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PREFACE. 

THE following Treatise is respectfully submitted by the 
author to the teache.rs of Can,ada, in the confident belief 
that it will materially lighten the labor of the instl'l1ctu!', 
and, at the sa~e time, facilitate the pupil's progress and 
his thorough comprehension of the priuciples of' the science 
ef, algebra. It is the earnest hope of the author that it 
may meet with the same flattering reception, and vcry 
genei'al introduotion into the schools of the country, that 
his fellow-teachers have so kindly accorded to his previous 
productions. 

The order of succession of'the different chapters depends 
of course mainly on their importance and difficulty, and 
that here adopted is the one that appears preferable to the 
author; but, as every chapter is nearly independent of the 
others, the teacher can easily modify the arrangement to 
suit himself. 

The aim of the work is to embrace all that can be pro­
fitably discllssed in the time usually allotted to a common 
and grammar school course; and, indeed, this volume will 
be found to contain at least as much of the subject, as is 
required to be rea-d for the ordinary degree of B. A. in 
the British and Ca.nadian Universities. Chapters on con­
tinued fractions, logarithmic series, probabilities, and 
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the general theory of equations were prepared, but, in 
accordance with the advice of some of the leading educators 
of the province, they were omitted as unsuited to the design 
of the work, and to the requirements 'of common or gram. 

mar schools. 
The author 4as ilpprpached the subject with the con· 

viction, founded on many years' experience as a teacher of 
mathematics, that the science of algebra tries, beyond all 
others, the_ powers and patience of the learner. The pupil 
is commonly introduced to it while his mind is yet in an 
undeveloped state; its language is new to him, and he is 
unprepared by previous training to comprehend its 
abstractions. The difficulties which thus beset his path 
are, of course, for the most part, only to be overcome by 
his own perseverance, aided by the knowledge and ingen­
uity of his instructor, yet it appears to the author that 
very much also depends upon the style and thoroughn-ess 
and adaptation of the text-book employed. Accordingly 
in the preparation of this volume no pains have been spared 
iu rendering the statement of principles, and the demonstra­
tion of theorems as clear and concise as possible, or in 
fully illustrating each rule by :numerous examples carefully 
worked out and explained, or in selecting and arranging the 
examples of an exercise so as to begin with the simple, 
and gradually pass on to the more difficult. 

The author hopes that while he has insisted upon 
great thoroughness by numerous and appropriate problems, 
he has, at the same time, rendered the pupil's advancement 
easy and certain by the many explanations and illustra­
tions introduced. 

The great majority of the problems and exercises are 
new,-being now published for the first time, but there are 
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also a number already familiar to the teacher. In select­
ing these the author has, he believes, in every case rigidly 
adhered to the rule, adopted by Todhunter, Colen so, and 
others, of not inserting a problem unless it had already 
appeared in at least two British authors-in which case it 
is to ·be regarded as common property. 
. Recognizing the fact that very many of the pupils of our 
common and grammar schools study with the view of com­
pleting their education at some one of our excellent Cana­
dian universities, the author has, at the end of the book, 
:introduced a collection of problems and theorems, embracing 
among others all or nearly all of the pass and honor work 
in algebra which has been given on the examination papers . 
of the university of Toronto during the last eight or ten 
years. These will serve to shew the pupil the style of 
questions he is expected to answer at our universities, 
and will, at the same time, in a measure prepare him for 
his examinations. 

As no teacher would think of introducing his pupils to 
arithmetie without, to some extent at least, first drilling 

,them in notation and numeration, so no intelligent teacher 
will neglect to drill his pupils in algebraic notation and 
numeration before introducing them to the ordinary rules. 
The teacher is respectfully referred to exercises ii, iii, 
and iv, and is recommended to extend and continue these 
until his pupil is thoroughly and practically acquainted 
with the definitions. 

Well knowing the great inconvenience to both teacher 
and pupils of inaccuracies and mistakes in a work on 
algebra, the author has subjected this treatise to a searching 
revision; and he believes that the few corrections marked 
on the back of the title page are the only errors in the 
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letter-press of the exercises and answers of the work 
The teacher is respectfully recommended to cause his 
pupils to make the six or eight trifling alterati0ns there 
indicated in the body of the work with pen and ink. 

A key, containing full solutions to all the more difficult 
problems, is in press and will be issued almost immediately. 

TORONTO, January, 1864. 
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ALGEBRA. 

SECTION 1. 

DEFINITIONS AND .AXIOMS. 

1. Algebra is Arithmetic generalized; or, III other 
words, it is a kind of Arithmetic in which the numbeTS or 
q~ntities under conside~ation are represented by letters, 
and the operations to be performed on these indicated by 
signs. 

2 .. The symbols employed in Algebra are of' five kinds 
VlZ.:-

1st. Symbols of Quantity. 
2nd. Symbols of Operation. 
3rd. Symbols of Rela,tion. 
4th. Symbols of Aggregation. 
5th. Symbols of Deduction. 

SYMBOLS OF QUANTITY. 

3. The symbois of quantity are the Arabic numerals 
• Bnd the:letters of the alphabet. 

B 
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4. Algebraic quantities are of two kinds, viz. :-

1st. Known or determined quantities, or those 
which may be assumed to be of any value 
whatever. 

2nd. Unkno·wn or undetermined quantities, or 
those whose value can be determined only 
by actually performing the operations 
involved in the solution of the problem, 
&c. 

5. The first letters of the alphabet, a, b, c, d, &c., are 
used to represent known quantities, and the last letters of 
the alphabet, :1), y, Z, w, v, &c., are employed to represent 
unknown quantities. 

6. The symbol 0 is called zero, and indicates the ab­
sence of quantity, 91' it represents a quantity infinitely 
small, i.e. less than any assignable quantity. 

7. The symbol ex; is called infinity, and denotes a quan­
tity infinitely great, i.e. greater than any assignable quantity . 

. NoTE.-The symbol QC is also employed to indicate that one quantity 
varies as another. [See the section on Variation.] 

SYMBOLS OF OPERATION. 

8. The symbols of operation are +, -, _, x ,-;-,:1, 3. 4. &c .• 

it h i, &c., '-I, ~, */, &c. 

9. The sign + is called plus or the sign oj addition, and 
~ndicates that the quantities between which it is written 
are to be added together. 

Th':B, '1 + 9, read '1 plus 9, means that '7 and 9 are to be added 
together. 

a + b, read a plus bJ qenotes ihat a anq bare t9 l,le aMe~ 
together. 
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10. The sign - is called minus or the sign of subtrac­
tion, and indicates the subtraction of the quantity following 
it from the quantity preceding it. 

Thus, 11 - 6, read 11 minus 6, means that 6 is to be taken 
from 11. 

a-b, read a minus b, implies that the quantity a has to be 
decreased by the quantity b. 

11. The multiplication of one algebraic quantity by 
another may be indicated-

1st. By writing the sign x between them. 
2nd. By writing a dot. between them. 
3rd. By writing them in juxtaposition. 

Thus, a x b and a . band ab each indicate the multiplication of 
the quantity a by the quantity b, and are read a multiplied into 
ii, or simply a into b. The last is the method ,commonly em­
ployed to indicate multiplication in algebra. Arithmetical 
multiplication is expressed only by the sign X, the other 
methods being obviously inapplicable to numbers. 

NOTE.-Quantities connected by the sign + or X may be read in any 
order. Thus6+3isthesameinvalueas3+6,for each is equal t09; 80 
6 X 5 is the same in value as 5 X 6, for each is equal to 30. 

12. There are three modes of representing the division 
of one quantity by another, namely" by writing between 
them the common arithmetical sign of division -;- or by, 
writing between them either the sign : or the sign -

Thus, a.;. b, and a: b, and ~ each represent the di;ision of the 
quantity a by the quantity b. The last method, i.e. writing the 
quantities in a fractional form is that usually made use of in 
algebra. 

N OTE.~Quantities conne'hed by the sign - or -;- must be read just R" 

they are written. Thus 8 - 3 is very different iJ~ vlllue irom 3 - 8; so 
l~+* is quite distinct from t-;-l2, 
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13. The symbol- written between two quantities indic 

cates that the less is to be subtracted from the greater. 

Thus, 7 - 3 or _ 3 - 7, read the difference between 3 and 7, 
denotes that 3 is to be taken from 7. So a-b or b -a indi­
cates that a is to be taken from b or b from a, according as a is 
less or greater than b. 

NOTE.-The symbol - is employed only when it is not known which of 
the two quantities is the greater. 

14. An exponent is ~ small figure oi' letter placed to the 
right of a quantity to show how often it is taken as afactor. 

Thus, a3 = =, the 3 indicating that a is to be taken three 
times as factor. 

m 1 = 1n1n1nmmnL1n, the 7 showing that In is to be taken seven 
times as factor. 

(a+b)'~ = (a+b) (a+b) (a+b), &c., to n terms, the n denot­
ing that the quantity (a+b) is to be taken as factor as many 
times as there are units in n. 

