xy + 1 (IV), Subtracting 

lly+ 1 
(m) from (IV), we have 9x - lly = 1; or 9x = lly + 1 .'. x = --9-

20(lly + I) (llY + I) 
Sl1I:stituting this in (III), wehave 9 - 20y=y --9-

thai is 220y + 20 - 180y = lly2 + Y .'. l1y2 - 39y = 20 j whence 

lly+l 
y '" ~, and x = --9- = ~9~ = 5. Hence circumferences of wheels 

are 1 and 5 yards respectively ... 
I I 

14. Let x ::: one fraction, then H - x = other, and x + n _ x 

1 15 
= ~um of their reciprocals .'. x + 29 _ 15x = H· j that is 

l2.:29 - 15x) + 180x = 29x(29 - 15x), whence by reduction 
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435x 2 - 841x = - 348 j or x 2 - Hi :: - HJ j x 2 
- ~H.x + (H-Ir)2 

- 19-~~g& - -VHtr3H = HH~S, whence x = H-Ir ± H~ :: ~lN- or %H 
= ~ or ~, and it - x = H - U:: -1\- := ~ j or H - _/l/f = 1% = ~. 

Hence fractions are 1 and} 46800 

15. Le.t x = nnmber of children, then --- = share of each j x 
46800 46800 24 24 

then -x _ 2 = --x- + 1950, that is --- = - + 1 j wl.J/nce 
x - 2 x 

x 2 - 2x = 48 .', x = 8 = number of children. 

16. Let x = numbe.r of hours the clock is too fast, then'~'ince 

the shadow on the dial moves from 1 to 5, the clock will trike 

the haul'S from 2 + x to 5 + x inclusive j i. e, will rike 

2 + x + 3 + x + 4 + x + 5 + x :: 14 + 4x strokes, and last stroke 

will be 5 + x, Then (5 + X)2 - 41 :: number of minutes the cloc~ 

is too fast above the x hours j i. e, 25 + lOx + x 2 - 4l'j 

i. e. x 2 + lOx - 16, But hours too fast + minutes too fast 

= whole number of strokes j that is x + x 2 + lOx - 16 = 14 + 4x, 

whence x 2 + 7x:: 30 ,', x = 3 or 10, and x Z + lOx - '16 = 9 + 3 

- 16 :: 23 .'. the clock is 3 h. 23 m. too fast, The second answ 

10 is excluded by the limitation that the clock does not stri e 

12 during the time, 

17. Let x = hours travelled by each = miles per hour travell d 

by slower, then x + 3 = miles per hour travelled by fast 

x' + xCx + 3) = 2X2 + 3x :: 324, whence x = 12. Hence slo r 

travelled 12 x 12 == 144 miles, and the faster 12 x 15:: 180 mi s. 

144' . 144 r· 18. Let x = number, then x = share of each.'. x + 2 + 1 == . 

whence x 2 + 2x :: 288 ,', x:= 16:: number at first. 

19. L,t x = I'ft b.nd, and y qigbt hond digit, thon lOx r 
~ 2(1), and lOx + y + 27: lOy + x (n). From (1) lOx + y'= 2xyx n) 

Frum (n) 9x - f}y :: - 2., whence x - y == - 3 or x == y. _ 3' . . , , 
subst~tutillg this in (m), we have 10(y - 3) + Y :: 2y(y _ ~ 
,'. 2y' - 17y = - 30, whence y = 6, and x :: y - 3 :: 3. Hence t~ 
required number is 36 
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20. Let x = price of coffee, and y'~ price of sugar per lb. in 

. 800 
cts. j then 60x + SOy = 2500 (1). Also y = 1M. of sugar for $8, 

1000 SOO 1000 
and -. - = Ibs. of coffee for $10 j then .- = -- + 24 (1I) 

x Y X 

. 125-4y 
"From (II) byreductlOn 100x-125y = 3xy (III). From (1) x = -"-3-' 

1 OO( 125 - 4y) 
BubstItuting t~his for x in (III), we have 3 - 125y 

(125 - 4y) 
::: 3y x 3 ' whence by reduction 6y2 - 5'15y = - 6250 

125 - 4y 
... Y = 12~ cents, and x = 3 = 25 cents. 

21. Let x and y = number of days required by Band C 

respectively to finish the work; then in 1 day A does 11a·th; 

1 1 1 1 36 x + IS 
B,-th j and C, -th o{the field; -lP;+ - : - :: $36 : - 7- -lS-x y x x x x 

64S ' 
= x + IS = what B would have received, had C not been caI1ed 

. 10 360 
in; but B worked 10 days .'. he did receive - x 36 = -x x 

( 
64S 360) 

Tben. . x + IS - x dollars = $1'50 = $~; whence by reduc-

tion x 2 - 1 '14x = _ 4320 .', x, -1 '14x + (S'1)2 = '1569 - 4320 = 3249 
4 

.·~.x = 30 = days B would require. And H + H + Y = 1 

4 .'. - = 1 - (ft + t1}) = 1 - U = fa- .', 2y = '12, and y '" 36 = lIays y , 
a would r~quire tocradle the field. 

PROOF.-lf Chad not been cal'led in, they would haNe taken 11k days to 

finish the wor.k, and A's share would have been $2 X 111' = il!'22'50, 

Hence B's share would have been $13'50, but since, when a is called in, 

B only '\forks :10 days, h", receives only J-S = t of $36 = $12 = $1'50 less 
than he would have otherwise received. 

22. Let x an!! y = the number of feet in the side of the base; 

then 5xy - 4xy _:;y = 80 + x + Y (1); aIso ';25 + x 2 + y2 

= ';Po(X'2 + y2)(U), From (ll), we get 3(;C2 +- y~) '" 40';25 +;2 + y2 
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That is (X2 + yZ + 25) - ~3D-'o/X2 + y2 + 25 = 25 
(x~ + y2 + 25) _ 1l.(x2 + y2 + 25)! + 1~O = 1&!l + 2~1l. = .fl§li 

.', 'o/x2 + y2 + 25 _ "311 = ± 'La'>- ,', 'o/x 2 + y2 + 25 = 15 or - %j 
squaring, we have x Z + y~. + 25 = 225 or ~f ,'. taking the former 

value, x 2 + y2 = 200 (Ill), but by (J) 2xy = 160 + 2(x + y) (IV). 

Adding (IV) and (m), we have X Z + 2xy + y2 = 360 + 2(x + y), 

Hence (x + y)2 _ 2(x + y) = 360 ,'. (x + y)2 - 2(x + y) + 1 = 361 j 

(x + y) - 1 = ± 19, x + y = 20 or - 18 .'. again taking the 

former value, x + Y.. =: 20, and hence xy = 80 + 20 =: 100 

4xy = 400 
;X2 + 2xy + y~ =: 400 J ,', x=: y .'. 2x = 20, and x =: 10 =: y 

x2 _ 2xy + y2 =: 0 ' 
. ,'. the base is a square whose side is 10 ft . 

. '. x - y=:O 

23. Let x = distance B has travelled when he meets A, then 

x + 15 =: distance A has travelled j Also since A has yet to 

travel x miles, and accomplishes it in 2 hours, his rate of 

x x + 15 2x+30 
travelling is 2" miles per hour j also B's rate is ~ = --9-

Then time A travels before they meet =: 
x + 15 

~ 
x 

time B travels before they meet = ....,,2x-+-3"'!0' ... 

9 

= 

2x + 30 
x 

9x 

2x + 30' 

2x + 30 9x 
.', --x- = 2x + 30' 'that is x 2 - 24x = 180 j whence x = 30 =: rate 

2x +30 90 
lIenee distance = x + x + 15 =: 75 miles, B's rate = --- =: -

9 9 

= 10 miles per hour. A's rate = ; =: 15 miles per hour. 

24, Let x and xy be the two numbers, the latter being 

the greater j then x2y =: x2y2 - X2, whence y2 _ Y = 1, and 

y =: HI ± "15). Also x2y2 + x 2 = X3,!! - x8 ,'. y~ + 1 = x,!! _ x j 

whencex=y2+ 1 = H3±V5)+1 =: iJ5±V5) _ !'o/5(V5±1) 
y3_ 1 . (2±V5)-l l±VQ - 1±v'5 =±lv'5 
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25. Le& x and y = hours required by Bacchus and Silenus 

1 
respectively i then Bacchus wonld drink x of it in 1 hQur, 

hence in y hours he would 

2y 
Bacchl,ls would driuk 3xths 

drink ~ ths of it, and in jy hoUl-'s 

2y 
of the cask full .', 1 - Sx = pA-rt 

1 
drunk by Silenus, and since he" drinks - of the cask in 1 honr, 

y 

the time he required to drin~ part remailling, was (1 -~~).;. ! 
2y2 

" Y - ax' Had both drunk together, Bacchus would only han 

consumed ! (1 - ~~) = i - ;x' and Silenus would have taken 

! + :Xi hence when drinking together, time taken by Bacchus 

was (I - :X).;. ~ = ; - ;, and the time taken by Silenns 

was 1 + - .;. - = - + -, hence - - - = -. +;- (1) ( 
y) 1 Y y2 X Y '!I y2 

,
2 3x Y 2 3x' 2 3 2 3x . 

Also 2: + (Y _ ;2) = time taken when drinking separ.ately 

x y . = :2 - 3- + 2 (n), From (1) 3x 2 - 5yx = 2y2, From (n) 

5y 25y2 25y2 2y2 
12xy - 4y2 = 3x2 + 12x (II!) x 2 - 3"x + 36 = -9 - + 3 

49y2 5y 7y· 12y 
=-36- i x - 6 =' ± 6' Hence x = 6 = 2Yi substituting this 

value of x i~ (III), we have 24y2 - 4y2 = 3(2y)2 + 12(2y), that 

is 24y2 - 4y2 = 12y2 + 24y .'. 8t12 -. 24y ::;. 0 i y2 "" sy j y =. 3, 

wbencc x ;; 6 .. 



108 KEY TO [Ex, LVI, 

EXERCISE LVI. , 
a c ab 1 

1. b x a2 x ed =: d == 1 : d 

a2 _b2 (a-b? a2 _ab+b2 (a--b)(a+b)(a-b)Z(aZ -ab+b2) 

Z, a~+bax--a-x (a_b)3 = a(a+b)(a2-ab+b2)(a_b)3 

1 
=-==l:a 

a 

(x-5)(x+3) (x+2)(x-l) (x+'l)(x+5)_x+'l 

3, (x-5)(x+2) x (x+3)(x+5) x (x-1)(x+ 1)- x+ 1 

;x+'l:x+1 

as + b3 > a2 tb 2 

4, a 2 + b 2 <""""ll+b' according as a4 + aBh + abs + b4 ~ a4 -

+ Za 2 b2 + b4 , or as aSb + ab3 > 2a2b2 , or as a2 + b2 > 2ab' , <, <, 
but a 2 + b 2 is greater thali 2ab (AIgbbra Art, l34, Note 2) 

a3 + b3 aZ + b2 

,', a2 +b 2 > ~ 

x 2 + yZ > ex + y)4 , 
5, ;;2 _ y2 < x4 _ x3y + x2yZ _ xyS -I- y41 accordmg 9.. 

x 6 - x'y + 2x'-y2 - 2x3yS + 2x~y4 - x y 5 + y6 ;; x 6 + 4x5y + 5X4y2 

- 5x 2y4 - 4xy5 - y6; or as '7 x2y4 + 3J:yfi + 2y" ~ ~X5 Y + 2X3y 8 + 3X4y2; 

or as 'lx2yS + 3Xy 4 + 2y 5 ~ 5x 5 + 2X3y 2 + 3x4y i or as 

'if(7x2 + 3xy + 2y2) ~ X3(tix2 + 3xy + 2y2) 

Now sillce x~5 > y~7, cubing we have 5x3 > '7yS ,', x 8 > 'if 
,', 'if(3xy+ 2y2) < x3(3xy + 2y2); also '7x 2y3< 5x5 ',' 7y3 < 5xB 

,', yS(7xZ + 3xy + 2y2) < x 3(5x 2 + 3xy + 2yZ) 

, x 2 + y2 -<:: (x + y)4 
, , X2 _ y2 x4 _ x3y + x2y2 _ xya + y4 

6, Let x == the quantity to be subtracted from each term; 

a-x e be _ ad 
then b -:l. = d ,', ad - dx =: be - ex j ex - dx =: be - ad , " x = c..., d 
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'1. I,.e,t x = the quantity to be added to each term; tten 

mtx 
'n"t-x = 1, whence m + x = n + x;, x - x = 111: - n; x(1 - 1) = m - n ; 

1n-n m-n 
x " 1-1 = --0- = cc 

(a t b) (a 2 
(

2
) b

3 
(a + b) ,(a2 

) 83 

8'(a_b)X b2-a2 x(at(l)3=(a_b)X b2-- 1 'X(a+b? 

(a+b) a,2·_b 2 b~ b 
= (a. _ b) x -b-2 - X (a + b )3 ~ q+ b = b : a + b 

. . _ (a of e),2 a2 + 2ae + e2 

IJ. Smc~~.: c:: c: lJ,c=..jab; thejJ.(b+c)~ = b2+2be+c~ 
_ a,2 + 2avaIJi+ ab a(a'l- 2;';abt b) a 
=-----=.--= ::;-=a:b 

/;2 + 2b</ab + ab b(b + 2..jab t a) b 

a2 '- b2 > r:t _ b _ , 
10. a2 + h2 < a+- b' a,ccording as a3 + a2b .... a/J2 - b3 ~ a8 

- a-9. b 

+ ab 2 _ bB ; or a~.a2b .. ab 2 ~ ab 2 _a2b; or as 2a2 b ~ 2ah 2
; 

or asa ~ b 

ExERCISE LVII. 

1. Letx= the quantity to be added; then atx: b -fx:: ctX':d+x 

... ad + ax + dx +x',l =,~c+ bx '\-cx +x~ i a.x+d~'" ba:- ex =bc- ad 

bc"- ad , 
... x == . 

a - b - c +:d 

f
' , a c " 

2. I a: b :! c : cl; then b = 7,' If it be possible, ll'lt :t bell 

ql1~utity added to· each; so tliat a f x : b +, x ::' c + x : d + x j 

a + xc+- x ' , be'" ad 
then-- = --- whence as above :xi :: ' .' but !linee 

b.+ x d + Xl , a ... b .. c + d ' 

Ii c 0 
11 = If' we, harp be =.ad ,'. ~c - ad = 0 ... x = a _ b _ c + d = 0 
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a e 0,2 15 2 

3. b =: d .'. b2 '" d2 j 

m p m p 
also - = - .'. - =: -. Multiplying 

n q 2n 2q 
mo,2 

equals by equals 2nb2 

ma2 _ 2nb 2 pe2 _ 2qdZ 

pe2 

= . then Algebra Art. 106 2qd 2 , 

ma2 + 2-nb 2 = pc2 + 2qd 2 •• 

+ 2nb 2 :pe2 + 2qd2 

24 
4. Let x =: one number, then - = other x 

And xs_ (:4Y : (x _ 2x
4Y :: 19: 1 

Hencexs-Cx4Y = 19{X3-72X+l~S""Cx4)} , 

(
24)3 32832 (24)3 

x3 - ~ =: 19x3 - 136Sx + --x- - 19 X 

(
24)3 32832 . 

18 ~ - lSx3 
=: -. -x- - 136Sx 

Cx4) 3 ~ x3= lS:4 -76x; .0rC:) 3 _x3= 76Cx4 -x) 

7\' '. 24 (24) 2 . LllViding each side by x - x, we have ~ + 24 + x 2 = 76, 

576 . ~ 
that is X2 + x 2 =: 52 j x4 - 52x 2 = .... 576; X4 - 52x + (26)2 = 100; 

:1;2 = 26 ± 10 =: 36 or 16 .'. x = ± 6 or ± 4, and the nt.mbers are 

± 6 and ± 4 

5. Let x = one part, then 20 ..... x =: dther part j then 

x : 20 - x :: 9 : 1 .'. x = 180 - 9x j or x =.lS; and 20 - x == 2 

Let y be the m<:lan proportional between these; 

then IS : y :: y : 2 i or y2 = 36 .'. y =: 6 

x a3 a ~e + x 0,3 e + x x c + x 
6. y = b3 j also 11 =: V"d + y ,', b3 =: d + Y " Y -=: d + y 

... dx + xy = cy + xV, or dx =: cy 

7. Dividing the equation by (a + b - c - d)(a - b - c + d), 
tt+b+c+d a-b+c-d 

we have a + b _ e _ d = a _ b _ c + (1' Then Art. 106, we have 
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2a + 2b 2a - 2a a + a c + rl 2a 2c 
2c + ~d '" 2c - 2d .'. Art. 106, a _ b = c _ d .'. Art. 1061 2'ii = 2d j 

a c 
or b·~ d'" a: a :: c: d 

8. Letxandy==thenumbersj ihenx+y:s::x-y:d::xy:p 

s x+y d x-y 
... p(x + y) == sxy, and p(x - y) == dxy .'. - = --, Bond '- == --
,. p ~ p ~ 

s 1 1 ~ s + d 2 2v - = -. + - By addition ,-- == -, whencE: Y =: ~d pyx ' p y s+ 

d 1 1 2 s - d ' 2p 
- = ~ - - By subtraction - == -- whence x == s _ d 
P ,Y x x p' 

1). Let x ==' speed in yards of faster train per second, and 

'!J == speed of slower; then in 2" the former passes over 2x, and 

the latter 2y yarc1s, consequently 2x + 2y == length of the faster 

train.; also 3Dx-30y= length of faster train, .'. 30x -30y= 2x+ 2y, 

or 28x, :, 32y, or 'Ix = 8y, .'. x : y :: 8 : 7 

1,0. Let x = .!l's money, and y == B's; then x + 150 :y- 50:: 3: 2, 

'whence 2x + 300 '" 3y - 150; Or 2x - 3y = - 450 (I). Also 

~ - 50: y ,+ 100 :: 5 : 9, whence 9x - 450 = 5y + 500; or 

,,~x - 5y =: 950 (II). MUltiplying (I) by 9, and (II) by 2, we 1aV'e 

18x - 27y = - 4050 (III)} 
.
Subtracting (ur) from (rv) 17y = 5950, 

18x - lOy = 1900 (IV) 

Whence y '" $350 = B'a stock; 2x- 'Jy = 2x - 1050 = - 460, 

Whence 2'x = GOO, and x '" $300 == .!l's stock. 

11. b = Vac .', 6'2 = ac; 262 = 2ac; a2 = 2ac ":' bZ 
,'. adding 

n~ + CZ to each, a2 + bZ + c2 = a2 + 2~ + CZ _ b2
; or aZ + b2 + c? 

(a+c-b)(a+c+b) 
>:(a+c)Z-bz==(a+c-b)(a+c+b) .. ~l= a2+bz+c~-

01' 1 _ a+c-a, a+c+b _ a-ate 
a + c + b - a2 + b2 + cZ ' or (a + c + b)2 - aZ + b2 + c1 

,', a + b + c : (a + b + C)2 :: a _ b + c : a2 + b2 + c2 

, ' 
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12. a : c :: it : c, ,', multiplying each term of the latter ratio 

by a - c, we have a : c :: a(a - c) : c(a ... c) 

,', a : c :: aCVa ... vc)CVa + Ve) : c(Va - Ve)Cva + Ve) 
,', a : c :: vaCva - vc)CVa + vc)Va : vcNa - -:';c)(va + vc)vc 
,', a : c :: (a - VUC)(a + vCiC) : ({aC - c)(vac + c) j but V ac = b 

,', a: c:: (a - b)(a+ b):(b - c)(b + c) sincc by hypothesis {tiC=b 

13, Let x = the number j then x + 3 : x + 8 :: x + 8 : x + [1 
,', (x + 3)(x + 17) = (x+ 8)2, that is x 2 + 20x+ 51 =x 2 + lSx+64j 

or 4x = 13 ,', x = 3! 
14, Let D and d = diameters of a sov:ereign and shilling tes* 

pectively, and t and T = thick?ess of a sovereign and shilling 

respectively j then rnd = nD, and pt = qT, and since cireles are 

to one another as the squares of their diameters, we ha;v:e 

quantity of metal in sovereign-: quantity: of metal in shilling 

DE t 
:: D2T: d2 t, or :: -d2 : T 

D m t q 
But 'IIld :: nD 0', D : d :: nt : n .. , d = n' similarly T = P 

1n2 q 
,', quantity of g_old in SOY; : qUlLn, silver in shU, :: 122 p-

But a sovereign = 20 s" .. , quantity of gold in bulk equal'to II; 

, " ,20q mE 
shl1. : quantIty of s11 ver in a Shl1. :: - : -2 , or :: 20n2q : m2p 

p n 

a c '42 '42a '421:' 
15, b:; ([ ... multiplying both by -i' we have 11'1, L = "-'lJ 

, • 117 _u ~IrLO 
'42a+ 11tb '42c + l1~d 

,', Art, 106, ----u~ = -l-x.--d , or multiplying by I It 
7 I, 

'42a+ 11th ·4.2c + ll-}d a c 4a 4c 4a - 5[, 
b = d (I) j also b = d ,', 50 = 5d'" -~ 

4c - 5d 4a - 5b 4c - 5d 
::: ~; or -b- = -d- (II); Dividing (L):by (Jl)~we have 

'42a+.1l!,-b 0 '42c+ll~d d '42a+lltb 
b - x 4a _ 50 ~ d x 4c _ 5d j that is 4u -fJb 

'42a+ ll-}d 
::: 4c - 5d 

. '\: ·~.:t ' 

,', 
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CZ C2 ,ye3 

16. If a: b:: b: c:: c: d, ac =0 b2 and bd =0 c2 .'. d =: T == -= == -:J' 
. u ,yae -va 

_ ( ,ye
3

) c (a+ b)(c - d) =: (a + ,yae) c - ,ya == ,yaNa + ,yc) Nt.. - ,yc) ,ya 

abc a3 abc a a' f/ja 
= c2

(a - c) j b:::; C ;: d ,'. b3 :::; b x C x d :;; d'" b =: 7.lJ 
,..a: J.ja :: b : J.jd 

EXEROISE LVIII. 

1. 11.:t 2 +?lY cc cx~ - dy ,'. mx 2 + ny:::; p(CX2 - dy) '" pCX2 - pdy 

.... pcx2 - 111-$2 :::; ny + pdy j thai is X2(pC - m) =: (n + pd)y 

.... x. 2 = (n + Pd)y .'. x = (~ In ;- Pd),yyj But since n, p, 'In, d 
pc - In V pe - m 

.I!>~~C are all constant, y (;c+- P~) is constant.', x cc VY 

2. ;JJ =0 my j 'T = 3m ,'. m = ~ .', x =: .~y 

m 'm 
3. x = p + Y j then 1 = P + '"3 (r), and 2 = P + m (n) 

Subtracting (I) from (ll), 1 = !m .'. m = ~, andp + m = p + B = 2 

m .~ 3 
:, p:q .'. X = P + - = ! + - = ! + - = ! + "[Po = i + -lo = t-y y 2y 

4. 31 2 = my3 j 4 = 64m .'. 'In = -ls j x 2 = 1\rY' ,', x = iyVY 
.5. x = m + nxy ,'. 2 = 1n + 6n (I), and 3 = m - 911 (n) 

Subtracting. (I) from (Il), we have 1 = - 15n ,', n = - -l" 
m - -ii5 = 2 .'. m ,;, 2 + -ik = lj, Then x - nxy :::; m j .x(! - n1l) = 1]1 

, 'In ~~. 152. 36 
'x---~' - ----
.. - 1 - ny - 1- (- }GY) - 15.t y - 15 + y 

15. 
6~ y = 'In + nx + px 2 j ,then 0 = m + 3n + 9p(l) 

:- 12 = 11~ + 5n + 25p (n), and - 32 = m + 'Tn + 49p (m) 

S~btracting (I) from (n), we get - 12 = 2n + 16p (IV)} 

" (I) from (III~I II :::; 32 :::; 4n + 40p (v) 
H 
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Dividiog (IV) by 2, and (v) by 4, we have - 6 = n + Spo (VI) 
_ 8 = n + lOp (vn) 

Subtracting (VI) from (vn), we have - 2 = 2p ,', p = - 1 ~ 
_ 6 = n _ 8 ,', n:: 2; ° = -m + 6 - 9 , .. , m = 3 ,', y = 3 + 2x - x

2
' 

n n n 
7, $I = mx 2 + xi tlien 7 = 251n + 5' (r) i 5 = 81m + "9 (n» 

25n n 
Dividing (II) by 5, and (1) by 9, we have ~ = g' + 45 (m)ll 

81m n 2 604m, 
and 1'= -5- + 45 (rv), Subtro.cting (m) from (rv) "9 = 45 -. 

n 5x 2 9945· 
,', 11L = ;r~. ,', n = 35-125m = 32frM i then y= mx

2 + X = 302 + 302x-

~ 1 
8, Y = -mb 2 + mx 2 " T = mb 2 + 1/ta2 

- mb 2 
=: ma2 

,', T = rn. 

b2 x, x 2 

Y=T+b'::b+T 

9, z - x - y = lit, and (x + y + z)(x - y - z) :: nyz j that is< 

Ix + (y + z)}{x - (y + z)} or x 2 - (y + Z)2 :: .nyz, Adding' 4yz to> 

each side, x 2 - (y - Z)2 = (n + 4)yz j that is (x - Y + z)(x + y, - z} 

= (n + 4)yz j but z .:. x - y :: m ,', x + y - z :: - m ,', - 1/t(x - y+ z.) 

n+4 
= (n + 4)yz ,', x - y + z = - ---:;;:-yz ,', x - y + Z 0:: yz 

10, Let x 2 :: number of cars attached, then decrease of speed'. 

0;; X2, und is ,', :: mx 2 j then 24 - mx :: speed of train" 

,', 20 = 24 - 2m ,',2m:: 4, or m = 2 j then 24 - 2x' = spee,d when 

a: 2 waggons are attached, Now if speed is reduced to 0, we' 

have 24 ~ 2X2 = 0 .. , x:: U,and ,', x 2 = 144 :: number of cars 

required to C0Ii11Jletely stop the train, :, greates·t lilrwnber it CAll. 

move = 143 
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EXERCISE LIX. 

126 + 60 
1. 831 == {I26 + (31- 1)2P2' == 2· x 31 :: 2883 

n n 134 + 2n 
8.=;{l36+(n-I)2}"2==(126+2n-2)T== 2 xn==n(G2+n) 

2. 8 22 == {- 400 + (22 - 1) x 12}'l,,~ == ( -400 + 3(2)11 == - 1628 

n (-400+I2n-12) 
8. == {- 4t10 + (n -1) x 12}"2 == --2--'- x n == n(6n - 206) 

3. Sl7 == {4 + (17 -I)§}'l == (4 + 24)ll == 238 

2m + p 2m + p 
S2,n+p == {4 + (2m + Jl - l)H-2- == H + (2m + p)?j-Z 
== ~(2m + p) + ~(2m + p)~ 

4. Su:' O+(ll-l)x-~N-== U - ~nl} ==- LJ xl.} =_lp =-:;l9! 

5. 17th == 2 + (17 - ])3 = 2 + 16 x 3 == 2 + 48 = 50 

28 th == 2 t (28 - 1)3 == 2 + 27 x 3 == 2 + 81 = 83 

nth == 2 + (n - 1)3 == 2 + 3n - 3 = 3n - I 

6. 17th == 3 + (17 - 1) x - 5 = 3 + 16 x - 5 == 3 - 80 == - 77 

28'h == 3 + (28 - 1) x - 5 == 3 + 27 x - 5 = 3 - 135 = - 132 

nth = 3 + (n - I) x - 5 = 3 - 5n + 5 == 8 - 5n 

7. 17th == 2~ + (17 - 1)~ == ft- + 16 x ~ == i + Bl == 11'.1['- == 13?<i 

28th == ~i + (28 - m = ~ + 27 x '; == Q + l~li == 2Iti 

nth == 2~+ (n - l)f == ~ + ~n - f ==fr - f Hn == it +1n = 1'\(5 + 2n) 

33 - 3 
8. d= ~ == ap_== 7~ j hence series == 3+ 10! + 18+25~ +33 

-66-9 
9. d==6-T=-1.61i.==-15j hence series:: 9 - 6 - 21 - 36 

- 51 - 66 • 
100 - ( - 1) 100 + 1 

10 d = :: -- = l.l1.l = I2I!· hence series = - 1 .. 9-1 8 " ., 

of- I l~ + 24! + 3St + 4D! + 62i + 74;} + 87t + 100 . 

