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PREFACE.

.

TrE following pages contain solutions to all, or nearly
all the problems and’ exercises given in the Author’s
Elements of Algebra. In many cases, two or more solutions
of the same problem are offered, so as to afford the student
additional illustrations of the best and neatest modes of
working ; and of the application of artifices employed by the
experienced algebraist in order to obtain a required result.
On this account, also nearly every operation has been
given at full length. '

The Author hopes that the Ky will prove serviceable
to the many who are privately prosecuting the study of
Algebra, or endeavouring, without the aid of a living
teacher, to prepare themselves for entrance into our Univer-
gities; and that it may likewise be of advantage to those
teachers whose school duties are so many and varied as to-
render them unable to devote to the subject that time and
study which long and intricate algebraic. solutions in

general require. - , .
r

ToronTo, October, 1864..
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KEY

TO

ELEMENTS OF ALGEBRA.

Exzrcise IV,

1.18-1=1-1=0

2.3 -3x3=27-9=18
3.1x2+3x4=2+12=14

4. =12x2°-(8-1)=1%x4-2=4=2=93

5. 2+ 3F4=49=3

6. 0--m=0
7.6x(1~3)=6x(9-1)=6x8=48

8. (22x 42-3x 0)¥ = (4x 16)F = (Y62)2 = 42= 16

9. (I+2)x (4-0)2=3x47=3x 16 =48

10, 41 (4=3) =4 (1-1)7 = 4x07=4x0=0
11. bed =2x3 x4 =24

12, (42— 2 x3)2(85—2x3x4)*= (16 - 6)% (27 - 24)}

= 10%x 3% = 2700

p, LF1_2 0wl 2+l 3 8 6
1¥1” 2 RPN R 5 G R B ’

&e.

14, 14x1-(3x2+3)=14~9=5; 42-2(2+3)= 16~ 10

=6,a0d 5< 6 .




6 KEY TO [Ex. 1V.

15. Bach = 0 *.* m, one factor of each, is equal 0
16. /I x4x271-4(2+4)3=4/108 -4 x6x3=4/36=6"
Y@ +3)x(16+9) =45 x 25=4/125=5,and 6 > 5

4x27-2x4 108-8 100 ~
Lxax ====10, and 2x (2 +3)+0

1+2+3+4 10 10
=2x5=10 .
1x9+0-(4-3)? 9 —1? § 8

1'~{‘/2(16+9)+2(3+4)—%’2x25+2x7—{’/‘62«4 ;
and {4x3 - (4+3+2+1)}=12-10=2 '
19. (2-2)(3+8-3)+{2+(12-6)}-4(6-6)-{18-(9+1)}
+{8—-(3+4)x1}2; =0x8+(2+6)~4x0~(18-10)+(8-T)x2;
=0+8-0-8+1x2=1x2=2 .

20. (9-1)(4-0)+0+3{1+3(4-3)}= 8x4+0+3(1+3)
=32+3x4=32+12=44.

2l A -2+ B+ HP+{E3 +0)-(z—1)}3-{(04-4)+(4-3)}2
=(-1+7)%+ (3 -1)0°~(4+1)%; =62+ 28~ 567=36+8--25=19
22. V(1+8)x4+$/9x(1+2)+{2(4+6)2+(28 12)}‘}—(24+1)%\
= WIX &+ U0 X3+ (2 x 105+ 16)% — (25)% = 4/T6 + 437 + ¥216
- (Y25)*=4+3+6-5'=13-125=~112

7x«/0+3«/4 (8+12) 36— 28+{64x(1+3)}”

24-16
yx6+07 {(2 1) +1}{4~(2+0)} -¥
0+6-20 36-28+4/256 __ 14 24
210 T %2 -VS——7+Z—2——7+6~2=—3

24. {1;{2(1-!-2)}—%{6(3+1)}+{5~{(3—2)(2+3)}+!,~{(4 +3)
(1+6-6+4)F=§(2x3) =4 (6x4) +F (1xD5)+] (7 x 25)_
=2-6+1+25=22 -

3(1+2-3Y+11{(3+6)(2-2+ D} {(1+12)%-(27+10)~(3+4)}F

B (CE RV CEE E S 0+ y36-1
(4+12-8)(4+3) 3x03+11(9x2) (169—37—7)§ 8x1

T(4+4) =(11—2)(11-o)+ 6-1  tixs
_1lx18  (iz8)" 52 '

= oxiTtE +%-z+—5-+1~z+5+1—8



Ex. IX, XIL.] ALGEBRA. 7

Exsroise IX.

-a+m=c+6+5-~m-~a—e+c4+3~-5c-m=1d~m—bc—e¢
.@=b-c-btcta~ct+bta-—a-b-—c=2%2a~-23>-2"
S B3 ~4-By+tr-50+4+6y-3a+4—G=x—~5a—2
A= D) === (—{-(m) |}
=6+(-{-(m)}):6—{—(/n)}=6+(m)=6+m

5. 2(1.—3c+4d—5d+(m+3a)+5a—(—4—-d)—3a+(4/t-5[—4)
=20 -3¢+ 41~ 5d+m+3a+5a+4+d—3a+4a—.ul—4
=lla—3c—5d+m A

"6 m?—cftafdm? - 202+ 208 = m¥ - 5P + % 4 ¢t = % + 3m?
8 =2a2~m?- 2

. 14+1-14+14+1-1=2

8. 02+ 22— a?+ a?+ 22% - 2mP+ M2+ 0%+ 22+ m2 + 302+ 32 + 3m?
= 5a% + Tz + 22% + 3m2.

9. a%be + 3¢%+ 3a%c —m = ¢ + 40%c + ¢ - 32~ m = 8aZbc~2m

10. 3a~2a-1+a-2+a+1-a-2¢+2+a+l=a+1

1l.—a-b-cta-c-c+a+2a -3 ~2~3b-a-b-c-a
=g —8b-6¢.

12. am—c-T+5-am+c+ 30+ 5am=4um=G+c=9=3c-4a
=-a-5am - 2¢ - 117,

W D

Exercise XIIT,

1. 3ah¢-—3x+3y+5ax+15ay+2am-2my+4az+4z-
=5am+x + 3y +9ax+ 15ay—-2my = 5am+x+9az+3y+l5ay 2my
= bam + (1 + 9a)z + (3 + 15a ~ 2m)y

2. am —mx +my + 3mx + 3ax + 4a - 4y + 3ay + 3xy=am+ Amx
+my + 3ax + 4a — 4y + 3ay + 3xv = 4a + am + 2mx + 3ax + 3zxy
—4y+ my+3ay=(4+mia+ (2m+3a)r+ (Br—4+m+3a)y

3. Ta 3 76~ Tc = 5b~ 5z + 5bc - 3m + 3a + 3¢
= 10a + 2b — 4¢ - 6z — 8bc — 3m = 10a - 5x = 5b¢ + 20 - 4¢ - 3m
=5 @e-z-be)+2 (P~20)-3m

Id



8 KEY TO (Ex. XII, XVIIL.

4. az + mz - 3amzy - 3cxy + 2ay?- 2emy’+ ax + a.yz'+ cxy + azy
- by ~ fy?
= 9az + mx — 3amzy — 2cxy + 3ay® ~ 2emy? + axy — by ~ fy*
= 20x + ma - 3amay — 2cxy + azy + 3ay? — 2emy® - by? ~ fif
= (2¢ +m) z — (Bam + 2¢ — a) zy + (3a ~ 2cm — b - f) y*

5. 30y - 3by + 3cy — 2mz + ¢x — 3amz — 3amy + 3amz — (3amzx -
+ 3amy + 3amz + 2cz + 2¢z + acy — acz) = 3ay + 3by + 3cy — 2mx
+ ¢z — 3umz — 3amy + 3amz - 3amx - 3amy — 3amz — 2¢r — 2cz
- acy + acz
= 3ay — 3by + 3¢y — 2mx + cx — 6amz - Gamy ~ 2cz — acy + acz
= 3ay — 3by + 3cy — 6amy - acy - 2mx + cx — 6amz — 2¢2 + acz
=(3u~-3b+3c—~6am=~ac)y—(2m—c+6am) x—(2—a)cz

6. llamy + 11bmy - 3axy + 3bxy - 3cxy — (2¢cp + 2aczy —~ 3cm
+ 6cxy - 3cy® — 3oy — 3ac)
= llamy + 11bmy ~ 3axy + 3bxy — 3cxy ~ 2acp - 2dacxy + 3cm
- 6cxy + 3ey® + 3ay + 3ac
= llamy + 11biny + 3cy® + 3oy ~ 3azxy + 3bry - 2acxy — Ycxy
- 2acp + 3cm + 3ac
={ll (@ +bd)m+3 (cy + a)}y - {3(a - b) + (2a + 9)c} xy
+3(m+a)c-2acp

Exercise XVIII.

1 {(a=b) +c}{(a-b)—c}=(a~b)2=c?= &e.
fe-@G-at+ (b-c)}=a~(b-c)?= &e.
at (G +offa~-(d+eo)=a?-(+c)= &e.
2. {4+ (3a-20)}{4 - (3a - 2¢)} = 16 — (3a ~ 2¢)? = &e.
12¢ = (= - 3mH)}{2a + (2 - 3m?)} = 40% — (z - 3m?2)? = &e,
22y + (20 = 3y)}{2xy ~ (2a - 3y)} = 42%% - (2¢ - 3y)?2 = &e.
3. {(2a - 3c) + (2x ~ 3y)} {(2a - 3¢) ~ 2z -3y} = (2a -~ 3¢)?
- (2z - 3y)? = &e.
[(2+ 3d)+ (3¢ + dm)}{(a + 3d) - (2 + 4m)} = (a + 3d)2~ (2¢ + 4m)?
- &e.



ExX. XVII, XIX.] ALGEBRA. 9

4 {(3a—m?) ~ (2 ~ 2P} {32 - M) + (2 = Y} = (3z — mA)?
~ (2 -zy)%= &c.

{(2a* = 327 + (L + yH}{(20% - 32%) - (1 + y»)} = (2a? — 327)2
- (1 +y%)?%= &e.

5. (5ab + 6a% ~ 60%) - (4a® - 1Gab + 16b%) — 4(9 — a%) — 4(4a?
- 4ab + b%) = Bab + 6u* — 662 - 4a? + 16ad — 1602 ~ 36 + 4a? - 13a*
+ 16ab — 4b% = &e.

6. (24azy ~ 16a% - 9z%7) + 3(4a2+ dazy + z%%) = 1(z%y? ~ 9a2)
+4(40® - 12axy + 92%%) = 24azy — 164 — 977>+ 1242 + 12azy
-+ 32%? — Tz%y? + 63a% + 16a? — 48uxy + 362%° = &e.-

7. (1 =281 +2%9)(1 + z%) + &c. to 7 terms = (1 — z4)(1 + 2%)
(1 +2%) + &e. to 6 terms = (1 - 23) (1 + 25)(1 + 226) + &e. to &
terms = (1 - z16)(1 + 2'8)(1 + z¥) + &e. to 4 terms - (1 - z%2)
I+ %) (1 +264) = (1~ 54)(L + z64) = 1 ~ 28

8. Product of first two terms = a% — z%?; of first three terms
Dot x*y*; of first four terms = a® - x8y?, and so on.

Now the icdex of each term in the product of the first two
factors = 2 = 21 = 22-1

Index of each term in the product of the first three factors
= 4 = 32_ )3 1

Index of each term in the product of the first fou'r factors
=8=2%=24"1 and so on

Therefore the index of each term in the product of n such
factors = 2% -1 .-, (¢ - zy)(a + zy)(a® + 2%%) .... to n terms

n-1 -
A

Exgrose XIX.
A
4. (@ +)(a® - b®) = &e.
5. -(as)s - (xa)s‘= (aa - xsxae + as.;x + xﬁ) = &c.
T. (4% + m?2%) (a? ~ m?%?) = &e,



10 KEY TO {Ex. x1¥,

8. (2a)° + 25 = (2a + 2){(20)* - (20)% + (20)%7 - 202° + 74
= &e.

9. 3%— (20)%= {32+ (20)%}{32~ (2¢)% = (9 + 4cB)(3+ 2¢)(3 - 20)

10. (83m)® = (2¢)% = (3m— 2c){(3m)* + (3m)*(2¢) + (3m)*(2c)?
+ (3m)(2¢)*+ (2e)4 = &e.

11, (@) + (z7)% = (a7 + 27) (M — a”z7 + z14) = &e.

12. (a%)® + (m%)° = (at+ mt)(al® - atlmt+ a¥m? — a*ml®+ m10)

13, (c®)3 + (28)% = &c.

14. (2'0)% + (m10)8 = (z10 4+ m10) (220 — 2 Om10 4 ;20) = &

15. (0% + ¢2)(a™ + ¢12) (ab + ¢O)(a® + 3)(a’ ~ ¢¥)
= (@) 4 (DY) + (AP + (@ + (@ - ) = ko,

16. (a®)® + (n*2)3 = &e.

17. (@84 + ¢54)(a?7 + c27)(a?7 ~ ¢%7) = {(al®)® + (c'#)3)
{(@0) + ()9 ~ (¢?)®} = (a'® + ¢18)(aPS — alsclt 4 ¢36)
(@ + %) (a'® ~ a%? + ¢18) (a® — %) (a'® + %P + ¢'%)
= (@) + (@ + (@) - ()0 - arsct® 4 oo5)
(218 ~ a%"® + ¢'8)(a'® + a%? 4 ¢18) = (ab + ¢BY(u? ~ abeh + c12)
(@ + (a8 — %3 + ¢O)(a® — ®)(ab + a*c® + ¢B)(a%6 — 418,18
+ ¢36)(al® — a%2 + ¢18)(a'® + a%? + &) = {(a?)® + IGS
(& + % (a° = &) (36 — @18c18 4 £36) (gls _ g9g9 4 1)
(2!8 + a%?® + c18)(a'® ~ abeb + (M%) (ab — o83 4. ¢5)(aS + g3
+ ¢%) = &e.

18. (m48)® + (c%)8 = (m4S + ¢8) (m96 — paseds o c96)
= {(n16)F + (c16)F(mI6 — meBett 4 096) = g,

19. (@7 + (m?)7 = &ec.

20. (a®TmPT)P— (p?7)%= (a®Tm?7 — pilY(aS4imSt & a27TpaTpe
+pit)={(@'m®)3~ (POP}(asmb* +a%Tm? Tp2Tpsay = (a®m? —pg)
(a'®m1® + a9m®p? + p1e)(asmb+ 4 a?im?ipey +pie) = ((a¥mdy?

_(I)S)\?}(d] gm18 +a9mgp9 +p1 3)(a5 4m5 4 +a2 7m2 7p27 +p,; 4) = &



Ex. xx.] ALGEBRA. 11

Exercise XX.

lLla-z+zr-a-~a+a+a-crta-2—~a=qa-22

2. 3(0% = 2%) - 2(a®~ dax + 42%) - (1203 - 9% ~ 42%) - 4(92? - a?)
= 3u* - 3z% - 2¢% + 8ax - 8z — 120z + 9a%+ 42% — 362? + 4a?
140% — 4322 - 4azx ’

u

€Y C)
o™+ xP e at+z)a®~zt(a"l-a®"%r4a-3a%- fo,
as—a™-P a+at-lx
aetMyge gP+e —a"lz-g"
—g g P gt P TS DY S P
ac+m+anzp+q_a'm$m-p_xm+q a’l’b—zmz_zﬂ
) ’ a2l gn 88
1-1)1 (1+1+1+1, &e. =at8d — 2™, &e.
1-1
¥ 1
1-1
T
1-1

1, &e.
8. (a® +29) (a® =29) = {(*)’+ (+H}{(#)° - (&%)} = (& + 2%
(¢ — 2%) (ab ~ a® 2% + 26)(ab + a® 2® + x6) = &e.
9. z* m? (at 2% - 40% xp + 4p?) = m? 2? (a? x ~ 2p)2
1o, ¥3(573) 4o - {EB+4-1)"+ 6}~ [12(3+4) +
12-0 ' 0444 (12+1)-3-(2+3+1)
Y36 _{(14-12+6}~(84+1) ¢ (169+6)-85

12 V52, 3-6 1 Y19 -6

27 7-6 " 32 )
an
F42+3+2+1 1+2+3+4.
1-241 1-2-3
T+2+8+2+1 . T+2+3+4

~-2-4-6-4-2 ~-2-4-6-8



12 '~ EEY 70 [Ex. xx,

1+2+3+24+1 ~3-6-9~-12

1+404+0~-24+0+0+1 1+0-4-8-17-12

264025 +0z%— 2234022+ 02+ 1 @b +0a%b - 4037 8a%°- 1Tab- 12b°

=xf 228+ 1 = ab — 4a%% - 8a?h®— 1Yabt~ 12b°
(12)

2t + 028 — (@2 - b +¢)a?+ (ab +ac) x = be + 2 + ar - ¢
111 +0 = (a?=b+c) + (ab + ac) - be

—a| —a+ @ —ab
+c + ¢ ' - ac + be
l—a+ b =z2—azx+b.

13, (@84 - mS%) = (a¥ + m¥) (¥ - m??) = (a%+ m¥)(al6 4+ m1 6\
(a'6 - m16) = &e. o
14. (a4 %) x dthfactor = %+ ¢*; (a-c) x b factor = ¢l — 1
and (@ + ¢) x last factor = a'' + 11, Hence required value
= (an - cu)(au + Cuxazz + 622) = (azz_ 622)(,122_,_ C22) = g4 — 44
15, a+b=0anda=4%...0=-%;a+bdb+c=0,anda+b=0
ce=0; - (=D =l (- D} GED=dxi=]
16. a® ~ b% — 3a?b + Bab?+ 3u’b + 3abi+ a®+ b8 = 24° + Gab?
= 2a (a® + 3b%) ’
17. 3 (a —m)? =2 (40? - 9m?) — (10m? + 6am) + T (a® — m?)
+ (10am - 4m?) =.3a* — 6am + 3m?~ Ba®+ 18m% - 10m?%~ 6am
4 a?~ Tm? + 10am ~ 4m? = 26* - 2em = 2¢ (@ — m)
18. =mf(m — 2a)(m — 28) + (m = 20) (n - 2¢) + (m - 2¢)(m - 2a)}
m{lb—a+e)(a-b+e)+(a=bt+e)(atb-c)+(a+b-c)(b~a+c)}
mic? = (b —a? +a?— (b — ¢+ b2 = (a -¢)}
m(c? - b? + 2ab = a® + 2 = B% + 2bc — ¢% + b% g a? + 2ac - ¢?)
m(2ab + 20c + 2bc - a? - b% — ¢%)
m(2ab + 2ac + 2bc — a? — b% — ¢? ~ 4ab + 4ab)
m(2ac - 2ab + 2bc — o — b? — % + 4ab)
m{(c —a~b)(a+b-c)+4ab}=mi(c-a~b)(a+b+c—2c) + 4ab}
m{(c—a—b)(m = 2¢) +dab} =mim(c—a-b) - 2c(c—a~b) + 4ab}
= Babe + m?(c — g ~ b) + 4abm — 2em(c — @ - b) = 8abe

H

I



Ex. XX, ¥XIL.] ALGEBRA. 18

= 8abc + m2(m — 2 — 2b) + 4abm — 2em(m - Za - 2b) — 8abc

= 8abc + m(in? — 2am — 2bm + 4ab) — 2¢(m? - 2am ~ 2bm + 4ab)
= 8abc + (m — 2c)(m? — 2am — 2bm + 4ab)

= 8abc + (m = 2¢) (m = 2b) (m - 2a)

Exercise XXI.

. 3b x 6ab?m, and 4am? x 6ab’m.
. 3a%m? x Ta?% 3a*m? x 6am, and 3a®m? x 5m?.
. azy(8ax + 1Tm — 3amiz), and xy(b + 3a - 14a%z).

4. (2% - ma?) + (2z — 2mz), and (2% + 4r + 4) + (ez + 20);
that is of 22(1 —m) + 2z(L ~m); and (z +2)2+a(z+2); thatis
of (224 22)(1 —m), and (x + 2)(x + 2 + @) ; that is of z(z + 2)
(1 -m), and (x + 2)(z + 2 + a).

5. That is of 3a%(e - z)(a + z), and 4a%r%(a — z)%;

6. That is of 3m3(a®—m?) (e + m); 4m®(a®~ m*)?, and 4m?(a®~m?)
(e -m); that is of 3m® (¢% — m?)(a? + am + m?%); 4m® (a% - m?)¥
and 4m? (a® - m?)(a - m)

7. That is of (x — T)(x +3); (z - T)(x-5),and (z - T)(x+12)

8. That is of a®(x — 1)? and a?(x - 1)(z - 2)

9. Thatisof (z+ 4)(x ~1); (z-1)% and (z~1)(z+1)

W Y e

Exeroise XXII.

O )
2%al ~6)2?=52 = 14(1 22% 122% 21z = 10)a%— 825 212%- 20z +4
2Pz~ 6 2 v
—4r-8 2zt~ 162% + 422% — 40z + 8(x — 2
4 _ 3 2
— iz +2) 204~ 120° + 212 - 10z
2 } —~ 42%+212%—-30x 1+ 8
r+2)ri~z-6(x-3 — 4284 242% — 422 + 20
x% + 2z 7
—_— - 3z%+4 12x - 12
—3z-6 _ ~3(2%= 4z +4)

-3zx-6 b




14 EEY TO “{kx, xx1t.
&2 =4z + 4)2z% - 1222 4 21z = 102z - ¢
228 - 82% 4 8z
— 4%+ 13z - 10
~ 4224 16z - 16
—~38r+6
-3(z - 2)
X =2)7%~ 42+ 4(2 ~ 2
22~ 2z
-2z +4
—2z+4
3. (&* - az) - (e - z), and (a® ~ o) - (8a - 3x)
a(a - 2) -~ 1(a - z), and a?(a - z) ~ 3(a - x)
(@-"7(a~=z), and (a* - 3)(a-x)
4 z(2*+ 2 - 12), and 2%(z + 4 +5(z+4)
z(zx +4)(z - 3), and’ (2 +5)(x+4).
5. a®~ ab - 2b%)a% ~ 3ap + 2b2(1
&% — b — 2%
— 2ab + 4p%
- 2b(a - 2b)
@~ 2b)o? - ab - 26%(a + b
a? - 2ab
ab - 242
“ab - 2b2

6. a% ~B5ab + 45%)a® - 02 + 3ah? — 3%(a + 4b
a® — 547 4 40b%
4a?h - g% — 3b°% -
407 - 20ab? + 1658
i 19ab® - 1953
198%(a - b)
@« b)a? — 5ab + 45%(a — 4p
a® - ab _
T —dab ¥ apt
. = 4ab + 4b?
—
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7. Rejecting the factor 2 from the first quantity %4x2 98
1524 - 9z 4722— 312 + 28)6026— 3625+ 4824 — 4525+ 4227 45z + 12
60z5 ~ 36x5 + 188z% — 84a® + 11222
— 140x* + 392% — 70 x* - 45z + 12
3 .
-~ 420z% + 11723 — 21022 — 135z + 36

— 420zx* + 2522% — 131622 + 588z — T84
— 1352% + 11062% - 7123z + 820
13523 - 110622 + 723z — 820) 15z% — 92° + 472% — 21¢ + 28(x + 205
9
135z% — 81x® + 42322 ~ 189z + 252
13524 — 11062° + 723822 - 820z
102523 ~ 300x% + 631z + 252
27
276752% — 8100<> + 17037z + 6804

276"5x% ~ 22673022 + 1482152 — 168100
218630x% — 131178x + 174904

43726(52% ~ 3z + 4)
52% = 3z + 4)1352° — 11062 + 723z — 820(27x ~ 205

1352° — 8la?+ 108z
— 1025x% + 615z — 820

— 102522 + 615z ~ 820
8. That is of 2b(3a® - 3a% — 3® + ay?), and 3b(4a’ + y* = Bay)
That is of 25{(3°— 3a%) + (ay?— y*)}, and 3b{(4a?~ day) - (ay ~ )
2b{3a%(a - y) + y%(a — y)}, and 3b{4a(a - y) ~ y(a - P}

L3

2b(a = y)(8a® + 1%, and 3b(a - y)(4e - 1) ;
~ Otherwise,
40® - 5ay + y%) 30® - 3a%y + oy’ — °
4

12a® ~ 12a%y + 4ay® — 4y® (3a + 3y

124® — 154% + 3ay?

T 3a%y + ay?— 4y

] N - 4 .
iZazy + duy® —~ 1698
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12a%y — 15ay? + 3y®
19a7* — 19%°
1992 (@ - y)
a - y) 4% — bay + y> (4a - ¥
4a? - 4ay
—ay +y*’

k]

“G CM=b@-y
—ay+y’
9. a%+ 120 - 28) a®+ 90?4+ 27a -~ 98 (¢~ 3
a®+ 12a% — 28a
— 3a* + bba ~ 98
- 30? - 36a + 84
9la — 182
9l (a-2)
a=2) a®+ 120 - 28(a + 14 i
a’-2¢
TT140-28
14a - 28
10. 8b% (a® - 3a%b + 3ab* - b%), and 124 (¢* = 2ad + b7
That is of 8b% (a = b)%, and 124® (a — b)?
11. Rejecting the factor 2 from the first quantity and mul-

tiplying the second by 3 242
306+ 100 6a’~ 24a%+ 11a + 6)3ab+ 12a°— 9a%- 4863+ 33a%+ 362 - 27
3ab 4 10a8 — 6a* ~ 240° + 11a2 + 8a
2a® — 3a% — 240% 4 220* + 30a - 27
3
6a® — 9a* - 72a%+ 66a%+ 90a - 81
6ab + 20a% ~ 120% —~ 48a%+ 22a + 12
_ — 29u* — 60a® + 114a% 4 68 — 93
29¢A+ 6003 114a%- 680+ 938)3a%+ 10a%= 6a”~ 240% + L1a + 8(3a + 110
29 ‘
87a% + 290a% — 174a® — 626a% + 319¢ + 174
8%7a5 + 180a% — 3424 — 20442 + 279a '
110a% + 16845 — 49202 + 40a + 174 %29 =
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3190a* + 48720° — 14268a% + 1160a + 5043
3190at + 66004° — 1254002 — 7480a + 10230
T = 1728¢%~ 172807+ 8640z~ 5184
- 1728 (@*+ 02’ -52+3)
a® + a? - Ba + 3) 29a* + 604 - 114a% - 68a + 93 (29a + 31
29a* + 29¢% — 145a% + 87Tu
31a% + 31a® — 155a + 93
31la® + 31a? ~ 155a + 93

- 12. Rejecting the factor 2 from the first, and 3¢ from the second
~ a%h — 8ab? + 6b°) a* — 3a®h — 8a®h® + 18ab® — 8b% (¢ — 2b
a* — a% — 8a%h% + 6ab®

~ 20% + 12ab® - 8b%

— 2a% 4 2a%b% + 16ab® — 12b*

~ 20*% — 4ab®+ 4b%

— 2b% (a® + 2uab - 2b%)

a? + 2ab — 3b%) o® — 4% — Sab? + 6b® (a - 3b
a® + 20%b ~ 2al?
— 3a% — 6ab?+ 6b°

@— a2b ~-6ab? 4 608
¢

Exmroise XXIII,

. 4% =3 x a?b%ay? = — 12a%%x%y?

. 4 x 3 x a?x%y%? = 12022722

CE@-PE -y () (@ - P = (3P -2y —ay + )
@+ oy +y?) (et - yt) = 26 bty oty - 2yt — oy - b
. 281~ x2)%; (@ - 1)(z+ 1), and 4z(1 + z) that is 2%(1 - )?;
(1 =z)(1 +z),and 4z(l + z) = 4x%(1 - z)? (1 + @) = 4x% — 4a*
" -4 42t .

Or i W R e

B



1b KEY TO [EX. TXII, XXIV.

6. ab - b6 gontains of — b% and a®+ b® as factors; .. L. ¢ m
= 36 (a - b) (a° = b6) =36 (a” — a% —abb +b7) = 36a7 — 36aCb
- 360b6 + 3607 :
7.4 (x-3); (x~3)(x~Tjandz (z-17)
ool com. =z (2% - 10z + 21) = 2% = 10a% + 21
8, (a® - z%), and (¢* - az) - (@ — )
ad-z% anda (a—x) — (@—7) |
a®~ 23 and (a—z) (e~1)
clem=(a-a%) (u-1)=a*-a®*-azd+2®
9 G. C. M. of two given quantities is a® — Ta + 12
@ — 9a® + 26a — 24 _ |
—@-niriz 4T?
(4% = 84 + 192 - 12) (@ — 2) = a* — 1068 + 35a% - 60a + 24
10. 3(a - b)(a®+ ab + b%); 4 (a - b)?; 5(a—Db)(a+ b)(a?+ b%)
6(u — b)?, and {(a— b)(a + B)P
Or of 3(a — b)(a?+ ab + b%); 4(a ~ b)?; 5(a=Dd)(a+b)(a®+b%);
G(a - b)% and (a +b)*(a - b)® .
colemi=3x4x5 (a=-0b) (a+b)® (B4 ab + b7 (o + BY)
= 60(al® + atb — a®h? - 2a70% - 2a56% + 2a%b% + 26%7 + u?b® - ab?
- bio) -

Expreise XXIV.

1 aa—-b) 5 m(2e + mz - m?%)

Tz ty) * 7 m(3a% + m)
; +o) . @b(1+b+m)

Cn(l +a) T+ b+ m)

abc? axty?
b, b(a + ¢) 6. z(@%zm + ay + <7y720)
. Tx%y*(3-5z) a—m
e G
m)

g (@ED(@=abiby o (a-b)a-b)

(a. + b)(d - b) (a, - b)(ﬂ'l + ab + bz) \
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(a + b)(a® - ab + b%) (a? - m?)(a* + a®in? + m*)
1. (@ —08)(4® + ab + b%) 12. A=
(a?—m?) (a®+ m?) 7(x? -3z + 5)
13. _0-3(03 —E")_— 14. Ei - m
(z-T(rx-4) 2z + 3)(2z +3).
B @GThHE e 18 G (z-9
a*(x + 2y + 33 (a? - ab + b%)(a - b)
1. ot < 3zy - 595 18. (@b T o+ ab 1 55
(a® - m?*) (a* + m?) ‘ (a* — m?)(a* + m?)
19. at(a —m) — m*(a ~m) = (@ -m¥)(a -m)
(ac + be) + (ad + bd) c(a+b) +d(a+b)

20'.(am +bm) + (2ap + 26p) _ m(a+ by + 2p(a+b)
(¢+d)(a+Dd) (z + a)(z +b)

T (m+2p)(a+b) 2L (x +e)(x+b)
'(.7: -1)(22%+ 3z - 5) e (@t m)y(a*+ 2am + m? — 2%
2 T D Ga -5y B T (@ - m@ myP - 2D

(@ + m)(¢? + 2am + m? - %)
(@® + 2am + m® — 22) (2? - ¢® + 2am - m?)
N (at +z%) (a® - atxt + %)
‘ 24. (@* + 7%) (a'® — a'%z% + a®2® —afz'? + 216)

Exercise XXV.

d+af+ta-—a?-a-14+2 a¥+1

t a-1 T oa-1
3 Baz + 9a - yz - 3y — (3¢*~30) 3az +9a~xy -3y —3a®+ 30
. z+3 - z+3
4 3ax - 3ay + zy — y% - 20 - xyY _ Buz - Bay - 2a — 32
T~y r=y
5 3¢%z + 3az® - ay? - 292 + am + mx - 3ax? - Y’
’ a+zx :

3@Zz—ay2; 2zy? + am + mx
- a4z T

n
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ryz + 2mxy + m2? + 2Pz + zyz — 2°m - 2miz  2xyz + 2mzy
6. = —

2+ 2m T
_ 2xy(z +m) (a+b)3—(a_—_bl"
T z42m : a+b
a4 30 + 3ubP+bi = (P=Bab 4 3ab7- b)) 6a%b+ 200 2b(30P+1Y)
- a+b T oa+b T atbd
a?+mi-a?+m?: 2P a*+x?-ad?+20x -2 2ax
aZ+m?  demd 9. ad+ 53 “Wrz

v

Exercisg XXV1.,

2z3
2.a-x)d+zt(a+x+
a? — ax a~x
az + x?
ax — z%
2zt

v+t
3. 24y S+ eyt 2t eyt (WYl may by - e
x4 xy
zy+y*
zy +y*
T Aoyt
8 + z%y
—Zhy -yt
- %y — xy?
ay -yt
Y% + 8
=
4, m - p) 5m® - 5p® + 3 (5m? + 5mp + 5p? + m—i—;
&5m8 — bm?p
T btmip-5p8+43
5m?p ~ 5mp?
5mp? ~ 5p8 + 3
bmp* — bp°
I 5
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a—-l- 1

5. ab - b)a‘b ab-a+1 G- p— Ty SO~
a%h — ab ( b(a-1) b
T —a+1 ,

da+1

6.m+b)m+ab+5am(1+5a-_(_n_2

m+b m
bam + ab - b
\ Bam + 5ab

-dab-b
e

Exsrcise XXVIIL

2(x+y)3x 2(4z+ y) (z—-y) 2z -3y) -
2($2 - yz) 7 z(xz ?/') ) Z(Iz — yz)
e 4r r*+1 3z + 2 3Ba(x?-1) 4x(z®-
1’ 37 -1 30 T3 T 3oty a(et -1y
3(2%+ 1) 3z + 2) (22-1)
3(zf -1y 3(z*=1)
6a%(a —b) 2a a-b
9. 6a?(a® - b2y 6ad(a® - b%)’ and 6a%(a? - %)

y &c.

Exercise XXVIII.

4am + 3m - 2bc y(z+3)z+2(@-b)
obm 2. 7z + 3)
(@—0)2=(n+D)* —4ab 4ab
Y CE TR g
315z — 18z + 35z + 63x?
63
Sty (@+y)i-azy (z+y) P+t 2oyt B —-aly -2
E+yP } @+

c@a-H+ad-c)-db(a~-c) 0

abe ¥ = abe

=0.
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m(m=p)—p(mtp) md—mp=mp-p
m+p)(m-p) (m+p)m—p)’
3(%-1) 4(1-5a)~T7(2a+1) 12a-14 14-12a
4u? -1 = 21 T 1—4d

&c.

9. Multiplying both num. and den. of 1st fract. by — 1 in
order to change the signs of the den. we get
2(z-16)+(z+2)(2x+3) - (2 - 3z)(2 — x)

& — z%
2= 16z 4 (207 + T+ 6) — (4 - #+3a®)

4 - x*

z+y z+y x+y T~Y z+y -y a:+v'y—-x+y»_
10. ——-+_7)_- « L b = &e.

(m+P)(m p) + (p+2)(p—2) + (mET)(T~-m)
(p~—z)(x— m)(in —p)

_(mz —p)+ (- e + (PP md) 0 o
(p-z)(x—m)(in —p) T(-a)@-m)(m-p)
(a D) +e)+ (b-c)(at+bd) 2ab — 2ac
(@+b)(b+c) T ab + be + aé + be — be + b*

2ab — 2bc — 2ab + 2ac

= Tab + ac + be + 0° e
I3 1+z-(1-2) 3Q+2z)-3(1- 23:) 2z 122
T2 1 - 4z =1z tioa?
2z - 823 + 12z — 1223 l4x — 202°
(I—a5(1 - 4%  1-ba* +4a®

14. Multiplying both terms of each of the last two frac. by
1 we get

T om m ' m
a@-by(a-c) b@-b)(d-c)  c@a-c)(c=-b)
bcm @ = ¢)(c = b) — acm (@ = c)(c ~ b) - abm (b — c)(a ~ b)

abc (a—=b)(a—~c)(b-c)(c-b)
_ m(2%P=bSc—be®~ %+ 202be +acS— abc?— aZh?+ ab’-ab%f it
= abc(263CF - b3 — b~ a%c% + 20%c + acd ~ abci— ab + ubd—ub®c)  abe
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OTHERWISE THUS
Mualtiplying both terms of 2ad fraction once by — 1, and of 3rd
fraction fwice by — 1, we get
m m m
a@a—bya—c) " ba-b6)(b-0) T e(@a—c)(b-0)
whence we have I c. m. of the den. = abc(a—b)(b-c)(a~-¢)
bem(b —c¢) —acm(a—¢) + abm(a - b)
abe(a - b)(a-=c)(b-r¢c)
b%m — bcPm ~ a%em + ac®m ¥ a?bm — ab*m
abe(a-b6)(a—-c)(d-c¢)
acm - bc*m — aPom + d%em + a®bm — ab¥n
abe(a—Dby(a-c)(b-c¢)
¢*m(a — b) - em(a® - b%) + abm(a ~b)  *m —em(a + b) + abm

.. the given fractions =

n

n

abe(a — b)(a-c)(b—c¢) T abe(a~c)(b~rc)
m(c®—ac—be+ab)  mi(ab - be) — (ac — %)}
= Tabe(a- c)(b—¢) = abe(a—c)(b = ¢)

mb(a-c)-cl@a-c)} m(b-c)(a-c) m_
abe(a—c)(b—c) ~ abefa—cy(b-c¢)  abec

Exerciss XXIX.

2z x 3r 3x? om x 2% xy?
bx2a ~ ba Tayxmyxx
2(a+b) xz(a-b) 20-20

3 zy X 3(e +06) = 3y /
3¢ z+1 -1 3(@+1)(z-1) 322-3
4.-1—x 20 *a+ b 2(e+b) = 2a+2b ,
(e-z)(a+z) (a+b)(a—Db) @ a(a - b)
5. at+b a+zx x;c(a—z) = T

a-m?  @?+mE (atm)(ai+m?)  eP+met+mietm?
6. my " a-m my =T my
(c~-2z)(a+zx) 4ux? dz(a-z) 4oz ~ 427

3az X vz T 3’ - 3
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(z-T)(z-6) (2-5)(z—-4) (z-D(E- 4) z?-11z + 28
8. z(x —5) Tz -6) x? z*
_dbedm - _am
Cbedftyle T fryie
(a-—Z)(a+2) -1 a-2 (a—2)(a—2) (a—2)?

(aZ=1) 20 ja+ 2 2a 2a
(z - a)(z + a) z(x+b)+c (x+b)
a:(x+b)—a(x+b)x:c_(:7:+c)+d(x+0)

(z—a)(z+a) (z+d)(z+c) z+a

10.

11.

= (x+0)(z ~u) x (r+c)(z+d)  z+d

(z+4)(x~3) (x 5@+ 1) (z- 3)(z+) a*+4z-21

1 G 8)@-5) " Grafe—11) " @-8lz—11) - 2= 192488
l-a+d® a?+a+l {(aﬁ’+l)—a}{(a,’+1)+a}
13. 1 x 2 %
@ a
(@®+1)2~-a® uf+a®+l
a? = a2
(2a+ 4m)(2a - 4m) ba a4 2m
@—om X 5@+ am)(a+am) * a
_ 2(8-2m)(a + 2m) 1
S 2@-amyatzmy - T =1
Exgroms XXX.
1
1. — = i - ._1. X 1 = l
x Y z z 3
e+2 a-2 a+ 2 a et x
2 + = X =
a a a a -2 a—- X
3 a+b (a—b)2 a-5
"a-57% (@+0)* " a+ b
. (@+2B)(a+z)(a-x) (y+2)(y -2) a .
) y+2 a—z  FErmaS3e(@tz)(y=2)
r~3 - - -
5. — x (z=9 (-8 z-3

-9 ('75—'8)(:6—7)1“;..7
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as + 0% a® 4+ b2 o+ b2 -2 1
oy s Ry s Rl gy R ay <Rl gl
(a®— %) (a® + %) 1 a—z 1
. 3 x X 3 X ;
(a-x) a+zx " drtar+z? T of—ax + 2t

_(@-2)(@®+ ax + 2% (a + 2)(a® - az + %) 1

a—-x

(a—x)(a-=x) Xarz  @tas + 2
1 1
*e—wtrao 1 L
3(a®-1) 2a(ea+d) 3a(?®-1) 3a°-3c
T 2(a +b)x 2-1 = -1 = 21
0 @Ey+y)+yi+z (+y) . Qzy+ 29D +2z (x+7y) ~zy
) xy + y* ) zy + 9%
292 + 22y + a? zy + 92
= zy + ¥ xﬁ+2my+x2=1
4a?? 4ab 4a*? a? — b2 ab
DTy Sl s A (a* - b%) (a® + b%) *Taab T
Exzroisg XXXI.
a=-b Yo~ 2z
. 3 _8@-b 2_;_;m—m
" 10a+ 96~ 10a+ 9b T3 21
15 1
x 21 ~ 122
1 ar 20 3(21 - 12z)
3, ooocises = ——0— 4, =
a+ 2z o+ 2z 3z ~1 10(3z~-1)
« (]
15 = 6z + 6a .
. 10 _ 8(15 -6z +6a)
" 10a+ 10z -6 2(10a + 10z - 6)
15,
8a - 20
1 - 4d? 4a 1—a?
TR T R . T8
1 - 4at o 1-a2

i
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a®+b2—-ab
B a?=b® a(aP~ab+b?)  (a-b)(a+b)
8 = X B+ b " a~-b x(a+b)(az-a,b+b2)
Tab”
2o 1oy -1 il
9 zy - zy - Yy
o 1 1 +
1- n 1- zy l—xy-l—xy
=21 1= =1 Ty -1
Twy
-1 -1 -1 -1
S w w w1
TSI Ty Toirar Taye ziyt
-7 T 1 T
a
c a
1 a 1
b+ e of bdf+be+of adf + ae
10 I Yae T _ b+ beref
" edf ~ac adf —ac adf — ac adf — ac

bdf +be+cf bdf+be+cf  bdftbetcf  bdf+ betcf
adf +ae  a(df+e)

Tadf-ac T a(df-c) T &e.

2 + 8m? 1+ 4m?
4m—~8Bm*  m—2m . 1_4m? 1+ 4m?2
U st T " m(l - am?) = m(4m? = 1)
- 8m -1

Exgreise XXXII.
1. 12z + 42 = 84 ~ 3z, or 19 = 84, or z = 4%
2. 10z —z=5z+20,0or4x =20,0rz=5

3. 168z ~ 28z + 12z = 637 ~ 231 + 84x + 756, or bx = 525,
ora =105
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- 802 =105 + 92 - 3 = 57+ 40 - 30z, or 64z = 148, of z = 25,
+ 5642 +20=84 - Txr+49, or 32 = 57, or z = 19
56x -8z =21z + T+ 14x + 84, 0r 13z =9), orz =T
8z — 65 = 35 + 2z, or 6x = 100, or z = 163
- 152445 -122 - 48 - 960 =~ 20x — 20, or 23x =943, orx = 41
. 80z — 8x — 16 = 300 — 35z — 55, or 107z = 321, or x = 3
10. 112z + 480 = 3024 — 39z + 84, or 151z = 2628, or v = 178!,
11. 208z — 442 + 308z + 374 = 858z — 4433 + 143.’1:, or — 485z
=~ 4365, orx=9
12. 4z +4-3x=6+14~3z,0ordx =16, orr =4 .
13. 360z — 1602 + 200 +~48x = 2040 + 60 ~ 180x + 45x + 15,
or 383x = 1915, orz = 5

© @ - O v

o . 40z~ 60 34z — 108
14. Multiplying by 12 we get = + 7 - 5

39z + 12 36 ~ 23z

4 2 !

. . 160z — 240 1367 — 432
This x 4 and reduced gives 7 - 5 =3z - 36,

or 800x — 1200 — 952z + 3024 = 105x — 1260, or 257x = 3084,
orz=12,

15. 60x + 80z + 15z — 36z + 252 = 120z — 156, or 5lx = 408,
orx =8 .

16. 336 — 10z + 10 - 776 + 562 = 16z ~ 3z + 11 ~ 144, or 33z
=29, orx=9 ‘

17. 30x + 20z + 15z + 12z + 10z = 60z + 25z + 240, or 2z
=240, or z = 120

18. 12z ~ 20 + z + 60 = 9z, or 4z = — 40, or £ =~ 10

125z + 500 125z + 500
19. 36 + 20z ~ 20x = 86 - 97-16 ' °F 9z -16 = 50, or

1262 + 500 = 450z - 800, or 325z = 1300, or z = 4
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120 + 70x 15z - 656 b5z - 85
20. 331—301‘—-——9———+9+5.r= 8 -4 (1)
= the given equat. X 10

960 + 560x

5 = 152 — 65 = 110z 4+ 170 (1) = (1)

2720 -~ 200z -
reduced and x 8
945 + 960 + 560z = 23535 (1) = 1 reduced and x 9

1506z = 22573, or x = 15

144z — 433 ) _
21. 92+ 20 = ————+ 9z (1) = given equat, x 36
100z — 80 = 144x — 432 (11) = 1 reduced and x (52 - 4)

442 ~ 352, orz =8 -
29. 30z + 20z + 60 — 15z + 60 = 12x + 60 + 1900, or 23z = 1840,
or x = 80 ‘
23. 90x — 35x — 0 = 75 + 202 + 10 = 51 + 92, or 26z = 104,

orx =4
1222 + 36z + 27

3i4 @

24. 16z + 1012 = 1022 + 18 = 27 + 182 ~
= given equat. x (3 + 2z)
' 122% + 362 + 27
3+4x
9z + 27 + 1227 + 36z = 1227 + 36z + 27 (uI) = (1) X (3 + 4x)

o9z =0,orzr=0

3z+9= () = (1) transp, and collected

21x - 39,
25. 6z + 12 112z 6z + 7 (1) = given equg,t. x9
b+10x=21z-39 (m)=(red.andx (1+2z); llx=44...x=4
c-b
26. am:c—-b,or:c:——a—-
R}2
21. 9ax - 3b% = 3bc ~ 2uz, or llaz = 3bc + 3b% or x = -%—l-ll-aibf
28, 8bz ~ 6% = @ ~ 4% + 3ax, or (80~ 6 = 3a)r = a ~ b,

a - b?

O %= G _5-Ba
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29, 4a%he — 607+ 2az = 2abx ~ ab:c + %2 (1) = given equa. x 2b

(4% + 2a = ab = bz = 647 (1) = (1) transp. and bracketed
8a? ¢

~ 40% + 20 - ab - b?

30. 15abc — 10czx — Bac = 20adb — 15bx — abex ;4 b% (1) = given
equat, x 5bc '

(155 + abc - 10¢)z = 20ab + b% + Bac — 15abe (1) = (1) trans-
posed and bracketed

S T

20ab + b + bac — 13abc
15b + abe = 10¢

31. bdz + adzx + bex = bdf, or (bd + ad + be)x = bdf, &ec.

32, abx + 4a? - 40% + 12bz — 4abx = 4a??% — 104? + 12bx + 4a%z,
by multiplying the given equation by 4a; and this reduced and
+ by a gives 3bx + 4ax = 10a - 4ab?, or (3b + 4a)z| = 10a - 4ab®

T T=

10a — 4ab?
"T= "3+ 4a
33, abx — a’x - b% + abe = b%z, or (ab - a% - DDz = V% - abe,

be(b - a)
OF = gb — a7 — b
34. 11a* ~ 3azx ~ 1lab + 3bx — (6¢% + €ci — Baxr — 5bx)
= (a+b)2+ 22 . (1) = given equat. x (a® - b%)
2az + 8bz — 22 = b% + 19ab ~ 4a® (1) = (1) reduced and transp.

b2 + 19ab —~ 4a®
(20 + 8b - 2)x = b% + 19ab ~ 4a? or x =

Za +8b—2
< a
35. a? + 2azx + 2% — dabz = 2% or (4b-2)x=a, orz = pTITY
3abe bz 2ab + b? ah? -
cax5- @ Qs ta@rop =3 O

= given equa. with num. and den. of 1st term x 3, and 2nd and
5th terms factored
pr]

3abe . bx af .
@ 1@+ oy + @Toy- 3¢z (11) = (D) with 2nd term red
. .

at+b
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3ab b © a3 ’

5% - (ai———z)—z + Za—a-i—-T)_“F 3cx (hi) = (1) with 2d term further red.
ab ab’ - ab .