No'rE.-'Vhcn the exponent is 'ltnit!J, it i,~ not c011lll1011ly expressed. 

15. The extraction of a root is indicated either by writ­
ing it with a fractional index or by placing it under the 
ra(Zical sign -/. 

Thus, -/7 or 71; denotes the sq!tal'e root of 1. 

fija or a1 denotes the cube -root of a. 

rt' J .. !V a or a" deJ;lotes the nil. 1'OOt of a, &c. 

16. The number 3, or 4, or 5, &c., placed in the radical 
sign or W5 denominator in the fractional exponent, is called 
the index of the 1'oot. The index 2 is never used in con­
nection with the raclical sign; thus, -/tt is the same as {fa. 

17. When a fract.ional exponent is employed the nume­
rator denotes the powe'l' and the denominator the 1'oot to 
be taken. 
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1. 

Thus, a7 denotes the 4th power of the _ 7th root of a or the 7th 

root of the 4th power of a. 
m 

x;;. indicates the nth root of the 1/tth power of x, or the 1/tth power 
of the nth root of x. 

SYiI1BOLS OF RELATION. 

18. The symbols of relation are:, =, ::, >, and <. 
19. The symbol: denotes mtio. 

Thus, a : b denotes the ratio of a to b. 

~O. The symbol = is the sign of equality. 
Thus, 7 + 4 = 5 + 6 denotes that the sum of 'I and 4 is equal to 

the sum of 5 and 6. a = b denotes that a is equal in value to b. 

21. The symbol:: is also a sign of equality, but is used 
only to denote the equality of ratios. 

Thus 9 : 2'1' :: 5 : 15 deDotes that the ratio of 9 to 27 is equal 
to that of 5 to 15. 

a : b :: c : d denotes tbat the ratio of a to b is equal to that of 
c to d. 

22. The symbol> greater than, and the symbol <: less 
than, are signs of inequality. . , 

Thus 7 > 5 denotes that 'l is greater than 5. 
a ::> b denotes that a is greater than b. 
5 < 'I denotes that 5 is less than 7. 
a < b denotes that a is less than b . 

. N Ol'E. -The opening of the angle is always towards tile greater quantity. 

SYiI1BOLS OF AGGREGATION. 

23. The symbols of aggregation are -, I , ( ), f l, and 
[]. 

24. The symbol - is called a vinculum, and indicates 
that the quantities over :which it is placed are to be regarded 
as censtituting b~tt one quantity. 



14 DEFINITIONS. [SlIOT.I. 

Thus, a::~b--=C x d means that the quantity formed by the 
subtraction of c from the sum of a and b is to be multiplied by d. 

Vm+x+y denotes that the square root of the sum of m, x, 

and y is to be taken. 

25. The symbol I is called a va?', and indicates that the 
quantities in the column directly preceding it are to be 
considered as forming but one quantity. 

Thus, + b denotes that tbe quantity formed by the subtrac-
+a 12 
- c tion of c from tbe sum of a and b is to be squared. 

26. The pa?'entheses ( ), braces'! I, and brackets [ ], 
denote that the quftntities contained within them are to be 
regarded as constituting one quantity. 

Thus (a + b)x denotes that tbe sum of a and b is to be multi­
plied by x. 

{a - (b + c) p indicates tbat tbe sum of band c is to be taken 
from a and the remainder cubed. 

[a - {m - (b + c) x}]y denotes that (b + c)x is to be taken 
from m and the remainder subtracte<'\ from a, and that this final 
remainder is to be multiplied by y. 

SYlliBOLS OF DEDUCTION. 

27. The symbols of deduction are :. and': 

28. The symbol :. is equivalent to therefore, whence, 
thence, consequen·tly, from which we infer, &c. 

Thus, a= band c = b.'. a = c. 

29. The symbol .: signifies since or because. 

Thus, a = c '.' a = band c = b. 
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30. The parts of an algebraic expression separated from 
each other by the sign of addition or subtraction, expressed 
or understood, are called terms. 

Thus, a is an algebraic expression of one term and is called a 
monomial. 

a + b is an algebraic expression of two terms, and is called a 
bin01nial. 

a + b - c is an algebraic expression of three terms, and is 
called a trinomial. 

2a + 3b - 4c + x - y is an algebraic expression of five terms, 
and is called a multinomial or polynomial. 

31. The parts of an algebraic expression connected by 
the sign of multiplication, expressed or understood, are 
called factors. 

Thus, the factors of the expression ab are a and b. 
The factors of the expression a2 bc 3 are a, a, b, c, c, and c. 
The factors of the expression (x_y)2(a_my)3 are (x-y), 

(x- y), (a-my), (a ·-my), and (a-1ny). 

32. The terms of an algebraic expression which are 
preceded by the sign + are called additive or positive 
terms j those preceded by the sign - are called subtractive 
or negative terms. 

Thus, in the expression 7a - 3c - 4d + 5 m+ 7 x + 8y-mx - ab, 
the terms 7a, 5m, 7x, and lOy are additive or positive, and the 
terms 3c, 4d, mx, and ab are subtractive or negative. 

NOTE.-When no sign is expressed before a quantity it is understood to 
be additive. Thus, in the above expression, 7d is written for + 7a. 

33. A coefficient is a number or letter written to the 
left of a quantity to show how often it is to be taken as 
addend~ 

Thus, 7a indicates that the sum of seven a's is to be taken in 
an additive sense. 

- 5x denotes that the sum of five- x's is to be taken in an 
additive sense. 

Here 7 is called the coefficient of a. 5 the coefficient of x, &c. 
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34. Like algeuruic quantities are those that consist 
of the same letters affected by tIle same exponent.<;. 

Thus, - 3a" - 2a, 4a, - 5a are like quantities. 
a,2bc, 7a 2bc, - 3a2bc are like quantities. 
5 (a 2_b+c 3 ), 7(a2 _b+c 3 ) and},,(a2-b+c3 ) are like quan­

tities. 
Bllt a2 bc, and ab 2 c are unlike qnantities, bec~nse the same 

letter is not affected by the exponent 2. ' 
So also a,2b"c\ a3 b2 r', and a4b3 c3 are unlike quantities. 

35. HO?nogeneous te?'?ns are those in which the sum of 
the exponents of the literal factors in each are equal. 

Thus 2a4y and 7aZy:) are homogeneous, and the snm of the 
exponents of the literal factors in each being 5, they are called 
homogeneous terms of jive dimensions. 

3ax"y3, 4a x2y:l, 9a"y, 7axy", and y7 are homogeneous, the 
snm of the exponents of the literal factors in each term being 7, 
and they are called homogeneous terms of seven dimensions. 

36. The recipTocal of a quantity is unity divided by 
that quantity. 

Thus, the reciprocal of 3 is h of a is ~, of ~ is ..,;, of t is ~, &c. 

AXIOMS. 

37. An axio?n is a theorem which cannot be reduced t{) 
a simpler theorem. 

The following are the principal axioms made use of in 
algebra:-

1. The whole is equal to the SU7n of all its part.~. 
IT. If equal quantities or the sante quantity be added'to equal 

quantities, the sums will be equal. 
III. If equal quantities or the same quantity be subtmcted from 

equal quantities, the remainders will be equal. 
IV. If equals be multiplied by equals or by the same, the pro­

ducts will be equal. 
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V. If equals be dit'ided by equals 01' by the sante, the quotients 
will be equal. 

VI. If the same quantity be both added to and subtmeted froln 
anothc1', the latter will not be alte)'ed in value. 

VIr. If equals or the sante be added to 01' subtmeted f1'01n 
unequal quantities, the WntS or 1'emainders will be 
unequal. 

VIIr. If unequals be multiplied or divided by equals or by the 
sa.me, the products or the quotients will be unequal. 

IX. Equintultiples of the sa?nc quantities or of equal quantities 
are equal to one another. 

X. Equal powen or equal roots of the sam.e or of equrtl quarl-_ 
tities are equal to one 07wther. 

Xl. Things which are equal to the same thing are equal to one 
anathlrr. 

EXERCISE 1. 

1. What is algebra? (1) 
2. Classify algebraic symbols. (2) 
3. What are the symbols of quantity ? (3) 
4. What are the symbols of operation? (8) 
5. Write down the symbols of relation. (18) 
6. Express the symbols of aggregation. (23) 
7. What are the symbols of deduction?' (27) 
8. What letters are employed to denote known quantities? 

Unknown quantities? (5) 
9. What is the meaning of the symbol O? Of the sym-

bol a:? (6 and 7) 
10. What is an exponent? (14), 
11. What is a c(')efficient ?Xtl"3) 
12. What are the terms of an algebraic expression? (30) 
13. What are the factors of an algebraic expression? (31) 
14. What is a monomial? .A binomial? .A multinomial? (30) 
15. What are like quantities? (34) 
16. What are homog@neous terms? (35) 
17. What are ad'ditive terms? (32) 
18. What are subtractive terms? (32) 
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19. What are positive and negative terms? (32) 
20. When no sign is expressed before a term how is it re­

garded? (112) 
21. How many ways have we of indicating th~e extraction of 

a root? (IS) 
22. What is the index of the root? (16) 
23. What does the denominator of a fractional index denote? 