II. 8 73 = {2 + (73 -1)W23 :: (2 + 72)ll = 37 x 73 = 2701 

12. ntll tlirm ==.1 + ,n ~ 1)2 ::: 1 + 2n - 2 == 2n - 1 
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n n» 
13. S. == {2 + (n -1)2J-Z:: (2 + 2n - 2)-Z == 2n x 2' = n 2 

t t t 
14. S, == {2a + (t -1)2a}2 = (2a + 2at - 2a)-2 == 2at x -2- =- at

2 

15. 20 th term == a + (20 ::. 1)2a = a + 19 x 2a == a + 38a :: 30a 

tLh term = a. + (t - 1)2a :: (t + 2at - 2a :: 2at - a:: a(2t - 1) 

16. Let x - 3y, x - y, x + y, x + 3y rcpresent the numbers 

Then (x - 3y)2 + (x + 3y)2 :: 2x~ + 18y2 = 200 

(x _ y) 2 + (x + y)2 = 2x2 + 2y· == 136 
. --.. -:I6Y2:: 64 

Hence y2 = 4 or y = ± 2 .'. 2X2 = 136 - 2y2 :: 136 - 8 :: 128 j 

or X2 :: 64 j or x == ± 8 .'. the series is ± 14 ± 10 4: 6 ± 2 

11. Let x - 3y, x - y, x + y, x + 3y represent the numbers; 

then (x - 3y)(x _ y)(x + y)(x + 3y) = (X2 - 9y2)(X2 _ y2) 

= (X2 _ 36)(X2 - 4)' j X4 - 40x 2 + 144 == 1680, or X4 - 40x2 = 1536 j 

X4 _ 40x 2 + 400 = 1936 ,., x 2 - 20 :: ± 44 .'. x 2 = + 64, or - 24 

Rejecting the latter value, we have x 2 :: 64, or x = ± 8; hence 

the series is ± 14 ± 10 ± 6 ± 2 

18. Let x - 2y, x - y, x, x + y, x + 2y represent the numbers, 

then x - 2y + x - y + x + x + y + x + 2y :: 5x :: 25 .'. x = 5 

(x - 2y)(x - y)(X + y)(x + 2y)x = (X2 - 4y2)(X2 - y2)X 

= 5(25 - 4y2)(25 - y2) = 5( 4y4 - 125y2 + 625) ::: 945, or 

4y4 _ 125y2 = _ 436 j y4 - 1~.1!y2 + (l-PY = R8{1!. .'. y2 - .Lp ::: ± 981 

whence, y2 = 4 and y = ± 2. Hence the series is 1, 3, 5, 7, 9 or 

9, 7, 5, 3, 1 
n 

19. S =. (a + l)"Z ::: (60 + 1)~Q ::: 61 x 30 == 1830, i. e. since the 

principal on interest is $60 the first day, and only $1 the 60th day, 

the whole interest is equivalent to that of$1830 for 1 day. Interest 

of $60 for 360 days::: $3'60, or of $1 for 360 days::: $0'06, or of 

$1 for 1 day::: -:)"&0 ::: '610 of a cent; hence the lnte~f\'lt of $1 for 

• The common difference is given = 4 ... y = 2. 
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1830 days, i. e. of $1830 for 1 day =: l1,ga cents, and since this is 

b d' 'd d' 1830 to e lVI e mto 60 payments, each will be 60 x 60 =: Nu of 
a cent, 

n n n n(n + 1) 
20. 8 = {2a+ (n-l)cl}"2 = {2 +(n-l)}2" =: (n + 1)2" =-2'" 

21. Let 8 = P + 22 + 32 + .... n 2 

Now n3 
- (n - 1)3 = 3n2 - 3n + I 

(n-1)3- (n- 2)3= 3(n _1)2 - 3(n -1) + 1 

(n - 2)3 - (n - 3)B = 3(11 - 2)2 - 3(n - 2) + 1 Henee by addition 
'fa = '['l(n - 2)~ + 3(n - 1)2 + 3n2} - {3(n- 2) +' 3(n - 1) + 3n} + n 

,,3 = 3(1 2 + 2~ + .... n2) _ 3(1 + 2 + "," n) + n 

But by supposition, 12 + 22 + 

shown in question 20, that 1 + 
3n(n + 1) 

Therefore n3 = 38 - 2 + n 

n 2 = 8, and it has been 

n(n + 1) 
2+3 .... n= 2 

311(n + 1) 2nH + 3n(n + 1) - 2n 
38=n3 + 2 -n= 2 

'1I(2n2+3n+3-2) n(2n2+3n+l) n(li+l)(2n+l) 
38= =----------

222 

n(n + I)(2n + 1) 11(11 + 1) (211 + 1) 
.'.8= 2 '3 = 6 

11 n 
22. 8 t: {2a + (n - l)d}"2; 517 = {4 + (n - 1)9} 2; 10,)4 

<=4n+ 9n(n -1) j 1034 = 9n 2 - 5n; 324n2 -180n+25 =37224+ 25 

::. 3'1249; 18n - 5 =: ± 193; 18n = 198; It = 11 

;NOTJil.~The negntive value is inadmissible. 

2~. 1 + 1 - d + 1 - 2d = 31 - 3d = 96, or 1 - d 32 ; 

1:- 3d + l- 4d + I - 5d + I - 6d = 11 - 18d = 86, or 21 ~ 9d = 43 ; 

21':" sa =43, a:nd 21- 2d = 64 .'. '1d =21, and d = 3, whence 1= 35; 

tNoTli.~'J)hc'student must here read It as number, 11 - 1, one less thltn 

nUmber, &c, 'rhus taking' n = 3, then 11 -1 = 2,11 - 2. = 1; Un br. taken 

I\s 4, we shOUld have to take four addends as above. 



118 KEY TO [Ex, LXX, 

and inverting tbe series 30, :=l~, 29, 26, &c, we have 2, 5, 8, 11, 

14, 17, 20, 23, 26, 29, 3~i, 35 

24, I = 5, and 1 - 2d = 7 ,', the sixth term or last term but 

7+5 b 'tb 
ODC = 1 - d = -2- = 6, and the series is found y reverswg e 

series 5, 6, 7, 8, 9, 10, 11 
n n 

25. S = bn-l-cn2 = (b +cn)n = (2b + 2co) 2" ::: (2b+ 2c+2cn- 2c)2" 

n n 
= {2(b + c) -I- (n - 1)2c12, But by formula S = {2a -I- (n - l)I1}'2' 

whence it is evident that a, the first term of the series = b -I- C j 

d, the commun difference = 2c_ Then the tth term = a -I- (t - l)d 

= b -I- c -I- (t - 1)2c = b - C -I- 2ct 

26. The (m - n)lh term = a -I- em - n - l)d; 

the (m + n)th tE-rm = n -I- (II~ -I- n - I)d ,'. the sum of the two 
terms = 2a -I- (27IL - ~)d = 2{a -I- (m - I)d}, Also the mlh term 

= a -I- (m - l)i, Therefore, &c. 

27, (P-I-q)tbterm=a-l-CP-I-q-l)d=-m} • ' m-n 
,',2qa=m-n,',d=--

(p _q)th term =a-l-(p- q-l)d= n 2q 

II1--n 
But a -I- (q - l)d -I- pd = ?n .'. a -1- (q - 1)d = 11~ - pd = 'Ill - P X -.;:q 

P = ?n - (71L - n)2; but a -I- (q - l)rl = qtb term ,', qtb term 
, q 

, p 
== 'Ill - (-m- n)2q 

p P 
28, plb term = 7 - "'2 = V - "'2 -I- ! = \,3. - (p - IH 

'" \i1 -I- (p - 1) x - ~ j but pLh term = a + (p - l)d, when~e a == J,}, 

n 
and d = -~. Then sum of n terms = S = {2a + (n - I)di2" 

n n n (27 n) n = {13 -I- (n - 1) x - Hz = (13 - "'2 -I- DT = "'2 - 2' 2" 
n 

='4(27-n) 
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29. Letx-y, x and x +y= the numbers; then (X_y)2+X(X+Y) 

=x2-2xy+y2+X2+xy= 2x2_xy+y2= 16, and x2+ (x - y)(x + y) 

= x2 + x2 _ y2 = 2X2 _ y2 = 14. Subt.racting the second from !be 

.first, 2y2 - xy = 2, or x = 2y2 - 2. Substituting this for x in the 
, y 

. 2(2y2 _ 2)2 ' 
-equation 2X2 - y2 = 14, we have 2' - y2 = 14, 

Y 
or 7y4 - 3.oy2 = - 8, 196y4 - 84.oy2 + 9.0.0· = - 224 + 9U.o = 676; 

14y2- 30':' ± 26; 14y2 = 56.or 4, y2 = 4 or ~; rejecting this latter 

8 - 2 6 
value we have y" ± 2. Hence X" ± 2 "± 2 = ± 3, and the three 

numbers are 1, 3 and 5, OT - 5, - :1 and - 1 

3.0. Let x - 3y, x - y, x + y and x + 3y represent the numbers; 

then x - 3y + x - y + x + y + x + 3y " 4x " 2.0 .'. x = r; ; 

1 1 .. 1 1 4xs - 20xy2 
--+--+--+---- -- - ~~ x - 3y x _ Y x + Y x + 3y "C X4 _ l.ox"y2 + 9y4 - 4 

,'. 25(625 - 25.oy2 + !Jy4) =: 24(5.0.0 - l.o.oy2) j or 9y4 - 154y2" - 145 j 

324y4 - 5544y2 + 23716 = - 522.0 + 23716 " 18496 .', J 8y2 - 154 

,,± 136; 18y2= 29.0 or 18 .': y2" 1 or l~, and y=± 1 or± !v'145 

Rejecting the latter value, we have 5 + 3, 5 + 1, 5. ± 1 and 5 ± 3; 

that is 2, 4, 6 and 8 or 8, 6,.4 and 2 for the Btries. 

EXERCISE LX. 

1. 6th trrm = 3 x :3' -= :'I x 243 = 729 ; 

5(3 6 - 1) 3 x (729 - 1) 
J6"'-~ ::: 2· = 1.092 

2; 91h term = 1 x 28 " 1 x 256 = 256 j 

1(2 9 - 1) 512 -1 .-
89 ~ 2 _ 1 = -1- " 511 

3, 7th term = ~ x 26 " 7- x 64'" 118. '" IB~; 

87 = H~7_-1 1) =.9 x (128 -l)= 36f 
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4. 12th term :: 3 x ( - 2) 11 :: 3 x - 2048 - 6144 j 

S = 3{C - 2)12 -~ = 3(4096 - 1) :: _ 4095 
.12 -3-1 -3 

5. 6th term = 4 x (- {)5 = 4 x - tbH = - !lNll. = - 12i'is·j 
H625-4096 

4{( - ~)6 _ I} 4(lUN - 1) If-Uf - 4 --I~ 
SG = = _JJ :: --~ = -'4~' -{-I 4 4. 

:: - 5'2'tif 
6. 8th term = 30 x ( - !)7 = 30 x - rh- = ~ -Pl. = - U j 

30{I _.(1)8} 
S - 2 - LV.5 - I9Ji II 

B - . 1 + I - 04 - 64 

-H -i-1-
7 s - -- 'J'-~-.-! 

• 00 - 1 - ( - D _D .' ~ 

g a 
8. Soo = 1- ~ = T = ~ :: It 

7 7 7 - ---- - -- - - - v - 4~ 
-1-(-D-l+~- ~ _.-

10. Soc 
64 64 64 

- - -- - - -HI!. - 42-f - 1 - ( - D - 1 + I - ~ - '3 -

_fi~.:L ...fi.H_ .Ji'lc3_ 
100(1 1000 _.!.~ _ .9.!l!l 

= 1- - Lr.:: 1000 - I - -1!l)!I'SO- - 99~ 
((lOu 1000 .U 

'l-;; -llf =. ___ =_='1. 
1 - Ilu -Iva Y 

lb!L 7.JL __ 9. + __ JO __ 9. Tooo _ f!... ~r _ af>7 
- Ill' 1--).- - 1u + 1'1\L - 10 + Tf90' - lIlio' 

no 00 

__ 39,__ _ g~ 

14 S =.1Hi.~.+lu.uouo_.l!6.!l+IUJ01'iO_RIl!L 3L_Jl"~7 
• oc joaa I-T~o-!006 1l!()vli -TOOU+9!J000-9~UO 

1(3"'-1) 3'" - 1 
15. S" = -~ = -2-- -= !(3n - 1) 

_ 2{( - V"'- II 2{1- (- ~)"'} 
16. Sn - _ } _ 1 .:. t :: IPfI-·( - ~)"'} 

" S _ 2[('1/2)10 - I} _ 2(32 - 1) _ 62 62-.!2 + 62 
1. 10 - -.!2 - 1 - '12 - 1 - -.!2-:::-'i :: 2 _ 1 

; 62(1 + '1/2) 

aP{(aq)", -l} aP(aq1!. - 1) aqn +p - aP 
18. S:: q = ----- - --~-

• a-I all - 1 - aq -l 
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(l[)~ 1 

19. r::: "I' ::: (H) 'f = ~ .'. series ::: 1 + ~ + ~ + 2~f + H 

2o.. r::: (upz)-g-::!:-r = (65Gl)t ::: 3 .'. series::: 2 + 6 + 18 

+ 54 + 162 + 486 + 1458 + 4374 + 13122 

21. r::: (!) o-:!:l = 6\} ::: ! .'. series::: 9 + 3 + 1 + ! +} 

22. Let x, xV, xV2 and xys represent the four numbers j then 

I/: + xy2 ::: x(1 + y2) ::: 148, and xV + xy8 = xy(1 + y2) ::: 888 

148 888 148 888 
.'.1+ V2

::: -, and 1 + y2::: - .'. - = - .'. 148y::: 88B 
x xV x xV 

]48 
.'. V" 6; then 1 + VZ = 1 + 36 ::: 37 ::: - .'. 37x ::: 148 .'. x ::: 4, 

x 
and the series is 4, 24, 144 and 864 

23. Let xi xy, xy2 and xys represent the numbers; then:r + xV 

= 15 (I), and xy2 + xya = V2(X + xy) = 60 (II). Dividing (n) by (r) 

we have V2
::: 4 .'. Y ::: ± 2, and since x(I + V) = 15, we h~e 

x::: ll, or ::-tif ::: 5 0r - 15; hence the numbers are 5, 10, 20 and 

40, or - 15, 30, - 60 and 120 

24. Let xy2, ay and x represent the number of dollars they 

severally had; then xy2 = x + 135 (1), and xV2 + xy + x::: 315 (n) 

1'35 
.'. xV + 2x ::: 180 (III). From (I) x = y2 _ l' and from (m) 

180 135 .180 3 4 I 
x::: -- ,', -- ::: -- ,'. --- ::: -- .'. 4y2 - 3y ::: 10 

y + 2 y2 - 1 Y + 2 y2 - 1 V + 2 j , 

180 180 
whence ,V::: 2 or _1i4 ·, hence x ::: -- ::: 1J4l..o. ::: 45, or x = --

Y + 2 2-~ 
lW , 

::: T;:: 240; ,he~ce tpe shltres .were $180, $90 and $45. 

Taking the negative value as ab@ve, give~us x = $240, ,and the shares 
would be $375, -- $300 and $246, which implies that the second receivcs 
$BOO less tl:u~n noth~ng for.his shal'e, or in other words, .instead of ;receiv
ing auything he gives $3GO to be divided in addition to the $315 among 
the other two. 
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25. Let x ::: the first number, and y::: the common ratio of the 

1st three numbers j then the numbers are x, xv, xy2, xy2 + xV, and 

xy' + 2xy 

And xy + xy2 + (xy2 + xV) + (xy2 + 2xy) ::: 3xy' + 4xy = 40 (I) j 

also xy(xy2 + 2xy) == X 2y3 + 2X2y2 == 64 (n). Multiplying (I) by 

xy aud (rr) by 3, anu subtracting, we have 2x2y2 = 192 - 40xy 

.'. x2y'l + 20xy = 96 j whence xy == 4 or - 24. From (I) xy(3y + 4) 

40 
= 40 .'. 3y + 4 = xy = :Ii = 10 .'. 3y::: 6, and y = 2 .'. x = 2 i 
hence the numbers are 2, 4, 8, 12 and 16 

26. 8 = a + (a + b)r +- (a + 2b)T2 + ...... {a + (n - l)b}r1J.·1 

Sr =ar+(a+b)r2 + ...... {a+(n-2)b)1'n'I+{a+(n-l)b)rn 

S - Sr = a + 6'r -I- M" + 61,3 + ...... 61'''' 1 - {a + (n - l)b}rn 

br(1 - Tn-I) 
8(1-1')=a+ 1-1' -{a+(n-l)bl1'''' 

• a 61'(1 - Tn-I) fa + (n - l)b)1'" 
S = -- + ----- -

1 - T (1 - 1')2 1 -1' 

a - {a + (n - l)b)r'" br(1 - I'" -1) 
8 = -- 1 + -( 1----)2--;r -1' 

27. (I) u2 + 62 4- c~ - (a - b + C)2 = a2 + b2 + c2 _ (a2 + b2 + c2) 

+ 2ab + 2bc - 2ar. ::: 2ab + 2bc - 2ac ::: 2ab + 2bc - 2b2, (since 

ac = /,2) = 2b(a + c - b). Now (a+c)2-b2 :::a'+2ac+c'-b2 

= a2 + 2b
2 + C' - b2

::: a" + b2 + c2 
It positive quantity.'. (a + c)" > bZ, 

and .'. a + c::::: b, and .'. a + c - b is a positive quantity, and 

.'. 2b(a + c - b) is positive, ,'. a2 + b~ + c'- (a - b + 4:)2 is positive, 
• '. a2 + [,2 + c2 > (a - b + c)2 

(n) (a + b + c + d)'::: (a + b)2 + (c + d)2 + 2(a,+ b)(c + d) j but 

~:::!!...:::::..... ~+~_b+c_c+~. (a + b)(c+'d) (b+C)2 
b , cd" b - c - d . -, bd ::: --c'-

bd 
.'. (a + b)(c + d)::: c2(b + c)2= (b + C)2 '.' bd:: c2 .'. (a+ b +c+d)2 

::: (a + b)2 + (c + d)2 + 2(b + C)2 
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28, (1) (P + q)th term = a?'P+q-l =.7U 

(p - q)th term = a1'P - q-l = 11 

123 

,', a2,.zp- 2 = '11m, ,', arP - 1 = <lmn = pth tenn 

(n) Als(} aa~:::~~ = r2q = m ,', r = (~)~, and Ip' = (.!:...) fq . 
Inn j' 7IL 

.,:. the q'h term = aTq-l = --- = - = 'lit X - = m _ 2q 
. arP+

Q
-
1 m 1 (n)-!'-

rP. j'P rP' 'In 

29, Let x, xy and xy2 represent the numbers; then x + xy + xy2 

:: 35, and xy : xy2 '- x :: 2 : 3 ,', y : y2 - 1 :: 2 : 3, 

or 3y = 2y2 - 2 ,', 2y2 - 3y = 2, whence y = 2 or - ~ 

:, x + xy + xy2 = X + 2x + 4x = 7.1: = 35 ,', x:.: 5; or x + xy + xy2 

:: X - !x + !x = ~x = 35 ,', x = l1G. = 46~, hence the numbers are 

5,10 and 20; or 46~, - 23! and 11$ 

30, Let.:r,xy and xy2represent the digits; then 100x+ 10xy+xyZ 

:: the number, and x + xy + xy2 = sum of its digits; then 

100x + 10xy. +xy2 : x + xy + xy2 ::, 124 : 7, that is 

100 + lOy + y' 
100 + lOy + y2: 1 + y + y2:: 124: 7, whence 1+ +--2-y y 

124 99 + 9y 117 11 + y ]3 
:: T ,', Art, 106, 1 + Y + y2 - 7' or 1 + y + y" = '"if 
.. , 77 + 7y = 13 + 13y + 13y2, or 13yZ + 6y = 64; whence y = 2, 

Also 100x + 10xy + xy2+ 594.= IOOxy2+ 10xy + x; or 99x - 99xy2 

:: - 594; or x - xy2 = - 6 j or x - 4x = - 6; or - 3x = - 6 ,', x = 2, 

hence 100x + 10xy + xy2 = 248, the number required, 

EXERCISE LXI. 

1. (1) '.I1,'S, = 7, 5, 3 i hence d =.- 2 ,', 13, 11, 9, 7, 5, 3, 1, 

:- 1, - 3 inverted, give H.S, "h, 1\-, t, t, t, !, 1, .:. 1, -! 
,.(11) .I1,'S, = 18, 14, 10 i hence d = - 4 ,', 30, 26, 22, 18, 14, 10, 

6,,2, - 2 inverted, give H,S, "J~' ;fb' -i-,,;, 1\", -h, 1~' ~, i, -! 
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(III) .I1.S.::: 2, 4, 6; bence d = Z !Lnd - 4, - 2, 0, 2, 4, 6, 8, 10, 

12 inverted, give H.B. -.]:, -1, oc, i, .]:, ii, 1, +0' '(-';; 
(IV) .I1.S. == 114' 'l~' H-; henco d = .1:4 and - H, - H, - 1\, -t.n 

P'''' H, H, -'Ii and H inverted, give H.S. - H, - tt, - 2, 14, 

1~, \1, -H, Hand H 
(v) .I1.S.::: Isl, t, - g; hence d::: - i and :16'/,.' ¥, Il, If, }, -~, 

_loQ and - \7 inverted, give H.S. = 19:, !, -[is, fe, 1!, - H, -!, 
- -15i , - 2% 

(VI) .I1.S.::: - 2, 0, + 2; hence d = 2; tben - B, - 6, - 4, - 2,0, 

2, 4, G, 8 inverted, give H.S. = - t, - i" - !, - I, oc, !, !, ~, i 
! - i 

2. (r) Insert 3 .11. means, between i and 1· H~re d = 5 _ 1 

_ - t _ .L. henc".11 serr'es - 1 II 1il. Q .£_ - 1 J.l 15- .'! 1 - 4 --"4' ~. -2'~4'"24,r"'~4-2'~4' 21.,3, 
and . II 8 - 2 H II J! :1 - 2 2·'Z... 2'J,. 2':'. 3 .... - '11, 6'3,r- , III 6, 0' ~-t 

(II) Insert 3 .11. means, between i and t· Here d ::: 5 _ 1 
_ .2._ 

: 4!.2..:::-fo; hence.l1.8.=H,H,H,HandtB, anll invert-

ting these we have H.S. == 5, 51
li
S, ui, 61\' and 7 ..l. 

! - Ie 
(III) Insert 3 4,.means, between'h and!. Here d ::: ~ 
,8_ 

: a~l ::: ./a j hence .I1.S. ::: -:l1:f" 'li;J, {s', "'.ll'ls, H, and inverting tbes'e 

we have H.S. = 11, 6~, 4~, 3~, 3 
-.J.x - ~ 

(rv) Insljrt 3 .11. means, between ~ and ;1. Here d ::: - 5 _ i 
- -f:458' 

:: -4- ::: - "Ni2'; hence ~.8. ::: H~, H't, ~a~, H~, tH !Lud 

invertiug these, we have H.S. ::: 2! + 2 10!l9 + Z i 9A + 2 ~H + 3t 

-t.-& 
(v) Insert 3.11. Illeans, .betw,een! !LlId -~. Here d ::: ~ 

- J ::: '4 = - %; hence .I1.S. = t, - ~, - t, - 1tl-, - 1[" and invertipg 

these, we have H.B. ::: 6, - 2, -.If, -lfl - E , 
3. 'Corresponding .I1.S. :: g, 1,~. Hence d == g; 5th term of 

.11.8. == ~ + (5 - In = t + il·: J!; hence 5th term of H.S. ::; f(; 
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" Ii 
f 11th term Of .I1.B. == ~ + (11 - l)g- == t + ¥ == 36'l.. j hence llth term 

: fHS - Ii· th f B _ 311, 311,-1 
I, O. • - H, 11, term 0 .11. • _. ~ + (11, - IH =: ~ + - - 63 =: -- • ,. ~ 5 5' 
• 5 

hence nth term of H.B. = ---
3n - 1 

4. Of corresponding .I1.B. -P-;i, -h, -l.r the 6th term'" -b+(6 -1)+;i 

". = l3 + -[i.;i = f;ij loth term = 13;i + (10 - Ihl;i = la + -l!;i =: H, and 

n· 2 + n 
nih term = la;i + (n - Ih\i = l:i + 13 -la- = 13 .': required 6tb, 

13 
lOth and nth terms of H.B. = Ii; I-h and 11 + 2 

5. Of the corresponding .I1.B. 10, 12, 14, the 4th term 

': = 10 + (4 - 1)2 = 16, and the 8th term = 10 + (8 - 1)2 =: 24 

II.;. the 4th and 8th term of the H.B. = lG" and 2\ 
I I-.\: * 

6. Insert 2 .11. means, between i and 1. Here d =: 4-=1 =: "3 = ! 

: .hence .I1.B. = .i + ~ + i + t, and inverting these, we have 

~ H:S. == 4 + 2 + I! + I ; hence unknown terms are 2 and l! 
1 1 

7. Of the corresponding .I1.B. 0:' h' the 8th term 

=~+(8-1)(! _ :)=! +! _! = : _: = 7a:b6b; 

':: ab 1 (I 1) 
,'. hence 8th 'term of H.B. = '1a _ 6b j nth term'" 0: + (n - 1) b - a 
: 1 (1 1) 1 1 2 1 n n 2-n n- 1 
t=a-+ n h-O: -h+-a=a:-"b+"b-a:=---a+-b-
II-
j' b(2-n)+a(n-l) ab ,='. ab .'. nth term of H.B. =: b(2 _ n) + a(n - 1) 
, 2 2 

2ab ~ ~1 
I· 8. H.M. = a + b = 1 I 2m m 
:/ m;n' + m=n m2 - 11,2 

[, 9 . .I1.M. =: Ha + b) = !(4 + f» = II = 6! j G.M. = 'l/ab ::. '1/4 x 9 

.. ~ 2ab 2 x 4 x 9 _ 1'.' _ L 
ii " "136 :; 6 j H;M :::: a + b =: 4 + 9 - l!f - 513 

I 
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10 . .I1.M. = H6 + 4D = ! of lO~ = 5-hi G.Jf. == ,,/6x 4i- = {25 

2 x 6 x 4k _ ~ _ 11 nJ! _ 1Hl. 
= 5 j H.M. == 6 + 4~- - 10k - 6-1 - 4ti 1 

11. a: e:: <£ - b: b - e.'. ab - ae = ue - be .'. 2ae = ab + be == b(a + c) 

.'. b = u
2
:

C
c .'. 262 == 2 (::ee) a .'. u2 + CZ _ 2bz == a2 + e2 _ 2 ( a

2
:

e
e) 2 

= a:l _ 2ac + c2 + 2ae _ 2 (a2
:

e e) 2 = (a - c)2 + 2ac{ 1 - (a ~t~)2} 
2 {(a -C)2} 't' t't'f d h = (a - e) + 2ac (a + e)2 = a POSI lve quan 1 y 1 a an cave 

like signs.'. a2 + c2 > 2b2 

12. b = Ha + c), and mb == Vae j substituting the value of b, 
m _ m2 

we have T(a + c) = Vae .'. ""4(a + C)2 = ae .'. 'm2(a + e)2 = 4ac, 

4ae 
and dividing each by a + e we get m2(a + e) == a + e' but a+ e =26 

4ae 2ae 
.'. 2bm2 = -+ ,or bm2 = --+ j hence Art. 261, bm2 is the H.M. a e a e 

between a aud e .'. /1, bm2 and e are in H. Prog. 

13. Let a, band e be any three quantities in H. Prog., and 

let x be the quantity which, when subtracted from each, leaves 

rt:mainders in G,P.; then (a - x)(e - x) == (b - X)2, that is 

ae - ex - ax + x 2 = b2 
- 2bx + x 2 

.'. 2bx - ex - ax ::; bZ 
- ae 

b2 - ae 
.'. x = 2b _ e _ a; but silice a, band e are in H.P., 

a : e :: a - b : b - e .'. ab - ae = ae - be j ab = 2ae - be . 
ab 

.'. c = 2a _ b' Substitute this for c in th~ above value of x, 
aZb 2ab2 _ bS _ a2b 

b2 _---
2a - b 2a - 6 

ab- = 4'Ub.:"2az'::*"2//+wii" _ ab 
2b - a - --- . 

2a - b 2a ~ b 

and we have x =-

2ab2 - b3 _ a2b b(2ab _ b2 - ( 2) b 
x = 4ab _ 2b2 _ 2a2 :;: 2(2ab _ b2 _ a2) = Z = ,I of middle term. 
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14 . .I1.M. = !ea + b), and G.M. = 'lab .'. Ha + b) + 'lab = 16 (I) 

and !(a + b) - 'lab = 4 (II). From (I) a + 2Vab + b = 32 

:. <.ja+ Vb = ± 4</2. From (II) a -2Vab+b= 8 .·.Va-Vb =± 2V'!. 

.'. 2<.ja = ± 61/2, whence a = 18; and 2Vb = ± 2'12, whence b = 2 

2ab 4b 
15 . .I1.M. = !(a + b), and H.lli. = a + b'" H2 + b) = V' x 2 + b 

64b 
= 14 + 7b .'. 28 + 14b + 14b + 7b2

:= 128b .'. 7b2 
- 100b := - 28, or 

2500 - 196 
b2 -.!.!fllb:=-4j b2_.l~<lb+~·H.ll= 49 = .'J{~~ .'. b - !i7Q. 

= ± :J-l .'. b = 14 or ~ 
2ub 2ab 

16. a + b = 30, and a + b = 13k .'. 30 = 13k .'. 2ab = 400; 

a2+ 2ab + b2 = 900, and 4ab = 800.'. a2 _ 2ab +b2 = 100, ora-b = ± 10; 

a + b = 30, and a - b = ± 10 .'. 2a = 40, or 20; a = 20 or 10; 

.2b = 20 or 40.'. b = 10 or 20 .'. the numbers are '20 and 10 

17. a - b = 16;]:, and 'lab = 9, since t.he G.M. between the .11. 

and H.M. of a and b = a.M. between a and b, (see Art. 261) 

Then a2 
- .2ab + b2 = ~nLi, and ab :..:; 81 .'. 4ab = 324; a2 + 2ab + b2 

= 1n~' + 324= J!.'!-%i!. .'. a + b = ~'[. Hence a - b = .6"4Li , and a + b 

::;: 9.1 .'. 2a = \l .'. a = B.i = 20;]: j 2b = ~4.J, = 8 .'. b = 4 

EXERCISE LXII, 

1. V6 = 1'2'3'4'5-6 = 720 

2. (I) V4 = 8'7-6-5 = 1680; (II) V6 = 8-7'6'5-4'3 = 20160; 

VA = 1'2'3'4;'5'6-708 = 40320 

3. We are to find the permutations of 13 letters of which 5 are 

, a's, 4 are b's, and 3 are c's .. 

In 1'2'3'4'5'6'7'8'9-10'11-12'13 
Then N = --- '" '" 360360 IP 191! 1-2'3'4-5 x l'2-3'4x 1'2-3 
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4, VIZ = 1'2'3'4'5'6:~'8'9'10'li'12 = whole number of changes 

1'2'3'·1'5'6' 7'8'9'10'11'12 
16'60'10 == 49896 ::: number of days required 

:;: 136 years' 222 days, 

5, VG = n(n - l)(n - 2)(n - 3)(n - 4), and Va = n(n - 1)(n - 2) 

Then n(n - l)(n - 2)(n - 3)(n - 4) = 6 x n(n - 1)(n - 2) 

.', (n - 3)(n - 4) = 6 j that is n2 
- 7n = - 6, whence n = 6 

6, VIa = 1'2'3'4'5'6-1-8'9'10 = whole number of days 

,', 1'2'3'4'5'6'8'9'10 ::: 518400 == number of weeks he had to 

board them, and since board is worth $5 per week for one per

son, it is worth $50 per week for 10, Hence total value of 

board = $50 x 518400 == $25920000; and $25920000 - $5000 

:= $25915000 = loss when the $5000 is not paid till the expira

tion of the term of the board, And amount of $5000 at 6 per cent_ 

3628800 
for 365! years, i. e, for 9935'112 years == 5000(1 + 1't) 

== 5000(1 + 596'112) == 5000 x 597'112 == $2985533'60, 

Hence his loss when the $5000 is paid at once, and put out 

at interest until the expiration of the term == $25920000 

- $2985533'60 = $22934466'40 

7. Vn == 15'14·13'·" '(15 - n + 2)(15 - n + 1) 

and Vn -1 == 15'14'13' " . '{15 - (n - 1) + I}; then 

15'14'13'" -(15 - n + 2)(15 - n+ 1) = 15'14'13" "(15 -n+ 2) x 10 

,', cancelling same factors of both sides, we Lave 15 - n + 1 == 10 

,', n == 6 

8, (1) Permutations of 14 letters whereof 2 are o's, 3 are n's, 

. ~I'2-3'4'5'6-7-8'9-lO'11'12'13'14 
and two are t's == Iv Iq 11' == ----:;~---:~::---:-.;...:....:.::...:...: 
== 3632428800 - -

!.:. 1'2xl'2'3xl'2 

(II) Permutations of 12 letters whereof 5 are'vs 

I~ 1'2-3'4'5-6+8'9'10'11'12 
'" I.E ;:;' 1'2'3'4-5 ...... ". :: 3991680 
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(m) Permutations of 8 letters whereof 4 are o's 
~ 1'2'3'4'5'u'l'S 

= Iy = -1-'2~ = 1680 

(IV) Permutations of 13 letters whereof 3 are o's and 3 a1'e 1ft'S 

I~ 1'2'3'4'5'6' 7'8'9'10'11'12'13 
= lP "t.q " 1'2'3 x 1'2'3 = 172972800 

9, (I) PermUtations of 7 letters of which 2 are a's 

~ 1'2'3'4'5'6'7 = - = ----- = 2520 IY 1'2 

(1I) Permutations of 13 letters whereof 2 are o's, 2 are n's, 

~ 1'2'34'5'6'7'8'9'10'U'12'13 
and2 are t's= IPltl I!= 1'2xl'2xl'2 ~778377600 

(m) Permutations of 7 letters whereof 2 are t's and 3 are o's 
In 1'2'3'4'/';'6'7 

:: ~:: .. = 420 lP t.q l'2xl'2'3 

10, -~C2n -1) C2
n 

- 2) ; 23
n

C3
n 

-1) C3
n 

- 2) :: 145 2 

.. , 511.(511. 2- 2) en 2- 4) = 29;11. cn 3- 3) en 3- 6); 
or H5n - 2)(511. - 4) = 2l:p·(2n - 3)(211. - 6); or 135(2511.2 -3011. + 8) 

::: 2820(211.2 ~ 9n + 9); or 25311.2 - 336611. = - 3960, whence 11. ;; 12 

EXERCISE LXIII. 