P {3¢ + m = z{3¢ + m @Iv) = () with 1st and

-3rd, and 2nd aud 4th terms factored
ab ab
s V) =qav) +{3c+ m;
37. 3000 + 1720z — 2210z = 2032 (1) = given equa. X 1000
693z = 3000, or = = 47

Lx=

3z 23z '
38. g+ 6z —az= 3¢~ g5y or 33z + 5%z — 99az = 297z
— 23z; or 650x — 99ax. = 297a, or (650 - 99a)z = 297,
297a - :
OF ¥ = §50-99a

- :
39. 42 ~4) +35(L -2 - %) ~30(z = 1 ~ §> ,= 105z + 30z,

by multiplying the given equation by 105; and tremoving the '

brackets from this we get 42z — 14 + 35 — 35 — 14 — 30z + 30

+ 107 = 135z or 148z = 37 . z = } o
40. 72ax — 9b — 15b = 180 — 45b — 35c,0r T2az = 180 + 39b - 3be

180 + 39b — 35¢
- T2a

41, a?? + a%z - b% ~ 2% — 3ab + 3abx = ¢z - ac + ax - %’

@’z — b2z + 30bx — cx — ux = 3ab — ac - 22

(2* = b%+ 3ab - ¢ — @)z = 3¢b = ac = a%h? r—
3ab — ac — aZb? .

o TS it 3ab ~bec=q
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Exsroise XXXIII,

1. Let z = greater, then 47 — z = the less, and z ~ (47 - x)

=13, 0r 2x - 47=13

2z + 21
2. Let 7 = the less, then  + 21 = the greater; 7 = 3»

or 2z + 21 = 3z

2z 2z .
3. Liet * = money; — + 7= part paid away; then =z

3
2z 2z
=gt + $2-50
- 21
4. Let z = the number; theu — =5

82
‘5. Let z = the quotient, then 2z + 3z + 4z = 54

2z 3z
6. Letz =debts; then + = lst payment, a.nd — =remainder;
3+ .3z
S of 5
7. Letz = the nurpbgpof cattle.in the drove,

- 9z 2z 9z
=== 2nd payment then — T + 192 =z

z r x
then ?+.6,+—5—+ 9_: -a:‘

8. Let z = the number of sheep in each flock ; z - 19 is twice
18 great as z — 91, that is  — 19 = 2z - 182

z =z
9. Let 2 = the number; then T 7=

-T

’ 3 x 3z
10. Let z =the number ; then 2z - T of—2-=25, or 2x—1—4= 25

z
11. Let z = the number; then z + 7= 39
t

;
.1:\‘

12. Let;:thenumber, thenx—<2 + 3) 17 P OB =
17 . - =
9z - 15 3z
13. Let z = the number ; then T + 7= z+¥
.y 5(z+11)

14, Let z = the number, then 2 = 85
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' 36
16. Let z = price per barrel; then — = number of barrels;

36

: 36
and = 5 = number of barrels sold the second load ; (;- -5z

=21, or 36 ~ 6z = 21
1Y. Let z = distance in miles, then 3z = half distance; iz +

x T . .
=5 = times in houars . travels; 3z + 4 = 5 = times in hours B
I 1 28% 19 2
travels; then {z - jz = - - =gf, orz = 26}

18. Let z = the time in hours, and since the three runs of
stones severally require 72, 84 and 90 hours to empty the
granary, they will in 1 hour empty respectively -4, 3¢ and

: x =z x
of it, and in z hours they will empty 72 B4 and 507 similarly

z
the teams will respectively fill in x hours -z and

0 then

z
78
T T z x x
7t eito0 "6 T ! B
19. Let z = date of abolition of slavery in Canada; then
3(z — 1780) + 1620 = year of massacre of Lachine. Therefore
x+ 3(x - 1780) + 1620
i 2
. 20. Let z = A's share, then z — 120 = B's, and x — 106 = (',

Therefore  + z - 120 + x — 106 = 7400

+ 116 = 1863

‘s . 24z -
21. Let z ~ price in cents of a music lesson, then _:c_azio_o
. . 242 ~30
=price of a drawing lessson ; therefore 3%z =24 <__3T0> + 1600

22. Let x = the number of volumes on science; then 3z
= number on travels, 3z = number on biography; 4ix = number
on history, and 9r = number on general literature.” Therefore
® 43z + 3x + §x + 9x = 1425; whence x = 70 .
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23. Let = = length of Niagara river, wherefore 4z - 6 = Ien»g;th
of Rideau canal; then 2(5z — 6) — 100 = 230

24. Let x = days required to finish the work. Then since /4
does 1%, B, %, and C, % of the work in 1 day, 4 and B work-
ing 1 day, and B and Cworking 2 days will finish 4% + % + %

”0 of it, and the pa.rt remaining to be done = 18%; in x days

A does ﬁﬂw.; B, —ths. and C, — = ths. of the work, therefore

’15 8
z =z =z
T2t 15+ 15 = 183, or 1562 + 127 + 10z = 109

25. Let x = greater part; then n — x the less; and z - (n~-z)
=a-c

26. (1) Let z = minute divisions the hour hand passes over;
then since the minute hand travels 12 times as fast as the hour
hand it will pass over 12z; but the minute hand also passes
completely round the circle (60 minutes), and then in addition
over the z minutes. Therefore 60 + = is also. equal to the
number of minute divisions passed over by the minute bana;
then 12z = 60 + z, or 11z = 60, or z = 5-f; hence the hLour
=58 x12=1h. 5 m.

() To be opposite the hands must be 30 minutes apart ; then
letting x = space in minutes passed over by hour hand, and
remembering that the minute hand travels 12 times as fast, and
also g:oeé over 30 + x minutes, we have 12z = 30 + z, or 11z
= 30, or = = 2:% and 2% x 12 = 32&’ past 12

(i) By similar reaso_mng to the above 12x =15+ z, or 11z
=15, orz = 1-11,;, -a.,nd 14 m. x 12 = 16+% m.

. 27. Let x = price in dollars of first field; then = + 90 - 25
" = price of second ﬁeld wherefore (z + 90 — 25) + 90 = 2z

28. Letz = days required by .4 and C to finish the remainder ;

then -216 (&% + %) = 1335 = pagt C does in 1 day, .*. in 11 days

O does 12306, and B and C together in 5 days do 35 + ¢ = /40
c
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7. Hence part remaining to be done =1 ~ (s + 7

z 19z
=1360 . 404, = 234+ then in z days .4 and C will do 5—6 *+ 1300
z 19

* 1300

3]

= 3% , or 262 + 19z = 896, or # = 194} days
o

2
29. Let x = (’s snare in cents, then 37~ ~ 2540 = Ds share,

2, % 4x EE
gb—n4mm¢ww-7+wm RmMmmﬁ@+—-%w

4x 3z 4r
+ 5 +2984) =22+ 444 = A's. Thenz+ -~ 2540 + - + 2984

7 7 1
+ 22 + 444 = 718900, or 4z + 888 = 718900, or 4x = 718912 R 4
538509 '
= $1795:03 = (s share; — — 2540 = - 2540 = 55'743 89§,

! 7 7
&e. ’
30. Let x = the number of days required; then since 4 men
can do it in 9 days, 1 man can do 35 of itin 1 dayj similarly a-
woman can do Y, and a child )z of it in 1 day. fHence

z 3z

x L i
36 T + —=— =1, or 352 + 54z + 42% = 1260, or 131x = 1260

70 " 30

3Lthx=r@hthmdd@h,ﬂwni4—x=thewﬁhdmiﬁgh
and 10(14 — 2) + = the number. Heunce % (140 — 9z) = 3

32. Let z = value of the property; then 8600 — 2 = gain had
the note been good, and z -~ (8600 - 640) =z — 7960 = loss
when note proved worthless. Hence x — 7960 = (8600 — z)

33. Let z = weight of head; then z + 9 = weight of body.
Hence 2 =9+ 3(x + 9), or 2z =z + 27, or = 27 = weight of
head; and body=2 + 9 =274 9 = 356. - Hence fish Weighé 9 + 27
+36 = 72 1bs.

24. Let z = his capital; x + 3z — 1000 = capital at end of 1st
year; 3z — 1000 + I (42 — 1000) — 1000 = capital at end of 2nd

16z — 21000 16z — 21000 1 £16z — 21000 -
. +-——( ) - 1000

year = 5 ; 5

s
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64x - 84000

— 1000 = capital at end of 3rd year. Hence

- 27
642 — 84000
oy — 1000 = 2z

. z
85. Let « = the distance in feet, then = = dumber of revol-

x
utions of the fore-wheel, and -5 = revolutions of the hind-wheel.

ol T .
Hence — = F tn..0x=az +abn, whence bz - az = abn .
abn
T b-a

36. Let # = number of minute divisions the hour hand passes
over before the minute hand overtakes it; then the minute hand
must pass from XII to XII, i.e. 60 minutes plus z minutes.in order
to overtake the hour hand, that is while the hour hand passes

- over z minute divisions the minute hand passes over 60 + z
minute divisions, but the minute hand moves through fwelve
times the space the hour hand travels in a given time. Hence
12z = the space travelled over by the minute hand, while the
hour hand goes over z minutes. Hence 12z = 60 +z .*. 11z = 80
and consequently ® = 54;; that is the hands will be together
for the first time after XTI when the Aour hand' has passed over
-b% of the minute divisions, i. e. in 58 x 12 =1 h. 5-f m., and
siﬁ]iiariy they will be together again 1 h. 5f m. afterwards, and
so on. Hence they will be togéther at 1h. 5f-m., 2h. IVO}-‘% m.,
3 h. 1644 m., 4 h. 21% m., &c., and they will be together as
often as 1 h. 5-% m. is conlained times in 12 h,, i.e. 11 times.

37, Let 2= the greater part, ‘ther 96 ~ z = the less. Hence
&
& +38(96 - ) =30; clearing of fractions we have x4- 2016 ~ 21x
-~

= 210, whence z = 90.%; = the greater, and 96 — z = 96 ~ 90
= 5-Iy = the less,
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3z 3z 9z
38. Let = = B's share, then —-= A's share, § of — == C’s

share, consequently x + 37:6 + 97; = 2540, whence by clearing of
fractions 4z + Gz + 9z = 10240 ; that is 19z = 10240, v;}lence T
= $538:04i4 = I's share, .. A's share = § of B's = $308-42:%, and
C"s share = § of ['s = $1212:63%

39. Let x = rate dowa ... 28z = distance, and z — 5 = rate up
the river, and x — 3 = rate up the lake ; length of river = § of
28» = 122, .-, length of lake = 16z )

122 lex 28z 4 19

Then o5 + = 21( ) " 3(z-5)

At ‘0. :

(x=3) " 3(z-6) "
z ~3 =12, and 28z = 420

40. Let = = the whole property, then $1800- + 6(;n:— 1800)

12z - 60 = 107 — 30, z = 15, x — 5 = 10,

x
= $1800 + i $300 = _6_ + $1500 = share of th& eldest; also

,

z 5r ’
z - (—- + $1500)= — = $1500 = part remaining, and $36060

5x b1 .
(—— ~ $1500 — $3600) = $3600 + 7= ~ P850 = == + $2750
= share of the second, but these shares are equal. Therefore

5x T ’
~—+ $1500 = — + $2750, whence x = $45000 and — + $1500

= $9000 = share of eacli; also $45000 + $9000 = 5 = number of
children.

41. Let z = the left hand digit, ther z + 7 = the rig’ht hand
digit; also 10z + x4+ 7 = the number, and = + 2+ 7 =2z + 7
= sum of the digits. Then ]02::; ! =2 +2x:- 7 Whence
e+ T=4z+ 14 + 7, a,nd NE=2r+T=09, cousequent]y the
number ig 29.
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42. Let z = B's share, x - 20 = C’s, and 2(2z - 20) + 80 = 4's.
2(2x - 20)
5
+ 4z — 40 + 400 = 10500 .. 14z = 10240, and x = $731-42§ = P's
share ; also $731'42% - $20 = $711-42§ = C's share, and

F(PT31-425 + $T11-42%) + $S0 = $657-14% = A's share.
43. Let 2 = the number of rows, then 224 75 = number of trees

Then z + 2~ 20 + + 80 = 2100; whence 10x — 100

alsogx + 6 rows each containing x — 5 trees = 2%+ £ =30 + 5= the
number of trees. Then x*+x —30+5 =22+ 75; whence x = 100
<. 224+ 75 = 10000 + 75 = 10075 = number of trees.

44. Letx = one part, then @ — z = the other; and z = %(a - )

na

L MZ = ME — AT, OF ME + ML = NG o T = ——— -
sy + e also ¢ - x
ne ma + ng - na ma
L=y A = =
m+n m+n m+n

45, Let z and 60 — z = the two parts, x being the less; then
2 (60 ~ z) = 327 .~. €0 — z = 3z, and £ = 15 = the less; whence
60 — z = 45 = the greater. o

46. Let x = the grbwth in acres of one acre of grass for one
week. Then the growth of 3} acres for 4 weeks = x x 0% 4

40
= —3~; and the growth of 10 acres for 9 weels = 2 x 10 x 9 = 90z.
Therefore the whole quantity of grass eaten in the first case

40z - , 40z + 10
= — +3h=—p

o K
o
_seco;id case = 90x + 10

acres, and the quantity eaten in the

- Hence in the first case the quantity of grass eaten by one ox

40z 4+ 10 20z + 8
= —g X3xqb= T and in the second case the quan.
90x + 10
tity of grass eaten by one ox = (902 + 10) x § x 4}y = TR

3
But by the question.an ox in the first case eats as much as ag

0¥ in the second case
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20z+5 90z + 10

—_— = Of an acre
Therefore —3 189 ) whence = = 13
0z+5 2 +5 80 . .
= = =& = tional part of an
Hence 73 72 12 % 73 fractional p

acre of grass eaten by onc oy in oneweek, .'. one ox in 18 weeks
will eat ;f; x 18 = § acres.

Now since each agre increases at the rate of i of an acre per
week 24 aeres will increase 2 acres per week, and in 18 weeks
the 24 acres increase hy 36 acres, and therefore become equiv-
alent to 60 acres

Then 60 acres + § acres = 36 oxen.

47. Let x = the first, then nz = the second, and mz = the third.

Therefore x + nr + mx = a, whence z = = first; second

l1+n+m
na 4 third ma
=NE =y end third =mE =

- mx pr )
48. Letz = the first, then —— = thesecond, and ris the third.

mr  px
Therefore x + ot 7° a, whence ngz + mqx + npx = nga, and

ang .
- g T = the first part
me m an m
Second part = = — X L = ang
n n ng +mg +np ng + mq + np
x an :
Third part = 2L, 1 = anp

7. 49 ng +mgq + np ng +mq +np
49. Let z = the number thrown by the first after the second
commences ; then x + 36 = whole number thrown by the first;
Ta
§ = the number thrown by the second. But every 4 charges
of the first consume as much powder asevery 3 charges of the

second, and they are to consume equal amounts of powder,

z +36 T
KR 3 = 540 whence = = 216 = balls thquwn by the first
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after the second commences. Therefore § of 216 = 189 = balls
thrown by second.

Exgreise XXXIV.

10. 4z + 6y = 2a 11. 12z + 4ay = 4m
152 — 6y = 3b } 12z + 3by = 3n
19z = 2a + 8b 4ay — 3by = 4m — 3n
2a + 3b (4a - 3b)y = 4m - 3n
r =0 <
19 4m - 3n
3y=a-~2zx V=% -3
40 + 6b " 4am —~ 3an
3y=a-T 3x=m—ay=m—m
19a — 40 — 6b 4am — 3bdm — dam + 3an
=" . 3= da-3b
15a - 6b 3an — 3bm
y="19 8=~
ba - 2b an — bm
¥Y="19 T=%a-3b
12, labz — 4aby = 262 13. z-y=a
tabx — aby = ac : 2t -yt= b}
3aby = ac — 2b% @E=-9E+y)=>
- a(z +y) =b}
Y= "3ub
ar+ay=>b
2ac —. 4b% oy = a?
ax-_b+2ay=‘b+—TI;— ZZ—“-%%ﬁ
36% + 2ac ~ 4b% aZ+ b
T : L=
2ac - b2 ‘ .Zay=b_az
9= 7 3h
| b-a?
2ac ~ b2 . ¥="24
=

3ub
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14, ©ocx—ay=acm
(m=c)r+ (m+c)y= acm}
c(m =)z —a(m - c)y = acm(m - ¢)
c(m—c)x + c(m + ¢)y = ac’m
mey + ¢y + amy — acy = ac*m — acm? + acln /

acm(2¢c — m)
Y= /
Y= mer ¥ am—ac /
2a%c%m — u%cm?

= Yy = —_—
cx = acm + ay acm+mc+cd+am ~ ac

am{me + ¢ + am — ac) + 2a’cm — a®m? /
= me + ¢ + am — ac /
am® + amc® + e*m? — a*em + 2a%cm ~ a®m?
= me + ¢4+ am — ac
am®e + amc® + a’cm '
TE eyt am—ac
5, 2m 16. (z =y)(z +y) = 55)
x y z+y=11 f
bin my 11(z —y) = 55
I Tz-y-=5
bn m z+y=11 ‘
Tj—+—?-/i=ab-bm 37 <16 '.,v\'
(ab = bmyy = bn + mq =8 1
bn + mg 2y=6
Y= G m y=3
m n n
i Tl 17. 459z ~ 463y = — 495
ab = bm '~ Bz + 19y =131 }
m abn — bmn 22952 - 2315y = - 2475
=T Tha + mg - 2295z + 8721y = 60129
m  abn + amq — abn + bmn 6406y = 57654 °
z = bn + mq ) y=9
1  aq +bn Br=19y-131 = 171 =131
z - mq+ bn Br = 40
. L +bn z=8

aq + bn
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18. ecx —ay=acp
az -~ cy=a?+ a
acx — a%y = a%p
acx — cly = a% + ¢¥
By — aly = aPcp — aic — €&

a’cp — a’% — 8
Y= P
Y PrR)

za::a2+cz+cy=a2+cz+‘}ﬂ;—ii%‘f
! ct = a* + a%%p - %~ ¢t ac’p - a® = ac?
az = 2 —a? SeEE ¢ - a?
(19)
352 — 126 + 28zy + 49y = 28zy + T6y
7222~ 90zy — L4z + 42y — §} = 7207 - 902y + 930y = 1002 + 2666}
35z - 27y= 126
3293z - 2960y = 8917}
115255z — 88911y = 414918

115255z ~ 103600y = 313095
14689y = 102823 °

35z = 126 + 2Ty =126 +189=3156 .2 =9
(20) )
3(a? - b3z + 5(a? - b3y = 8a% — 2ab? k
(@ ’):c , (a@ Yy = 8a ' a 3ablc
3(a® = bz + 3(a + b + )by = 30 + 6ab” + =~

wy=1

—— - , _ 3ab%c

5(«? ~ %)y — B(ab + b%+ be)y = 8a%h — 2ab* — 3a®b — Gab? - =T
5a%b — 3a?b? - 8ab® — 3ab’c

(507 —8b%*=3ab - 3bc)y = PR

(5¢* ~ 8b% ~ 3ad - 3bc)y = (b” ~ 86"~ 3ab - 3beyab
¥ ab (a+b)

Y=ot
8a2h ~2ab% 8u?h~2ab? Bab  8a2hb - 2ab®~ 5a?h + Hab?
Sy R e e
3u?b + 3ab®*  3ab(a + b) 3ab ab
3z = a'é?bg = g ; 3x=a,—b .'.:L‘=aTb

'
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Exgroise XXXV.

(6) Q)
1 1 5 T+ y= xy
?+?/——6 z+ 2z =222
_}_+i=3 2y + 2z = 3yz
xX z 4 1 1
L AR
y z [ 1 1 ,
1,1 -t P
y = _12 LT
2 8 - - =
— = —: 8By = 924 =3 < Y
7 S 120 % 3 Y > 5
r.1r_ 7 T "y 2
3 z 12 9 2
1 7 1 1 —_ 4 — =3
— = T - =/ = — z2=4 z y
z 12 3 4 T 4
1 1 5 — =35 cEE
T3 5% ;
1 5 1 1 — =1 y=4
T 63 7Ry
' 1 1 1
a:+?;—_
1 1 ) 4
a:+4_ ..z~3
® (10)
z+3y+22=0 - Add all four equatious to-

3 +by—-22=m gether and then = 3

8z — 2y + 22 =2n V+x+y+ =123

4r+8y=b +m viz 4y =13
11x+3y=m+2n} z=10
12z + 24y = 3b + 3m v+z +2=17
88x + 24y = 8m + 162 Y =6
Y6 = 5m + 16n-3b v+ y +2=18
Em + 16n~3b x = 5
r= T T+y42z=21

Sm 4+ 16n ~ 3b
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o .
: 5m + 16n - 3b
8y=b+m~ 1
220 + 14m ~ 16n 115 + tm ~ 8n
8y = 19 iy= 76
Bm+416n — 3b 116+ Tm - 8n
s=n—4zty; z2=n— 19 + 6
76n — 20m — 64n + 120 + 11b + Tm — 8n
&= 76
23b + 4n - 13m
2= 76
®
abz + b%y = be
abx + acz = &?
by — acz = be - a?
¢ty +acz = be 2bc - a*
(6% + By = 2bc - @ Y= e
2b¢? -~ u% B® + be? — 2bc2 + a%
az=b-cy=>b- o B
b - bc? + a%
s
2b% - ba? cb? + & ~ 2b% + a%b
ax=c-by=c- g ) = 5T
¢ — b% + a%
T v
an

ax +ay +az =0+ ab 4 ac
chr+eytaz=af+ b2t
(@-bz+(@=-c)y=ab+ac~-bt=c?
bz + by + bz ='ab + b% + be
ex + oy + bz = o? + ¥ 4 ¢*
b=+ (b-a)y=eab+bc—at-c?
(e=b)z+ (a—-c)y=ab+ac—b~ct
G-z + @ —‘a)y'=ab+bc'—-fa2—c"’}

(2ab ~b%~ a®)z + (@ ~c) (b~ @)y =*2ab?+ abe = b8 - b= a7 - e + ac
(ab = ac = be + Dz + (@ = ¢)(b - a)y = a?h ~ a® ~ ac? = be? + a’c +ct
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(bz+az+c2—ab--ac—bc)yc:b3+c3—a3—:Zab""—abc'+2azb+201,zc—2ac2
b3 4+ 8 - a® — 2ab? - 2ac? + 2a% + 2a%c — abe
b2+ a? + ¢* —ab - ac - be
(@-o)y=ab+ac-0*-c?~(a=-b)(b+c—-a)

(a—-c)y=a?—ab-c2+bc..y=a+tc=b
t+y+z=a+btc.rzz=atbte—-(b+ec—-a)=(at+c-b)
zz=atbtc-b-ct+a—-a~c+b; z=atbec”

(12) N

ax ¥ a*y + a’z = am

r= V=b:+C—a

ax+ y +az = - !
egr+ay + =2 =P

y~y+dPz—az=am-~-n

ay —y+ z-—az=p —}

(&~ 1)y + (@~ a)z = am —n

(@ -Dy=(@-Dz=p -}
(@-Dy+(F-a)z=am-n }

2 _ — = -
(¢*—a)y— (a®—a)z=ap —an a1 ¥ ap - an

(@ —-o-Dy=am—~n+ap—an..y= Y —T

(6-Dz=(a-Ly-p+n
am —n+ap - an

(u-1)z= eyl —Pptn
am—n+ap—-an~2ap+ 2an ~p + n
(a-bz= Za+1 .
am-—-ap +an - p am—ap+an—p
(a=-1)z= La=

2e¢+1 20 —~q ~1

x:m-a(y+z)=m-—a< Y )

2am —n -~ p 20*m — an — ap
z=m=af 5 ..x—m—*z.az_a_l

a7n-n+ap—an+am—u.p+an-p)

r =

20%m — am — m — 2a%n + an + ap ap —am + an —-m
20— -1 Ve Z= 20% = a =1
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Exercise XXX VI

1. T(z+9) +4y =50, and 2(z —y) + 3z = 16
S.rxt+y=a,and br—-cy=0

8. Let & = price in cents of hay per.ton, and y = price of

4y
oats per bushel: 2r + 35y = 4400, also ?J = reduced price of
' 8z

4z
oats and 3= increased price of hay ; then 3

+ 28y = 5120.
. 8x
Hence the equations are 2z + 35y = 4400, and T+ 28y = 5120

4. Let = = length, and = breadth; then zy =area. Then
(x+20)(y + 24) = zy + 4180, and (x + 24)(y + 20) = zy + 3860,
which two equations when reduced give 6z + 5y = 925, and 52
+ 6y = 845

5. iz +iy=11; dx~-1=1y

6. +y=144,and 4 - Jy =1}

x Az '
7. z +y =48, and < ° L or zy = 16z, or dividing by = we

gety =16

8. z=5(W+2); y=a+2)+6; 2=1(z+y) ~3; whence
by reduction we get 4z = By — 5z =0; -z + 2y -2 =12, and
~T=-y+3z=-9

9. Let x = sulphur, y = saltpetre, and z = charcoal
@+y+2=4000;y+5 =2 =3240; x+y - == 2760

10, z+y+2=12; dz=1y; {4z =1ic ‘
11 Let 7 = 'épé.ce éccupied by one shilling, and y = space
filled by a ten cent piece; then 16x + 27y = 1, and 1l + 13y
= %, whence = = 1344, and y = & ; wherefore the purse would
hold 1424 = 40%# shillings, or &2 = 44} fen cent pieces.
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12. Let z = number of lines, and y = numbgrl» of letters in a
line ; then zy = number of letters on a page. - Then (x +3)(y+4)
= 2y + 224, and (z - 2)(y - 8) = @y ~ 145; or 4z + 3y = 212, and
3% + 2y = 151

12. Let z = left hand digit, and y = right hand one; ; fhen the

10z + v
number will be represepted by 10z + y. Whence Zz-l-—Zy_-J:
10z + v ‘ B
=3, andy_—x——_l_5= 13; or4z—5y=712, and 23x - 12y = 65

14. Let x = nuniber of ten cent pieces, and 9 = number of

twenty-five cent pieces; then 10x + 25y = 8166) and 6x

=4; or Sy = 122 = 8, and 5y + 2z = 1632
) z . 'x(a = 1)
15. Let 2 = rate befote the accident ... 2 — P
= rate after the accident ) ’
Let » = the number of miles from Kingston at which the ‘dgc-

cident occurred.

n n an n
IOy NP e st €
- p
n—c n-~c am—-c) n=-c ‘
Andm:—;—+d.- Za<D - — +d (11)
@
an n
From(l)x(a Y] ?—;Ea——_l)=b(m)
a(n —¢) n<e N -
From (Il)x(a n- Tz T m = d ()
. From (Iv)a(a 5) a:(ac )—d But(m) ( =b
. ¢ . c
—m——-(a_l)—d; orb:z—a_1=dx
h bod)=— - °
whence z( ) = -.1"x"(u-1)(b-d)
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16. Let = the number of 1ns1de passengers, and y = the fare
iu dollars of each
Then z + 4 = number of outside passengers, and 4(4y - 1)
= fare of each :
Then oy + {x + 4) x 1(4y — §) = 45; or 22zy + 32y — 2 = 634
Also § y =fare of inside passengers for half way, and &(4y —
= fare of outside passeﬁgers for do., and the whole fare was in-
creased by -% of $45 =6
" Then §y +3:(4y — ) = 6; or 38y = 171; or y = $41, and this
substituted in the first equation for y gives us 22 x §z + 32 x §
—z = 634, or 98z = 490 ; whence x = 5 = inside passengers

17. Let z and y = the digits; then the number will be 10z + ¥

Then 10z +y = 2zy (1) and 10z + y = 4x + 4¥; or 6x =3y =0}
or2z -y =0 (1)

Adding equations (1) and (n) we have 12z - 2zy = 0, and
‘d1v1d1ng this by 2z, and transposing, we have ¥ = 6; whence ‘

z = 3, and the number = 36

18, Let z, y and = be the digits, then' the number will be
. ; 100z + 10y + =
lOO:cflOy+z. Then y = {(z + 2); “wrytz = 48, and
100x 4+ 10y + 2 — 198 = 1002 + 10y + . These reduced give the
equations — 2 + 2y -z =0, 52z — 38y ~ 47z =0,and z~ 2= 2, &c.

19. Let = = the oz. of 4, and ¥ = oz. of B; 'tﬁen z+y=p (1)

since p oz of A lose' b oz. in water, 1 oz. will lose > and .

bz cy. bz ey
oz. lose —5, smnlarly y oz. of B lose F az. in watet "7 —+ —

P
= (11)
From (n) bz + cy =-ap (1) and multiplying (I) by & we get
bz 4 by =bp (1v); thengim) — (1v) gives us cy~by=ap-bp

.. (a=bp Qarly 2= C2OP
VEToLy i SIIARY ¥ =T




20. Let their money at starting be represented respectively by v, w, z, ¥, and z.

Thed v + w + « +y + z = 160, since each had $32 at end, their money musi be equal to 32 x5

A B c D E
1st game, v—(w+Z +Y+2) 2w 2z ’ 2y 22
2nd game, 2(1;—w4x7-y--z) Qw—(~wtr+y+z) » 4r 4y 4z
3rd game, 4(1{—w—x—y—z)Z(Bw—v—x—y—z)4a:—(v+w-3:c+y+::) 8y 8z
4th game, 8(v—w—x—y—z)4(3w-v—:c—y—z)Z(’Z:c—v-w -y —-2)8y-(v+wtr-Ty+2)] 16z

’5thgame,lG(v—w—x-y—z)8(3w—v—x-y—z)j4(7x-v—-w-;y—:)2(15y—v—w—a:—z)16z—&c.
' v+ w+x+y+z=160 (1) as above
Oonsequently 16(0 —w—z —y~2) =382.. v-w—z~y=-2= 2(u)
Also 8(Bw-v-2—-y—-2)=382.. 3w~Vv-Tr-Y-2z= 4 (un)
4Tz —v—w~y~—2)=32.. T-v-w-y~-2z= 8 (1v)
And2(15y—v—w—ar—z)=32.'.15y—-v-—w—a:—z='16(v)
Now (1) + (1) givés 99 = 162 .. v = $81; Also (1) + () gives 4w = 164 ... w = $41
() + (v) gives 8x = 168 .». & = $2—1 5 () +(v) gives 16y = 176 . y = §11
Ahdv+wte+y+z=81+41+21+11+2=160..2=160 - 1564=$6

gF

o5L XHA

'TAXXX ‘XH]
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Exeroise XXX VIIL

1. (2a+3)5 = (20) +6(20)°3+ 15(22)*3%+ 20(2a)33%+ 15(2a)23¢
+ 6(2a)3% + 36
8. (3-2m)% = 3% - 5 x 3%2m) + 10 x 3¥2m)® - 10 x 3%(2m)®
+ 5 x 3(2m)* - (2m)° '
9. (3a - 2y)° = (3a)% - 5(3a)*(2y) + 10(3a)*(2y)? - 10(3a)*(2y)°
+5(3a)(2y)% - (2y)°
10. (2b = Bc)? = (2)F = 3(2b)%(5¢) + 3(2b)(5e)? — (Be)?
11. (3z - 4y)* = (3z)% ~ 4(3x)’(4y) + 6(3z)*(4y)? — 4(3z)(4y)®
+ (4y)*
12. (ab + 3¢)5 = (ab)® + 5(ab)4(3c) + 10(ab)*(3c)? + 10(ab)*(3c)s
+ 5(ab)(3c)* + (3¢)® ‘ ‘
13. (2ac - xy2)® = (2ac)® — 3(2ac)’(xyz) + 3(2ac)(xyz)® - (xyz)®
14. {(a+b)—cP= (a+b)°— 3(a+ b)Pc + 3(a + b)? - ¥ = g
+ 3a%b + 3ab? + b® — 3c(a? + 2ab + b%) + Bc¥(a + b) - °
15 Ba - (b + OF = Q)% — 420 + ©) + 60D + )
- 4(3a)(b + ¢)* + (b + )t = 16a% — 32a%(b + ¢) + 24aP (B + 2bc + c?)
- 8a(b® + 3b% + 3bc? + ¢3) + bt + 4b% + 6% + 4bc® + ¢t
16, {2(a + b) — 8¢} = 26 x (¢ +B)T — B x 2%a + bY(3c) + 10
x 28(a + b)3(3c)? - 10 x 2%(a + b)*(3c)® + 5 x 2(a + b)(3c)t - (3¢)®
= 32(a’ + 5ath + 10a%% + 10a%b% + 5abt + b5) ~ 240c(at + 4a%b + 6a%?
+ 4ab®+ b%) + T20c%(a® + 30% + 3ab® + b%) - 1080c%(a® + 2ab + b%)
+ 810c%(a + b) — 243¢°
17, {(L+2) = 2%t = (1 + 2)¢ = 4(1 + 2)%(2D) + 6(1 + z)¥(a?)?
—4(1 4 )B4 (2D%= 1 4 4x + 627+ 42 + zt - 42%(1 + B2 + 327+ 2%)
+ 6x%(1 + 22 + 2%) — 426(1 + x) + 28
18. {(a — B) + 2¢}f = (@ - B)® + B(a — b)4(2c) + 10(a - B)*(2c)®
+10(a — BY*(2c)*+ 5(a — b)(2c)t+ (2¢)° = ab — 5ath + 10a%?~ 10a75°
+ Babt — b% 4 10c(a* ~ 4% + 6a%b% — 4ab® + b%) + 40¢%(a® =~ 3a%b
4+ 3ab? ~ 18) + 80c3(a® ~ 20b + B2yt 80ct(a ~ b) + 32¢H
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Exrrcoisg XXXIX,

¢)) 2
4+ 2z = 1212 2? + 2a° — 2zt
122 - 328 zt - 22°
. + 9zt ] +z6
(3 N €
4zt — 1928 — 2zt 1-a+40®-20°
9zt 4 3z8 1a% - 2a® + ot
+ }a6 4at —~ 405
+af
®
1423 ~a?%=2a%+ 2at
2% — 28~ zt4 228
jxt+ 126 — 26
326 — 27 v L
] + a8
) (N ’
40% - 40%z + 8a%z? 1+ 2bz — 2¢x? »
a*x® — 4673 b%? = 2bcax®
+ 4aPxt + ¢t
(®)
a? - 2ubz - 2acx® + 2adx®
%% + 2bca® — 2bdxt
cZxt = 2¢cdzb
+ d?x6

(9
1 - 2a + 2b%x? ~ 2¢%23 4+ 2d4xt :

a? - 2ab%% + 206%2° — 2adizt
bixt ~ 2b%Pz® + Qbid4z6
cSz6 — 2034y

4 d¥z8 -

m ol e

-]
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(10)
e+ b)3}2 = (a® + 3a%b + 3ab? + b3)2 =
ab + 645D + 6atb% + 2a%S
004b% + 18a%b° + 6a2bt
9a?bt + 6abs
+ b6

an
{a=-c%* = (a2 - 2ac + 2)*
= {(a® - 20c + )Y = (at - 4% + 6a%? - dac® + ) =
as - 8a’¢c + 12a8c2~ 8afc3+ 2atct
16ab¢c? — 48a%¢3 + 32a%ct — 8a¥ch
36atct — 48a%S + 124%5

16a%6 — 8ac?

+c8
12)
(0% - 4oz + 4)% = atzt — 8a%° + 8aZz?
162%c? — 32ax ’
+ 16
4 13)
i 4-127+ 1622 = 22° + 13t
9z% - 244° + 3a* - 22°
16x% — 420 + §z6 !
$x6 ~ 327
+ §zt

(14)
1 -4z - 22% + 428 - 224
427 4 428 — 8x% + 428
zt = 425 + 226
4x% — 427

+ x8
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Exercise XLI.

3)
4rt+ 1228+ Bz2 = 6x 4+ 1 (222 + 3z -1
4zt ‘
42? + WW
. 1225+ 922
4z? 4+ 61;-—1) — 422 -6z +1
— 422 ~6x+1

®
This may be worked by the rule or it may be bracketed so ag
to show the sq. root: thus a* - 2z%(y% + 1) + (3% + 1)?
‘ 6 -
9at + 12a® + 34a? + 200 +25(3¢? + 22+ 5
9at )
6a? + 2a) 12a® + 34a?
124 + 4a?
6a? + 4a + 5) 30¢® + 20a + 25
30a® + 20a + 25

a2)
(@ —y)t=2(° +Y7)(T = §)® + 2(xt + ¥¥) = zh— day + GaiyR
— 4z + yt - (22% - 423y + 4x?y? — 4oy - 2yt) + 22t + oyt
=zt + 222y? + y*; and /2t + 2w%y? + yt = 22 4 y2

(13) (@® - b% +c? — d?)
at-2a%b2 4544+ 20%c2 = 202¢% + c%—- 20242 + 2b2d? — 2¢2d? 4+ 4t
at
202 — b2\ —2a%b2 +b%
—2a2b% +b*

2% - 252 + cz) 2a2¢2?~2b2¢% +¢*
2a2c? —~2b2¢2 +ct

202 = 202 + 2¢2% - dz) —2a2d? +202d2% —2¢c2d? +d*

20242 + 25242 — 2¢*d? + d4
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19)
1-3z+ Y22 ~Jad 4 Tot — J2% + fexS(1 = d2 + 2% -
1 .
2 —s},:c) — 37 + Lfx?
-3z + $x?
2 —%x+:c2) 222 — T2 + Tat

222 — $x23 + 2
2 -3z 4+ 222 - I}xS) —3a® 4 bt — 428 4 f42b

— 3a® + Jzt — 325 + b

(15)
23 2 3?2 y
z4+—+——-—x —2+— P
% 7 tyEm G 7y %
x3  x?
z? +—> —+—
Yy ¥
z3 22
— +—
y oyt
2
R R
x
2
—zy—-2+-—3
Exgrcise XLIT.
)
af + 6a5 — 40a® + 96a - 64(a® + 20 - 4
a6
2t 6a" — 4043
at 3
+ 6a + 4a® )
3a* + 6a? + 4a? 6a’ + 12a* + 84°
304 + 1243 + 1242 —120* — 484® + 960 — 64
~12a2% - 24a *
+ 16
Sat + 12a® . = 24a+ 16| — 12a* — 4843 + 96a — 64
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*)
ab — 6a® + 15a* — 20a® + 150% - 62 + l(az- 20+ 1
ab
3o — 6a°® + 15a* - 20a®
—6ad
. + 4a?
3ut — 6¢® + 4a?| - 6a% + 12a% - 8a4°

3ut — 12a® + 1242 Sg% - 12a® + 1502 =82 + 1
3a* - 6a

+1

Sut~ 1203+ 162 - 6e + 1

3at - 124% + 1502 — 6a + 1

() [22% ~ 3az + 44
826 —36az?® +102a%2% - 171a%2% + 2040%2% - 144a°2 + 64af
86
1224 —36ax’ +102a%x% - 1T1a%23
—18ax3? ‘
+9a?x?
122% - 18ax®+ 9a2r?| — 360z’ + 540%x% — 2Tatx3
12x% - 36az® + 2Ta%x? 48a%z%-1440%2°+2040%x?~1440"
240%x% - 36a%x ’ + 6406
+ 16a4\
1224 36az+51ax?~ 36a%c + 16at

48a%z%-144a%2°-204a%2% 1440z
+ 64ab
') (a+b+c+d+e

a® + 3a%b + 3ab? + b% + 3(a + b)%c + 3(a + b)ct + &c.
as

342 3a%b + 3ab? + b3
®" +3ab
+ 52

3a* + 3ab + b% | 3a?b + 3ab? + b3
3(a+ b)? 3(a+b)%c+3(a+ b)e? + ¢?

+ 3(a + b)c_l_c2

3(a + b)% + 3(a + bye + ¢ 3(a + 8)2¢ + 3(a + b)c? + 3
3@+ b+ o) 3(a+b+c)td + &e.

+3(a+b+c)d+d2

3@+ b+t +3at+b+eo)d 4t d? 3(a+ b+ c)d + &e.
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Exercise XLIIIL
a1\ =By -m ot \-™ a-1\ mn b2\ mn
TG G ()

o (amExam3) 2 (o8 -1) "o (o1
'(alxa “xat)_ =(a%_%+%)_%=a—§

(ssxat xat xa?)¥5 = (a ‘3+1'+%+%> Yra (o~ 1r1E)”

=(a"?'3)3‘g3_=a_§=’\/—a

o N A

a—gr_ ac) (a g+, *‘+1) —( —%c%)4=a'2'c3=%

(
.{(ga*%z)% aﬂ 2 {(az) xa%) ={dt “2_(f)‘2-,f’3
}%

2 3 _ 5
= af 3+ 7 +3+7; lb%“‘ +3+3-3 3+3+2~ )3h=a17b2-ﬁ(,‘8
n » P \7st ” » '
(:c" x 2 x z° ) Z™rd ( st ) ytord
. ( f r %)4811':_ y4srq ( +{t>4sqxxmtrq
¥ xylxy
( nst+vmrt+prs 78t
I.x - T8t ) yzgarq zmt+7n/rt+prs y4~srq
F 7 dngdrefreg) dig X Zmerg = e x yAng+ &rs + 78
y 48

- me- mrt & pro - nl.t-'qy‘is:’q —-4ng - 4rs - 783

= grd-g+me+ pr)gyg'rs(q ~1)-gan+78)

10 an
o oot v adhy.. ok (o) ()
TR (af v o) 4 (o)t
~3abd 4 a0 - oed . (ot +2%)° = (a)*
= a8} + 3ap ~ 3akel + 82 = a‘ + 202t 4 of - izt

3 1
2 ——_4a’b’} + 6ad - 44253 + 02 = ad + a%x% + ;p%
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12
49:—2z%y—%+2z%z““—-y'1+y_;z?’

1
+ 4xz& - Z:c%y'1 + Zx%y ’::‘"f

3 — 1
5 Z

8z — 4zy

1 - 3
4xy—%—2x%y'1+2x’y %z?‘—y 2+y‘1z§‘

2 —1
—4xz%+2x%y—£z%—-Zx%z“+y‘1z%—-y 34
F ) 3 2 1 2
Bz%—4x%y—1+6x%y'—%z +2y'1z%—-y Z_2xi23 —y *z¢
(13
F-3x'4y-23:‘_3)9x‘9y—4x‘7y"1(—3z‘5+2x'4y‘1
9z~ %y + 6z~ %

—6x~8 —4x-Ty-1

—6x=8 —4x-Ty"1

a9

a+a%b—%+a§b—%+agb “+a%b-%+a§b_%
_a%b—%_a%b_%_a%b—z a%b_%-—a%b_g_—b’l
SV Tk B TRk SO Tk B R B0 1Sk U
JEN S
aﬁ"-b—%+a%b—%+a§b_%+a°b “+a“b-g+a%b—%
It S S St g
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a5

67

g m%)x‘1+x_!‘—1+ 5 +w(x-%—x-%+1-:c§+:c§

-— |
PRI

-x—%—z—’}—-l
PRl . g
Pl SRR
-1+
-1—:1:*—:1:%
x")‘+w§+x
xi+m%+x
@

3\ 2

3 - -
4(a2—'a+a;+1-a }~,a'1+a 2)
Y. SR 1
= a*=2a% + 202 + 20% = 2¢ - 2a% + 2
@ -2a¢ 20+ 2at 12241
a+2ad ~2—2a" 14201

-3
1—2a_%—2a‘1+2a 2

a-14+20" b gg

5

a~2=2¢" %

o~ 3

—3 —
= a3—2a%+3a2—3a+ Za’} +-3-6a'% +al4da 2=a"%~2 3

+a-8
an
.a% + Za%-l-Zu'&-l»a_%(ai-l-l-a-ﬁ
S
2ts1) 2t -1
24} +1 .

2‘a*+2-—a_})—2—2a_%+ o=t
—2-2a"%4 ¢'%.
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(18)
(x%~2x'}+3—2x—)"+x
of _ 4z +1025 - 1628 +19~162 " ¥4 102~ Fmdz 14z

T

~3

AN

-4
4

e

oz =22t ) -4z + 1027
-4z + 43:%

9 1
ord — 4z 4 3) exf-162t 410
2 v
6zt —122% 4 9

o

A 3 -1 1 - -
227 —4z¥ + 6~ 22 ‘1‘) ~-4z° +10~16x }+10x §
1 -1 —

—4z%+ 8—122" "4+ 4z ¥

21?441‘1}+6—4CL‘~‘}+2‘-—§) DY S ik JRP
9 sr” ¥rea  odzl4a”

: (19)

3x’§y?~ 3+x§y'2) =3z Yy +3:c%y'1 —zy-¥(2 _&y - xéy -1

Wk G

' -1y3

¥
-1 1
~ 3z Yy + Sz¥y-l-zy~3

(20)

N
- 3z Sy+ 327yl xy-3

:c§ - Zx!‘y% + 3?/é

‘ 5L 4 ) 1 2 I3
2"';-6::::’1;" + 21x3y%— 44xy2+63x%y3—54x%y3+2 Ty
x

E1
3z3

5 )
! - 6x3y0 4 le%y%‘ -.44zy%
- 6xy

g_ 1
+4xy?

I L 2
3z - 6xyb + 4z‘vy§f - Gx%ylé+ IZx%y% - 8xy§

52h— 122yb 1 125008 3 .
82 - 122yt + 1247y 9z3y¥- 36yt +e3aty-54atyBrary
Qx%y‘l“ - ISx%‘y%

+ Qy?‘

4. 1 1 1 °
32% ~ 12055 + 2127y - 180y 9r%'y%- 3ny%+63x5y§—54z%y%+-‘27y
3

+ 9y’
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Exercise XLIV.
Lod=@t= vl omizanst; ot = ent=1er; ()F
== @ 7t (b = et st ot (oh) 8
Ty e
- - - - (5
a.a-a%-w)*- st=ol; @F= i; eof- ul;
(Bazb)%- (9a4b2)2 (/J:avzy“‘)2 = (16w4y6)%
et aeoTh @y
=(739) ~3 j {20)" 8}_% (80.3) :{(35‘2”)-3}% (27a6b3) ﬁ;
T ()

a=at= @k 3t = o0t @f= @t eat = asnt;
(BaZb)?i = (Slasb‘*)* ; (4zzy3)%= (256:1:31112)715

3. a?=al = (a‘*)—%: <i>_% ; 3t = (3’1)-% = (J,:)_"l ;

a= a3=(a‘3)_%= E

as

Py [ 1\
e () ;{<ac2> T b= () Htcer
=& ’; 37 2=§={Y fogr- A =gr=aY
SCOR R (%?) = e e wn=(5)

A - )

o

@ixmi=@xnt=oh ( )—§=; (%) =
< )g 1 b2\ 3
) (@) (o) ()
a
'§'< ) —%x-};\/3ab-2 'B—( ) vas’
@ = 300 = xTE = T 2 = 4680} = T
- 3

S e
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302\ - } 9at\ -} as\k _ . 25\}
6. 2!1(-;) . 2a<?5—> = 2“(911‘* = (8 "9a4
_/200\} 92 \~-1
19z ) " \ 200
am\% 2 /9m?*\} _ /32 « 9m? 15___‘ 18mA\ 1
5 (""4_ "5\ 16 = {3125~ 16 3125
am ~ pg

3 -pq
(am + pg)* x <am +pq> = {(am—+ pg)(am + pg) x am +pq

2,2 _ p2,03 1 -1
= (a*m? - pPg®)*, or i g
7. (135)% = (21 x 5)} = 3Y5; /162 = /BL x 2 = 942
4/80 =f§/16x5_2§/5 N384 = 12T x 12 = T x 3Y12 = 21412 ;

me 7‘;?:“) (?;g4ﬁ>_ (’_’L)_l__(m)

S {6(aa+ I)}% {bz;s?:(f:):) : {36(:: x)z"f‘a(’l'*'x)}%
= g@%;)vm; |

) T T e

W@ * Pz = affarz; G {(az S Z)} = (az = 2D% X

c+z

b s o[BI
€/<c+z>:(“z'z2)zx€/( (C%ﬁ—}

Gtk )zéy{(b + 2)(c + 2)Y
"tz

8y/2 and Y3, or 18%-and 81%, or 18% and 81%; or (5832}
and (6561)°

or (30)¥; (40} and (5103)%; or (25309)%, (85184)F and (5103)F,
or (35288)%, (85184)% and (5103)%
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10. 12¢/2 + 122 = y2 = 8y/2 + 352 = 592 = 9y = 504/2;

8Y(3) + 4B - LyT5 + VIZ = 44/3 + 416 - LWIB + }4/15
= 44/3 + 4415 ~ 2415 = 44/3 + /15
11, 24/7+ 64/7 + 3Y/3 — 4¥/3 = 8y/7 = ¥/3;
_ _ ot e\ —
3ab¥/ac + 2a%/ac — —FVae = <3ab2 + 20% - T)Vac

12, F2aMRET x $4365 4 K3 G 5 WgShE G x M I
= 2025 f/a%b5 + 33~ " §a%b? — c2 §a%b® = (2aPb" + 3a8- b ~ ¢?) s

13. 64/200 = 6¢/100 x 2 = 604/2; 354/60 = 35¢/4 x 15 =704/ 15 ;
(3 x6%) x (4 x 80%) = (3 x 4) x (216% x 3600°
=12§/64 x 12150 = 24%/12150 .