What the numerator? (17) 
24. How are quantities connected by the sign + or X to be 

read? How those connected by the sign - or +-? (11 & 12, Notes) 
25. What are axioms? (3'1) , 
26. Give the principal axioms employed in algebra. (3'1) 

'EXERCISE II. 

Read the following expressions and explain what each indi­
cates .-

1 6 +c I a 1. a, Sa, 9c2 , 4a', x ,~(a+b), 5x(y+ Z - c), - 3m 
4x 

2. 3a+4-'1c, (X-Y_Z)3, abc, "!:J!, tiab (m+:'y4) 
xz 

m ' a2 + Zab _ x3 
3. (1n + x) - (x + y), a;;', a2_b 2 = (a+b) (a-b)'--i-~-'-

3a-4c2 +vm 
4. '1+a>a-3, at < at, !a-(b+c)lt=ti(a-b---C)2-

5 .. : a>b and b >c :.c<a. 
6. a - 3ab + 4a2c2 - '1abx + 3y2 - 'IV :.y + (a - b +c)s-VX;y + 

(a-m). 

Of the above algebraic expressions :­

'1. Which are monomials? 
8. Which are binomials? 
9. Which are multinomials? 

10. Which are coefficients? 
11. Which are exponents ? 
12. Which are terms? 
13; Which are factors? 
14. Which are additive or positive terms? . 
15. Which are ~ubtractive or negll.tiv_e terms? 
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EXE1;tOISE III. 

1. Write down a added to b. 
2. Write down a subtracted from b. 
3. Write down the difference between a and b. 
4. Express in three different ways the product of a and b. 
5. Express in three different ways the division of a by b. 
6. Express the fourth power of a + b. 
7. Indicate in two different ways the extraction of the fifth 

root of a. 
8. Indicate in two different ways the fourth power of the fifth 

root of abo 
9. Indicate that the sum .of am and xy2 is greater or less tban 

the difference ofa3 and c. 

10. Express the equality of the ratios a to m and xy to cf. 

a" x 
11. Write down the reciprocals of x,o~ X2, l! y" a + b - c, 

:1. 
(x + y)". 

12. What is the difference in meaning between a + b2 and 
a2 +b2 and (a+b)2? 

13. What is the difference in meaning between ax2y, axy2, and 
a2xy? 

14. What is the difference in meaning between mxs, m~x, and 
(mx)!. 

15. What is the difference in meaning between a - (x - y) and 
(a-x)-y? 

16. What is the difference in meaning between am - c and 
am-c? 

17. Write down four homogeneous terms of 'I dimensions 
each. 

18., Write down three homogeneous terms of 13 dimensions 
each. 

19. Write any six like algebraic quantities. 

20. Write down in an abbreviated form the product of a, a, a, 
a, m, m, m, (x+ y), (x + y) and am (x +y). 

21. Resolve the etpressions 7a2i~a3y2, a3m 2y (a+b)2, a"x· 
(a-m)3 into their simple factors. 
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22. Express the division of the sum of 71!X~ and y3 by the­
square of the sum of a and b. 

23. What is the coefficient and what the exponents of a and x 
in the expression a.1: ? 

38. To find the numerical value of an algebraic expres­
Rion, when the value of each letter entering into it is given ;­

RULE.-Substitute for each lettel' its numerical value, i1nd pel'­
form upon the Tesulting numbers the operations indicated by the 
.~igns I."onnecting them. 

'Thus, in th~ following exercise, wherever a occurs in an 
expression, we: write its assumed value, 1; for b we write 2 ; 
for e we write 3°;' for d we write 4; and for m we write ° : then 
we multiply, divide, add or subtract these quantities as directed 
by the connecting signs. For example, taking a'" 1, b '" 2, c '" 3, 
and m '" 7, we thus find the value of the expression :-

be + a 
";m(3a - 4c + 2b:» - ---

. m 
2x3+1 6+1 

",";7(3X1-4x3+2x2" - --7-- '" ";7(3-12+10) 7 

" ";7 x 7 - f = ";49 - 1 = 7 - 1 = 6 .I1ns. 

39. We are said to show that one algebraic quantity iii 
numerically equal to another, 

When by substituting the values fOT the individuallette'rs in each 
we show that the numerical value of the .first expression i~ the same 
as that of the othel·. 

For example, if a = 4, b = 3, d = 7, and f = ° 
a2bdf+ ab - d = 2d - (a + 2b) + 1 

Here we at once throw out the quantity a2bllj, because f being 
= 0, the whole quantity into which it enters as a factor must = 0, 
and, therefore, as an addend, it disappears; then substituting 
theirvalnes for the others, 

4x3-7=; 2x7-(4+2x3)+ 1 
12-7=14-(4+6)+1 
12 - '1 = 15 - 10 

5 == 5 
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EXEROISE IV. 

If a, - 1, b = 2, c '-' 3, d = 4, and m = 0, finel the value of:-

1. a,"-I. 

-1,. a 2b2 _(c_u). 

7.6(a-c2 ). 

2. C'l - 3e. 3. ab +ed. 

.. ,,5. Vb+e+d. 6. a'lm2 xd 3 

8. (b 2 d 2 -em~)ii. 9. (a+b) (d-rn)2. 
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10. 41a-(d-e)!~-. 11. (b 2 c2d 2 )f. 12. (d 2_bc)2 (c 3-bcd)". 

a+l b+l c+l 
13 Show that - - - = a "-_. = b - -- = c &c 

. ';'+1' t+l ';!--+l ' . 
14. Showthat14a-(3b+c) < dZ-b(b+c). 
15. Show that (a2 b - c 2d + abc)rn = [(,2bod 2 m. 

16. Show that Vab 2e3 - 4 (6+ -d)""C > 1 (b + c) (d 2 +c Z ) l-!' 
ab 2 e3 - bd 

17. Show that "a+b+e+d = b (b+c)+ab 2c3m. 

. a2c2 + 2abed1n- (d _c)O 
18. Show that M~--=--=--= = {dc-(d+e +b+a) I v2 (d 2 +c2 ) + b (c+d) 

Find the numeral value of the following expressions :-

19. (2 - b) (3a + 46 - e) + {ab + (3d - 2c)} - 4a (2c - 3b) 

- {abe 2 -(3c.,+a) l+{abd- (c+d) alb. 
20. (c 2 - ( 2 ) (b 2 _m2) + m{ bcd (a- b2 )d I + 3a{ a+c(d-3a) I. 
21. {(a- b)+(c + d)}2 + {(e+m) - (b - a)}"- {(m+d) + (26-~) F. 
22. -/(a +e) d + {fc'iCa+b) + {2 (d + be)' + (7'd _b 2c) I} -

(bed+~)~. 
7(am)t+3Vd- (bd +4c) + a 2 b"c·t -7d + 1 d 3 (a+c) p _ 

23 .. -} abc~l-(c[Z1~)'1-- 1 (b-(t)+azTfil-=(b+mf} , 

{f abcd - d2 ~ 
24. t { ab (a + b) } -l { be (c + a) I -I- i- { (crt - b) (a 2 b + 3) } + 

H(d+c) (l+3b-2c+d)2} 

_ c(a + lJ_C)3 + III (3a+2c) (2a - b + 4d)i 
20. _---1(3l;ibb) ::'';dT<(j,-';'c-+-62 -r,i)---. + 

l (iH3(l)"-(C3+5b)-(c+d)J~ I (2ab+cd-bd) (ri+c) 
------=-----. T --"--

abm+Vdc 2 
-(t 'i(d+ab 2 ) 
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SEOTION II. 

ADDlTION, SUBTRACTION, USE OF BRACKETS, 
MULTIPLICATION, AND DIYISION. 

ADDITION. 

40. When the quantities are similar and have the same 
sign:-

RULE.-Add the coefficients, ([Jnnex. the literal part, and prefix the 
proper sign. 

(1) (2) (3) (4) (5) 
6i!Ja + b ,7a -2cd 6 (x+7!) -8 (cd-a2) 2a-3m+ 71 :-

3a -3ed 2 (x+y) -4 (cd_a2) 3a-5rn+6y - 3i!JunJ 
5a - cd 5 (x+y) -3 (cd-a 2 ) Sa-71n+3y - 5i!Ja:+b 

11a -5ed· 8 (x+y) - (cd-a2) 5a-3m+2y - Va+b 
3a - cd (x+y) -7 (cd-a'J..) 3a- 2m+ 71 
2a -Sed 11 (x +71) -2 (cd_a2) a-7m 
---- ---- ----------

31a -20ed 33 (x+y) -25 (cd-a2) 22a-27m+13y-15{1u-+ b 

EXERCISE Y. 
Find the sum of;-

1. 3a, 2a, 9a, 11a, a and 17a. 
2. - 4ab 2, - 7ab 2, -11ab 2, - ab 2 , and _ 3ab 2. 