10'9'8 
L (I) 0;1 ~ 1"2-3 = 120;. (II) Cr. = 

10'9. 
(ill) 0 8 = O2 = ---r:2 = 45 

15'14'13'12'11 
2,'(1) 0 5 '" ~3-4-5 = 3003; 

15'14'13'12'11'10'9 • 
(n) 0 1 = 1'2'3'4'5'6'7 = 6435 ; 

15'14'13 
(III) 0 12 :: O~:: 1'2'3 = 455 

I 

10:9'8+6 
1'2'3'4'5 = 25.3; 



130 KEY TO [Ex.. LX:Ill. 

12'11'10'9'8 
3. C5 == -1-' 2--"3'---' 4-'-=-5 - == '192 

4. Whole number of combinations of 211 things, 1, 2, 3, 4, 

&c" .. , 2n together == 22" - 1; similarly the whole number of 

combinations ofn things, 1, 2, 3; 4, &c" .. n together = 2" - 1. 
22" _ 1 2m - 1 

Then 22" - 1 == (2" - 1) x 513.'. 2" _ 1 == .5]3; or since :'2" _ 1 

= 2" + 1, we have 2" + 1 == 513 .,. 2'" == 512, and .', by inspection 

n==8 
36'35'34'33'33 . 

5 (1) c- =. = 439824 == No. of different selections 
, 0 1'2'3'4'5 

(II) Taking away one man from the 36 there remrtin 35, and 

35'34'3~'31 
these combined together, 4 and 4 give 1'2'04 = 5~360 com-

binations to each of which the reserved man mu'st be attached, 

6, Number of combinations of 21 consonants, 4 together 

·21'20'19'18 . 
1'2'3'4 = 5985; also number of corubir;.ations of 5 vowels, 

5'4'3 
3 together = 1'2'3 = 10. Hence there can be formed 5985 x 10 

= 59850 diifere"!t sets of seven letters, each set containing four 

consonahts and three vowels. But each of these 59850 sets 

can be permutated, 1'2'3'4'5'6''1 = 5040 ways, each forming a 

different word .'. the required number of words = 59850 x 5040 

= 301644000. 

7, The different arrangements of 9 of the persons while the 

tenth remains fixcd = 9'8'7'6'5'4'3'2'1 == 362880:: whole number 

of different arrangements of the ten perso:J.s, so that no one has 

the same neighbours in any two cases. Hut one half of these 

al'rangefrlents will be similar to the other half if the position of 

neighbours on the right and left. hand sides be not regarded 

as making a difference. '80 that if .Il is 'said to have the same 

neighbours in the arrangement B.IlC that ·he has in the c,rrange

ment C.IlB, then the correct answer will bei of 362880 == 181440 
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n(n - 1)(n '- 2)(n '"- 3) 
8, n(n - 1)(n - 2):'. :: 6 : 1 .', cancel-

1'2'3'4 
n- 3 

ling, ~;: 1, whence n : 7 

9, n(n- 1)(n-2) .... (n-p+ 1): 10n(n-l)(n'- 2) .... (n- p+ 2); 

or diviqing each by n(n - 1)(n - 2) .. ,' (n - p + 2), we get 

n - p + 1 : 10 .'. n - p : 9 (r). Again 

lI(n"'-1)(n.:..2) .... (n-p+l) n(n-l)(n-2) ... (n-p+2) 
Ip : Ip-l ::5:3 

Or ihultipiyini each side by Ip - 1 we hav-e-

n(II--1)(n"'-2) .... (n'-p+l) 
'P :jn(n-l)(n"'-2) ...• (n .... p+2), 

ahd dividing each side by n(n- l)(n ...: 2) .. " (n '" p + 2), we 

'" n"""p+ 1 . 
have .' : ~; or 3n '" 3p + 3 : 5p .'. 3n"" Sp : "'" 3 (II). 

P 

Now multiplying (t)by 3;' and subtracting from (rr); we hay~ 

5p = 30 .', p :: 6; and similarly n = 15 

10.1·2·3· .. · (n-l)=ln=l; or !~=l according as BAC 

and OAB are regarded as different or the same arrangement. 

10'9'S''1'6 
1,1. N·umber of Iii flag signals with 10 flags = 1'2'3'4'5 : 252; 

10'9'8'7 
number of signals with foqt flags out of 10= 1'2.3'4 = 210; 

. 10'9'& 10'9 
numberwith3flags= 1'2'3= 120 l hUlnberwith 2 flags: M: 45 

Rnd number with one flag = 10. Therefore whole number of 

signals: 10 + 45 + 120 + 210 + 252 ='637 

12. There are in ail hine coins and they Inay be combined, 

any numpert.ogetber, to maJrea sum; then the combinations of 

9 :thingsl, 2, 3, •...• 9 together =: 2n - 1 '"' 29 - 1 == 512 - 1 : 511 
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EXERCISE LXIV, 

3 3'4 3'4'5 3'4'5'6 
1. (1 + x)-s::: 1 - TX + T-2X2 - 1'2'3 X3 + 1'2'3'4 X4 - &c, 

:: 1 - 3x + 6xz - 10xs + 15x4 - &c. 

2 2'3 2'3'4' 2'3'4'5 
2, (1 + x) -z = 1 - TX + Wxz - 1'2'3x3 + 1'2'3'4 x4 - &c, 

:. 1 - 2x + 3xz - 4x3 + 5x4 - &c. 

1 1-2 1-2-3 1'2'3'4 
3_(1-2x)-1=1+-(2x)+-(2x)z+ -- (2x)3+ __ - (2X)4+&C. 

1 1'2 1'2'3 1'2'3'4 

'" 1 + 2x + 4xz + Bx3 + 16x4 + &c, 

5 5'6 5'6'7 5'6"7-8 
4, (1_1X)-U = 1 +_(lX) + _(lX)Z+ --(lX)3+ _-OX)4 

• 1 2 1-2 2 1-2-3 2 1-2-3'4 

+ &c_ = 1 + 1x + l.{'XZ + ;;~1iX3 + ;)~!ix4 + &c_ 

2 2-3 2'3-4 2'3'4'5 
5. (1 + 3x)-z= I-T(3x) + 1-"Z(3X)2- 1'2_3(3x)B+ 1'2'3'4(3x)4 

- &c. = 1 - 6x + 27xz - lOBxa + 405x4 - &c. 

5 5-6 5'C'7 5'6-7'8 
6. (1 - 2x) - 6 = 1 + 1(2X) + 1'2(2X)Z + 1_2'3(2x)3 + 1-2'3-4 ~2X)4 

+ &c. = 1 + lOx + 60xz + 280x3 + 1120x4 + &c. 

4 4'5 4'5'6 4'5'6·7 
7. (1 - X)-4 = 1 + -x + -x2 + --xS + --x4 + &c 

1 1'2 1'2-3 1'2'3'4 ' 

= 1 + 4x + 10x~ + 20x3 + 35x4 + &c . .. 
1 1 1'(-1) i'(-i)(-3) 

8. (1 - 4X)2 = 1- Z(4x) + I=2-4(4x? ~ ----y:z:s:s-(4X)3 

1'(-1)( - 3)( - 5) 
+ 1'2'3-4'16 (4x)4-&c.=1-2x-2x2 -4x3 -10x.1-&c. 

-i 2 2'5 2'5'8 2'5'8'11 
9. (l+x) =1-ax+l'2'9xz-1-2'3'27x3+1'2'3'4'81x4-&c, 

= 1 - jx + ~xa .... ~~xa + Hgx4 - &c. 

10. (i- ~x)~ = l-~(~X) _ 4( - 1)(~x)2 _ 4( - 1)( - 6) ("x)a 
5 1'2'25 1'2'3'125" 

4( - 1)( - 6)( - 11) 
+ 1'2'3'4'625 OX)4 - &c-, 

;;; 1 - ~x - :r~uxz - .5doX8 - TIUolooX4 - &c. 
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'. ! 1 1(-2) 1(-2)(~5) 
11. (1 + lx) == 1 + -anx) + 1-2-9 (lX)2 + 1'2'3~Z 7 Ox)S 

I( - 2)( - 5)( - 8) 
+ 1'2'3'4'81' OX)4 + &c. 

= I +~x - s\X2 + ,,+hX3 - Tt~hx4 + &c . 

. ' . _.1. 4 4'9 4'9'14 4'9'14'19 
12. (1 - x) . 6;: 1 + '5X + 1'2'25X2 + 1'2'3'125X3 + l'2'3'4'625X4 

+ &C. = 1 + tx + HX2 + -U;X3 + ~~~X4 + &c. 

13. (a - x2)-a.= fa(l- a- lx2)}-S == a- 3(1_ a- l x2)-3 

3'4 3'4'5 3'4'5'6 
• = a a{1 + '1(a-lx2) + 1'2 (a-lx')2 + 1'2,/a lx2)S+ ~2'3'4(a-lx')4+ &c,} 

== a-sf! + 3a-lx2 + 6a-'x4 + 10a- 3x G + 15a- 4x 8 + &c.} 

:>.a- 8 + 3a- 4 x2 + 6a- 6 x 4 + 10a- 6 x 6 + 15a- 7 x 8 + &c. 

14. (a2 + X3).1 == {a"(1 + a r2xS)}-1 == a-'(I- a- 2;tS)-1 

1 1'2 1'2'3 1'2'3'4 
= a 2{I-T(a 2X 3) + M(a"'XS)2 - 1'2'3(IT'X3)3+ 1'2'3'4(a-2x3)4+ &c.} 

;: a- 2(1 - a- 2x3 + a- 4x 6 _ a- 6X9 + a- 8 xlZ - &c.) 

= a- 2 _ a- 4x3 + a- 6x 6 _ a- 8X~ + a- 1D x12 - &c. 

!5. (a! _x~r2== {a!(I_a-!x!)r2==a-l(1_a-~x!r2 

a-l{l + ~'(a-ix!) + ~(a-tx!)2 + 2'3'4(a"!x!)3 
1 1'2 1'2'3 

2'3'4'5 ( 1 ')4 } 
+ 1'2'3'4 a - 2;=:1 + &c. 

= a-~{l + 2a-!xl + 3a-lx~ + 4a- f x + 5a- 2x} + &c.} 

;: (1"1 + 2a-l-x! + 3a-2x~ + 4a- 1x + 5a- sxr + &c. 

16.'«(t4_x3)~ = {a4 (I_a- 4x8)p '" J(I_a4x3)~ 
, II 2 2( - 1) 2( - 1)( - 4) 
=a3{1_ 3(a- 4x3) + ~ (a- 4xS

)2 - 1'2'3'27 (a- 4x3
)3 

, .. 
+ 2( - 1)( ~ 4)( - 7)(a- 4x3)4 _ &&.} 

1'2'3'4'81 
H' ~ . , 

= a:r{l- ~a-4x3+~a-8x6 -s"ra-12x9 -2'h'a" 16x12 - &c.} 

.8 _ 4. __ lil. - ~ a 9 7 - ~3Q 12 & = (~3 _ ~a 33;3:: ~a "3 x 6 - js1fa 3:1i ..:. ~~~a ~- C~ 
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17. (as + x~~ _4 = la3(1 + a- 3x- Z)l-4 = a- 12(1 + a-3x~2)-4 
4 4'5 2 Z 4~5'6 3 

:= a - 12{1 _ -(a - 3X - 2) + -(a - ax - ) -- (a - ax - 2) 
1 1'2 1'2'3 

4'5'6'7 4 
+ l'2'3'4(a- 3x-

Z
) - &c.} 

= a -1\1 _ 4a- 3x - 2 + lOa - 6x - 4 _ 20a- 9x - 6 + 35a -1ZX - 8 - &c.) 

:= a-12 _ 4a-15x-2 + lOa-lBx-4 _ 20a-21x-6 + 35a-2~x- Ii - &c. 

( 
1 _ I ) -! {L ( _.L _ I-) } -! _ ,1- { _ L ,.J,}-! 

IB, aO-x 5' = a o I-a Ox 0 ·=oa 15 I-a 6X ": 

1 1 ! 1'4 _:I. 1'4'7 _;1 
a - rO'{1 + -3 (ax) '5 + --(ax) ° + ---(ax) 6 

1'2'9 1'2'3'27 
1'4'7'10 -l 

+ 1'2'3'4'81(ax) - 5 + &c.} 

= a -l\'{l + !,(ax) -} + §(ax) - ~ + H(ax) - g. + -.l45:J(ax) -1; + &c.} 

= a- 1\- + !a-}5-x-} + ~£ 17
1;-x- it + Ha- ~£ ~ + ]!lfaa- Hx- t + &c. 

( 1) - ~ J.9. aZm - x' 

_ 1. _ 9 2 X2 ( 1) 
= a "m "{I + - -3 aZm 

( 1)4 2-5-8'11 X2 

+ l'2.a'4'81 a2m + &c.} 

( !)2 2'5 x, 
+ -- --

1'2"9 a2m 
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EXERCISE LXV. 

. n(n+I)(n+2)·····(n+r-I) 
1. Gen. term of (1- x)-a = 11' .. x' 
3'4·5 .... (2 +1') -

= '-~ x' 

(rr) Since general term::: the (r + l)th term = 6th term.'. r ;" 5 

3'4'5'6·1 
Hence 6th term = I'2'3'4'5x5 = 2lx5 

- n(n+I)(n+2)"'(n+r-I) 
2. (r)Gen.termof(1+x)-4=(-IYx ~,x' 

. 4'5'6' .. '(3 + 1') 
::(-I),x--[: x'l' 

(rr) Since general term = 6th term = (1 +,r)tll term. •... 1'.= 5 

, 4'5'6-1-8 
Hence 6th term = (- 1)5 X l'2'3'4'5x5 = - 56x 5 

-" 3. (I) General term of (1- x) :r 

pep + q)(p + 2q) ..... -... fp + (1' - l)q) 
= ( - 1)' x l: x q' ;r;' 

2'5'S" ,. (31' - 1) 
=(-1)' x ' ~x' 

:\, l: x 3', , 
(II) '$Me general term = (1' + 1)th term = 6th term .', l' = 5 

" " 2'5'S'11'i4 I "30S 
!lence 6t4 term:;: ( - 1)5' x l-2'3'4:5 X 243x5 = - 12.9X5 
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"-
4. (1) General term of'(l - xp 

r pep - q)(p - 2q)" .. !p - (r-l)q} T 

'" ( - 1) x 13.: x qr X 

4·1·(-2)····('1-3r) 

[Ex. Ll 

= ( - lY x. Jr x 31' x
T 

- 4'1'(-2)(-5)(-8) 
(n) As before r = 5 .'. 6th term = ( ... l)S x 1'2'3'4'5'243 . 

= ( - 1) x - 7hx • = 7hx· 

5. (r) General term of (1 + x) - ~ 

pep + q) (p + 2q)' .• '{p + (r - l)qf 
= (- 1)' x 1 T xT 

!.xq 
7'9'12' .... (5 + 2r) 

= ( - lY x 12: X 21' x" 

(n) As before r = 5 .'. 6th term = ( - 1)0. x 1'2'3'4'5'32 

= - ~IiN"x5 

_li 
6. (r) General term of (1 + x) 3 

. pep + q)(p + 2q)' .... '{p + (r - 1)q} 
= (_ lY x xT 

l!.: X qT. 

8'11'14" . '(5 + 3r) 
= ( - lY x l!' X 3'1' xT 

8'11'l4'1'1'20 
(n) As before r = 5 .'. 6th term = ( - 1)5 x 1'2'3'4'5'243 

= -1-9-H~x5 

'1. (a - x) 1 = {a(1 _ a -1 x)} _1 = a -1(1 _ a -lX)-l 

n(n+ 1) ...... (n+r-1) 
.'. (1) Gen. term of (a - xtl = a-I x l!' (a-1; 

1'2'3'" 'r 
= a-I x I!.: a-TxT = a-I + a-TxT = a-(T+l}xT 

(n) .'. 6th term = a- 6 X 5 

8. (a + ix)U = {a(l + ia -lx)}t = ag. (1 + 2:) g 
(1) .'. Gen. term of (a + ix)~ 
= a~ x pCP - q)(p - 2q)· .. • '{p - (r - l)q} (-=-)" 

l! x qT 2a 
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=~x -
Ii 6'1'( - 4)(- 9)'" '(11 - 5r) ( X.) 

l!: X 5', 2Ta" 
Jl ' 6'1'4'" '(5r -11) 

","(-IYxao x a-Tx" Ir x lOT 
- f> 6'1'4'9'14 

(nr .'. 6th term ::: (- 1)5 x a'5 x ------a- "xU 
1'2'3'4'5'10 5 

'" - at x - ~ig'&oo'a - 5 X 5 '" - n&hua - li;QX5 

:, '11{n+1)(n+2)" "(n+r-l) 
9. (1) Gen. term of (1- 2xt2::: I... (2x)' 

t!: 
a·N· .. · (r + t) , 2'S'4" "r(r + 1) 

'" 2"x" == 2'x"::: (r + 1)2'x" ,l! ' 1'2'3" "r . ' 

(n) Since general term::: (r + l)th term::: 5th term .'. 1';;; 4: 
lIenee 5th term::: (4 + 1)2o!,xo!, ::: 5 X 16x4 ::: SOx4 

, 10. General term of (1 + $X2) -~ 
pep + q)(p + 2q)" • 'fp + (1' - l)q}, ' 

'" (- I)' X ('x2
)" I.:: x q' ' !I 

5·7·9 .. ··(S+2r) 2"x2r 5'7'9;"'(3+2'r) 
- (- I)' x x -- - (_I)' x ;ilo~ - , I.:: x 2'1' ST - I.:: x 3T 

5'7'9'11 
. (II) 'As before r ::: 4 .'. 5th term ::: ( - 1)4 x 1'2'3-4'S 1'1:8 

:= + 1 X .g~X8 ::: H~x8 
-~ { . }-t 4.( ')-! 11. (a- 2 +x-§), ::: a- 2(1+a2x- 1t ) =a5 1+a2£:1 

• - g 
.', (1) General term of (a - 2 + X - :I) 

~.~ ,. P(P+q)(P+2q) •••• {p+(r-l)qJ(Z-t).,. 
::: a x ( - 1) x I~ x q" a x 

':~ 2·7-12 .... (5r-S)-:!!: 
=, ,aD x ( - 1 \. ;<. a2"x' , " , I! x 5' 

,H·12· .. ·{5r.:.S) .1-:!!: = ( _ 1)1' x a2r + IiX 3 I.: x 5" 
,2'7'12'17 4 _,a 119 HX_~ 

(II) .'. 5th term::: ( - 1)4 x 1'!l.3t4 '625 as + 5X 3 = 625a 6 

! _! -2 _ ! * _ 1 -2 i _,\ -2 
12. (a- -x'') "'fa (1-,a 2 x ')} =a(l-ax ') 

I i -2 
... (1) GelleranerPl of (a - , ~ x - . ) 
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n(n+l)(n+2)· .. ·(n+r-l) f -i" 
= a x I: - (a x ) 

2·3·4····(r+l) i __ ~ .. 1·2·a .. 4····rx(r+l)! _1 r 
( a'x ~) -ax~----(a2x ') 

=: ax l-c. - 1·2·3·4· .. ·r . 

lr+ 1 _.!.. 
=: (r + 1)1£2 X 2 

13. r lO =: 1924 14. r 7 =: 128 15. 013 =: 0 16_r12 == 4096 

17_ r is the -least integer equal to or next greater than 

x 2 . t 
(n + 1)-, or (4 + 1)-1--2' or-5 x ~ or lil; but the first In eger a+x + 
> \fJ. is 4,', the greatest term of the expansion is the 4th term 

=: 32 
x ! 

18. dstheleastinteger=ornext>(n-l)l_x; or(5-1)1_ I; 
or 4 x 1 j or 4 ,', r = 4th term =: 5th term =: 4~ 

x 
19. r is the least integer =: or next > (n + 1) a + x; or 

3 
(20 + 1)2 + 3; or 21 x ~ i or ~3. which is 13 .'. the greatest term 

is the 13th term =: 125970 x 28 x3lZ 

X 3. 
20, r is the least integer =: or next> (n -1) 1 _ x' or (7 -1)1: !; 

Or b xi; or 9 ,'. the 9th term =: l1~%~~P = the 10th term. 

EXERCISE LXVI. 

1. 7x< 35,-, x < 5 2, 16x - 84> 108, or 16x > 192--.· • .x) 1:4 

3,4x<12_',x<3 4, 4x+l0>x-20; 3x>-30.'.x>-10 

5. ax + 5bx - 5ab > a2
; ax - a2 +5bx - 5ab> 0 ;a(x _ a) 

+ 5b(x - a) > 0; (x - a)(a + 5b) > 0 ,'. x - a> 0 .-, x> a. 

Also bx - tax +'7ab < b2
, bx - b2 - tax + tab < 0, b(x _ b) _ 

'7a(x - b) < 0, (b - 7a)(x - b) < 0,-. x - b _<:. 0.-. x < b 

6_ 1£3+ 1':> 1£2+ a, according 1£3+ 1 ,:>1£(1£+ 1); or as a2_a + 1:> a; 

or as 1£2 + 1 :> 21£. Now if a =: 1, -1£2 + 1 == 2 =: 2 xl; but if a > 1 

then Art. p4,a2 + 1 > 21£ . '. 1£8 + 1 :> -1£2 +- a. !t1't;!l)ri!jTl~ aa a;> l 
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7,'Asabovea3 +1>az +a,if,az+l>2a:; but'Art, 134 for 

all values of a, except a == 1, a2 + 1 > 2a ,', as + 1 > aZ + a, when 

a is a-negative improper fraction, 

" a,b 
8, b + Ii > 2, if (/,2 + bZ > 2ab; but Cfz + bZ >'2ab by Art, 134 

9, Multiplying each by 12, and reducing, we have 7x + 6 < 6J; 

+-12; and 7x +6 > 6x + 10 .'. x < 6, and x > 4 .'. x== 5 

10, aZ,+ b2 > 2ab, Art. 134; also aZ + c2,> 2ac, and bZ+ cZ> 2bc. 

Then by addition. a" + b2 + aZ + CZ + bZ + ,cz > 2ab + 2ac + ,2bc; 

that is 2az + 2bz+2c2 > 2ab + 2ac + 2bc ,., a2 + b2 + c2 > ab + ac + b,t; 

11. a2 > a~ - (b - c)", since (b - 1:)2 is necessarily positive 

,', aZ >,(a- b + e) (a + b - e); these being the factors of a2 _ (b - e)3 

similarly bZ >(a + b - c)(b + c - a), and eZ > (a + e - b)(b + e - a). 

Multiplying unequals by unequals, a2b"ez> (a - b + c)Z(a, + b _ C)2 

(b+c- a)"; extracting sq, root abe >-(a-b + e)(a+b -c){b + c -a) 

13. Letb == a + m"and c == a + n, a being the least,of the thr,ee 

quantiti~sj then'ab(a+ b) 0: a(a+m)(2a+m) == 2a3 + 3azm+a1n2 

ac(a + e) == a(a + n)(2a + n) == 2uB + 3azn + anz 

be(b + e) == (a + m)(a + n)(2a + In + n) 

= 2a8 + 3aZ(m +n)+a(-m. + n)z+mn(m + 'fI,) 
,., by ,addition 

(r) ab(a + b) + ae(a + e) + bc(b + e) == 6as + 6a2(m + n) 

+ 2a(mZ + nZ) + 2amn + mn(m + n) 

(II) Also 6abe: == 6a(a + m)(a + n) == 6a3 +6aZ(7I!- + n) + 6amn; 

sub~racting (II) from (1) we ha'l'e (1) - (II) ==,2a:(mZ - 2mn + nZ) 

+ mn(m + n) == 2a(m - n)Z + mn(m + n); but since by supposition 

a < 'b'ap.d < e, itCaUows that m and n lire positivequ,anti-tics 

.','2a(1I!-,n)"+mn(7I!-+,n) is positive .',ab(a +b)+,ac(a + e) 

+ b'c(b + e) - 6abe is a positive quantity ,·,ab(a + b) +ae(a + e) . " + be(b + e) > 6abe 

(m) Also 2(a8+b3 + ,cB) = 2w + 2(a + 711.)3 + 2(a + n)3 

= 6£13 t 6a2(m+ n) + ,(;lll(m~+ n2) + 2(lnStn3) i g,qqtracting <I) frOIll 
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(III) we have (m)- (1) =: 4a(m2+nZ) - 2amn+ 2(m3+ nS) -mn(m+n) 

=: 4a(mZ- 2mn+n2) + 8amn-2amn+ 2(m+n )(m2_mn+n2) - (m+n)mn 

;: 4a(m - n)Z + 6amn + (m + n){2(mZ - mn + 'n2) - mn} 

== 4a(m - n)~ + 6amn + (711 + n){2(mZ - 2mn + n2
) + ~n} 

;: 4a(m - n)Z + 6amn + (m + n)[2(m - n)2 + mn} which as 

before is a positive quantity'.' a, m, and n ·are all positive 

.'. 2(a3 + bS + c3) - ab(a + b) + ac(a + c) + bc(b + c) ;: a pof.tive 

qnantity .'. ab(a + b) + aC(I/' + c) + bc(b + c) < 2(a3 + b8 + c8
) 

12. 3(1 + a2 + a4) - (1 + a + aZ/ ;: 2 - 2a - liaS + 2ad. 

= 2(1 - a) - 2aB(l - a) =: 2(1 - a)(1 - a3). Now 1 - a and 1 - as 

have the same sign whether a > or < 1 .'. their product is 

positive. Hence 3(1 + aZ + a4 ) - (l + a + aZ)2 == a positive 

quantity.'. (1 + a + aZ)2 <:3(1 + a2 + a4) unless a=: 1 

14. xZyZ _ (ac + bd)2 = (a~ + b2)(e2 + dZ) - (ac+ bd)~ 

:0: a2d2 - 2abed + b2c3 = (ad - be)Z which is necessarily positive; 

unless ad;: be; but xZyZ_ (ae + bd)z= {xy + (ae + bd)}{xy - (ae+bd)l 

.'. {xy + (ae + bd)}fxy - (ae + bd)} ;: (ad - be)Z .'. xy - ,ae + bd) 

(ad - be)Z 
;; xy + ae +. bd .. a positive quantity.,. xy> ae + bd 

15. ~ + -.j2ab - b2.> a, if {2CiIJ::::-p. > a - -.jIF=OZj 

or if 2ab - b2 > aZ_ 2a-..[iil=7JE+ aZ_ b2; or if 2ab > 2a2 _ 2~ j 

orif b > a--.ja2 _b2 ; odf -.ja'l.- b2> a-b ; orif aZ _ b2> a2 _ 2ab +b~j 
or if 2ab > 2bz ; or if a > b 

16. Making the same supposition as in Ex. 13 

(1) (a + b + C)3 = (3a + m + n)3 = 27a3 + 27a2(ln + n) 

+ 9a(m + n)2 + (m + n)S 

(II) 27abe =: 27a{a +m) (a + n) ;: 27a3 .+ 2'Ta2(m + n) + 21am'll 

(III) 9(a3+ b3+ e3Y= 9{a3+ (a + m)s+ (a + n)B};: 27a3+ 27a2(m + .. ) 
+ 27a(1n2 + nZ) + 9(m3 + n3) 

" (1) - (n) == 9a(m + n)Z - 27a·mn + (m + n)8 

;: 9a(m + n)Z -:36amn + 9amn + (m + n)3 

;: fia(m - n)2 +- 9arnnt (711 + n)~;: a positive quaI!tity 
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That is (a +b + e)3 - 2-7abc = a positive quantity 

.'. (a + b + C)3> 27abe 
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.Again (m) - (I) = 27a(m"+ n2) - 9a(m+n)" + 9(1h3+ n3) _ (m + n)3 

'" 9af3(1it2 + n~) - (m + n)2} + (m + n){9(m" - mn + n2) - (m + n)"J 

= 9a(2m" + 2n" - 2mn) + (In + n)(Sm" - 71nn + Sn") 

"'lBa(m2- mn,. n2
) -lSamn+ lSamn+ (m+n){(Sm"-16mn+ Sn2) 

+9mnJ 

'" 18a(ln - n)" + ISamn + (lit + n){B(m - n)2 + 9mnJ 

,,'" a positive quantity 

That is 9(a3 + b3 + e3
) - (a + b + cJ3 = II positive quantity 

.', (a + b + e)3 < 9 (as + b8 + e3) 

> II 17. (a + b)(b + e)(e + a) < Sabe, according as 

a2b + ab2 + a2e + ae2 + b"e + be" > 6dbe < 
or as (ab2 

- 2abe + ae2) + b(e' - 2ae + ( 2) + e(a2 _ 2ab + b2) ~ 0 

orasa(b-e)'+b(e-a)"+e(a-b)"~O . 