14. 165 x 88 = &/16x16x8$<s X 8 = £45 x 32 = 4§/33;
2808 x af = 284F = 28affa; 2 x 38 x 1ot =2 x (27 x 72)%
:zf/l"ﬂ; Y324 x 345 = 14%3 x 3¥/5 = Y15

by

Zd 3.
15. E X g% E— x {(aa:)% X (by)éf X (cz)‘—‘}

- wy{(aw)‘f x (by)“ x (@) U} = ay(asbtctaiyts)TE
~ Ty e ) =2+ y? [Seedylg. Art. 179.] .
16 (W3 + 3WH(EV2] - 4/3) = (23 + HVIB)EVI0 = 4¢/3)
= 34/30 + 34/150 - 849 — £-/45 = 34/30 + 46 - 24 - B4/5
1 Wi = 3 =65 5D = 5D = e
23 D= 20 = WIT; 365 + 9} = WTE = FE= 430
18. 2(12% + 7%) =2x <%§—8>é =2x (E%ﬂ>%= 4 x (?S—D%
27 x 74)%

=4x |~ = $§/64827

i(f/i) ;/11265)—_(125 -3(7 :6125) i?“g/m
-4 -4 33
$(2)- ) ) e
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y2 Y o as6=10:
= = - = +6—10
19, ]‘\/2 1'\/2 4+"\/2 44 n H

4y3 5i/4 e_ﬂ_l_;ﬂ) 5'%/256  6'3/49

23T B BT B war g

" 5
= 24/3 ~ g@;ﬁ)ﬁ + 3(4}2)‘12 = 24/3 - —6-116/5038848+1,%/964467;
ab™ 12 \ } _ ab®-1c? \ 1 N abn-lc’r‘b+1d 3
wu 1 - a’h® aSb?
c-ip-2 =14
asbn;acn+ld %
= <T> = &c.

20. Multiplying by 4/'T — 6 we have (4/7)?-6%=17~36 =~ 29
Multiplying by 4/3 +4/2 we have (4/3)%>~ (/2)?=3-2=1
Multiplying by 44/3 +64/23 we have (44/3)%— (64/21)?= 48 - 90 =42

Multiplying by 74/1 — /2 we have (J4/3)%— (34/2)%= 1 —--—}: 2513
Multiplying by 34/} +34/§ we have (3/3)*- QW =&~ =~ 1w
2(y/3 = 24/5) 2/8 —4f5 23— 4v5_4V5 24/3

(«/°+2«/5)(«/5 2/5) T (WBP-(2/B) 3-20 1T
(W2 + 4/3)(2/5 + 34/6) 2410 + 2y15 + 3/12 + 3/1I8
(24/5 — 34/6)(24/5 + 34/8) 20 - 54

ZV—+2\/_+GV3+942

- 34

(V3 + VII)(W8 + 8/T)  144/24 + TWEB + 16y21 + 8y/T7
(W8 — 8YT)(W8 + &) : 392 — 448

28«/6 + 144/22 + 164/21 + ev’“

- 56

3(4/3 +4/x) _ 343+ 34z . (aym-my/a) (ay/m-mi/a))
b B ARDWEHND T B -3 ) (aynemya) (aymimya)

(w\/m, m‘\/‘a)2 a?m — 2amyfma + m?a @ - 2/ma + m

a’m — mia a?m — m2a a-m
@+3WDAVI+ WD Wiy + oyE
WE-WDGVETID © Fxi-&x3
_ et HYIE 3 + IO

- %s &c
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Wettz+le-afrf -z - D)Wtttz + 1 - 4z -z -1)
N R N Y T O )
Wet+z+1l — 2tz -1)2
;(/Jzz+x+1)2—(sz—x—l)z
P2rr+l-20¢rt+z+)Wat-z-1) +at-2-1
(+z+1l)-(a2-z~1)

2t -zt~ -22 -1 aP-4fzt-z'-2r-1

2+ 2 - x4+l
2 {3 =4/2-4/5
T (W3 = 42 + 4/6)(4/3 — 4/2 — 4/5)
) Y3 =42 =45 V3-42 =45

{3 -v2) + /B3 -2) - /B T (J3-4/2)*-5
VB-y2-4/5 _ 3-42-45 _ (W3-42-45)x46

T3-ne+2-5" - 2¢/6 - — 24/6 x 4/6
_WIB-yT3- 430 _ 243 + /350 - 3y2
- -12 B 12
(1-3Y2)(L+3/2+4/3)  4/3-34/6-1T 4/3-34/6-17
(L+3¢2 ~4/3)(1+34/2+4/3) - (1+342) -3 16+ 642
_ (WB-3/6-11)(16 - 64/2)  264/3 — 274/6 + 514/2 — 136
T (16+64/2)(16 - 64/2) 92
(2+303)(A+203+4/2) 20+ W3+ 202+ 346
(1+24/3=4/2)(1 + 24/3 +4/2) ~ 11 + 44/3
(20 + W3 + 24/2 + 3¢/6)(11 - 44/3) 136 — 34/3 — 144/2 + 254/6
(11 + 44/3)(11 - 44/3) - 73

.~ Exercse XLV,
6. Let /42 + 34/174% = 4/ + 4/
Then 442 — 34/1743 = y/z — 4/y
Or /1764 - 1668 = 4/196 = 14 =2~y
Also 42+ 34174k =z + 2fay +yord2=z+y l ,
s 2x=56orz=28; 2y=28o0ry=14

. 4/42 + 34 TT4E = ¥28 + 414 = 24/7 + 414
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9, Let 4/a - 24/0,Ti =z -4y @)

then Vo + 2/a — 1 = 4z +4/y (1);
oryadi—dutrd=w -y

ora—-2=x-Y
Squaring (1) we get a =z + v >, 2a - 2 = 9z, &0,
10. Let 4/2a + 2¢/a% = b2 = 4/x +4/y
VZa_szZ~ b = Wz — 4y
V4% = 407 + 402 = 4f4b = 2b=x -y
And 2¢=z+y ,
22 =2b+2a; orx=a+b
2y=20~2b; ory=a-%

11. Let 4/8 +4/39 = y/z +4/y
Then 4/8 —~ 4/39 = 4/z ~ 4y
Or4/64-39=4/25=b=x-%y
A1508=x€+y
S 2x=130orz =12 and2y=3..y=§

<. 4839 = 44+v’_2«/“+,«/3

12, Let ,‘/ -_i— 104/a? = b = 4/ + 4y

|o?

ST - IR0 = Wz — 4y

Jat 142702 o B2 [a*  a** Lt a® b2
Vig - W@ -0 = yg- gt~y
, 4
a® b a? B2 And“z:x-!-y
Thenzz:;—_?;orx_.__ 4

4
bz B2
2?/‘*—2-; ory=-r o &0,
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Exgrtise XLV

L 32 —4f30 = 4/8(2 ~ ¥3) . Vy32 - 424 = Y¥B(Z — ¥B)
< Y8y TB = Y8(i6 - W2) = Y5 BT 1) = 1 (/258 - 43
:t/fé"_' ;t/z‘

2. 35 + /A0 = 5(3 + 2/2) . V3Y3 + 4/40 = 4¥3(3 + 24/2)
=453 ¥ o2 = ¥5(V2+ 1) = /504 + 1) = 420 + 4/5

3. 3y6 + 217 = y/6(3 + 2y/2) .-, /3 /6 + 24/12 = W6(3 + 29/2)
=463+ 2y2 =46(2 + 1) = 4644 + 1) = 43T + ie

1416 - 4 = T8 - 4T6 = y23(/O ~ v8) = 42 ~ 45)
s A\T8~ 4= 423G — ¥B) = @B - ¥B) = {22 - >
< 428je-1) = s - 42

Exsroise XLVIL

L4y =2T=2/=12=12~3~4/=3=8/3
@+ =B) + @+ =) = 20+ (b + W =1
2. =B+ ST+ =TI = (Y5 + /T +/TIW =1
3 «/m:-:w Nz +1/§-; '\/-:IT\/—_Z—= Az —aly
N8+ T2'=11 = 2~y
And T=z+y
o 9,andy=~2
¢ (=34 7f—)(N—§ 'W ~32) = (4= 3)" = (W =2
=(16X—3) - (49x—2)==48=(~98) =—48 + 98 = 50
5. (W=2-3/—3)2==2 —'61/6(1/ﬁ)2+ (9%x—3)=—20484/6
2-y =5 148 _ 14
W2 TRW2~Y-F) 3 -(-B "
T a8 x g = T==a®B 15 +1; 4/ =1; =1 [See Algebra
Art. 193 ()] -
8 (a—4=a)?= az‘a'Z'aVT'E +(=-)=a? =20 ~a—~a
’ R
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9. (2= TDP= (Y2) - 32 =) + 3/ =D - (V= &)
= 4/8 = 64y =1 + 34/2( = 4) ~ (WA = 1)°=24/2 - 12¢/ =1~ 12¢/2
+ 8y =1 =4y "1 =102

10. Let 4/ — 2 — 2/ = 15 = 4/z —4/y; then ¥/ = 2 + 2/ = 15
=4z tafy o fT-4(~15)=464=8=z-y,andx +y=—2
. %z=6; z=3; 2y =~ 10; and y = ~ 5. Hence 4% ~ 4/7
= Y34/

11. We are to find the square root.of 0 +4/ =1
Let /0t = 1=z £4/y.
then«/O+V—1—q/x+Vy
oryfU—(=D=4l=l=z=y, andx+y=0
sor=3,andy=-1
Hence 4/0 4/ = 1; that is of 1 = 1=4t 44 -1
SI2+ W T or WE—/ -2

12. LetV31+42¢/ =2 = /7 +4/y; then4/31—424/—2 = 4fic = 4/y -
. AB6T = 1T64( = 3) = /961 + 3528 = /1489 = 6T =z — ¥
and 3l=x+y .. 2z =98, and x = 49 ; 2y == 36, or ¥ = — 18
Hence /z +4/y = /25 + 4/ =18 = T+ 34/ = 2

4+ =2 (A+V=DE+Y=2) 8+4v_+2v 22

Py eymna=n | B (=D
- @ =14+ 1'/'__—2
6
14 7~vt"5.) 14-«/?5-71/‘—3-?4'—‘5(2-«;’:—3‘
14-2¢/=38
W =3-415
~- T/ =3 —4/15*

15, (a# b/ =) (a—by =1) = a? = (b = 1)* = 0% = (B> x ~ 1}

=0t = (= 0% =a?+ b2

*Thus -/ = 5% —4/ =3 == /By = L X = 4/3y/ = 1 = /I5(y/ = 1)*
=Vl_5'x—1=—/\[ﬁ :
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Exeroise XLVIII.

L12toe=4+4dfz+z; ordyfa=8; orafz =23 0rz=4
2.83z-6=2z; orxz=6
3.z-%4=x—4frt+4; ordyz=28; or4fr="T; orz=49

a
4.m—-24a:\/:—c+ ag"l=a+ z; or -~ Wa + az-1 = qg;

-2 “/ v oo L e yas; ory %}ﬁ’m ZXIG:\/a

5, _\/Jvm+5+6+7-4, or

N arm et 0% O A B 859,

or ,')4/vm*+123‘+4+5 =3 0f 4 Jzr123 T4+ 5=9; or

\1/43+123+4=4; or/z+123 +4= 16; or4z+123 = 124 or
z+123 =144; orz =21 1/

8. /az ~ 4z = Ja; orz(fa=1) =4a; ora = o= 11
&
Wa-1)*

1.0z +4fzt — =224 2x 4+ 1; orqfat -2 =28+ 17 orah-a®
=244 222+ 1; or32%=—1; oraf=~%; orx=44—5=% /-3
© 8. %+ 3442 + 168 = 152 + 424z + =} or-Byz=16; ory/z =2,
orx =4

orz =

4

0 Az +4fz + 2 ::"\/_'l‘—i; ory/zyfr +2+x+2=4; dr+/x4fz+2
TR

=2-; ora(r+2) = 44+ 2?5 ora?+ 2o =44z +2%; or
6z = 4;orz=%

10. 6+ 4 2/af -t + a = T =0z or2\/a‘—w‘-ax--2a 01
40% - 422 = 0%® —~ Ao%r + 40%; or az:vz-[- 422= 4dx ;. or 0r + 42

1.  4) = 40 e
F AR o (0 4) = 40 R
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11. & + 20z + 2% = a4 zyfBE T 28; or 2ux + 2% = o+ 2F;
or 2a + z = 4/B%+ a%; or 40% + 4ax +2% = b2+ x%; or daw= b da’;
b? - 40?
4a
12, (P Fae 7 b= a~b—z; orb*+az+a?= = 2ab -2z
+ b2+ 2bx + a?; or 3uz - 28x = 67~ 2ab; OF T(3a~ 2b) = a®~ 2ab;

‘ ~2ab
T =3 —2b

orx =

12. = + 2ay/z + 3byfz + 6ab = 4ab + byz + dafz + @

ab @t
or 2by/x ~2ayfx =~ 2abj or 4z =T—F; orx = @b
‘2[1

V1l +x

= 9a; or 4/4a + 407 + & + 27 = 20 — T+ a%; OF 4a + 40z + & + T
= 40% — da Afx + 22+ x + 37; or da + dax —4a* = — 4a Jx + 2t
or ldz—a=—qzfta; orl+2z—20+a%-2z+0%= 22+ 25
2a~a?-1

1-2a

15. 2 = 32 = 256 < 32 4/ + x; or 32 4/ = 288 ; or4fr=19;
or x = 81,

. b bc \ 1 ¢ 4bc \ 1 b ¢
6. az+:):+2 -zt taz x~ \a?-2? ’Ora+:i:+,a,—-ac

=0; orab=dx +ac+cr=0; or bz = cx = ab + ac; or
ad+o)

=" ¢
- %z
1 z 44z —Hfzb-z= -5 = given equation multiplied by

14, Wz ++fda+ T = s or 4z + &% + 4/4a + dox + & + z°

orx—2ar=2a~a?~1; orz =

WE+qz; orafz+1l— Vz—l—ﬂ(dwxdmgby'\/x); or 24/xz + 2
= 2%z — 1 +3; 01'24:6—1-24/35—1 oF dz - 4Vx+1—4x 44
or 44z =5; or16x—25,ora,_

'18.:z:+a--c2 2cl\/:c+b+a:+b,or-'-Zcf,/zc_-l-b:a—,b—cz;
or 42 (z + b) = (8 — b = D?; or 4% = (a - ct- D)%~ 4c%h;

(@a—~cE-b)2-4c% (a—cz—b 2
orx = = ) - b

4% 2¢
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1o 2 1 1 |4 -9 1 2 |4 9
' :c"‘+ax+a,2 = a2+«/a2x2 +F’ or;—:l— P _'\/az +;.;, or

1 4 4 4 .9 4 9
ztataEsgz Tz or—~+-—=—j ora+4rs 9z ; or

dz=8a; orz = 2a
1/x+a+Vx—q m .24\/;—71 m+l,
Vz+a Jzr-a 1 24x-0 w1’
Jzra m+1 zt+ae m*+2m+l

O;Vx_a;m—l R e v
2z 2 (mf+1) z mi+l a (m?+1)
T2 Tdm TG T Tam T T o

Exreroise XLIX,

La*=9;0orz=1%3
2. 18-18x+18+ 18z = 100 - 1002?; or 10027 = 64 ; or-2%= 53
orz =44

3. 432=322+9; 0raz*=9; orx =43

4. 427 -8=1; ordr®=9; ora?=j;orz=t}

5. 22— 62+ 9=13—-6z; orzf=4; orxz =12

6. 3 (2%+ 10z + 25) - Tx = 23z; or 32%=-175; orz?=~25; or
z=154 -1

21622 + 36 216zx% + 36
7. 1022 4 17 - L0z® + 8 =

T1z2—8 > T 2= 1723

2752% - 200 = 21622 + 36; or 59x2= 236; ora?=4; oro =42

; or

8. 45+ 2zt=9; or 9+ 22%=81; or 2z%= 72; or x® = 36; or
z=416 . _" .

9. '\/(':z:}-?.)'(m+3)=3a,; orz?-9=9a%; ora’= 9a+ 9; or
Z=13407+]
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a? -z2 22 2a a?

10, 4/a? - a? z e .
T T T i@ TE-p T
a? 2?2 2¢ a® 2% 2a
_ L op = 2T . 2 - b2
Orﬁ_l”b—i_—b—'l'x“mbz" b—l’ orzZ= 2ab-b%; or

x =1 4f3ab - b?

a? a* a? 2a? \/a“

il 2 ) L }2= 2. 2= —_ Bt
11.3;2+b—2«):64—b‘*+$2 %= b%; or o b2=2 m,,,b

4at  4a%? 4at 4a?h?
or — - +b4=F-—4b4; or—xz-—=5b4;

z* z?
40? 402 2a
2o | Sag
or —3 _5b2, Or 2% = g or & = + bvg—i5b‘/5

12. 3az? - ez = d-1-b; orz?(3a=¢)=d -~ 1 - b; or &

d=1-b \/ d-1-0
= 3a-c jore=4g ETETS

13. 4/a? — 2% = ¢%/1 — 2% = 24fa? ~ 1

@~ x?= gt~ atz? - 20%x4/(1 - .'nc”)(a,2 = 1) + %1% ~ 2?;

or 2z4/(1 = 2%)(¢®~ 1) = @* — a2?— 1 + 2?; or 2z4/(1 - x%)(a®— 1)
= (6? = 1)(1 - z%); or 2z =4/(a®—1)(1 — a?); or 4z?= (az— 11 -2%)
at-1 °

=a2—a2x2+a:2—1; or 3z + a%2%= ¢? - 1; ora?= or

2 1\1
&= 3+a2
14, a4f/b%4 2%+ b2+ 2% = cb?; xAfbi+ x2=¢b®~ b2 —a2; or bz xt

= c®bt— 2cbt - 2cb%% 4 b4 2b%% + 24 or 2cb%?— b= (%t bt
+b%; or 2cx® - a® = ®b%— 2cb¥+ b2 = (B 2c + 1)b2; or (2¢ — 1)a?

3+ b

(c — 1)%? (c— 1)b
=(c-1)%% orat=-"p—T—;orx=+
¢ ’ Ze-1 7 T W2e-1

15. 3+1x—2\/ 1/3+;z+§z:—;x-3 or-Z\/ VB+;}1

2z \/ﬂ _ z 2z x?
==6-——; or --5«/3 + iz =3+?; or —3—(3+.%;;)=9+2;¢.|.§

2 z? z?
Qr?,,=9+_9-; orﬁ=93 01'x2=81><2; °r$=i9'\/2
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- 16. a+m+3(a+x)§(a-m)!‘+3(a+x)"-"(a—:z)%+a_m=b5;

or 20 + 3(a? ~ m’)é({‘/a+a: + #e—x) = b%; and by given equation
Yo+ x+3fa-x=>b; substituting this in the last equation we
nave 2a + 3b§/a? — x%= b%; or 3bda? — a* = b®— 2a; or {faF - 2t

b - 20 b — 24\® _ b® — 20\ ®
=T;Oraz—xz=<—3b—>;ora:‘=az-( 3 )

SRV

Exercise L

1. 2224 82 =90; ora?+ 4x =45; orad+ 4r+4 = 49; or
r+2=47;, 2=5; or—-9."

2. 28~ 19=82-10; or2*~8r=9; or 22~ 8z + 16 = 25; or
orr-4=%5;z=9;0r~1

8, 22 -Br=20; or2?-8xr+16=36; orx —4=16; x = 10;
or — 2

4 2%+ 122z=45; or x?+ 122 + 36 = 8l; orz + 6 = £ 9;
z=3; or~15

5. 322+ 2x = 85; ora’+t gz = ﬁ‘,orzz+%x+§ 246 4} = 246 ;
orx+i=+L8; x=5; or - 5%

6. 3::2—143::—15 or #? - Ltx = — B; or z"—.l-,,ﬂz+599
s—-5+42=dsorx—f=1%; oraz=3; or 13

1. 522- 236z = — 47; or 2% - 238z = — 47 ; or 2% 2§56z + L4521
= - 4T+ 133419082 or g - LfT= $ 1T or = =23% or §; that
isz=4To0r}

8.'42% ~ 82 = 320; orwz—Zx 80; x‘—2x+1-81, z-1
=+9; z=100r-8 o v
9.-:I:Z—Zm——a?,‘orz2—2x+1=17a2;orx-1='\/1TaZ';
qrz=1j1/1TaZ
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10, Ba? 4+ 4z = 2713; 2P+ fr=2]3; 2%+ fwdof = M+ ok
=ngﬁ;x+§:i~3};z=7q?-7-}

11 2% - 20 = 32; 2%~ 30z = 9% ; 2* = Sz + L7 = W+
=324z _17Q=i171;x=4’01,'—]:;f

12. 2~ Tw==12; 2 = o+ =+ 42 =} z-F=114;
z=4o0r3

13. 322 - 11z = - 6; or %~ iz = - 3; or ag?—lglx+lfel
-2+ '3 =4t s~ 4 =4 z=30rf
. be—ad bd
14, acz? + bex - adz = bd j or & + — T =
,, be—ad be —ad\% bd  (bc - ad)?
or 2%+ ac *¥ | T2ac Sac v 4aPF )
., be—ad  /bc—ad 4 4cnbc<;l+bzcz-Zabcd+a,2dz
orEt+ e ( 20c >' 4(121:z
b + 2abed + a?d®  /be+ad be—ad  bc+ad
= da* "( 2ac >,or.1:+ 2ag =1 2ac¢ i
bc+ad be-ad 2d d 2be b
O E = e a5 P T T T he ST
1 z -4z
15. Py i by dividing the given equation by

z 4+ 4z or 4= z? - 2zyzx +z; 0or 4= x(x - e + 1);

or ;:—= Wz - 1)%; 0;72- =41 Wz = 1) (D or 2 =x~4z;
orx—4fr+i=4+L1=%; orfa~%=+43; or yJx=20r-1
coz=dorl )

T}ak‘ing the minug sign in (1) we have ,% = - 4z + 1;
0f2=—z+Vx'orx—«/x=—2; orx—4r+i=~f+t=-1;
or Wz — j =4 —F; oryz =4 kN -T =AYV -T;
ore=4 (1224 -T-N=4(-6224/ D=5 (=324 -1)

The rejected factor = +4/2 = 0 givesugz =0 or 1

16 22-2=210; g%~z +i=8424] = 2415 & - } = 1 4
z=150r - 14,
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17, 42% + 36 = 822 + 48 ~ 1llzr; or 2° + 1llx = 12;
o1l + i3t =48 4131 =188, 5 dl=313. =1 or-12

-2 z+2 x-—3 T+4 Pedrt 4t a4z +4

18 zv2Tz-2z+atTzo z—41 % -4
oWz 4+ 124+ 2% + o+ 12 222+ 8 227424

= ot~z ~12 ) ior Ty =:1E;2;.i—12;'
xz+4 z2+12 22 ot z 2z -1

R 2" z-12 " § T r+2a 1 L Tryag)

ora?+24x=8x—4; ora?+ 16z =~4; ofx2+16x+64=60;
or:c+8=1/a‘=i21/ﬁ_; orz=4+2415-8
The rejected factor z=0 gives us the other value,
19. 492% + 437 + 9 = 10(22% + 4z — 6 - 2% + 3z + 9)
=10(7x+’3); or 492% + 42z + 9 = 70z + 30; or 72?- 4z = 3;
4,:5—1:52 fer =+ &= 2-F=tf; v=1or-}
20, ax? - fr? ~br—cx=-b~c; orfal-w2?+br+cx=btc

e 5 b+c b+e
(f=a)xt . (b+c)z= e ® +( > f—a,’

., fbte b+e\? b+e bt
“ ) ) e )

b+te brc N\ b+c
Vit <2f-2a) ~9f - 2a

1 1 1 1 1 _mT = a2 + am

2l = ——— :

a-mtzxT o m+z’a m+.7: amx

amx = 3amz — a’r + @?m — miz — ami®+ mat - ax?; ax? - ma?
+.0%0 - 2amx + mPz = oPm — am® = am(a. = m); (@ ~ m)x?

+ (E- 2om +mPr = am(e — m); %+ (@ - m)z = am;

I

. (a = m)* (@ -~ m)?  dam + (a — m)*
3 - m) — = =
a? 4 (& - m)x + 7 am + 1 4
@ 4 tam 4 m? (¢ + m)% a - m a+ m
E ) I e T




74 KEY TO [EX. L, 11,

2(a+b) = (a=by

22. aba?~ 22(a + bab = (a=-b)?; a? Vb 7
2 +b)  (a+bY?  (a-b) (a+ b)Y (a4 bY) -
2 — = + =
b ab ab ab ab

a+b 4/2(a% + b%) a+b 14/2(a®+ b?)
L—-—==4 — 1=

4fab, yab ' Aab

Exercise Li.

1. 3z 2z = 85; 36z%+ 24r = 1020; 362%+ 24z + 4 = 1024 ;
6r+2=432; 6x=300r-34; r=>5o0r-53%

2. 427 - 42 =840; 4%~ 4xr+1=841; 22 ~1=129; 2c=30
or—28; x=150r- 14 . _

3. 642% - 48z = 1360 ; 6427~ 482+ 9 = 1369; 8z — 3 = 4 37;
z=5o0r— 4%

4. 2% - 26z = - 25; 42®— 104z + 676 = ~ 100 + 676 = 576;
20 -26=124; 2z =50 or 2; x=250r 1

5. 52+ 4z = 273; 10027+ 80x = 5460 ; 10027+ 80z + 16 = 5476 ;
Wz 4=4"74; 10z=T00r-Y8; z="Tor- 74

6. 42%+ 8x =21 2%+ 2z =2); 42?4 8x+4=231+ 4 = 25,
204+2=45; 2z=30r—17; z=1} or - 5}

7. 1127 + Tz - 4 = 1425 112% - Tz = 4; 48427 ~ 308z = 176;
484x2—303z+49.= 176 + 49 = 2255 222 — 7 =+ 15; z = 1
or —

8. a’z%+ (ab - ac)x = bey ax®+ (b ~ ¢)x = %c; 4’22+ da(b - c)x
+ (=) =dbc+ (b-c)l=(b+6)?; 2z + b ~g = 1@ +0);

B

c
2ax =2cor—2b; x=— or = —
- a a
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9. 12274+ 120 = 16z + 135; 122%~ 16z = 15; 3a%— 4z = 14,
3627- 48z = 45; 36a%~ 487 + 16 =45 + 16 = 61; 62 — 4=+4/81;
Bz=414/81, z=}(4 +4/81) '

10. 722 - 42%/3 + (2 ~4/3)x = 2; (T~ 4/3)a%+ (2 = 4/3)x = 2§

P4 g = T [since T- 445 = (2 Y3y

,42 4 . 1 _ 8 1 9
A T T3 T—a3 o3 T 4y3
- 3 4 V2
A ERES BT R WoV: Rl S

1 2

-3 Iy

11, 2% + 6azg = b%; 2% + Gax + 9a® = 3% 4 9a?y z + 3a
=14/9a% + b%; x =+ 4/9% + b2 ~ 3a

45 -9z 63 4+ 36z 19(45 - 9x)
12.m—3x-x-— 15 31z = 40r ~ 63;

855 ~ 171z = 4022 + 57x — 189; 10x? + 57x = 261;
400z% + 2280 + (5T)2 = 10440 + 3249 = 13689;
20z 4 57=1+117; 202 =60 or—-l’%4;x=3or-8-l"o-
13, z2—5é;=—m1; 4% — 20z + 25 = — 4m? 4+ 25; 2z ~ 5
4428 —amk; 22 =5 4 4/25 — 4m?; x = §(5 + 4/25 — 4m?)

14. ma? - nx? — Amzafn = —mn; (n—n)x? - ZM4fn)z = ~mn

2mafn mn 8mfn 4mn
152——-2::—,--——;4.1:2— = -

m =7 m-—~n m-—"n m—n
iz " 8mufn am?n amin 4mn 4mn?
z? -

_m—n+ (n —=n)? __"(m---n)2 Tmen (m - n)?

2mafn . 2mafm op = anym + 2mafn - 2mafn — 2mfm
;2% = or

m=-n “m-n’"" m=n m -7

_AmnGin +ymy fmnim—yn) . mn yfmn
;'c_“‘”m-n' or P ,x-.vm_vnorvm+4/n
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o+ 1N /l+a?+2t\  sa+1\ /l+ai+atiz-a
15, 1+$+”2=<a*:i> (ﬁm )=<a_—1) <_1—+.';:——~}——r>
a+1\ /l+z+2?-x(l-2%)
1+x+xz-—< 1>< l+z+ax*

_<a+1>(l+x+:cz—:c(1—.r)(l +2 +z‘))

a~-1 1 +z+ z%
a+ 1N\ ((L+z+ 21 -z + 2%
l+x+qc2-< ( T3z 12 ( (1~z+a?) -
14z + x? a+1 24222 22 1 + 2 .
1=z + @ a<l) 9z ~gi 5 =@ L+ =0z

#iP—ax = — 1; 42~ dax + o?= a®~ 4, 2 - a = + - 4;
x=1(ataf-4)

16. a*+ 32+ 6 = 2% + 32% + 1322 + Tz ~ 60; 1322+ Tz =66;
67627 + 364x = 3432 ; 67627+ 364w + 49'= 3481 ; 26z + T=1 59;
26r =52 ar~66; =2 or - 2-%

Exenecise LIIL

Lz+2=0,a0dz+7=0. . (z+2)(z+7)=22492414=0

2. -4 E+2)(x~1r=0; 0rr*-32°- 622+ 8z =0

3. (x=-2)(x+2)(z-3)(x +3)x=0; or (22~ 4)(#? =~z =0;
orz® - 132+ 36z =0

4 (z=5)(T+5)(T-2)(x+2)(2-3=4/2)(z - 3% 4/2) =0;
or(2?=25) (%~ 4){(x - 3)*~ (¥/2)%} = (22~ 25) (¢?— 4) (22~ 6z + T) = 0;
or 8 — 625 — 22a* + 17423 — 1032* — 600z + 700 = O

5. (2= 1)(z'=2)(z = 3)(z - 4)(z = 5~ 4/6)(z = 5+ 4/6) = 0}
or (% - 3% + 2)(a® = T2 + 12)(x* - 102 + 19) = 0 ;
26 — 202" + 1542% — 5902° + 118922 — 1190z + 456 = 0

6. (x=-5)(x-4)(z—1)z (x~2 -4 =3 3)(:1:—2+1/ =3)=0;
or (xz 9z +20)(z® - 2)(22 - 42 + 1) = 0; ‘

= 14%° + 762% - 2062° + 28322 - 1402 = ¢
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7. (x-5)(x +2)=0; 6:1'.«2:""—33:—10:0, and (zt - 62® 4 5x?
+ 12z - 60) # (2= 3z - 10) gives us 22~ 3x +6 =9 ; then
gedm=-6; 2P-Br ks -fe-; amfo)y 15

Z23(3 L4 = 15)

8. (z-1-y=6)x=-1+4~-6)=0; orx2—2x+7 0; and -
therefore (zt ~ 42% + 82% - 8z — 21) + (x%- 2+ 7) gives us

~22-3=0. Thena?-=2x=3;22-224+1=4; - 1=42;
z=3o0r-1

g. (2®+ 627 = 3920) + (¢ — 14) gives us z% 420z +280 = 0 ;
224207 = - 980°; 2%+ 202 + 100 = — 180; z +10= i.ev-s,
2=~104 6/~ 5 o

10. = = 0 ig evidently another root, then (x*~ 6x%+ 132%~ 102)
t(2?-2x), givesus 2* ~ 4z +5=0; 2?—4dr=-5; 2?4+ 4
R x—2=iq/_-_1;;:=2i1/—_1

11. (x~3)(z + 4)x =0; therefore (x° ~2z%=- 252"+ 2637+ 1207)

# (2% + o ~ 12z) gives us 2% — 3r ~ 10 = 0; 2%~ 3z = 10}

47~ 120+9249; 25 -3=47; 2w=100r~4; z=5or~2

: 12, z=01ig obkusly another root. Then @4~ D@+ ~2)

~zz+2—

: (x4—z3a’ 2z =4) + (22.2)=2P-1 - 2 = 0.; that is, 2%~z = 2,

whence:c 2 0r~1 » |
| 13. Alg. Art 2086, when the roots dré equal 42= 4 % 2 x ¢

or 16 = 8¢y oro—Z .

' . b < .B+'y _b_
14 Alg A7t 208 (Com), B+'y———- snd B’y "By 2
¢ b1 1T ¢c 1 a
rgEe §+—— Alsmsmceﬁy-aﬁy p

b
Hence - the gum of the rootd and ~—-= theu' product and the
equation g a? + e + —c-f= O‘t‘héLt ig ca? + b:i:_-‘l- a=0

\
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15. Alg: Art, 208 B+y=-pand By=g /

B+ 4 = % 4 4% + 2By ~ BBy =(B® +2By+77) = 237 B+7)*
= 3y = p? = 2¢ (1) |

B=7)2= BZ = 2By +y? = ((32+'y2 - 2837y =p% ~2¢- 2¢ from
@ =pt=4g (m) - . )

B2~ = (B47) (B=7) == P (4 p* - 49), sincé from (m)
By = +4/P* - 44);

1 1 Bty __ P

By T By g

B = (B By ¥ B=1) = (B + ¥+ ENAB - V)
= (p2 = 2g+ Q) ¥ 7 - 40) = (1 = Q) /% —40)

Exrrcise LITT;

1. 2w 6 ¥9=95; /z~3=15;/z=80or~2. .x=640r4
2. Vx—Wx+4=1;t/x—Z:il;&/x:Borl,.-.a:=.810r1
3. zt—14z%=—40; z* - 1422+ 49=9; 22~ 71=13; 22= 10
or4, . .x=12ort 10

4 28+ 14477 = 1107 23 + 144/Z% + 49 = 1156; L +34;
z2—27or—41 xz—3orz\/ 41; .z =9 or ¥1681

B, £~2/2+6=2; (Z+6)~2/T+6=8; (z+6)~24/T+6+1=9;
NZ+6-1=23; Jx+6=4or-2; +6=160r4, ..z=10
or - 2

6. ot—32?=248; x*~ 12+ fx =248+ = 39—%9- ¢l =183
7%= 16 or - 8%, .. & = 4 4 or + }4/ = 62

7. x6 - 8x%=513; x% - 82%4 16 = 629; a®~4=1423; 2%= 27
01'—':19 .z=3o0rd =19 .

8. @+5) -4z +5=6; (@+B)~4r+b5+} =6+% =25,
NZ+6-1=14; 4z +5=80r=2; a+5=90f4; . .a=4or~1
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9. /z(a*+x-6)=0, .. 4/x=0and ..z =0
Also2’+2-6=0,. . 2%+ 2=6; 2+ +}=2%; o+1=4+%,

v.x=20r-3

*10. Clearing of fractions 2x + 23/zr =16 —z; 3z - 24/ = 16;
36 — 244/z + 4 = 192+4-196, 8/r -2 =+ 14; 6\/1——12
orl6, ..z =~2o0rd . x=4or T}

11 4z + 21 + 2 + 21 = 12; Nz + 2144z + 2L+ =48
Mz +21+3=4%; 4+ 31 =30r—4; x+21=81 or 256;
z = 60 or 235

12. ¥o(2=2-4/2)=0,. . 4/2=0,.. 2=0. Alsoz=-2-4z=0,
NE-NE=2; Tz i WT-3 =43 fr=20r-1,
nax=4orl
b bt 2 _P+2’-2

b -zt T a3
'2x‘5+2 282 241 a28-1
WAL S 2o 20 xAil T xE—1) FT-zl 4 2= 1 = a7 ~ gt
+af~ 1, 0t 2 — 25 = 2% — at; b -2ttt - 2?0
tz - 1) +af(x-1)=0 (x-1)(@*+2%) =0, .a~-1=0o0rz=1.
Alsozt +2%=0, . at+a®+=3; 22+ {=14; #2=0or-1,
sx=0ortqy~1

9(8 ~ /) 2% -3z + 4 23(:c -24/z)

W e = GrvDG s T e+ ys ) multiplying
by the denominator of the 2nd term we get
9(86 —x) = Tz? ~ 3z + 4 + 23(a® - 4x)
or 324 - 9z = Ta% - 32 + 4 + 232% - 92r; 30a%- 86z = 320;
ozt~ ffe = 35 o~ fe + (D7 = AP + 0P = LteY
=3 =t x=5or - 28

16.28 ~ 328+ 3z ~ 9 = 0; 2%z = 3) + 3(x ~ 3) = 03
(z~3)(a+8) =0, .. 2=3=0o0rz=3; also a®+ 3 = 0,
..w“-—a;ofw=iq/—-—§ »

. Then (by Art. 106 - vir)

.
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16. (z=3)(z —4) = 2= W2/ (@ - ) (@ - 2) + (z- 1)@ =2);
or 78— Tz + 12'= 2 — 2/ zf = 3z + 2 + 2% - 3z + 2}
4z 8= 2oaE— Bz 4 2; 2r— 4 = 2EE = BT+ 25
41%- 161 + 16 = 2(x%= 3z + 2) = 22%- 62 + 4} or 22%— 10z =~ 13,
—br+2fp=25-2¢4=4 Hencezx=-§=1%3% sox=3or?
M a8—1-8z+2+F1=0; ora®=1=32+3=0;
orz®=1+3(@-1)=0; or (z~ 1)@+ z+1)-3(x—1)=0;
or (z=1)(@@%+x~2)=0,..c~1=00rz=1. Alsoz’+z-2=0,

x4 x=2;orz’tat+i=F;orxti=td, oe=lor-2

18. Since (Y72 +ax+b + yz¥—az+b)(Wfxi +av +b—+f2*—az +b)

= 2az, dividing these equals by the- given equation we have

2ax .
Vei+az +b WP —az + b= and adding the given equation

— dax
to this we get 2¢/x% + ax + b = & ;oo by squaring,
40.2232 ’ 4a2_1.2‘
4a® + doz + 4b = —(3 + 4oz + % o 4a? - —5— = 6% ~ 4by
c [ct— 4b
or xz(402 4(12) = CZ(L'2 4b)7 e = i ?VW

19. Reducing the terms of the first member to a common dgnos

ar=a\a-z+aofz o~z b

minator and adding we get :

z-(@-2) E

28/ b b

or 2——33 _ P = Vx—; cor 2x% = 2bx = a,b’ or x% =~ b = ___2_;
2 b* b ab b%-2ad - b -
_~bx+—4—-=-z_—2—=T; Whencex"—2‘=i%\/bz—2ab,

orz=3(bt Vb‘ 2ab)

20. Clearing of fractions we get
Wz + 60 + fz? + 9)2 = 24/2% + 60x~+ 9z + 540 + 89 that is
2+60+24/757 602+ 9z + 540 + 2%+ 9 = 24m0+8

ora?+x=20; 2tz +4=20+% =28 s ri=43 a=40r-5
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2L 2¥=1=0; or (264 1)(28~1)=0; or (x5 + 1)(z®+ 1)(z*- 1)
=0; or (Z%+ 1) (%~ 2%+ 1)(z + 1)(@2~5+ (@ - 1)(e*+x + 1) =0
. we have, separately, 22+ 1=.0; or 22= -1, .z =4 4/ = 1;
Alsozt— 22+ 1=0; 2t~ 22+ § = - 3, - 22—} = ¢ 14/—_3',
wz=3 43124 -3); Alsoz+1=0,..2=~1; Also
B~z +1=0; ore?-z=~1, . 2=3(1+4/=3); Alsoz-1
=0, 2=1; Alsoz®+2+1=0; orz?+z=-1,.~.x=3(=144~3)
22. 2° ~ 62® + 1lo - 6 = 0; multiplying by = we get
- 82% + 11a® - 6x = 0; or z*- 62% + 92% + 22% - 6z = 0;
or (2%~ 32)* & 2(a% =~ 32) = 0, .. (2% -32)*+ 2(z? - 3x) + 1= 1;
orz?-3z41=41 . 2?-3z=00r-2; z(x - 3)*=0
S Z-3=0,orx=3. Alsoz?~-3r=-2; whencex =2or1
28, =42+ x=0; ora(ei-4x + 1) =0, .. z =0, Also
#?~4x+1=0; whence z =2 ++/3
24, 2% - 827 + 11z + 20 = 0; multiplying by z we get
—823 4+ 1122 + 20z = 0; or x%— 82°+ 162 — 5z%+ 20x = 0;
or (2% — 42)% ~ 5(2? — 4x) = 0; (2?— 4x)? — 5(a? — 4w) + %f = 25,
—dr-§=4f8;0rx?-4dx=50r0; z(x-4)*=0, ...z =4,

Alsox® -4z =5, -.2=50r-1

z4+a-b+b <2:1:+a+c+b—b>Z w’+b+a—b
= |- ; op ————————

z+b z+b+c x+b
_[+b+cta-b a—b a-b 2
a 2z'+b+c ,or1+ T+ 1+2:1:+b+c i
2(a~1) (a - b)? 1 2
orl+ iy +b Sl T reT @z rbr o Crib b
a-b 2z+b+c—2x—-zb_ a->b
Tzt bFep T @bz +brc) (28 F b+ o)b)
c—b a-b .

Of 5 T dw b ies OF 22— 202 =0+ = ax - bx + ab - b
ct—ab
a+b-26

¥ o

or {0 +b=2)r=ct-ab; orx=
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26. 325 — 1422+ 21z — 10 = 0; multiplying by 3z we have
9zt 4243+ 632%~ 30z = 05 or 9zt~ 422+ 4927+ 1427 30z = 0;
or adding 2? — 5z to each side (9t~ 4325+ 49z?) + (15z% - 35z)
= z% - 5;1:, or (3z%- )2+ 5(3x?- Tx) + °fF = z% — Bx + 48,

GRS EEICES

ThenSa:z—-'TzJ—‘.j:x—f;’- Or3zt-Tx+§=45-x
that is 322 ~-8zx=~-5 that is 322 ~6x =0
whence z =13 0r 1 whence & = 2 or 0%

217, Assume «\/J) + {/a = ¥n, then cubing each side we have
z + 3z° Gab 4 30848 +a=n; or z + a + 3Yax(Yx + {Ya) = n;
orz+a+t 3¥/anx = n since iz + {fu = #n. But comparing this

with the given equation we see that n = b, .- ¥n = b,

s ¥z 4 o= 3, orV.r:-Vb—«/a, sox= (@b~ Fa)®

28, (4% - 9z) — (42% -9z + 11)2 =—5, or adding 11 to each
side we bave (422 — 9z + 11) — (427~ 92 + 11)2 = 6§; or com-
pleting the square (42% - 9z + 11) — (42* -~ 9z + 11)% +i=4;
- (4% -9z + 11)%—% =+4; or (42— 9z + 11) = 3 or — 2,
.. 4x? — 9z + 11 = 9 or 4, Then 4z~ 9z = -2, whence z = 2 or };

1 _
Algo 4x% - 9z =~ 17, whence & = —g(s) 14/ =31

29. Completing the sqnare we have

(z+8)*+ Zr’(x +6)+x=138+x+ a:%, and taking the square
root, z+6+4/z= +V(13S+m +x);0r (z44/x)+6= +\/m
squaring, we have (z + 4/x)*+ 12(z + 4/z) + 36 = (= + xi) +138;
or (x + 4/Z)?+ 11(x + 4/z) = 102 or (x +4/2)* + 11(z +4/z) + 121
=102+ 43 =238, ook 4T L =45, o 2 +4/0 = 6, whence
=4 or9, orz+4r==~17 whence y/z = }(~141+-67), and
coas T4/ -67)

*We throw away the root z = 0 becanse it arises from the 2 by which
we multiplied each side of the equation itt-the solution, and is conses
quently not a root of the given equation.
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30. 2t~ 428+ 622 — 4z + 1 = 6, or extracting the square root
#°- 22 +1=14/6; and again taking the sq. root z — 1 = 24/ 1 4/6,
whence x =1 +4/ £ +/6

31. 'Squaring we have 42% ~ 419= o” - 2a%% + «®3, gnd divid-

4 4x? 1 4 422

m S 2 O o -
) @it T @ opd +2%; or Pz R

1 422 4 )
= —2+z%; or (at- oy P R =-4;
MO

. 4/, 1\ 4 ¢ 4- 4a4 4
or m—P +F TGt T a4 =a(1-a9

2 1 - -
=1+ —4/l-at - xz—;;=—g§(1?1/1— at)

ing by ezt we get

2 L .
Let - (l T4/l — a*) be represented by 2% then we have

1 "
zz—;; = 2b%; or at— 2b%%= 1; or zt- 20%%+ bt= 1 + b4,

or 22— b%= 4 4/1 + b, .. 2Z= 024 41 + bF (A)

2 [ 1 U
But 2b% = ~ 2T Al = at), . b= -0 F J1 — ab)

1 . —3
._b4:{_a_2(1;vl_a4)} :—E(l$2\/1 —a*+ 1 - a%

it

1 — 1 -

E(z; 24/1 = at - a%) .'.b4+1:1+—4(2$2»\/1 - at - ab)
at

1+—— 241-a4)—~ a4(2 F o/l —ad) o1+ bt

"

2 R
"= (1 FY1 - a') Substituting these values for 5> and 1 + 0%

in equation A, and then extracting the square root we have

1 JR—— 19 —_
& =\/ -~ (1 F A1 ~a%) + 47&27(1 T 41 - at) or using only

the upper signs

'ti-l{\/—1+41wa4+«/2(1$vf-_c14)}

a
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{14 T =+ 42 - 2yl — aif?

@ln—-‘

or z = %

1
+i{ 14yl —dd+ NI D) -2 - at+ (1—_.42)}’
T a

e TR R )

B3kt

1
I+

%{-1+«/1 — @t 41+ a2 - 1 - &

1 . 1
;‘f«/l—a‘*—«/l—az+«/l+a"—1§1

I}
H

HWTF @ - DI @+ D

]
I+

32. {( - 2)? = 2 - {(x - 2)* - z} = 90
@ - 2P - 2P = (- 2)P - 2} v f o= Ry
fr-2%-z}-3=442 . (@-2)’-2=100r-9
that is 2?2 — 4z + 4 — z = 10, whence £ = G or ~ 1;

orx?—4x+4—-x=-9, whence x = (5 % 3V—_E‘>)
b
33. Dividing through by 2% we have ax?+bx +c¢ + —toE= 9

a b 5, 1 1
or<a:cz+:ﬁ + bx+—; +¢=0; ora S +b x+? +c=0

1 1 Lo
Letz + —=y; then a? + P y* — 2, and substituting these

values for = we have a(y?=2) +by=—c; or ay?+by = 2z -,
- b4+ 4/8u + b - dac 1 "bi1/3&2+b2——4ac

whence y = 28 ot P 7%

that is 2az% + (b F +4/8a® + % — 4dac)z = — 20, whenece

+4/8a%+ 0¥ —4ac — b+ 4/ — 8a% + 2b2 - dac F 2b4/8a% + b — dac
= !
4a

NorE.—Au equation such as the above, in which the coefficients follow-
ing the middle term are the same as those preceding it but reversed in
order, is ealled arecurring equation. The ahove solution affords a general
method for solving such recurring biguadratic equations.
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‘ at 22 at
34. <xz - —2-> —-— = - —> squaring both sides
x a x?

. at 4+ 222 a*\ i at
we have 2% — — 4+ —5 - —|[2% - —2> = @~ —3;
z a a o\ v T *
oo 2%/ 0 at\} zt
et (P -m) (EF o) =0
, 2r 1 xt-ot .
or z¥ — ;(z‘* —a%)? + Z=0; or taking the square root we
J(zt - at) ‘ . xt-qt
. gety ¥ ~ —————=0; or transposing and squaring, whs i
’ at bat
or @%x®= 2t - g*; or z* - a%z? = a*; or 2t - a%? + il
a? _—
R o —2—(1 1 4/5), whence = = £ ay/}(1 £ 4/5)
2r 4+ 4) - 4(2 - ) )
35, 42z + 4—2/2 -z = 2 __)__( }; or factoring
J92g + 16
the second member, we have 4/2z + 4 — 2¢/2 ~
(W22 + 4 — 20/2 —~ )z + 4 + W2 — )}
/924 + 16

Then dividing each side by 42z + 4 — 2/2 — z we have
22 + 4 + 242 — 2)

) Josis 16

Now squaring each side, we get 927+ 16 = 48 — 8z + 16y/8 — 22
<. o482 = 32~ 8274 16y/8 = 22% ; or 2%+ 87 = 4(8 ~ 22%) + 164/8 ~ 2x*
, ora.-2+3z+16=4(8—2x2)+1648’-27416.~.x+4=i(2481_252+11)

.T= 2V8 2%, or z% = 4(8 — 2a%) ; whence = = 1 {4/2

Also x = = 94/8 = 2z ~ 8, or =% + 16z + 64 = 4(8 - 22%);
or 9z% + 16z = — 33, whence z=—§+ 4/ -14=-4(2 F W = 14)

And by equating the rejecte(;factor Y2z + 4 - 92-a =0

s or /9T 4+ 16 = 2{y22 + 4+ 24/2 -2}

we obtain the remaining root x = 3
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2 fa e 1. <
it 1+ oyans 8 = —a—, whence Algebra, Article 106
Tozt+ 3+ zyfazir 3 1

2 1_a—l a
2x"+3+:r\/m_ 1 !