3. 3(a+b-c2), 6(a+b-c 2
), 2(a+b-c2), (a+b_c 2 ), and 

7(a+b-c 2 ). . 
~ l l 1 

4. 4a (x - y2)3, 9a (x - 712)3, 3a (x _y2)3, and 11a (x- y2y:i. 

5. 3a- 471+ 7, 6a- 3y+ 3, 5a - 371+3, 7a- 71+ 2, and 6a - 2y+ 8 
6. 3 (x+ 71) + 7a- abc, 5 (x+ y) + 5a- 3abc, 2 (x +y) + lla -7abc· , 

(x+ 71) + 2a- abc,.2 (x + 71) + a- 5abc, and 3(x + y) + 2a _ 3abc. 
7. (a+b)x-~c+d)y-(d+f)z, 5(a+b)x-6(c+d)y-7(d+f)z, 

2 ( a + b ) x - 3 ( c+ d ) y - 4 (d + f) z, 4 ( a + b ) x - 5 ( c + d ) Y _ 
6(d+f)z, and 3(a+b)x-4(c+d)y-5(d ;tf)z. 

,8. a2b3x5 + a3b2x5_a2b!x3-a3b§X2, 3a2b3x! + 7a3b2xt_5a2b~x3 
_6a3b§-x2, 7t,t2b3xt + 3a3b2i!_5a2bh: 3 -~a3b§x21 and 4a2b3x~ 
·r a3 b2:d _lla2l/h3 - saable2• " . 
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41. When the quantities are similar, but all have not 
the same sign :-

RULE.-Arrange the quantities so that similar terms shall be in 
the sl1ime vertical column. Add separately the positive and negative 
coefficients; to the difference of these two sums prefix the sign of the 
greater and affix the common literal part. 

(1) (2) (3) (4) 

4a 5a-3c 5ab+6cy- 3 5(a+x) -3a2xy + 'lVa+b 

-'la 2a+4c -Sab-3cy+ 11 9(a+x) - 6a2xy - S(a.+b)1 

-3a -3a+9c -'lab+4cy- 6 - 'l(a+x) + 5a2xy - 6(a+b)~ 
-Za 6a-5c llab·-Scy+ 'l 

~ 
3(a+x)-3a2XY _ 5(a+b)' 

5a 4a+3c 3ab-4cy+ 6 11(a+x)-5a2xy + 3(a+b)! 
6a - 'la"':12c -7ab+ cy- 1 -13(a+x) +6a2iy - SVa+b 

--- ------- -----------------
3a 'la-4c -3ab -4cy+ 14 S(a+x) - 6a2xy-l 'T(a+ b)~ 

EXPLANATloN.-In (1) the sum of the positive coefficients 6, 5. 4 = 15, 
Bum of the negative coef. 2, 8, 7 = 12; then 15 - 12 = 3, which is positive, 
because 15, the greater, is the snm of the positive coefficient. 

In (2), left hand column, the Bum of pas. coef. 4, 6, 2, 5 = 17, and of 
neg. coef. 7, 3 = 10; tben 10 -17 = 7, which is pOB. because 17 is pos. In 
right hand oolumn sum ofpos. coef. 3, 9, and 4 = 16, and of neg. coef. 12, 
5, and 3 = 20; then 20 -16 = 4, which is neg., because 20, the sum of the 
neg., is the greater. 

ExERCISE VI. 
Find the sum of:-

1. a+banda-bj 2a+b-c and a-b+4cj 4a-3b+cand 'Tb­
Se. 

2. ?ab + 3ay - cd, 6ab - 2ay + 5cd, 3ab - 6ay + 2cd and 

-W-~+~~ . . 
3. 5a2x~-3(a+b)-'lx}y+'l, a2x~ - '1(a+b)-Sx~y-l1, and 

- 'la2x! +3(a+ b) +3x~y -16. 

4. a+b -c-d,a- b - c+d, a - b + c-d, -a-b+c+il, ~a + b -c+d 
and a-b+c-d. 

5. 3xy+'lab-3, 5xy+3ab+'l,4xy-'iab+ll,9.nd-'lxy+llab+2. 
6. 3+ 'la- 6b tc, 'at:j-~b - 2c, 7b -3a-7 +3c, and 6c- ~b t 

·Q .. aa, 
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1. ab-xy+cd-'m+c, 6c-3xy+4nt-cd-3ctb, 5cd-6m + 5c + 
8ctb-3xy, 5m+6c-3cd+2xy-3ab and llxy-3m-2c+3ctb-'lcd. 

S. 5m2x+ 3xy-1, 7xy+ 3- Sm2x + yz, 17 -yz+ 'lxy-llm2x and 

-llm2x + 3xy + 4. 
9. 6mtn~ -9a~d~ + 101dxt, 6ddt - 6mh~ - m}nS, 2a~di -

3m~ x~ - 3m ~n! and -mhi - mhft + a~ d~. 
10. -/2 +Jlj3 +tj4- fjct+ ct, 11-/2 - 9Jlj3 + 7fjct- 6tj4+Ji/c, -3Jlj3 + 

1. J L - .L 
1-/2 +tj.4-. 7a" + So/c, lla5---/2 + 30/3 + 7tj4, and 9c 6 _4ct6 + ll{l4. 

11. 3xy-'lay+2cx-xh-3Jljy, 2xy+11-/x - '1cty, 13y!-llcx+ 
2cty, 12Jljy-7xI+3cx-cty, llxy+3cty+6cx and 4xy--/x-3Jljy. 

12. ({LX +by-cz)i --'/rn+n-(x-y), 7-/1n+n+ 3(x-y)-{Iax+by-cz, 
7(x-y) + Stjax +by -cz -ll(m+ll)~, 6-/m+n+ 17 (ax+by-cz)i -
(x-y),-12(ax+by-cz)i-3(x-y)+4(11L+n)~ and 7-/m+n-
9tjax--i--bY- cz+ ll(x-y). . 

42. When the quantities are unlike ;­

RULE.-Connect them to;ether by their proper sign.s. 

(1 ) 

3a 
-4c 

7d 
-511L 

Sum = 3a-4c+7d - 5m 

(2) 

5a + 3c - 6-/(;"+ b 
2m - 4a2b + 3ab" 

-6xy +3a!b! 

'43. When the quantities are partially similar;­

RULE.-.I.ldd the similar quantities by .I.lrt. 3S, 39, and to the 
partiltl sum, thus formed, affix the unlike q1tctntities by theil' proper 
signs. 
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(3) 

2a-4c+b 
'1a-3c+m 

-9a+6e+3ab 
+ 'lam 

SUBTRACTION. 

(4.) 

3ax'yt 'lay -lo,d +3a"p 
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- '5ax~y + 3d + '1 a2p -mn 
- 8ay - 13a"p + qp 

4ax'y+ ay+ 'Tx! + m3 

-c+b+m+3ab + 'Tam 2ax2y - 3a2p - lIln + qp + ma 

EXERCISE VII. 
Find the sum of:-

1. a+b, m+e, x+y, and 3p. 
2. 2ap - 3xy + 4mn, 5mn - 3xz + '1xy, 3mn - 5e8 + 2ap, and 

-4ap- 4xy-12mn. 
3. 3 (a + b) + 7(x - y), 'Tc + 8 (a + b), 11 (x - y) + 4x2

, and 
-16 (x-y) -11(a+b). 

4.5x'y-3y2Z +4, 7y2z -7m-3, 5x2y+3y2z_a2b, and 6+7m 
-7y2Z • 

5. a+b+c, 3b-x+y, 5(a+b)+ 3x, 7c-3mOn, 5ab+6b-3y, and 
3(x+y)-8c. 
~. '1ax2- 3aby+ 7a:2>f-3;"fx.+5, 7';x- 3-7aby- 6ax2, 3m-5;"faty 

+lOaby, ll-ax2 +5v'x-9:t'y2-'1m, and 2x'y"+4m-3Yx+5. 
,7. x 3 _3X'y2_ y3 _zy+y',2y3 + '1x'y2+3y',.. 9, 4yz+ 3 + 3x3 - 5y3 

+3:t'y', 2y3_6x'y2+2y, _3yz_X'y2+4y2, and 6_5y2. 
-'8. 5(xy+xz-yz)h3(a+y)c-7a'y, 8(xy+xz- yz)! - '1 (aty)c 
+3m, 8{/xz+xy-yz-4am, 7(a+y)c-l'1{/xz-yz+xy, 5am -3m 
-.3(a+y)c- (xz - yz+xy)l and x2y_m 3 • 

SUBTR.ACTION. 

44. TiIllIOREM.-The subtraction of any:positi'IJII quantity is equiv­
alent to the addition of the same quantity taken negatively; and tile 
subtraction of any negative ,quantity is equivalent to the addition of 
the same quantity taken po'Sitively. 