But a(b - e)2 + b(e - a)" + e(a - b)2 > 0 unless a = b = c 

:, (a + b)(b + e)(e + a) > Sabe 

x"+34x-71 " 
IS, Let. 2 2 7 = m j then x" + 34x - 71 =mx' + 2mx - 7m j x + x-

that is (m - l)x2 + 2(m - 17)x '" 7m. - 71, whence. 
1 

x = 71! _ If17 - m ± ";S(m - 5)(m - 9)}, where if x is to be real, 

m ... 5 and m - 9 must both have the, same sign.: i. c, m must 

be> 9 or < 5 .', the given expression can have no value between 

9 and 5 

n2-n+ll • 
19. First 2 . 1 > -3' if 3n" - 3n + 3 > n + n + 1 j n + n + 

orit' 2n" ~ 4n + 2 > 0; orif n" - 2n + 1 > 0 j or if 71 2 + 1 >in; 
but n2 ,+ 1 is> 2n .', &0. .' 

. 'nz - n + 1 
Secondly. " 1 < 3, if nZ 

- n + 1 < 3n~ + 3ri + 3; 
n + n + 

0r if 0 < 2n2 + 4n + 2 j or.if 0 < 11.2 + 2n + 1; or if 0 < (n + Ii; 
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but (n + 1)2 is necessarily positive .'. 0 is < (n + 1)2 .'. &c. 

n2 - n + 1 
Hence 2 1 lies between 3 and! 

n +n+ 

NOTE.-If n = I, tho expression = t. 

EXERCISE LXvrf. 

I n... . -x 
1. -1- := 1 + x + x2 + x3 + &c .•..• to n terms = 1 + 1 + 1· + 1 

-x 

+ &c ..... to n terms = n 

(x-a)(x2+ ax + a2) x2+ax+a2 a2 +a2 +a2 3a2 3a 
2. (x-a)(x+a) '" x+a =-a~=2a:::2" 

x!(x! - a1) xl a! 1 

3. (xl + a!)(x! _ a!) = xl +a~ = 2a! = 2" 

(x + '1)(x - 5) x + '1 12 
4 ---- '" -, - = - '" I! . (x + 3)(x - 5) x + 3 8 

(x - DC.x - 3) x + 3 3! 
5 - -- - - - 2' . (x - V(x - 2) - x - 2 - - I! - - :J 

X(X2 + b) - a(x2 + b) (x - a)(x2 + b) x 2 + b a2 + b 

6. x(x - a) + b2(x -a) = (x - a)(x + b2) =: x + bZ = a + bZ 

a(x - c)(x - c) a 
'1' b(X _ c)(x - C) = b 

. ~~-~ a a 
8. (a-x}(aB_a2x_ax2+xS) = a8_ w- a3+ as =: 0 = ex; 

X(X2_ a2
) + 2a(xZ_ a2) ex + 2a)(x-a)(x + a) (x + 2a)(x+ a) 

9. (x - a)(x2+ ax - 12a2) -= (x-a)(x2+ax _12a2) =: ;£2 + a~ _ 12a~ 
3a x 2a 6a2 3 

= a2 + a2 - 12a2 = ::: lOa2 = - 5' 
- , '.. -. . 
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1ilXERCISE LXVIII. 

, . x x-2 
1. Dividing by 3, WEl have x + y + 3 == 3 +, ~, .'. -3- is integral 

:: i say.. Then x '= 3t + 2 j substituting this for x in the given 

equation we have 3y.== 11 - 4(3t + 2) .'. Y == 1 - 4t j letting t == 0 

we have x == 2 and y = 1. , 
. . 3y 1 +3y 

2. Dlvlde by 5, and we have x - 2y - "5 == 2 + t .'. -5-' is 

2 + 6y 2 +y 
integral.'. so also -5- integral.'. -5- == t, whence y == 5t - 2. 

Substituting this for y in the given equation, we have 5x == 11 

+ 13(5t - 2) .'. x == 13t - 3. Hence taking in succession t == 1; 2, 

3, &c., Wil have x = 10, 23, 36, 49, &c., and y == 3, 8, 13, 18, &c. 

. Y y-l 
3. Divide by' 2, and we have x + 3y + "2 '" 29 + ~ .... -2- == t j\ 

whence y == 2t + 1.. Substituting this for y. in the given equation, 

We have 2x = 59 - 7(2t + 1) .', x.=='26 - 7t, and taking in suc

cession t= 0, 1, 2, &c., we have x == 26, 19, 12 or 5, and y == 1, 

,3, 5, or 7 

4. Dividing by 5, and we have x", 2y + ; == 5 + t .'. y ~ 1 == t; 

, whence, y == 5t + 1. Substituting this in the given equation 

fOl' y, we have 5x >: 26 - 11(5t + 1) j when(:e x == 3 - 11t, and 

·hence·when t == 0, we have x == 3 and y == 1 

8y 2 2 + 8y 
5. Divide by9, and we getx-y- '9 = 9' .'. -9- is integral, 

1 + 4y 7 + 28y 
'~o also. is --9- integr,al" .'. so also is --9- integral, ' 

y+7 y+7 
.. ~o also is -7' integral., Let -9- = t" tL.en y :=: 9t - 7; 

Bubstituting this' for y in. the given equ,ation, we have ,9x .., " .. ..' . 
== 2 + 17(9t - 7) .'. x == I7t - 13. Now Wl'ltmg m succeSSlOll 

. .{=. 1,2-,' 3, &c., we have x == 4) 21) 38, 55, &c" and 'Y == 2, 11, 20, 

29) &c. 
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Sy 11 Sy - 11 , 
6, Divide by 13, and we get x + y + 13 = 6 + 13 ,', ~ IS. 

40y - 55 Y - 3 
integral, ,', 13 is integral, ,', 3y - 4 + ~ is integral, 

y - 3 b' , h' ~ 'th " ----r3 = i, wl1ence y = 13t + 3 j su stlttltmg t IS or y m e 

given equation, we have 13x :; 89 - 21(13t +, 3), whence 

x = 2 - 21t, Now writing t = 0, we have x '" 2 and y = 3 

5y 5 
7, Divide by 12 and we get x - 3y - - ::; - 1 - -, 12 12 
5y-5 Y - 1 Y - 1 ., u- is integral, ,', so also is u- integral. Let 12 = t, 

then y = 12t + 1; substituting this in the given equation for y, 

we have x::; 4I(12t + 1) - 1 '1, whence x::; 4lt + 2, Now writing 

in succession, 0, 1, 2, &c" for t, we have x = 2, 43, 84, 125, &c" 

and y:: 1, 13, 25, 3'1, &c, 
6y 24 6y- 24 " 

S, Divide by 3'1, and we get x + y + 37 ::; 9 +3'1 ,', ---s7 IS 

integral, ,', so also is y;'1 
4 ~uich say::; t 1 then y = 37l + 4 

Then 3'1x ::; 35'1 - 43(37t + 4), whence x ::; 5 - 46t; wherefore 

taking t =0, we haVE: x::; 5 and y::; 4 
, , 21y 6 2Iy + 6 

9, Dlnde by 22, and we get x - y - 22 ::; 22 ,', ---za:-iS 

• ,21y+ 6 22y-21y-6 
mtegral, ,'. so also IS y -~ integral; that is 22 ' 

y- 6, , 
or 22 IS llltegral '" t, say then y ::; 22t + 6. Hence 22x 

== 6 + 43(22t + 6) ,', x::; 43t + 12. Now writing }n successioDj 

0, I, 2, &c" for t we get x::; 12,55, 9S, &c" arid y::; 6, 2S, 50, &tl, 

O D ' 'd b 7 d 4y , 2 4y - 2 
1, IVl e y ,an we have x + 3y + If ::; 25 + 7' ;'. --r 

is integral, , • Sy - 4 . Y"" 4 
.. so also IS --'1- integral, .', --7- :: t; whence 

y::; 7t + 4. Then 7x ::; 17'1 - 25(7t + 4), whence x = 11 ... 25tl 

Hence taking t ::; 0, we have x :: 11 and y:: 4 

\ 
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. . 6ly 38 61y+ 38 
n. DIvIde by 99, and we get x - 11 - 99 = 3 + 99 .'. 99 

305y + 190 . . 
is integral, .'. so also is 99 mtegral,.·. so also IS 

8y + 91 . 104y + 1183 . 
3y + 1 + ~ integral, .'. so also IS 99 mtegral, 

5y + 94 100y + 1880 
... so also is 11 + 11 + ~ integral, .', so also is '=---99--

Y + 98 
integral, .'. so also is y + 18 + ~ integral, .'. y = 99t - 98 j 

substituting this in the given equation for y, we have 99x 

= 335 + 160(99t - 98), whence x = 160t - 155. N ow substituting 

in succession 1, 2, 3, &c., for t, we have x = 5, 165, 325, 485, 

&c., and y = 1, 100, 199, 298, &c. 
x 2 x-2 

12. Divide by 4, and we have 4x - y + 4" = 5 +"4'" -4- = t, 
whence x = 4t + 2 j then 4y :: l'T(4t + 2) - 22 .'. Y = 17t + 3. 

Taking t = 0, I, 2, 3, &c., we have x = 2, 6, 10, 14, &c., and 

'/J = 3, 20, 3'1, 54, &c. 

13. Multiplying the first equation by 3, and the lower by 4, 

lI~d adding the results, we have 18x + 29y = 123. Divide by 

11y 15 lly - 15. . 
IS, and we have x + y + Is = 6 + 18 .'. IS IS mtegral, 

. 55y-'15. • y-3. 
,'. so also IS -1-S- llltegral, .'. So also IS 3y - 4 + 18 mteg., 

.'. y =lst + 3. Hence 18x = 123 - 29(18t + 3) ... x = 2 - 29t. 

Now taking t =.0, we have x = 2, and y = 3, and consequently 

z::,; 4 

14. Multiplying the upper equation by 11, the lower by 6, 

and adding the results, we get 56x -49y = 469, or 8x - '1y = 6'1. 

x 4 x-4 
Dividing this by '1, we have x - y + '1 = 9 + '1 .'. -7- = 1,. 

whence x = '1t '+ 4 j then '1y = 8<'t + 4) - 6'1, whence y = st - 5, 

Now taking t = 1, 2, 3, &c" we have x = 11, 18, .25, &c., and 

II :; 3, 11, 19, &e. j but since $ must also be positive and integral, 
K 
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we find upon trial that the only admissible values are x = 11, 

and y = 3, and consequently z == 2 

15, Let x = the number of $3 notes, and y = the number of 

2y 1 2y-1 
$5 notes j then 3x + 5y == 69'1, or x + y -+ 3" = 232 + 3" ,', 3-

4y- 2 Y - 2 
is in tegral, ,', -a- is in tegral, and ,', also a - = t, that is 

y = at + 2 j then 3x : 69'1 - 5(3l + 2), whence x = 229 - 5t, 

Hence5t < 229, or t < !l.p. j i, e, < 45} ,', the given sum can 

be made up of$3 and $5 notes only in 45 different ways, 

16,Let x = the nnmber of 25 cent pieces, and y: the number 

of 10 cent pieces j then 25x + lOy = 2'130, ,or 5x + 2y : 546. 

x 
,', 2x + y +"2 ~ 2'13 ,', :C,: 2t, Also 2y.'" 549 -lot ,', y = 2'13 - 5t, 

Hep.ce 5t < 2'13, or t < 54~ ,', the given sum may be made up 

as directed in 54 differen t ways, 

1 '1, Let x ;: the number of guineas paid, and y= the number 

5y 
of half-crowns received in c~angej then 21x - "2 = 150i,or 

2x ' 1 2x - .1 ' 
42x - 5y = 301, ,', 8x - y +"5 = 60 +,:5 ,', -5- is integral, 

16x';': 8 x - 3 
,', so also is --5- ,', ~ = t, or x. = 5t + 3, Also 

5y=42(5t+3)':'301=2IOt-1'15 ",y=42t-35j and taking, 

t = 1, we have x = 8; and y = '1 

18, Let x2 a.nd y2 be the two square ,numbers required, and 

assume x 2 + y2 == (nx _ y)2: n2xZ _ 2nxy + y2 j then x 2 = n2x 2 - 2nxY.i 

, or x = nZx - 2'ny ,', (n2 -1)3: ;"2ny, or x == :p.y , where nand y 
n -1 

may be assumed at pleasure, and it will be found that x2 + y2 is 
a compl~te square, 

But if only integral valueil are required assume in the expres-
, 2ny, " 

SlOn x;: 11.2 __ 1' that y ;: nZ _ 1,. then x ;: 2nj where n may be 
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taken:: any integral nuwber, and it will be found that X2 + 11' 
is a complete sqnare, 

19, Let x 2 and y2 be the two squares required, and assuwe 

XZ - yZ = (x _ ny)2 = X Z - 2nxy + nZy2, Then y2 = 2nxy _ n2y2 j 

n2 + 1 
or y = 2nx - nZy j or 2nx = (n2 + l)y ,', x = --- x y where 

2n ' 
nand y may be assumed at pleasure, and it will be found that 
x2 _ y2 is a complete square, 

But if only integral values are required, assume in the above 

expression y = 2n j then x = n2 + 1, where it will be found that 

when n is taken = any integral number, .1;2 - y2 will be a com

plete square, 

, 20, Assunle that the basket contains x parcels of 4 with 2 

over, or y parcels of 6 with 2 over, Then 4x + 2 = 6y + 2 j or 

y y 
Ax - 6y = 0 j or 2x - 3y = 0 j or x - y - 2 = 0 ,', 2'= t j or y ::: 2t, 

'Also 2x = 3y ,', x = 3t, Hence takinb t::: 1,2, 3, ~c" we have 

x = 3, 6, 9, 12, &c" and y = 2, 4, 6, 8, &c, 

But x and y must be taken such that both 6y + 2 and 4x + 2 

are> 90 and < 100 ,', y = 16, and x = 24, and the number of 

apples = I6y + 2 = 98 

21. Let the number = 6x + 1 = 8y + 5::: 10:: + 9 , Y 2 
Then 6x - 8y = 4 j or 3x - 4y = 2 j or x - y - '3 = 3" 

.', Y = 3t ,.. 2, and x = 4t - 2 

Also Gx + 1 ::: 10z + 9 jor 6x - IOz= 8 j or 3x - 5z = 4, but 
2t 

x :: 4t - 2 ,', 3( 4t - 2) - 5z = 4 j or I2t - 5z = 10 ,', 2t - z + '5 ::: 2, 

whence t = 5t' and z = l2t' - 2, Then x = 4t - 2 = 20t' - 2 j 

y,= 3t - 2 = 15t' _ 2,' and z = 12t' - 2, whence takillg t' = 1, we 

hav~ x = 18, Y = 13, and z = 10, and ,', the least n~mber divisible 

as required =' 6x + J: = ,18 x 6) + 1 ::: 108 + 1 = 109 
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x y • X Y 38 
22. Let 10 and 15 be the two fractIOns, then 10 + 15 = 60 j 

x 1 
or clearing of fractions 3x + 2y = 19 .'. x + y + -2 = 9 + 2' and 

consequently x = 2t + 1, whence y == 8 - 3t. Now taking t == 0, 

1 and 2, we have x = 1, 3 or 5, and y = 8, 5 and 2 

.'. the required fractions are ro and -li- j }6 and IIi,; j and -l'o and 195" 

NOTE.-We canliot take t = 3, since then,!! = 8 - 3t = 8 - 9 = -1 = a 

negative quantity 

23. Let x, y and z = barrels respectively j then x + y + z 

= 50 (1), and 2x + 5y + 4z = 250 (II). Multiplying (1) by 2, and 

subtracting the result from (II), we have 3y + 2z == 150, whence 

y = 2t and z = '15 - 3t 

Also x == 50 - Y - z == 50 - 2t - ('15 - 3t) == t - 25 

Then in order that z may be positive '15 - 3t must be positive,' 

and .'. 3t < '15, or t < 25, and in order that x may be positive, 

t - 25 must be positive, that is t > 25; therefore t is both less 

than and greater than 25, which is impossible. 

24. Let x, y and z '" the number of pieces respectively; 

then x + y + z == 100 (1), and 100x + 20y + 5z = 2000 (n). 

Dividing (II) by 5, and frOID the result Bubtracting (I), we 

have 19x + 3y = 300, whence x == 3t and y == 100 - Illt 

.'. z == 100 - x - y = 100 - 3t - (100 - 19t) = 16t. Now taking 

t = 1, 2, 3, &c., we have x = 1, 6, 9, 12 or 15; Y == 81, 62, 43, 24 

or 5; and z = 16, 32, 48, 64 or 80 

25. 2x + 3y == 25, whence x == 11 - 3t, and y = 2t + 1. Now 

taking t = 0, 1, 2 or 3, we have x == 11, 8, 5 or 2, and y = 1, 3, 5 

or 7, and hence the parts are 2x and 3y = 22 and 3; 16 and 9 j 

10 and 15, or 4 and 21. 

26. Let x, y and z be the three parts; then x + y + z = 24 (1), 

and 36x + 24y + 8z = 516 (II). Dividing (n) by 4, and 

multiplying (1) by 2, and taking the difference of the results, 
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we han 7i: + 4y = 81, whence x = 4t - 1, and y = 22 - 1t 

:.z=24-(4t-'I)-(22-7l)=3 + 3t. Now taking t = I, 2 

or 3, we have x = 3, 7 or 11 j Y = 15, 18 or 1 j and z = 6, 9 or 12 

2'1. Assume y'nx to be a perfect number j then its divisors are 

1, y, y2, .••• yn, Xl xy, xy2, •• ,. xyn-l .'. ynx = 1 + y + !l 
+ , .. , y" + x + xy + xy2 + . , ., xyn -1. Now 1 + y + y2 + , , ,. yn 

yn+l _ 1 yn _ 1 

Y 
_ 1 ,and x + xy + x?f + .. ,' xy"-l = --- X x y-I 

yn+1 _ 1 + (y" _ I)x 
.. , ynx :::: 1 j or clearing of fractions y-
y'Hlx - ynx = yn+l_ 1 + ynx _ X j or yn+lx _ 2y"x + x = yn+l_I 

yn+l_l . 
. '. x = yn+l_ 2y'" _ I' Now in order that x may be a whole 

number, let yn+l - 2y'" = 0, or y = 2; then x = 2'11. +1 - 1. Also 

let n be so assumed that 2'11. +1 - 1 may be a prime number j then 

it will be found that ynx = 2'11. x (2'11.+1 - 1) will be a perfect 

number, Thus if n = 2, we have 22 x (28 - 1) = 4 x (8 - 1) 

= 4 x 't = 28 = J.4 + 7 + 4 + ~ + 1 = sum of all the divisors of 28. 

28. Let the number = lOx + '1 = 12y + 9 = 14z + 11 j then 

lOx -12y = 2, or 5~ - 6y = 1, whence x = 6t - 1, ana y = 5t - 1. 

Alaa lOx -I4z = 4, or 30t- '1z = 7, whence t = 7t', and z = 30t' - 1. 

'fhen x =: 6t - 1 =: 42t' - 1 j Y =: 5t - 1 =: 35t' - 1, and z = 30t' - 1. 

Now assuming t' = 1, we have;; = 41; Y = 34 j and z =: 29. 

lIellce the least odd integer = lOx + 7 = 410 + 7 = 417. 

29. Let x, y and z represent the numbers respectively j then 

x + tI + z = 100. (I), and 50x + 30y + 2z = 500 (II), Dividing (II) 

by 2, and from the result Bubtracting (r), we have 24x + I4y =: 150, 

. Whence x =: 7t + 1, and y = 9 -12l.·, z = 100 - (7t + 1) - (9 -I2t) 

" 90 + 12t, Now t must be < 1 ',' Y =: 9 - I2t must be pqsitive j 

also tmust be > - 1 because x'= 7t + 1 must be positive, and 

sin<;e x, y and z must be integral, t can only;:: 0, Hence, when 

t =0, we have x = 1, Y ;:: 9, and z;:: 90. 
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~IISCELLA..l'lEOUS EXERClBES. 

,1 a a. 2 17 - 2la 
1. .tel - a) - ~{3a - 2} = 4" - 4" - "3 + "9 = 36 

2. {(XZ - x- 2) + I}Z - f(xz - x- Z)':'1J2 
= (xZ _ x-Z)z + 2(xZ _ x-Z) + 1 _ {(XZ _ x-Z)z _ 2(X2 _ X -Z) + I} 

= 4(xZ _ x - Z) 

3. The G. C.M. of the first three quantities is evidently a + b, 

and as it is also a measure of the remaining quantity, it is 

their G.C.M. 
b2 bZ bZ - b2 + ab ab 

4. Since x =: b __ u' x - b =: b _ a - b =: b _ a ;:: b _ a' 

b2 

and x - a = b _ a - a =: 

x - b x - a b bZ - ab + a2 b2 - bZ + ab _ aZ ab _ aO 
.'. -a- - -b - = b - a - (b - a)b ;:: ~a)b = 0(15 -a) 

a(b - a) a 
;:: b(b - a) = b 

5. x + y + z =: 15 (1), x - Y + z = 5 (n), - x .- y + z ;:: 3 (III) 

Adding (I) to (III), we have 2z = 18 .'. z = 9 

Adding (1) to (n), we have 2x + 2z = 20 .'. 2x;:: 2, and x = 1 

Hence x + y + z = I + y + 9 = 15 .'. y = 5 

6. 5Kj27X5 - 3VSX'5 + 2{1TI5X5 .,..4Kj64 x 5 = 15Kj5 - 6{15 
+ 10Kj5 - 16Kj5 = (15 - 6 + 10 - 16)Kj5 = 3Kj5 

I' 
7. x4 + 1 =: O. Divide each side by X 2 j then x 2 + 2 = 0 

x 
1 1 

,'. X
Z + 2 + x 2 = 2 .'. x + X =: ± -12 j clearing of fractions 

__ (-12)2 1 + -1-=1 
X

Z 
t x-l2 = - 1 j XZ + x-l2 + 2" = ! - 1 :: - i ... x t -12 ;:: -- ";2 

+ 1+-1-1 
Hence x = =--------12 .' 

'.'''"7:1/"!.~~ 
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a b ,c 

8, b = e =7 i 
h a + b b, + c, a + b b 

t en -b - = -c- .. b + e '" e 
b+c c+a 

A.lso -c- = d .. 
b±e c b e a+b b+c 
e +d = d' Bute = d ,', b+c = e +d 

Hence a + b : b + e :: b + c : c + d 

.9. a : e :: 2a - b : 2b - e ,', a : 2a - b :: e : 2b - c 

a c ' 2a' 2c 2a 2e 
.. , 2a - b = 2b - c or 2a _ b = 2b _ e ,', b = 3e _ 2b(.Art, 106) 

a c " . 
-b = -3 ~b'" be = 3ac - 2ab i or 3ae = be + 2ab = b(f: + 2a) c- ~ / . ; .. 

c c 
... ~ = ~ = a x '2 , 2b = 2a x '2 , , 2b' 

that is_ .3 is ,the H. 
3 c + 2a c "3" c ' 

a+'2 a+'2 
e 2b c', 

mean between a and 2" ,', a, "3 and 2 are in H,P. 

10', Sum to n terms when r is a proper fraction 

a(l - r") 
i-r = 

a .a 
Sum to 0::; '" 1 _ r = ( l)l;;: 

1- I-p ,"" 

= P times the sum to n terms, 

3. 

X' - X' 

" 8,' -
X' -x a 

" ~. - x • 
· --

X • 
X • 

... 
- X " .,. 
- X -, 

• -~ t, .' .... ..,. 
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:cl + a!xl + a~)xt + a~x§ : a1(x% - alxl + a§ , 

x1 + a!x + a~x; 
I .1. 

_ a'Jx + aa 

- a!x - aSxS - ax! 

12, l.rn tl'ial div. = 147x4 

a%x% + axl + a f 

aSx% + ax! + at 

1"t compo diV;. =: 14'7x4 - 63x8y + 9x2yz 

2nd trial div. ::: 14 '7x4 - 126x~y + 27xZyz 

2nd compo div. =: 147x4 - 126x3y + 11lx2y2 - 36xy3 + 16y4 

a2b2cZ 

13 x2m - n + 2Tt - P + 2p - m ::: x 7l! + n + p. -- X x P - q + q -,. + r - P 
• I abc 

::: abc x XO ::: abc x 1 == abc 

14. {(2X2 + ix-ZyZ) + y}f(2xZ + !x -ZyZ) _ yl :: (2X2 + !X-Zy2)2 _ '112 

::: 4.x4 + 2y2 + !x - 4y4 _ y2 =: 4.x4 + y2 + !x -'4y4 
\ 

{(X2+ b2) + ax}{(x2+ b2) _ ax} == (X2+ b2/ _ a2xZ ;:: X4+ b4+ 2bzxz_ aZx2 

(3"f5 - 2"f3)2 (2"f5 - 3"f3)(3"f5 + 2"f3) 
15. ---3-3 -- + 33 

=}:j(45 - 12y15 + 12 + 30 -'9{f5 + 4"f15 - 18) =: :h'C69 -17,y15) 

1 1 1 12x2 + 1 
16. 1 = T 

4x 
::: 

24x~+ 6x = 24x3 + 6x 
2x + 12x2 + 1 2x + 12x2 + 1 12x2 + 1 

4x 

2x + 1 - (2x - 1) 2x + 1 1 
17. 4(4x2-1) + 2(2x - 1)(4x2 + 1)::: 2(4x2 - 1) 

2x + 1 (4X2 + 1) + (2x + 1)(2xr + 1) 
+ 2(2x - 1)(4x~ + 1) ::; 2(4x2 - 1)(4x~ +" 1) 

4.xZ + 1 + 4x2 +' 4x + 1 4x2 + 2x + 1 
::: 2(4xZ - 1)(4.c~+ 1) = 16x4 - 1 
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x(a - c) a - c x 1 
18, (1) (x +a)(x + c) '" x + a.:c ,', (x+a)(x+c) :: X + a,- c 

a 
... x: + ax - cx = x2 + ax + ex + ac; 2cx == - a.c ,', x == - '2 

(rr) ";(x - 1)(x - 2) - 2 = ";(x - 3)(x r 4); squaring 

(x - 1)(x - 2) + 4 - 4'tj(x - 1)(x --2) == (x - 3)(x - 4); 

.. , 2";X2_ 3x + 2 = 2x - 3,', 4x2-12x + 8 = 4x 2 _ 12x + 9,',8 == 9 

which is absurd ,', the' equation has n.o possible roots, 

1 1 1 
(m) "7""(X-+-3:7")-c-(x-_-5) + (x _ 5)(x + 7) - (x+ 3)(x _ 16) :; 0 

,', (x - 7)(x - 16) + (x + 3)(x - 16) - (x - 5)(x -I- 7) :; 0 

. X2 _ 9x _ 112 + x2 - 13x - 48 - x 2 - 2x + 35 == 0; x2 - 24x = 125, 

whence x = 12 ± {269 
b+c 1 b-c 

19, Since n:: -- - will = --' then H, mean between 
b - c' n b + c' 

1 2 ,2 b2 - c2 

nand n :; b + c b _ c = 2b"+ 2c' = b2 + c2' But a:b::b:c 

b-c'+b+c b2 _cZ 

a2 b2 a 2 _ b 2 b2 _ c2 a2 _ b2 

,', b2 :; (:2 ,', a2 + b2 :; b2 + c~. ,', also aZ + b' is the H, mean 

1 
between nand -n 

20, Let w == work and x, V, Z :: times in which .B, Band C 

can separately perform it; 

Then ~ = .B's daily work + B's daily work (I) a 

.w 
b::l .B's 

w 
c=·B's 

" 
H 

+ O'e H (II) 

+ O's " (III) 

w w • 0 " () a - T::B's" - '13 tv 
w w w , 

Then allding (tu) and (IV), we have a - T - c = 2B's dally 
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w 2 1 
work = 2-, Hence ::: 

Y '!I a 

I 1 be - ac + ab 
b+ e = -.-.Q~ 

2abe 2abe 2abe 
and Y = be _ ac + ab j similarly x = ae + be _ ab' and z = ab + ac-bc 

a2 b2 , e2 

21 + - by changing 
. (tt-b)(a-e) (c-b)(a-b) (a- e)(e-b)' 

signs. Hence l. c. m. = (a - b)(a - e)(e - b) 

a~(c - b) + b2(E - c) - c"(a - b) a2c - a"b'+ ab"- eb" _ ac2 + bc2 _ 
(a - b)( a - c)( e - b) = a2c _ a2b + ab2 _ ebz _ ac" + bcZ - I 

(
a
2
+4b

2
".-9C

2)Z ( a
2
+4b

z
_ge

2
) ( W+4b

2
-9c2) 

22. a2
_ 4b = a+ --4-b - a- --4b-,-

aZ + 4ab + 4b2 
- 9c2 9c2 - a2 + 4ab - 4bZ 

= 4b x 4b 

(a + 2b)2 - (3C)2 (3C)2 - (a _ 2b)2 
4b x 4b 

(a + 2b + 3c)( a + 2b - 3e) (3c + a - 2b )(3£' - a + 2b) 
~ . ~ x ~ 

(a + 2b + 3c)(a + 2b - 3e)(a - 2b + 3e)(2b - a + 3e) 
== 1662 

23. a40 + 2a2b2 + b40 - 2a2bz = (a2 + b2l_ (abV2)2 

::: (a2 + ab..j2 + b2)(a2 
- abV2 + b2) 

Similarly a4 + 2a2b2 + b4 - 3a2b2 ::: (a2 + bZ/._ (abV 3)2 

'" (a2 + b2 + abv3)(a2 + 62 
- ab..j3) 

xy+y2+XZ 

'!I x 
24. xy+y~+x! = -y 

x 

25. G,C.X, of (x + 7y)(r - 4y), and (x + 2y)(x - 4y), and 
(x - y)(x - 4y) is x -.ty ,'. 1. c,'m, = (x - y)(x + 2y)(x - 4y)(x + 7y) 

'" x 40 + 4iBy .,. 27x2y2 - 34xyS + 56y40 

a(rn-l) a(In-l) 
26. When r = + 1, the formula S = ~ be!)onies S = 1:-=-1 

::: a(ln-l + 1!1.·2+ 1n-s + &e, to n terms)::: a(l + 1 + 1 + &c. to n 
terms)::: na 
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a (,." ' 1) , a{ ( _ 1)71. - I} 

Wben r = - 1, S =: --1- becomes S :: ----
1'- -1-1 

=: a{( _1)71.-1 + (- 1)"-2 + (-1)"-3 + &c.)J 

== a(1 - 1 + 1 - 1 + 1 - 1 + &c, to n terms) = a if n is odd, and 

==a( -1 + 1-1+ 1- 1 + &c.) =: 0 ifn is even, 

27. (I) a,= a + (t -1)dj then by same ~otation am =: a+ (m-l)d, 

an == a + (n - l)d, ap :: a + (p - l)d, and a.:: a + (q - l)d, Tben 

(p-q)(m-n)d =: (m -n)(p -q)d. '. (p -q)fa + (m-l)d- a- (n- l)d} 

== (In - n){a + (p - l)d - a - (q - l)d} j since we ha.ve merely 

added a - d - a + d=:O to each of the 2nd factors, 

.'. (p -:- q)(am - an) == (m - n)(ap - aq) 

(n) Since a, :: art -1 j therefore by same notation am == ar""-\ 

an = ar"-r,.ap == arP -r, and aq =: arQ"1. Then sin'ce (p - q)(1n - n) 

= (m-n)(p- q)j r(P~q}('l/'-") =:r(",,-n)(p Cq) .'. (rm-n)p - q=: (I'P-~""-" 

r"" r P r r- 1 

But r""-" =: '" and j.p-q = -. A.lso since -:: -1:: 0, multiplying r r q r r-

bytbe latter, we have (::::y-q = G:::) ""-71. ,'. (:~::~y-q 

: (:~~~) ""-7I. j that is (::y-q = (~) ""-71. 