. JU— 2
co 2204 3t aydrt 3=

2 3¢ -1 R .
or zy/4z% + 3 = 1o~ 3%~ 22% = i-a ~ 2z%; squaring
‘ 3a - 1\? L/3a -1 .
each side we have 4z% + 3x% = (14__ a) —4.1:-‘( = a> + 4x

)

/9a - 1\ (8¢ - 1)? \ . (3a - 1)
= x4<1 - a) s CL R

. ,f3a =1 3a—12. 23 12a
s 3z + 4o 1-a) " 1-a)i 0% +—-——1

3a~1
S Ji-o@a-1)

31, {(z-1)(z-H}(z-2)(z-3)} = 8; {x*~5x+4}{z?-bz+6} =
- {(a? - Bx) + 4}{ (2 - 5a) + 6}, thatis (2% - 52)%+ 10(x?~52) +24=8
or (7:2-52')" 4+ 10(z*~ 5z) + 25 = 9, . 2% - Bxr + 5 =

— bz = - 2, whence x = (5 +VI7) Also 2?2 - bz = - 8,
whence z = }(5 £ 4/~ T)

8. {(& - V(- 8)}{(x - 2)(@ - V(2 ~ ) (z - BY(z - )@ - 5)}
= {(xz - 9z) + 8}{(2® - 92) + 14}{(z* - 9x) + 18}(z* ~ 9z) + 20}
= (2% - 9x)(17x* - 153x + 230) + 401. TFor 2% - 9z write y, then
we have (¥ + 8)(¥ + 14)(y + 18)(¥ + 20) = 17y% + 230y + 401;
that is y* + 60y® + 1308y + 12176y + 40320 = 1732 + 230y + 401,
subtracting from each side 8y* + 176y + 320 we have
y* + 60y° + 1300y2 + 12000y + 40000 = 9y% + 54y + 81, or taking
the square root of each side y* + 30y + 200 = £ (3y + 9)
%+ 27y =~ 191, whence y = }( — 27 + 4/ - 35)
Also 9% + 33y = ~ 209, whence ¥ = 3( - 33 4 4/253)
But y = 2% — 9z, . &% - 9z = (- 27 ¢ ‘\/-——35), whence
T=3(944/27 & 4/ -33
Also @~ 9z = 3( - 33 4 /253), whence « = }(9 £ V15 £ 2 y/253)
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89. Multiplying as indicated we have 23 - 6z% + 1lz ~ G
=2+ 627 + 11z + 6, whence 1222+ 12=0, .. 2 = 4 4/ = 1
40. Reducing as indicated by the question we have

T+1-5/Z +1+6+5V1+ 2 ~6yz + 1t 4z +1~ 1= 0;

or (z =5z + 1)+ 54/ - 5z + 1 == T; ar completing the square
(& =5yx + 1)+ 5(x - 5y/x + 1)% +2f =~ 3, whence (z - 5y/x + 1)%

5148 — s

== " - T =5z +1={(l1 £ 5y — 3) =g, suppose:
Thenz-5¢z+1=0a; orx—a=5Vx+l; orz%-2az +a?=25x+25;
or 2%~ (24 + 25) = 256 — 4% . m = §(2a + 25 & 5yfda+ 29)

But @ = {(11 + 54/ = 8) by supposition
. _,{11+5v—3+25+5«/22+104—3+')9;
=18 £ §(W = 3 + /51 £ 10y = 3)

(41. Arranging the given quantities, we have
(42%- 8%~ 4z%+ Rz ~ 1) - 2(20%— 2 + 1)y/4wt~ Ba®— 422+ 3z — 1
+ (42% - 8z®+ 8% - 4z + 1) = 0, and taking the square root
dat ~ 828 — 4% + 3z ~ 1 — (22% — 2z + 1) = 0; or transposing
and squaring 42% — 828~ 427+ 3r ~ 1 =42t - 829+ 827 - 4z + 1
. 1222 - Tz = - 2, whence z = K (T~ 47)

42, Multiplying through by az to clear of fractions
0%z -1+ 263~ 1a% — 2ab + 2a%¢ ~12® - 2bx = qc “Yx(at - a” ez + aY)

multiplying now by ¢ we have

atbex=t + 2:%% ~ Babe + 2a%a® - 2bcx = axt ~ a~Ybea® + otz
or transposing and changing signs A

azt ~ 2a%% — 2%z? + atz — a~Ybex® + 2bex + 2abc ~ aPbex Y = 0
dividing through by az we now have

2%~ ux¥ ~ 2Pz + @® = be(a"%r ~ 2a7 1~ 227 1taz-?) = 0;
oraz¥(aZz-2a1-22 " 1taz-%-be(a % ~20" -2z 1 +ar-2) =0

" (0%% = be)(a~%r - 201~ 22" +ax~%) = 0, or factoring the
first member (¢®z% - be)(a~%z -1 + a~lr " %) (2% = Bax + oF) =
o638~ be = 0, whence z = £ a~3/b¢
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1 1 2 ‘2
Alsoa %z *+a-l27%=0; OF oz = = ggii OF 42" = — &'l
whence z=-a “
Also2?~ 3az + ¢?= 0; or 3%~ 34z = — % Whence v = (3 & 4/5)

43. Add z* to each side, then
x% + 82% + 2%2% + 24x + 9 = 2%, and taking the square roof
2%+ 4z +3=1+3% .. 4z=~3, whence x =~} ; also 22°+4x=-3,
whencex=~4(2 T4/ - 2)

44, Changing signs, adding (4 — 2z%) to each side, and
arranging we have a* — 4z% + 4 = 42% — 4%+ 132% — 67 + 9, and
now extracting the square root + (3% — 2) = 2a% — & + 3
. 22% -~z +3=2%-2; whence 22~z =-5,and .. ﬂz(l-l_—q/?-l-e)—)
Algo 32% -2 = - 1, whence x = $(1 +4/ - 11)

45 44+ 22(4/3 = 4/5) + (8 = 2«/15) z2~2x(4/3~4/B) + (8- 2V15)

’ T —4/3 4/ Z+4/3~4/b

=t~ 8 ~4/15

—a/5)2 2
e J:«</33 +vj§ -z +1</?:o,+ \/Jﬁ) =xt 8~ 2V15 ; or clear-

ing of fractions

(+4/3~4/5)5 = (& = 4/3 +4/5) = (2248 — 2/16)(x% ~ 8 + 2/16) ;
or 62%(y3 — /5) + 2(Y3 ~/5) ={z*+ (Y3 ~y5)fa?~ (V3 - y5)%};
Let 4/3 - 45 = o, then 2* - 6ax® = a* - 20% whence.
a=1430+ayo+ 20 + 9 where & = 4/3 ~ /5

That is

Exgrose LIV,

L@+yp@E-9) =45 butc—-y =15, 5(x + y) = 45,
orm+y=9a.nd':c—y=5.'.2«;:14:,&0. '

2. (@ +(x~y) = 105, but & + ¥ = 21 .4 21(z - §) = 105,
orr—-y=15., 27 =26 &e, ' '
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3. 2% + 22y + y* = 81, but 2% + y% = 41 .. 2zy = 40, and
x?-2zy+3y®=1, whencez -y =41, ... 20 =10 or 8, &c.
4o 2% ~ 22y + 4% = 225, but 2? + 4% = 113 ... 22y = — 113
2?4 2zy +yP=113 ~ 112 = 1, whencex +y=4 L and 2 —y =15

<22 =16 or 14, &c.
40%

+4%=89; ory*—89y%=-1600;

5. r’4+y?=89%and z = — '.-yg
yi—- 89y7+ (82)%= — 1600 4 921 = 1521 . 42 83 = + 32 whence
- 40 40 40
y:-l;SoriE). Andx:TJ-—E—S; ori—5=i50ri8
6. 2%—y%=055,and x = 72 -zil.'.z;i—z-—y =53; ory*+5542=5¢
3y y Y ! )
whegee ¥* = 9 or — 64, and ..y =+ 3 or ¢ 8y -1
Andi'zgé:—zi' or —ﬁ— =4+8o0r¥3y/ -1
y £33 T ys/-1
7. 22+ 3y%= 143, and y = 24 — 2z .-, a% + 3(24 — 2x)% = 148
or x¥— 1728 ~ 288z + 1227 = 148; or 13z%~ 288z = - 1580,

whence z = 12% or 10
Andy=24-22x=(24~24%) or (24-20)=~4 or 4

2 + 33 2 + 3y\?
8. 3x2- 2y%= 115, and z = 2 J3< o) J) - 2%=115;
ior 19y2+36y;448, whence y = 4 or - 51F%
243y 2+ 12 2 - 1743
And z = Zyz 53 or 2'9=70r—7-}{;l

: . 23 29\
9. 4z%+ 32 =51l,and z =9 —EJ« 4( - -3J> + 3y%= 511,

or 43y® — 432y = 1683 ; whence ¥ = 13;% or - 3

Andz= 9-——— <9-—2 43> or (9+§)=4forll

10. 2%~ 4% = 26; also from 2nd c¢quat. 2*— 3x%y + 3xy*—33=8
. by subtraction 3z%y ~ 3zy?= 18; orzy(x ~y) = 6 butz -y =2
<2 =6 or xy =3, Thenxy 3andx-2+y .y@2+y) =3
my2+2y 3, Whencey- lor-3. Apndz= 2+y-30r-1
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1. z+y=4 o (z +y)2=16 . z°+ 1% = 16, and from 1st
equat. 28+ 322y + 3zy* +y° = 64, .- by subtraction 3%y + 3zy%=48;
or2y(z +y)=16,butz+y=4 coay=4..y(d-y) =doryF-4y=-4
whencey=2,and 2 =4-y=4-2=2

12. Squaring the 1st equat. §/z +2 8/zy+4/y = 9,but 4 Mzy =8
. subtracting we have$/z -2 Vz7+ﬂy =1; whence 8r-5%y=11
and Yz +%y = 3, .. by addition 2 ¥z = 4or2, .. 8x=2orl,
whence = = 256 or 1, &ec.

13. y?+4z—2y=11,and z = 14— 4y . P>+ 4(14~ 4y) ~ 2y =11,
or ¥ — 18y = — 45; whencey=150r 3, and z = 14—4y‘=-460r2

5 2 3y+1
14. 2z* 4+ xy - 5y7 =20, and 2 = —

3y + 1\?2 3y + 1 ’
2<j2 ) +y<uj2 > - 5y? = 20; or 24% + Ty = 39,

3y + 1
whence ¥y = 3 or — 6} and x = 3 =5 or—9%

15. 9z 45y —4xy=0,andz=2+y.". 9(2+y)+5y-4y(2+1 =0,
or 2y°—~3y=9; whencey=3or—~-%,andx=2+y="5.0r}

16. x%?+ 4zy +4=100 . xy+2 =+ 10 ; whence zy = 8 or — 12
From second equation z = 6 — y .. y(6 ~ ¥) = 8 or — 12
That is y? ~ 6y = — 8, whence y = 4 or 2; and 3*- 6y = 12,
whence y = 3 44/21 .. 2 = 6 —y = 2 or 4, or 3 T4/21,

17, 9x%+ 36zy — 85y*=0,and x =2 + ¥
S92+ y)E+36y(2 + ¥) —~ 85y%= 0, That is 1092~ 27y = 9
whence y=3or—,andz=24+y=5o0r1s i

12 + 42

18. From gecond equation x = and substituting this

12 + y*\2 12 +
for x in the 1st equat. we get( y”> + ( yz>y = 77;

Y y
144 + 2497 + y*
'OT—‘—‘yT_——"l' 12 + 3% = T1; or 2y% — 41y% = - 144
. y%2=16 or L8, whence y = + 4 or £ 34/2
12+%%2 28  4of 66 - 14/t
And z = y 228 . 33 114/

y LA ggyr SETorggps ilort—r
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19. hetz=v+zandy=v -2z
Then #*+ zy'= (@ + 2)*+ (v + 2)(v — 2) = 2%+ 20z = 66 (1)
Also 2% = y¥= (9 + 2)? = (v - 2)% = 4vz = 11 .. Qvz = 4t Qan
From (1) we get 2v%= 66 — Lt = L3L - 42 = 12L or 9 = 4 4L
1

4
From () we get by substitution z = L+ + + 11=+3. Then

z=v+z=34r41=146. Andy=v-2=+11F3}=45

20. From 1st equat. by clearing of fractions x%+ 33 = 18zy (1)
and cubing the 2nd equat. we get 23+ 32% + 3xy% + y® = 1728 ('u)
and taking (1) from (1) we have 3z% + 3zy®= 1728 - 18zy;
or xy(x + y) = 576 — 6xy; or since x +y = 12, we have 12ry
=576 ~ 6xy .. 18xy = 576, and hence zy =32, Thenz =12~y
oy - ¥) = 32, or 4% - 12y = - 32; whence y = 8 or 4.
Andz=12-y=4o0r8§

21, Letr=v+zandy=v~=z

‘Then 25 + y5 = (v + 2)5 + (v — 2)% = 205 + 200%% + 10vzt = 3368;

or v® + 100322 + 5v2t = 1684. But x + y=v+2+0v—-2=20=8
. v = 4, and substituting this for v, 1024 + 64022+ 202* = 1684;

“whence = + 32:2= 33, .-, 2% =1 or—-33ande =+1lorts-33

Then « = v + 2z =4 %+ 1; or4i»\/——§§=50r3or4if\/—_33
Yyzv-z=4F1; 0v4F4~-33=30r50r4F4~33
22. From 1st eqﬁat. 2% + 3% + 3zy? + y° = 343, and 2%+ 38 = 133
“o82% + 32y?= 2105 orzy(x +y) =70, but z +y =T .. xy = 10
Andz=7~y..y(T-y)=10; whence y=5or2,andx=2orb5"
23 Leta::'v-l-'zandy=v—'z '
Then z% + 9= (v + 2)* + (v - 2)* = 20% + 120%% + 224 = OF
Butz—y=v+z—v+z=22=1.,.2=}

Hence 2v%*+ 392 = 97 ~ 1 = 967; whence 22 = %% or — 3L

SooEtEord 34/ - 31
Thenz=v+z=+5+3; ors 34/ ~31¥4=3 or = 2 or 3(1 +4/~31)
Andy=v-z=+5=3; ort 4/ ~31-1=2 orkaor%(—liv?{’{i)
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24. Multiplying the fnd equat. by 3 and adding it to the 1st
equation we have z8 + 322y + Szy® + ¢° = 343; whéncez +y =1
sx=T-y Alsoxly+xyP=zy@+y)="Tey = 84 ... zy = 12

bk,

7y = — 12; whence ¥ = 4 or 3,

(T - y) = 12, or ¥ —
andz=7~y=3o0r4

25. 2%+ 3% + = + y = 26, adding 2y to each side of the equat.
we bave (224 2zy + 9% + (¢ + %) = 26 + 22y, or completing the
square (z + )2+ (£ +9) + 3 =263+ 22y . 2+ y + 3 = £4/26% + 22y
orz+y=+4/26%+22y—1,but 4(z + ) = 3zy .-, 3ry = + 4/26§ + 2z
— 2; transposing and squaring these we have 9x%Z% 4 122y + 4
= 420 + 32zy .-. 9x%% - 20xy = 416; whence 2y = 8 or — &4}
Then 4(z + y) = 3zy = 24 . 2 +y = 6, and =z = 6 ~ §
<o y(6 - y) = 8, or y* — 6y = — 8; whence y = 4 or 2, and
cox=20r4. Alsoy(6—y)=—52; whence y = L(-13 4 +/377)
and ..z = §( - 13 F4/377)

26. Clearing the first equation of fractions we have
B{(x + )* + (x — )%} = 26(x% — %) : <. e. 102® + 10y% = 2627 — 26y*

LY

2x
Hence 36y% = 162% or 6y = £ 4, or y = + — ; substituting this

3
. 2z 2
in the 2nd equation, we have z2+( + 3 ) =52; orz®+—— =52
1322 z? z .
or —p— = g 4,or3=+2,orx:+6 And
2z
'y = i -? = i 4
2z 4 36 .o .
29. Ty=2x+36 .. y= —; substituting this in the first
. 2z 4+ 36
equation, we have z + 7 =a% or Ta? - 9z = 36; whence
2z + 36
&=30or-14. Andy= T =6 or 433

28. Letz=v+=2,and y = v ~ 2; then we have from the first
equation 20% + 120%% + 22% = 14v% ~ 28v%7 + 1424, and this by
transposition gives 40vée%= 1204+ 122%; but z + y=v +z+v -2
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=20 =m, . v = }m: substituting this for », we have 10m22?

‘ ) 3mt : 3m m
= §mA 4+ 1224, or 62%— 5m%%= ~ ——; whencez =+ —, 1/ i ng

8
3m moom
tagpi O Emig =g (EVA); Org(li%«ﬁ)
. m _ 3m m_ m m m
Andy=v-z =5 F o or 75 =7 (FY8); or 7 (1F D)
29. Let x = vy; then v™%+ 23 + vy = T4, or y%= T

Thenz=v+z=3m

Vit v 42
73 . 74 73
205+ 20+ 1 03t u+ 2 20t4 0w +1
74
4o+ 2

and 2vy% 4+ 424 20%% = 13 ; or %=

or by reduction v+ v = 3}; whencev =2 or—§; y*=
74
asbeforey 1 5. Thereforezx=vy=45x2; ort8x~5§=43

T4
5..y=45,alsoy*= T i 25; whence

or¥8

30. Adding the two equations together, we have z* + 22%? + y*
=169, whence z? + y% = + 13; but 22+ 22%%+ 4% = 85 .-, by sub-
traction 2z%%= %72 or 98 . a%%=36o0r 49, and xy=+ Gor + 7
17

6 . .
Then = = 7 or —, and substituting this for x, we have

'<+ -6—>2+y2=+ 13 thatisi§+y2=+13' oryt T 13y: =36
Cy - y? - ’
whenee 2= 9 or 4, and ..y =+ 3 or + 2. (Impossible values
bging rejected.) 108
31. Letz =vy; then 3v%?+ 20y%~4y%= 108; ory= 57T 90 — 4
' 81
Also ,?zyz ~ 3oy? ~ Ty? = - 81; whence 2® = 30 —oF r ¥
. ' 108 _ 81
T3P+ 2 ~4 =024
whence v = 2 or — 4§
. 81 81 - 81
e EE- gy e e T T &
0r169x2‘7.'.'y=;};30r=;!—_391/3

or by reduction, 13v? — 6v = 40;

o

Then yz =9
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Andz=vy=43x2; orin—%‘s’:-_l-G r ¥ 45
Also x = vy =4 3943 X 2; or 4 394/3 x — 1§ = £ 78¢/3 or T 6043

32. Factoring the first cqhation we have

12
@G-~ (tr)=12 . (y+a)(y -2 - 1)=123; ory+a:=y_T1-
48 12 48 1 4

buty+x=(y_x)z "'y—a;—lz(y—x)"; Ory—z—lz(y—z)z;

or (Y- =4@W—-x) —4.. (y-x)—4(y—x)+4=0; whence

48 :
y—x=2and y+x= = w)z—“}:12,.-.y.—.14or2y=7,a.ndx=5

33. Tra.nsposing the first equation, we have

T 2 z
+ +—+ 20; that is{ — + 7> +(—+ 1>=‘)0
vy y Vy= (y «/Jl <y Wy

.‘132

'.?+«/y=4or—5; that is m+y2=4y0r—5y

Taking x +yg =4y=z + 8, (by 2nd given equation) we have
y%=8.-.y=4, andr=4y~8=38

Taking x + y§'= -~ 5y, and subiracting this from the an.given
equat., we have 8 — y§= 9y...8-8y= y+yg ; or8(1—y)=y(1 +y%)
and dividing each side by 1 + y%, we have 8(1 - y%) =y; thatis
v+ Sy% = 8, whence y% =—4 1 24/6, and .. y = 40 T 164/6, and
T=Ay-8=152F644/6; also L+yi=0 . y=1

34. ¥+ 9% =35 (1), #¥ + y2 = 13 ().
From (1) (z + ) (8% - 2y + %) = 35; but 2% + 4* = 13

x
CE+PA3-2y) =35 .z +y = I33——J:ry’ squaring we have
. 1225

22+ 2y + 9% = 169 = 262y + 2% substituting (1) in this, we

have 22y = 1225 13- 1225 ~ 2197 + 338zy — 13z%

169 — 26y + x%y? 169 — 26zy + x?y?
3382y — 132%7 — 972
. 2xy = 169 — 267y + 2% o clearing of fractions, we have

22%° - 39232+ 972=0; and factoring (zy = 6)(2a%y? = 2xy = 162
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=0... 2y -6 = 0 (1) ; and also 22%y% — 27zy — 162 = 0 (iv)
From (ur) xy = 6, and from (1v) zy=18 or 4} .-, 2zy =12, or 36, or 9
Hence adding these to (i) and extracting the square root, we
have z+y =1 5, or £ 7, or £ 4/22; similarly subtracting these
from (1), and then extracting the square root # — y = + 1,
or +4/— 23, or + 2. Hence by addition and subtraction we-have
=135 ork 3(7T++~23); ort1(2+422) 4

y=12; ord4(7-+/=123); or + }(v22 ~2)

+ QOtherwise, thus: v

Letz=v+z andy=v -z . \
Then from (1) 2v°+ 602 = 35 (1), and from () 202 + 222 = 13 (1v)
Multiplying (1v) by 3v, and subtracting from (u1) we have
4v® - 390 = — 35. Multiplying by v, we have 4v* — 3992 = — 35v
Dividing by 4, v* — 3292 = = 35y ; add o* to each side, and
v BfpR= - 38y - vt - 9= 35 (02 —v) L (V=) (P FU - P) =0
Sti—p =0 (v), and 0 4+ v = 3F (vI) ‘

From (v), v=0or1; and from (v1), v=§or~3. But2v%+2:*=13
coz= 365 or+ 1ET; or 11 ord /=3
Thenx=v+z=1i%\/2'_z; or §+3; 00 -7 + 4323
¥ =v -z = values as obtained above.

Nore.—The values v = 0, and z = 196 are derived from the v, by

which we multiplied equation (1v).
—— VT +9
' 35. By Algebra Article 106, we have 4/y® + 1 = —3 i

whence x = 9y%; substituting this in the 2nd equation: we get
9 + 2y + 1) = 365 + 64; or 9yt — 18y° + 9y = 64;
or 9y — 2y + 1) = 64 .-, By(y - 1) =4 8; or y¥’-y = % §,
whence y = §(3 £ y/105), or %(3.4_- A =87 '

And z = 9y% = 3(19 4 4/108); or§( - 13 £ y =BY)

86. Multiplying the 2nd equation by z, we have 2% + zy® =z,
butzt+yt=z - ottyt=attay’. . yt-2y8=0; thatisy’(y-2)=0
, Whence %= 0 .-. y=0,and hencex=1. Alsoy=x=0,.y=7;
* whence 227 = 1, and y = & = {{/4 '
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! 2
37. Dividing the 1st equation by z3 we have <z3 + o3 ) y=yrL
1 1 g
O A ey ) (r). Again dividing the 2nd equation by 95,

1 1 1
we have (y3 + 5/—5>x = 9%+ 1) ¥+ 7 = 9(.1: + ?>

1 1 1
or ?<y3+y—3> = 3(1:4—;) (m

Now adding equations (1) and (1) together, we have
L 3 1 1 = 3 3 3 i - » .l. !
.3_<y+y—3 +y+—y——x+r+ +x3— l+x
1 3 1N .
y+J—+3J+——— y+—) , or extracting
1 1 1
the cube root of each, ¥ + s (x + ?)?/3. But (1) y +—il—
1 1 .
=28+ g oot oy = ( xz + T)Va, and factoring

1 1 1 1
<x+;> <x2—1+3—r—2> = x+;)§/3 .'.z:+?=0, or2%=-1,

_ 1
orz=+4/—-1. Alsoz?~1 —2-43 orx +2+——3 3 (m)
1
by adding 3 to each side, .\ @ + = = /3 + %/3, similarly by

: . 1 I
taking 1 from each side of (1) and then taking 4/; z~~ =14/¥/3 -1

Then by addition, we have = = 1 {3 + /3 + %3 — 1}

1
Andy+—y-=<x+%>%’/3=i§’/3><«/{‘/3+3 = 43+3{‘/9

1
. y‘+2+7—3+3V9 ortak1ng4fromeachy-—2+y”

=349 -1 ..y - = 1 4/3%9 — 1. Hence by addition

1

Y
1

y = & Y3 + 3Y9 + /3Y9 - 1} Also since = + — = 03

1 1 K .
.’E+;)‘v3=0,-.y+—y—:o,whencey=ivil
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'!l z y
38. By transposition y_ + =

<

' . [T kA z. Yy
eachside, 7 + 2+ P) + | —+ =37 completing the square

i.,.i:s_or_v . mz'+y2=5—0r——
7 z -3 7 . 3

Again by squaring the 2nd equation, we get 22 + y% = 2zy + 4
: Szy Txy .
ij+4——~2— or - —5=; whence xy = 8 or ~ 1%. Then since
~2zy + y?= 4, and 4ry = 32 or — }}; we have by addition
z’+21:1+y2=36 or{} . .axty=460rd34/33 andzr—-y=2
=4 or - 2; or 1+ q4/33; and sxmﬂarly Yy =2, or = 4,
or - T 4 4/33
39. From the 1stequat., we get (//x +4/y) +4/3(y/z + «/y)é =10,
completing the square (4/z + 4/%) + +/5(Vx + Vy)% + £ =42
ENCEE «fy)% +14/5 = + 34/5; whence Wz + \/j)%' = 4/5 or — 2¢/5
cofz +4/y = 5 or 20 (). Taking the former of these values,

and m1smg to the 5th power, we have

bl
a° + baty? + 102ty + 10zy% + 5ztyr + o8 = 3125

But 22 N + yg' = 275
5a? i* + 10x3y+ 1Ozy’3 + Sm%yz = 2850
Wit pamd s 2atyrsf) = sr0m
¥y \ % + 2zy* + 22°y+ ¥ (-

But cubing equation (1), and multiplying it bj m’}y%', we lhave
2iyt (a,% +3zy¥ + 32dy + ya)' = 12508y @)
Subtracting (ur) from (1v), we have
z%y%ny% i+ a:%y) ; that is zy(z% +‘§/%) = 125x%yi' - 570
But g y% =5 .., bry = 125x%y§ - 570
" Hence y. - Zﬁx%y% =~ 114 .-, x%y% =19 or 6

Then-z + Zx*y%: +y =25; and 4::% Y294 or 6
G
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'.x—Zx%y%+y=10r—51;orm%— il lor+4/—51; and
ot +y% - 5. ot = 3,0r2 or (544~ "= 51); whence x=9, or4,
or3(-13 £/ =B1); similarlyy=4or 9, or (- 13 F 4/ -51)
By using throughout the value Vx + 4/y = 20, other values of
z and y may be similarly found.

40. From the 18t eguation (z + ¥)(@% -2y +yD =2 -y

T — . '
zr-zy+y?= ZT;’ and from the 2nd equat. 2% — azy + ¥2=0

-1 2xy + Y
<. by subtraction, we have (¢ -~ Dzy = Ty " 21 2ay £y

o -
L ¥

. o) s
\/uzy——Zzy V(U—Z)xy \/a—z . \qwm‘__;i—b
" Vaytay T V@+aay Vatrz HTTTLST TN

b 2 ;
suppose. Then y = —, and yi= = substitaling these values

2
in the 2nd equation, we have z? + sz =ab; orz* - abr®= - b%;

whence z%= Eb(a, + /a2 —4); and therefore o =+ \/—g(aivm)
= 4 b2t T D) = & WOWETE £T=) by Algebra
Art.189. Andy= b ZVb(Va+ F y/a-2). See Algebra
Art, 181

41. From the 1st equation zy + ax — ay — a?; that is (z —~a)
@W+ta)=0..z-a=0;orz=a Alsoy+a=0 .. Y = -
From the 2nd equat., substituting £ = ¢, we have a + g2 + a3 = ¢

Y=t aﬂ/—@m Again substituting — a for % in the 2nd
equatlon, we have z + ¢ + a® = 0; whence z = — a%(a 4 1)

42. Squaring the first equation, we have
z*+y* + a* + 22°(y% + a%) + 20%% = 0; and subtracting this fron
the 2nd equat., we getz?(y?—a?) - 20%%= 0 .. 2%(yi—~a?) = 25;2?/2 (I:
From the 1st given equat. 22= =~ (4?4 o?) ... 2%(y% - a?) = - (-0
vo— (yt= o) = 20%% or ¥t + 2%% = a*; whence Y=~ 117D
and g = + af = T £ y& Also 2% = — (3% + a®) = F 0?3
AT
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'43. Froma 2nd equat, 28 — 3y® + a6 + 3zty - a%? —.aBrt - 20522
=0 (1), and 1st equation x (2% - 3% gives 26 — 8y® + Juwty — %>
+alzt—a%P=0 (11); thed (xj— (n) gives ab ~ 248 — 2a%2% + 0fy?= 0
ordividing by — d?, we have 2z%+ 222~ g®Z y2= 0 (). Bat from

v g om
first of the given equations 2= { (@ +a )} ( a)

+a3

‘ 2
.. substituting this in (1m), 22*+ 22%- ( ) -a*=0; that

is when clear of fractions 18z* + 182% — 2% - 20%% ~ ub — 9a8= 0,
that is 1724 + 2(9 — a®)z2 = ¢¥(9 + o¥) .

-9 4 34/9 — 154% + 249
whenee 2% = = vl’{ , and

coa =t H{L@ = 9 4 3Y0 = 168+ 2a0)
2,2 3

Andy= 5
44, Raisig the 1st equation to the 4th power, we have
at— 42y + 62%P — AryP gt = ot yt— 22Ty — 4oy (20— 22y +17) = at
But.a® ~ 2zy + 9% = o?, and x% + y* = bt .-, bt - 22%? — dalyy = ot

. — 207 4 4/20% T 2%
that is 22%% 4+ 4a%zy = bt — a¥, whence ay = +—

=~ }:(60% — 3 4 4/9 — 154 + 2uS)

Then 2%~ 2zy + ¥ = ¢?, and multiplying value of zy by 4, and

adding, we have z* + 3zy + y?= — 30 £ 24/2a* + 26% = m? suppose
+a m=a
2 and y= )

~y2a and T +y = m; whence z =
Where m £ 4 N2/ 2a% + 30% ~ 3a?
45. Froih 1st equatiort z? + 9% = o? + zy, and squarmtr this, we
have ot + 22%% + y# = ot + 2atey + 2P . 2t ~ %P4yt~ Aley = ot
subtracting the 2nd given equation from this, we have

. "] 4. 95t
222 _ Oty — b hh . a” ‘\/"u 20 _ .
22%% — 2a%2y = at - b*; whence 2y ——— = ¢% guppose
Y 3 ./ 2 3 SUpp

Ther zy = ¢7, and 2%~ zy + 4% = o . 2P - dzy + = af - o
and z. - y = V&T_7 Algo %+ 2zy + ¥* = a*+ 3¢%; whence
24y = 4 WEFIE o o = + JWFF 3¢ £ YF- ), and

P —— o @ /30— 23
Y=1 i(/a* + 3¢% T 4/u? — ¢¥), where ¢ 2

L)
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46. From the 2nd equation, we have
at= 2%+ ¥ a—~ 1)+ yt— 2y%a = 1)+ (@ - 1)2= o’ - da + 4
-. extracting the square root of each, we have 22 — 4%+ (a ~ 1)
=+ (¢~2). To find the values of x and y which are independent
of @ use a*— 3>+ (@ - 1)=+(a—-2). Then a*—-9%*+1=0,or
2?=y%-1; 2%~ 3=y% -4 (u). Again from the first given
equation 3z6 — 18x* + 27x® = 3x2(2%=3)2 = 2y6 — 11yt + 52y% + 27
But (nr) x2-3=y%?-4, andz? =y%2 -1 .. 3(y® - 1)(y? - 4)?
= 2y5 - 11y* + 52y% + 27; that is 3y6 — 27yt + 72y? - 48
=2y8 — 11y*+ 52y% + 27 .. y% ~ 16y* 4 20y2 — 75 = 0 ; multiplying
by - 4, we have - 45 + 64y* —~ 80y% + 300 = 0, and adding to
each side y® — 20y% + 100 we get y8 = 4y5 + 44y? — 80y? + 400
=98 = 20y%+ 100. Then taking the square root y* — 2y% '+ 20
24 (y%=10); that {5 y® = 15, or yt < 4% = ~ 5, whence 3 y? = 15,
or §(1+ 4/ =19); and 2® = y® - 1 = 14, or §( + 4 =19 - 1)
whence ¥ = + /15, or-M/‘(l 14/ = 19) = &e.

47. From the 1si given equat. y* < 2z2y% + 2t + 4(y2 ~ 42) + 5
= 2 4/4(y? - 2®)7 + B(y? - 22)%; that is (y* = 2x%y? + z%)
= 2(y® = 22)/4(y% = 2%) + 5 + {4(y‘3 =z2) + 5} =0 ... extracting
the square root, we hive y2 ~ = Af4(y> —:1:—2)+—5 = 0;
of % ~ 2% = /4(y? < 22) + 5 .. (y2—12)2—4(y~ -z =5
wherice y? -~ 22 = 5 or = 1, taking 3% - 22 = 5, we have from the
2nd given equation y* = 3y? + 1= 5z2%~ 8z + 8x4jm +4
—5x2;8x+4xvm+4—512 8z+42y/37% 1 27— 82 1 5 + 4
since 15 = 3y® ~ 3x®. Hence by transposition, we have
yr=3y% + 2% ~ 82 + 6 + 4z4/3y® + 2* — 8z + 5 + 42°, and taking
the square root y? = + (4/3y% + z® - 8x + 5 + 2z); usmﬂ‘
the positive sign, y? = 2z = me, squaring
Y —4zy? +45% =3y2 + 22 ~ Bz + 5 .-, yt — day? +4z% - 4y? + 8z +4
=z2—y2+9; buty? — 22 =5 ..yt~ 4z 4+ 4o2 - 4y® 48z + 4
=9-5=4..9"~22~2=2492 .. 9%~ 2z=40r0; buty?=z2+5

—2x+5=4,0r2?-22x+5=0; whencez=1,0r142y/~1
dy=1422 + 6446, 0r 424+ 44/ - 1

e
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48. From the 2nd given equation, we have
r2y® — Bayfy® — 2% + 9(y? — x?) = 16(y? - z2%) ., extracting the
’ square root, we have zy — 34/y® - 22 = + 44y —~ z¢

coxy=Tafy* ~z? or—4/yF - x?, and ... 22y% = 49(y% - 22) or (y* - ?)
From the 1st given equation z%* - yt - 422 4 4y2'= 4z? ~ 12
;24 —82%+ 16 = y* — 4y + 4; whence 22— 4 = 4 @ -2)
thatis y? =27 -2, or 6 — 2? .. y? — 22 = - 2; 2%y? = 49(y? - 22)
or (¥ - z?); that is z2(2® — 2) = 49( - 2) or — 2; that is
%~ 22%=-98 or - 2; whenee¢ x2=144/=97 or 1 4 =3
and y? = 2% - 2= - 1 1 4/=97, or~144=2. Also since
y* = 6 - z?, we have by substitution z2(6 — x2) = 49(6 ~ 22?)
or 6 — 2x%; that is x* - 6z = 98z% — 294, or = 2z% — §
that is 2% - 10427 = — 294, whence 2% = 52 +4/2410; or z%— 8z?
=6, whence 22 = 44+ 4/10. And y® = 6 —x% = - 46 T 42410
or 2 F4/10; whence = = &c.

Exerciss LY.

1. Let 2 = one part, then 19 — z = other, and z(19 «~ z) = 84

: 361 - 336
%% — 192 = - 84, z% - 19z + G =—F =% z-4P=13
# =12 or 7; whence the numbers are 12 and 7

2. Let x = greater, then 17 —x =less; z — (17 -2)=2x - 1T
= difference; then #(2z — 17) = 30, 2x%— 17z = 30, whence
% =10, and the numbers are 10 and 7

3. Let x = length, then x — 12 = breadth, and z(x — 12) = 2080
that is 2 - 12z = 2080, whence # = 52 and sides are 52 and 40
rods,

4. Let x = greater, then x — 9 = the less, and 2 + (¥ - 9)% = 353
that is 22% — 18z + 81 = 353; 2? — 9z = 136, whence 2= 17 or-§

and the numbers are 17 and 8, or ~ 8 and — 17
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5. Let x = one part, then 16 —~ x = other, then x(16— x) + z*®
+ (16 — )2 = 208; that is 27 — 1€z = — 48, whence x = 12 or 4,
and the numbers are 12 and 4
6. Let z = gain per cent. =|buying price of Wheat; then i;()):—o
z x?

= gain per dollar on buying price, and x x 100 = Too - gain on @

dollars, i. e. gain on whole transaction ; but 171 —z = whole gain,
22
whence 755 = 171 - x; or x% 4 100z = 17100, whence = = $90,

buying price of wheat.

PrOOF. $81 4 $90 = $171; also if he gain-$81 on $90, he gaius at the
rate of $9 on $10, or $90 on $100.

7. Let £ = number of sheep bought, then 8—;) = price in dollars;
80 80
then it that is 2% + 4z = 320, whence z = 186.

8. Let x, ¥ and z be the digits, = being the right hand one;
then 2% + y? + 2% = 104 (D); %% = 2xz + 4 (U); 100z + 10y
+2 - 594 =100z + 10y + = (1r). Substituting (1) in (1), we have
z? + 2zz + 2% = 100; whence x+2=10 (1v). Reducing (ur), we
have 99z — 99z =594, orx - 2= 6 (v). Adding (1v) and (v)
together, we have 2x = 16; whence x = 8. Also z 4+ z = 10

*.2=2,and y® =22y + 4 =32+ 4=236; whencey=6. Hence
the required number is 862
9. Letz = number of sheep bought, then L:) = price per sheep,

)

240
x - 15 = number sold, and — + % = selling price; then

(240 2 . [600+ =
(z - 10)(7 + F) = 216, that is ( 5z )(x-15) = 108;

or % + 45z = 9000 ; whence z = 75, and 242 = $3:20.. Hence

number bought was 75, and price per sheep $3-20
10. Let 2 = one number, then 10 — = other, and %+ (10 - z)?,
that is x® + 1000 ~ 300% + 302? — 2® = 280, that is 30z2% ~ 300z
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== "720; or x? - 10x = ~ 24, whence = =6 or 4, and the required
‘numbers are 6 and 4
11. Let x = less, then 24 — z = greater, and z(24 ~ x)
=35(24 - = — ), that is 24z — 22 = 35(24 — 22) = 840 — 70z;
or z? — 94z = - 840, whence z = 10 or 84, and 24 ~ z = 14 or
~ 60 .-. the required paris of 24 are 10 and 14, or 84 and - 60
12. Let = and y be the numbers, then z + y = 2y = 22 ~ y?;
c+y=a® - ¥%, whence dividing by z +y, we have z —y = 1;
orzzl+y. Alsoz+y=axy, that is 1 + y +y=y(l +¥); or
1+2%=y+y2 .. y?—~y=1; whencey=1(1+4/5),andx=1+y
=143 14/5) = 3(3 1 4/5)
13. Let z = circumference of hind wheel, and y = that of fors
, ‘ 120 120
’ Wheel in yards; then — and v revolutions made by each
120

\ ! 120
; jn going 120 yards. Also by second condition T and 71

+1
= revolutions made in 120 yards.
i
i 120 120 20 20
L —=— -6 . — = — —17% (1) bydividingby 8
' z Y z Y
Then ; or
120 120 30 30
z+l y+l z+1 y+1~
<20z — 20y = zy (ur) and 29z - 31y = ¢y + 1 (1v). Subtracting
11y +1
9

20011y + 1 11y +1
_<_y_>_20y=y( y )

p—

(1) u 4

(it from (1v), we have 9z — 11y =1; or9z=11y+1 ...z =

Sulstituting this in (111), we have ) 9

thaf is 220y + 20 — 180y = 11y% +y .~. 11y% — 39y = 20; whence
1ly+1 '
) 9

are { and 5 yards respectively. 5

y=4and z = =45 = 5 Hence circumferences of wheels

. 1 1
14 Let z = one fraction, then §§ - « = other, and — + TR
1 15 X
= sum ‘of' their reciprogals e TR T 13; that is

1229 - 15z) + 180z = 29z(29 — 15z), whence by reduction
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- . p2 1. !

43527 - 841z =~ 348; orx? — 3t =- 4% = -84tz + (34)
7 105520 = 761 — 84l 1 319 = L1680 op £2

- 19738k — $95530 = 184850 whence z = 3§ + $43 = 4470 or {3
' =2 =.8. .- 3 .9 .. = 20 = #
=jor} and{f-z=3} -3 =% = 3; or 3§ ~ % = 1§ = i

Hence fractions are 4 and %

0
15. Let x = number of children, then = share of eath;

46800 46800 .24 24
+ 1950, that is —— = — + 1; whince
r—2 -2 x }

1% — 2z = 48 .. x = 8 = number of children. |

then

16. Let 2 = number of hours the clock is too fast, then, Lince
the shadow on the dial moves from 1 to 5, the clock will strike
the hours from 2 + x to 5 + z inclusive; i e. will srike
2+z+3+z+4+x+5+2z=14+ 4z strokes, and last stroke
will be 5 + z. Then (5 + z)? — 41 = number of minutes the clock
is too fast above the z hours; i.e. 25 + 10z + x® - 41 \;
i.e. z2 + 10z - 16. But hours too fast + minutes tco fast

= whole number of strc')kes; that is z + 22 + 10z — 16 = 14 + 4z,
whence z2 + Tz =30 ...z =3 or 10, and z? + 10z ~16 =9 + 3
~ 16 = 23 .. the clock is 3h. 23 m. too fast. The second answ
10 is excluded by the limitation that the clock does not strile
12 during the time.

17. Let = = hours travelled by each = miles per hour travellid
by slower, then x + 3 = miles per hour travelled by fast
x? + x(x + 3) = 22% + 3z = 324, whence x = 12, Hence slo
travelled 12 x 12 = 144 miles, and the faster 12 x 15 = 180 mils.

144 ! 44 ‘
18. Let z = number, then —— = share of each .. 144 +1=- t
z z+2

N

whence z* + 2x = 288 .-, z = 16 = number at firss.

19. Let z = left hand, and ¥ = right hand digit, then
=2 (1),and 10x+y + 27= 10y + = (). From (1) 10z + y: 2xy (m)
Frow (1) 9x -9y = - 27, whence x -y = -3, orx = g ~3;
substitutiug this in (u1), we have 10(y - 3) + y = 2y(y - 3

. 2y* - 1Ty =-30, wheuce y = 6, and z =y ~ 3 = 3. Hence ti
required number is 36
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20. Let = = price of coffee, and y = price of sugar per lb. in

: ) . 800
cts.; then 60x 4 80y = 2500 (1). Also > C Ibs. of sugar for $8,

1000 800 1000
and < = 1bs. of coffee for $10; then IR + 24 (m)
125-4
From (11) by reduction 100z - 125y = 3zy (ur). From (7) x =— 3 y,

e , . 100(125 — 4y)
substituting this for = in (1r), we have ——————— - 125y

3
(125 - 4y) .
X —5—, whence by reduction 6y — 575y = ~ 6250

125 - 4y -
. ¥ =124 cents, and x = —3 — = 25 cents.

:3y

21. Let z and y = number of days required by B and C
respectively to finish the work; then in 1 day .2 does ith;
1 1 1 1 36 x+18
— . —_— . 1 —t e re Qo . e
B,-th; and C, ythoftheﬁeld, fet - §86 s Toz
648 - .

T what B would have received, had € not been called
360

10
in; but B worked 10 days ... he did receive — x 36 = —
T xz

648 360
Then (m - T) dollars = $1-50 = $3; whence by reduc-

tion % — 174z = — 4320 .*. 2% —~ 174z + (8')? = 7569 — 4320 = 3249

) 4
“ % = 30 = days B would require, And 1% + 1§ + i 1

4
Sy s l- (A = 1-38= & . 2y = 2, and y = 36 = days
C would require tecradle the field.

Prooy.—If Chad not been called in, they would have taken 11} days to
finish the work, and 4’s share would have been $2 X 11} = $22-50.
Hence B's share would have been $18-50, but since, when C i called in,
B only works 10 days, he receives only &0 =1 of 836 = $12 = $1'50 less
than he would have otherwise received.

. 22, Letx and y = the number of feet in the side of the base;
then 5zy - dzy — 2y = 80 + z + y (1); also 425 + 22 + y*
==+ y2) (). From (), we get 3(x? +¥?) = 404/25 + 22 + 2
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That is (22 + ¥? + 25) = iaavzz‘TyT——jzs =25

(1;2. 4+ y? + 25) — 13&(:,;2 ¥y + 25)% + 1(9‘_0 = 1%11 + 235. = ﬁ%.ﬁ
o NTTF YT 25 - A = i 3P . 42EE YR+ 25 = 16 or = §;
squaring, we have % +y* + 25 = 225 or 35 .-, taking the former
value, z? + y? = 200 (up), but by (1) 2zy =160 + 2z +y) @v).
Adding (1v) and (i), we have z® + 2zy + y2 = 360 + 2(z +¥).
Hence (z + )2 - 2(z +¥) =360 .. (z + y)%~2(x +y)+ 1 =361;
(z+y)-1=4+19, 2 +y =20 or — 18 .-. again taking the
former value, # 4 y = 20, and hence xy = 80 + 20 = 100

2 % = 400
whr 2y ty z=y.. 22=20,andz=10=y

4ry = 400
Z_o2zy+yZ= O .
¥ wry .. the base is a square whose side is 10 ft.
ST -Y =

23. Let z = distance B has travelled when he meets .4, then
z + 15 = distance .4 has travelled; Also since .2 has yet to
travel x miles, and accomplishes it in 2 hours, his rate of

. .z + 15 2x+30
travelling is > miles per hour; also B's rate is 41 T 9
2
z 4+ 15 2z + 30
Then time .4 travels before they meet = ——— = =
2
. x 9z
time B travels before they meet = T Se C 2% 4 307
9
2¢6+30. 9z . . _
YT S ozrao that is x? — 242 = 180; whence x = 30 =rate
Hence distance = 2+ = + 15 = 75 miles, B'srate = 22+30 = %9

x
= 10 miles per hour. A's rate = 7= 15 miles per hour.

24. Let z and xy be the two numbers, the latter being
the greater; then z®y = z?y? - x%, whence y% — y = 1, and
y=3(1145). Alsoa?y®+2?= 2%~ 25 43+ 1 = zyt - =z
Y+l §(34/5)+1 _3(514/8) 3/5(/511)

e T 1T @k yB) -1 1448 T Tiys “EWE
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25. Let  and y = hours required by Bacechus and Silenus
1
respectively ; then Bacchus would drink ry of it in 1 honr,
3
hence in ¥ hours he would drink %ths of it, and in 3y hours
I ' 2y
Bacehys would drink é;:ths of the eask full .-, 1 - 5z = part
. :
drunk by Silenus, and since he drinks v of {he cask in 1 hour,

2 1
the time he required to drink part remaiping, was (1 - %) + —?—/-

22
=y - —32. Had both drunk together, Bacchus would only have
2y ¥ .
consumed 4 (1 - ig) = i~ 37 and Silenus would have taken

i+ 3%; hence when drinking together, time taken by Bacchus

1 z /
was (% y) T =g - i, and the time taken by Silenus

T3%) T2 73
y 1y 9 t Yy _ ¥y, ¥
1 s — = = . —_ - = = i
was <2+3x)' 7 5 +3x,hence 2 3 T (1)
2y 2y® . A
Also 5t <1 ~ gz ) = time taken when drinking separately
z y , . ’
=3 -3t (u). From (1) 32% - 5yz = 2y®. From (n)
by  25y® 25y%  gy?
12zy — 4y* = 3x2% + 12z (m) z? - 3%t 35 = "9 T 37
. 49y® By

a Yo =12 _ 5y, substituting this
= 36,x——é~-i-6—. ence ¥ = s —.y,su stituting thi

valae of z in (u1), we have 24y? — 4y* = 3(2y)* + 12(2y), that
Is 24y% — 4y% = 12y® + 24y .~ 8y® -.24y=0; y®=3y; y = 3,
whence z = 6 ‘
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EXERCISE ‘LVI.