DEMONSTRATION I. a= atb-b (.Ax. VI); subtract+b frolD each. 
Then (.AX. Ill) a-(+b)=a-b=a+(-b) 

" II. a =f+b-b (.Ax. VI) i subtract-b from eaQh. 
Then (.Ax. Ill) a- (-b) = a+b = a+ (+b) 

C 
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45. To subtract one algebraic quantity from another.­

RULE.-Change all the signs of the subtrahend 01' imagine them 
to be chanlfed, and then proceed as in addition. 

NOTE.-Once the signs of the subtrahend are changed, the question is no 
longor one in subtraction, but is converted into an equivalent problem in 
addition. 

From'1a-13xy+27 
Take 5a-llxy + 19 

Remainder 2a- 2xy+ 8 

(1) 

From 9ab+ 3xy-23 
Take 5ab- 7xy+17 

Rem. 4ab+l0xy-40 

From 
Take 

Rem. 

To 7a-13xy+2'1 
Add- 5a+ llxy-19 

Sum 2a- 2xy+ 8 

(2) 

From 3x2y_ '1xy2+3z3 -4 
Take Sx2y + 4xy2_ 5z 3 + m 

Rem. -6x"y-l1xy2+8z3 -4-~ 

(3) 

2(x-y) +za(a-b) 
-7(x-y) -a2m+ 17 

9(x-y) +z3(a-b) +a2m-17 

EXERCISE VIII. 

1. From 4a"y2z-7xy3 + 5az"- 7xy+ 13m-11 
Take 3aZy"z+4xy3 -6az"-llxy- '1m-ll 

2. From 3a- 7c +4xy' - '1'1/a-b" 
Take-lla+ 7c - m2 +6'1/a_b2 

3. From (a+b) ~x2_y+ 7am2-cd 
Take 7am'-3cd+4(a+b)(x"-y)! 

4. From 9(xy+y2_ Z 3 )t+3'1/x2_;'+ '1a!x! -ll~m + 17x'l/a+b 
Take 5(XY- Z 3 + y')! + 17x(b +a)i + 3m! -7ah! +3(x2_y')i 

5. From 3+'l/2-5x+{/4-'1Y+S!-6'1/a_b 
Take 'l/2-13+4~ -6V8-5x+ 16y+3(a-b)l 

.' 
6. From 5a-6b-'1c+4d-lle+'1m_16x+y_7z 

Take 4d-7z+ 5a- 6b +m - 5e + 9x-lly+ abed 
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USE OF BRAOKE'l'S. 

46. Much difficulty is commonly experienced bY,a 
beginner in the management of brackets. His attention 
is therefore particularly directed to the following rules, 
remarks and exercise. 

RULE I.-If any numbej' of quantities, enclosed within brackets, 
be pj'eceded by the sign +, the bmckets may be struck out as of no 
value. 

This arises from the fact that when a quantity is added 
the signs of its terms are not changed. 

RULE 2 .-If any number of quantities, inclosed within brackets, 
be preceded by the sign -, the brackets may be removed if all the 
included sig1U be first cha,nged, i.e. + into - and - into +. 

The necessity of thus changing the signs is manifest 
from the, following illustration ;-

a- (b + c) means that we are to subtract the whole quantity 
b+c from'a. If we subtract b alone the remainder a-b is too 
great by c, for we were to subtract the sum of band c. Hence 
to obtain the correct remainder we must take c from a-b, but 
this gives a-b -c. Therefore a - (b + c) = a-b -c. 

Again a-(b-c) means that b is to be decreased by c, and the 
remainder taken from a. If now we take b from a, the remainder 
a-b is too small by c, because we ,have' subtracted a quantity 
too great by c. Hence to make the remainder a-b what it 
ought to be we must add c, but this gives us a-b +c. There­
fore a-(b-c) = a-b+c. 

REMARK I.-The learner must cal'efullynote that in every case in which 
he meets with [ or { or ( he must look for the counter part) or } or i and 
that the above rules apply only to the signs of the quantities, simple or 
compound, included withln the complete or outer bracket. 

REMARK 2,-1n removing the brackets from a quantity it is to be care­
fully remembered that the Jir~ sign within the bracket, when +, is always 
understood, and that the rules above given apply to it ,RS well as to the 
other signs. ' 
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Ex. 1. Simplify a + (b - c + d) 

OPERATION. 

a+(b-c+d)=a+b-c+d 

Ex. 2. Simplify 3(L- (4c-d+3a-m) 

OPERATION. 

. 3a- (4c- d+3a -m) = 3a-4c+d- 3a+ m= - 4c + d+m 

Ex. 3. Simplify 3m- {a+ (c -m) } 
OPERATION. 

37n-{ a+ (c-m)} = 3m-a- (c -m) 
....: 3m-a-c + 'In =: 4m-a-c 

Ex. 4. Simplify l-:-{l-(l-{l-xD} 

OPERATION. 

l-{l-(l-{l-X}) }=l-l+(l-{l-x}) 
=1-1+ l-{l-x} 
-1-1+1-1+x 
=x 

Ex. 5. Simplify (a-b)-{-a-(b-a)}-H-H-a+b)-cl-b)-c} 

OPERATION.-

(a-b) -{-a - (b-a) }-{- (-{- (-a+b) -c I-b) - c I 
=a-b +a+ (b -a) + (-{- (-a+b) - c I-b) +c 
ooa-b+a+.b-a-{- (-a+b) -c}-b+c 
=a-b+a+b-a+(-a+b)+c-b+c 
=a-b+a+b-a-a+b+c-b+c 
= 2c 

• Although, for the sake of i1l1l.strating each step, the process is llere 
made to consist of several lines, the student is recommended to remove 
all the brackets at one operation, and thus to make ollly two distinct 
steps in the simplification. 

EXERCISE IX. 

Simplify the following expressions :-

1. (a+m) - (c-6) + (5 -m) - (a+e) + (c+ 3) - (5c+m) 
2. (a-b - c) - (b - c- a) - (c -b -a) - (a+b +C) 
3. (3a-4) - (6y -x) - (5a-4- 6y) - (3a- 4+ {- 6}) 
4.6-1-(-{.(-{-(m)})})} 
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'5.( 2a-3c+4,d) -f 5d- (m+ 3a) }+{ 5a~( -i-d) } - {3a­
(4Ih.5d-4) } 

,6. m~- (c2 _a2) ... { _m2_ (- 2a2)} _{ _ (-5m2_{ _ (a2_c2+3'm~) 
_c2}~m2) _ 2a2 } . 

\'1. 1-(-1) -{-(~I) }-{-( -{-(-1)-1} )-I} 
8. ~+ 2x:-{ a2 - (2X2_{ _m2'_(a2 + 2X-{'_11,2_(3a2 +3x+3m2)j)} 

_2m2) _a2 } 

9. (aZbc+ 3c") + 3a2bc- (m+c) _{ - (4a2bc+c) _ (- 3c2-m)} 
10. 3a- (2a+ I)+{ a- (2 -a)}-{ -l-(~a-{ - 2 _a+(-1)}-2a)} 
11. (-a-b ~c) + (a-c) - (c-a}-f - (+{ +( +{ +(+{ _a }-b -c) 

-a} -3b) }-3b -2c) -2a} 
12. {(am+c)-'1}+f(5-'1am+i:)}-{-3a-(-4a'm-{-c- (-9 

-3c-4a)}- 6.) -5am} 

47. It is frequently found necessary in the performance 
of algebraic operations to inclose two or more simple terms 
within brackets so as to deal with them as constituting one 
quantity. In placing any given terms within a bracket, 
attention must be paid to the following rules:-

RUI,E. L-,..8,ny term. whatever; may be selected as the fi'rst tenit 
w#hin.the bracket, remembering that the sign of that tenn must be 
placed before the bracket. 

RULE n.-if the sign thus placed before the /jta~ket be +, the 
other,tef111>s may be at once placed within the bracket, each preceded 
by its pro.p~r sign; but if the sign thus placed befQre the bracket 
,be-, then .in,placing the o.th~r ter;lns wilhin the bra,cket we must 
chang,e the sign o.f -eq,ch, i.e., + into - and - into + . 
. " .NOTE.-TjJ.e signs ar\, thus changed when the terms ar.e put i;nto a 
l1ta.cketpr~ci;lded. py the sign -, in vicw of the :fact that wl\en. the brackets 
arestrl,lckout this - sign bas the effect o~.changing the included ,signs back 
again to their Original form. 

:Ex. 1.. Inclose a -,b -c +d in a pail' ofbrackets. 
'OPERATION. 

+a-b-c+d=+(a-b~c+d) 
or=- (b-a+c-d) 
or =.,.. (c-a.+ b-d) 
or =+ (dta-b-c) 



30 USE OF BRACKETS. [SECT. II. 

Ex. 2.-1ncl08e a - b -1- c - d - m + f, in alphabetical order, in 
brackets, using an outer br;:tcket inclosing two pair of inner 

brackets. 
OPI!;R.U'ION. 

a_b+c-d-m+f= { (a- b + c) - (d + m - f) I 
or = { (a - b) + (c - d - m + f) } 
or = { (a) - (b - c + d + m -f) I 
or = { (a - b + c - d) - (m - f) } 
or = { (a - b + c - d - 'lit) + (1) ! 