28. On 1 at morning the watch is b'ebind the clock by lIs., 
and 45 hours afterwards it is only 2s, behind ,'. the watcb 

gains upon the clock to the amount of 9s, in 45 hours, or t sec. 
in 1 hour. 

Let x '= gainillg rate of watch per hour j then since the gain

ing rate of,the clock is 11.0 s. in 24 h., or 1 s. in 240 h., it is -rlo s. 
in 1 h, .'. x - ~to is the gain of the ,watch on, the clock per hour 

.', x - do' =' k, whence x = t + '210 + -'/(-0 j hence watch gains 

per day 'l'lo x 24:.: Po == 4;9 s, 

8fm1Z 
- I} 

29. (r) S to 12 terms = i! 1 = 16{(t)12 - I} :: 2059i-U 

(n) ard t~rm ::: a ": 2d = 4, !\Ind 6tli term::: a + 5d = n-
',3d =H-4:: -Hi henced =-:-H .', a;;; 4- 2d" 4+1.8~2 ,,5H 
,',.11 series:: 5H + 4H- + 4 + 31e + &c. 
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(III) 3rdte~m=ar2:4,and6thterm=ar5=H ,', arS .,.ar2= H.,.4 
4 G ' ,', r3:=: 'olr; whence r = ft' And (], = r2 = 4.;. -a- = 9 ,', ,senes 

:=: 9 + 6 + 4 + 2ft + &c, 

30, Let x = length, then x - 60 := breadth in yards, and 

x(x - 60) = 5500 j that is x 2 - 60x = 5500, whence x :=: 110, and 

x ~~,O ~)5~X8 _ y3)2 .;. (x _y)2 = c; = p/ = (X2 + xy + y2/ 

= X4 + 2x3y + 3x1/ + 2xy3 + y4 

(II) 117 + 0 + 0 + 0 + 5 - 4 + 0 + 3 + 9 

+0 +0+ 0+0+ 0+ 0 + 0 

(III) 

- 21' - 14 + 0 + 28 - 14 - 66 + 64 

+ 1 + '1 + 0 - 141 + '1 + 33 - 32 
'1 + 0 - 14 + 7 + 33 - 32\ - 59 + 100 - 23 

59x2 - 100x + 23 
'1x 5 - 14x3 + 7x2 + 33x - 32 -

XS + 2x - 1 
xm_x-m 
---,,- = X""-l + xm- 8 + xm-5 + xm- 7 + xm- 9 + &c, 
x - x-l 

We observe here that each term is derived from that preceding 

it by dividing by x2, Let us now assume that this is true to r - 1 

terms, and we have then left as remainder x m - 2,·7'··1) - X -m, 

Dividing this by x - x -t, and we get as first term of the quotient 

xtn. -2(T+l) which will be the rth term of the quotient of xm _ x"m 

.;. x - X -1, But xm- 27'+1 :=: xm- 2(7"'1)H f x 2 = (r _ l)~h term 7- x2 

.. , if the law is true for r - 1 terms, it is true for r terms, 

Now it evidently holds for 5 terms ,', for 6 and ,', for '1 terms 

and so on, and,', it is generally true, and since the first term is 

xtn.··\ and each term is derived from the preceding by .;- by x2 

,', the rth term is x m- 1 - 2(r -1) :=: xm - 2r +1, If m be an even number 

the quotient will contain an even number of terms, and will be 
Ci;m-1 + X",,-3 + x m- 5 + &C, + Xm- (m-1) + Xm- (171.+1) + xm- (m+3) 

~ &(l. + Xm+1 - 2m = x m(x- 1 + X· 3 + X- 6 + &C, to x 1 • m) 

+ x- 1 + x-a + x- 5 + &0, to xl-m ,', first part of quotient 

'" second part x xm 
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32. (r) Let V37 + 20V3 = VX + VY j then'V37 - 20";3:: ";x _";Y 
.", '11369 - 1200 = V169 = 13 := x - y. Also 37 + 20";3 

= x + Y + 2{iiY .'. x + y = 37 j hence x = 25, and y = 12. 

Then 'o/x + -./y = V25 + {f2 = 5 + 2";3 

(II) Let V4x + 2-./4x2 - 1 :: ";X' +";y j then V4x - 2";4x" - 1 

=,'o/x' - VY .'. ";16x2 - 16xa+ 4 ="; 4 = 2 = x, - y. Also 4x + 2";4xa-l

:: x' + y + 2.";x'y .'. x' + y:: 4x ,'. 2x' = 4x + 2, or x' = 2x + 1, and 

2y:: 4x - 2 .'. Y = 2x - 1. Then ";x' + Vy = ";2x +1 +-y'2X..:-r 
33. (a4 - x4)-a ~ fa4(1 _ a- 4x- 4)r 3 = a- 12(l _ a- 4x- 4)-a 

3 3'4 3'4'5 3'4'5'6 = a-la(l +-a- 4x- 4 + -a- 8X - 8 +--a- lax- 12 + --a-16x-16 
1 1'2 1'2'3 1'2'3'4 

3'4'5'6 
+&c,) Hence 5th term = a- lax--a-16x -16:: a-lax 15a -16x -16 

1'2'3'4 
= 15- a8x- 16 

28 x 27x 26 x 25 x 24 x 23 x 22 
34, °7 :: 1'2'3'4'5'6'7 _ = 1184040 

~ 
35. (X4 - 4x2 + 10 _ 12x-z + 9X- 4 )2 = f(x 4 - 4x2 + 4) 

+ 6X-2(X2._ 2) + 9X-4}! = f(xa- 2JZ+ 2 x 3X- 2(X2_ 2) + (3x-a)2}! 

::x2 -2+3x- z 

.36, Letx={ll j then x3 = 1 andx3 -1:: 0.'. (x-l)(x2+x+l) = 0 

:; x -1 = 0 or x = 1. Also x2+x = -1, whence x = H - i ± ..;~) 
,'. {II:: 1, or H - 1 ± V-:::S). Also 12 = 1, and {H - 1 f ";-=S)}2 
= H-lf~) :.12 +H(-I±..;-:::a)}2= 1+ H-lt";-=3) 
.= 1 +!( - 1 ± ~), i. e. sum of the cube roots of unity = sum 

of their squares. 

37, (r) bx+ay=ab=ax-a2 +by-b2 j ax-bx-ay+by=a2+b2, 
a2+ba b(a2+ba) . 

orx(a-b)-y(a_b)=a2+baj x=Y+ a-b:' a-b +by+ay::ab 

. baa+b8 ba2 + b3 b2(a + b) 
.'. ~+y(a+ b)= abj y(a+b)= ab -~ = - a-b 

- b2( a + b) ba • ba a2 + b2 

--'-~b'-":'" .'. Y = - '--b = -b -, and x = Y + -a b a- a,- -a.', -
b2 a,2+ba _ba+a2 +ba a'S 

=b-a+~::; a-b =a:r; 
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(n) If in these,equatiolls we write x for y, we shall obtain 

values of x and y, which will simultaneously satisfy the given 

equations. Thus x 2 = 6x + 4x j or x 2 
- lOx = 0 .'. x2 

- lOx is a 

factor of the reduced equation in x. Now from first equation, 

~-~ " . 
y = --4-- j substitut.e this for y in the second equation. 

(

X2 _ 6X)2 3(x2 - 6x) 
Then --4- .= 4x + 2 .'. X4 - 12x3 +12x2 + SOX" O. 

But we have shown that x 2 - lOx is a factor of the left hand 

member of this .'. (x2-10x)(x2-2x-S)=0. Henc"ex2 -10x=Oj 

whence x = 0 or 10. And x2 - 2x = S j whence x = 4 or - 2. 

Then x = y " 0, or 10, or - 2, or 4 

3S. Let x == yds B sold for $1 j then x + ! = yds .fl Bold for $1 j 

1 1 
- = what B received for 1 yard, and --, == what.fl received. 
x x+z 

90 40 
Then - + - - = 42' whence 21x2 - 58x = 15 ,', x == 3, and x x+! I 

X + ~ = 3t . ~ 
l-a 7-2 5 

39. Insert 5 .fl. means between 2 and 7 j d = --1 = -7- == -, ,n- -1 6 

Hence .fl. series is 2 + 2~ + 3! + 4~ + 5! + 6~ + 7 j that is 

2 + 167.. + 131 + ~ + l.ati + ;Jl + 7. Therefore the H. series is 

i + -[J.i + -Pf + ~ + 16- +"~Jji + } 
40. The 1. e. m. of denominators = (a - b)(x - a)(x - b); then 

clearing of fractions (a + e)(x - b) - (b + e)(x - a) = (x + e)(a - b) j 

or ax + ex - ab - be - bx - ex + ab + ac = ax + ae - bx - be j 

ax - be - bx + ac = ax - be - bx + ae. Therefore the given 

expression is an identity. 

41. f:jx2 + 1 = 1 - -Ix ,'. x 2 + 1 = 1 - 4-1x + 6x _ 4x-..jx + x2 

. '. - 4-..jx + 6x - 4x-..jx == 0 .'. 2yx(2x - 3-1x + 2) = 0 ,'. 2-1x = 0, 
whencex=O _ 

Also 2x - 3-..jx == - 2, whence x == C ±:.=!.) 2~ HI ± 3-..j~) 
42. ab - «(tb + be .. 3ae ;... ab + 2ac - abe) = ab + be + ae 
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43. i\·xz - ~xy - 130yZ - mx + ny + jixz + xy - 146y2 + px _ qy 

= HX2+ !xy - HyZ + (p - m)x +(n - q)y 

And ~X2 - ~xy - _?,;y2 - mx + ny - ixz - xy + li;iy2 - p,x + qy 

= -tzxz -1JY - '}(jy2 - (m + p)x + (n + q)y 

(x - 8)(x + 6)(x + '1 )(x - 4) x + '1 
44. (x _ 4)(x + 6)(x - 8)(x + 5) =: x + 5 

x a b 
45. (x~a)(x-b)- (a-b)(,x-a) + (a-b)(x-b) - a - b 

.'. l, c. m. of .denominators =: (x - a)(x - b)(a - b), Hence 

x(a - b) - a(x - b) + b(x - a) = (x - a)(x - b); that is 

ax - bx + ab - ax + bx - ab = x 2 - ax - bx + ab; that is 

x2 
- (a + b)x = - ab .', x 2 

- (a + b)x + e; by = C; by - ab 

u,2 _ 2ab + b2 aZ ..,. 2ab + bZ a + b a - b 
== 4 -ab==--4,--,',x--2-=±-2-,whence 

x = a or b 

(III) Multip]ying by 168 

168 + 63x - 48x + 8 = 186 ,'. 15x =: 10 .', x ::: ! 
46, Multiplying by (x - y), (y -z) and (z - x) respectively, 

we have 

XU - y3 = 3'1(.:i: - y) 1 . . 
11 - z,8 = 28(y - z) .', by addition 18x - 9y - 9z =: 0 

ZD _ xD = 19(z - x) . 

,', 2x - Y = Z; Bubstit1:lting this in third \ given equation, 
(2x _ y)2 + x(2x _ y) + x 2'= 19 ,',' '1x2 - 5xy +y2 = 19; subtract 

from this the first equation, and 'we have 6xz ._ 6xy = - 18 

x 2 +3 
,', Y = --; substitute this in the' first given equation, and we 

x 

havex2+ e Z;3)x + (X2;3y.= :c2+ x2+ 3 + e Z;3y = 3'1 
clearing off~actions; 2X4 + 9 + 9X2 + x4 = 3'1x2 ,', 3x4 - 28x2 = - 9, 

x2 +39+3 
whencexZ ",90r!,',x==±30r±lV3 j y=-x~ '" is::; ± 4, 
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! + 3 10 1f ± lOV'3 
or ± N3 = ± V3 = ± V3 = -3- j z::; 2x .. Y = ± 6 + 4 = ± 2, 

.3 

or = ± ~V3 + V-V3 = + 1..j3 
4'7. The question amounts to finding the least real value of x, 

which will satisfy the given equation 

b2x 2 _ 2abx = m - a2b2 - 2a2b - 2a2, where m represents the least _ 

2a m - a2b2 - 2a2b - 2a2 

value which makes x rational; x2 
- 7)x = b2 

2a aZ a2 + m - a2b2 
- 2a2b - 2a2 

;liZ - b + b Z :: b2 -

m - aZb2 
- 2a2b - a2 

b" 

a ± vm - a2(b2 + 2li + 1) 
"x-I)'" b 

Therefore the least value of m that will render x rational, is 

m :; a2(b + 1)2, and ,'. the least possible value of the given 

a 
expression is found when x = I)' and is therefore a2(b + 1)2 

48. f(x 6P + 6 + "9x - 6P) - 4xP(x3P + 3x - UP) + 4Z2P}! 

= {(x3P + 3x - 3P)2 _ 2 X 2xP(x3P + 3x - BP) + (2XP)2}i 

= x3p + 3x - 3p - 2xP 
n 

49. (1) S = {2a + (n - l)d}2" = {6t + (8 - l)VH = (6~ + 20)4 

= 4 x 26~ = 10'7¥ 

= 

a(l - rn) 81x12{1 _ (_ ~x-2y)8J 
(II) S - - -

- 1 - r - 1 - ( - ~x - Zy) 

_ lZ{ (256X - 16y8)} 
!Ix 1 - 243 x 2'7 ( 

256x - 16yS) 
243x

14 1 - 243 x 2'7 

1- + %x - 2y 

256x-Zy8 
243x14 

- --=-2-;:O-'7-=- 6561x14 - 256x-Zy8 
= ----~~----~ 

3X2 +2y 81x2 + My 

3x2 + 2'1 -

) S 
_ b 243x14fl - (- jx-Zy)CJ:.} 243{1- (- t)CJ:.} 

(III '" - as a ove 3 a 2 ;;: - -r+y 3+1 
243 x 1 243 . 

.. -4-::; 4 = 60* 
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a(7,3.- 1) m.a(r'-l) 
50, r _ 1 :: sum of first three terms) and ~I-:: sum 

'. , {a(TS - I)} ar3(r6 - 1) . 
of next SIX, Then 72 .. r _. 1 . = - T _ l' ,or dividing each 

a(r3-I) . 
by -;:-::-1' we get 72 = T3Cr3 + 1), whence r3:: 8 or - g. ,', r = 2 

... any series having r = 2 will answer, 

51. X",11.-"'PH'P-",11.+",P-"'P = XO = 1 

(X4 + 2X2 + 1) + x(XZ + 1) 
62. (xo! + 2xz + 1) _ x(x" + 1) 

"" (X2 + l)(xZ + x + 1) x2 + x+ 1 
(x2+I)(x2-x+l) = x2-x+1 

(X2 + 1)2 + X(X2 + 1) 

(x· + I)" - x(x" + 1) 

53 •. x2 - 2(a + b)x '" ·3a2 - IOub + 3b2; c,omplete the square 

:I;~ - 2(a + b)x + (a + b)2 '" 3a2 - 10ab + 3bz + a2 + 2ab + b2 

= 4a2 
- Sab + 4b2 = 4(a - b)2 ,', X - (a + b) = ± 2(a - b); or 

x = a + b ± 2(a - b) =: 3a - bor 3b - a 

54, Because ";y - x : ";20 - x :: 2 : 2 ,', ";y - x = ";20 - x 

,', y - a: " 20 - x j hence y:: 20, Then from first given equation, 

Vy --/20-x ::.[20~ x ,',.vy '" 2420 ~ x, and hence y = 80 - 4x, 

but y = 20 ,', 20 = SO - 4x, or 4x :: 60, and x = .15, and y = 20 

55, .{(a:2, + 1) - 2X}{(X2 + 1) + 2x} + 2(X2 + 2x + 1) 

='(x2+ 1)2 - 4xz+2(X2+ 2.r + 1) =x4+ 2X2+ 1 - 4X2+ 2X2+ 4x + 2 

=x4+4x+3; 
]I !l !l 

(x4 + 2x2y2 + 'II)(x4 _ 2x2y~ + 'If) - 2y3(x4 _2x2y~ + y3) 

= (X2 + yl) 2 (X2 _ yi-) 2 + 2y3(x4 _ 2;yl + yS) 
.j! II 

:: (x4 _ 'If) + 2X4y3 - 4xy· + 2y6 

:: X s _ 2a:4y3 + y6 + '2x4yS _ 4~y~ + 2y6 '" x B - 4xyQ- + 3y 6 

56, jMultiply2~d given ,eqqation by 3, t~en 3xZy + 'Oxy'/, == jb~. 

Add t.ll,s. tf 1"t given ~quatiQ!l, and JV:e get 

x3 +.3xty + 3xyZ + 'If :: as ~3b3 ,', x + '!I ::: ~ar+ w. 
bS 

But xy(x + y) = b8 ,', xy(Vas + 3ba) = .bs ,', xy '" --=-= ~ 
~a8 + 36 

L 
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Then X Z +/2xy + y2 = (as + 3ba) ~, and 4xy 

2 4b3 

. '. x2 _ 2xy + yZ =: (as + 3bay!" - 1: 

(a3 + 3b3
)" 

" ~ 
. Tlren x - y = ± V (a3 + 3b3)~ (1 - a3! 3b3) 

"A I a3
_ b3 

x - y = ± (as + 3bB
) J V . as + 3b3 

x+y=(a3 +3b3)! 

35 
-57. Let x =: number at first, then - '" what each had to !Jay, 

x 

'but two left, therefore the number remainining =: x - 2, and con-

35 35 35 
cor:sequently x _ 2 =: what each paid. Hence x _ 2 = ~ + 2 

.'. x~ - 2x =: 35 j or X Z - 2x + 1 =: 36 .'. x-I =: ± 6) and x =:-7 

58. (a! + b~r =: a~(l + a-!b!r 

.( 4_1! 4'3(_'11)2 4-3'2(11)3 '= a2 1 + -a 26 + - a 2b 2 + -- a2 b2 + &c 
1 1'2 1'2-3 . 

'59. ( - 2a2x4/ = 4a4x s - 2aZx 4 x - 3ax7 x 2 =: 12a3xll 

- ~ax2 x ~ax6 x 2 =: - !aZx 8 - x 5 x ~ax6 x 2 = _ axll 

'ax x - 3ax 7 x 2 = _ 6a2x 8 (12a3 - a).cll -

=: _1.~pa2x· I ."" coer. ofxll ;= (12a3 _ a) 

(4a4 _123a2)xS .'. coef •. of x 8 =: (4a4 _ VaZ) 
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60. Let x and y be the numbers, x being the greater j then 

x : y :: x + y : a, and x : y :: x - y : 0 .'. y(x + y) ::: ~x, 

and y(x -,Y) =: bx 

xy + y2::: ax 

X'lJ - y2'", ox 

~ =: ax + bx; or dividing by 2x, we have y '" !(a + b) 

2y2 2(a + b)2 (a + b)2 
2y2=:ax-bx=(a-o)x",x"'a_b'" 4(a-b) = 2(a-b) 

~n. (I) 2 + 1 4x - 3 30x - 23 
x-I = 2 +-13x - 10 =: 13x - 10 

3+ 4x-3 

(II) (;: ~ ~)C2 :3::_:-2):: c:: ~ ~)cxx/+;_:)2) 
(

X2 + 1)( X+X-l) x 8 +X+X+X- 1 

" ;;" -,Ix" - 1 + x - 2 = X4 _ x" + I, - x" + 1 _ x -" 

x3 +2x+x- 1 x 5 +2x3 +x x(x2+1)2 

:= X4 - 2x' + 2 - x- 2 = x 6 - 2X4 + 2X2 - 5 = x 6 - 2X4 + 2X2 - 1 

x+6 x-4 x+2 
62' + ~ ------

• (x + 7)(x - 5) (x + 7)(x + 3) (x - 5)(x + 3) 

,'. 1. c. m.of denom. ::: (x + 7)(x - 5)(x + 3); then reducing to 

(x + 6)(x + 3) + (x - 4) (x - 5) - (x + 2)(x + 7) 
common denom. =: (x + 7)(:& _ 5)(x + 3) 

x2 + 9x + 18 + x2 - 9x + 20 - x 2 - 9x - 14 x 2 
- 9x + 24 

!: x 3 +5x2-29x-l05 "'x3 +5x2 -29x-105 

63.{(X
2 + 2 + yZ) _ 2 x! (-=- + Y) + (~)2}i::: -=.: +y __ ~ 

y. x· y x 2 Y x '2 
, 1 

(n) {(X4 - 2x8 +X2) + i(X2 - x) + 11ti}2 
1 

i= {ex2 - X)2 + 2 X Hi2 - x) + (!)2J" ::: x 2 .... X + ! 

64. (xm _ 2y")(x'"' _ Y") =: xli';' _ 2xmy~ - xmy" + 2y2il 

;, x2m _ 3xmy'n + 2y''n ; 

{xm2 + (ax'" _ b)}{xm2 _ (axm 

::: x1lm2._ a2x"" + 2abxm _ b'il . 



164 KEY TO tHIS. Ex. 65-71. 

65. (1) 12(x1 - 24.) + 3(x - 2) =: ',4(x3 + 2X2 + 4x + 8) 

= 4x3 + 8xz + 16x + 32 

(rr) 4 - 2 + 1)20 - 22 + 11 - 3(5 ,- 3 .'. quotient =: 5a2b3 
- 3ab4 

20 - 10 + 5 
-12+ 6-3 

- 12 + 6 - 3 
"-

66. Let u. : b :: b : c :-: c : d; _then a : d :: a3 
: b3

• 

a abc abc a a a a a3 

For d =: b x C x d,and b =: C =: d .'. d = b x b x b = b~ 
.·.a:d::a3 :b3 

6'1. x 2 < lOx - 16, or x 2 
- lOx < - 16, or x 2 

- lOx + 25 < 9, 

or\ x - 5 < ± 3, or x < 8 or > 2 .'. values are 3, 4, 5, 6 and 7; or 

thus (_xz+ 10x-16) > 0'; -(x2-10x+ 16) > 0; -(x-2)(x-8» 0, 

,', x - 8 must be negative, .'. x < 8 and x - 2 must bo positive, 

,', x> 2 
26 

68, By Art. 106, (VII) 

,', 5 = "-Ix - 5; or x - 5 =: 25 .'. x =: 30 

a b 

26 

20 " "-Ix - 5 

1 

5 

69; b + a: > 2; if a2 + b2 > 2ab, but aZ + b2o'is greater than 

a b 
2ab by Art. 134, Note 2; .'. b + a > 2 

70, Let n ... 1, nand n + 1 be the three numbers j 

then (n - 1)3 + n3 + (n + 1)3 = the sum of their cubes 

"- n3 _ 3n2 + 3n -- 1 + n3 + n3 + 3nz + 3n + 1 =: 3na + 6n =: 3n(n2 + 2) 

which is evidently divisible by 3n, i. e. by three times the 

middle number. 

'11. 1 1 + 0 - 4 + 'i + 0- 5 + 6 

- 5 - [j + 25 - 125 + 690 - 3950 

+ 4 + 4 - 20 + 100 - 552 + 3160 
1 - 5 + 25 - 138 + 790 - 450'1 + 3166 

4507a "" 3166 
.'. quotient =: a4 - 5a3 + 25a2 - 13Sa + 7g0 _ -' -~----

a + 5a - 4 



MIs.)!lx.71-73.] , ALGERRA. 

(II) (xa - X- 3)2 .. (x _ x-I)Z::: (x.2 + 1 + X- Z)2 

"x'" + 2X2 + 3 + 2x-z + x-'" 

72. It is evident th!!.t the (n - 1)th factor of 

165 

(x! + (l~)(xi + ai ) &c., that is the nth factor of the gil"cn 

( ')"'-1 (D"'-I . 
series is x:2 + a , and that the term before this is. 

(n"'-Z (,)",.z 
x + a :2 , and so ott. Hence the series is the same as; 

(xm"'-l _ aW"'-I) (XO)"'-l + aW"'-I) (x<D'H + aW"'-Z) 

.. .. (x! + a!). Now the product of the first two tcrms: 

( })",-z (i)"'·2 = x' 2
' _ a ; and the product of this by the third factor. 

(,)"'-3 (1)"'-8 = X " - a 2 , and so on. Hence the product of the 

first· n - 1 factors'will be (x! - a!), and the pToiluct of this 

b~ the nth factor (x t + a~)- will be x - a which .'. :;= the pro

duct of the given factors. 

NOTE.-.All this will be' perhaps more evident to the student., if he 

takes anurnepcal example, and examines how the indices are affected by 

I[,'lltiplylrig theni'as in the above question. Thus suppose n = 5. 

13(2x + 3) - 7(2x - 3) x;... 4 12x + 60 x - 4 
'13. 12(4x2 _ 9) - 4x2 + 9 = 12(4x2 - 9) - 4x2 + 9 
x+5 x-4 4x3 + 20fl;2+9x+45-4x3 + 16xZ +9x-!6 

:;= 4x2 
- 9 - 4x2 + 9 " 16r4 - B 1 . 

3']x2 +18x + 9 
-, 16i4 - 81 



166 KEY TO [MIS, Ex, 74-78, 

74, (I) {(lX2 + ~y2) + !xY}{<!X2 + ~y2) _ !xy} = (!X2+ b 2)2 _ ~X2y2 
;:: -i\X4 + yX2y2 + iJ4ry4 _~X2y2 = 116X4 + g1.ry4 

(lJ) (?oX! + 3yi) (2xi _ 3yi) { (4x l '+ 9y~) + 6x<ly!} 

{(4xi + 9y~) _ 6X!Y!} 

= (4X! - 9Y~) (16,1: + 72x1y! + Sly - 36x1y~) 

'" (4X! - 9y~) (16x + 36x1y! + 81y) 

;:: 64x~ + 144Xy! + 32.4X!y - 144Xy! - 324X!y - 729y~· 
:l. :l. 

'" 64x" - 729y2 

75, Multiplying first equation by";2, and seco-nd by ";3, we 

have 2x";6 - 6y = 6";2 (1) j 3x";6 - 6y = 5";18 = 15";2 (II). 

9";2 9-./12 
Subtracting (1) from (II) x";6 = 9";'2 ,'. x = ";6 = -6-:": 3";3 j 

then 2x,>/3 - 3y,>/2 = 6,>/3 x ";3 - 3y";2 = 18 - 3y";2 = 6. 

12 
,', 3y,>/2 = 12 and ,', y = 3,>/2 = ";2 

n n 
76. Sn of 1 + 3 + 5, &c" = {2 + (n - 1)2}2" = (2 + 2n - 2)2" = n2 

!n n 
S to !n terms;:: {2 + (In - 1)212" = (2 + n - 2)4 = !n2j 

n Z , 

then sum of last half of the series = n2 -'4 = j!n2 = 3 times !n2 

. a3 +2'ab+b2 (a+b)Z 
77, The.l1, mean is ab = ~, and the H, mean 

, a2 _ 2ab + b" (a _ b)2 , _ 
IS ab = --a&- j then Art, 262, the G, mean = ";.I1H 

. I «(L + b)"'(a - b)Z = (a + b)(a - b) = a2 
- b2 

_ .!!.- _ !!-.-
V a2~2 ab ab - b a 

rr __ 2ac 78, By Art, 260, it appears that a a + c ' . 
substitute this for b 

2ac 
b -- a + c' 

a+c 1 I a+c a+c 'fhen -- = ... w,. ... + w _ = + ---:-__ 
etC ~ _ a . 2ac _ a(c - a) c(a - c) 

et+c a+c c 



~IS. Ex, 78-81,1 ALGEBRA. 

J. 1 1 
. -"- -"--" + ---"ac-a(c-a) c(a-c) 

2ac - a2 _ CZ 

ac - a2 + ac _ c3 

ac(c - a);(~ - c) 

101 

,', 1 :: (c _ a)'(a _ c) ., 2ac - aZ - CZ :: 2ac - a'l."_ -c2• Now 

reversing the steps of this operation, we. shall" have proved" 
the point required. 

x 1nx 
19, v = r + s + t, ands = my, and t ::: nxyZ .'. v = l' + Y + nxy~ 

O=r+m+n 1 
8 = r + ?it + 21n From these equations r:: 1, m::: - H, and n::: 14" 

1=1'+0+0 

mx x 
... v ::: r + - + nxyz::: 1 - g ~ + -14sxyZ 

Y y 

80, {(a + b)x + (a - b)}{ (a +b)x - (a. - b)} = (a +b )2xz - (a - b)2 

:; 4ab ,:, (a + b)2x2 = 4ab + (a - b)2 = (a + b)2 ... x2 ::: 1 .'. x = ± 1 

"ax b b 
(n) b - a = x + ax .', aZx 2_ b2x = abx2+.b2 j a'l.x2_ abx2 _ b2x 

b2 b2 

:: b"; (a2 - ab )X2 _ b2x = b2 , x~ - x - . 
, a(a - b) - a(a - b)' 

b2x b4 b4 b2 

X2 - a(a _ b) + 4a~(a _ b)2 = 4!22(a - b)2 + a(a _ b) 

b4 • 4ab2( a _ b) b4 + 4a2b2 _ 4ab3 b2 

4a2(a-b)2 +-4a2(a_.b)2 = 4a2(a-b)'l. ,', x - 2a(a-b) 

± bVb2 + 4a2 - 4ab b(b ± Vb" + 4a2 
- 4ab 

'" 2a(a-b) ... x= 2a(a-b) 

81. Product of first two factors = aZ - !J2 j hence product of 

first three factors = a4 - b4, aLd I!roduct of first four factors 

= as ..:. b8 , Hence it is evident that the exponent of a or of b in 

first term is 2°, in product of first two terms 2\ in product of 

first thrl:e terms 22, of four facto~s 23, of five 24, and so on j hence 

the exponent in the product of first n factors will be 2n-\ and 

qf the series to n + 1 factors, tl,e exponent will be 2n, Hence 

thll required continued product is a2n - b2n 



168 KEY TO [Mrs. Ex. s2'~s; 

82, 111 - (a + b + p) + (ap + bp - c + q) - (aq + bq - cp) - 9' 

+ pi + p - (ap + bp) - cp . 