1

z‘Zlid

nl&
. o

x

Sl

22
l.bx

a¥~b? (a b)> a*—ab+b? (a-b)(a+bd)(a-b)*(a*~ab+b?)
T ER g % (@=b)* = a(a+b)(a®—ab+b2)(a=b)

1
=—=1:a
a
(z~5)(z+3) (=+2)(z-1) (z+T)(x+5) =z+1T
(@-8)@+2)  @+3)(E+5) F @-DE+D T s+l
=rx+T:x+1

3+b3 a? 1+ b? ,
2 bgz 215 according as at + a®% + ab® + b* z at

+2a%b? + b%; or as &% + ab® z 20%b%; or as a? + b2 z 2ab;
but a® + b2 is greater thafi 2ab (Algebra Art. 134, Note 2)
@+ b a? b2
T at+b? a+tb
z? + Yy > (z+y* '
"2t <y < 2E Doy + a2ty -zt g according aw
28 — 7y + 2xfy? — 2x%B + 222yt — xyb +y6>xﬁ+4a: v + Baty?
- 5z%yt— dzy® - y%; or as Tz¥yt+ 3ays +°J"z5:c ¥+ 2ay® 4 Baty?;
or as Tz?y® + 3xy* + 2y° z 525 + 22%°% + 3zt
P¥(1x? + 3zxy + 2y%) z 285z + 3zy + 2y?)
Now siuce zi/5 > y{/7, cubing we have 5z% > Wi .-, a8 > 47
~ YP(3ry + 2y%) <2¥(3xy + 2y?); also T2y < Bas - TyE < bad
(T2 + 3zy + 2y%) < aB(5x? + 3zy + 2y2)
z? +y? (z+y)*
Ty < zt - 2y + x?y? - zyt + 9

5

; or as

6. Let = = the quantity to be subtracted from each term;

-z ¢ bc—ad
thenb—=7 .0d—dr=bc-cx; cx - d:c bc—ad . T
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7. Let = = the guantity to be added to each term; thken

mtx

-n--_i_—z:1,Whencgm+x=n+x;yw—x:m-n;x(l—l):m—n;
m-n m-n

£ 0o ~%

(a+b) a? a? b (a+b) fa? B3
8. (e=b) < > (e+ bR (a ICED)) ( 1)‘ X @+ )
_(axb) at-br B

a-b) B X Gt by a+b brat+b
“( (

b

. (@) a®+2c+c?
9. Smcea c:: bc-Vab theh(b+c)2 hT i 2be + o*

. a2+2aVab+ ab a,(a-}ZVab"+ by a
T b4 0byab+ab  b(b+2yabt+a) b

=a:b

=~ b2 ~a=b
10. az T < P accordmg a8 a® + a?b = ap® - b® é ¥~ a®b

+ab® - b®; or ag a®h - ab?® 2 ab? —.a%b; or as 2a%b 2 2ab?;

or as»azb

Exiirose LVIL.

1. Letz=thequantity tobeadded ; théna+z:b+x::c+ad+x

coadtazdz fa®=botbrter+a?; avtdrsbr—cx=be-ad
7 be~ad- ,
s

a=-b~c+d

2. 1fa: biieid; the‘h%—‘:—z— If it be possible, let  be 2

quantity added to.each; so that ¢ + x : b#xitetzid+xy

thenam ey whence ag abovex’i——b—c—id—- but since
btz dda ST gubactd’

a" 0

T = g We haye bemad .. bc~ad=0 .. =y i d S 0

o
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e ¢ a? c'z_ P
3'7:4—(?"b—2‘d2’

2q

Zﬁ- Multiplying

ey

m
also — =
n

= =3

ma? pc?
equals by equals 575 = quz; then Algebra Art. 106

ma? - 2nd%  pc? - 2¢d?
ma® + 2nd% ~ pc? + 2qd?
+ 2nb2:pc? + 2¢d?

s ma® — 2nb%ipe? - 2qd?::ma’

24
4. Let x = one number, then — = other

24\ 3 24
And x3—<?> : ( -7 .: 19:1
24\ 8 1728
Hence 28 - (—; 19 72x+~———
24\ ¢ 24\ %
3 (=
“- () ()
24\ 3 32832
18| — 18z% = - 1368z
T z .
24\ 3 1824 24\ 32 24 °
(;) < x¥= p —76::;01‘(;) —x3—76<—— >
. 24 24\ 2 )
Dividing each side by z "5 We have (—x—) + 24 + 22 = 6,

ooy

that is —3 +#% = 52; o* - 5222 = - 576; 2*— 52x +(26)° = 100 ;

n

192% - 1368z + 9

[

§

%2 = 26 i 10=360r 16 ... x =4 6 or + 4, and the numbers are
+6and 4

5. Let z = one part, then 20 ~ x = dther patt; then
z:20—2:29:1 .. 2x=180-9z; orz=,18; and 20 -~z =2
Let y be the mean proportional between these;
then 18 iy :1y: 25 0ry2=36...y=86

z ab a XMc+=xz a®* ctz z c+z
6. —=z7;al80 3 = ———= . 3 = =
y b b Yit y b dty y d+y

Sdrtxy=cy+ oy, ordz = cy
7. Dividing the equation by (¢ +b~ ¢ ~ d)(e¢ - b - ¢ + d),

e+b+ect+d a-bt+c-d
atb-c—d a-b-ct+d Then Art. 106, we have

ive have
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2a+ 2b 2a 2b a+b c+d 2a 2¢c

Berid = 324" -, Art, 106 Sl - Art. 106’§B= 24
a C

orT;—d—.-.a:b::c:d

8, Let 2 and y = the numbers; thenz +y:siiz -~y :d: zy:p

‘ s +y d z-y
S P@E +y) = szy, and p(z - y) = day - i d vy
1 1 L. s+d 2 ) 2p
= m + By addition - 7 = Iz whence I era
1 1 . 2 s-d 2
= ?/— — - ) By subtraction — = y Whence x = ——

.

9. Let z = gpeed in yards of faster train per second, and
¥ = speed of slower ; then in 27 the former passes over 2z, and
the latter 2y yards, consequently 2z + 2y = length of the faster
‘frain ; also 36z -~ 30y =length of faster train, .-. 30z —30y = 2z + 2y,
or28z=3%,0orlz=8y, ~.x:y::8:17

. 10. Let 2 = 4's money, and y = B's; thenz +150:y-50::3: 2,

‘whence 2& + 300 = 3y - 150; or 2z — 3y = — 450 (). Also
z-50:y + 100::5:89, whenco 9z — 450 = by + 500; or
9% - 5y = 950 (1). . Multiplying (1) by 9, and (11) by 2, we Lave
182 — 27Ty = — 4050 (111)
18z ~ 10y = 1900 (1v)J.
whenece y = $350 = B's stock; 22 — 3y =2z ~ 1050 = — 450,
Whenee Zlq: =600, and z = $300 = .43 stock.

Subtracting (i) from (iv) 17y = 5950,

11. 5 = WE oo 0% = acy 26%= 2ac; b%= 2ac - b% .. adding
6% +.¢% to each, a? + b2+ ¢% = af + 2ag + ¢*~ b7 or o¥+ B2+ ¢t .
(a+c~b)(a+c+b)

=@ty ~bi=(atc~b)a+ectbd). . S
" 1 . a+e-b atct+d _ a-b+e
ttc+ b Er B+ Tare+ b)E FErbtd

Setbte: (@tbte)tiia-btet a? LBt



112 REY TO [Bx. tviL

12.a:¢:: 8} ¢, .0 maltiplying each term of the latter ratio
bya~c, wehavea : ¢ i1 a(a~c) c(a=¢)
coac i aa=yOWat et e(Wa—e)(Wa+e)
coac i a(fa = yeWa+ e Je(Wa - YeoyiWe + Jenfe
e (a-4fud)(a +Aac) @ (ac - c)(Wac+c); but 4fac= b
aei(a—b)(a+b):(b- )b +c)since by hypothesis Vac=b

13. Let z = the number; thenz +3 : z+8 :: 2+ 81z + L7
st 3)(::: +17) = (z +8)%, thatis z2 + 20z + 51 = 2% + 16z + 64;
or4r =13 . =3}

14. Let D and d = diameters of a sovereign and shilling res-
pectively, and ¢ and T = thickness of a sovereign and shilling
respectively ; then md = nD, and pt = qT, and since cireles are
to oume another as the squares of their diameters, we have
quantity of metal in govergign : quantity of metal in shilling
D0t
a - T
Butmd=znD . D:d:iim:n.

i1 DT d%, or ::
D m ¢ q

T T similarly 7 = -1-)-

. « 2

.. guantity of gold in sov. : quan. silver in shil. :: - L

But a sovereign = 20 s., .*. quantity of gold in bulk equal Ito
20

shil. : quantity of silver in a shil. : 8 : or :: 20n2q : m*p
: ,nz e
e ¢ -42 420 -4%¢
= = -7 .. multipl
R ultiplying bot].\by] u we have —— 11‘b llld
42a+ 1145, 4ZC+ 111d

ST AN Ve e multiplying by I

A20+1140  +4%c+113d a
5 = d (1); also e

15.

o Art. 106,

¢ 4a 4 4a - 5b
d 56 Bd'"  b5b

4c-6d 40 -5b 4c-5d
54 1 9T —p — =g — (): Dividing (z)by (1); we have

“42a+114b b “43¢c+113d d “4%a+11}b

— % XIa-85 - ¥ x4c_5d,tha.tis “Aa—5b
“42a+113d ~

T T4c-b6d

nt " p
&
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16. Ifa:b::biciicid, ac = b% and bd = ¢2 .-, -9-=——=_

@b e = @) (o= 22 ) = oo s 4oy (- Vo

o~
o
| %

a
=e¥a~¢); —E—=—..

Ezxrroise LVIIL. ¢

1. ma? +ny oc cx? - dy .. mx? + ny = p(cz® - dy) = pea? - pdy
s pez® - m3® = my + pdy; that is z*(pe ~ m) = (n + pd)y

n + pd +
2= <pc —]’m>y z = ("/:c L )VJ, But since n, p, m, d

&

.and ¢ are all constant, \/ (

is constant .. z cc 4/y

pc
2.x=my; T=3m..m=}%.

m
3.x=p+7; thenl—pl— (I),a,ndZ*p+m(11)

Bubtracting (1) from (1)), 1=3m ..m=%,andp+m=p+{=2

m 3 3
np2fozEpr——=it+—=it =it fH=itd=4
p=1 p y Ty Tity 1+ 10 =

A at=myt; 4= 6dmsm= oy % = et 2= gy
S.z=m+mzy . 2=m+6n (1), and 3 =m ~ 9n (1)

Subtracting . (1) from (n), we have 1 = — 16n . o = - %
Mm—f=2. m=2+L =212 Thenz-nxy=m; x(l~ny)=mn
‘m L2 12 36
STy S T~ 5y 15+y
15.

6, y=m+nz+px?; then 0 =m+3n+ 9p (1)
=13 =m + 5n + 25p (11), and — 32 = m + 'Tn + 49p (ur)’
Subtracting (1) from (i), we get — 12 = 2n + 16p (17)
“ @) from (ur); ¥ =32=4n+40p (V)
H
4k
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Dividing (1v) by 2, and (v) by 4, we have -~ 6 =7+ 8p (¥vI)
—8=n+10p {vi1)

Subtracting (v1) from (vm), we have - 2 =2 .p==—1;

-g=n-8.,.n=2;0=m+6-9 . m=3 coy=3+2z-2¥

id ) - : 5 = 8lm + — (1) ‘
7.y=mz2+—x—;then7=95m+—5—-(1), m ( y
. 26n n
Dividing () by 5, and (1) by 9, we have J = -5 + T (1),
81 n . 2 604.:n.
and 1°= ~5ﬁ v (tv). Subtracting (1) from (1v) T

n bz 0945
- m=hg . n=35-125m=2323F}; theny= mx?+ + 2 7303 3020

2 1
8. y = mb? + ma® .. %_ = mb? + ma® - md? =ma? ., = Mm
b® oz 1 z?
y=pt =0ty

9. z2—z-y=myand (z + y + 2)(z -y — 2) = nyz; that is
fz + (y + D} — (y + 2)} or x% - (y+2)?=nyz. Adding 4yz to
cach side, z% - (j-::)2=(n+4)y~ that is (z — y + 2)(z +y— =z}
=(n+4)yz;’but/,;-x—y—m..x+y—z=—m..—m(x-y+z.)5

n+4
p YZ S T =Y+ 200 Y2

=+ Dyz . x-Yy+z=-

10. Let z? = number of cars attached, then decrease of speed.
o z?, and i3 .. = mz?; then 24 ~ mz = speed of train,
.20=24-9m . 2m =4, 0rm=2; then 24 — 22% = speed when
22 waggons are attached. Now if speed is reduced t(; 0, we
have 24~ 222 =0 .-, =12, and ... 2% = 144 = number of cars

required to comipletely stop the train, ., greatest number it can
move = 143
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Exeroise LIX.

126 + 60

1. 85, ={126 + (81 - 1)2}% =—Z———'—x31 = 2883

n n 124+ 2n

S,={126+(n - —=(12 R=2)—= ——
3 ('n 1)2}2 (136 +2n ?)Z 3

2. 8pp = {400 + (22 - 1) x 12}32 = ( =400 +252)11 = — 1628

n 400+12n—-1"
S,,={—400+(n—1)><12}— ¢ r)xn-n(Gn-ZOG)

Xn=n(62+n)

3. 81, = {4+ (17— 1DE)E = (4+24) = 238

3 +p 2m + p
Sonsy = {4+ (2m + p - 1)3}T ={§ + Cm + p)i}

=4@2m+p) + 3(2m + p)?

4 Su= (+ (11— 1) x=F]it= (3 - 30)5 =— M x 1 == 10 == 39
5, 1T =34+ (17-1)3=2+ 1b><3=2+48—50
28t =2+ (28-1)3=2+27x3=2+81=83
M=2+Mm-1)3=2+3n-3=3n~1

6. 1M =3+ (17-1)x-5=3+16x~-5=3—~80=~ 17
B0=34+(28-1)x—-5=3+27Tx-5=3~135=-132
=34+ (n~-1)x-5=3-5n+5=8-5n

11T =23+ (MT- 1) =4 +16x§=§+ 80128133,
28 =21 +(28~1)§ =5 +2Tx 5= +L35=2
o=l (- =E 5= =§—-S+in=95+5n=-5,(5+2n)
33 -3

[

8. d= 5 1=3§'-=7§; hence series = 3+ 10 + 18425} +33
9.d=_:?__19 —~ I == 15; hence series =9 — 6 ~ 21 ~ 36
-51-66 .
10. d‘=, 100;_(1—1) = 1008+1=J-%L= 124 ; hence series==1

+ 11§ + 244 + 367 + 493 + 62} + T4} + 873 + 100
1L 8y, ={24+ (13 - 1)1}, = (2 + T2)L2 = 37 x 73 = 2701
2. terii =14+ (n=1)2=1+2n~-2=2n~1
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2

n % .
13. S,={2+(n-1)2}?=(2+21Lv—2)§-=2n>< 7 ="

£ ¢ t
14. S, ={2a+ (¢t~ 1)2a}7 = (26 + 2af - 2a) 5 = 2atx - = ak?

15. 20% term = a + (20 = 1)2a = @ + 19 x 2a = a + 38a = 30a
thterm=c¢+ (t - 1)2a=ca+ 2at - 20 = 2at —a=a(2t-1)
16. Let z — 3y, x ~ y, x + y, « + 3y rcpresent the numbers
Then (z — 3y)2 + (z + 3y)* = 2z% + 18y2 = 200
(x— P+ (x+ yP=2x+ 2y° =136
oo 16y%2 = 64
Hencey? =4ory = + 2 .. 222 = 136 - 2y% = 136 — 8 = 128;
orx?=64; orz=+8 .. theseriesis+ 144104612
17. Let z — 3y, z — y, £ + ¥, & + 3y represent the numbers;
then (z - 3Y)(xz - Y(E + ¥ + 3y) = (= - W) ~ ¥?)
= (2? - 36)(x? - 4)*; 2t - 4022+ 144 = 1680, or x*— 4027 = 1536
z% - 40x2 4+ 400 = 1936 .. 22 —20 = £ 44 ... x? = 4 64, 0r— 24
Rejecting the latter value, we have 22 = 64, or z = 1 8; hence
the series is + 14 £ 104 61 2
18. Letz -2y, z~y, x, x + Yy, x + 2y represent the numbers,
thenz-2y+zx-y+x+z+y+x+2y=5xr=25 . .2=25
@ - 2)(@= - PE + PE + Wz = (2 - )2 - ¥
= 5(25 — 4y®)(25 — y?) = b(4y* — 125y% + 625) = 945, or
Ayt~ 12592 = — 436 ; y* — 13824 (L32)2 = 8649 . o2 _ 138 = 4 93
whence, y2 =4and y = + 2. llence the series is 1,3,5, 7, 9 or
9,17,5, 31 '
19. 8= (a+1)5 = (B0 + 1)5 = 61 x 30 = 1830, 1. . since the

principal on interest is $60 the first day,and only $1 the 60th day,
the whole interestis equivalent to that of $1830 for 1 day. Interest
of $60 for 360 days = $3-60, or of $1 for 360 days = $0-06, or of
81 for 1 day = 5§45 = ¢5 of 2 cent; hence the interest of $1 for

# The common difference is given =4 .. y =2,

'
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1830 days, i. e. of $1830 for 1 day = 1830 cents, and since this is
1830 _
to be divided into 60 paymeuts, each will be —— 60 % 60" = £ of
o cent.
n n 7 a(n+1)
20. §={at+(n~Dd}5 ={2+(n~ Dz =(n+ Dy ==

21. Let §=12 +22 +3% +.,.. a?
Nownd— (n-1)%=8n2 = 3n +1
(=1 = m-20=3n~1)2-3n~-1)+1
(n=-2P-(n-3)7=3(n-2)?~3(n~2)+1 Hence by addition
W= 3(n-2)*+3(n-1)%+3n - B(n-2) +3n-1)+3n}+n
W=3(12+2%+ ..., 02) - 3(1+2 + ceeem)tn
But by supposition, 1% + 22 + .... a? = S, and it has been

n(n + 1)
shown in queéstion 20, that 1 + 2 + 3 ,... 2 = -
3n(n+1
Therefore n3=3S—(—2—) +n
3n(n + 1 203 + 3n(n + 1) — 90
38 =2+ (2 )-n= 3
n(22+30+3-2) n(2P+3n+1) a(n+1)(2n+1)
a(n+1)(2n+1) n(r+1)(2n+1)
8= 2-3 = 6

n n "
22. 8 = {2a + (n-1)d}y; 51T = {4 + (n = 1)9)5; 103
=4n+ 9n(n - 1); 1034 = 9n° - Bn; 324n%- 180n+25 = 37224 + 25
=37249; 18n ~5 =+ 193; 18 =198; n=11
- Norg.—Tlie negative value is inadmissible.
2.1+ 1 ~-d+1-2d =3 - 3d =96 or I ~d= 32
be3d+1-4d+1-5d+1-6d= 41 - 184 = 86, or 21~ 9 = 43;
2-9d=43, and 2l - 2d = 64 .- 7d 21, and d =3, whence [ =35;

*NoTE.——T.he student must here read n as number, n —~ 1, one less than
humbet, &e. Thus taking n =3, thenn-1=2, n -2=1; 1fn be taken
484, we should have to take four addends as above.
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and inverting the series 35, 32, 29, 26, &¢, we have 2, 5, 8, 11,
14, 11, 20, 23, 26, 29, 32, 35

24. 1=5, and I— 24 = 7 .-, the sixth term or last term but

5 .
ope=l-d=—"5—=6, and the series js found by reversing the

series 5, 6, 7, 8, 9, 10, 11

n
= (25 +2c+2cn-20)

rof @

25. 8 =bn+cen?= (b+cen)n = (2b +2en)

)
=f2(b+c)+(n~ 1)20}‘—:1-. But by formula § = {2a + (n — 1):1}-2—,

whence it is evident that e, the first term of the series = b +¢;
d, the common difference = 2c. Then the £tb term = a + (£ — 1)d
=btc+(t—-1)2c=b-c+ 2 ’

26. The (m ~n)th term = ¢ + (m —n - 1)d;
the (m+n)th term = a + (oo + n — 1)d ... the sum of the two
terms = 2¢ + (2m — 2)d = 2{c + (m — 1)d}. Also the m' term
=a+ (m~—1)4. Therefore, &e.

27. (p+g)we t,er1n=a+(p¥g—1)d=7;1

' m~n

S 2gd=m-n..d=
(P—9)t‘=term=a+(p_q_1)d=n} gd=m=-n..d=—5,
BUta+(q—1)d+pd=7n"'“"‘(q—l)d=m—pd=m_pxznz_qn

=m ~ (m = n)zﬂq; but a + (¢ = 1)d = ¢ term ... ¢t term

: P
'=m-—(m—n)§5

a8, ph term = T - & = 13 = L 41 21

0. P rm = _2—-2"2'!'2-12—(?"1)%

=12+ (p-1)x-1; butpterm =a+ (p ~ 1)d, whense ¢ = 12,
and d = - 3. Then sum of n terms = § = {2a + (n ~ l)d}-;i

T n 7 27T nm\=n
3+ - -1 = (13 - — L })— = .
f13+@®-~-1)x 2}2 (13 7 ) = ( - )__

H

2

n

n trd
2 @1=m
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29, Let x -y, # and = +y = the numbers ; then (£ -y)*+a(z+y)
=a%-2ry +4? + 2 + ay = 20% ~ 2y + 42 = 16, and 2%+ (2 — Y)(z + ¥)
=2+ 22~y = 22% ~ y? = 14. Subiracling the second from the

2

Substituting this for 2 in the
2027 - 2)?

v
or Tyt - 20y% = - 8, 196y4 ~ 840y + 900 = — 224 + 900 = 6767
1457~ 30 = + 26; 14y% = 56 or 4, y* = 4 or ¥; rejecting this latter
value we havey={ 2. Hencexz = %__:2—2 = i—iZ =+ 3, and the three
. mumbers are 1, 3 and 5, or — 5, - S and - 1

2
first, 24> —xy =2, or x =

equation 227 — 9% = 14, we have -y = 14,

30. Let x — 3y,  — v,  + ¥ and z + 3y reprcsent the numbers;
then 2 -3y + 2 —y+ 2z +y +2+3y=4r=20.. 2=5;

1 1- 1 1 433 ~ 207y? ,
"‘"3y+m~y+x+y+x + 3y " at — 10z%% + 9yt 8
<. 25(635 — 25032 + S*) = 24(500 — 100y2) ; or 9y*— 154y%=— 145
324yt — 5544y + 23716 = — 5220 + 23716 = 18496 .'. 18yZ— 154
=4136; 18y7=290 or 18 ... 4= 1 or 14%, and y =+ 1 or + }y/145
Rejecting the latter value, we have 573,51, 5 £ 1 and 6 £ 3;
that is 2, 4, 6 and 8 or 8, 6,-4 and 2 for the series.

Exercise LX.

1. 6t torm = 3 x 3° = 3 x 243 = 729;

3(36 - 1)  3x(120-1)
3-1 - 2

2, 9t term = 1 x 2% = 1 x 256 = 256

dg = = 1002

129 - 1) 512-1 &
9.= 9 -1 = 1 —511
3, Thterm =% x26=%x 64=138=18%;
7 - 1 S N
A D s 1) = 36}

S”. 2-1
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4. 12t term = 3 x ( — 2)1! = 3 x = 2048 = — 6144
3[(-2)2-1} 3(4096-1)

‘S:m; o1 = —3 = = 4095
5. 6 term = 4 x (= 5) = 4 x ~ H3§ = — Y2 = - 1245;
4{(“2‘)6 - 1} 4(1‘306& -1 _ llLuﬁzgii -4 _ 1562155_;7%
S
= - bzig

6. 8t term = 30 x ( ~ 3)7 = 30 x — kg =~ A% = = i

S, = 30{1 — ()%}

= O e - 10
-13 -t -4
= = T~ = 3
Tl FTT(C) ., w TR
S5 = ._._% = -g_ =6 =11
8 x ~ 1_%_ - l -6 T 1P
7 I .
9. S, =1—_—(__;)'m=€:%‘-=4f
64 64 64 128
R e b vt s
11, 8§ = '150‘203‘(‘ = T(;T.\zogo‘ _ fh 30‘ - 623
. oc 1 P Thl-a- 1010000; 1 _191'_,’1(-‘90_ 999
7 B
T T4
12. 8, = —2 =10 _
« -2 5 °
145w . . Thew - ;
13. 84 = 1% + 10 T+ % 5 + dd = 388
S =.862 T80T | ag, , TOBRAD | gqp 32~ 8537
14. Sy = 1o + l_T%m-TooG"' T + 35060 = §500
(3" -1) 3% -1
15. S, =—‘3_ = = = - 1)
(-~ 1} 2l-(- B
16. 8, =57 = 7 = 1001 - (- B)"

s oW -1 232 - 1) 62 6242 + 62
SRS -1 T W2-1 T 42 =177 2-1
:62(1 +4/2) o s

_ @) -1}  aP(af~1) P gp

= qu— 1 = a‘z—l = aq_,l

18. §,
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1
=(30)¥=3 .- series = 1 +3+§+8% + 18

N 1
20, r = (22§33)5~1=(6561)® = 3 ... series = 2 + 6 + 18

é_ =T 1
21.r=<§-> =()¥ =% . series=9+3+ 143+

22. Let z, 2y, 2y* and 2y® represent the four numbers; then
z+ay? = z(l + %) = 148, and zy + xy® = xy(l + y?) = 888
888 148 888
— . — = — .. 148y = 888
xy x xy

148
S Yy=6; then14+9°=1+36=37= - 37z = 148 ... = = 4,

and the series is 4, 24, 144 and 864

'1+y2=-14—8 and 1 + %=
o <! ¥y =

23. Let z; xy, x4% and xy® represent the numbers ; then r +zy
=15 (1), and xy?+ xy® = y%(x + xy) = 60 (u). Dividing (1) by (V)
webave g’ =4 ... y = 1 2, and since z(1 + y) = 15, we hage
z=1fi, or-15 = 5 or — 15; hence the numbers are 5, 10, 20 and
40, or - 15, 30, ~ 60 and 120

24. Let 23% ay and z represent the number of dollars they

severally had ; then xy%= x + 135 (1), and xy® + zy + x = 315 (1)

135
<2y + 2z = 180 (m). From () = = CRNET and from (u1)

,o 180 135 180 3 et e 10
yr2 P -1 yra =1 yra Y YT
whence y = 2 or —§; hencemz_—lso = 150 = 45 orx._.l_s(l
’ y+ 2 4 ’ 2-%

= l:—o =240 ; hence the shares were $180, $90 and $45.

Taking the negative value as above, givegus @ — $240, and the shares
would be $375, - $300 and $240, which implies that the second receives
$300 less than nothing for his share, or in other words, instead of receiv-
ing anything he gives $300 to be divided in addition to the $315 among
the other two.
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25. Let x = the first number, and y = the common rutio of the
1st three numbers; then the numbers are z, 2y, x3% xy* + 2y, and
zy? + 2zy

And zy + zy* + (2 + zy) + (2y* + 22y) = 3zy? 4 dxy = 40 (1);
also xy(xy? + 2zy) = 2%+ 2z%% = 64 (). Multiplying (1) by
zy and (1) by 3, and subtracting, we have 2z%%= 192 - 40zy
2%t + 20xy = 96 ; whence zy = 4 or — 24. From (1) zy(3y +4)
40
zy

= 40 .. 3y+4=xJ=i4Q-= 10 -. 3y=6,and y=2 .. z=2;

hence the numbers are 2, 4, 8, 12 and 16

26. S =a+(a+byr+(e+ 2%+ . ..., fo + (n—1)bp"-2
Sro =ar+(a+d¥3+.... .. fa+ (n—2)0}r" 14 {ut (n—~ 1)bp"
S—Sr= ator+brf+br¥+ ... bri=i— o+ (n - 1)bjr™
bi(1 - 77" 1)
S(l—1')=a+TT——{a+(n—1)b}7‘" o
.S:—' a or(1—1""1)  la+ (n - 1)bp™ ‘
“1—7‘+7'1—7')2 B 1-7
S - a-fat+(n-1)0p" br(l -1
B 1-# (A-rF

2. (N @+ b4 c*~(a-b+e) = a®+ b2+ 2~ (a%+ b2+ cF)
+ 2ab + 2bc - 2ac = 2ab + 2be ~ 2ac = 2ab + 2bc - 202, (since
ac = V?) = 2b(a + ¢ = b). Now (a+¢)2~ 2= a2+ Zac + ¢ — b2
= a?+ 202+ ?~ b%= a* + b? + ¢% a positive quantity .-. (a+c)2 >
and . a+c>b,and ... a + ¢ ~ b is a positive quantity, and
. 2b(a + ¢ = b) is positive, ... a2+ b%+ cZ— (a~b+¢)?is positive,
@+ ED (a-b +c)?

@ (@+btctd)?=(a+b)?+ (c+d)P+ 2(a+b)(c+d); but
o b e atd bic ctd @Hb)ct+d) (b+ o)

b ¢ d b TTe T4 bd P

bd
@k )t d) = b+ eP= (bt )2 bd =2, (a+b+ctd)
=(a+b)3+(c+d)2+2(b+c)2 l
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28, () (P + Q) term = ayP+e-1 = gp
@-fterm = ;P91 =g
. a4®P-% = mny . arP=1 = 4/mn = pth term

1 r.

ar?+4-1 m m \ 7g 1 7 \ 22

¢ 2q
1) Also =9¥l=— - = |{— —=[—
@) a)P grP-2-1 n n » and 7P m

P

ar?+e-1 g 1 7\ 7¢

.. Ih = -1 — - el 2y
,,.theq term = @791 = — . Lxrp__m<m>

29. Let x, zy and 2y’ represent the numbers ; then z + 2y + zy*
=23,and 2y @ 2y - x : 213 oy yt-1:12:3,
or3y = 2% — 2 .-, 252 — 3y = 2, whence y = 2 or - }
nEtryt a4+ 2x+4x=Tr=35..2=5; orz+zy+ay
zz~}z+ }z=3x =35 .. 2 = 14C = 46}, hence the numbers are
5,10 and 20; or 463, — 23} and 113

30. ‘Let:r, &y and ry®represent the digits; then 100z + 102y +zy
= the number, and x + 2y + xy? = sum of its digits; then
1002 + 10zy + xy? ¢ = + xzy + =y o1 124 : 17, that is
100 + 10y -I;g[i‘

2

1004+ 10y + 32 : 1 + y + y% :: 124 : 7, whence Try+ P
_124 99 + 9y 117 11+y _ 13
=g . Art 106,.m— T T Ty 7w

* 07 4+ Ty = 13 + 13y + 18y? or 13y* + 6y = 64; whence y = 2
Also 100z + 102y + 2%+ 594 = 100zy*+ 102y + 2 ; or 99z — 99zy*

~5694; orx ~xy?=—-6; orr—-4r=-6; or-3r=-6..2=2,
hence 100z + 10zy + zy* = 248, the number required.

Exeroise LXIT,

1(1);;1:5=753'henced=.— . 13,11,9,% 5,3, 1,
=1, ~ 3 inverted, give H.S. 75 'y & hhhL-1,-13
() A.8. =18, 14, 10; hence d = - 4 .~ 30, 26, 22, 18, 14, 10,

82~ 2 inverted, give H.S. &, % E11) 25 Ter T Too 8 31— 3
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() A.8.=2, 4, 6; hence d=2and~4,-2,0,2, 4,68, 10,
12 iuverted, give H.S. - 3, -}, o, 1, 5, & h 7o =

(v) 4.8. = o o 15 hence d=-and - ih 11‘54, -
2 17, 88,3 33 and 4} inverted, give H.8. - 14, - 14~ 2, 14,

L 1 _Li
y 14,34 $5and

(v) A4.8.=3l, 4 ~%; henced=~7 and ? 3z 28 AR 1L & -3,
— 19 and ~ &7 inverted, give H.S. = Py b4 fo fo 18- 13, - i,

R J. 5_

17y

(v1) A.8.=-2,0,42; hence d = 2; then - 8, - 6, — 4,-2,0,
2, 4, 6, 8 inverted, give H.8.=~},-%, -4, -}, b 4 L3

‘ -4

5-1

5.3
7417'{7 1418

2. (1) Tosert 3 4. means, between } and §. Here d =

-3

= -—*4 = — 3i; hence /. series = §, 34, 3%, o0 £ = 3 1

13

 H.8.=2,%% 18 8, 3=2, 2%, 2%, 25, 3
(n) Insert 3 A. means, between 3 and 4. Here d =

- -2

-4
5-1
= 4—5‘ = hence A8 =134, 33,42, 4 and 19, and invert-
ting these we have H.S. = 5, 5-f;, 5%, 6;%; and 7

(1) Insert 3 A, means, between 'y and §. Here d = .;?—_1_1
-8

= —’4—: =% ; hence A.8. = f;
we have H.S. =11, 62, 4§, 3%, 3

i

s By Ty 25 4% and inverting these

(1v) Insert 3 4. means, between § and 7;. Hered = L

__25-
48

= 4 - - '-7—955, hence ﬂ S. %

#P-q*,‘

inverting these, we have H.S. = 2

(v) Insert 3 4. means, between } and — 4. Here d =
ol
=z =-1%; hence A.5. =4, - §, - §, - 1 é“, and inverting

these, we have H.S.=6,-2, -8, — £, % |

8. ‘Corresponding A.§. = 2, 1, §. Henced =3; 5% term of
A.8.=3+(6-1) =%+ 12 =34; hence 5% term of H.S. =
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b
F11% term of A.8. =+ (11— 1) = 2 + 32 = 32; hence 11t term

3 3n-1
of H.8. = o -,n“htermof.d.S.r-%+(n—1)§=§+?n—g= n5 ;

-

" hence ntt teria of .8, = ——
3n -1

4. Of corresponding 4. 8. -13-_;, i, 1 the 6% term = F5+ (6 - 1)y
L=t e =% 10® ferm = & + (10 = 1)
aterm = A+ (n - D+ =&+ 1n3 = 213 .. required 6'®,

13
n+2
5. Of the corresponding .4.S. 10, 12, 14, the 4% term
=10 + (4 - 1)2 = 16, and the 8t term = 10 + (8 — 1)2 = 24
i, the 4% and 8% term of the H.S. = {5 and 4
6. Insert 2 4. means, between ; and 1. Hered =

_ a_ _
=S5+ 1% =1%, and

1 10t and ntt terms of H.S. = 1§; 144 and ——

1
-3

. 4-1
. hence A.S. = 2 + 3 + % + 4, and inverting these, we have
; £8.=4 42415 +1; hence unknown terms are 2 and 1}

3
==
3

i

1 1
7. Of the corresponding .4.8. - the 8% term

1 1 4 7 7 6 Ta - 6b
>=_a—+b e b a ab ?

1 1
=7+<8-1>(T-7

1 1
nib term = —- + (n— 1)(

°'|
m]v—‘
S

ab
hence 8thterm of H.S. = Y2 —6b

—-6b’

1 1 1 1 1 2 1 a2 a 2-n n-1
’,FFJ’”-(T'?)‘F+7=I“F+T‘7=T+ ;
Iob2-m)+a(m-1 ab
?':"(——)'ab—(_)‘ .. nth term of H.S. = b(a—my +a(n-1)
i , 2 2

! 2ab mZ — nt m? — n? 1

p 8 HM =omp == T =" om  m
r min T m-n m2 - n?

9. AM.=J(u+b) = }(4+9) = =6}; GM=4ab=q/4x9
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10. AN, = (6+41)—lof1 = Bily; G.M. =+6x 5 =42
2x6x 4% .50

07 E ST L 800 = 458
=5; HM. = 6+ 4l -1%—36“{1 44 ‘
11. aiciiu—bib—c..ab—ac=uc—be..2ac=ab+bec=ba+c)

a:c

2ac 2ac\? 2ac \ ?
- 2 e 2402 9ph2 =2 2 g —
b_u+c"Zb "2(a+c> R b2 =af e (a+c>

2 4ac
= g% = 2ac¢ + %+ 2ac — 2 20¢ = (&= c)?+ 2ac 1———( 3
“Na+c¢ , (a+c)

_ 2
=(a-¢)?+ ZM{EZ " Z) = a positive quantity if ¢ and ¢ have

like signs .-, a? + ¢% > 2b?

12. b = §(a+ c), and mb = 4fac; substituting the value of b,
m — m? "
we have —-(a+ ¢) = ac . —~(a+ c)? = ac ... m¥(e + c)? = dac,

4(1
and dividing each by a+ ¢ we get m®(a+¢) = but atc=32b

st —2 or bmP= -2 . hence Art. 261, bm? is the HLH.
e 2mE= T, , or bm*=——; hence rt. m*1g the

between a and ¢ ... ¢, bm? and ¢ are in H. Prog.

13. Let @, b and ¢ be any three quantities in H. Prog., and
let = be the quantity which, when subtracted from each, leaves
remainders in G.P.; then (@ ~ z)(¢c — z) = (b — z)? that is
uc — cx — ax + xt=b*~ 2bx + x? . Bz ~ cx — ax = V- ac

b2 - ac

ST = T i but since @, b and ¢ are in H.P,

a:ciia~b:b—-c..ab-ac=a - be; ab = 2ac — be

ab ‘
Al v < Substitute this for ¢ in the above value of z,

- a?h 2ab? — b8 — a?b
2¢ - b 2a - b
and we have = ab - Aab - 242 - 202 + ab — ab
2b—a—2a_b 250 e

2ab% = B3 —d®  b(2ab — b - u?) b
T L - T G - P odd) = g =} of middle term.
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14, AM. = }(a +b), and G.M. = y/ab .-, }(a +b) ++/ab = 16 (1)
and 3(o + ) ~ 4fab = 4 (). From (1) a + 2/ub + b =
s+ b=+ 42, From () @ — 24/ab+b=8 . /a— /b =1+ 22
v 24/a =1 6y2, whence a = 18; and 24/b = + 24/2, whence b = 2

Zab
15. A.M. = §(a + &), and HM, = ar s “3(2+0)=

2+ 5
64b
Rk veR 28 +;14b + 145 + 756% = 128b .-, 7% - 100b = - 28, or
2500 - 196

B2-190p=—4; H2-190p + 284 Q=T 2304 .. b - B2
=+4% . b=140r% aub
a

16. ¢+b =30, and —— 2+ 5" = 13} .'.3—0=13§; o 2ab = 400

@*+2ab + b?= 900, and 40b =800 .*. a?~ 200 +b%= 100, ora—b =+10;
a+b=30, anda~b=410 ... 2a = 40, or 20; a = 20 or 10;
2b=20 or 40 .-. b= 10 or 20 .-. the numbers are 20 and 10

17. a - b = 164, and 4/ab = 9, since the G.M. between the .A.
and H.M. of a and b = G hetween a and b, (see Art. 261)
Then ¢ - 2ab + b= 4325, and ab = 81 .. 4ab = 324 ; a*+ 2ab + &7
= 1337 + 324=949% . g+ b=97, Hencea-b= 85 anda+b
=9 ., 2a=8) - a=58 =20}; 26=33=8..b=4

Exerciss LXIL

1. V= 123456 =720
L% () V, = 865 = 1680; (u) Vg = 86543 = 20160,

Ve =1:23:45-6"7°8 = 40320
3. We are to find the permutations of 13 letters of which 5 are

'8, 4 are &'s, and 3 are ¢'s e

Th [ L93456T8910111218
mN_I}*Ier 19345 x1234x 123 =

.
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4. V,, = 1:2:3-4:5:6:7°8:9-10°11-12 = whole number of changes
1-2:3-4'5'6"7°89:10°11°12
16-60-10

= 136 years 222 days.

5, Vy=n(n-1)n=2)n-3)n-4),and V;=a(n-1)(n=-2)
Then n(n - 1)(n = 2)(n — 3)(n — 4) = 6 x a(n - 1)(n - 2)
;. (n=38)(n—4)=6; that is n* ~ Tn = - 6, whence n =6

6. Vo = 1-2-3'45:6'7-8-9'10 = whole number of days
;. 12:3'4°5°6:8°9°10 = 518400 = number of weeks he had to
board them, and since board is worth $5 per week for one per-
son, it is worth $50 per week for 10. Hence total value of
board = $50 x 518400 = $25920000; and $25920000 — $5000
= $25915000 = loss when the $5000 is not paid till the expira-
tion of the term of the board. Andamount of $5000 at 6 per cent.

3628800 ] :
for 3651 years, i.e. for 9935112 years = 5000(1 + 7¢)

= 49896 = number of days required

= 5000(1 + 596112) = 5000 x 597-112 = $2985533-60,
Hence his loss when the $5000 is paid at once, and put out
at interest until the expiration of the term = $25920000
~ $2985533-60 = $22934466°40

T. Vp=151413+---- (A5-n+2)(15-n+1)
and ¥, _,=151413-+--- {15~ (n - 1) + 1}; then
151413+ (15 -2+ 2)(15 —n+1)= 151413 ++ -~ (15 =0 + 2) X 10
.. cancelling same factors of both sides, we Lave 15 ~n +1=10
c.n=6

8. (1) Permutations of 14 letters whereof 2 are o’s, 3 are n’s,
|n 1-2:3'4°56°7°8:9-10-11-12-13-14

and two are #f's = =
p lg |r 12x 123 x 12

= 3632428800
(1) Permutations of 12 letters whereof 5 are /s

.2 1934567891011

lp - 12345 = 3991680
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(i) Permutations of 8 letters whereof 4 are o's

n 12345678

= _L?— = TTU3n = 1680 '
(1v) Permntations of 13 letters whereof 3 are o’s and 3 are m's

|n 1-2:34:56:7-8'9°10°11-12-13

= T = T x 133 = 172972800
9. (1) Permutations of 7 letters of which 2 are &’s
1234567

= -—E =55 = 2520

(i) Permutations of 13 letters whereof 2 are o's, 2 are 7's,
[» . 1-2:34567891011:12-13

‘ Py = -
and 2 are f's = T T2 X132 x 12 = 778377600
() Permutations of 7 letters whereof 2 are ¢'s and 3 are o's
v 1234567

*Tlg - Texizs - 420

10.-5—"(5—"_ 1> <5—"- 2) : 3’-‘(-21‘_ 1) (?1‘- 2) TRVLE
2\ 2 2 33 3 "

. 5n<5n - 2) (577. - 4) - 290n <2n - 3) <2n - 6>‘

v 2 2 3 .3 3 ’

or §(5n = 2)(5n - 4) = 3%2(2n - 3)(2n ~ 6) ; or 135(25n°~30n + 8)
= 2820(2n% « 9n + 8) ; or 253n? -~ 3366n = — 3960, whence n = 12

EXERCISE LXIII.

’ 10-9-8 ‘ 1009'8-7'6
L@ € = T3 = 1203 (um €, = 13345 = 253 ;
{ur) € = C, = 1—(1)% =45
2./() € = 15114213341?1 = 3003;
14-13°12°11°10 »
() € = Do T = 6435
‘ ‘.(m) C12=Cy= 1_5;.’1%% = 455

I R
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12-11-10'9'8
5= TTzaas o 7 4
4. Whole number of combinations of 2a things, 1, 2, 3, 4,
&c., ... 2n together = 2% — 1; similarly the whole number of

combinations of n things, 1, 2, 3, 4, &c., .. n together = 2" ~ 1.

‘ 2%~ 1 |
PLE .5]3 j or since ou
=2™4 1, we have 2™+ 1 =513 .1, 2" = 512, and .. by inspection

Then 2% - 1 = (2% - 1) x 513 .-.

n=38
5. (1) C; =

36:35-34-33-32
T 12345
(1) Taking away one man from the 36 ‘there remain 35, and
\ 35:34:32:31 -
these combined together, 4 and 4 give To54 = 52360 com-

binations to each of which the reserved man must be attached.

= 439824 = No. of different selections

6. Number of combinations of 21 consonants, 4 together
21-20:19-18 : o _
= T332 = 5985 ; alzo number of combirations of 6 vowels,

3 together = 10. Hence there can be formed 5985 x 10

5-4-3
1-23 7

59850 different sets of seven letters, each set containing four

consonahts and three vowels. But each of these 59850 sets
can be permutated, 1-2:3:4'5-6'7 = 5040 ways, each forming a
different word .-. the reguired number of words = 59850 x 5040
= 301644000.

7. The different arrangements of 9 of the persons while the
tenth remains fixed = 9:8:7:6-5-4'3-2°1 = 362880.= whole number
of different arrangements of the ten persons, so that no one has
the same neighbours in any two cases. But one half of these
arrangemments will be similar to the other half if the position of
neighbours on the right and left. hand sides be not regarded
as making a difference. So that if .4 is said to have the same
neighbours in the arfangement B.AC that he has in the arrange-

ment CAB, then the correct answer will be 3 of 362880 = 181440
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nn-H=9(n=38)
19334 16 1.. cancel-

8. n(n~1)n=2):
.. n~3
ling, —z =1, whencen =17

9 n(n-1)(n-2) ... (a=p+1)=10n(n~1)(n=2) ..., (R~ p+2);
or dividing eack by a(n ~ I)(n = 2) .... (n—-p + 2), we get
-p+1=10..n~p=9(1). Again
=D =2).... (n-p+1) n@-1("R-2)...(n-p+ 2)

: ::5:3
[p lp-1
or ihultiplying each side by |p - 1 we have
an<=1)(n~2).... (ni—p+l)—
s »p
and dividing each side by n(n = D@m=2).... (n=p+2), we

o n=p+1 .
haveT =§;0r8n=3p+3=5p ... 3n= 8p = = 3 ().

=fan-1)(n=2) .... (n=p+2),

Now multiplying (f) by 3;" and subtracting from (); we have
. 8p =30 ..p =6 and similarly n = 15
10, 1-2:3 -+ (n~1)=|n =1, or {|n =1 according as B.AC

and CAB are regarded as different or the same arrangement,

L , . 10-9°8:7-6
1. Number of 5 flag signals with 10 flags = ——— = 252;

! ' = 1:2-3'4'5

. . 10°9:8'7
number of signals with foy flags out of 10 = 15 = 210;

' 10°9' ) 109
number ith 3 flags = T33- 120} humber with 2 flags = T3 =45
and number with one flag = 10. Therefore whole number of
sighals = 10 + 45 + 120 + 210 + 262 ='63%

12. There are in all nine coing gnd they may be combined,
eny number together, to make a sum; then the combinations of
9things 1,2, 3, ..... 9 together = 2%~ 1=2921=512~1=511
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Exsrcisg LXIV.

_3 8 34, 5 B4E6 .
Lo (L +2)7%= 1=57 + 752% ~ 7532 + 7537 - &

1 - 3z + 62% ~ 102° + 15z% ~ &c.

23 2:3:4 2345
—x _b - 4,3+
1 12 123 1-2°3-4”
1 - 2z + 3% — 423 + 5x* - &c.

N

2. (1+x)"%2=1 - zt ~ &e.

»”

3.(1- 2x)‘1-1+1(‘7x)+ (Zsc)2 —3(2x) +i z 5 4(..7:) +&e.

1

1+ 2z + 4x% + 82% + 162% + &e.

12)-6 =1 5 , 5'61 2 5 '71 s 5‘6"7'8‘)4
4. (1_2'T) = +T(ix)‘+ ]_.—2(2‘1:) + 1.2.3(2“r) + 1.2.3.4(21:

+ &c. = 1+ 5 + 12?4 3823 + 3fxt + §e.
5 (Leam-te Zoamys Diap. 23 g TEES
<1+ .‘E) =7 1( x)"'l_é( 1‘) - 1.2.3( ‘t) + 1.2.3.4( ‘E)

- &c.=1—- 6z + 2722 - 10828 + 405z¢ - &e.

567
1-2:34

. 5 56 oyzy 56T pna s .
6. (1=22)"% = 1+7(20) + 75(22)*+ 15a(22)° + (2:c)

+ &c. = 1+ 10z + 602% + 280x% + 1120x* + &e.
- a:)“i—l 4 45 4-5'6 4567 &
(1 - +1:c-l~12 +123 +1234x+ c.
=1+ 4x + 10x* + 20z2° + 252% + &e.
N
1 1 I-(-1) 14(-1)(-23)
—- 2=] - — . SR 2 _, 3
8' (1 413) 1 2(41})-}- 1.2.4 (41") 1'2'3'8 (41")

1-(=1)( - 3)( - 5) 4
+ ( 12(3'4:16( (4$)4— &e.=1- 2z~ 222~ 428~ 102~ &e.
2 25 958 25811 ~

I =7 = — 2 28 4 _ A
9. (1+2) " =l-gotyoma®= omme® + o ey at - &e
1 _%.1'-_{.53;2_;5,.0.13 _%_191;4_&0

4 ' 4(-1) 4(-1)(-6)

- . 5 — 2 . ]
i‘(’ (11) e))( ) (%) 1225 38 - —3g30gs - (39
-1)(- -11

HEERS T TIT RGN L

=1~z - 3fo2® - 33502 = 18 sort = &e.
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(-2 1(-2)( -
529)(%3:)2 (1 23 27 )(1'7:)3

L vt =1 %(%x) +
N 1(—2)( 5)(-8)
23481

= 1+'§~‘”—'§*er 21$72° - 7t + &e.

49 g AL 491419
1225° T 123126° T 1234625
+&c. = 1+ 4z + §52% + $Aad + 399 + &e. '

13. (@-2) 3={a(l-a 2P} 3= a 31 ~a 2?3

Gz)t 4+ &e.

. 4
BB VAR '5‘=1+€-a:+

o= a ¥+ (@) + %(a’lxz)z + f';:g(a 1x%)3 4 ?;:g—:j‘(a‘lxz)4+ &c.}
=07%1 + 3a"12% + 6a~%xt + 10220 + 150~ 48 + &e.}
= 6”5+ 30~ 422 + 62~ Szt + 10~ 626 + 164~ Tz* + &e.