EXERCISE X. 

Express a_b+c_d_e+m-f;-r-s+v+w+x in brackets. 

1. Taking the terms two together. 

2. Taking the terms ihree together. 

3. Taking the terms four together. 

4. Taking the terms six together. 

5. Three together, nsing an il)ner bracket after the model, 

{*±(*±*)! 
6. Three together, using an inner bracket after the model, 

!C'±'H*! 
1. FoUl: together, using an inner bracket after the model, 

!*±C-±*±'·)} 
8. Four together, using an inner bracket after the model, 

{(*±*±*H*! 
9. Four together, using an inner bracket after the model, 

!*±(*±.)±,,} 
10. Six together, using an inner bracket after the model, 

!*±*± .. ± (*±*±.)} 
11. Six together, nsing an inner bracket after the model,. 

!(±*±*±*±*)±*±*} 
12. Six together, using two inner brackets after the model, 

1"±(*±*H"±(*±*)} 

NOTE.·-The asterisk is used merely to denote the position to be occnpied 
by the given letters with reference to the brackets, the sign ±, read plus 
or minus, implies here that the student is to determiue which one of these 
signs is to be emplo!ed: 
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48. A number or a letter written directly before or 
after a bracket, inclosing one or more qua.ntities, implies 
that each of the included terms is to be multiplied by that 
number or letter. So the line that separates the numerator 
and denominator of an algebraic fraction acts as a vinculum 
in uniting the terms of the numerator into one quantity, 
and hence when the several terms of the numerator are 
written separately the denominator must btl placed undel' 
each. ' 

Ex. 1. Remove the bracket from 6 (a - wn + by' ~ c). 

OPEJ:tA.TION. 

6 ( a - am + by2 _ e ) = 6a - 6am + 6by2 - 6e 

Ex. 2. Remove the bracket from 4 { a - b - (ex + dy - b3 ) a 1m 
OPERATION. 

4{ a-b -(cx+dy-b3 ) a Im= 4m {a-b - (ex +dy_b 3 ) a} 
= 4am-)bm ...,4m (ex+dy_b 3 ) a 
= 4am - 4bm - 4am (ex+dy-b 3 ) 

= 4am - 4bm - 4acmx - 4admy + 4ab 3m 

Ex. 3. Remove the vinculum from 3a-m- (c
2

_m2+x)y 
2b 3.jc 

3a-m-(c2-m.2 +x)y 3a m e"y-m"y+xy 
----2b3.jc--= 2b 3.je - 2b 3.jc - -W";e-

3a m c2y m'ly xy 
= 2b3;';c - 2b 3.jc - -ib.a-:;c + 2b 3.je - 2b3;';~ 

NOTE.-In the first step of this operation, when the hracket inclosing 
the last three terms is struck out, the included signs are not changed, 
hecause the vinculum written under these terms still hinds thorn 
into one, hut when in the next step this vinculum is removed, the minus 
sign preceding it has the effect of changing the signs of the terms ns 
exhibited in the operation. 

EXERCISIII XI." 

Remove the brackets and vincula from the followi'ng expres­
sions :-

l..3(a-b); 4x(a+b2 .. x"); 3p2X (1_b_c2) 

2. m(a-b2 +mp) +X2 (1- 3a-b) -m2x' (3-b -m2x) 

j' /lee 4rts, 52, 53, lind 57. 
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3. 3{1-(x-y)a}+4{l+(a-b+y)x}-c2 {a-(-3-m)y} . 

4. a{ a (m-n)-c (p-q) J+c{ c (-m+n) +a (-p+q)} 

x+y-(c-d-m) 
5. a-b- Z3---

a- (b-c-d) 
6.m+----

xyz 
6a-(m-3p) 

7. a! (m-y)x-c (a+b) }+aY---2a_-c--

- 1-{2(1-c)+3(1-m,)-4(1-p)} 
S.3b{-(a-c)d+(1II-n)!}- 5x2 

49. Two or more terms of an algebraic expression that 
have It common factor are often written in an abbreviated 
form by the aid of brackets, placing the factor common to 
the several terms directly berore or after the bracket, and 
the remaining part of each term with its proper sign 
within. 

Ex. I.-Collect the coefficients of x'yz in the following ex­
pression into one quantity: 5ax2yz - 3x3 yz + 5a2m2x'Yz + 3abc2x2yz 
-x2yz. 

OPERA.TION. 

5ax2yz -3x3 yz + 5ai'm2x2yz + 3abc'x2yz - x'yz 
= (5a- 3x+5a2m2 + 3abc'-1)x2yz 

50. Any factor of an algebraic term may be regll.rded 
as the coefficient of the remaining factor. This is at once 
.evident from the meaning of the exp:t;ession coefficient = 
con "together with," and efficiens " m~king " or " operat­
ing," i. e., the part which cooperates with the remainder to 
make the complete term. 

Thus, in the term 3abxy, 3 is the coef. of abxy ; 3a is the coef. 
of bxy; 3ab is the coef. of xy; 3abx is the coe(. of Yi 3abY is the 
'toef. of x; abxy is the coef, 0(3 i 3xy is the coef. of ub, ~c'l &0. 
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51. 'Whern terms. involviDg brackets are to be added or 
subtracted it is commonly best first to strike out the 
brackets by Art. 46, and then after performing the addition 
or subtraotion re-bracket the terms, if necessary. 

Ex. 1. Add 2a(x-y+3), 5(m-e"-ax), and 2(a+ay-4m) 
OPERATION. 

2a(x-y+3) =2ax-2ay+6t,z 
5(m- c"- ax) = - 5ax + 51U_ 5e2 

2(a+ ay - 4m)= 2ay+ 2a - Sm 

Sum = - 3ax + Sa - 3m - 5.&1 
= -3(ax + m) + Sa-lie' 

Ex. 2. Fromp(x-y)+q(y-z) take a(x-z)-b(y+z} 
OPERATION. 

p(x-y) + Ij (y- z) =px-py + qy - qz 
a~-~-b0+~=ax-u-~-~ 

----~~------~------
D~=F-n+D-p-~+u+~+h 

= px-ax-py+qy + by - qz +az+ bz 
= (p -a)x - (p-q-b) y- (q-a-b)z 

EXERCISE XII.· 
Find the value' of:-
1. 3(am - x+y) + 5.a(x+ 3y) + 2(a -y)m+4x(a+l). 
2. (a - x +y)m+ 3(m+ a)x + 4(a -y) + 3(a+.ll)Y. 
3. '1(a+b-e)-5(b+x-be)-3(m-a-e). 
4. (a+m)x- 3 (am+e)xy + 2 (a-em)y2 added to (x+y2)a+ 

(e+a)xy- (b+f)y2. 
5. 3(x + y + z) am '+ 2e (x + z) + (y - z) ac subtracted from 

3(a~b+c)y- (2m- e)x- 3m(ax +ay- az). 
6 .• 2a(p + xy)e - 3(m - 2xy + y2)c - 3a(y + c) subtracted from 

l1(a+ b)my- 3xy(a- b + c). 

MULTIPLlCAqON. 

52. THEOJ1EM:.- Quantities havi7{.g like signs, give, when multiplied 
together, a product whioh is positive; UIIld quantities having unlike 
signs, give, when multipl~·together, a product which is negative. 

Or, as it is sometimes expressed jor the sake oj brevity,-
In Multiplication, like signs give PLUS, and 1tnlike sig'1l8, MINUS. 

'!!' S.~e Arts, 92 and 69. 
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DEMONSTRATION 1. + a x + b means that + a is to be taken in an 
additive sense, i. e., is to be'added as often as there are units in 
b. But + a added once gives + a; + a added two times gives 
+ Za ; + a added three times gives + 3a" and so on. Hence + a 
added b times gives + ab, that is, + a x + b = + abo 

II. - a x + b means that - a is to be taken in an additive sense 
as often as there are units in b, but -a added once gives -a; 
-a added two times gives - 2a; - a added three times gives -3a, 
and so on. Hence - a added b times gives - ab that is - a x + b = 
-abo 

Otherwise, - a + a = 0; multiply each of these equals by + b. 
Then - a x + b + ab = 0; subtrac t + ab from each of these equals. 
Then -ax+b = -ab, which was to be proved. 
III. + a x - b is equivalent to - b x + a since quantities connected 

by the sign of multiplication can be read in any order whatever. 
But -b x+a = -ab by last Cllse. Therefore also +a x -b = - abo 
IV. -a+a=O; multiply each of these equals by -b. 
Then - a x - b - ab = 0; add + ab to each of these equals. 
Then - a x - b = + ab, which was to be proved. 

53. THEOREM n.-Different powers of the same quantity are 
multiplied together by adding their exponents. 

DEMONSTRATION.-a4 x a3 = aaaa xaaa= aaaaaaa=a7 = a4+3, and 
the same is true in all other cases, hence generally am x a" = a"'+ •• 

CASE 1. 