- q 9 + (aq+bq) +qc 
l-(a+b) c + 0 +0 

Hell~e quotient = x 2 
- (a + b)x - c 

83. {(u2X 6 + 2abx4 + b'2x2) + (Zacx2 + Zb(;) + i;2:i; - 2}t 

== {«(/X~+bx)2+zxcx-l(axS+b.l:j+(CX-lili = ax8 +bx+cx- 1 

ex - a)ex + b) + (x + u)(x - b) (x - a)(x -b) + (x+a)(x+ b) , 
84'. (:x2 _ a2)(x2 _ 62) + (X2 _ a2)(x2 _ b2) 

x2-ax + bx-ab+x2+ ax-bx-ab (X2 - a2)(x2 _ b2) 
(X2 _ a2)(x2 _ b2) x x2-ax-bx+ab+x2+ax+bx+ab 

2X2 - 2ab x2 - ab 
= Zxz + 2ab == x 2 + ab 

85. G. C. M. of (X2 + px + p2) (X2 - pa; + pZ), and 

(X2 + px + p2)(X2 + px - p2) is evidently x 2 + px, + p2, 

Otherwise by ordinary rule, thus: 

X4 + jj2xa + p4):i;4 + 2pX,3 + p2X2 _ p4(i 

2pxS ':' p4 == Zp( XS _ pS) 

XS _ i l )X4 + p 2X 2+ p4(x 
X4 _ p3

X 

p2X2 + pax + p4 == p2(X2+ px + p2) ,'. G.C.M, == ,i2+ px + p2 

86. ~(x + 5)(x - 4); l}J-(x - 6)(x + 5); and il (x - 6)(x _ 4). 

Hence i.c.m. == till(x + 5)(x - 4)(x - 6) = !l{(X3 - 5,];2 - 26x + 12G) 

2 2(ab + 1) _ 1 - b
2

. 2. 2(ab + 1) (ab + 1)~ 
87. x - a2 _ i x - a2 _ 1 ' x - a2 _ 1 + (/2 _ 1 

_ (ab + 1) 2 • 1 - b2 _ a2b2 + 2ab + 1 + a2 - a2bz _ 1 + b2 
- a2 _ 1 + a2 _1 -. (a2 - 1)~ 

a2+Zab+b2 ab+l Ii+b ., ,itb+l±(a+Q) 
( 

2 1)2 ,'. X - -2 -1- == ± ---Z--1' aud x = 2~~~ a- a- a- a-I 

(ub + b) + (a + 1) b(a+ 1) + (a +1) (11+ 1)(IH 1) b U'; 
a~~l(a+l)(a-l) = (a-l)(a+l) =; a-I; 

ab - b - a + 1 (b - 1)(a - 1) b - 1 
or = - . , 

a2 
- 1 - (a + 1)(a": 1) = a + 1 

~l 

,,( 
',( 

',j 



;Mrs. Ex. 88-90.1 .ALGEBRA. 169 

88. Multipfy both numerator and denominator of the first 

factor by x; then . 

~+X-~2(xz+12. (XZ-1V _ x-2(x 6 +1)+2(xz+l). (XZ_l)3 
.;4_;/;-2_2(x2_1) x 2+1) - x .2(x6 -1)_2(x2_1) x 2+1 . .' 

, (:~:i~:;;:: g ~ ~) (;;: ~) = (::: ~ ~ :~: ~ ~) (::.~ ~) 
/X2+1+X- Z)(X2:'" I, (X4+X2+ i)(XZ_ 1) x 6-1 

, CJ;2 - 1 t x - 2 X 2 + 1) = ;;4 - x 2 + 1· x2 + 1 =.1." + 1 

n-l 
89. L~t n represent any. square number; then -2- will be 

n+l 
half the next lower number, and -2- will be half tbe next higber. 

(
n _ 1) 2 n2 

- 2n + 1 4n + n2 
- 2n + 1 n2 + 2n + 1 

'then n + -2- = n + 4 = --4--- = 4 

~ C;ly 
90. Let x, Y lI:nd :: represent the number of hours taken by .11, 

B" and C respectively to fiii or empty the cistern j consequently, 
1 1 

in 1 hour .J1 will fill -th of it, B, -th of it, and C will empty 
x y 

1 
-;th of it. 

Then 3 (2- _ i) +...:. = 1 
x z 2x 

5 (2. -.!..) +.!,. = 1 i. e.. once the contents of tile cistern . y z 4y . 

5 1 
-+- =1 .Ex 2y 

. 7 3 27 5 . 5 1 
Hence ~ _ - = 1 . - ..: ~ = 1 and - + - = ]. 

2x z . '4y z ' 3x 2y 

Multlplying the first of these by ~, and the third by i 

:3
X
5

5 

- ~7"" = :7} 7 5 7.. 5 11 
,'. 4y + z = "2 - "3 = 6" 

6X+4y="2 . 
.Also t~ - t = 1 

.'. ii = .~: = V; wllence .}; = ~, or y = il 



170 KEY TO [MlS~ Ex:, 90-93,' 

27 5 27 5 5 27 15 1 1 
Then 4y - ~ :; 12 - -; :; 1 ,', -; :; 12 - 1 :; 12 or -; = "4 ,'. z:; 4 

7373 7711 
Also 2x - -; :; 2x - "4 :; 1 .'. 2x :; "4; or 2x = 4- .'. x :; 2 

91. 'I 
3 

3xoi +·3x'i - 10x2 - x + 3) 6x 6 + 6X4 - 15x3 + 12x" - 2'7(2x 

6X5 + 6x4 - 20x3 
- 2X2 + 6x ';1 

5xB + 14x" - 6x - 27 

Sx4 +- 3x8 -10x2_ X + 3(3x - 27 
5 

5x3 + 14x2 - 6x - 27) 15x4 + 15x3 
- 50x" -. 5x + 15 

15x4 + 42x3 - 18x2 - 81x 

- 27xa - 32x" + 76x + 15 

5 

- 135x3 
- 160x2 + 380x + 75 

- 135x3 
- 3'78x2 + 162x + '729 

218x2 + 218x -.654 

,xZ + x':" 3) 5x3 + 14x2 - 6x - 27(5:1: + 9 
5x3 + 5x" - 15x • 

9x"+9x-2'7 

:; 218(x2 + x - 3) 

9x2 + 9x - 2'7 

92. l. c. In. of (ax + b)(px + q), and (ax + b) (r[J; _ p) 

:; (ax + b)(yx + q)(qx - p) 

= apqx3 + (aq2 + bpq - apZ)x2 _ (apq + bpZ - bq2)X - bpq 

l. C.?n. of x(x - y); (xt + yt) (x~ - yi); and y(x + V), 

that is of x(x~ - y~) (xi + x~y~ + y~); (xi + yi) (x~ _ y~), 
and y(x!'+ y!)(x~ - x!y! + y~) = x(x _ y)(x + y)y • 

:; xy(X2 _ y2) :; x3y _ xyB 

93. (I) Multiplying by 27'3, we have 

91x - 182a = 7'Sx + 234a - 21x - 42aj or 34x :; 37'4a, whence 
x = lla 

, 



MIS. Ex. 93-97.] ALGEBRA. 171 

(II) Reducing first member, and also the second member, 

x- 5 x - 5 1 1 
6 := x2 _ 1; or dividing by x - 5, we have 6 := x 2 _ l' 

whence x2 - 1 := 6: or ;j;2:= 7, or x := ± <.j7 

(m) Squaring each side, x + ,4 + 2<.j2x2+ 14x + 24 + 2x + 6 

'" 3x + 34 ... 2<.j2x~ + 14x + 24 := 24; or <.j2.&2 + 14x + 34 = 12 

- ... 2X2 + 14x + 24 = 144, or x2 + 7x = 60; x2 + 7x + (D2 
:= 60 + \ll 

;;; z~a. ... x + k = ± V· ... x:= 5 or - 12 

(lv) x2y - x~ + 3x2y - 3y = <.jT + 3y, but x2y := 5 

.. , 5 - x2 + J.5 - 3y := <.jx· + 3y, or 20 - (x· + 3y) = <.jX4+3y 

... (x· + 3y) + <.jx2 + 3y:= 20 ... (X2 + 3y) + (x· + 3y)! + ! := l'.l 

... (X2+ 3y)! = ± i - ~ := 4 or - 5; squaring these, x 2+ 3y = 16 or 25. 

5 5, 
But since x"y:= 5, x2 = - ... - + 3y = 16 or 25. Hence 3y2-16y 

y Y , 
,;; -: 5; or 3y2 _ 25y '" - 5. From first of theie equat .• y = 5 or ~. 

lIence x = 1 or ± <.j15 

94. (x - 2)(x -: 3)(x + 2 - <.j~)(x + 2 + <.j - 3) 

;;; (X2 _ 5x + 6)(X2 + 4x + 7) = x'" - x3 - 7x2 - 9x + 42 = 0 

95. a _ a + m + a - m + m - a := m 

96. as + b9 := as + 2a"'b4 + b8 _ 2a4b4 := (a4 + b4)2 - (a2b2<.j2)2 

:= (a4 + b'" + a2b"<.j2)(a4 + b4 - a2b2<.j2) 
2ab 

97. Since A.rt. 260,.11 = Ha+ b); H= a+ b' and G = <.jliE" we 

have by substituting these values for .11, Hand G 

2ab (2ab _ a') (2ab _ b 
a+b a+b / a+b 
~ := 1 + ab 

2 
4ab (2ab - a" - ab)(2ab - b" - ab) 

or (a+b)2:=1+ ab(a+b)2', 

4ab ab(a + b)" + (ab -1i")(ab - b2
) 

or (a + b)2 = --- alJ~ + b)2 

, _ ab(a+b)2+ u(b-a)(a;-b)b _ ab(a + b)2+ab(b-a)(a-}) 
, 4ab - ' " 'ab ' " - ao 



172 KEY TO ' [MIS, Ex, 97-100, 

,', 4ab = (a +b)Z+ (b _ a)(a - b) = a2 + 2ab of. b2 + ab - b2 _ a2 +ab 

or 4ab =' 4ab 

98, Let x = minute divisions the hour hand passes oV,er j then 

12x = divisions passed over by minute band. Also 60 + x 

= minute divisions passed over by minute hand between two 

successive transits' ,'. 12x = 60 + x j or 11x = 60 .'. x ::; 5 i\
::; minute divisions passed over by hour hand, hence time in 

minutes = 51~[ x 12 = 1 h. 5i'l m. 

99, Let x and y = sides of rectangle; tben xy ::; ftI'89, 

~+0~-0=~+~-b-~=ry 

~+~0-~=ry+~-&-~=~-e 

ay - bx := ab } ady - bdx = abd 

cy - dx = cd - e • bey - bdx = bed - be 

.', (be - ad)y = bed - be - abd 

b(ed - e - ad) 
whence Y = be _ ad 

Also acy - bex = abe 

aey - adx = aed - ae 

(be - ad)x - aed - ae';" abc 

I a(cd-e-be) 
whence x =--;;c:..c;;r-

If ad = be, and be + e = cd 

a{ed-(be+e)} axO 0 
Then x = be _ ad ::; -0- .". 0 = any value whatever 

b(ed - e _. ad)b(ed - e - be) 
Also Y = be _ ad = be -.ad j since ad ::; be 

b{cd-(e+bc)} bxO 0 
;: be - ad == -0- = 0 

a - b 

(
a-b)8 3(a-b) 3x _ b a-b 

100. l- x _ b =1-i_2b+a=1- a_bjfol"x_bwritey 
l+

x
_

b 
_ 

3y 3 
Then (1 - y)3 = 1 - --. . or J .., 3y + 3y~ - ya = I _ -Y-

'1+1/' l+y 



~1IR. Ex. ioo-io~.J i13 
3 

.'. - 3 + 3y - ~l =: ....; 1 + y .'. - 3 + 3y - il- 3y + 3y2 - y3 = - 3 ; 

a-b 
or 2y2 - y3 = 0 .'. 2y2 =: yB; or 2 =: y .'. -b = ~ .'. 2x - 2b = a - b; x-

; 01".2x = a + b, whence x =: ~(a + b) 

lQl. 1~+ 0 + 0 - 3 + 0 + 11 + 0 + 0 + 0 + 0 
+ 2 + 10 + 20 + 10 - 46 - 122 - 104 + 158 + 628 

- 3 - 15 - 30 - 15 + 69 + 183 + 156 - 237 - 942 

5 + 10 + 5 - 231'- 61 + 70 . 

- 6~ - 52 + 79 + 314 + 391 

3 61x-70 
5x + 10x2 + 5x - 23 - 2 2 3 x - x+ 

O1'5x3 + 10x2 + 5x _ 23x O - 61x- 1 ... 52x- 2 + 79x s + 314x- 4 

+ 391x- 5 +. &c. 

102. G.C.M of (y - 3)X2 + (y2 ..,; 9)x - y(2y: - 3y - 9) 

and (y + l)x2 + 2(y + l)2x - y(3y2 + 5y + 2) 

== G.C.M. of (y - 3)X2 + (y - 3)(y + 3)x - y(y - 3) (2y + 3) 

and (y + 1)x2 + 2(y + 1)2x - y(y + 1)(3y + 2) 

:': G.C.M. of x2 + (y + 3)x - y(2y + 3) and x2 + 2(y + l)x - y(3y + 2) 

=: G.C.M. of (x :- y)(x + 2y + 3) and (x - y)(x + 3y + 2) 

t: X - y. See Algebra Art. 73 

If the student does not clearly understand ihis method of 

factoring, he may obtain the G.C.M. by rule. 

Thusa:2 + (y + 3)x ... y(2y + 3) )X2 + 2(y + 1)x - y(3y + 2) (i 
3;2+ (y+ 3):1: - y(2y + 3) 

(y - l)x - y( Y - 1) 

.. =(Y~I)(x-y) 

Then :l! - Y)X2 + (y + 3)x - y(2y + 3) ( x + (2y + 3) 
x2_xy • 

(21/'+ 3)x-y(2y + 3) 
(2y + 3)x -y(2y + 3) 

Hence G. C.1!-! :: x .. y 



174 KEY TO [MIs. Ex. i02-ioB. b.1 

When y == I, the given quantities become - 2X2 - 8x + 10, and 

2X2 + 8x - 10, of wbich the G. C.M. is evidently x2 + 4x - 5 
1 1 ,t 1 2 b2 103. a = mb', and c"- == nbs .'. c = n'b~ .'; ac == mn2 b .'. ac 0: 

104, (a4i+(m4)S== (a4+m4)(a B .;...a4m4 +m8)= (a2 + am-.j2 +m~) 

(a2 _ amV2 + m2«a4 + a2m2-.j3 + m4)(a4 - a2mV3 + m4). See 

problem 23 in Miscellaneous Exercises, 

m2 - (p - q)2 Im + (p - q)lfm - (p - q)} 
105. (11~ + q)" _ p' == f(m + q) - p}{(m + q) + p} 

(m+p-q)(m-p+q) m+p-q 

= (m - p + ~)(m + p + q) == m + p + q 
p2 _ (q _ m)2 

(m+p)2_q2 =: 

q2 _ (m _ p)2 

(p + q)2 _ m2 

(p - q + m)(p + q - m) 

(m + p - q)(m + p + q) 

(q ~ m + p)(q + m - p) 
== (p+q+m)(p+q-m) 

== 
p + q - m 

m + p + q 

q + m - p 
p + q + m 

, • m+p~q p+q-1n q+m-p 
,', sum of tnree fractlons = m + p + q + m + p + q + p + q + m 

m+p-q+p+q-m+q+m-p 7n+p+q 
= 1 an+p+q m+p+q 

106. 2x2$+ 22. = 80.,22< + 2(2$) + 1 == 81,.2"+ 1 '" 9 

2r = 8 = 23 
.'. x = 3 

107. Let x 2 
- 8x + 22 = m, then x2 - 8x + 16 =: m - 6; 

or x - 4 = ± '-1m ..... 6, and x == 4 ± "'m - 6, in which m - 6 cannot 

be negative if x be real, that is 'In must not be less than 6 

108. If a, b, c had each cc d; then d == md, b i: nd and c == pd 

,'. abc == mnpdB
, that is abc cc d3 

Now by hypothesis a 0: d2 .', a == md2 ,', as == m3dG 

Also bS 0::; nd4 .', b3 = nd-! 

1 . 
And c3 0::; d ,', c3 == pd -1 

.', a3b3c3 = m3npd9 

Then taking cube root .of each side, abc = ~manp x iJ.8 

,', abc 0: dB 0: as if each of the three, a, b, c, varied directly as d 

DI 
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109. S" of 1 + 3 + 5 + &c. = n2
• (See Ex. LIX, Example 13). 

n 
S" of (3m + 1) + (2m + 3) + (21n+ 5) + &c. = {2(2m+ 1) + (n-l)2}2 

n n 
= (4m. + 2 + 2n - 2)2' = (41n + 2n)-2 = (21n t n)n = 2mn + n2; 

1I.nd it is manifest that the latter sum exceeds the former by 

2mn, i. e, by twice the product of m and n 

. f3 m-
liD. Let f3 and 'Y be the roots, then {3: 'Y ::~)t: n ,'. - =- --

• , ' ~ n 
b d 

'And Art. 208 COT., {3 + 'Y '= - C;, and {3'Y = a 
b 

{3+'Y mtn - a mtn 
Then Art. 106 -- '" -- .'. -- = --

, 'Y n' 'Y n 

b n m m b n b m 
,'. 'Y = - C;x mtn' and {3= n x'Y "'n x -C; xm+n =--;X~tn 

( b n) (b 111.). b2 
. mn c 

.'. f'q= ---':"x-- x -- x -- '" 2 x (m.f )2' Blltf3'Y=-a m+n a m+n a n a 

c bZ mn aZc mn bZ (In t n)2 
.'. a = a2 ' (In t n)2; or ab" '" (m - n)" .', ac = ----:m.:n:-

111. The denominator = aZ(b - c) t b"c - bez - b2a + ac" 

= aZ(b _ e) t be(b - e) - a(bZ - C
Z
) 

:;: (b - c){aZ 
- a(b t c) t be} 

= (b - c)(a - b)(a - e) 

Similarly the numerator = a4(bZ ~ e2
) t b4cz'- b2e4 

- aZb4 + a2e4 

'" a4(b2 _ e2) t bZeZ(bZ_ eZ) _ aZ(b4 - e4) 

= (bZ _ CZ) f a4 - aZ(b2 t e2) t bZezJ 

• 
'" (bZ _ c2)(aZ _ b2)(a2 _ c2) 

Then (b
Z 

- c
Z
)(a

2 
- b

2
)(a

Z 
- C

Z
) = (a t b)(b + e)(a t c) 

(b-c).(a-b)(a-c) . 
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112. (n) Every number is of the form of 3n or 3n ± 1 ... every 

square number is of the form of 911,2 or 9n2 ± 6n + ], the former 

is evidently divisible by 3, and the latter becc,mes so when 

increased by 2. 

(r) Of any three consecutive integers, one must be_ divisiblo 

by 3, and since every even integer is divisible by 2, and two or 

the given integers are even, it is manifest the latter of the two 

even integers is divisible by 4, and hence that the product of 
the three given integers must be divisible by 3 x 2 x 4 = 24 

113. {n(n + 1)}2 - {n(n - 1)}2 = n2{(n + 1)-2-_ (n _ 1)2} ~ 

:::: n2(n + 1 - n + 1)(n + 1 + n - 1) ::: n2 x 2 x 2n == 4n3 

1 + a 2 2(1 + a2) 
114. x = -- ... x + 1 = --, and x 2 + 1 = 

1 - a-I - a (1 - a)a -. ~ 

l+b 2 (l+a)(l+b) 2(I+ab) 
y= 1- b··· y+ 1 = 1-- bl and xy= (l-a)(l-b) .·.xy+ 1 == (l-a)(I-b) 

b {2(1 + a
2
)} 2 

(u/J+i)(x2+1) x+l (a + 1) (1 - a)~ I-a 

rhen (xy + i)(a2 + 1)'" y+ 1 = 2(1 + a) } 2 -....,.-

(l-a)(1-b) (u +1) I-b 

2(ab + 1)(1 + a2
) 

(1"- a)Z 1 - b (1 - a)(1 ~ b) I-b 
== 2(i + ab)(a2 + 1) - I:li = (1 - a)2 ... l=/t 

(1 - a)(1 - b) 

I-b l ... b 
,:---=0 

l-'-u I-a 

1i~. 11'1 + 21 +"35 + 35 + 21 + '1 
- 1 - '1 - 14 - 21 - 14 - 't 

7 + 14 + 21 + 14 + '1 - '1x'1+ 14~By+ Zix2y2+ 14xy3+ 'ly4. 

1 '1 + 14 + 21 t 14 + '1 

-1 - '1- '1- '1 
-1 -'1-'1-7 

'1 + '1 + '1:;; 'lxz +7xy + 7ya 
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U6. 8 + 4 - 6 - 1 + 1) 7'2 + 36 - 68 - 16 + 16 (9 

72 +- 36 - 54 - 9 + 9 

- 14 - 7' + 7' 

-7')2+ 1- 1 

2 + 1 .. 1)8 + 4 - 6 - 1 + 1( 4 + 0 - 1 

S+4-4 
+ u - -2--~1-+-1 

177 

, - 2 - 1 + 1.'. G. C.M. = 2X2 + X - 1 

117, (2X2 + X ., 1)(9x' - 4) = (2x - 1)(x + 1)(3x + 2)(3.v - 2) 

(2X2 + X _1)(4x2 _ 1) = (2x - l)(x + 1)(2x + 1)(2x - 1) 

lIB. l.c.m. of denominators = 8(1 + x 2)(1 + x)(l - X)2 

,'. the given expressiol1 = 

6(1 +x)(l +x2)+3(1-x)(1 +x)(1 +X2)+ (l-x)~(1 +:1;2)-2(1-,7:)3(1 +x) 

8(1 + xJcl + x 2)(1 - X)2 

8 + 8x + 8x2 1 + x + x 2 1 + x + x 2 

:; !l(1 - x2)(1 4- x")(l - x) = (1 - x4 )(1 - x) = 1 _ x _;;4 + x 5 

, ( 5a) ( 3a) 1l9. x + 2" x - 2" + ax = (x + 5a)(x - 3a) + li~ 

,~ 15a 15a 
,'. x2 + 2ax - 4:- = x' + 2(1x - 15a + 11! j 2(/x - 2ax = 15<£ - 4:- - II! 

.. .l:(2u - 2a) = 
45a - 45 

4 .'. x = 
45a - 4,5 45a - ,15 

4(2a - 2a) = --0-

.. it is an indeterminate equation. If a = 1 it becomes au 

iil!:ntity. 

1 1 1 
120. (I) If a, lJ, e are in H. Prog., a' band c are in A. Prog. 

b+'c a+e 
~-b-C- - '---a;; 

1 
Also 

c 

1 

b c + ~) 
a+e a+O 

== ---a;- - ---;;{;' 
M 
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.ate atb bte ate atb ate bte . . , ac -lJ);:: -be - tiC ,', 7' ac and be"" are m A, P. 

ab ae be 
And --b' -- and b-- are in H, Prog, at ate . te 

1 1 1 1 
(ll) Since b - a = c - b' we have !Jlu1tiplying by a + b + c 

atbtc 
b 

atb+e a+b+e atbtc 
a c b 

ate b+c atb ate 
,', -"b + 1 - a-I = -c - t 1 - -b- - 1 

a+e b+e atb a+e 
"-b- - -a- = -e- - -b-· 

b+e ate atb 
, '-a-' band -e- are in A, Prog, 

121. .!J. oc band e oc d 

m 
Then ad = -be ,', ad oc be 

n 

,. a ::;: mb, and c = nd, 
e 

. d=
n 

122, Area of circle varies as (radiusY ,', area = m(radius)2' 

,', area of ciroles = m9 t m9 t mIG t m25 t m3G + m49 

= by addition to m144 = m12 2 ,', radius of resulting circle = 12 

n 13 
123, S;::{2a+(n-l)d}T = {22t(3-1)d}T;:: sum oflsl 3 terms 

. 9 
;: {22 t (9 -1)d}2 ;: sum of lsI!> terms 

,', (11 t d)3 = (11 t 411)9 j 11 + d = 33 t 12d ,', lId = - 22 

or d = - 2 ,', series is 11, 9, 7, 5, &c, 

124, Let m = the mth, and n = .the nth terms of a G, series j 

also let (! = tot term, and r = common ratio, then 1n ... arm -1 and 
n = arn.-l 
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111 - J 
In -1 m-l 

_. 7n.1 '· ;;-:-;n;;:-;; 
-rna]) ~ 

m m-n nm -~ = 
n - I 

__ l __ 
In"'" 1) 111 - 11. 

first term = \11111. -1 , and commOll mtio 

( m)m.-~-n 
= -; , where In ::. the '/nth and n the nth terms of the series, 

If one of the terms be taken as the first, the above becomes 

" (n )n~-r 
1'= -

a 
s-a 

, 125, a = 3; w,of, = H.'. 1'4 = 14 .'. l' = ±~. Art. 254, l' = s _ l 

2,t'-,-3 -~~ 2 , 4 8 16 
= 2,A - f~ = H = - 3 ,', the series 18 3 - 2 + 3" - "9 + 27 

n 
126, 8", = {2a + (n - I)d} 2; S2n = f2a + (~n - 1 )dJn 

3n 
and San = {2a + (3n - l)d}T' Then latter half of 

n 
SZn = S2,. - Sn = f2a + (2n - I)d}n - po. + (n - l)d}"2 

3 nd 
= an + Z-n2d - Z- = an + 

nd n 
(3n - 1)2" = f2(t + (3n - I)d}2" 

1 3n 
= 3(20. + (3n - I)d}T 

127, Since 8 1 and 8 2 are each to n terms, we have 

S 1 + 8 2 = 1 +' 5 + 9 + &c, to n terms + 3 + 7 + 11 + &c. to n terms 

= 1 + 3 + 5 + 7 + 9 + 11 + &c. to 2n terms = (2n)2 '" 4n2
, 

Also 8 1 - 8 2 -= f(I - 3) + (5 - 7) + (9 - 11) + &c. to n terms} 

.'. (8 - 8 zJ2 = f(I - 3) + (5 - 7) + &c, to n terms}2 = ( - 2 - 2 - ~ 

- &c, to n terms? = ( - 2n)2 = 4n2 
.', 8 1 + 8 2 = (81 - 8 2 )' 

When 3 2 = sum to n - 1 terms 

8
1 
+ 8 2 = 1 + 3 + 5 + 7 + &c~ to (2n - 1) terms =.(2n - 1)7 

(81 - 8 2 )2 = {l + (5 - 3) + (9 - 7) + &0, to (n - 1) tel'msj2 

= {I + 2(n - .)}2 = (2n - 1)2.,81 + 8 2 = (8) ... 8 2)2 

I 
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2 

128, General term of (1 + X- 2) -"3" 

~ p{p + q)(p + 2q) .... {p + (r - l)q} r 
= ( - I) x !2: x qT "X 

2'5'8" ." 'f2 + (r - 1)3} r 
= ( - I)" x, !2: x 3T (x- 2) 

r 2,5'8,'·'·' (31' - 1) _ 2r 

= ( - I) x !.: x 3" x 

\VtJell (1' + l)th term == 7th term, r = 6 

2' 5'8' I 1'l4'1'7 
,',7 th term = ( - 1)6 X 'x - 12 == 

1'2'3'4'5'6 X 3" 

When (r - l)tb term = loth term, l' = 9 

2618 _ 12 

6561 x 

2'5'8'11'14'17'20'23'26 559130 
'lOthternl-( 1)!'x x"18-,_---X-18 

, , - - 1'2'3'4'0'6'7'8'9 X 3 9 - 1594323 

139, (x - 1)(x + l)(X - 2)(x + 2)(x - 3 - 'I/~)(x - 3 + V - 2) 

= (,1:2 
- 1)(x2 - 4)(X2 - 6x + 11) == x G - 3x5 + 6x4 + 30x3 - 51x2 

- 24x + 44 = 0 

130, (,1: + 1)(x - 1)(x - 1) == x 3 - x 2 - X + 1 == 0; then 

x' + 2x4 - 3x3 
- 3x2 + 2x + 1 .;. x 3 - x 2 - X + 1 == x 2 + 3x + 1 

,', x 2 + 3x + 1 = 0; or x 2 + 3x == - 1 ,', x 2 + 3x + (D2 == ~ - 1 == ~ 

,', x + g == ± !V5, and x == !( - 3 ± '1/5) 

a+x 4e 
131. Let x == the quaJ?tity, then b + x == d ,', ad +dx ;:; 4lic+ 4Col;; 

4be - ad 
or rl x - 4ex == 4be - ad ,', x == -d--

- 4c 

2 - "13 4 - 2"13 ("13 - 1)2 
132, 2+ "13 == 4 + 2"13 == ~3 + 1 

,', (2- V3)i::: (V~)~ == N3:.D!N3+l)! == (3-1)~ ~_ V~ 
2 + "13 "13 + 1 "13 + 1 '1/3 + 1 '1/3 + 1 , 

133, Multiplying the lower equatiou by 2 and subtracting, 

y 1 y-l 
we han 7y - 2z == 13 (m) ,', 3y - z + '2 == 6 + '2 ,', -2- is int, 

y-l 
Let -2- == t j then y - 1 == 2t, and y': 2t + 1. Subi¥itutc this 
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in (Tn. :1-111) 'z::: 7y - 13 = 14t + '1 - 13 = 14t - 6 .. .: = 7l - 3, 

and y = 2t + 1. Then, i t = 1, we have y = 3, and z = 4, and 
x=2 

xn+l_y'ttl x"+x"-ly+x"-2y2+ x"-3yS+&c.ton+l terms 
134. ----- = -

xny'lt(x -y) x"y" 

x" + x" + x" + x" + &c. to (n + 1) terms = when II :: x to x2'n 

1 + 1 + 1 + &c. to n + 1 terms n + 1 

x" x" 

135. Let m be their G.C.M., and q and cj the qnotients 

arising from dividing them by this G.C.M. Then mq + mg' = 45 

and mqq' = 168. 
mq + mcj q + q' 45 1 ~ 

Therefore 7Ilqcj :: ~ :: 1138 :: 5G 

Whence bYlIolving the quadratic, or by inspection, q = 7 and q' 
45 45 

"8, and 111:: -- :: - == 3 .'. the numbers are 7 x 3 :: 21, 
q+q' 15. 

and 8 x 3:: 24 

1 x2-2x-3 1 x2-2x-15 2 x2-2x-35 93 
136. T' x 2 _ 2x _ S +9' x"-2x-24 - 13' x"-2x-4S:: 580 

. 1 y-4 1 y-16 2 y-36 93 
Let (x - 1)2 = Y', then - . -- + -' -- - -' -- - ---

'5 Y - 9 9 Y - 25 13 Y - 49 - 585 
1 1 2 92 . 