4. (@ +2%) 1= {021 + @~ 2%%} 1= ¢~ (1 - a7 %2%) -1

34 e
17232@) + &e ]
= a-Z(l ~a-%3 4 @436 — g~ 639 4 g~ 812 — &G.)

=0 20 %2+ g~ 636 — o= 829 4 g-10g1% _ &o,

15. (ad - 1)< {a *(1_a'*aﬁ)}'z=a-1(1-u‘%aﬁ)“2

1 1-2 1-2-3
=g UV iy 2.8 2,80\2 _ Y 2,378
=al 7@ z)+1_2(w i) 1.2.3(a‘z) +

O - o) s A
+.%%( "5:7) +&c.}

= a‘l{l + 2a'%azg‘ + 3a'1:z:?r + 4a‘%;c + 5a‘zz%+ &c.}
=1y 2q” 35t + 3a-%% 4 40.—%1 + Ba-%t + &ec.
.16. ’(aﬁ— 23)% = {a“(l —a"*.z;s) }% = a,%(l -a'*x‘*)%

- 2( - -4
‘= ag{l -——2—(a‘4z3) + 2(1.2.;)(‘1-4:,;3)2 - (L].T]:.)’)‘T(—ZT_)(G_4$3)3
2(-1)( - )~ D -ty o

12:3°4°81
{1 _ %a 123 + 42826 — a1 — gl 16212 - el

..po

n

i

k -4 .16 -28 L -40 .
q?}_%a gx3:_!1§a 13'.%6_‘3&1‘.“ 3x9_§Z3a 3@12- &c,
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17. (& + z=H-* = {1 + cz.'“°'.7:“z)§’4 = a1 + 64’3.1{'2)"1
4 T - S
=a‘12{1 - @z o+ 1fz(a A v v (R D)
4-5'6
~8,.-2
+ 1234(04 2 -2t - &e.
=a 12l - 4o %%+ 10g- 8z~ %= 20a¢~ %2 -6 + 352~ Y%z~ 8 — &c.)

=12 dg-1z-24 10"z~ % - 20a- Az~ 6 + 354~ 2z-% - &e.

_1\- 1 SRS RNE T SR O _L .1k
18.(a%—a: :3)’ %={a5(1—a ox 5)} Y=d ”’{l—a bz 3;} ’
- 1 . 1-4 .2 147 -2
eI 4 5(az) P+ 1) TP+ pmam(e)
1-4-7-10
T23281(%)

+

3 + &e.}

- L -2 4
a ”{1 + %(ax) 5 Fax) S+ Li(az) 0 + 25:(ax) " ° + &c.}
oL oo L T .2 -3 -
=@ Vg o 10 8 4§ 197 0 4 L4 Tz 0+

1\ - 3% 1 -
19. (azm - :c’) o= {azm(l - a'zm‘lxz)} :

-4 .2 1\~ %
a” *m 5(1 - 4 2m 11:’)

! N 1’
S T ac_) , 28 f_) 258 [
@ ‘m 3 \@n Tzo\em/ T 1%327\am
1 4
2-58'11 12>
iagasl\am) T&}

1
I AT AN
a *m + @m +§ atm? +81 a5m3> (

>+&c}
£ 1 .18

T 3z? + fa P P !}'Jm'%g

- g

+ige” o Far s e,

20. (e +\x'3)% = {e(1 + a_lx'a)}% = a%(l + a'lx'3)§

i) R AR
—38)(-8)( - ¢ ‘

VEREDCI Y
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—a§1+2 1 3/ 1 8 1 28/ 1
= 5\aa:3 + 55\ g7zb +125 a%Q)"ﬁ a“z”)'l'&c‘}

-3 _8 - 18 8
R O T L Mr A BT S

2L (@ - b2)"F = fa(l - a W)} TF = a7 - gotay

bx bz\% 135 /bx bz -
- "2
= {Hz( ) 124( ) 1238( ) 416( )"'&c}

-3 1 ba: b2z b‘z"’ b,
o * + @ +§ az_'*ﬁ<F +ﬁ§<a—4)+&°-}

-1 -3 -5 -1 .2
=a ®+ ja 2br + o 20%P + fa 03B ¢ Bfa Phéxt &,

1

Exgrowe LXV.

a(a+ D@42 (ntr-1)
—

1. Gen. term of (1~z)- = n

(3B @)
i
" (u) Since general term = thie (r + 1)th term = 6th term .. 7 = §
.4.5-6-7
12345
~ 2.(1) Gen. term of (1+z) %4=(~1)"x
o A58 (BT)
= (-1)rx —lr—————ac"' _
(1) Since general term = 6th term = (1 +7)t term . 7=35
45678
1-2:3:4°5
3. (1) General term of (l—m)°% ,
(-1 PP+ @ + 29) . _”{p + (- g,
.=(_1){. 258|rx(::"'1)zr

Hence 6th term = 75 = 215

n(n+1)(n+2) - (n+r- l)x"

r

Hence 6t term =‘(— 1)5 % %% = — 56zt

. , §
(m)° Sinee general term = (7 + 1)th term = 6th 'terml s.r=5

B . ‘ 2581114{5" '3085
ence 6 erm = (= 1) 1354522880 T
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4
4. (0) General term of (1 —z)*®

- p-29){p-(@-1)g
(o 1y 2ROE I_z)x - fp-¢( e
41(=2)r e (1=3r)
[rx 3" “

==
41:(=2)(=5)(~8)
1:2:3:4'5°243

(1) As before =5 .. 6th term = (= 1)" %

= ( - 1.) X = 7‘%§$5 = ?ggxs :

5. (1) General term of (1 + z)~ 2
Pt @r2g-fpt (r-Dg) |

- - 7
(-1 rxq
7:9:12++++ (5 + 2r)
s (= I > 27 ) 79111515
i) A =5 ., 6th =2 (=1 X oo ros
(1;) Qr49,5before 7 =5 . 6thterm = (- D% X {5370533
=266 %

6. (1) General term of (1+z)~ 5

=(_1)rxz'_(zj+q)(P+2q) """ fpt+(r=-1)g .
rxq "
8:11'14 ¢+ (5 + 3r)
=(-1)yx |rx 3" ff
(1) As beforer =15 ., 6thterm = ( ~ 1)% x §11141720
- 1pa3ag0 1-2:3-4-5'243
- 72

. (a-z) = {a(l - a‘lz)}'l =g Y(l-a-1g)-2

aln A1) -
o (1) Gen. term of (@ —z) t=a"1x by (ntr 1)(a'1:
Ia
1.2-3-...7— I_ .
=g-1x _Ir—a-rzr za-l4q-Tr'= g (rtlgr

(1) .. 6th term = ¢~ 65
8. (¢ + %:1:)és = {a(l + ga'lx)}% = a{;(l + zi)g
(¥) .. Gen. term of (a + jz)§ K

§ PE-D@=20)r fp-(r=-1)g}/z\"
=g (ﬁ)

=aq
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=0

g S1(=H(=9):(1-5r)( a”
()

Ir x &7
(5r -11) ezt

_r 107 6:1-49-14
g
S th = - 5 b 4 s
() . 6th term (-1 a 1,2,3,4_5_105

-1e
z:--afg'x—-_z—gg-go @~ "zt = —g58sma ° 2f
na+1)(n+2)(n+r-1)

. 6
=(~1)"xa® x

a= b5

9. (1) Gen. term of (1-2z)"2= — 22y
AN G WA & UL Gh 3 O
= ———p'_ . g”x W—— (7‘ + 1)2"z"

‘ () Since general term = (7 + 1)th term = 5th term ., 75 4
Hence 5th term = (4 + 1)2%* = 5 x 162* = 80g*

10. General term of (1 + 3z%) -3

22+ (p+29: p+(r- 1)9}*(%3;2)1' 4

:( "
[rxg"
5-9ee--(B+2r) Az 579+ (342r) ,
=(-1)x '——PW—'X 7 =(_1)rx_——_——|£X3r i

; 57-9-11
“(u) ‘As before r = 4 ... 5th ferm = ( - 1)* X 754810
=+ 1x 31s" = §14o? ,
2 -2 -
T . ] 4 .2
11 (a'2+x_§) 5={a'”(1+a,zx ff)} =a5(1+a2x :r)
) -2 _g
. () General term of (a~2+z °) ,
p(p+ Q0+ 2 fp + (r - I)Q}(a%'%)'

=ag><(—1)" [rxq
ty 9412+~ +(57 — 8)

=a"x(—l)' 3 ——i7>(—5,.———~a2’:c

2r

BTAR (2 B) oy ok

—( 1)7‘ _——t':x—rf___
. 2:7-12:17 gt -%-E%%
@G - 5thterm (—-1) xl"_3§4_6_25— 6x ‘—'6254
” ; b4t
12.‘_(a - z) ={a” (1—,a z ’)} =q(l - a*z" %)
1. -2
»~ (1) General term of (a'%‘ -5 1

el
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).
"(’l"-l—l) % _.% ,.ﬁ 1'2'3.'4""7‘)((7'4‘1)’ % _% »
r (a*z *) =ax 1234 er (a"z )

n(n+1)(n+2)""(n+'r—1) R
I @

=X

1r+1 .=

=(r+Dae* =z 2
13. 719 = 1024 14. 77 = 128 15. 08B =0 16. 712 = 4096
17. r is the -least integer equal to or next greater than

2
(n+ 1) a:’ or (4 + 1)1 T3 T 5% % or 2; but the first integer

> e ig 4 .-, the greatest term of the expansion is the 4th term
=32 ' . .

18. ris theleastinteger=ornext>(n— l)m ; or(5- l)ii—%;
ordx1l; or4..r=4%h term = 5th term = 43

19. r is the least integer = or next > (n + D75 or

etz
3 .
20+ l)m; or 21 x %; or & which is 13 .. the greatest term

is the 13th term = 125970 x 28 x 312

a 3
20. 7 ig the leastinteger = or next > (n ~ Dy or 1-1)

5'.
1-3

or bx §; or9 .. the 9th term = 1§782883 = the 10th term.
Exegrcmse LXVI.

1L 1r<36. . x<5 2. 16x-84>>108, or 16z>192.".2> 14

3.46<12..2<3 4 42+10>2-20; 32>~30.-.2>-10

5. az +5bz - Bab> o?; az — o +-5bz - Bab > 0; a(z ~ a)
+5@E-a)>0; @ ~-a)a+5)>0. . 2-a>0 .. z>a
Also bz — Taz +Tab ‘<b2, ba — b2 = Tax + Tab < 0, b(x — &) —
Ta(z -B) <0, (b—Ta)(x ~b) <D .2 =5<0.. 2 <b

6. o+ 15 a*+ g, according @*+ 1 Sa(a+1); or as d-at+15a;
orasa’+1> 2a. Nowifa=1,4*+1=2=2x1; butifa>1
then Art. 134, 8°+1> 2a . &+ 1 S @ +'a, greordingagaS 1
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7.-Asabove a® + 1 > a? + @, if %+ 1 > 2¢; but Art. 134 for
all values of @, except o= 1, a? + 1 > 2a .. &*+ 1 > a®+ a, when
o is a-negative improper fraction.
‘ 8. % +‘% >3, if a® + b® > 2ab; but a? + b2 >"2a8 by Art, 134
9. Multiplying each by 12, and reducing, we have Tz + 6 < 8z
+12,and Tz + 6> 62+ 10 ... 2 <6,and > 4 ... z.=
10, @®+b%2> 2ab, Art. 134 ; also a?+ ¢%>> 2ac, and b2+ ¢2> 2be,
Then by addition a*+ b2+ a®+ ¢+ d% +.¢2> 2ab +. 2¢c + 2bc;
that is 202+ 202+ 2¢2>> 2ab + 2ac + 2bc .. a?+ b+ ¢?>ab + ac + be
+ 1l.a2> & — (b-- ¢)? since (b — €)% is necessarily positive
B> (@~ b+c)(a+ b —c), these being the factors of a2~ (& —c)?
similarly b2 >-(a + b — c)(d+c—a), and 2> (a+c - b)(D +c~a).
Multiplying unequals by unequals, a?b*c2>.(a - b + ¢)%(a + b — ¢)?
(b-+c-0a)?; extraeting sq. root abc>(a—-d+c)(a+b—e)(b+c-a)
13. Lel.b = a + my,and ¢ = a + n, o being the least.of the three
quantities; then ab(a + 0) = a(a + m)(2a +m) = 2¢®+ 3a’m + am?
ac(a + ¢) = a(a + n)(2a + n) = 2¢° + 3a%n + an®
be(d + ¢) = (@ + m)(e + n)(2e8 + m + n)
- = 24% 4 30%(m + n)-+-alm + )2 ma(m + n)
.~ by addition :
M abla + B) + ac(a +¢) + beh + ¢) = 6a% 4+ 6a%(m + nm)
+20(m® + %) + 2amn + ma(m + n) A
() Also 6abe: = 6afa + m)(a+n) = 6a®+ 6a*(m + n) + 6amn;
subtracting (1) from (1) we have (1) — (1) =.2a(m? - 2mn + n%) .
+mn(m +n) = 2a(m - n)? + mn(m + n); but.since by supposition
a < band <c, it follows that m and n. are positive gquantities
s 2a(m —n)? +mn(m +n) is positive .. ab(e + )+ ac(a + ¢)
+be(b + ¢) — 6abe is a positive quantlty .ab(a + b) +ac(a+c)
" +be(d + ¢)"> 6abe :
() Also 2(a®+ 8 + %) = Za‘* + 2(e + m)®+ 2(e + n)?
= 60° - 6a%(m + n) + Ba(m? + n*) + 3(m+ %) ; subtracting (1) from
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() we have (1) — (1) = da(m?+n?) — 2amn+ 2(m®+n¥) ~mn(m+n)
= da(mé~2mn+n%)+ 8amn—2amn + 2(m +n) (mE—mn+n?) - (m+n)ymn
= da(m - n)? + 6amn + (m + n){Z(ﬂlz ~ mn + 0% ~ mn}
= da(m — n)? + 6amn + (m + n){2(m? - 2mn + A7) + mn}
= 4a(m - n)? + 6amn + (m + n)2(m — n)? + mn} which 28
before is a positive quantity *. @, m, and n are all positive
<L 2@+ DB+ ) - ab(a + b)Y + acfa+¢) + be(b +¢€) = a poditive
quantity .. ab(a + ) + ac(a +c) + be(b + ¢) <2(a® + B + &)
12.3L + @@+ a) = (L +a + a®)’= 2 — 2¢ ~ 2a° + 20¢
=2l -a)~26%1l-a)=2¢l - a)(1 —c®). Nowl-agandl-d
have the game sign whether @ > or < 1 ... their product is
positive. Hence 3(1 + a®+ a%) — (1 + ¢ + a®)* = a positivé
quantity ... (1 4+ @ + a?)’ <31 +a®+a) unlessa=1
14. 2%% - (ac + bd)? = (& + BV (c* + d¥) — (ac + bd)!
= a?d? — 2abed + %2 = (ad ~ bc)? which is necessarily positive,
unless ad = be ; but 222 (ac + bd)?= {zy + (ac + bd){zy - (ac+bd)]
< fzy + (ac + dd)}{zy — (ac + bd)} = (ad - be)? .. zy — (ac+ bd)
_ (ad=be)?
T zy+actbd
15. Y@= 0% + 4386 = 2> q, if 4206 = B2 > a - /aF = 8
or if 2ab - b%> a® - 2a4/a? =%+ 0%~ b%; or if 2ab > 20%— 2an/E—OF;
orifb>a—y/a?=b%; orif 4/~ 5> a—b ; orif a?~ b2 > 62— 2ab +b%;
or if 2ab > 2b%; orifa > b
16. Making the same supposition as in Ex. 13
@W@+d+cP=Ba+m+ n)?= 274+ 27a¥(m + n)
+ 9a(m + n)2 + (m + n)®
() 2abe = 270(a +'m)(a +n) = 276+ 27a%(m + n) + 2Tamn
(i) 9(a®+ 6%+ )= 9{a®+ (a + m)*+ (a+n)%} = 2Tad+ 2a%(im +1)
+ 2Ta(m? + n?) + 9(m3 + n?)
v (=) = 9a(m +n)? - 2%amn + (m + n)3
= 9a(m + n)* —36amn + 9amn + (m + n)d
= 9a(m - n)% + Yamn & m+n)=a positive quantity

= g positive quantity .*. zy > ac + bd

.
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That is (o +b+ c)® - 2'tabc = a positive qua,n‘tityv
<o (@t b+ e)® > 2Tabe
' Again () - (1) = 2a(m?+n?) ~ 9a(m;+-n)2+ 9(h3+n8) — (m +n)?
= 9af3(* + %) — (m + )% + (m + n){9(m? - mn + n2) - (m + n)z}
= 9a(2m? + 27% — 2mn) + (m + n)(8m? —~ Tmn + 8n?)
=18a(m*~ mn + n*) ~ 18amn + 18amn + (m + n){(8m? — 16mn + 8n7)
+ 9mn}
= 18a(m = n)?+ 18amn + (m + w){8(m — n)? + Ymn}
7' positive quantity
That is !é(a3 + b2+ ¢%) ~ (a+b + c}® = a positive quantity
'(a +o+ P <@+ b+ B)

11, (a+b)(h + €)(c + @) 2 Babe, according as
a®h + ab? + a% + ac? + b% + be? z 6abc ‘
or as (ab®~ 2abc + ac?) + b(c? - 2ac + a?) + ¢(a? - 2ab + bz) 20
orag a(b - ¢)? + b(c — a)? + c(a — b)2 =0
But a(d - ¢)% + b(c ~ d)? + c(a ~ B)E > 0 unless e =b=¢
{a+ B)(b + ¢)(c + a) > 8abe
2::_3;—::? =m; thven 2?4 34z - 711 =ma® + 2mx - Tm ;
that is (m - 1)a® + 2(m - 1T)z = Tm -~ 71, whence

18. Let

x = e 1{17 —m £+ 4/8(m - 5)(m - N}, Whgre if z i3 to be real,

m ~ 5 and m ~ 9 must both have the same sign.: i. e. m must
be>9 or <5 .. the given expression can have no value between
9 and 5

-n+1 1
1L7Tn_+_1>—3_’if3n2_3n+3>nz+n+15

orif 222 < 4n+2>0; orif @-2m+1>0; orifnd+ 1> fn;
but a4 1 is > 20 .-, &e. R

19, First

2 =n+1 . ' g .
nz_l_—n._i;—i<3,:1t'nz—n+l<3n 4+ 3n ¥ 3;
orif0 < 202+ 4n+ 2; orif 0 < 7%+ 24 1; orif 0 < (n + I)?;

Secondly
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but (n + 1)% i3 heéessarily positive .. 0 is < (n + 1) . &e

n?-n+
Hence m lies betweed 3 and ¥

Nore.—If n =1, the expression = }.

Exercise LXVIL

1-2" : ’
1= =1l4+r+2?+2%+ &e, -+ tonterms=1+1+1+1

+&c. - tonterms=n

1.

(z~a)(@®+ ar+a®) al+arx+a® dP+af+d® 3a® 3a

(z-a)z+a) ~ z+ta T eta 2 2
3 z%(x% —a,*) - ot o 1
Tt eyt S ady zhed 2?2
1 +MND@Ex-5) =z+7 12 s
"@+3)@@-5) " Tr3- 8 1
5 (z_-;)(x_3)_x+3 31 o
‘(m—-zl)(x—Z)—x—Zz ~13 == 2%
Ga:(a:‘+b)-a(x2+b) (Z-a)@"+b) a’+b a?+b

z(x—a)+ bz ~a) ~ (x—-a)(x+b2) b g+ b

agr-—c)z—c) @

T bz-c)z-¢) b
5 x(a ~x) . _ a a
. (a_z),(aa_azx_azz+$3) T -~ B+ & = F = oC

x(xz -~ ") +20(z%~a?) (z+2)(z-a)(z+ a) (z+2a)(z+ a)
(a: a)(z®+az — 136%) ~ (x~ @) (2*+ax=120%) " z% + ax — 124
3ax 2e 6a? 3

2= =g

Td+df- 12@ T Z10af
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Exgrcise LXVIIL

. o x ' -
1. Dividing by 3, we havex + y + 5 =34 Fo 3 isintegral

=1 gay.. Then z=3f+ 2; substituting this for = in the given
equation we have 3y = 11 — 4(3t + 2) .. y = 1 — 4¢; letting £ =0
Wehavez—Za.ndy-l

1+ 3y |

3
2 Divide by 5, andwehavex-—Zy——q-2+é 5 18

R 2 +6y 2+y
integral .*, so also 5 integral ... —5 =1, whencey=5¢-32.
Substitutivg this for ¥ in the given equation, we have 5x = 11
+13(5t —2) ... 2 = 13t — 3. Hence taking in succession £=1; 2,
3, &c., we have x = 10, 23, 36, 49, &c., and y = 3, 8, 13, 18, &e.
y-1
N
whence y = 2¢+ 1., Substituting this for y in the given equation,

3. Divide by 2, and we have z + 3y + % =29+ 1 .~ =15\

we have 2z = 59 — 72t +1) -, 2 =26 ~ Tt, and taking in suc-
cession ¢ '= 0, 1, 2, &c., we Lave z = 26,19, 12 or 5, and y = 1,
3,5,0r 7

-1
4. Dividing by 5, and we have z+2y+l— 5+% .. Y

5

:t;

. Whence y = 5¢ + 1. Substituting this in the given equation
fory, we have 5z = 26 — 11(5¢ + 1) ; whence = = 3 - 11f, and
hence . when ¢ =0, we have z =3 andy=1

o 8y , 2 2+ 8y
5. Divideby9,andwegetx—y——9—=?,.'. 5

i integral,

‘ - 4 Lo+ 28y
g0. also is y‘ivntegml,' .. 80 algo i3 5 integral, -

+ 80 also ls J;7 mtegral Let E =1t then y = 9 -~ T3
substltutmg this for y in the given equation, we have 9z

=94 1709¢ = ) . w= 178 = *13. Now writing in suceession
| t=1,2,3, &e. wehavex—4,21,38 55, &c, audy 2, 11, 20,

29, &e.
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L. 8y 11 8y-11
6. Divide by 13, and we get x + y + 13- 6t T3 .
. 40y - 55 | y=3
integral, .-. 13 is integral, ... 3y ~ 4 + 13 i3 integral,
y -3

3 T t, whence y = 13 + 3; subgtituting this for y in the

given equation, we have 13z = 89 — 21(13f + 3), whence
z=2-21t. Now writingt=0, we havex =2 and y=3

o 5y 5
7. Divide by 12, and we getx—3y—-f2—=f1—l—2-
6y-5

iz integral, . . so also is

-1 -1
mf:egral. Let ST =t

then y = 12¢ + 1; substituting this in the given equation for y,
we have x = 41(12¢ + 1) — 17, whence = 41¢ + 2. Now writing
"in successwn, 0, 1, 2, &c., for £, we have x = 2, 43, 84, 125, &c.,
and y = 1, 13, 25, 37, &c.

6y
8. Divide by 37, andwegetz+y+37 9+3-—7.. 3T

4
which say = #; then y = 37( + 4

24 6y-24
18

integral, ... so also is y3—7

Then 37z = 357 - 43(37¢ + 4), whence z = 5 - 48¢; wherefore

taking ¢t =0, we have z = 5 and y = 4 ‘ .
21y 6 2ly+6

9. Divide by 22, and we get = — y - 22 93 oz
. . 21y + 6 22y —~21y—6
integral, .. so also ig y ~ éz integral; that is Y Zz—y—’

y—-6
or

is integral = #, say then y = 22f + 6. Hence 22z

S6+43(220+6) .. z =43 +12. Now writing in succession
0,1, 2 &c., for £ we get £ =13, 55, 98, &c.; and y = 6, 28, 50, &¢.
.. 4y 2 4y -2

10. Divide by 7, and we have z + 3y + —,}-1 =25+ T —y—T?—*

. e ., 8y -4 ; =~ 4
1s integfal, ... so also is Y 7 integral, .-, g—,r—

n

t; whence

y="Tt+ 4. Then Tz = 177~ 25(7f + 4), whence x
Hence taking ¢ = 0, we have # = 11 and y=4
\

11 - 25

LI T T
. B e
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. 61 38 6ly+38
11, Divide by 99, and we get r —y - —%:’ 3+ 25 —%

. . 305y +190 |
iy integral, .. 80 also is —go— integral, ., so also is
8y + 91 | . 104y + 1183 |
8y+ 1 + —gg— integral, .". so also is — oo i integral,

., 5y + 94 100y + 1880
. B0 al;o isy+114 29 integral, .-. so also is B T-a—

R Y+ 98,
Jntegral, .. 80 also is y + 18 + =55 integral, .. y = 99 - 98;
gubstituling this in the given equation for y, we have 99z
= 335 + 160(99¢ ~ 98), whence x = 160f — 155. Now substituting
in succession 1, 2, Ef &ec., for ¢, we have z = 5, 165, 325, 485,
&c., snd y = 1, 100, 199, 298, &c. \ '_2
12. Divide by 4, and we have 4z - y+——5+ .T=t,
whence z = 4 + 2; then 4y = 17(4¢ + 2) =22 . y= 17t +3.
j Taking £ =0, 1, 2, 3, &c;, we have z = 2, 6, 10, 14, &c., and
y = 3, 20, 31, 54, &ec.
13, Multiplying the first equation by 3, and the lower by 4,
and adding the results, we have 18z + 29y = 123. Divide by

11y 15 1ly-15

18, and we have Ty + g = 6+1g-- 1§ integral,

B5y ~ 15 y-3
.*. 80 also is ‘1/18 integral, .-. so also ig 3y = 4 + —75= integ.,

sy =188+ 3. Hence 18z =123 —29(18t+3) .. x = 2 - 29¢.
Now taking £ = 0, we have z =3, and y =3, and consequently
z=4
14. Multiplying the upper equation by 11, the lower by 6,
and adding the results, we get 56z — 49y = 469, or 8z — Ty=61.
: oz 4 z-4
‘Dividing this by 7, we have x ~ y + & = 9 + 5 . ¢~
whence @ = ¢ + 4; then 7y = 8(1¢ + 4) — 67, whence y = 8£ - &
Now taking ¢ =1, 2, 3, &c., we have z = 11, 18, 25, &c,, and
¥ =3, 11, 19, &c.; but since # must also be positive and integral,
K

= ¥,
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we find upon trial that the only admissible values are z = 11,
and y = 3, and éonsequently z=2
15, Lel x = the number of $3 notes, and y = the number of

! 2y 1 2y-1

$5 notes; then 3z + 5y = 697, or x + y + 5 = 232 t3 TR
49 -2 Y=-2

is integral, ... —“/3— ig integral, and .. also J3— = ¢, that ig

y=3t+2; then 3z = 697 — 5(3! + 2), whence z = 229 - 5i,
Hence 56 < 229, or £ < 222; i, e. < 45’3" <. the given sum can
be made up of $3 and $5 notes only in 45 different ways.

16. ‘Let z = the number of 25 cent pieces, and y = the number
of 10 cent pieces; then 25z + 10y = 2730, or 5z + 2y = 546,

xr
S 2Ty + 5 =203 2= 0 Also2y= 546 - 10t ..y =273 -5t
Hence 52 < 273, or ¢ < 543 ... the given sum may be made up
as directed in 54 different ways.

17. Let x = the number of guineas paid, and y = the number

5 .
of half-crowns received in change; then 21z - ?y_; 1504, or

2 1 2z - 1 .
42z - By = 301, .. 8:v—y+—5— = 60 + = . 5 ig integral,

. lex =8 x~3
.. 80 also is G Kl )
5y = 42(5¢ + 3) ~ 301 = 210¢ ~ 175 .. y = 42 - 35; and taking -
t=1,wehavez=8andy= "%
18. Let «®and %% be the two square numbers required, and
assume 2%+ ¥ = (nx - y)? = n%? - Anzy + y%; then z2= n2z?~ 2nxy;

= ¢ or x = 5 + 3. Also

' e 2ny
orx=nfx - 2ny . (B-1)z = 2ny, or x = 7%, where n and y
may be assumed at pleasure, and it will be found that 22 + y? i8

a complete aquare. .
But if only integral valuey are required assume in the expres-

. 2ny . -
sion z = 57y that y = n?~ 1, then @ = 2n, where # may be

e
b 3 ~
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taken = any integral number, and it will be found that z° + 2
is a complete square.

19. Let 2? and y® be the two squares reguired, and assume
#P-y?= (z ~ny)? = 2%~ Znzy + n%2 Then y?= 2nzy - n?y?;
n% + 1

o XU where

ory=2nx —n*; or 2nr = (W24 1)y .. x =
n and y may be assumed at pleasure, and it will be found that
z? ~ 3 is a complete square.

But if only integral values are required, agsume in the above
expression y = 2n; then x = n? + 1, where it will be found that
when » is taken = any integral number, 2% —~ 42 will be a com-

plete square.

20. Assume that the basket contains x parcels of 4 with 2
over, or y parcels of 6 with 2 over. Then 4z +2 = 6y + 2; or

4z -6y=0; or2x-3y=0; orm—y-—é—:O.'. %-:t; ory =3¢,
Algo 2z = 8y .. v = 3. Hence taking t= 1,2, 3, &c., we have
z=3,6,9 12, &c., and ¥y = 2, 4, 6, 8, &c.

But z and ¥ must be taken such that both 6y + 2 and 4z + 2
are > 90 and < 100 .. y = 16, and z = 24, and the number of
apples = 16y + 2 = 98 '

21, Let the number = 6x+1=8y+5=10z+9 y 9

Then 6x — 8y = 4; or 3z — 4y = 2; orz =~y -3 =75
C.y=38t-2 andr=44-2

Also 6% + 1 =102+ 9; or 6z~ 102=8; or 3z — 5z= 4, but

2t
r=4f-2 ... 3(4t-2)-5z=4; or12{-52=10 .. 2t—-z+g=2,

whence £ = 5t/ and z = 12¢' — 2. Then x = 4¢ - 2.= 20f - 2;
Y=38t-2=15~2,and z = 12f - 2, whence taking ¢’ = 1, we
have z = 18, y = 13, and 2 = 10, and .". the least number divisible
o5 required = 6z + 7 = (18 x 6) + 1 =108 + 1 = 109
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T Y 38
22. Let o a,nd — be the two fractions, then o + 15 = 80/

or clearing of fractions 3z +2y =19 .2+ ¥y + —2- =9+ —;—, and
consequently z = 2¢ + 1, whence y = 8 - 3£, Now taking ¢ = 0,
1and 2, we have x = 1, 3 or 5, and ¥ = 8, 5 and 2
. the required fractions are ¢y and & ; % and 5 ; and f5and ¥

NoTE.—We canuot take ¢ = 3, since then y =8-3=8-9=-1=3
negative quantity

23. Let z, ¥ and z = barrels respectively ; then = + y + z
=50 (1), and 2z + 5y + 42 =250 (). Multiplying (1) by 2, and
subtracting the result from (1), we have 3y 4 2z = 150, whence
y=2tand z= 75 -3¢

Alsoz =50 -y —2=50-2{—-(15-3f)=1~25

Then in order that z may be positive 75 ~ 3¢ must be posilive,

d .. 3t <75, 0or t <25, and in order that x maj be positive,
¢ - 25 must be positive, that is £ > 25; therefore ¢ is both less
than and greater than 25, which is‘impossible.

24. Let z, y and z = the number of pieces respectively;
then z + y + 2 = 100 (1), and 100z + 20y + 5z = 2000 ().
Dividing (1) by 5, and from the result subtracting (1), we
have 19z + 3y = 300, whence =z = 3f and y = 100 — 19¢
. 2=100 =z~ y = 100 — 3¢ ~ (100 - 19¢) = 16f. Now taking
t=1,2,8, &c.,, wehavex=1,6,9, 12 or 15; y =81, 62, 43, 24
0r5 and z = 16, 32, 48, 64 or 80

25. 2z + 3y = 25, whence x = 11 - 3¢, and y = 2t + 1. Now
taking#=0,1,20r 3, we havex =11,8,50r 2, andy=1, 3,5
or 7, and hence the parts are 2z and 3y = 22 and 3; 16 and 9;
10 and 15, or 4 and 21.

26. Let z, ¥ and 2 be the three parts; then = + y + z = 24 ),
and 36x + 24y + 8z = 516 (u). Dividing (u) by 4, and
multiplying (1) by 2, and taking the difference of the results,
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we have Tr + 4y = 81, whence z = 4¢ - 1, and y = 22 - V¢
c2=24— (4 =1y~ (22 - T£)=3 + 3f. Now taking ¢ = 1, 2
or3, webavexr =3, Tor1l; y=15180r1; and z= 6, 9 or 12

27. Assume 3™z {0 be a perfect number; then its divisors are
Ly o coes o™ @y o2y, 2% coes ay®l iy = 1 4oy 4 g2
+....y“+z+xy+‘zyz+.... xy"~t Now l+y+92+....y"

y'rH-l -1 . y’ﬂ -1
=~————, and =z + x Yy cees Yyl = - Xz
=TyTr oo and Tk ay b oaf 4 Y-t y-1

T T A V) ) .

YT o= 71 ; or clearing of fractions

yn+1z_ynz=yn+1_1+ynx_x; ory"+1x-2y”x+a:=y"‘“—1

y'n,+1 -1 .
z :?IMTW Now in order that = may be a whole

number, let y™*+1~ 2" =0, or y = 2; then z = 2"*1~1, Also
let # be so assumed that 2™+ ~ 1 may be a prime number; then
it will be found that 3"z = 2% x (2"*1 - 1) will be a perfect
ﬂumﬁer. Thus if n = 2, we have 22x (2°- 1) = 4 x (8 = 1)
=4x"=98=14+ 7+4+2+1 =sum of all the divisors of 28.

28. Let the number = 10z + 7 = 12y + 9 = 14z + 11; then
10z - 12y = 2, or 5:.1:—6y= 1, whence x = 6t ~ 1, and y = 5t — 1.
Algo 102 — 142 = 4, or 30¢~ Yz = 7, whence £= Tt, and = = 30’ - 1.
Thenz=6t-1=42'~1; y=5t~1=235~1,andz=30' - 1.
Now assuming # = 1, we have x = 41; y = 34; and 2z = 29.
~ Hence 'the least odd integer = 10z + 7 = 410 + 7 = 411.

29. Let z, ¥ and z‘represent the numbers respectively ; then
T+y+z= 100 (1), and 50x + 30y + 2z = 500 (1r). Dividing (1)
by 2, and from the result gubtracting (1), we have 24z + 14y = 150,
whence z = Tt + 1, and y = 9~ 12¢ .. 2= 100 — (Tt 4+ 1) — (9 - 12¢)

© =90 4 12t Now ¢ must be < 1 - y = 9 ~ 12Z must be positive ;
also ¢ must be > — 1 because x = 7f 4+ 1 must be positive, and
singe #, y and z must be integral, ¢ van only = 0, Hence, when
+t=0,wehavex=1,y=9, and z = 90.
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MISCELLANEOUS EXERCISES.

) -1 a a 2 17-~2ls

1. %(1—0)—9{3@—2}:—;-—4—_?.‘__9_:__3_6__
2. {(z?-x"H+ 1}2_{(12_35—2)'_ 142
= (xz_ -77_2)24.2(12— -9 + 1_'{(12_ w'?)z—Z(xZ— x‘2)+1}

= 4(z2-2"%
3. The G.C.M. of the first three.quantities is evidently ¢ + b,

and a8 it is also a measure of the remaining quantity, it is
their G.C.M.

. b? : b2 b2 - 6%+ ab ab

4. Since z = g, ¥ - =b_a—b= b= " h- @
b* b? — ab + o?

andx—a:m—a:—m—
z-b -0 b V—-ab+a® 2-b'+ab-a® ab-a®
“Ta 7T Tbh-a” (-ap T (b-a)h ~o@-a)
ald - a) a :
=m=_b_

5.24+y+2z=15(1), z-y+2z=5 W), -z -y + 2z =3 ()
Adding (1) to (111), we have 22 =18 .-, 2= 9 ‘
Adding (1) to (11), we have 2z + 22 = 20 .-, 2z = 2,and x =1
Hencex +y+z=1+y+9=156..y=5

6. 5Y2T x5 - 3B x5+ 24125 x 5 — 4%/64x b6 = 15§/5. ~ 6¢/5
+10¥/5 ~ 16§/5 = (16 ~ 6 + 10 — 16)¥/5 = 3¥/5

7. 2% + 1 = 0. Divide each side by z?; thenz2+a—}§=o
1 1
@424 552 0%+ =1 4/2; clearing of fractions
_ y2\2 1 341
22Fan2==1: 22Fan2+(—) =l-12w} 25—z
Fay 3 @ Fay 2 i-1 %,,x.i.vz — 73

Hoioe g ELEVTT v
ence xr = VZ
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a b . a+d btec a+rd b
By =T giten o= ey

tc c+d bie ¢ b e at+b b+e
Aso == ===~ Fa =7 BYT =T yTe T ora

 Hencea+b:btc:iibrc:ctd

S.aic::2% ~b:2b-¢c..a:2a-bic: 2 -c¢c
a c 2a ' 2¢ 2a 2c
%032 - ¢~ 535 ~¢'" B 3c-2

e c L
kv y S bc/: 3ac‘—- 2ab; or Bac = bc+2a,b = b(¢ + 2a)
@ x = 20 x & A 9p
_% 7, 2 B, gl 20
YT T T % i s o that ig = is the H
- a + .E 2
» ¢ . 2b ¢’
mean between ¢ and —- .. g, 5 and - are in H.P.

10. Sum to n terms when r is a proper fraction

=a(1_—r">g=:“{1" (1'%2}_ o
SN

a _ pa

] L. =
umtooc-l_,r- 9 s . INE

-(-5) - (3
= P times the sum to # terms.

" 3n

n 8n
1L 5T - 2" F)as - 2 3 Cam 4 1+ 2N

3n n
j T - 22
1 n 8n"
; T2 -~ x 3
n n
X2 =2 3
" Br
7T -~ 7
n 8
z 2 =23

;T e
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* 2

%+ adad v a%):c% + afat & a%(a:% P PLENRPL I

3.3

4
z3 + a :t:+a

4
- a’a: + a3

- a%a: - a%z% - G.Z‘&

ata? + ot + db

4
a%:v% + a:c% + a3

12, 1t {rial div. = 147z
1%t comp. div, = 147z%— 632% + 9z
20t trial div. = 147zt - 1262% + 27a%?
9ud comp. div. = 1472% — 1262% + 111z%?% - 36zy° + 16y*
ZbZCZ

18, g2M-n+2M-p+2P-M _ xmi-'n,-r-p

X gPmA+g=THI-D

=abc x 20 = abe x 1 = abe

14. {(22%+ 32~ D) +y}{(222 + d2 %Y%) - y} = (2x2+ o
= 4ot + 2% + Jr oyt — % = dat + g 4+ Ja iyt
{(x%+ %) + ax}{(2®+ b?) — ax} = (z%+ b%)” - a?z? =zt + bt 2b%% = a%2?
(@™ + yP)(x™ + yT) = a0 4 gyl 4 gyl 4 P+ |
(BV5 — 203)2 (25 — 3¢3) (35 + 24/3)
15. 33 + 33
% 25(45 ~ 12y/TB + 12 + 30 — 94/T5 + 4y/T5 — 18) = (69 - 1/I5)

1 1 1 1222+ 1
16. R 4z = 94ir+ 6x . 24a® + 6%
el Pt R@ri gl
4x

2z + 1 -~ (2z - 1) 2z +1 1
11. 2427 - 1) PG - D@EF 1) 2(aE - 1)
2z + 1 (42 + 1) + 2z + Dz + 1)

Y@ - DEFE A D - (4 ~ 1)(4 + 1)

424l +4z2 4+ 4z +1 4%+ 2z 4+ 1
2(42% - 1)(4s5+ 1) -~ 16zt -1
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. z(a - ) a-c z . 1
8. (F+a)z+c) xta-c’ (;c+a)(a:+c) z ta-c
o

s 2ftar —cx=at+ar +cx +ac; 2cx=—ac e =—

@ V@ - - 2) -2 =@ - 8 ~ 4); squaring
(@E=1)z -~ 2)+4 -z - 1)z - 2) = (z = 3)(z - 4);
G- BT+ 2=2x -3 . 42%- 127 +8=42%~ 12249 .. 8=9
which is absurd .-. the equation has ro possible roots.

1 1 1

W) G rHE-5H @G -D@E+ D~ @+ -16)
LE-NDE~18)+E +3)(z -1 -@-5)@E+N=0

~9r-112+ 2%~ 13x - 48 - 2% - 22 4+ 35 = 0; 2%~ 24x = 125,
whence z = 12 + 4/269

=0

) b+e 1, b-c
19. Since "= ;wﬂl:m; then H. mean between
1 2 V2 b2 ~ ¢?
m T btec b—c¢ 2L+ 2 b4 o

b-ctbre -
a® b® o202 B% - a? - b2

NPT E  gEEeE T R o ol80 gryge 8 the Hl mean

But a:b::5!¢

n and

1
between n and -

20. Let w = work and z, y, » = times in which 4, B and C
can geparately perform it;

Then —::" = A3 daily work + B's daily work (1)

—:L = A3 o + O’y N ()
L::— = Bs “ + C’s i ()
w w
a

——"’B'S o - '8 & (tv)

| Y2 Y 2B dail
Then adding (m) and (1v), we have — — = =— =25’ daily
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w 2 1 1 1 be-oac+ab
Work=2—y. Hence;:—a-——5-+7_ pr

2abc L 2abe 2abe
andy = ey aps Smlatly ® = oo ap and = g e e

aZ : bZ N CZ
2 @=@—0 F @oh@-5 T @-o-by
signg. Hencel.c.m. = (a—b)(a ~c)(c~b)
d(c-b) +b¥¥a-c)-c*(a-b) d'c-ab+abi- cb? = act +bc?
(a-b)a-cyc-b) T a%c - a?b +ab?—cbP—act+ber T

s [BH4P=9ch\ 2 a2+ 4b%— 9c? a?+ 4b2—9c?
22, a®— —w /= <a+ 16 a - b,

a®+ 4ab + 4b%— 9c*  9c% - o + dab ~ 4F
= 4b x 4}
(a +2b)" - (3c)  (3c)?- (o~ 2b)*
= w T @
(a+2b+3c)(a+2b~-3c) (Bc+a-2b)(3c~a+ 2b)
= 45 - X 4b
_ (@ +2b+3c)(a+ 20 -~ 3c)(a — 2b + 3c)(2b < @ + 3¢)
- 1657

23. a% + 20%% + bt ~ 2027 = (a?+ b2)® = (aba/2)?
= (a2 + aby/2 + b%)(a? - aby/2 + b?)
Similarly a? + 20%? + b* - 3u2b* = (a? + 5%)% = (aby/3)?
= (a% + b% + aby/3) (a? + b% ~ aby/3)
xy + y* + a?

Yy T
MoETITT Y

xz
25. G.CL of (z + Ty)(x = 49), and (z + 2y)(z - 4y), and
E-y(E-4)isz-dy - Lem = (z-y)(x + 2y)(z - 4)(z + Ty)
=zt + 42% - 2V2%y? - 34x® + 56yt

by changing

a1 n_
26. When 7 =+1, the formula § = D becomies § = a-(11 11 :

r=1
=a(1""1 4 1724 173 & &, to m terms) = a(1 + 1 + 1 + &c. to n
terms) = na '
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o -1
« 2 becomes S = 9{( ——)———}

When r = - 1, 8§ = ] 1o
=af(~ )P 1+ (= 1) 24 (~1)""%+ &e.))
ze(l-1+1-1+1-1+&c. tonterms) = a if n is odd, and
=a(-1+1-1+1-1+ &c.)=0ifniseven.

2l (1) & =a+ (£ - 1)d; then by same notation a, =a+ (m-1)d,
@ =a+(n-1), a,=a+(p-1)d, and ¢,= a + (¢ - 1)d. Then
(p—q)(m—n)d:(1n—;i)(p—q)d.-.(p—q){a+(7n—l)d—-a—(n—l)d}
=(n - n)fa+ (p - 1)d - ¢ - (g~ 1)d}; since we have merely
added'a —d - a + d = 0 to each of the 27 factors.

2 (P~ Q8 — &) = (M —n)(a, ~ ag)

(u) Since @, = art-1; therefore by same notation @, = ar™-1,

a,= ar®-1, a,= ar?"1, and ¢, = ar?"%.  Then since (p — O)(m — )

=(M=n)(p—q); TP VM-R) = q(M-m(P=d) . (‘,.m—h)p- 4= (rP-gm-n
e r? ] r r-} L.
But /™" = 7 and 7P-%= 2. Algosince — = =7=0, multiplying

pm-1\ P-4 pP =1\ M- ar™-1\?-4
. by the latter, we have( s 1) = (;ﬁ) (a?‘—'_l>

arP -1\ m-n a,\?-1¢ a, \ M-

f (a—rq—> ; that is (a_,,> = (E;)
’ 28. On 1st morning the watch is behind the clock by 11s.,
and 45 hours afterwards it is only 2s. behind ... the watch
gains upon the clock to the amount of 9s. in 45 hours, or 1 sec.
in 1 hour. i '

Letz = ga.mmg rate of watch per hour; then since the gain-
ing rate of the clock is % 8. in 24 h,, or 18. in 240 h., it is 5%
inlh ..x- f‘a is the gain of the watch on-the clock per hour
- 7'1-5 = 1, whence = = & + gkg +4%%; hence watch gains
per day “‘4°<7 X 24 42 =49s.

29. (1) 8 to 12 terms = i%)i——-—- 16{(%)12 -1} = 2059323

(1) 8% term = @ + 2d = 4, and 6% term = a + 5d = §%
W3d=3i~d=~1%; hence d==-3¢ .. a = 4=~2d = 4+ 32 = 5]}
-~ series = 571 + 43§ + 4 + 3 + &e.
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(ur) 3 term = ar?= 4, and b term = ar¥ = §% . ar® 2 ari= §3 44

4 .
oo 18= o5 whencer=3%. Ande= -7 =4+< $=9.. G. series
=9+ 6+ 4+ 23+ &e.
30. Let z = length, then z ~ 60 = breadth in yards, and
x(z — 60) = 5500; thatis x? - 60z = 5500, whence x = 110, and
x — 60 =50

o 2
2, _ 28 3 o2
3L (D) (- ¥ T(x—g/)z—(x_;r’) = (2% + xy + ¥
=zt + 25% + 32%°% + 22 + Yt .

@) 1|7+0+ 0+0+ 5— 4+ 0+ 3+ 9

+0 +0+ 040+ 04+ O+ O
-~ 2l ~ 14 4+ 0 + 28 - 14} — 66 + 64
+ 1 +7+ 0-—-14/+ 7+ 33 -32

T+0— 14 + 7+ 33 - 32| — 59 + 100 — 23

5912 - 100z + 23

5 _ 3 2 -32 - ———
T8 —~ 1428 + Ta* + 332 — 32 B+ oz -1

™ — g™

(III) T = M-l o M-8 L gm=-5 4 pMm-T7 4 M-8 4 fe,
We observe here that each term is derived from that preceding
it by dividing by z% Let us now assume that this is true to 7~ 1
terms, and we have then left ag remainder 2™-27-1 —~ z-™,
Dividing this by z — 2%, and we get as first term of the quotient
a™-2+1) which will be the 7't term of the guotient of 2™ — z~™
tz-z-l But aM-Itlogmo2relal; g2 (r - 1)® term + z°
». if the law is true for » ~ 1 terms, it is true for r terms.
Now it evidently holds for 5 terms ... for 6 and ... for 7 terms
and g0 on, and ., it ig generally true, and since the first term is
a™-1, and each term is derived from the preceding by + by z*
. the ritterm ig x™-1-%7-1 = g™~ 7+l If'y be an even number
the quotient will contain an even number of terms, and will be
gt M-8 gM=6 4 fo, £ g (ML) 4 gM- (ML) 4 M- (M+3)
+ &o. 4 aMFI-I = M-l 4 og=8 L -8 4+ e, to ™)
+ x4 7% 4+ 275 + &o. to a*~™ ., first part of quotient
= gecond part x 2™
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32. (1) Let 4/37+ 2043 = Jz + 4/y; then 4/37— 204/3 = 4/z - 4/y
- /1369 — 1200 = 4169 = 13 = & — 3. Also 37 + 2043
=z +y+ 2zy .z + y=37; hence = = 25, and y = 12.
Then 4/x + 4/y = /25 + 4/12 = 5 + 24/3

(u) Let V42 + 2/42% < 1 = 4fz' +4/y; then Vm_-iﬁﬁ
=42’ =y . A/ 162% ~ 1627+ 4=4/4=2=2"—y. Also 4z +2/Tz?~1
=Y+ WY coa'hy=4z .o 22 =4c+ 2, 0r 2’ = 22+ 1, and
y=4z~2..y=2x-1. Then/s' +4/y=420+1+427 -1

33. (a* - z%) 7% = {41 - a~4-9} " = 0 (1 - g-z-4"?