54. When multiplicand and multiplie~ are both simple alge­
braic quantities, 

RULE.-Multiply together the numerical coefficients and write the 
letters in juxtaposition after this product. 

Thus 3ab x 5cy = 3 x 5 x abcy = 15abcy; - 2ab x 3c = - 6abc; 
2xyx -l1m= -22mxy; -4xyx -7am= 28a1Jlxy. 

CAS],! II. 

55. When the mUltiplier is a simple quantity and the multi­
plicand is a polynomial, 

RULE.-Multiply each term of the multiplicand by the multiplier 
and connect the several partial products by their propel' signs I 

, . ': ,,' 
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Ex. 1. Multiplicand, 4ax - 2ay + 3x2y' 
Multiplier, 2axy 

-,,-::-------::--::--~ 
8a'x2y _ 4a'xy2 + 6ax 3 y3 Product, 

Ex. 2. Multiplicand, 4am2 - 3acx - 4xy + '1 
Multiplier, - 3ay' 

----------------------
Product, -12a2m2y2 + 9a"cxy2 + 12axy3 - 21ay' 

CASE III. 
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56. When both multiplier and multiplicand are polynomials, 

RULE.-MuZtiply each term of the multiplicand by each, term of 
the multiplier, and add the several partial products together. 

Ex. 3. a2 _ lib _ b2 

a - b 

a 3 _a2b _ ab2 

_ a2b + ab2 + b3 

a3-2a"b +b3 

Ex. 4. 3ax' - 3a2x + 2a2x' 
5a -2x 

15a2x2
- 15a3x+ 10a3x 2 

- 6ax s + 6a2x 2 _4a2x 3 

21a"x"-4a"x 3 -6ax3 -15a3x+l0a3 x' 

Ex. 5. 2ab2 - a2b" + a3 b3 

31ib - 2lib2 _ 3a2b 

6a2b3 _ 3a3b3 + 3a4 b4 

_ 4a2b4 + 2a3b4 _ 2a4 b6 

_ 6asb3 +3a4 bs -3a"b 4 

6a"b3 _ 9a3b3 _ 4a2b4 + 3a4 b4 + 3a4 b3 - 2a4 b6 - 3a6 b' 

Ex. 6. a2 _ 2ab + b2 

a2 + 21ib + b2 

a4 _ 2a3b + a2b2 

2a3 b - 4a"bi + 2ab 3 

a2b2 _2ab 3 +bo 
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Ex. '1, xZ-(a-b)x+ab 
x-m 

x 3_ (a - b)x2 +abx 
-mx' +(ma-mb)x_abm 

x 3_(a_ b+m)x2 + (ma-mb + ab)x_abm 

Ex. 8. x 3 -ax2-bx + c 
x -1fr, 

X4 _ ax3 _ bx2 + cx 

_mx3 + amx'+bmx -cm 

EXlI)RCISE XIII. 

[SECT. n. 

1. Multiply a2_ 2ay+y' by a' - 2ay+ 2y~; and a 3 _3a2b+Sab2-b3 

by a2 + 2ab +b 2• 

2. Multiply 2a2m2 + 12amxy+ 9x2y2by am -xy; and 3a~x- Sax2 

by 3a2x 3 _ x2 _1. 

3. Multiply a4 _ a3m + a"m2 - amS + 'm 4 by a + m; and 
2a'- 2ax!l+ 2y2 by a2_ax+y2. 

4. Multiply x2 -Sx_ '1 by x-4 and a2+a4 +a6 bya'-I. 

5. MUltiply a3 +2a2b+Sab2 +4b 3 by a2 _ 2ab- Sb2• ' 

6. Multiply ab-ac+bc by ab+ac-bc. 

'1. Multiply a4 -2a3 b_3a"b2 _ 2ab 3 +b 4 by a"+2ab +b2• 

8. Multiply 3x2 
- 2abx - 2a2b2 by x + 2ab; and x2+ 2x _ 3 by 

x2 _x + 1. 

9. Multiplyx 4 +2x3 +3x"+2x+1 byx4-2x3+3x2_2x+1 

10. Multiply 3y3 + 2XZy2+ 3x2 by 2y3 - 3x"y" -r 5x3 ; and am+Q'" 
by a'+b" . 

. n. Multiply 2a+3, 3a+4, 5a2_ 2, and u': 3 together. 

12. Multiply ax+by byax+cy; and am -b" + cP byam+1_bn-p. 

13. Multiply a"'_cP+qr by a2_m 3 +X •. 

14. Multiply a2_ ax + x2 by as _ a2x + ax' _ x3. 

15. 14u1t~pl'y 2a - bl 3b + c, 2c -11J, IUld 3m -:;t: ~o~ethef. 
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DIVISION. 

57. Division is the process of resolving a given quantity 
into two factors w4.en one of the latter is given. As in 
Arithmetic, the given quantity to be resolved or divided is 
called the dividend, the given factor is called the divisor, 
and the factor to be obtained, the quotient. 

Since the divisor x quotient = dividend, the sign of the quo­
tient must be such that the sign of its product by the divisor 
shall be the sign of the dividend. 

+ ab + ab 
Thus, +7}= +a '.' +ax+b =+ab; ~ = -a '.' -ax-b =+ab; 

- ab - ab 
-:::tJ =+a '.' -b x+a = - ab; """+b.= -a '.' -ax+b-:: - abo 

Hence, the rule of signs for division is the same as for multiplica­
tion; that is, like signs in divis(ff and dividend gwe PLUS ,in the 
quotient, 'unlike signs in divisor and dividend give MINUS in the 
quotient. 

58. Since a4 x a3 = a4 + ~ = a7 , it follows that a7 .;. a4 = a3 , that 
is,a7 .;.a4 =a7 - 4 =a"; or generally, since amxa"=amh,it follows 
tha.t o,",+n.;. am= an or am+ 11 + ali = am. 

Hence, one power of any q"antity is divided by another power of 
the same quantity, by subtracting the exponent of the diviS(ff from 
the ixponent of the dividend. 

Thus, o;6'b 6 .;. a2b' = a.4b3 ; X 3 Z 6 .;. xz· = x"; ab2c3m4 .;. bmS '" 

abc3m, &c. 
CASE I. 

59. When both dividend and divisor are simple quanti-
ties' or monomials, / 

R'ULE.-Divide separately the coefficient of the dividend by the 
,coef. of the divisor, and th~ literal part of the dividend ,by the literal 
part of the divisor; write the partial quotients thus.obtained in juxta­
pontion,/and prefix the p~oper sign. 



DIVISION. [SEOT. II. 

Thus, 140,7 b2 cB.;. - '1a 3bc4, 14"," '1 = 2, and 0,7 b2cB .;. o, 3bc{ = a'bc', 

and the quotient is - 2a 4bc', because the signs of. divisor and 
dividend are unlike. 

Similarly - 21a2bx.;. 3a2b = - 'lx j - 18xy2z 3 .;. - 2XZ2 = 9y2z, &c. 

NOTE.-Ifboth coef. and literal part oftbe divisor are not contained as 
factors in the dividend, we can only indicate the division by writing the 
two quantities in the form of a fraction. 

7ab 2 cx3 
For example, 7ab 2 cx3-'-llmtJ can only be expressed thus, lImy 

But when we have thus expressed the quotient we can cancel any factors 
that are common to both numerator and denominator. 

Ua2xy2 3ax X Say2 Say2 
Thus, 24a2xy2 + 15ax;;2= -15axz2 = 3ax X5z~= 5," 

EXERCISE XIV. 

Find the quotients of: 

1. 15abc2 .;. 5ac; 42ax 3 y 5 .;. 'laxy' j 24a2xy.;. 8axy j _ 20x2yi z l r 
.;. 20Xlfz 7. 

2. -14ab2cm 4 .;. 'labm 3 j -14abx3 .;. 14bx j _2'lm.x3y .;. -3x" j 
-12x7y.;. - 4x3y. 

3. 12ab2c .;. 20axy j - l'labx" .;. llamx j _ 2labx3 y .;. - 35bx2Z4 ; 
ab 3cf.;. -16acfx". 

CASE II. ' 

60. When the divisor is a simple quantity but the 
dividend a compound quantity, i. e., a polynomial, 

RULE.-Divide each term of the polynomial by the divisor, as 
directed in Case I, and connect the several partial quotients thus 
obtained by their proper signs. 

EXAMPLE.-Divide 4a2b"c - 3abc" + 12ab 3cx - 8aby2 by - 4ab. 

4a2b"c - 3abc2 + 12ab3 cx ~ Saby2 ;- 4a2b-c _ 3abc" 
Here -------------= --- and --- and 

- 4ab - 4ab ' - 4ab ' 
+ 12ab 3cx -Baby" 3c" ' -= 4ab ,and -::4ab = - abc, and;- 4:t and - 3b"cx, and ;- 2y2 =' 

3c' 
... abc + -4 - 3b'cx + 2y·. 
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EXERCISE XV. 