Now - + - - - = 5Sr. .'. subtracting correspondlDg terms' 5 9 13 ;) 
11 2 1 1 1 1 --. + -- - -- = o· or -- - -- :: -- - --

y - 9 Y - 25 Y - 49 ' Y - 9 Y - 49 Y - 49 Y - 25 

Y - 49 - Y + 9 y - 25 - Y + 49 - 40 24 
or :: . or --- = ---

(y - 9)(y - 49) (ll - 25)(.1; - 49) , y - 9 Y - 25 

or 5y - 125 + 3y - 27 = 0 j or 8y = 153 .'. Y = 19. Then 

(x + 1)3:: 19, x = 1 :: ± 1/19 and x = 1 ± {T§ 
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137, Let x " v + z, and y = .v - _, then 2xy ~ 4y2 + X
Z 

= 2(V2_ ,::2) _ 4(V2_ 2v:: + ,::2) + v~+ 2vz + ,::2:;: 4. ,', 10vz ~ v2_ 5:;2= 4 

Also x 2 _ y2 = v2 + 2vz + Z2 _ v2 + 2vz _ :;2 = 4vz = 36 ,', vz = 9 

,', 10v:; _ v2 _ 5:;2 = 90 - v2 - 5 .. 2 = 4 ,', v2 + 5:::2 = 86 

,', v2 ± 2v:;'l/5 + 5:;2 = 86 ± 18'1/5, Extracting square root (right 

hand member by inspection, and left hand member by Art, 189) 

we have v ± z'l/5 = 9 ± '1/5 .', Art. IS6, v = 9, and ± z'l/5 = ± '1/5 

.', z'" 1 ,', x. = 10, Y = 8 

1 1 
138 - - - - 9- 2 - (10 - 1)-2, Expandin::! by binomial , S1 - 9 2 - - ~ 

theorem, we have (10 _1)-2 = 10- 2 + 2 X 10- 3 + 3'10-4- + &c, 

+ 7'10 1 + 8'10- 9 + 9'10 -10 + 10'10- 11 + &c, 

+ 1'j'10- 1g + 18'10- 19 + 19'10- 20 + 20'10- 21 .+ &c. to infinity, 

Now 8'10- 9 + 9'10- 10 + 10'10-l.i + 11'10- 12 + 12'10- 13 + &c, 

= S'10-9 + 9'10- 10 + 1'10- 10 + (1'10'-11 + 1'10- 12) + (l'lO-12 

+ 2'10- 13) + (1'10- 13 + &c,) 

'= 8'10- 9 '+ 10'10- 10 + 10- 11 + 2'10- 12 +3'10- 13 + &c. 

'= 8' 1 0 - 9 ... l' 10- 9 + 10 -11 + 2'10 -12 + 3'10 -13 -}- & c. 

= 9'10-9 + 0'10-10 + 1'10-11 + 2'10- 12 + 3'10- 13 + &c, 

Similarly for 18' 10 -19 + 19' 10 - 20 + 20'10 - n + &c, and generally 

for (IOn - 2)10 -10n+1, &c. 

,., (10 - 1) - 2 ~ 10 -2 + 2' 10 - 3 + 3'10 - 4 + &e, + 'uo - 8 +' 9'10 r.-9 

+ 10- 11 + 2'10- 12 + &c, + '7'10 -17 + 9'10- 18 + 10- 20 + 2'10-''1 

+ &c. to infinity = '0123456'790123456'79, &c, to infinity, 

NOTE,-The point in this operation is the sign of multiplication, and 
not tho decimal point. 

139. ax2 
- bx = a2x - ab ,'. ax2 

- a2x - bx + ab '" 0 j or 

(ax - b)(x - a) = O. Now if we assume ax - b = 0 j or x - a = 0; 

the equation will be satisfied ,', ax - b = 0 j or ax = b ,'. x = !.... 
, b a 

Also x - a = 0 .', x '" a, Therefore the roots are "ii' and a, 

which are rational if a and b are rationaL, 
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140, x2+(a+b)x=(n-l)abj 

4x2 + 4(a + b)x + (a + b)2 = 4(n - l)ab + (a + b)2 

2x + a + b = i V4nab - 4ab + a~+ Za.b+b2 = ±";4-;-~-ta'b--'-+-a"'2-_C:-2-ab;-+--:IJ" 

2x = - a -b i V4nab + (a-b)' ,', x = H iV4nab+ (a-b)~- (u + u)} 

141. 6x-Vx =lj x-ivx=tj x-~vx+Th=Th+-?l..-=lP.( 
,', Vx - -i-'l = i 1\ ,', Vx = ! or - ! .', x = ! or ~ 

142, VX = vx+l - ..fX=l ,', x =: x + 1 - 2.;xr-::I + x-I 

,', - x = - 2~1 ,', x 2 = 4x2 - 4, or 3x2 :: 4 j x2 = rr ,-, x = ~ V3 , 

143. x2 + xy + ;I'Z =: a2
} 

xy + y2 + yz '" b2 ,', b'y addition 

xz + yz + ,::2 = C2 

x 2 + 2xy + 2xz + y2 + 2yz + %2 == a2 + b2 + c2, and extracting the 

sqn~re root x + y + z = ± ";a2 + b2 + c2 

a2 a2 

± va" + b2 + 2 :t -= ± , . - c , . 
x ";a2 + b2 + c2 

b2 

r../a2 + b~ 
b2 

= ± ' , y ± 
V a2 b2 c2 y + + 

c2 c2 

V a2 b2 c2 ± ~ ± + + ' . z = z Va~ + b" + ·c~ 

144. Let (tllO?t + a z10?t-l + as'10"-2 + &c" + an _110 + an be 

any number = (10" - 1)a 1 + (10"-1- l)az + (10"-2 - l)as + &c" 

+ (10 - l)a" .. 1 + a 1 + a z + as' ,. + an -1 + a" 

Now 9 = iO - 1, and each of the coef, (10" - 1), (10""1 - 1), 

(10"-2 - 1)'" (10 - 1) is divisible by (10 - 1), i. e, by 9 

.', the number = 91n + u1 + u2 + as + .,., a"_1 + ani where 

m is the quotient by dividing (IOn - l)a] + (10"-1 - l)a2 

+ (10" - 2 - 1)113 + .',. (10 -11)a" -1 by 9 

Similarly the number reversed = 9mI + a" + ~" -1 + an _ 2 

+ .... as +az +a1 , 

Number x 4 = 36m + 4al + 4a~ + 4as + •••• 4an -1 + 4a" 
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N umber reversed x 5 = 45m1 + 5a" + 5a" -1 + 517n _ 2 + .... + 5a3 

+ 5,.~ + 5a l 

.', sum = 36m + 45m1 + 9a l + 9az + 9as + .... + 9an 1 + 9an 

= 9{4m + 5m1 + a 1 + a2 + a3 + .... + an -1 + all} 

T!J!3 statement may be genel'alized as follows:-

GENERAL THEOREM.-Let r be the radix of any sy.lteln bf 

'<lH'lben, then if any number in that system be multiplied by any 

):Ulnber n and the saine number 1'eve1'sed, as to its ord€1's, be 

mnitiplied by r - (n + 1) j then the sum of the two products thus 

obi" :ned is divisible by (r - 1). 

145. (a + b)(b + c) - (a + l)(C + 1) - (a +c)(b - 1) 

= 11/1 + ac + be + b~ - ae - a - c - 1 - ab + a - bc + c = b2 
- 1 

1·16. {c::r -3C:) +3"}C: +3) = (X;)\33=X:~+27 
(147) 

a2x2+ 2abxy+b2V2+c2x"+ 2cdxy+dZy"+aZy2_2abxy+b2x2+r:2y2_ 2cdxy + d2x" 

x" + y2 

=: a2(x2 + y2) + b2(x2 + y2) + c2(x" + y") + d"(X2 + .y2) 
x" + y2 

(rt2 + &2 + CZ + d2)(X2 + y2) 
= 2" =~+~+~+~ . x + y 

148 • .,j{U2(X2 + 4x + 4) - 2a(x + 2) + II = ± {a(x + 2) - II 

149, G,O.lI[' of a2 + 2ab + b2 _ cZ, anrl aZ - b" + 2bc _ C2 j • 

that is of (a + b)2 - c2
, and a2 

- (Ii - c? j that is of (a + b·- c) 

(a + b + c), antI (a - b + c)(a + b - c) Js evidently a + b - c 

150, 1 4 + 0 + 5 + 0 + 1 

+ 0 0 + 0 

-2 -8+0 

+ 1 I + 4 + 0 3x" _ 4x _ 1 
4 + 01 - 3 + 4 + 1 = 4x - x~ + 2x _ 1 
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1 14+0+5+0+1 

+0 +0+0+0+0+0 

- 2 .- 8 + 0 + 6 - 8 - 14. 

+1 +4+0-3+4+7 
4 + 0 - 3 + 4 + 7 - 11 - 10 

4,x - 3x -1 + 4x -2 + 7x- 3 _ llr. . ~ _ 10x- 5 + &C. 

151., 111+0 + 0 + 0 + 0 + 0 + 0 + 0 

+1 +1+1+0-1-1+0+1 

- 11 - 1 - 1 + 0 + I + 1 + 0 
1+1+0-1~1+0+1+1+&~ 

=:: 1 + x - x 3 - x4 + x 6 + x 7 - x 9 - x lO 1- &c. 

( a b) (a b) a2 + bZ a2 + l} 
152. a+b + a-b' x a-b - a+b = (a+b)(a-o) x (a~b)(u+'0 

. (a2 + b2/ 0.4 + 2a2b2 + b4 

= <(lZ + b")2 = a4 - 2a2-62 + b4 

cCa - b) c(a - b) c(a - b) (a+c)(b+c) 
lS3 -'- - x ---- - , 

" (a+c)(b+c) . (a+c)(b+c) - (et+c)(b+c) ' c(et - b) -. 

3(x-2) x-3 x'-l 1 
154 - - ------ ---

. (x - 1)(1: - 3) (x - l)(x - 3) (x - l)(x - 3) x - 2 

3(x - 2) - x + 3 - x + 1 1 x - 2 1 
(x:'" l)(x - 3) - x - 2 :: (x ~ l)(x - 3) - x - 2 

(x _ 2)2 - (x - l)(x - 3) x 2 - 4x + 4 - x 2 + 4x - 3 

(x - 1)(x - 3)(x - 2) (x - l)(x - 2)(l: - 3)-
1 

- (x - 1)(x - 2)(x - 3) 

{(xV + 1) + 2xJ{(xV + 1) + 2y} + (x _ y)2 
155. X"y2 + 1 _ x" _ V" . 

x2y2 +2xV + 1 + 2x(xy + 1) 1- 2y(xV + 1) + (x + V)2 
=:: x"y" + 1 _ x" _ y2 

(xy + 1)2 + 2(xy + 1) ex + y) + (x + V)2 (xy + 1 + x + y)2 
= ,(x1j2 + 2xy + 1) - (3:. 2 + 2.ry + y'2) :: (xy + l)~ _ (x + y)2 

(xy+x+y+l)2 ~'Y+a:+1,+1 (x+l)(y+l) 
= (xy+x+V+l)'(xy-x-y+l) =-: xy-="'x-y+l = (x-D(Y-I) 



186 KEY TO [MIS, Ex, 156-159, 

156, (I) ax2 + bx + c :: O}' 
2 _ Divide by coefficients of x 2 j then 

alx +b 1x+c l .,0 -

b C 

x
2 

+ a:x + a :: 0 ~ Let f and /'1, be roots of first, and 

"b l C1 randr2,therootsofandeqllat,) 
x"+- +-:: 0 

a 1 a j 

b· c 
Thell x~ + -i + -:: (x - r)(x - r J ) = 0 

a a 
b

l 
C1 / 

And x2 + -x + - :: (x - 1')(X - r 2 ) :: 0 a
1 

a . 

Hence in order that the equations may have a common root, 

they must have a common measure, . 

(n) Having divided as before by coef, of X2, let rand r 1 

= roots of one, and - rand - r l the roots of the other equation, 

b C 
Then .1:2 + -x + - = (x - r)(x - r l ) = x2 

- (I' + 1'1)X + rr l :: 0 
a a 

b1 C 1 And x2+- +-:: (x + 1')(X + r·l ) = x2+(r+rl)x+rr1 :: 0 a
l 

a 1 . 

b b l C C1 ,:', '- = - (1' + r l ) =: - -, and - :: r1'l = -, Hence in order 
(t a l a a 1 

that the roots may be equal in magnitude but opposite in signs, 

the coefficients of x must be equal in magnitude but opposite in 

sign, and the coefficients of:r2 and also of X O must be equal. 

2(x + 1) - (3x + 4) 
157, 4 

(2x - 1) - (5x - 6) 
3 ,',-3x-6 

:: - 12:c + 20 ,', x =: 2~ 

158, (x - 1)2(x + 4) = (x + 3)2(X - 2) ,', x 3 + 2X2 ... 7x + 4 

'" X3+ 4x2_ 3x - 18,', X2+ 2x = 11 j '\o"T+Tx+l =: ± VTI = ± 2";3 

,', x =: 1 ± 2.y3 

1 + 2x 2 + 2x + 2";T+2X , 
159, 1 _ 2x :: 2 _ 2x + 2";1 ~ 2x' extracting the square 

v1 + 2x V1+2x+l 
root of ('nch side, ---= =: + ; clearing of fractions, 

. vI - 2x - vI - 2x ~ 1 
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VI - 4:c· - V1+ 2x ± (Vt=4? + VI - 2x) 

.'. (I) Vr:-=--4 x~ - vT+2x = ..;r-:.-4X2 + v"'l=-Tx; or 

- vl+~2x = J~2x .'. 1 + 2.'1: = 1 - 2x ,', 2x = - 2x j or x = 0 

And (n) Vt= 4x" - vT+~ = - VI - 4x" - v"'l=---;;;;; 
,', 2Vt= 4x~ = Vl+Tx - vY-:Tx 
Squaring, 4( 1 - 4X2) = 2 - 2vt= 4x~ .', 2 (1 - 4x2) + (1'- 4x2) ~ = 1 

• 1 

,', (1 - 4xZ) + }(1 - 4xZ)' = ~ .'. (1 - 4X2) + ~(1 - 4X2)! + -h' =1"6 

1 1 

.. , (1 - 4X2)' +~. = ± Q ... (1 - 4X2)2 = ~ or - 1 .', 1 _ 4l!z= ~ 0r 1 

... 4x2 = ~ or 0; 2x = ± ~V3 or 0 ,'. x = ± 1v3 or 0 

(n - 1)2x2 - 2(n - 1)2x + (n - 1)2 + 4n 
160. (n _ 1)2x2 + 2(n _ l)"x + (n _ I)Z + 4n = P 

(n - 1)2x2 - 2(n - I)Zx + (n + 1)2 P , . 
... (n _ ,1)"x + 2(n _ 1)2x + (n + 1)~ = T .. , Art, lOu i.m) 

Z(n - 1)2x2 + 2(n + 1)2 P + 1 (n - 1)2xZ + (n + 1)2 P + 1 
- 4(n - l)2x = P -1 j or - 2(n - l)'x = P -1 

... (n - '1)2(P - l)xZ + (n + 1)2(P - 1) = - 2(n - 1)2(P + l)x; 

or (n - 1)2(1 - P)x2 - 2(n - 1)2(1 + P)x = - (n + 1)2(1 - P); 

4(n - 1)4(1 - P)2x2 - S(n - 1)4(12 - P2)X + 4(n - 1)4(1 + P)" 

'" 4(n _ 1)4(1 + P)2 _ 4(n _ l)2(n + 1)2(1 - P)z. Dividing by 

4(n - 1)2, (n _ 1)2(1 - PZ)X2 - 2(n - 1)2(1 - PZ)x + (n- 1)2(1 + P)3 

'" (n - 1)2(1 + P)2 _ (n + 1)2(1 - P)2 
--~~~~~~~~ 

,', (n-l)(I-P).c- (n-l)(1 +P) =± vCn-1?C1 +P)"-(n+ 1)2(1-P)" 

,', (n - 1)(1 - P)x = en - 1)(1 + P) ± V4Fn2 - 4P2n - 4n + 4P 

.. , (n - 1)(1 - P)x = (n - 1)(1 + P) ± 2V(Pn - 1)(n - P) 

I+P 2 . , 
,', x'" i _ P ± (n _ 1)(l-:::-r/(Pn - l)(n - P) j where ill order 

that x may be real v(Pn - 1)(n - P) must be real, that is 

(Pn - 1)(n - P) must be posiotive, e.nd if n is positive, in order 

that (Pn - 1)(n - P) may be positive, P must neither be:> n 

1 
nor <n 

, . 



188 KEY TO [MIS, Ex, 161-166. 

,161. A= i(a+b) = Wj + D =! x t-l:. H = I-h-
2ab 2 x ' x ~ 2 

H - -- - _4_~ - - - ~ J 
- a + b - ~ + ~ - H - t' 

G = Va/; = ffx ~ = VI :. 1 

2ab 
IG3. H = a-+b .'. Ha + Hb = 2ab .'. Ha - ab = ab - Hb 

a b H-B+a H-H+o 
o~'(!I-b)a=(a-H)b"'a_H:' B-b··· a-H :. .. B-b 

If - H - u B - H + b (H - a) - H H - (B - b) 
------ - = 

"H-a H-b" H(H-a) H(H-b) 

If - a H H (H - b) 
.. Ii(n-=-a) - riCH - a.) == H(H - b) - H(H - b); 

111111 1 
tlmtis H- H _~= H-b -H ,'. H-u' Hand H-b are in A. prog. 

And, '. H - u, Hand H - b are in H, progression j that is, H i3 

the H mean between H - u and H - b 

IS?. The nth term = u + (n - l)rl ,',37th term of the series 

;J6ti. + 365 + .3.6~ + &.c. = at + (37 - 1)( - D = 3Ji - aJi = 0 

S31 = P x 6 + (Sl- 1)(- i)F}-:. (12 +SOx- b)3l= 7 x!Jl':' 108i 

842 = {2 x 6 + (42 -1)( - k)}V = (12 + 41 x-i)21 = (12 - G~)2.1 

= 5& x 21 = 108! .'.831 + 8 42 = 108~ + 108~ = 217 

164. 8 =- a(l- 1'11.) = SHI - (Dn} = ~P{l- (3)Ul = gBfl _ (~)n} 
11. 1 - l' 1 - ~ 5 5. J. ", 

25 3"-1 
= 3 - 5,,-=2 

all 5 
165, 8 = -- = = - = ~ 

cc 1 - r 1 ( - -l'!~-) 1 + t 'l 

S = a(1 -Tn) :. ~ (- -4)" = ~ (- '4)" = ~{ _ (_ ~)r'} 
11. 1 - r 1 - ( - '4) 1 + ~ '1 1 5 

80: - 8" = It - Hl- ( - ~)n} = t - ~ + tc - t)" = t( - nn 
n n p 

166. Ofl'tseries, S" ={2+(n-l)I}T= (n+l)T' and 8p = (p+1)2 
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O "S{ n n p f 3ra simes n = 6 + (n - 1)5}- = (5n + 1)-', and s.~:: (5p + 1)-
2 2 " 2 

n n p 
Of 4th series Sn = f8 +(n - 1)'7}Z = ('7n + 1)~, and SlJ '" ('7p + 1)2 

n n n 
.'. of the series (n + 1)2 + (3n + 1)2 + (fin + 1)2 + &c., 

n 
where the first term is (n + 1)'2 and the common difference is 

n n p • p 
2n x a '" n2, the Sp = {2(n+ 1)'2+ (p-l)nZ}'2= (n2+n+pn2_n2) :f 

p; pn 
'" (n + pn2)2 = (1 + pn)'2 

Also of the series (p + 1)~ + (3p + 1)~ + (5p + l)!f + ·&c. 

where the 1 stterm is (p+ 1)~ and the common difference is 2PX~ "']12 

P n n n 
S", '" {2(p+ 1)'2+ (n-l!p2}'2 = (p2+ p+np2_ p2)'2" (p+ npZ)'2-

= (1 + pn)~ . '. Sp of the former series = Sn of the latter series. 

16'7. {(x + y) - 1J'XY}{(x + y) + -I/xyJ " (XZ + 2xy + y2) - xy 

. "x2 + xy + yZ 

{(XZ + y2) + xy}{(x2 + yZ) _ xy} = (XZ + y2)Z _ x2y2 " X4 + x2y2 + )14 
1 1 1 1 

168. 8(52 - 3 X 8)2 + 5(52+ 3 X 8)2 = 8(2fi - 24)2 + 5(25 + 24)' 

= 8-1/1 + 5-1/49 = 8 + 35 '" 43 

; 169. -I/16a4 - 96a~b + 216a2bz - 216abB + 81b4 = 4a2
_ 12ab + 9b2

, 

and -I/4a2 
- 12al1 + 9bz = 2a - 3b 

1 1 3c 2b 
Also - 2b - 3e = - 6be - 6be ; 

1 1 1(a ) 
1'70. a + 4d = ad '4 + d • 

a e 3e 2b 
bnt since b = d' it follows that be = ad .'. - 6be - 6bC 

3e 2b c b 
'" - 6ad - 6ad = - 2ad - 3ad = -

1 1 I I Ira 
.'. -;;: - 2b - 3c + 4d = ad \. 4" + 

£: ~(!!:.._.!!...-!...+d)· 
ad 4 3 2 



190 KEY TO PIrs. Ex. Iil-li5. 

12(x + 1)~ 
171. l.fnltiply by 4(x + 1), and Sx + 12 = 4x + 5 + 3x + 1 

Reducing and then clearing of fractions, we have 12x2+ 25x .;, -'1 

= 12x~ + 24x + 12 ... x = 5 

2x + b 2a + b 
172. x~ + bx = a2 + ab 0" clearing of frac tions, 

.'. 2a2x + 2abx + a2b + abz = 2ax2 + 2abx + bxz + b2;r: 

... 2ax2 + bxz ..... 2a2x + b2x = a2b + abz 

(2a + b)X2 - (2a2 - b2)x = ab(a + b) 

4(2a +b)2X2 _ 4(2a + b)(2a2 _ bZ) + (2a2 _ b2 )2 

= 4ab( a + b) (2a + b) + (2a2 - b2)2 = 4a4 + Sasb + 8a2b2 + 4iLb3 + li<1 

... 2(2a + b)x - (2aZ - b2) = ± ".j4a4 + Sasb + 8azb2 + 4abs + b4 

= ± (2aZ + 2ab + bZ) .'. 2(2a + b)x = 2a2 
- b2 ± (2a2 + 2ab + b2

) 

= 4az + 2ab, or = - 2(tb - 2b2 = 2a(2a + b), or = - 2b(a + b) 

2a(2a + b) beet + b) 
.'. x = 2(2a + b) = a, or x = - 2a + b 

a + 1 ab + a 
173. Since x = lib + l' and y = ab + 1 ; 
2a + ab + 1 

ab + 1 2a + ab + 1 
a-b-+-l- - 1 

2a + ab + 1 ~ ab - 1 

ab + 1 x + y - 1 
··x+y-+l= 2a + ab + 1 

ab+l + 1 
= 6 2a + ab + 1 + ab +~ 

ab + 1 

2a a 

= 2a + 2ab + 2 = a + ab + 1 

174. 2X2 - 2xz - 2xy + 2yz + 2!l- 2xy - 2yz + 2xz + 3z2 - 2x.:-: 

+ 2x?J - 2yz = 2X2 + 2y2 + 2Z2 - 2xy - 2xz - 2yz 

= (X2 _ 2xy + yZ) + (X2 _ 2xz + Z2) + (y2 _ 2yz + zZ) 

= (x - y)Z + (x - Z)2 + (y - Z)2 

175. 
.. . 

(a + b)2 - c~\ (U.Z - b2)z + 4abcz.- c4 (a _ b)3 + CZ 

) (EZ _ [,2)z _ (a _ b)2C2 

~a+b)~c2 - C4 

(a + b)Zd!' - c4 
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1'16. x8._1 )x~o +X9+X8+ 2x7 +2x~+ 2xBtxZtx+ I( x2t.t't I 
;r~o -;cz 

·-~9 + 2~2 
x9 ~X 

X S + 2X2 + 2x 
x~ - 1 

2X7 + 2X4 + 2xs + 2X2 + 2x + 2 

x 7 +X4 t.x3+XZtx+ I)XS-l(X 

XS + x 5 :I" x4 +XB + X2 + X 

- x 5 - x4 _ X3 - X2 _ x-I 

X-' +;::;4,.;£, +.xz + X + t )X7 + x4 + X"+ XZ + x + 1 (XZ - X 

. 1£7 + xG +,1;5 +;24 + X8 + XZ 

- X G _ X o + X + 1 
_ X6 _ XD _ X4 _ X B _ X 2 _ X 

X4 + X B + X2 + 2x + 1 

:ci + ,il + x~ + 2x + 1 )X5 + x4 + x 3 + x2 +.x + 1 ( X 

x D + xl, + x 3 + 2X2 + X 

XZ - I) xi + xS + x2 + 2x + 1 ( x2 + X + 2 
·x4 _ X2 . 

--~a + 2X2 G.C.M. =;r. + 1 )xz - 1 (x - 1 
w-x w+x 

3x+ 3 
3(x +.1) 

(2:1: + 3)(x - 1) 
177. (x + 5)(X2 _ 1) 

_ ~x .... 7)(x + I) 
(x + 5)(X2 - 1) 

-x-I 
-x-I 

x + 2 
Xi+l 

2X2 + x - 3 - (XZ - 6x - '1) x + 2 XZ - 7x + 4 x + 2 
= (x+5)(x2-1) -x2 +1=(x+5)(x:t_l)-x:&+1 

= 

= 

(X2 + 7x + 4}(X2 + 1) - (x + 2)(xZ - 1)(x + 5) 
(x + 5)(x4 - J) 

(X2 + .'1x + 4)x2 + x 2 + '1x + 4 .... - (X2 + 7x + lQ)x2 + x 2 + 7x + )q 
(x +5)(X4 - 1) 

2X2 + 14x + 14 - 6X2 14x - 4x2 + 14 
= (x t 5)(x4 '" i) (x + 5)(x4_ 1) 



192 KEY TO [Mrs.;Ex.178,179, 

(178) 

(fI, -;- b {=lj2 + (a - b..[::ry a2 + 2ab{=l - b~ + a2 - 2ab{=l - b2 

(rL---=bv---'l)(a + b'lj--::]) = w- b2(V - 1)2 

2a~ _ 2bz 2(a2 _ b2 ) 

;; -a2 + bY =: ----aft + bZ . 
179, Let x - 3y be the first of any four positive quantities in 

.fl.P., and let 2y be their common difference. 

Then the four qnantities are x - 3y, x - y, x + y and x + 3y. 

And the sum of the extremes == x - 3y + x + 3y == 2x. 

Also the sum of the means = x - Y + x + y == 2x. And 2x = 2x 

.'. the sum of the e}..tremes = the snm of the means. 

x I 
Again .let y2 be the first of four positive quantities i.u G'P'J 

and'let. y by their common ratio. 

x x 
Then the four quantities are z, -, ;r: and xy. Y y 

X X+ xy8 X x',--:;;y 
8nm of extremes ==z+xY==--z-j sum ofmeans== _.+-:.:",--' 

y y y y 

x + xy3 > X + xy. > 
Then yZ <: -y-- accordmg as x + xy3 <: xy + xy2, 

.or as 1 + y3 ~ y + y2; or as (1 + y)(l - Y +- y2) ~ Y (1 + y) ; 

.or as 1 - Y + y2 ~ y; or as 1 + yZ ~ 2y. But 1 + y2 > 2y by 

• X+ xy3 x+xY • 
Art. 134 Note 2, .', --:yx-- > --y-' that IS the Bum ,of the 

extremes is greater than the sum of the means. 

Lastly, if as before x - 3y, x - y, x + y arid x + 3y are in .fl.P., 

1 1 1 1 
their reciprocals --3-' --, -- and --- are in HP 

x - Y x - Y x + y x + 3y . • 

1 1 2x 
= sum of extremes. Then 

3li 4-
3y = x2 9yZ x - x + -

1 1 2x 
And ;:,. + + y 

:;r a;2 i/o X Y X - :: Bum of means. 