3 34 345 3456
BN ¢ BTy PEY WISy Y Sl A L WS -164-16
a- (1+1a T~ 4 za o +123a +1234a z

4:5'6
@~162-16 = =125 | 5g ~165-16

3
+&c) Hence 5th term=a=12x

12:34
= 15-285-16
3 ¢ 28 x 27 x 26 x 25 x 24 x 23 x 22 - 1184040
T . 1:2°3'4'5°6°7 -

35. (2t — da? + 10 — 12272 + 9z-4)F = {(z* — dz* + 4)
+ 627322~ 2) 4 9z-4}* = {(z?- 2)*+ 2 x 3z ~%(z%-2) + (3x'2)2§%
=27~ 24322

36, Letz=4/1; then 2z5=1and 2°~1=0 ... (@~ 1)(z%+2+1) =0
sx-1=0orz=1. Alsoz?+z=-1, whence z=}(—114/=3)
sHl=lori(-1124=3). Also1’=1, and fi( -1 T4/ =35}
H-1F4/=8) . 2+ @(-124/=DF = 1+ }(~1F4/=3)
1+3(-144/=3),i e. sum of the cube roots of unity = sum
of their squares.

37 (1) bz +ay=ab=ax - a?+ by —b?; ax ~ br - ay + by = a®+ 8%,

?+b2  b(a?+b?)
orz(a—b)-y(a—b)=a2+bz'x=y+a—b—. —a=p thytay= - ab

Hi

baz+b8 ba? 4 b8 Y?(a+b)
Zop ty@td)= ab, ye+d=ab -5 =~ """}

- bz(a + b) B e B _ o + b2
=-—QT"'y=—'a—b=—b—a"wdm_y+ -5

R R N

*P-aT a0 a-& . a=h
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() If in these-equations we write x for y, we shall obtain
values of z and y, which will simultaneously satisfy the given
equations. Thus z?= 6z + 4z; or 22~ 10z =0 .~ %~ 10z is a
factor of the reduced equation in . Now from first equation,

z? ~ 6z
y=

; substitute this for y in the second equation.

4 2
But we have shown that 2 — 10z is a factor of the Ieft hand
member of this .-, (2% 10z)(x?- 2z — 8) =0. Hence 22— 10x=0; '
whence = 0 or 10. And 22— 2z = 8; whence x = 4 or — 2.
Then x =y = 0, or 10, or — 2, or 4
38. Letz=yds B sold for $1; thenz +} = yds A sold for §1;

2 — 6\ 2 3(x? - 6z ,
Then < ) = 4z + (" — 6z) oozt~ 1228 41222 4 80z = 0.

1 1
z - what B received for 1 yard and z11 = what /4 received.
90 40
Then — + 741 - 4% Whence 2122 -58x =15 ... z = 3, and
r+4+i=31 K
2 l-a "-2 5

39. Insert 5 A. means between 2 and 7; d iy ik e
Hence /. series is 2 + 2& + 3% + 43 + 53 + 6} + 7; that is
2 + —'61 + 3+ § + 18 + 3T + 7. Therefore the H. series is -
R RS R TR

40. The I. c. m. of denominators = (a — b)(x - a)(z - b) ; then
clearing of fractions (a + ¢)(z - b) - (b + c)(aé ~a)=(z+ c)(l.z- b);
orax +cx ~ab~bc—-bx ~ cx + ab + ac = ax + ac - bz — be;
ax - bc = bz + ac = ax - be - bx + ac. Therefore the given
expression is an identity. .

AL AT F T=1-42 . 2%+ 1 = 1 - 44z + 62 - dzafz + a2
=44z + 6T —danfT =0 .- 24\/x(2z =3z +2)=0 .. Wzx=0
whence z = 0 : '

Also 2z~ 34/z =‘—2, whence z = (3 /-1 7) =31 +3/=7)

4 ,

42, ab = (b + be = 3ac ~ ab + %ac ~ 2bc) = ab + b + ac
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48§27~ fay - eyt~ mx + ny + §2t+ 2y - Y04 PR - @
= {32+ dzy - P + (p - m)z + (n - Q)y

And a? - 32y - F ~ mr +ny — 32— ;Y 4+ LR - pr + gy
=1g2% ~ §2y — glsy® - (m + p)z + (n + @)y
@E-8)(z+8)(z+N)(x-4) =z+1"
(@T~4)(x+6)(x-8)(x+5) x+5
15, . x L a + b - 1

@E-a)E@-b) (a-bHx-a)" (a-b)(x=-b) -5

oo bLoe.m. of denominators ='(z - a)(z - b)(a — b). Hence
z(@ - b) - a(x - b) + b(z - a) = (z - a)(z ~ b); that is
ax ~ bz + ab —axr 4 br — ab = 2% — gz — bz + ab; that is

44,

at+d a+b\?
-(@+d)zr=~ab ‘—(a+b)z+ 2 ) -<T> - ab
- 2ab + b2 a? — 2ab + b7 e+d a-0b
=y —ab= 4 <o & =—p— =4 —5—, Whence
z=aorb

(ur) Multiplying by 168
168 + 63x — 482 +8=186 . 15z =10 ... 2 = &
48. Multiplying by (z - ¥), (¥ —2) and (2 -zx) respect'rv-eiy,
we have )

2=y = 3M(x -~ y)
- 2% = 28(y - 2) .. by addition 18z — 9y - 92 = 0
28 -8 = 19(2 - x) ’

2 -y = oz substltutmg thxs in third' given equation,
(z~ y)2+x(2:c y) +2f=19 . 7 = Bay +y%= 19; subtract

from this the first equation, and we have 6x? - 6zy = — 18
2

3
Y= ; substitute this in the first given equation, and we

) z

. z%+ 3 22+ B3\2 L iy 3 2243 3_
ha.vez+Aw z+ | fx+z+ Ll S = 37
o , R .
clearing of fractions ; 2x%+ 9 + 922+ x%=372? -, 3x% - 282%=-9,
x“+3 9+ 3

=

whence z?=90 or§ - &= iSori!n/.'s,y.. i3 =14,
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+3 10 W 11043 -
: v;z:Zx.-y:i6+4=j;Z,

4= | wt=
oy

Y3 I3 I3 3
.3
or=134/3F 124/3=F 5§43

47. The question amounts to finding the least real value of z,
which will satisfy the given equation

b%x? — 2abx = m — a?b® - 2a*h — 247 where m represents the least
2a m — a?? ~ 207 — 242

value which makes x rational; 22~ = %
, 20 a?  a®+m - a?h® - 2% - 202 m - a?? - 20% - a?
o tET 2N ) e
a tam-a(LP+20+ 1) a +4/m—a?(b+ 1)
e T~ -b— = 3 S = 3

Therefore the least value of m that will render = rational, is

m = ¥ + 1)’ and ... the least possible value of the given

. :
expression is found when z = 7 and is therefore a?(b + 1)?
48. {(25? + 6 + Yz~ 8P) - 4xP(d%P + 3z-%) ¢ 43:21’}%
[(z2 + 3x-%)F ~ 2 x 2202 + 3z-W) 4 (2::1’)2}%
%P 4 3x =% — 2zP
n

49. (1) S={2a+ (n- l)d}-z— = {65+ (8 - 1)35 = (6% + 20)4
4 x 26§ = 1073 ‘
a(l -y 81zl - (- §2~%)%}

il

W= T T e
256z ~ 16y8 256z ~ 1648
. 12 - -_— —_——
e {1 _ ( 243 x 27 >} 243’”14(1 T 343 x 27 )
- 1+ %x'zy = j 3z% + Zy
2562 -2*
% - S A
| s a7 65612l — 256z %°
- 3z® + 2y - 8127 + 54y
2432141 — ( - 3z~ Fy)*} 243{1 - (= H*}

(m) S, = asabove
243 x1 243

4 ry

8a? + 2y = 3+1

= 60%

=
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a(r*~ 1) @3- 1)
=, =7 = 8sum of first three terms, and =—-—— = sum

- 8-1 s ~1)
of next six. Then 72{"0 - )} = (r_ ,) or dividing each

1
a(r3-1)
=71 1 We get 72-73(7“+1), whence =8o0or-9-7r=2

o é.ny series having r = 2 will answer.

51_ z’n‘m—mp%np—mni-mp-ﬂp = xO = 1
(z* + 22 + 1) + 2@ + 1) @2+ 1P+ @+ 1)
@+ 228+ 1) -zt + 1) ~ @+ D)~ z@+ 1)
(12+ DEP+z+1) 2%+x+1
(x"l)(:l:z—z:+1) -z +1

52,

63.. 2% - 2(a + b)x =.3a%~ 10ab + 3b?; complete the square
# - 2(a + b)z + (a+ b)? = 3d% - 10ab + 30% + @ + 2ab + D
= 40" - 8ab + 4b% = 4(a - b)* oz - (@ + b) + 2(a - b); or
z= a,+b;k2(a b) = 3a—bor3b -a

54, Because 4y =z 420 -2 1 2:2 .. 4fy—x = 420~
s y=a=20-z; hence y=20. Then from first given equation,
VY ~y20 - % = 420 = & .. ly = 2/20 = z, and hence y = 80 - 4z,
but y = 20 .-. 20 = 80 - 4%, or 4x = 60, and z = 15, and ¥ = 20
55, f(@f.+ 1) - 2a}{(a® 4+ 1) + 2z} + 2(aF + 22 + 1)
=(@P+1)2 - 422+ (2% + 22 + 1) =t + 227+ 1 — 4274+ 2274 dx 4+ 2
=zt 4:34-3;

@t + 227t & (@t - 2‘9:2.1/3 + %) — 2Pt - 2x2y’3 + 9%
= (2 + ya)‘?(xz‘ y%)z + 2y3(x4 _ 9a£y%'4fy3)

=@t =%’ + 2ty - 4zy + 2y3

=28 - daty + g8 + 21:4’ - 4ny +2y6 = 28 - 4xy¥+ 3y®

56. Multiply 2% given equation by.3, then 3% + 3zy? = 30,
Add ths t{) 1¢ given equation, and we get
z? 4 3zzy+3zy2+y3—a3+3b3 Sxhy = s YaF 1 30

3
Bug ry(e + 9) = B8 ... ;cy(«“/q“ + 385 =8 - oxy = %/_Z;T%?,:b“
L
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. 47°
Then z? + %2y + %* = (@ + 3b3)§, and dxy = —
: . . 3 (& + 369
~ xy + Yt = (6 + BVY)® - ————— :
Y ¢ (a® + 3b3)%

. . 2 46%
Then & -y =+ Y/ (¢ + 369 (“m

a2 al— b
z-y=t V(@ +3) | 5o

3 o"ﬁ\/a}_ b*
Ty =1 (@4 30)TV gy
4y = (@ + 369 '

s w1 u
o=@} (14 Vi

~ Jf 4 o - b3
y = 3(ad+ 30%° (1 ¥ \/m

57. Let = number at first, then '—Jx— = what each had to pay,

vl
[

‘but two left, therefore the number remainining = z ~ 2, and con-
N - 1 ) 38 _3
consequently —— = what each paid. -vHence oy Sl +

~25=85; ora®~2c+1=36..x~-1=+6,and z="1

58. (a% + b%)‘L = az(l + a_%b%y'

= a"(l + %a-%b% + 4—:3(41"-%b% * (azbz) + &c

1 ‘) -3
2 82 1 1N3 3.3 1.3

‘Hence 4t term = a2 x —1—23 2p ) =a®x4a 2b% = 44%b
B9 (~ 20%%" = 20%2® - 20%2% x ~ 3qz7 x 2 = 12a%1
- (a2 x jax®x 2= ~ 1a%® ~ 25 x laab x 2 = — gzl
a2 x - 3az’ x % = — 6aZr? (124% — gt -
4 =~ L3a%;% I+ coef. of 21l = (12° - a)
(4at - 12a%)a8 ., coef. of 28 = (40t = 1347) '
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80. Let = and y be the numbers, = being the greater; then
ziyiiz+yra,and iy —-y:d y(z + y) = az,
and y(z - y) = bx
oy +y?=azx
zy - Y= bx
Zzy  =az+bx; or dividing by 2z, we have ¥ = }(¢ + b)

2y 2(a+b)*  (a+b)?

2 =ar-br=(a-b)z .- =a=b " 3a-b = 2@=0b)
1 4 -3 30z - 23
SL. 2+ =7 =24 75,715 = 3z 10
3+
4x -3

22 + 1\ /2% + 2 + z"? 2+ 1\ /(x + 2 D°
(H)< - >< L >= (_xz— 1)( s+ x3 )
22+ 1\/ =z+z-t Bttt

=(:1:"—'1><:t:2— 1 +x‘z>=w4-—xz+ 1 -2+ 1-x-%
224 2z + 22 x5 + 2%+ x z(z? + 1)%

—22%+2 -z % 26 _-2a0%+2z2~5 @b - 2at + 2%~ 1

z+6 r—4 x4+ 2
F+NE-5)T@+ D@ +3) @ -05)=z + 3)
o, 1. c. m. of denom. = (@ + T(x - 8)(x + 3); then reducing to

E+8)(E+3)+ (@ -DE=-5)—~-(=+2)+T)

62..

common denom. = &+ Dz - 5)(z + 3)
Lw2+9x+18+x2—9x+20—:tz—9x-14 z% -9z + 24
T 23 + 5x? — 292 — 105 28+ 5% - 29z — 105

z?2 . y¥ A _:c 1
{org) s ) (F 5

@) [~ 22 +2%) + § (5 - 2) + g}
{@?=2)?+2x }(z2-2) + (%)2}% stz it}

n

64, (2™ — 2yt)(a™ ~ ") = 2P —~ 2xTYt — ™y 4 W
& g% _ Zgmyn 4. Qg . o
‘{x””z + (az™ - b)}{a:"‘2 -~ (@™ ~ b)} = (a:mz) - (az™ = b)?
= gtm? . g2ym 1 2gha™ - B3



164 KEY TO . pMis. Ex. 65-71

65. (1) 12(at — 2% : 3(z - 2) = 4(z* + 2% + 4z + 8)
= 42° + 82% + 16x + 32 '
(i) 4 -2 +1)20 - 22 + 11 - 3(5 - 3 .. quotient = 5a%° - 3ub*

20-10+ 5
T 12+ 6-3
~12+ 6-3

66. Let u:b::b:c:f:c:d;_thena:d::aazb'“.

67. 22 < 10z ~ 16, or 2% - 10x << - 16, or a2~ 10z + 25 <9,
otz -5< 43, orx<<8or>2.. values are 3, 4, 5, 6 and 7; or
thus (- 2%+ 102~16) > ¢; —(x2-10z+16)>0; —(x—Z)‘(x~8)V>0,
.. & — 8 must be negative, .. x < 8 and = — 2 must be positive,
s> 2 ’

26 1

26
68. By Art. 108, (viI) ——— = —= .. ————
7 y G Wzr-5 20 Wz =5

Lb=4r-b5;0rx—-5=25..2=30

1
5

a b
ot % it b2 > 2ab, but o + b*is greater than
a b
2ab by Art. 134, Note 2, .. Tt >2
70. Let n +~ 1, = and = + 1 be the three numbers;
then (n - 1 + 2% + (n + 1)® = the sum of their cubes

el 3nt43n=14+nf+ 0¥+ 302+ 30+ 1=23n%+ 6n=3n(n*+2)

69.

which is evidently divisible by 3n, i.e. by three times the
middle number.
1. 1114+0~- 44+ T4+ 0] - 5 + 6
-5/ — 5+ 25— 125 + 690] — 3950
+ 4 + 4~ 20+ 160 ~ 552 + 3160
1 -5+ 25 - 138 4 790{ — 4507 + 316é
45072 = 3166
a + bo — 4

}

~. quotient = a* = 5a® + 254% - 138a + 730 -
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@ @ -2 5 (-2 2 (@ + 1+ a2
=xt+ 2224+ 3+ 20724 x4 ‘

72. It is evident thatl the (n - 1)® factor of

1 1 P! . :
(:z:2 + (12)(a:Z + a ) &c., that is the nth factor of the given

~1 -1 .
series is 23" + a(’}) , and that the term before this is
n~2 N -2

RO LS ) ; and so on. Hence the series is the same ag
(z(%)n-l _ a(%)n-l) (:z:(%)n-l + a(%)n—l) (x(%)n-z + a(_’l)n-z)}
(a:% + a,%). Now the product of the first two terms

N - -2 ‘
= "7 o®) ; and the product of this by the third factor-

1)11:-3

- _ (G

= 20 , and so on. Hence the product of the
. . X 1
first n - 1 factors will be (x"’ - a,’), and the product of this

by the nth factor (x% + a%)'will be - a which .. = the pro-
duct of the given factors, V

NoTe.—All this will be-perhaps more evident to the student, if he
takes a numerical example, and examines how the indices are affected by
wltiplying thent as in the above question. Thus suppose n = 5.

Ten {a®° 7L g RO MR LRS!
- (2 _ o) (o 4 D) 2 (o o) (s 1 1)
(e _ ) o O L (TR @

13022 +3) - 722 -3) =x=4  1224+460 z-4

. 12(4%% - 9) T 4x'r9 T 12(32F-9) T 477+ 9
z+5 -4  4ab+ 2002+ 9x + 45 — 428+ 162%+ 92 - 16
FiP-9 T m?ra T 167t - 81

3522 + 187 + 9
1654 - 81



-

166 KEY TO [M1s. EX. 74-78.
1, ) (Gt 3 + denl{lie + ) - deu)= (et ) - e
=yt e = §8 = gt + st

) 1 1
@) (o0* o ayt) (2aF — ay#) {(4? + 9y}) + eatyt]
{ (4ot + 09F) - 6aty}}

= (u% - Qy%)(lﬁm + 72:0%7;% + 8ly - 36x%y%)

un

(azt = ay?) (162 + s627y? + 81y)

2

: 1 1
sazt + 14dry? + 3240ty - 144yt - 3200ty - 720t

W

3 3
64x* — '129y*

T

75, Multiplying first equation by 4/2, and second by /3, we
have 2246 — 6y = 64/2 (1); 324/6 ~ 6y = 5418 = 154/2 (1),
92 9/IZ
Bubtracting (1) from (i) z4/6 = 94/2 .. x = V6~ 6 ° 34/3;
then 224/3 —~ 3342 = 64/3 x 4/3 = 3y/2 = 18 = 3/2 = &
12
;. 3y4/2=12and ..y = 32 = A2

n n
76. S, of 1+3+5, &c., = {2+(n—1)2}~§—= 2+ 2n - 2)? =n?
in ' n
S to jn terms = {2 + (4n - 1)2}-2— =2 +n- 2)—4: = in?;
n2

then sum of last half of the series = n? -7 in?= 3 times ;';712

. a4 2ab + b2 (a+b)?

7%7. The 4. mean is 2 25 and the H. mean

. az—2ab+b"_(a—b)z . -

is 3 = “—p—; then Art. 262, the G. mean = 4/ JH
_ (a+b)¥(a-b)* (a+b)(a-b) - o« b
= a%® = ab T T T e

2ac 2ae

. By Art. 260, i = . = —

78. By Art. 260, it appears that a+c"b'a+c’

substitute tbis for &

a+ ¢ 1 1
Then ac = ae + 00 = Z ate + ate
L R T

a+t ¢ a4 c
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I 1 _ac—-dftac-c
'ac-a(c-a)+c(a,—c) - ac(c — a¥(a - c)

2ac — a? - 2
so1s m . 2ac —‘a.z ~¢% = 2ac - a® ~ ¢ Now

reversing the steps of this operation, we.ghall have proved "
the point required.

19, v=r+s+¢ ands:mi, andt:nxyz.'.v=7'+1-)g+nxy"
O=r+m+n Y y
8=7+m+2% % From these equations r = 1, m=~1§, andn= %
1=r+0+0

. mx z
o= r+7 +aryi= 1 - {:7,? + hay?

80. {(a+b)z + (a - b}{(a + b)x - (¢ - b)} = (a+bY%a?~ (a - b)?
= dab .-, (@+b)ax?=4ab+ (-0 =(a+b)2 .. a?=1. . a=11]

(1) %a_: - -Z— =T+ qzxz- b2x = abx®+ b%; a’x?- abz?- bz
L b? b2
= b (@ - ab)x? -~ bz = b2 xz-a(a-—b):t::a,(a-b);
b bt bt 82
Ta@ -0 Y iZ@ -2 T (a0t a@ -0
bt 4ab?(a-B) bt + 4a?b? - 4abd b2
TPty tiP-0) T T ad@—-02 ¥ T 2aa=b)
+ /B2 + 4a? — 4ab’ b(b 4 /b + 4a%— 4ab
* T 2aa-by T *F %a(a - b)

'81. Product of first two factors = a? - 1?; hence product of
first three factors = a* — b%, and product of first four factors
=af < b8, Hence it is evident that the exponent of @ or of b in
first term i 2°, in product of first two terms 2!, in product of
first three terms 22 of four factogs 2% of five 24, and so on; hence
the exponent in the product of first # factors will be 2™-!, and
of the suries to = + 1 factors, the eiponent will be 2", Hence
the required continued product is o - 52"



168 KEY TO [Mis, Ex. 82-87

82. 111—(a+b+p)+(ap+bp—c+q) (oq + bg - cp) - g

+pl + P - (ap + bp) : —cp
-q - g +(ag +bg)  +ge
L~(a+b) - ¢ + 0 + 0

- Heunee quotient = 2% - (¢ + b)x — ¢
83. {(ufx® + 2abxt + B%?) + (2aca® + 2bc) + - 2}%
= {(ax® + bx)? + 2 x cx~(ax® + bx) + (cz~1) }i = az®+bx +cx-?

C(-a)(z+b)+ (z+u)(xz-b) (z-a)(z =b)+ (z+a)(x+b)

@E-AHE@-t) @-d)E -9
a:z—ax+ba: ab+zt+ ax—bz—ab (=% - azj(xz - 8%
(4% - a®)(at - b%) X 22 gz bz +ab+a*+az+bz+ab
2xz-—2ab_:c2— ab '
T 2x% 4 200 x4 ab
85. G.C.M. of (3% + pzr + p¥(2® - px + p?), and
(2% + px + PH(* + pr - p?) is evidently 2% + pz + pt.
()therwise by ordmary rale, thus: '

xt + piz? + phyat + ‘7p:c3 +pPxt- p‘*(l 22+ px 4+ p?)2t = p¥(x - p
zt "'17233a + p* x8 + px? + plx
2= pt=2p(z" - ) ~ pat - plz - p*
— pjat + pht 4 pi(x : - pa? = g2 — p?
zt —piz B -

T pkt i pir 4 ph= p(x2+px+p2) GCM = g2+ px +p?

86. 5(z +5)(x - 4); L2z - 6)(z +5); and 2P (z ~ 6)(x — 4).

Hence Lem, = B8(x + 5)(x — 4)(x - 6) = 2f(z® ~ 522 ~ 26z + 120)

2@b+1) 1 - 2ab+1) ab + 1\ %

@#-1°7% F-1 ¥ T Tg (a’-l)

ab +1\2 1 = 3% a%? 4+ 2ab + 1 4+ @ a2b2 = 1 + b2
<a2—1> LS : (a* - 1)*

_az-l-Zab+bz. ﬂb+1_ a+b db+1+(a+b)
= T@-iE el ttgopades—gy—

87. z* ~

(ub+b)+(a+1) ba+1)+(a+1) - (b+1)(a+1l) b+l

a?— 1 T @+DE-1) T (e-D(e+D) T a-1)
ab-b-a+1 (b-1)(e-1) b-1
-1 T (@re-1)  a+l

or =
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" 88. Mulhply both numerdtor and denominator of the firat
factor by x; then

vat 2@t D) xz—l)' 2728+ 1)+ 937+ 1) (2= 1\3
gt g(zE< 1) 2+1) "z ¥zt -1)-2(a?- D’ x2+1>

o et a4 1) + 2\ /2t~ 1 2214272 + 2\ /z?-1

: (z-Z'(E*HTi)Tz) <3az'+—1'> = (a, T1-57 - 2> (H 1)
/3241 =B [2% = 1\ at 2l 1\ /27 - 1 z6 ~ 1
:(\,z:"-l-}sz“z) <zz +1)/ = <w‘*-—x2+ 1> (z" + 1>= x5 + 1

. n~1
89. Let n represent any square number; then - will be

n+1
half the next lower number, and 5 will be half the next higher.

n~1\2 n2-2n4+1 4n+n?2-224+1 n242n+1
Thenn+ | —— ) =n+

2 4 = 4 = 1
_n+1z
(7

80, Liet z, y and = represent the ﬁumbelf of hours taken by .4,
Band C respectively to 8il or empty the cistern; consequently,

-1 1 .
in 1 hour 4 will fill -;th of it, B, —y—th of it, and C will empty

1 .
~—th of it, .

171 1
Thens(-‘—-——> +—=1
r z 2z

1 1 7 ’ o1
5 <— - ‘._'> Hl ='1 »1.e. once the contents of the cistern

Y z
5 1 -1
3oy
LT3 27 5 . 5 1
He‘,nceE;-,?;l;E—-;-land% T =1.

Multiplying the first of thése by §, and the third by § -
3% & 5

6" % 3

3% 7 1 ("t 27"3 %
&ty=7)

Also 3] ~ & =1
34 =4 =2y; whenceg{; =g, ory=3
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2T 5 27 8 5 27 15 1 |

T'heng—:—l—z-—;=1.'—z——ﬁ—lz-ﬁor-—=z'z=4
7 3 7 3 (O 11 i
AlSOﬂ-?=2—x——z=l.'.2—‘i=z;Orz—x=z.‘.x=2 |
91. 2z% + 2z% = Bbad+ 427 -9 - T
3 3

3zt +.31% = 1022 = 2 + 3\ 62° + 62% ~ 152% + 122% - 27(2z
>6m5 + 6zt - 2023 - 222+ 6z ,
5z% 4 14z% - 6z — 27
8z% 4 32° - 102% - z + 3(3z — 27 ‘
5 : '
523 + 142% - 6Z-—2‘7>15z4+ 157° — 507% — 5z + 15 :

15z% + 42z°% — 1822 — 81x
- 278 — 3222 + 76z + 15
5
Z1852° - 16022 + 3807 + 75
—~ 13528 — 3782% + 162z + 729
21812 + 218z — 654
= 218(z% + 7 - 3)

%4 x‘—3>5z3+ 1422 = 62 - 27(5z + 9
528 4 5% — 15z °
92% + 9z - 27
922 + 9x — 27

92. L ¢. m. of (ax + b)(pz + ¢), and (az + b)(gz - p)
= (az + B)(px + ¢)(gz - p) '
= apq® + (ag’® + bpg - ap®)z® — (apg + bp* - bP)x - bpg

AV i

Lem of z(x - y); (x“ + y‘)(x“ -y ) and y(z + ), '
that is of z(z? ~ o) (2} + xly’]' #18); (b e t) (- yh),
and y(a' ¢ o) - Bt r ) - - D6+ (
= zy(a® - ) = 2% - xp?

93. (0 Multiplying by 2473, we have

91z ~ 182a = 18z + 234a - 21z - 42¢; or 34z = 374a whence
= 1la :
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(r) Reducing first member, and also the second member,
-5 z-5 11
R dividing by = - 5, we have TSm0
whence 22 -1 =6, 0or £%= 1T, or x = 4+ 4/7

(ur) Squaring each side, z + 4 + 2¢/22% + 14w + 24 + % + 6
= 32434 .. 2227+ 143 + 24 = 24; or /223 + 14z + 34 = 12
s 228 4 14x + 24 = 144, or 224 Tz = 60; 2%+ Tz + (J)2=60 + 12
=2 xt+l=4i s x=50r~-12

@v) 2ty - z* + 3r% - 3y = 4% + 3y, but 2% = 5
o 85— a4 15 = 3y = 4/Z%+ 3y, or 20 — (¥ + 3y) = Y2¥ ¥ 3y
s (2% 4 3y) + /@7 3y =20 . (274 By) + (@F+ By)% + 3 =481
(zz+ 3y)% =4§~1=40r-5; squaring these, £2+ 3y = 16 or 25.

But since 2% = 5, 2% = -g— Tj-+ 3y =16 or 25. Hence 33>~ 16y
/ ==5; or 3y*~ 25y = — 5. From first of thesé equat-y =5 or }.
Hence z = 1 or + 4/15

94, (z — (@ = 3)(& + 2 -4 - 3)(x + 2 + 4 —~ 3)
s(@~5z+6)(@P+4dr+ T)=at-2°—Tz? - 9w +42=0

95, a~c+mte—-mi+m-a=m _

96. a® + 09 = a® + 20t + b® — 2atbt = (at + bH)" ~ (aP%/2)?
= (6% + 0% + aPb%/2)(at + b* — a®b%/2) .

9%. Since Art. 260, 4 = 3(a+b); H=-77, and G= fab, we

have by substituting these values for 4, H and G

2ab 2ab ‘3 2ab
—a - b
a+ b -1+ a+ b J\a+ b

at+ b ab
2
4ab (2ab — a? — ub)(2ab — b% - ab)
or (a—+b_)_2 =1+ ab(a + b)? i
dab  db(a -+ bY*+ (ab - ¥D)(ab - b))
o e+t ™~ @bl + by

‘ ab(a+b)2+ a(d —a)(a—b)b  ab(a +b)*+ ab(b - a)(a=15)
', 4ol = ———— ab A = - 2 -




172 KEY TO ° [Mis. Ex. 97-100.

. 4ab = (a+b)% + (b~ a)(a~-b)=a+ 2ab+ b+ ab — b~ al+ ab
or 4ub = dab

98. Let x = minute divisions the hour hand passes over; then
12z = divisions passed over by minute hand. Also 60 + =
= minnte divisions passed over by minute hand between two
successive {ransits .. 12x = 60 + x; or 1lx = 60 ... z = 57
= minute divisions passed over by hour hand, hence time in

minutes = 5f; x 12 =1 h. 584 m,

99. Let # and y = sides of rectangle; then xy = areg
(x+a)y-0)=zxy+ay-bx—ba=uzy
E+oly-d)=zytecy—dr—-cd=ay—e
ay — bx = ab } . ady - bdz = abd

cy-dr=cd—ef ' bey-bdzx = bed ~ bé _
. = (be = ad)y = bed - be ~ abd
b(cd — e - ad)

whence y = ~be—ad

Also acy — bex = abe
acy — adx = acd - ae
(be ~ ad)z = acd — ae'~ abe
' a(ed - e—-bc)
whence z = e —ad
if ad = be, and be + e = cd
afed ~ (be + e)} ax0

Then z = bc— ad = —9 = ¢ = any valoe whatever
b(cd — ¢ — ad) b(cd - e — be)
Also y = b — ad = be —ad ; since ad = be
bled - (e + b))} bx0 0
. be —ad 0T 0 a-2b
a-b 3(a ~b) ) a-b

100. (1 —m> =1 “F-obra" “'"T_-g for Py erteJ

3y . ‘3
m; 01‘1—-3y+3y—y3=1_—y—-

" Then (1 - 3)°=1 -~
1+ y
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3 ) ”
=B34+ 3y-yis = Ty co =343y~ -3y + 3P -9yf=~
@ -
or 27— y3=0 ... 292 = o5, or2=y..—5=2.. 2z -2b=a-b;

ror2z =a+b, whence z = 4(a + 0)

0L L5+ 0+ 0- 3+ 0+ 1/+ 04+ 04 0+ O
+2| + 10 4+204+10-46 - 122 - 104 + 158 + 6328
-3 — 15 =30 ~ 15 + 69] + 183 4+ 156 ~ 237 — 942

5+ 10 + 5—23]—61 + 70|
-61-52 + 79+ 314+ 391

6lx - 70

x%= 2z +3

or 52% + 1022+ 5x — 2320 = 61lz-1~ 52x-%2 + 79z % + 314x-¢

4391275 + &e.

Ex® + 102% + 5z ~ 23 =

102. G.C.M, of (y - 3)a? + (% = 9z ~ Y% —- 3y = 9)
and (v + 1)z% + 2(y + 1)%x — y(3y% + 5y + 2)
G.C.M. of (y-3)z%+ (y - 3)(y + 3)x — y(¥ - 3)(2y + 3)
and (y + 1)z + 2(y + 1Y2x — y(y + 1)(3y + 2)
= G.CM. of 2%+ (y + 3)x - y(2y + 3) and 2%+ 2(y + 1)z ~y(3y + 2)
G.CM. of (z —y)(z + 2y + 3) and (z - y)( + 3y + 2)
=~y See Alg\ebra Art. 713
If the student does not clearly understand this method of
factoring, he may obtain the G.C.M. by rule.
Thus a:2+(y + 3 - y(2y + 3))z‘+ 2@y + Lz = y(8y + 2)(1
22+ (¥ -+ 3z - y(2y + 3)
@-n2-y(y=-1
LEE-DE-Y)
-'l‘hen % - y)xz +(y+3)z - y("y +3) (w + 2y +3)
-y
2y+3)z - y(zy +3)
2y +3)z -y(2y + 3)
Hence G.CM. =z =~y

i

I
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When y = 1, the given quantities become — 2% — 8z + 10, and
22% + 8z — 10, of which the G.C.M. is evidently 22+ 4z -5
] 3 1.,

103. ¢ =mb?, and F=nb® .. ¢ = ik - ac = mn?b® . ac oc 2

104, (@9 + (m%)’ = (at + m2)(a® = atmd +m?) = (2 + amaf2 +m?)
(a® - ami/2 + m?)(at + EmB3 + mY)(et — Pm¥/3 + m*). See
problem 23 in Miscellaneous Exercises.
m?~ (p - {m+ (- liim - » - 9}
m + ¢ - p  {m + ¢ - pli(m + @) + B}

\

_(mip-q)m-p+qg mtp-g

(m-p+g)(m+p+g) m+pty
P-@-m @-g+my(pt+tg-my ptg-m
(m+pl-¢ (m+p-Qdm+p+q  m+p+yg

105.

F-(m=-pP @-m+p)gtm~=p) g+tm=-p°

@+ f-m2 @+g+rm)(ptg-m) prgim
m+p—-q p¥g-m g+m-p
m+p+q m+p+qg ptgi+m

.. sum of three fractions =
m+p—-q+p+g-m+qg+m—-p m+ptyq

ant+p+yg Tm+ptqg
106, 2x2°+ 2> =80 ., 2% + 2(2) + 1 =81 .. 2*°+ 1 =9

27=8=2%. . 2=3 '

107. Let z? — 8z + 22 = m, then 22 — 8z + 16 = m ~ 6}
orr—4=+1+m=6, and z =4 +4/m — 6, in which m — 6 cannot
be negative if = be real, that is m must not be less than 6

108. If a, &, ¢ had each oc d; then d=md, b =ad and ¢ = pd
. dbe = mapd®, that is abe oc d®
Now by hypothesis a oc d? ... a = md? .. a® = m3dS

Also b® oc nd# .-, b® = ndt

And ¢ cc -;— o8 =pd-1
Then taking etube root of each side, ade = ¥mnp x &
.. abe o d® oc a8 if each of the three, q, b, ¢, varied directly as d
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109. Sp 0of 1 +3 45 + &c. =n% (See Ex. LIX, Example 13).

; _ "

Spof 2m+1)+(Gm+3)+(2m+5)+&c. = [202m+1) + (n— 1)2}—2—
n n

= (4n+2+2n - 2)—2— = (4m + 277,)—2— = (2m + nyn = 2mn + nY

aad it is manifest that the latter sum exceeds the former by

2mn, i. e. by twice the product of m and n

. B -m
110. Let B and  be the roots, then 8 : y :i4n @ o .. > =
. ~
b ¢
‘And Art, 208 Cor, B+ y=~— - and By = -
b
+y mtn T @ m+n
Then Art. 106, Bty y o =
n Y n
b n a m m b n b m
YT Ky MR Y S T K e T M
b n b m Y\ b2 mn But 4
<Py = “ 2 i x( -~ xl—’—n-l-n ‘ﬁx(mwz)z' ut By =
c 2 mn a%c mn b2 (m+n)?
a T e mAny T @ET (m-n)? T ac T mam

111. The denominator = a?(b — ¢) + b% — be? ~ b%a + ac?
' = a?(b - ¢) +be(d - ¢) = a(d® - %)
= (b= c)fa? = a(d +¢) + be}
= (b ~c)(a-d)(a—c) )
Similarly the numerator = a*(b? — %) 4 bic% = bRt — % + aPct
= at(8% ~ %) + bPA(BP - ¢?) - dP(bt— c*)
= (bz‘ ~ ¢A)fat — a*(b? + ¢¥) + %7}
= (b~ (@ — VD) (d? — ¢)

(8 = @)@ = )@ = Y
G-o)a-b)a~0o)

Then = (a+b)(b+e)(@+o)



’

i76 REY 16 s, B, 1i2-1i8

112. (u) Every number is of the form of 3n or 3n £ 1 .-. every
square number is of the form of 9n% or 9n® £ 6n + 1, the former
is evidently divisible by 3, and the latter beccmes so when
increased by 2.

(1) Of any three consecutive integers, one must be. divisiblo
by 3, and since every even integer is divisible by 2, and two of
the given integers are even, it is manifest the latter of the two
even integers is divisible by 4, and hence that the product of
the three given integers must be divisible by 8 x 2 x 4 = 24

113. fn(n + D ~ fa(r = D = 2¥f(n + )%= (0 - 1)}

sp¥nt+l-n+1)n+1l+n-1)=n*x2x2n=4n?

_l+a ! - 2 . 2(1 + &)
4. 2 = 77— . & + —l_a,andx+1- = ap
+b 2 (1+a)(1+d) ~ 2(1 4 ab)
Y= = y+1—1 b,andxy '(l—a)(l‘ b) :C‘?/+1:(—1-:zm-_—-b)

2(1 + o '
(ab + 1){(——“1 2

- l-a

»—-»—4

(@b +1) 1)(z2+ 1) z+1
Then @Ey+ @+ " y+1 - [ 2(1L+ab) 2
{a ~a(1-5) b>}<“ DT

2(ab + 1)(1 + a%)

) (1=a) 1-b (Q-a)yd=b) 1-%

Tl ¥ ab)(dd+ 1) T 1 = a @ = ay 1~
1 -a@d -5 '

1-b 1«b

e e —— = ()

115 1|74+21 +35+35+21 4%
1 - T-14-21-14-1%
T+ 14+ 21+ 14+ T =Tzt + 142% + 21287 + 14z + Tyb
1M+14+21+14+ 7
=1 - - "T- %
-1 - T
T+ T+ 1=+ Tay + TP

B
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lm.8+4-6—1+1)M+36—%—16+m(9
"23+36-54~ 94 9
14— 7+ 7 -
-1) 2+ 1- 1
2+1~1)8+4—6-1+1(4+0—1
B+4-4
F0-2-1+1
=2 =14+1. GCM. =222+2~1

11;7. Q@+ 2= 1)(92% - 4) = (2x - 1)(z + 1)(3z + 2)(3r - 2)
@tz -4 ~1)= Q-+ DRz + 1) 2z - 1)

118. lLeom. of denominators = 8(1 + %) (1 + a)(l - z)?
.. the given expreséiou =
6(1+2)(1+2%)+3(1=x)(1+z)(1+22) + (1-2)’(1+28)-2(1-2)?(1+x)

' © 8L+ 21+ 2B)(1 - )2
_ 8 + 8x + 827 __l+z+ax®  l+a+a?
T8l =2 (l+a)(l-x)  (Q-2H)(1-x) 1-xz~2%+ b

5a

) 3a
119. <a: + 7) <a: - ?> + ax = (z + 5a)(x - 3u) + 1il

- 1ba . 15a
,'.9:21-Zax—T:a:z-l-Zux-—lféa-l-lli; 2ux ~2az =15u~—— =11}
o 9 : 450 — 45 45a - 45 45a - 45

L@ = 2 = g T I2a - 20) 0

. it is an indeterminate equation. If @ = 1 it becomes an
identity.

11 1
120. (1) If ¢, b, c are in H. Prog., -;,Tand—c—areiuA.Prog.
1 1 1 1 1 1 /1 1 N,
I e T Tl WY B c)
c

1 1 1 1 1 1 a+ ¢ a+ b
_AISOT—_6‘=?+_<;—b+—c__ac ub



178 KEY TO [Mis. Ex. 120-124..

atc a+bd b+c a+c a+d atc b+e

T B S e T e @ ,—Fand——memAP
ac be .
Anda+b’a+c udmaremlf. Prog.
1 1 1 1 o
¢5)) Since?—Z-:T—-—b-, we have multiplying by ¢+ b+ ¢
a+b+c a+b+c a+b+e a+bte
b T a = ¢ - b
a+c b+e atd atc
—b—+1—T—1= p - -1
a+c b+c a+d a+c
5~ T« ¢ b
b+c,a+canda+bareinA.ng.
a b ¢

4
12I. £ cc b and ¢ oc d . ¢ = mb, and ¢ = nd, . d=—~

Then ad = %bc . ad oc be

122. Arca of circle varies as (radiug)? .. area = m(radius)"'
- area of circles = m9 + m9 + ml6 + M35 + m36 + m49
= by addition to m144 = m12% ... radius of resulting circle = 12

n ]
123, 8={2+(n~ Dd}5 = {22+ (8- 1)d}5- = sum of 13 terms

. : 9
={224(9- l)d}—z— = sum of 15t9 terms

o (11+d)3 = (11 + 4d)9; 11 +d = 33 + 122 .-, 11d = - 22
ord=-2 ., seriegis 11, 9, T, 5, &e.

124. Let m = the m!, and # = the 2t terms of a G. series;
also let ¢ = 1%t term, and 7 = common ratio, then m = ar™-1 and
n=qart-1
L

T A N m\®
Gy e D e e = = 7-m-1-‘71+1 = pm-n . F = i .
T R (A r T

]



Mis. Ex. 124-127.] ALGEBRA. 179

m -1
o m=-tm-1 =m-1) m-1 pm—n
a = :m".l memgm-n = g men pmes < -
s
mm -
N J pme I\
= <1T" =3 ». first term = KW) , and common ratio

s—a
135. a=3; art= 4§ ort=}§§ ~.r=4 3% Art. 254, 7= T
24— 3 -3¢ 9 4 8 16
= = =—— .-, the series I8 3 ~ 2+ — - — 4 —
2y ~ 4% 39 3 = 579 "

n
126. 8, = {2¢ + (v = Dd}55 S = {2 + (un - 1)dn
3n
and Sz, = {22 + (3n - })d}—z—. Then latter half of

n
Sy = Sp — 8 = {2a + (@n - Ddln - {2a + (n -~ Vd}-

1

3 . nd nd 7
an + 7“d - =an+ (3n - I)E- = {2¢ + (3n - l)d}—z—

]

1 3n
Qa+ @3- Ddl5
127. Since 8, and S, are each to = terms, we have
8, +8,=1+5+9+ &c. ton terms +3+ T+ 11+ &c. ton terms
=1+3+5+7+9+ 11 + &e. to 2n terms = (21)% = 4n?,
Also 8, -8, = {(1-3)+ (B~ T+ (9~ 11) + &c. to n terms}
(8= 8y ={(1=3)+(5-"T) +&c. ton termsfi= (- 2-2—2
~ &, ton terms)® = ((~ 27)% = 4n% . 8, + 8 = (8, - 8
When S, = sum to n — 1 terms
S, +8,=1+3+5+ 7+ &’ to (20— 1) terms =.(2n — 1)
(81-8g)*={1+(5~3) + (9 -7+ &c. to (n - 1) terms}*
={l+2(n- WP = (2n - DF o 8y + 8y = (S, = 8y)?



180 KEY TO [M1s. Ex. 128-183.

_2
128. General term of (1 + .7:‘2) 3

B GA CRR AR VR G|

=(-D7x |rxg
2:5°8- {z+(r-1)3}

= ( - 1)7‘ X i I,’. x 37 )

UL R Gttt VI
= (- D"x |r x 3"
When (7 + 1) term = 7t term, r = 6

2:5:8-11-1417 2618
0 term = (- 1)§ x ST g S p-n

1-2:3-4'5'6 x 38 6561

When (r — 1)% term = 10t term, 7 = 9 '
2:5°8°11-14:17:20-23:26 559130
123456789 x39 % | =~ 1594323°

129 -D@+DE-D@E+2)(-3—-y =2z —3+4/=2)
= (22— 1)(x% - 4) (2% - 6x + 11) = 26 — 325 + 6zt + 302 — 5lz?
- 24x + 44 =0

130. (x + 1)(z - 1)(@ = 1) =2 - 22—~z + 1 = 0; then
T4+ 224-323- 322+ 22 4+ 1 + 2P~ 2% x4+ 1 = 2%+ 3z + 1
a4+ 3r4+1=0; orz?+3r=-1.,.22+3x+ (@)P=2-1=4%
x4+ 3 =435, and x = §(~ 3 + 4/5) i

10t term=(-1)¥x

utx 4c
131. Let z = the quantity, then ;— el ad+dx = 40c+ dex;
. a3 g _4bc - ad
orir — 4cx = 4bc—ad . x = 440

B2 sy T tvays - \y3 i1

2-43 _ 4-243 <«/3-1>“

,.<z—va>*:<«/e:>%_ws Dzt -t g

24+4/3 A/3+1 V3+1 Toa3+1 VS+1
133. Multiplying the lower equation by 2 and subtracting,
we have 'Iy =2x=13(Gn) .. 3y-=z+ % =6+ % g/_;_l ig int.

y -
Let =5—=1¢; then y-1=2t, and y=2¢+ 1. Subsgitute this”



Mis. Ex. 198-136.] ALGEBRA. 181

in(ur. ol 2=y —13 =146+ 7-13= 1466 .-. 2=9-3,
andy=2t+1. Then,i t=1, we havey =3, and z = 4, aud
=2

134, LI yREL g gLy g g2 =880 Gl ton k1 terms
xny'n(x_y) = xny"'
z® + 2™ 4+ 2" + ™ + &c. to (n + 1) terms
= when y = = to Py

1+1+1+&c.ton+1lterms = +1

x® "
135. Let m be their G.C.M., and ¢ and ¢ the quotients
arising from dividing them by this G.C.M. Then mq + mq = 45
mg+mg ¢+ ¢ 45 15

A S = = p—
andé mgg" = 168. Therefore mag - ol =168 ° 56
Whence by solving the quadratic, or by inspection, ¢ = 7 and ¢’

: 45 45
=8, and m = —— = — = 3 .-, the numbers are 7 x 3 = 21,
q+q 15

and 8 x 3 =24
1 22-20-3 1 2?2-2zx-15 2 a2%2-2z-35 92
B 3z -89 E-9z-24 13 F_sz—48  B&5
: 1 y-4 1 y-16 2 y-36 92
~ 132 = 4. .= . S
Lt @~ 1)"=y; then. g =5+ 5 T35 ~ 13 y—4p ~ b6

136.

Now R T T subtracting corresponding terms*
1 1 2 ¢ 1 1 1 1
g9ty T Tyt Y T T Ty T T y—19 "y -5

y—49-y+9 y~25-y+4d - - 40 24

FU -9 -4 (-2 49 T y-9 "y-2
or by — 125 + 3y — 27 = 0; or 8y = 152 .. y = 19. Then

(z+1¥=19,z=1=+4/I9and z=1+4/19

1 y-4 1 1 y-16 1 2 ;1/-36 2_9 1 1 2
s Gty T B BT 5 et
o lUzf-yd 1 y-l-ud® 2y-oyte
5 . y-9 9 - y-25 13 Y ~49
1 9 2 13

5 1 4
- e - ——— == 0,-&e.
o Tty ytm w0



182 KEY TO [M1s. Ex. 137-139,

1317. Letx=v+§, and y = v — z; then Zzy = 4% + x?
= 3(0%— 2% — 4(v7— 2wz + 22 + v+ 2oz 22z 4 . 10vz = 0P - Bt 4
Also x?—y? = Dz bzt p? 20z -2 = dvz =36 . v2=9

. 10vs — 9% — Ba?= 90 — 22 — Ba¥= 4 . o + Bzt = 86
-, v & 2024/3 + 52% = 86 + 184/5. Extracting square root (right
hand member by inspection, and left hand member by Art. 189)
we have v + 2/5 = 9 £ 4/5 . Art. 186, v = 9, and 4 24/5 = £ 4/5
wx=1.,.2=10,y=8

1 1 . o
TR 9-2 = (10 - 1)"2 Expanding by binomial
theorem, we have (10 - 1)"2=10"%+ 2 x 1075 + 3°10°% + &e.
+ 710 1+810-9+ 91071 + 1010~ + &ec.
4+ 1510-2% 4 18410739 + 19-107%0 4+ 20°10- %'+ &c. to infinity.
Now 810°9 + 9:10-10 + 10-10-1 + 11°10-32 + 12:10- % + &e.
=810"9 4+ 910710 + 1-10-10 4 (1-10™ 1% 4 1-1071%) + (1-10-12

+2:10-%%) + (11072 + &ec.)
=810-9410°10720 - 10" + 2-10 -2+ 3:10 % + &e.
=810-9+ 1109+ 10711 + 21012+ 31018+ &e.
=01079 4010730 4+ 1-10-1 + 2:10° 12+ 3101 + &e.
Similarly for 18-10 "% + 19:10 20 + 20°10 -1 + &c. and generally
for (10n — 2)10-107+1, &e. .
So(10~1)"%2=10°24+210-%43:10"% + &e. 4 7.10"¢ + 91079
4 10-1 4+ 2:10-12 4 Fe. + 710717 4+ 910718 4 10720 4 2-10°2
+ &e. to infinity = -012345679012345679, &e. 10 infinity.