Mrs, Ex, 1;9-184,] ALGEBRA, 193 

N ow whether y he positive or negative, y2 is necessarily positive, 

2x 2x 
and therefore x2 - y2 > x 2 - 9y2, and ,', 2 9 2 > 2 2 j 

X - Y x - y 

that is the sum of the extremes is greater than the sum of the 
means, 

2n - 1 
180, S2n-1 = {2a + (2n - 2)d}--2-' and when d = a 

2n-l 2n-l 
S2n -1 = {2a - (2n - 2)a}-2 - = {2a + 2an - 2a}-2 - = na(2n - 1) 

Also (2n - l)th term = a + (2n - 2)d = 0,+ (2n - 2)0, = 0,+ 2an - 20, 

= a(2n,- 1) ,', sum of 2n - 1 te.rms = the (2n - 1)lh term x n when 

the series is ascending, i. e, when the first term is the least and 

the last term is the greatest, 

181. ab + b~J = x 2 ,', b"ja2 _ x Z = _x2 _ ab j a2b2 _ b2x 2 

:: X4 - 2abx2 + a2b2 ,', x4 - 2abxz + b2x Z = 0 j or X2(X2 - 2ab + b2) = 0 

,', x = 0 or x = ± Ijb(2a -Ii) 
.5. Ji. l!.5. 1> 

182, 3x" + XU =: 3104; 36x 3 + 12x 6 + 1 = 37249; 6x 6 + 1 = ± 193 j 
~ .5. 1 

6x 6 =: 192 or - 194 j x 6 = 32 or - 32!; x 6 = 2, hence x = 64; 

or x 5 = (- 32!)6, whence x = t'(3Zk)6 = 32! t'32! = 1l W 
'" 937 Wll = V ifl857 

x 2 + 2ax + x2 _ ~Z + 2ax _ 0,2 

183, 
bZ+ 2bx :I- x2 _ b2 + 2bx _x2 

bZ _ x2 

4ax 4bx a b 
" x2 _ aZ = liz _ XZ ,', x2 _ a2 = ~; ab2 

- ax2 = bx2 
- ba2

, 

or bx2 + axZ = abZ + ba2 ,', (b + a)x2 = ab(b +c:) ,', x2 = ab, whence 

x=±..;ati 
--=:=,= 

184, ";x2 + ";X2 + ll6 = 11 - x,', XZ + ";X2 + 96 = 121 - 22x + x 2 

,', ";x2+ 96 = 121- 22x, Again squaring 

x2 + 96 = 14641 - 5324x + 484x2 
.'. 483x2 - 5324x ;:: - 14545 j 

5324 14545 
or x

2 
- 483 x = - 483-

• 2 5324 (2662) 2 = '7086~44 _ 14545 = '7086244 - '7025235 
•• x - 483 x + 4.83 233289 483 . 233289 

N 



194 KEY TO [MIS, Ex. 184·166. 

2662 •. {6f009 247 
,', :r - 483 = ± V 233289 ::: ± 483 

2662 + 247 2909 2415 
.', x = - 483 = -483 j or 483 ::: oils or 5 

185, Let x = the left hand digit, and y = theTIght hanll digit; 

then the number is lOx + y 

lOx + Y -
" _._- = 21, whence 10x+y= 21x-21y, or 22y= ll~', orx:::2y 

x-V 
1Gx+y 

Also --- -I- 17::: lOy + x, whence 27x + 1Sy = llxy + 10y2 + x 2 

x+y 

But x = 2y i substituting this in the last equation, we have 

54y + ISy ::: 22yZ + 10yZ + '4y2 ,', 72 ::: 36y, whence y ::: 2 

And x = 2y = 4 ,', ihe required number is 42 

IS6, Let x '" minutes per mile taken by B, then x + 1 

60 
= minutes per mile taken by A j --;;::; miles per hour of B, and 

60 
--1 = miles per hour taken by A, 
x+ 

60 
The second time round the rate per bour of B ::: --;; - 2 

60 - 2x - 60 62 + 2x 
--~- and rate per hour of .Il ::: --- + 2 ::: -~~-
x' x+1 x+l 

And !ince the course is 2 miles long, the time in hours taken by 

2 1 x + 1 
IJ to go round '''62+2x::: 31 + x ::; 31 + x ,', time in 

x+l x+l 

60x + 60 
minutes required. to go round = 31 + x ,', minutes per mile 

30x + 30 
taken by A = 31 + x j similarly minutes per mile in 2nd round· 

30x 
required by B = 30 _ x' and since A does the two miles in two 

minutes less than B, his time per mile will be one minute less 

30x + 30 30x 
than B ,', 31 + x + 1 = 30 _ :1:' whence by reduction 
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SOx + 30 + 31 + x 3lx+61 SOx 
31 + x == 31+x = 30 _ x'" 930x + 183"0 - 31x2 - 61x 

= 930x + 30x2 i or - 6Ix" - 6lx = - 1830, whence x 2 + X .:: 30 i 

x~ + x + -.l: :~ 1 p- .'. x + ! = ± J2L, and x = 5 

.'. JJ.'s rate 1st round = 5 + 1 = G min. per mile'" 10 miles per bour 

B's rate 1't round =' 5 minutes per mile, or 12 miles per hour 

..il's rate 2nd time round = 10 + 2 = 12 m;1es per hour 

B's rate 2nd time round = 12 - 2 = 10 l.1l.Iles per hour 

Whole time of B for both rounds 10 + 12 22 minutes 

Whole time of ..il for both rounds = 12 + 10 = 22 minutes 

.'. neither horse wins. 

18'7. Let x, x + 1, x + 2, x + 3 and x + 4 be any five conse

cu~gets i. then x(x + 2)(x + 4) + (x + 1)3 + (x + 3)3 

= (x + 2)(X2 + 4x) + x 3 + 3x2 + 3.1: + 1 + x8 + 9x'& + 2'T.I: + 2'7 

= (x+ 2)(X2+4x) +(x3+ 4x2 + 5x + 2) + (-ix+ 8) + (x 3 +8xz+ 21x + 18) 

= (x+ 2)(X2+ 4x) + (x + 2)(X2+ 2x + 1) + (x + 2)4+ (x + 2)(X2+ 6x+9) 

= (x + 2) {( x2 + 4x) + (X2 + 2x + 1) + 4 + (X2 + 6x + 9) J 
= (x + 2){(X2 + 2x + 1.) + (X2 + 4x + 4) + (x" + Gx + 9)J 

=- (x + 2){(x + 1)2 + (x + 2)2 + (x + 3)"J ;:: product of middle 

number by the sum of the squares of the middle three. 

188. x·1 +y4 + x4 + 4x3y + 6X2y2 + 4xyB + y4 

== 2X4 + 4x3y + GX2y2 + 4xyB + 2y4 == 2(x4 + 2x3y + 3xay2-j- 2xy3 + y4) 

= 2(X2 + xy + y2/ 

189. (x3 + y8 + x2y + xy2)( x8 _ y3 _ x"ky + xy2) 

. := {(x8 + xy2) +(yS + x2y)J{(X8 + xy2) - Or + xay)} 

,. (XS + xyZ)" _ (yB + x 2y)2 = x6 + 2x4y2 + x2y4 _ or + 2x2y4 + X4y2) 

• == x6 + x4y2 _ x2y4 _ y6 

190. x" = (-.;a:t6 ± .;a:::Di ;:: a + h ± 2yW=7J2 + a - b 

= 2a ± 2~(j2 i • 
ax2 -!x4 == x2(a _ !X2) = {2a ± .2Y(i2""=ti2j{a - Oa ± Nar:li2)l 

= {2a ± 2.jT:-zJ"lHa lh'w::.tJ2} ;:: {f.! ± yar:QI)(a + .yar::o'L) 



196 KEY TO [MIS. Ex. 191-159. 

191. ax3 + (riy + az + 2cy)X2 + (by2+ 2cyZ + 2cyz)x + (by8+byZz) 

"'" x + (y + z) 

lila + (ay + az + 2ey) + (byZ + 2cyZ + 2cyz) + (by8 + by2Z) 

- (y+z) - (ay + az), - (2ey2 + 2cyz) - (b y3 t byZz) 

a +2~ +b~ 

.'. quotient = ax2 t 2eyx t by2 

192. (xnl- (In)2.;- (xn _ In) = xn + In.:: xn + I 
193. 1 - 1 t I - x + 2x - 3 + 5x + 2 + 4 - 5x ': 4'+ x 

194. a(b2 + 2be + e2) + b(c2 + 2ea + a2) + e(a2 + 2ab + b2) 

- {(a2 - ab - ae + bc)(b + c) + (b2 - be - ab t ac)(a t c) 

+ (e2 _ ae --be + ab)(a + b)}::: ab2 + acz+ bez + baz + eaz+ eb2 + Babe 

- u2b _ a2c - b2a - bZe - eZa - e2b + 6abe = 12abe 

--195. {(b+e-a) + (e+a-b) + (a+b-c)}x+ f(e+a - b) 

+ (a + b - e) + (b + c - a)ly + {(a t b - e) + (b +c - a) + (e + a - b)}z 

~ (ll + b + c)x + (a + b + c)y + (a + b + c)z = ta + b+ c)(x + y + z) 

196. (x+ 2y)Bx (x- 2y)3 = (X2_ 4y2)3 = x 6 _12x4y2+ 48x2y4 - 64y 6 

(II + b~~)(a - bV~) = a2 
- bZ

( - 1) = a2 + b2 

197. {(a + b t c)(a + b - e)j{(e. - a t b)(e + a - b)} 

= {(It + b)Z- e2J[e2 - (a - b)2} :-: e2{(a + b)2 + (a _ b)2} _ (a2_ b2)2 _ e4 

= 2a2c2 + 2b2cZ - a4 + 2a2b2 - b1 _ e4 = 2a2b2 + 2a2e2+ 2 b2e2 _ a4 _ b4, _ e4 

(x + 1 + X-l)(X - I + X-I) = {(x + x-I) + 1}{(x + X-I) - I} 
= (x + X- 1 )2 _ 1 = x2 + 2 t x - 2 _ 1 :..: x 2 tIt x - 2 

198. (2x'\ - 3x8y + 4x2yZ - 5xy8 + 6y4,) .;- 6X2y2 

= ~xZy-2_ lxy-l+ ft -%X- 1ytx-2y2 

(X2+ 2x + 1)(x2_ 2.x + 3) 
(x4t4xt3)+(x2t2xtl):: 2 =x2-2x+3 

x t 2x t 1 . 
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(x5
_ apxz+ (l,Zpx - a3) -:- (x - a) = f(x3 - a3) - apx(x - a)J -:- (x _ a) 

= (X2 + ax + a2
) - apx = X Z + (1 _ p)ax + aZ 

200. (1) (xZ - 3x - 4) = (x + 1)(x - 4), and (x' - 2x ':... 8) 

= (x + 2)(x - 4); (X2+ X - 20) = (x -4)(x + 5) .'. G,C.M. = x - 4 

(II) 3x8 + 4x2 
- 3x - 4 = x 2(3x + 4) - (3x + 4) = (X2 - 1)(3x + 4) 

2X4 :- txz + 5 = (2x· - 5)X2 _ (~x' _ 5) = (2x' - 5)(X2 - 1) 

.'. G,C,M. =xz_1 

(m) Let p be the G. C.M .. of m and n j then the G. C.M. of 

(xm + a"'), and (x" + an) : x P + uP, and of (xm _ a"'), and xn._ a" 

= x P - aP .'. required G.C.M.: (xP + aP)(xP - aP) = x·p _ a2p 

201. (I) l.un, of (x - 2a)(x + a), X2(X + a), and a(x + a)(x - a) 

= ax2(J; - 2a)(x + a)(x - a) = ax 6 - 2.lZX 4 - a3x 3 + 2a4xz 

(n) ;r3._ x2y _ a2x + a2y = (x. _ a")(x _ y) j x 3 + nxZ _ xy' _ ayZ 

= (x + a)(x2 _ y2) ,', I,c,m, = (xZ _ a2)(x" _ yZ) = X4 _ x2yi _ a2xZ + aZ!!" 

(a + b - c + d)(a + b - c - d) (0 + c - a + d)(b + c - a - d) 
202, (a+b-c-d)(a+b+c+d) + (b+c-ta+d)(b+c-a-d) 

(c + a - b + d)(c + a· - b - d) 

+ (c+a+b+d)(c+a-b-d) 

a+b-c+d b+c-a+d a+c-b+d 
= a+b+c+d + a+b+c+d + a+b+c+d 

a + b - c + d + b 1- c - a + d + a + c - b + d a + b + c + 3d 
'" a+b+c+d! 0: a+b+c+d 

2d 
::: 1 + a+b+c+d 

X Z +2xY+Y"-Z2 (x + y)"-z~ (x+y+z)(x+y-:z) 
203. x"- y" + 2yz. - z~ = x· - (y - z)Z = (x + y - z)(x - y + z) 

;r+y+z 
; x-Y+z' 

a"(a + b) a(a - b) 2ab a8 + a2b - a(a _ b)Z - 2ab2 

204. b(a" _ bZ) - b(a + b) - a2 _ bZ ~ b(a2 _ b2) 

as + a"b _ a8 + 2a2b - ab' _ ~ab" 3a2b - 3ab2 3ab(a, - b) 

3a 
= a + b 

b(a2 -. t,Z) = b(a2 _ bZ) = b(a - b)(a + b) 



198 KEY TO [Mrs. Ex. 205-210. 

205. ------ x 
(

a2 
- ax + ax a2 + a:L - ax) 

a+x 

(a + X)2 + (a _ X)2 

a-x a" - x 2 

2a2 + 2X2 

( 
a2 aZ ) 

= ct_xx(i.--i--X';-

4ab 4ab 
a+ii + 2a 

206. -4ab + 
a+ii + 2b 

4ab 

6ab + 2a2 6ab + 2b 2 

2ab - 2a 2 + 2ab - 2b2 ; 
a + b - 2a a + b - 2b 

dividing numerator and denominator of pt by 2a; and of 2nd by 2b, 

3b + a 3a + b 3b + a 3a + b 2b - 2a 
we get ~ + ~ = b _ a - ~ = ~ = 2 

207. (r) yx4 - 4xB + 41'" - 4x2 + 8x + 4 

= 'I/(x 4 - 4xB + 4X2) - 4(x" - 2x) + 4 = x 2 
- 2x - 2 

(Il) 

(III) 

208. The square of which a2x2 + bx are the first and second 

b2 

terms, is a2x2 + bx + 4a l .'. in order that a2x 2 + bx + be + b2 may 

112 c 1 
be a perfect square, we must have be + b2 = 4a 2 .'. b + 1 = 412 ' 

1 c 
and .'. 4a2 - b = 1 

209. (1) mnx + amn = n2x + am2 
.'. mnx - n2x = am2 - (lmn, 

am(m-n) am 
that is (mn - n2)x '" mn2 - amn .'. x = ( ) 

n 1n-n n 

(II) 2X2 - 13x = - 6, whence x = 6 or ! 

7x + 1 400 (X - !) 400x - 200 . 
210. (r) 13 6 = -3 --. = -.---- x x-:l 3x-2 

whence 2421x2 - 6411x = - 2598, or 807x2 - 213'1x 

x~ _ 213'1 (213'1)2 ._ 4;i66'169 - 2'195448 
807 x + 1614 - (1614? = 

866; 

17'11321 
(1614)2 
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2131 v'l77l3~1 ± 1330'9 213'1 + 1330'9 
.',x-1614=±lG~:: 1614 ,',x- i614 =+2'14 

or - 0'49 

(n) x 2 
- 2(a + b)x + (a + b)~ :: 4(a2 - 2ab + b2) :: 4(a _ b)Z 

.. , x - (a + b) :: ± 2(a - b), whence x:: 3a - b, or 3b - a 

211. ex - aey :: abx + by,'. x(e - ab) :: y(ae + b) 

:t(e - ab) ax(c - ab) 
•• y:: ae + b ' But x - ay = b ' x - ae + b = b 

aex + bx - aex + a2bx 

ae + b = 

'ae+b c-ab 
" x :: 1 +. aZ' and y = 1 + aZ 

bx + aZbx 

ae + b 
= b 

(rr) a:2 + 2xy + y2 :: 49, and x2 + xy + yZ = 3'1 ,', xy = 12 

a2 _ 2xy + y2 :: 1 

,', J: + y = ± 7, and x - y = ± 1 ,', 2x = ± 8, and x = ± 4 or ± 3, 

and y " ± 3 or ± 4 

212. Subtracting the second of the given equations from the 

first, we have y(z - x) " a2 - c2 ; to which adding the third 

eqnation, we have 2yz" 2a2 .'. yz" a2 ,', xZ" bZ
, and xy :: e· 

yz y a Z aZx aZx bZez be 
... - " - :: -b' .', y "-bz ... xy :: X' -b' :: e· ,', x 2 = --. .', X " + -a:z x .. a - a 

ae ab 
whence also y = ± b' and z = ± -;;: 

213. Let x = '/l's age, y = B's age, and z = (}Is age; then 

3::4 
11 - x = 2(z - y); x + y :: 2' and x + y - 12 = 3(= - 6) i, 

3iJ - 1 = 2z; 2~ + 2y = 3z; 3x + 3y - 4z = 12; 6x + 6y - 9z" 01 

and (;x + 6y - 8:: =. 24 .'. z:: 24; y" 21, and x = 15 

n 
214, 8 12 ,,{2a + (n - 1)d}2:: {S.+ (12 - In}S = (3 +. 11 x DI) 

= (3 + V) x 6 :: 117 

8 n of l! + 2g +.3:A = 8" of 1 + 2 + 3 + ikc .... + 8 n of; + ~ + If 



200' KEY TO [Mrs, EX, 214-218, 

n n 1/(n + 1) HI - (~)"'} 
= {2 + (n - 1)1}2" = (2 + n - l)T = 2 + 1 _ j 

n(n + 1) 
= -'-2- + 2 - 2m'" = Hn(n + 1) + 4 - 4(D"'} 

-./2 'f/2 + j-./3 -./2 + ~-./3 
S of-./2+~-./3+§-./2=-1 ,I' = 1 '~ = J, =3-./2+2-./3 ex -rya - J 

215. a1·a2·aa····at = at2 . aj·aZ·a3····ap_l = a/P- 1)2 

.... a = a
1

P2 • a - a p2 , a (P_lj2 - a 2P-l . a i" a j 'a z . aa P ., P - I .,- I - I .. r • 

formed from aT _ 1 by mnltiplying it by a 1
2 

.'. a 1 + a'2 + a3 + &c., 

is a Geom. series having a j for first term, and a 12 for common 

(u I
2)"'-1 a I

2"'-1 
ratio. Then 811 = U j ' 2 1 = a1 '-2--1 

U 1 - U 1 -

216. Squaring each side and transposing, we get 

Xi - 20x3 + 94x2 + 60x + 9 = 0; extracting the square root of 

each side, we have ,x2 
- lOx - 3 = 0 .'. x 2 

- lOx + 25 = 2B; 

x -- 5 = ± 2-./7 .'. x = 5 ± 2-./7 i 
217. Multiplying, we have - 30xi + 46x

3 + 7x2 - 23x + 4 \ 

.'. X(30X3 - 46x2 
- 7x + 23) = 0 

.'. X{30X3 - 30xz - 16xz + 16x - 23x + 23} = 0 

.'. X{30X2(X - 1) - 16.1.'(x - 1) - 23(x - I)} = 0 

.'. x(x - 1)(30x2 
- l6x - 23) = 0 .'. x = O. Also x-I = 0 .'. x:= 1 

Also 30x2 
- l6x = 23, whence x 2 

- }-,,-x + 2'2\ = ~H

.'. x = 1\(4 ± ~";754) 
218. 'Ihe given series is double, i. e. is equal to the.!1 series 

1 + 2 + 3 + 4 + 5 + &c" + the G series 1 - 2 + 4...; 8 + 16 - &c. 

T~h sum of .!1 series as follows :-
4n' 

84", "= {2 + (4n - l)IT = (4n + 1)2n 

4n + 1 
S411+1 =: {2 + (4n + 1 ~ 1)}-2- = (2n + I)(4n + 1) 

, 4n + 2 
S4n+2 = {2. + (4n + 2 - 1)}-2-' := (4n + 3)(2n + 1) 

4n + 3 
S4i1+S = {2 t (1n + 3 -- 1)}~ = 2(n + 1)(4n + 3) 
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Also suru of G serit's as follows ;_ 

( - 2)4" - I . IS'" - 1 1 
84n :: _ 2 _ 1 == ---=-3 :;:: "3(1 - rUn) 

(-2)4"+1_1 1 
84,,+1 = -----3---- = 3{1 - ( - 2)41l+1} 

.1 

-3 3(1- 4~"+l) 

(-2)41>+3_1 1 
8410+3 = ------3-- = 3{I - (- 2)41HS} 

. - of given series S"" = 2n(4n + 1) + HI - IS") 

8411+1 = (2n + 1)(4n + 1) + Hl- (- 2)4?Hll' 

8 4"H = (4n + 3)(2n + 1) + HI - 4211 +1) 

8 4"'H ": 2(11 + 1)(4n + 3) + H 1 - (- 2)4n+:'} 

219. Let x = number in width, and '!I = number in the length; 

then xy = whole number in th\? bunch. Also, since y > 10 uut 

< 20, y = a number of two digits .'. when x is written to the left 

of 'y it must occupy the third or hundreds place .'. 100x + y 

= the number in scale of 10. 

Also since x < 10, it consists of but one digit, therefore when 

written to the left of '!I, the number will be l'epresented by 

lOy + x which .'. = \lumber in scale of 10 

Again in similar rectangles the perimeters are as the cor

responding siiles, and whole perimeter of first bunch = 2(x + y), 
_ x"y 

and of secon,d bunch xy .'. 2(x + y) : xy :: x : 2(x + y) = width 
xy2 

of 2nd bllnch, and 2(x + y) : xy :: y: 2(x +0 '" length of 2nd 

bunch .'. whole number of matches in the second bunch 

x'ly x!l x3'!1 
- x =-
- 2(x + y) 2(x + y) 4(X + y? 

Then from first condition 100x + y :. xy :: a : 2 (I) 

" second" lOy + x ; xy :: a - 10 : 4 (II) 

" third 
xay3 

4(x ,.: y)2 = 4xy (Ill) 



202 KEY TO [MIS, Ex, 219, 220, 

From (II) 20y + 2x : xy :: a - 10 : 2 ,', 20y + 2x + 5y : xy :; a : 2 

,', 20y + 2x + 5xy : xy :: 100x + y : xy 

,', 20y + 2x + 5xy = 100x + y ,', 5xy = 98x - 19y (IV) 

Also from (III) xZyZ = IG(x + y)Z ,', xy = -l(x + y) ,', 5xy = 20(x + y) 

Substituting this in (IV), we have 20x + 2y = 98x - 19y, whence 

2x = y, 

Again substituting this in (III), we have x2y2 = 16(x + y)2, 

that is 4X4 = 16(x + 2x)Z ,', 2xz = 4 x (3x), ,', 2X2 = 12x, or x = 6 

,', Y = 12; and xy =: 6 x 12 = '12 = number of matches in the 

bunch, . 
220, Since the conditions giving the equations (I) and (11) 

remain the same, these equations and ,', also (IV) which is derived 

from them independently of (m), remai,n tbe same, 

,', we have but to solve in positive" integers the equation 

5xy = 98x - 19y, remembering that x < 10, and y> 10 but < 20 
5xy = 98x - 19y 

.. , 5xy + 19y = 98x 

98x 
.. , Y = 5x + 19 

4DOx 1862 
.. , 5y = 5x + 19 = 98 - 5x + 19 

1862 
Now since y is an integer, 5:t + 19 is also an integer. 

And since x is integral, 5x + 19 must equal an integral divisor 

of 1862, and further since x is finite, positive and less than 10, 

5x + 19 will be > 19 but < 69 and will end in 9 or 4 aMording 

as x is even or odd, 

Now the only divisor{)f 1862 fulfilling these cunditlons is 49 
... 5x + 19::: 49 

,'. Y'" 6 
98x 

11 =: 5x + 19 '" 12 

,'. x1j = '12 

"They must be positive from the nature of the problem.. 
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221. Let x =: rate per bour of the express down i Y =: rate per 

hour of accommodation down, and d =: distance from Stratford 

. d d 
to Toronto. Then - hours =: time down bv express, and -x • y 

d 
=: time down by accommodation. Also -; =: cents per mile in 

d d 2 

express fare, and x x d = x '" whole fare by express. 

d d 
x - x =: rate of expressing going up .'. --d- :: hours on road 

going back x -.r. 

But if the fares bad varied as the velocities i then fare' at 

.1: : fare at y :: x : y .'. fare at x - fare at y : fare at x :: x -y : x 

But in tbis' case, fare at x - fare at y =: d' cen ts, and since (.9.re 

d2 

by express to Toronto remains the same, d : -; :: x - y : x (1) 

Also fare at x : fare at (x - :) :: x: x - : .'. fare at 

x - fare at (x - :) ; fare at x ;: : : x 
But fare at x - fare at (x - :) '" x - : cents 

d d 2 d 
.'. x - -; : x :: -; : x (II) 

Using the formulas now found in expressing the remaining 

d 1 (d)2 statements in the problem, we obtain y -= '2 -; (m) 1 

Then from (III) dy =: 2x3 (IV)" 

from (I) x 2 = .d(x - y) =: dx - 2x2
, by (IV) .'. d == 3x (v) 

from (II) x\x2 - d) = dB .'. by (y) X2(X2 - 3x) '" 27x3 

.. X.2 - 3x =: 27x .'. x - 3 =: 2.7 .'. x'" 30 .'. d =: 3x =: 90 miles 

d2 90 x 90 
" distance from Toronto to Stratford; arid x - 30 

270 cents =: $2-70 =: fare from Toronto to Stratford. 



204 KEY TO [Mrs, Ex, 222-224. 

222, x2yX" + 25(x3 + 9/(y:2+ L:5 - i) - 45yx" + 25 -= 5(X2 + 4.5) 

,', (1) XZ,,;xr+ ~5(X2+ 9)(y7+ 25 -1) = 5(xz+ 25 + 9yx" + 25 + 20) 

= 5{(~+25)(yX"+2iJ) + 9y.r;2+25 + 20} 

= 5{(Vx"+:TIi)(VAZS) + 5{J7+ 25 + 4,.jx" + 25 + 20} 

~ 5(v'X"+25 + 5) (VX"+25 ,j- 4) (II) 

__ __ ,', from (1) anu (n) But (yx" +25 + 5) (.-{?+25 - 5) = x 2 
} 

And (vx"+ 25 + 4)(VX"1' 25 - 4) = X Z + 9 

(yx-' + 2~ + 5)(yx"+- 2-S - 5)(yx2 +- 25) (yx" + 25 + 4)(VN25 - 4) 

(~-'!.-G - 1) = 5Nx"+- 25 +- S)(VT+-25 + 4) 

,', ({J;"r25 - 5) (yx'1:+ 25)({x~25- 4)(.yx~4+.T5 - 1) = 5 (m) 

,', (X2 + 25 - 5.yx"+ 25)(X2 + 25 - Syxz+ 25 + 4) = 5 

,', (x2 + 25 .:. 5yx"2-+T5)2 + 4 (XZ + 25 - 5#+25) = 5 

,', (X2 + 25 _ 5#+25)2 + 4(X2 + 25 - yr+ 25)+ 4. ='9 

,', x2 + 25 - 5.yx"+25 = - 5 01' 1 

,', (X2 + 25) - 5'1jx'J:+ 25 + 2l = ~ or 2.49 

__ 5 + y5 5 + .y29 
,', yx"+ 25 = ~ 01' ---2-

,'. x2 + 25 = !C30 ± 10y5) 01' !(54 ± 10y"i"9) .....:...--=----
Whence x = Hy ± 10y5 - 70) or HY ± 10y29 - 46" 

Also yx2 +25 + 5 = 0, whence yT+'L.5 = - 5, or x 2 + 25 = 25 ,',.r:= ,) 

yn25 + 4 = 0, whence yx"+ 25 = - 4, or x2 + 2,5 = 16 ,', x" = - D, 

01' X = ± 3y---::-r 

223, Let x = number of yards dug at $1'25; then 100 ~ x 
= number of yards dug at $0'75 ,', l'25x = 50 = '75(100 ~ x), 

Therefore, we have two independent equations containing only 

one unknown quantity, and any solution obtained from oue 

equation is inconsistent with the other j 'consequently the 

IJroblern is impossible. 

224, Let x = length of one side of rectangle and y = other i 

then xy == area, and 2(x + y) :i: perimeter 'of' the re.ctangle; 

and xy :::: areB. and 4{iY = perimeter of the square, 
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(I) .'. xy = 4m";xy (I), and xy = 2n(x + y) (II). From (I) Vxy 
4m .'. xy = 16m2 (III), substituto this in (II), and we get 16m2 

= 2n(x +y) .·./811~2 = n(x + y) (IV). Squaring (IV), we ha,e 

64m" = n2(x + y)2 i multiplying (III) by 4n2, we have 64mZn2= 4n2xy 

:. by subtraction 64m2(m2 - n2) = n2(x _ y)2 .'. ± 8m'lnT~ 
= n(x - y) (v) 

Add' 4711. --lUg (rv) and (v) and !educing, we get x = n(m ± 'l/ili2 
- n") 

T k · () f ) d d . 41n __ a lUg V rom (Ivan re uOIng, we gct y == n(m + 'l/m" _ n") 

(n) When the perimeters are equal i then taking;; and y as before, 

. (x +y)2 
we have 2(x + y) = perimeter of the square, and --4- = its area i 

(x + y)2 ' 
--4- = 2m(x + y) (I) i xy = 2n(x + y) (n). From (r) x + y 

= 8m (III), substitute this in (II), and xy = 16mn (rv) 

Sqnare (III), subtract 4 times (rv) and then take tbe 

square root, and we have x - y = ± 8,ym2 ~ mn (v) 

.Adding (III) and (v) and reducing, x = 4(m ± ,y1/~2 -' mn) 

Subtracting (v) from (III) arid reducing, 1/ = 4(m + 'l/m" - mn) 

225. Let x = age of younger at first trial, and y = age of elder. 

Let r = ratio of throw to age at first trial, and 1', = ratio of gain 

of one to age of the other at second throw.'. first throw of 

younger = rx, and first throw of elder = 1'y i gain of younger 

= r,(Y + ]) i gain of elder = r,(x + 1) isecond throw of younger 

= rx + 1',(Y + 1) i second throw of e1der = ry + r,(x + 1). 

. 2(x+l)(y+l) 
Also H. mean of their ages at latter trial = --;-;j:' y + 2- ; 

rex + y) 
./1.. mean of first throws = --2-' and A. mean of 2nd throws 

rex + y) + r,(x + y + 2) ... '" f r,(x + y + 2) = 2 . ·.'l!llllerence 0 A. means = 2 

Longest throw = /lecond throw of the elder = ry + r,(x + 1) i 

nlue of ratios compounded of ratio of throw to age and gain 



206 KEY TO [Mrs. Ex. 225. 

to age of other = TT,; value of ratio f5rmed by multiplying 

antecedent of this eompound ratio by ! product of ages at 

second trial = in',(x + l)(y + 1); value of the ratio of which 

this is the duplicate = ~";r1",(X + l)(y + 1); value of thC:l ratio 

compounded of to.e ratio of throw to age of one with gain of one 

T 
to age of other = r _ , 

Then using the values thus expressed instating the problem, 

we have the four equations;-

ry - 1'X = 24; or 1"(Y - x) = 24 (r) 

{ry + 1",(x + I)} - {rx + r,(Y + I)} = 25; or (r - T,)(Y - x) = 22 (11) 

'"Y + T,(X + 1) 2(x + l)(y + 1) 
-;:,(x + Y + 2) x + Y + 2 ; or ,. = 1',(x + 1) (n:) 

2 
T 

~V1T,(X + l)(y + 1) = r; or (x + 1)(y +' 1)1"/ =4r (rv) , 
Then (r) - (rr) gives r,(Y - x) = 2 (v); substituting (III) in (II) 

T,X(Y - x) = 22 (vr); dividing (rv) by (v), we have x = 11 

= age of younger at first throw (VII). Substituting (VII) in (m) 

l' = 12r" and in (v) 1",(Y - 11) = 2; also substituting (III) in (rv) 

and reducing, r,2(y + 1) = 4 (VIII). But j',(Y - 11) = 2 

.'. T,2(y - 11) = 2T,; subtracting this from (VIII), we have 

12T," = 4 - 21", .'. 6r,~ + 1", = 2 .'. r,2 + iT, + r.h = k + Th: = -fli 
.'. r, = ± 17<[ - h = ~. But r = 12r, .". r = 6, and since 

r,(Y - 11) = 2; iCy - 11) ::: 2 .'. Y - 11 = 4, or y = 15 = age of 

elder .". throws at first trial = 11 x 6 = 66, and 15 x 6 = 90; and 

throws at second trial = 66 + H15 + 1) ;;; '14, Itud 90 + l(11 + 1) 

=- 96 

THE IND. 
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