138

1l

Nore.~—The point in this operation is the sign of multiplication, and
rot the decimal point.

139, az? ~ bz = @ ~ ab .. ax® - a’r - bx + ab = 0; or

(¢x =b)(z -a)=0. Nowifweassume ax~b=0; orz-a=0;

oo . b

the equation will be satisfied . ax - b=0; orax=56 ., z=—

. ‘ a

Also x - a =0 .. x = ¢, Therefore the roots are - and g,

which are rational if @ and b are rational,



18, Bix. 140-144.] " ALGEBRA. 183

140. 22+ (a + b)x = (n = 1)ab;
42t + 4(a+ b))z + (@4 b)2 = 4(n — 1)ab + (a + b)*
22+ a+b =1 +/dnab — 4ab + a*+ 2ab + b% = + 4/4nab + a*— 2ub + v*
97 =~ a~bt+/dnab + (a—by? ... x = }{ + //4nab + (a—0)% - (u + L)}

141. 6:6—4/1:: 1; :r—Jez\/x:.é; x—é;\'/x+T4 :Th'l"[?l&il':'lzf{

AT -fy=tq oz =tor-F .z=forf
142. Yz = 241 -7 =1 iz =241 -20zf- 1 +z -1
'.-'z=—24/a:'2—_1 cat=drte s, or30%=4; a%=4 . 2= 34/3
143, 2%+ 2y + az = a?
zy + 92+ yz = b% 3 .. by addition
zz 4 yz + %=
2?4 B2y 4 2mz + 9P 4 Jyz + 2= P+ B2+ of, and extracting the
square root & + ¥ + z = £ A/a? + b* + ¢*

a2 e a2

4 b2 TR 4 4 =
2 T+ b T oaa? + bt

2 bZ

1

.
-

(=

—_ = 2 2 ﬁ'-. B ]
Y AR y Tyt B+
e? [, c?

— =t e+ Btz

CNE

144. Let o,10% + a,10%- 1 + a,-10" % + &c,, +dn 110 + ap be
any number = (10 - 1)a, + (10" "1 = 1)a, + (10772 - 1)a; + &e.,
+(10=1)a, Fa;+agtag s+ 1+ dy

Now 9 = i0 - 1, and each of the coef. (10" = 1), (1071 = 1),
(1072 — 1)--+(10 = 1) is divisible by (10 — 1), i.e. by 9
. the number = 9m + @; + @ + @3 + **** Gy_q + @y Where
" m is the quotient by dividing (10" - 1)a, + (10%-1 - Da,
+ (072 = 1Yy + +o+ 0 (10 5 1)ap 4 bY 9

Similarly the number reversed = 9m! + @p + @y .1 + tp .2
+ v agtayta;. )
‘Number x 4 = 36m + 4a, + 4a, + 4ay + *2v day g+ 4day



184 KEY TO [Mis. Ex, 46-49.

Number reversed x 5 = 45m + 5a,, 4 5@y _q + 50y _5 + ***+ 4 Bay

+ 51, + ba;

cosum = 36m + 45m + 9a; + 9a, + 9a; + 4 9ay 4 + Yy
=9fdm + 5ml+a; +ay Fag o g+ ay}

This statement may be generalized as follows :—

(ieNerAL THEoREM.—Lef r be the radiz of any sysiem of.
rwmbers, then if any number in that system be multiplied by uny
rwmber n and the same number yeversed, as fo ils orders, be
muitiplied by v — (n + 1); then the sum of the two products thus
obliined is divisible by (r - 1).

5. (@ + by(b +¢) - (@ + 1) + 1) = (& + )b - 1)
sab+ac+ber b —ac—a~c-1-ab+a—-betc=0-1

VAN 2 /2y AN
1Lb.<{<23> -a<ﬁ;> + 3 <:;-F3 = ??> +3 =‘§7-F27

) (147)
a‘%z-l-'zabxy+b2yz+cz.r2+20diy+d2y"’+a2yz-2abxy+bzzz+f:"y2- 2edxy +dPa?
) ‘ . xZ + yZ
G PR ACGE I I G O di(z* + 4?)
x'.d + yz

(@ + 8%+ 2+ d¥) (2% + y7) )
i mz_i_yz =a2+b"+cz+d2

148, W/{df(z + 4z + 4) - 2a(z + 2) + 1} = + fa(x + 2) — 1]

149. G.C.M. of a* + 2ab + 8 ~ ¢ and o® ~ 0% + 2bc — ct;
that is of (a+8)*~¢% and o® — (b - ¢)?; that is of @+ b~c¢)
(@+bdbtc),and (a-d+e)(a+b~ ¢)isevidentlya + b —~¢

150, 1j4+0[+5+0+1

322 -4 -1

4+01—3+4+1=4z—m



Mrs. Ex. 150-155.] ALGEBRA. 185

1440+540+1

+0 +O0+04+0+0+0

-2 -8+0+6-8-14

+1 +4+0-3+4+17
d+0-3+4+7-11-10

4z — 3214 dz-2 4 Tx-%— 117 % ~ 10275 + &e.

151, 11+04+0+0+0+0+0+0
+1] +14+140=1-1+0+1

-1 -1~14+04+14+1+0
14+1+0-1~14+0+1+1+ &ec.
=1l+z-28—xt+ b 427 - 29~ 210 1 &e.

by (2 b\ @ b a* + b? a?+ 2
]5"(EIZ+51E>" EiE'&IZ>‘(a+bxa-b)x(a_bxa+@
(24 0B at o+ 2028% 4 b4

((LZ + b'_f.)z T oat - 208 + 0% .
c(a~b) c(a—b)  .e(@=b) (ate)(bte)

153. ((1/+c)(b+c)%(a+c)(b+c)=(a'l-c)(b+c)'\< c(a—b) =1
3(r—2) -3 z'-1 1
B GG -3)  @-DE-3 ~ G-DFE-8 -3
3z -2)-2+3-x+1 1 z -2 1
= @ - 1)(z - 3) Tr-2  (@=1)(z-3) z-2
(z -2~ (z -~ 1)@= ~3) -4z +4-2%+ 42 -3
a (x—-1)-3)(z-2) - (@-1)(x-2)(x=23)
1

(z— 1)z -2)(z - 3)
{(zy + 1) + 2z}{(zy + 1) + 29} + (x = 9)?

85. : gy 4 1 —af -y

%2 + 22y + 1 4+ 2x(xy + 1) F 2y(zy + 1) + (z + y)?
- ny‘d_l_l_xz_yZ

(y+ 1)+ 2@y + D@+ + @ +y)*  @y+1+z+y)?
= (x"'y" + 22y + 1) = (a% + 2ry + y¥) - (zy + 1)% - (z +y)?
' (Fy+z+y+ 1) _aytatytl _'(a:+1)(y+l)
(y+r+y+@y-c-y+1) " wy~z-y+l  (2-DE-1)

1

H



186 KEY TO © [Mis. Ex. 156-159.

156. 21 bz + ¢ = 0] . .
6. () az’ + }Divide by coefficients of z*; then
axi+ bz e, =0 -

b c
2y . .
rgEr s 0 Let # and #,, be roots of first, and

bi ¢ _ § andry the roots of 2nd equat.;

a? &
- ¢, 4

b. ¢
Then w"’+—a—aj t—=( -r)E-r)=0
b, €1 . .
Anda?+—z 4+ —=(@~r)(x=7,)=0
a, a
Hence in order that the equations may have a common root,
they must have a common measure. -
(1) Having divided as before by coef. of 22, let r and r;

= roots of one, and ~ 7 and « r, the roots of the other equation.

- (r4rdztrr, =0

H
n

(x =)z - 7))

b c
Then a2+ —zx + —
a a

2 by i
And 22+ — 4+ —
L3 31

n
(=]

@+r)(z+ry) = 22+ (r+r))e ey

b, c ¢y
o= (A=~ @ and Z =M= o Hence in order
that the roots may be equal in m’agnitude but opposite in signs,
the coefficients of x must be equal in magnitude but opposite in
sign, and the coefficients of 2 and also of z° must be equal.

2@+1)~-Bz+4) 2z -1) - (5z = 6)

. Z = 3 s =3z ~ 6
==12¢+20 -, =2}

158, (z=1)"(z +4) = (@ + 3)%(x - 2) .. 2+ 2%~ Tz + 4
=234 427~ 32~ 18 . 2%+ 2x = 11; 427 F 22+ 1 = $4/T2 = £ 24/3
S =14 24/3

1591+2x_2+2x+2\/m:. . !

‘1= 22" 7 _ 201 W TE extracting the square
VI+3z fT¥2z+1
Ji-2z * Y1-2z =1

A

15%

toot of each side, ; clearing of fractions,



Mis. Ex. 159, 160.] ALGEBRA, 187

WI—az® - YT+ 2z = + W42 + 41T = 22)
(D AT =zt~ AT 2z = T = da? + 4T = 22; or
~yT+22 =12z .. 1+%x=1-2 ... 2z=~2z; orx=0
And (m) 41 =4z% — T + 2z = - 1 — 42% - 4/1 = 22
WT -4z = YT F 25 - fT = 22 .
Squaring, 4(1 - 42%) =2 - 2T = 42 .-, 2(1 - 42%) + (1 - 427} = 1

: 1 1
LU= (- e 3 (1= 42D+ -4 e =y

- (l»4x2)%+%'= 9.'.(1—43:2)%:%01' . 1-42%=}orl
w42®=3or0; 2x=214430r0..x=4
160. (n~ 122 -2(n~1)2x+ (n-1)2+4n _p
(n~1)2%+2(n-1)%+ (n~1)°+4n
(= 1)a® -2 - 1) + (n + 1)
(n -1z + 2(n - i + (0 + 1)?
Z(n—l)‘a:z+ 2(n+1)*? P+1 (7L—1)2£Lz+(7l-+ 12 P+1
—4n- ) SP-1 T Tam-&m  P-1
L =1HP =122+ + AP = 1) = - 2(n -~ D¥P + 1z;
or (n = (1~ Pyz?~2(n - 1 + P)z = - (n + 1)¥(1 - P);
4(n - 1)1 - PYPx% — 8(n ~ )X(1% - PHz + 4(n — *(1 + Pyt
= 4(n - 11 + P)? - 4(n - D)*n + 1)*(1 - P)°. Dividing by
4(n - 1), (n - DXL - PHa?~2(n-1)*(1- POz + (n- 1)2(1 + Py
= (- 1¥1 + P)2~ (n+ 1)%(1 —~ P)?
(=1} (1= P~ (n-1)(1+P) =14/ (n=1)*(1+P)*~(n+1)*(1 - P)!
e (=11 =Pz = (n—1)(1 + P)  f/4Fn* = 4P"n — 4n + 4P
co(n=1)1 =P)z = (» ~ 1)(1 + P) t 2/(Pn ~ )(n ~ P)
. 1+P 2
*i=Pp* m-na-pyY
that x may be real ¢/(Pn — 1)(n — P) must be real, that is
(Pn - 1)(n ~ P) must be positive, and if n is positive, in order
that (Pn - 1)(n - P) may be positive, P must neither be >>n

P
= — ... Art. 103 {vir)

(Pn = I)(n = P); where in order

1,
nor < —
n



188 _ KEY TO [Mis. Ex. 161-166.

(161 A=3@+b) =33+ N =3 =i =371k

TarpT 3+ om Y
G=yab=yFTxi=41=1
2ab
162, H:-a——_%-g - Hu+ Hb = 2ab ~ Ha — ab = ab — Hb
a b H- H+a H H+b

01'(II—b)a:(a—H)b.'.——}—[:H_b.. e H “H b

S

 H-H-a H-H+b (H-o-H H-(H-b

© THZe T T H-b5 T HH-a = HH-b)

. H-a H ) H (H - b)

' H(H W) THH -« T HH-0) T HH - b
1 11 11

1
thatlsH T Hb H H-aB* H baremA prog.
And .-. H~a, Hand H- b are in H. progression; that is, H is
the H mean between H—-a and H-9

163. The ntt term = a + (n — 1)d .. 37 term of the series
AR AR A& =P BT -D(-D = -0=0 ‘
8§31 = 2% 6+ (81 = 1)(- DPA = (12 +30 x= })%k = Tx 31 = 108}
Sio={2x6+ (42 - 1)( = D} = (12 +41 x-§)21 = (12 —G%)Z-l
=51 x 21 =108} .. 85, + §,, = 108} -+ 108} = 217
a(l-7) 331 - (DY 1P

( = = - = 201w (3)W = 25(] - (3)
SR Cr i o a1 Bk RO
o
=§“gﬁ-_z
165, 8, = L 1 1 5

1-7 1(=-70) 1+2 7

v a(l=1") 1-(—a)" 1l=(='4)* 5 2\"
Sa= T 1T (=) - 1+3 =7{1‘<"5')}
S =S =3 =41 - (- =F-5+8(-D"=

n
166. Of 1etgeries, S, ={2+(n~ 1)1}7= (n+ 1)3-, and 8, =(p+ 1)%

Of 2nd geries Sp = {4+ (n ~ 1)3}E-= (3n+1)5 and S, =(3p + 1)%



M1s. Ex. 166-170.] ALGEBRA, 189

- s n N P
Of 374 series Sy, ={6 + (n - 1)5}—2— =(5n+ 1)~2~, and 8, =(5p + 1)—2-
 Of 4t geries S, = {8+ 17-1-L-—7 i 7 P
s 8, = {84+ (n-1) }2 =(Tn+1)5 and Sl,=((p+1)—2~
. n n 7
‘. of the series (n + 1)-2— + (3n + 1)7 + (bn + 1)7 + &c.,
n
where the first term is (n + 1)-2—- and the common difference is
n 2 i 5P 2 oty E
2nx 5 =n% the S, = {2(n+ Dy +@-n }7=(n +ntprt-n?)
: n
= (n +pn2)% =(1 +pn)p?
. P, P = P
Also of the series (p + 1)—2— + (3p + 1)—2— + (5p + 1)-2— + &e.
where the 1stterm is (p+ l)g and the common difference is 2p xg =p?
p 2 n " 9 2 n n
Sp= 2P+ D)5+ (= VP = (PP + P+t~ P = (P )

7
= l+pn)p— .. 8, of the former series = S, of the latter series.
2 r

167. {(z + ¥) — Vail{(z + ) + vay} = @+ 22y + o) - @y
=2t ay + y? -
[+ ) +ayli@ + ) —ay} = (P49 - 2R = ot ¥t 4yt
168. 8(5% - 3 x 8)F + 5(52+ 3x 8)} = 8(25 - 24)} + 5(25 + 24)°
=81+ 50 =8 +35= 43
169. 4/16a%— 96a°b + 216a%% — 216ab® + 815% = 4a?— 12abd + 9%,
 and y4a? — 12ab + 90% = 2a - 3b

1 1 1/a 1 1 3c 20
170.7+4—d=a‘i<—4—+d>. Also—ﬁ—§=—m—m;
s ¢ . 3c 2b
but since = it follows that bc = ad ... - e " 6%
3¢ 25 c b ¢ 1 b 1
6ad ~6ad = " 2ed " 3Bad (2 x’_ﬂ> - (3 xad)



190 KEY TO [Mrs. Ex. 171-175.

12(x +1)2
171, Maoltiply by 4(x + 1), and 8z +12 = 4z + 5+~ -
Reducing and then clearing of fractions, we have 12a%+ 252 + 1
=122°+ 24+ 12 .. =5
o 26+ b 20+0
172. b S Zrab

.. 242z + 2abz + a®b + ab? = 2ax® + 2abx + ba? + bir

clearing of fractions,

o dax? + badw 2d%x + b = a% + ab®

(2a + b)x® ~ (20% — ¥)z = ab(a + b)
4(2a + b)a? — 42 + B) (244 = B%) + (2P - b%)°
= 4ab(a + D) (20 + B) + (20 — b?)* = da* + 8a®h + 8a®H® + 4ub® + vt
- 2(2a + B)x — (202 — BB = & HJ4at + 8a®b + 8a%0% + 4dal®+ b*
+ (26 + 2ab + 0%) . 2(2a + b)z = 247 - B2 % (247 + 2ab + 0F)
4a? + 2ab, or = - 2ab - 2b% = 2a(2a + b), or = — 2b(a + b)

20(2a+b) _ b(et+d)
CEE@arty YT T a0
e+ 1 ab+a %1l dab+a

113, Smcex:}[b_-]-_l’ andyzm; TtY= Tt et
20+ ad+ 1

ab+1 2a + ab + 1 2a +ab +1 =ab -1
z+y—-1  ab+1 ab + 1
"z ry+l 2a+ab+1l =g +tab+1l+abtl
a1 t1 ab + 1
2a a

2a+2ab+2 a+ab+1 _
174. 22% = 22z — 2zy + 2yz + 2y% = 22y = 2yz + 222 + 32 = 22z
£ 22y — 2yz = 22% + 2 + 22% — 2zy — 222 — 2y2
= (2% = 2zy + 7)) + (a® - 22z + 2%) + (2 - 2yz + 29)
= (2 Yl (@ -2+ (y = 2
115, (0 + b)% = ¢ (u? = b%)° 4 4abc?— ¢t [(a = b)? + ¢?
1 (=19 = (a - b)%?
o oy
(@ + b)%c: — c*
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176, x® - 1).1:1°+a:9.+$8+ 287+ 224+ 228+ 2l + l(:cz—.'-l‘-!-l
220 _ g3
——e
z¥ + 32%
x% ~x
z8 4 22% + 22
R x? -1
227 4 2% 4 228+ 22 4 22 + 2
x7+x4+x3+xz+x+1)zs—1 z
28 f 28ttt ad a2t
—xb—xt-d 2o -]

it p 1)x7 Frtdatra?itz+ (2t ~x
T+ 28 4+ 26 4 2% 4 28 4 22
-z -z 4zt 1
—zb a8 — gt Pzl g
2t a2t 22+ 1 .
Bttt 2w+ 1)at ot 2® 2t ra 4 1(a
o5+ zt Lt 222+

- zé41
.:tz-l)a:4+z3+:cz+ 2x+1(a:2+x+2
xt—-x% .
T+ 2xf G.CM =z41)s*~1(z~1
ad- 2z w?+x
T2x% 1 3z —-z-1
222~ 2 —z-1

T 3243
3@ +1) ! .
(2z + 3)(z - 1) (x < Dz ¥ 1) z + 2
@ + 5@ - 1) " (= + 5)@EF - 1) 2+ 1
i+ -3—-(z*~62z-7) =z +2 22—~z + 4 T+2
CE @+5)@®-1) TP+l (z+56)(at-1) ~ 2¢+1
(@ + Tz + 4)(@® + 1) - (2 + 2)(@@® - 1)(xz + 5)
= (z +5)(zt-1)
@+ I+ D2+ 2%+ T+ 4 - (2% + To 4 10)2% + 2%+ o + 10
= @+ 5)(zt - 1)
222 + 14z + 14 = 622 14z — 422 + 14
@+5)@E=1)y " (@+b)(@at-1)

177,




192 KEY TO [Mi1s. Ex. 178, 179.

(178)
(a4 Dy TIP3 (a=0=1)? @+ 2ab/ =1 - b+ a? - 2aby/ T - b?
(u—by=1)@+byf=1) a? = by = 1)
2a — 202 2(a?— b%)
P - R Sy

179. Let z — 3y be the first of any four positi.ve quantities in
A.P., and let 2y be their common difference.
Then the four quantities are x — 3y, * — y, = + y and z + 3y.
And the sum of the extremes = =z - 3y + z + 3y = 2.
Also the sum of the means=x -~y +a+y=22. And 2z = 21:
. the sum of the extremes = the sum of the means.

x }
Again let 7 be the first of four positive quantities in G.P.,

and’let y by their common ratio.

z =z
Then the four quantities are e z and 2.

x z+xyf z zrwy
Sum of extremes =3 + 2y =—5—; sum of meang = —<4%=
y° Y y Y
z + Y > x4+ oy ) >
= = 2
Then 7 2z 7 according as z + zy8 2 zy + ay

orasl+y32y+J, oras(1+y)(1—y+y2)2y(1+_1/);

orasl-—y+y?

’Zy, 01asl+1222y But 1+ 4% > 2y by

z+aP x4+ xy
w7
extremes is greater than the sum of the means.
Lastly, if as before z — 3y, z ~ 9,  +y and « + 3y are in A.P,,

Art. 134 Note 2, , that is the sum.of the

. 1° 1 1 1

their reciprocals ——- S Ty 5ty and — Ty are in HP.

- 1 1 . 2z .

Then e $ ZT 5y = = 97 = sum of extremes.
1 1 2z

And z 5y 3 vy T = 7 = sum of means,
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Now whether y be positive- or negative, 42 is necessarily positive,

2 . 2 ) 2z 2z
and therefore 22— 42 > z2- 932 and .-. P > ra—y

that ig the sum of the extremes is greater than the sum of the

means. 5 .
- .
180, Spp_y = {22 + (2n - Z)d}-—z—, and when d = @

2n—-1 2n-1
={2a + 2an — 2a}

Sum-1= {20 - (2 - 2)a} =na(2n - 1)

Also 2n- 1) term=e+ (2n-2)=a+ (2n-2)a=a+ 2an - 2a
=a(2n —1) ... sum of 2n — 1 terms = the (2n - 1) term x » when
the series is ascending, i. e. when the first term is the least and
the last term is the greatest. ‘
181. ab + byfaf = 2% = 2% .. byfaE =% = 2% — ab; o%? - bz?
= 2% - 2abx® + a®b? -, xt ~ 2abz?+ b%x% = 0; or 2%(a?— 2ab +b%) = 0
c.z=0o0rx=+48(2a-0) ,
5 B 5 £ 5
182. 3z¥+2% = 3104; 3623 + 1225 + 1=37249; 626 +1=4193;
5 5 1
6z% =192 or — 194; x5 = 32 or ~ 32} ; 6 = 2, hence x = 64;
or 2% = (- 324)¢, whenee x = §/(321)% = 32} §332F = & %7
=% FE =% Wﬁ
224 2ax + 22— 2%+ 2ax - a2 B2+ 20z + 22— B2 4 20z - a?
183. % — qt = B% - g2

dax 4z a b
- Rays g RN g il D=t

ab?—~ qx®= bz? - ba?,

or ba? + ax® = ab? + ba? .. (b + @)x? = ab(d +a) 2t = ad, whence
cx =} 4fab
184, /23 + J@2 + 96 = 11 -z .. 2>+ /22 + 96 = 121 ~ 22z + 2*
. 4/zF+ 96 = 121 - 222, Again squaring
224 96 = 14641 ~ 5324x + 48422 .-, 48322 - 5324z = - 14545
5324 14545 o '

 Jdniie it
TR T .

, 5324 /2662\* 7086244 14545 7086244 17025235
e 483’”’(483 233289 T 483 233289

N



194 KEY TO [Mi1s. Ex. 184-186,

2662 [ 61009 24T
“7 -85 -t Vi =t
. B 2662i247_ 2909 24_1§_ 1l
So T = TTgesT = e’ OF g =8l or5
185. Let z = the left hand digit, and y = theright hand digit;

then the number is 10z + ¥

10x + .
. ~i—__7y="l,whence 10x+y=21r—-21y, or 22y = 1la, orz =2y
10z +y -
Also s + 17 = 10y + , whence 27r + 18y = 11xy + 10y + =

But x = 2y; substituting this in the last equation, we have
54y + 18y = 223% + 10y +-4y* ... 12 = 36y, whence y = 2
And z = 2y = 4 .. the required number is 42

186. Let z = minutes per mile taken by B, then z + 1

60
= minutes per mile taken by 4; — = miles per hour of B, and

60
—— = miles per bour taken by .4,

z+1
60

The second time round the rate per hour of B = - -2

60 — 2z -~ 60 62 + 2z
= ——, and rate per hour of A4 = T31 V%= T 1
And since the course is 2 miles long, the time in hours taken by

1 2 1 z+1
B to go roun = TEirz - BliE S Bl+z time in
z+1 z+1
60z + 60

minutes required to go round = minutes per mile

30z + 30 . .
taken by 4 = iz similarly minutes per mile in 2% round

3l+z "

30x
required by B = 30 = 7 2nd since A does the two miles in two

minutes less than B, his time per mile will be one minute less

30z + 30 30z
than B .. B +z Tl = 30 - 2 whence by reduction
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30xr+30+3l+x 3lxzi+6l 30x

- .. 9302 + 1830 ~ 312 - 61z

3l+= = 3l+z 30—
=930z + 30z%; or - 61z%— 61z = — 1830, whence 22+ z = 30;
rr+ =18 o+ )=4+Lt anda=5
*. A's rate 1%t round = 5 + 1 = 6 min. per mile = 10 miles per hour

B's rate 1%t round = 5 minutes per mile, or 12 miles per hour

A's rate 224 time round = 10 + 2 = 12 miles per hour

B’s rate 20 time round = 12 — 2 = 10 wules per hour
Whole time of B for both rounds = 10 + 12 = 22 minutes
Whole time of .4 for both rounds = 12 + 10 = 22 minutes
.. neither horse wins.

18%. Let z,z+ 1, z+2, 2 + 3 and z + 4 be any five conse-
chefs ; then z(z + 2)(z + 4) + (x + 1)* + (z + 3)°
= (x + 2)(2%+ 4x) + 23+ 327+ 3r+ 1 + 2%+ 92 4+ 2Tx + 27
= (2 +2)(z%+ 4x) + (23 + 422+ 5z + 2) + (4 + 8) + (x°+ 827+ 21z +18)
= (x+2)(22+4x) + (x4 2) (22 22+ 1)+ (T +2)4+ (2 +2)(F+ 67 +9)
=(z 4+ 2){(x% + 4z) + (@2 + 25 + 1) + 4 + (2% + 6z + 9)}
=@+ D@+ 2+ L) + (2 + 4z + 4) + @7+ 6x + 9)}
=(z + 2){(z + 1)? + (z + 2)* + (= + 3)% = product of middle
number vy the sum of the squares of the middle three.

188. zt +yt + xt + 428y + 62%% + dayt + ¢t
= 0zt + 45y + 62%% + dapP + 2yt = 2(xt + 228y + 3aPyi+ 2xyt+ yh)
= 2(z? + zy + y2)* .

189. (28 + 9 + 3%y + zy?)( 2° — y* ~ 2y + 2y?)

=@+ zy?) + @+ TPHE + 2y - @+ )]
w2+ :::yz)Z — @+ 2%)? = 25 + 228 + 22yt — (Y8 + 227yt + atyt)
=z + :1.‘4_1/2—- z2y4 - y6
190. 2% = (Wﬂim)2=a+bizvaz'-‘52+a-b
= 20 & 2/FF = 0% . '
4 - Jzt = 2%a - $a®) = {20 1. 2/F - e - (Ja i WF )]
= {20 4 W = BY3a T IV = 0} = {a /@ = F)(a ¥/ - 1Y)

= a? ~ (a% - 1) = b?




196 KEY TO [M1s. Ex. 191-159.

191, az® + (@y + az + 2ey)az® + (Y + 2cy® + 2cy2)z + (byP+ byz)

T+ (y+2)
lla + (ay +az + 2cy) + Oy + 2cy? + 2cyz) + (by® + by?2)
-(y+2)| - (ay+az) — (2¢y® + 2cy2) — (098 + by?2)
a + 2cy + by '

-, quotient = ax? + 2cyx + by?

192, (@) - (1M + (@™ - 1) =a® + 1" = a" + |

193. 1 -141-2+4+2z-3+5x+2+4-5x=4+=r

194. a(b® + 2bc + %) + b(cZ + 2ca + a?) + c(d® + 2ab + b?)
—{(az—ab—ac+bc)(b+c)+(b2-bc—ab+ac)(a+c)
+ (¢*— ac = be + ab)(a + b)} = ab®+ ac® 4 be? + ba? + ca? + cb® + Gabe
- 0% — a®c ~ b%a — b% — c%a - % + 6abc = 12abe

=195, {(b+c-a) + (c+a=b) + (e+d-)jxr+ {(c+a - b)
+te+b-)+@Gte-aly+{@atb-c)+(d+c—-a)+ (c+a-b)}z
=(@+b+)r+(a+b+y+(@+b+oz=(a+bro)@+y+2)

196, (z+2y)°%x(xz-2y)%= (x— 4" = 26 = 1224y + 48x%y% ~ 64y5
(@ + by =1)(a— by =1)=a? - b*( - 1) =a®+ b?

197. {(a + b + &)@ + b ~ Off(c. - a + b)(c + a - b)]
= {(a+ b)% = cH}{c®~ (a = b)*} = *f(a + D)2+ (a - D)4} - (@ - b2)? - c4
= 20%® + 2b%c? - a* + 2a%b? - bt~ ct = 2a%% + 2a%c2+ 2D%P - gt - bt~ ¢4
@E+lyzDE-l+rzD={@+zH)+1}Ez+z? - 3
s@+a ) —1=a?+2+x 2-1=224 1422

198. (2x%— 3z% + 42%% — Bury® + 6y*) + 6272
=afyTi-dzy i+ i ~fely byt

(%4 2z + 1)(x%= 22+ 3
( )=x3—23+3

@t+4x+3) + (22 + 22+ 1) =

Zr2r+1
o (4-5) - e B} (4-)
.o y 8 .
A\ ¥yt I
= § _}_—y_— . =8(£¢ + %J" y+ &y2) = 8z2* + 4;¢~y + 2y2
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%= apz® + a%px ~ d%) + (-a)={(x®-a®) ~apz(z - a)} + (x - @)
= (@ +az + %) - apx = 2% + (1 - paz + a®
200. () (2* - 3xr - 4) = (z + 1)(z - 4), and (2% - 2z - 8)
=@EE(E-4); @ +r-20)s(x-4)(x+5) .. G.CM=x—4¢
() 32°+ 42— 3z — 4 = 2%(3z + 4) - (3z + 4) = (22~ 1)(3z + 4)
2z - Tx? + 5 = (22% - B)a? — (Pa? - B) = (227 — B)(a? ~ 1)
s GCM =2 -1
(1) Let pbe the G.C.M. of m and n; then the G.C.M. of
™+ a@™), and (2" + @) = 2P + a?, and of (z™ — ™), and " - a®
=P - a? -, required G.C.M. = (z? + aP)(a? ~ a?) = 2P — g
201. (1) le.m. of (x — 2a)(x + a), z%(x + a), and a(z +a)(x ~a)
= az?(2: ~ 20)(z + a)(x — 1) = ax’ — 2azrt — a%zd + 2atx?
- (i) 2¥— 2% — a%r + oty = (2%~ a¥)(z — y); 2%+ ax? — 2y? - ay?
= (@ +a)(@? -7 o Lean. = (a2 - a?)(2? - y¥) = 2t — 2y — ort + oty
(@+b-c+d)atb—c-d) (b+c-a+d)(b+c—a—d)
"@rb-c-dja+brcrd) T (Brcrardbrc-a-d)
(cta-b+d)(cta-b-4d)
(cta+bdb+d)(c+a-b-d)
at+b-ctd brc-~a+d a+c-b+d
atbtc+d Tarbtrcrd Tarbrerd
a+b—c+a’+bf|-c-a+d+a+c—lf+d- a+b+c4+3d

202

B at+b+ct+d T atbdbtctd
_ 2d
=l i brerd
o ozy -2 (x4 y)Pe2t (@tyt)zty-2)
203. gy 2yz -2t x4~ (y - 2)* = @+y-2)(x-y+2)
z+y+z
a¥(a + b) a(z-2d) 2ab a® + a® ~ a(a - b)* - 2ab?
W4 @) "h@id) T E-BT T h@-)
&+ a% - a® + 2a%b — ab? - Bab? 302 — 3ab? 3ab(a - &)
= b(a® - %) T W05 T ba-b)a+b)
3a

a+b



198 KEY TO (B1s, Ex. 205-210,

a?-ax +ax @+ av—azr\ (e+x)+ (¢ - )P

205 < a—x % atzx > - a? — z%

a? a? 2a% + 222 at a? — x? a*
- (a————x x Eﬁ-—x> T eToat S aroxtt 2(a%+ %) = 2(a* +29)

4ab 4ab
arb 2 ai5 P eah + 202 Gab 4 207

206. =r% *=Ea = 2ab — 2a% T 2ab - 2b%
m - 2a a-l-—b -~ 2b A

dividing numerator and denominator of 1stby 2a, and of 29 by 25,
3b+a¢ 3240 3b+a 3a+d 2b - 2a

Vet et Wb T B e h-a” b-a

207. (1) Azt - 42® + 4ot~ 42 + 8z + 4

=of(zt - 42° + 40%) —4(z? - 22) + 4 =22~ 22 - 2

z" ™\ ? z™ 230
¢8)] \/.7;4""{4 - 4—3“ + <-§~> } = 2 (2 - _3_> = 9220 - 3
a?  2ab  2ac b? 2bc c? 3 a b c
(1) <_———"~_ Tt teE) T T T

208. The squnare of which a%2? + bx are the first and second

2

terms, is a%2% + bz + 7 .*. in order that ¢%z% + bz + bc + b% may

4q
, 07 c 1
be a perfect square, we must have be + 3% = PRI e )

1 1 c
and .-, WS 1

209. (1) mnz + amn = n’x + am? . maz - nPr = am? - amn,

am(m —n am
that is (mn — n%z = am® - amn .-, z = amm = n) = —
n(m —n) n
(1) 22% ~13xr = -6, whence z =6 or 1
216 Tr+1 400 /z -3 400z — 200
O o N 35 -2

whence 2421z — 6411z = — 2598, or 807x% — 213%z = — 866;
2137 + 2137\ % . 4566769 — 2795448 1771321
807~ 1614 (1614)? (1614)?

z? -
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.

. 2137 s AVETEEN _ 113309 2137 4+ 13309
1614~ % 1614 - = 1614 ¥ jp1a - T¥14
or — 0°49

() 2= 2@+ )z + (@ + b)? = 4(a? — 2ab + bY) = 4(a = b
ST~ (a+b)=42a-b), whencez=32-b,0or3b~a

2ll. ex - acy = abz + by .. z(c - abj = y(ac + b)

2(c — ab) az(c - ab)
.'.y=-‘mb—. Butx—ay:b.-.x—w:b
ez + bz — acx + a%bx br + a%z b+ a
vt ac+ b = Tac+b T TTac+b =b

~ac + b ¢ - ab
A By B A gy

(m) o + 22y + % = 49, and 2% + 2y + 9% = 37 .-. zy = 12
zi—-21y+yz=l
srxt+y=4+Tandr-y=4+1.. 2r=48 andr=+40ri3,
andy=+3ort+4

212. Subtracting the second of the given equations from the
first, we have y(z ~ x) = a* = ¢¥; to which adding the third
equation, we have 2yz = 2¢* .. yz=a® .-, zz = b% and zy = ¢*

yz y . a? alr a’zx b%c? be
z

= —ﬁ.‘.y=71'.zy=x-?=cz.'.mz=—a—z".'..‘L‘=i-a—

Tz

ac a
whence alsoy = ¢ 3 and z = + -

213. Let = = A's age, ¥ = B's age, and z = C's age; then

: 32 4
y~-x=202z~-19); x+y=—é-,and:c+y—12=-§(=—6);‘
 3y-—7=22z; 22+2y=38z; 3r+3y—~4z=12; 6x+6y-9z=0;
and 6z + 6y -8 =24 .c.2=24; y=21,and r =16

no -
214, §,; =22+ (p - Dd}5 = {3+ (12 = D36 = 3+ 11x )6

=(3+3%)x 6= 117
Spof 1%+ 25+3% =Sy of 1+24+3+ &c.... + Spof §+ 3+



200 . KEY TO [Mis. Bx. 914-218.

n am+ 1) 1 - (E)"
{2+(n—1)1}§-=(2+n_1)?= (2 {1_%}

h

a(n+1
= —(—2_) +2-2()"=in(n+ 1) +4- 403"
V2 4f2+34/3 W/2+34/3 .
8. ofvz+%Vs+%VZ:1_v%- -3 = 7 =34/2+24/3
s = g (-17
215. gy @y @yt = a7 L @Gyt Agtt iy g = O /

4,0y 0y ay = a7 ooap = 0,71 a2V = %P1 g, s
formed from a,_, by multiplying it by a,% .. a, + e, + a5 + &c.,
is a Geom. series having @, for first term, and @,? for commoén
(@ -1 a1

Tafo1 T Wa T 1 T

ratio. Then S, = a,;

216. Squaring each side and transposing, we get
xt — 202 + 9427 + 60x + 9 = 0; extracting the square root of
each side, we have 2 - 10x - 3 = 0 ... 2% ~ 102 + 25 = 2B;
T—-B5=+2/T . nx=54 27 !
217. Multiplying, we have — 30x*+ 4623+ Tr%~ 23z +4 44
.. z(30x% — 4622 — Tz + 23) = 0
" :1:{3013 - 30x% — 162% + 16x — 23z + 23} =0
-, 2{302%(x ~ 1) ~ 16x(z = 1) = 23(z = 1)} = 0
Lz(x—1)(3022 - 16x~23)=0 ... 2=0. Alsoz-1=0.,x=1
Also 30z - 16x = 23, whence z%? - -&x + Jfr = 317
vz = (4 + 34/7T54) .
218. The given series is double, i. e. is equal to the .2 series
1+2+3+4+5+ &c., + the G series 1~-2+4-8+ 16~ &e.
Thba sum of A series as follows i—

: 4in’
Sgn = {2+ (4n = D} = (4 + 1)2n
an + 1 '
S =2+ @n+1=Dl—5—=(2n+DHn+1)
4n + 2

Synvz= {2+ (414 2~ Dj—5—= (4n + 3)(2n + 1)

in + 3
Sines= {24 (4n + 3 = D= 2(n + 1)(4n + 3)
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Also sum of G series as follows (—

P Gk DSl SR LT W .

4n = I = "3 .=§(1-1())
(_2)41!4-1_] 1

Sens1 = 3 = Fil- (- "y
(=2)4m+2_1 1

S, = e _ ] _ Ain+l

4n+2 _3 g (l—4 +1)
(-2)m+s_

= %{1 —_ ( - 2)411.+3}
. of given series §,, = 2n(4n + 1) + J(1 - 16™)
‘ Syner = (20 + 1)(4n + 1) + 31 = (= 2)4*+71}.
Sinez= (4 +3)(@n + 1) + §(1 - 420+1)
Sinez=2n+ 1) +3) +3{ 1 - (=2)+7
219. Let z = number in width, and ¥ = number in the length;

then 2y = whole number in the bunch. Also, since y > 10 but

Synss = T3

< 20, y = a number of two digits ... when x is written to the left
of o it must occupy the third or hundreds place ... 100z + y
= the number in scale of 10,

Also since x < 10, it consists of but one digit, therefore when
written to the left of y, the number will be represented by
10y + « which ... = number in scale of 10

Again in similar rectangles the perimeters are as the cor-

responding sides, and whole perimeter of first bunch = 2(z + ),
2

a_nd of sécond bunch xy .. 2(x +y) : xy :: a; : —2—(5_':/—?/) = width

of an bunck, and 2(z+¥y) =y il ¥ 2(%—% = length of?nd

bunch ... whole number of matches in the second bunch
%y xy? :cﬁy“

2z +y) Xz + y) 4=+ Yy

Then from first condition 100z +y : zy :1 a : 2 (1)

u second 10y +z ixy . a~10: 4 (u)
3,

xby
s thied ¢ ‘m—fy—‘)g = dxy ()
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Prom () 20y + 2z tay:la—10:2 . 0y +2z+byizxyiall
oL 20y + 22+ By fxy il 1002 +y oy

. 20y + 2z + Bry = 100z + y .. bxzy = 98x - 19y (1v)
Also from (1m) z27% = 16(z + )% .. &y = (T +y) .. bzy = 20(x +v)
Substituting this in (1v), we have 20x + 2y = 98z — 19y, whence
2z =y, .

Again substituting this in (u1), we have 2y = 18(z + y)?
that is 4r* = 16(x + 2z)? .-, 22% = 4 x (3z), .. 227 =13z, or z = 6
oy =12; and zy = 6 x 12 = 72 = number of matches in the
bunch. .

290, Since the conditions giving the equations (1) and (11)
remain the same, these equations and .-. also (1v) which is derived
from them independently of (i), remain the same.

.. we have but to solve in positive* integers the equation

bxy = 98z — 19y, remembering that = < 10, and y > 10 but < 20
Bry = 98z — 19y
.. Bxy 4+ 19y = 98z

98z
Y= Er 19
490x 1862
L P TRl P T
862

Now since ¥ is an integer, z-——4 is also an integer.

Arnd since x is integral, 5z + 19 must equal an integral divisor
of 1862, and further since z is finite, positive and less than 10,
5z + 19 will be > 19 but < 69 and will end in 9 or 4 atcording
as z is even or odd.

Now the only divisor of 1862 fulfilling these conditions is 49

~brt+19=49
S Y=6
L 98x
Y 5z+19~
coxy =2

12

*They must be positive from the nature of the problera.
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221. Let z = rate per hour of the express down; y = rate per
hour of accommodation down, and € = distance from Stratford

) d d
to Toronto. Then - hours = time down by express, and v

. d
= time down by accommodation. Also — = cents per mile in
a2
7 = whole fare by express.
d

d
express fare, and 5 xd=

d
I -—= 3 3 . - =
7 - rate of expressing going up . hours on road

d

. x =
going hack -
But if the fares had varied as the velocities; then fare at

z:fareaty:iz:y .. fareatz—fareaty ! fareatz iz —y: x

But in this case, fare at 2 — fare at y = d'cents, and since fare

d2
by express to Toronto remains the same, d : T hrT-y:iax )]

. d d
Also fare at z : fare at ( - 76—) i fare at

d d
x — fare at x—-—) cfareatx ;i —
T x

d
But fare at x -~ fare at ( - -;) =z - —= cents
d - d2 . -
it ;—.z(u)
Using the formulas now found in expressing the remaining
1

d 2
statements in the problem, we obtain 7 7(—;) (nr)

Then from (1) dy = 22% (Iv)
from (1) 2% =d(z ~ y) = dzx ~ 22% by (1v) .. d = 3z (v)
from (1) z%(2?—d) = d® ... by (v) 2%(® - 3z) = 272?
22-3x = 27z . x—-3=27 . £=30 ... d = 3z = 90 miles

. d® 90 x 90
distance from Toronto to Stratford; and - T30

it

270 cents = $2-70 = fare from Toronto to Stratford.

it
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932, aWFTIB(a? + 9, (YaTFT6 — 1) - 45/T7F 25 = 5(z? + 45)

. (0) T FFEIB (4 9)(WITF 25— 1) = 5(P+ 25 + 94371 25 + 20)
= B{(//Z7+ 25) (VT F 2D) + 94/5F+ 25 + 20}
= B{(TEF ZB)(ET+ 25) + 52T H 25 + 4¢/27+ 25 + 20}
= B(YZF+ 25 + 5)(@-75 + 4) (1)
But (Y2425 + 5)(@24.15 0= } . from (1) and (a1)
And (YFF 25+ HWTEF25-4) =2+ 9
(VI L5 + BY(YZZT 25 — B)(yTZ+ 25) (VTP + 25 + 4) (/27 +25 — 4)
(WiTF D5 = 1) = B(y/aZ+ 25 + 5)(4/TF 25 + 4)

. (WIFT B — B)(yZTT 26) (YT 25 = 4) (T 25 — 1) = 5 (1)

© (& 4 25 — By/ZTF 26)(x% + 25 ~ BYZTF 25+ 4) = 5

oo (24 25 = 54271 25)2 + 4 (2 + 25 - BT 1 25) = 5

. (2% 4 25 = BYZETAB)? + (2% + 25 ~ yRFF 2B)+ 4 =9
L2425 - B5yTEF 26 =-50rl
o (7% 4 25) — ByfzFH 25 4+ 3f = § or P

+4/5 51429
2

_____ 5
Tt 25 = - or

- 2% + 25 = 3(30 4 104/5) or }(54 + 10y29)

Whence = 3(y/ + 104/5 - 70) or %(\/ £ 104/29 ~ 46

Also /77126 4+ 5 =0, whence 4/x2+25=~5, or 22+ 25 =25 s, e =)
ATT3 25 + 4 = 0, whence /27525 = ~ 4, or 22+ 25 =16 ... z¥= -9,
Torxz=+3y-1 -

223. Let x = number of yards dug at $1-25; then 100 -
= number of yards dug at $0-75 ... 1-26z = 50 = <75(100 —»-.1:);
Therefore, we have two independent equations containing only
one unknown quantity, and any solution obtained from one
equation is inconsistent with the other; consequently the
problem is impossible. ‘

224. Let = = length of cne Side of rectangle and y = other;
then zy = area, and 2(z + y) = perimeter of the rectaungle;
‘and zy = area and 44/zy = penmeter of the square,
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(1) - 2y = 4myfzy (1), and zy = 2n(z + y) (). From (1) 47y

4m . zy = 16m? (1), substitute this in (1), and we get 16m?

an(z +y) .., 8mE= n(z + y) (1v)." Squaring (1v), we bave

84m* = n’(x +y)?; multiplying (1) by 422 we have 64mn?= 4n'~"cy
- by subtraction 64m*(m? — n%) = n¥(x — y)? ... + SmynZ= n?

= "(9c -¥) (V)

Adding (1v) and (v) and reducmg, we get x = —(m + ym? = n%)

1

. . 4 JR——
Taking (v) from (1v) and redueing, wegety = %(m F y/m* - n)

(11) When the perimetersare equal; then taking zand y as before,

. @+ .
we have 2(x +y) = perimeter of the square, and 4 = itsarea;
(= +y)* '
g =im(z+ ) () 2y =2n(x+y) (u). From (1) z+y

= 8m (ur), substitute this in (u), and a2y = 16mn (1v)
Square (1), subtract 4 times (1v) and then take the
square root, and we bave x — y = % 8/m? - mn (v)

Adding (m1) and (v) and reducing, x = 4(m + 4/m? = mn)
Subtracting (v) from (i) and reducing, ¥y = 4(m F 4/m% — mn)

225. Let = = age of younger at first trial, and y = age of elder.
Let r = ratio of throw to age at first trial, and r, = ratio of gain
of one to age of the other at second throw .-. first throw of
younger = 7z, and first throw of elder = ry; gain of younger
=7(y+1); gain of elder =7(x + 1); second throw of younger
=rx + r(y + 1); second throw of elder = ry + r(z + 1).
2@+ D@D

Also H. mean of their ages at latter trial =

Tty + 2 !

r(x +¥)
. mean of first throws = 3 and .. mean of 2nd throws
@+ y)yFr(z+y+2) T +y+2)

= 2 ..Aifference of .4. means = 2

Longest throw = second throw of the elder = ry +r (= + 1);
value of ratios compounded of ratio of throw to age and gain
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to age of other = rf,; value of ratio fermed by multipllying
antecedent of this eompound ratio by } product of ages at
second trial = }rr (x + 1)(y +1); value of the ratio of which
this is the duplicate = %VW); value of the ratio
compounded of the ratio of throw to age of one with gain of one

r
to age of other = -
!

Then using the values thus expressed in stating the problem,

we have the four equations:—

ry—re=24; orr(y — ) = 24 ()

fry+r(@+D}-{rz+ry+ 1)} =25; or ¢r - 7)Yy~ x) =22 ()

ry +r(x + 1) 2z + 1)@ + 1)

r(z+y+2) z+y+2 ?
2 . .

or r = 7(x + 1) (o)

Wir@ + D@ F D = —; or (@ + D + rt = 4 Gv)

Then (1) - (1r) gives (y —x) = 2 (v); subslituting (ur) in (1)
rz(y — x) = 22 (vi); dividing (1v) by (¥), we have z = 11
= age of younger at first throw (vi). Substituting (vir) in (1)
r=12r, and in (v) 7 (y - 11) = 2; also substitating (u1) in (1v)
and reducing, r’(y + 1) = 4 (vim). But r(y - 11) = 2
s 13y = 11) = 2r; subtracting this from (vin), we have
12rf=4-2r . 6rP+r, =2 corfhgr by = 3+ ok = A4
“r, =14y - =14 Butr= 12r, .. 7 = 6, and since
r(y—11)=2; }(y-11) =2 . y-11=4, ory = 15 = age of
elder .. throws at first trial = 11 x 6 = 66, and 15 x 6 = 90 ; and
throws at secoud trial = 66 + 3(15 + 1) = 74, a0d 90 + (11 + 1)
=96 :

THE END.
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