Find the quotients of;-

1. 12aXy2 - 21abc2 + 12ax2y - 8acm.;- 4acx. 
2.21xy2-11a;l-14x2y-49y2';-35axy. 
3. - 64a"m - 16a2m2 + 24a3m - 40m2xy.;- - 16a"m. 
4. 3abc + 4a2c' -16axy2 - 30a2m .;- - 12mxy. 

CASE III. 
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61. When both divisor and dividend are polynomials, 

RULE I.-Arrange the terms of both divisor and div,idend, so that 
the different powers of some one letter (which is common to both of 
them) may succeed each other in the order of their indices, and place 
the divisor thus arranged to the left of the ananged dividend, as in 
arithmetical division. 

IL-Divide by Case I. the FIRST TERM of the' dividend by the 
FIRST TERM of the divisor, and place the result with its proper sign 
in the quotient, 

IlL-Multiply the whole divisor by the tmlt placed in the quo­
tient, set the product beneath the-dividend, and subtract. 

IV.-To the remainder bring down as many terms from the divi­
dend as the case may require; again divide the first term of this 
partial dividend by the first term of the divisor, and place the result 
with its proper sign as second term of the quotient; multiply and 
subtract as before, and proceed thus till all the terms are brougltt 
doum. 

EXAMPLli: 1. a+b)a2 +2ab+b2 (a+b 
a2 +ab 

ab +b2 

ab+b2 

EXPLANATION:-The terms are already prop~rly arranged in 
both divisor and dividend, ~ince the powers of a follow one 
another in regular descending order. Then a2 (first term of 
dividend) .;- a (first term of divisor) gives + a as result, and we 
place this in the quotient. Next (a+b) xa='a2 +ab which we 
subtract from the dividend, and to the remainder + ab we bring 
down hZ, the other term oitthe dividend. Next +ab (first term 
of partial dividend) .;-Ii (first term of divisor) gives b for second 
term of quotient. LasUoY (a+b) x h = ab,+b2 which we subtract 
and find that there is not'eJIlainder. 
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Ex. 2. 3ab + 4bZ) - aba +6azbz _12b 4 

3ab + 4b2 ) 6a2b2 - ab 3 -12b 4 (2ab ~ 3bl 

6a2b2 + Bab:J 

-9ab 3 -12b 4 

-9ab 3 -12b 4 

EXPLANATI9N.-Here we see that the terms 8,8 given are not 
properly arranged, since in the (~}visor the exponents of a are 
arranged in descending order, while in the dividend they are 
not j moreover the exponents of b in the divisor follow one an­
other in ascending order, but in the dividend they follow one 
another irregularly. We first then arrange them properly, and 
then proceed to divide as follows: 6a2b2 -;. 3ab = + 2ab, which we 
place in the quotient, (3ab + 4b2

) x 2ab = 6a2b2 + Bab 3 , which sub­
tracted from the dividend gives a remainder - 9ab 3 -12b 4 • Next 
- 9ab 3 -;. 3ab·= - 3b2 j (3ab + 4b2

) x - 3b2 = - 9ab" - 12b\ which sub­
tracted leaves no remainder. 

Ex. 3. 3a-6)6a4 -96(2a3 +4a"+Ba+16 
6a4 -12u3 

12a3 - 96 
12a3 - 24a' 

Ex. 4. x2_xy+yZ) x2y2+X4+y4 

48a-96 
48a-9S 

x'_xy+y2) X4+X2y2+y4 (X2+xy+y2 
X4 _x3y +XZyZ 

X3 y +y 4 

x 3y_x2y2 + xy" 

X2y2 _ xy' + y4 
X2y2 _ xy" + y' 
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Ex. 5. 

a2_ Za.x+X2) a4 - 4a3 x+ 6a"x'-4a.x 3 +4x4(a2_ 2ax+x2+ ~~ 
a' _ 2a"x + a2x' a

2
-Zax+x2 

- 2a" x + 5a2x' _ 4a.x 3 

- 2a3x+4a2xZ _2ax' 

Ex. 6. 

a2xZ_Zax 3 +4x' 
aZx'_ 2ax 3 +x' 

3x' = rem. 
a6 + Za+ 

1 +a) a2+Za+ 1 (a2_a 3 +a4 -aD +--__ 
a2+a l 1 +a 

a'+2a 
a' +a" 

-a" +2a 
- a" - ati 

Rem. = a6 + 2a + 1 

NOTE.-In Examples 5 and 6 the division does not terminate, or in other 
words, the dividend i. not exaotly divisible by the divisor, and we write 
the remainder as the numerator of a fraction having the divisor for denom­
inator. In Example 6, however, this inconvenience arises from the fact 
that the terms of both divisor and dividend are not arranged according to 
rule, .for if we had arranged the divideud thu8(1 + 2a + u 2 ) we should have 
obtained 1 + Wfor the quotient. The student then must be careful to 
remember that the divisor and dividend must be arranged either both 
according to the I1Ilcending or both according to the descending power8 
of the principal letter, or letter of riference, as it is called; and that not 

J)nly at starting, but throughout the whole process he must take care to 
arrange the' partial dividends according to the 8nme plan fI.B that adopted 
in the divisor. 

EUROISE XVI. 

Find the quotients' of:-
. '1. x2_2xy+y' divided by x-y; and a3 +3a2b+3ab2 +b3 d4-

:vided by a + b. . • 
2. m 4 +4m3 x+6m·,,'+4mx" +x' divided bym2+2mx+x2, 
.3.9x6-46x· +95x2+~50x divided by xi-4x-5. 

P 
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4. aa + 5(~"b + b'l + 5ab2 divided by a + b; and _ 1+xily3 divided 

by -1 +xy. 

5. x 6 + lOx - 33 diV;ided by 3 + x" - 2x. 

6. a8+2a6m3_2a4m1-'2a1m+m8_2am7+2a3m5 divided by 
a3 + m3 _ a2m _ am". 

7. 1 divided by 1 + a; a divided by i-a; 1 - m divided by 
m + 1 ; and 1- 2x + 3x' '" 1 + x - x2

• 

, 8. 6a4 -10a3 m _ 22a"mZ + 46am3 - 20m~divided by 4am + 3a2 

- 5m". 

9. 4a5 - 16a3 b2 + 10a2b3 + 15ab4 - 25b li divided by 2a' - 5bz. 

10. a3 + b3 + c3 - 3abc divided by a% + b2 + c' - be - ae - abo 

11. 144x4- 145x2y2 + 36y4 divided by 4x + 3y. 

12. 2a 2m + 2am bp 
- 4a"'e' - 3a"'b - 3bp+1 + 6be' divided by 

am + bP - Zen. 

NOTE.-Ifthe teacher is desirous of giving his pupils a greater number 
of questions in divisiim he can find material for such in Exercise XIII, in' 
which the product may be regarded as the dividend, and either the multi­
plier or multiplicand as the divisor. Similarly, the questions in Exercise 
XVI. may be made to furnish additional material for practice in multipli­
cation. 

DIVISION BY DETACHED COEFFICIENTS. 

62. It is sometimes conv!)nient in division, as also in 
multiplication, to employ only the coefficients. The mode 
of proceeding is shown in the following rule and illustra­
tion :-

RULE.-Having arranged the divisor and dividend Wi in ordinary 
divis-ion, omit the letters, and set down the coefficients, each preceded 
by its proper sign, and place zero for every term of either divisor 
or dividend that may chance to be absent. 

. Proreed with these coefficients as in ordinary division, and the 
j'esult will be the coefficients of the quotient with their proper signs; 
the literal part to attach to 'each of thelie is easily determined by 
inspection. 
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Ex. 1. Divide 9x~ - 144 by 3x - 6: 

OPERATION. 

3 - 6 ) 9 + 0 + 0 + 0 - 144 ( 3 + 6 + iz + 24 
9 - 18 

18 + 0 

18 - 36 

36 + 0 
36 - 72 

72 - 144 
72 -144 

Hence the quotient = 3z3 + 6X2 + 12x + 24. 

43 

EXPLANATION.-We place three ciphers in the dividend to occupy the 
places dfthe absent terms ",3, ",2, and "'. We ascertain the literal parts to 
attach, by observing that ",4 -+ " = ,,3, which we place after the first 
coeffiCient, and the others of course follow in regular order. 

Ex. 2. Divide ",6 +4xG-8x4 - 25z"+ 35x2 + 21x- 28 by x=t5x+ 4. 

OPERAi'IOJI. 

1 + 5 + 4 ) 1 + 4 - 8 - 25 + 35 + 21 - 28 ( 1 - 1 - 7 + 14 - 1 
1+5+4 

-1-12-25 
-1-5-4 

7-21 + 35 
7 -35 - 28 

14 + 6a + 21 
14 + 70 + 56 

1- 35 - 28 
7..,. 35 - 28 

Hence quotient = X4 - xat 7x2 + 14x..,. 7. 

The iltudent i~ reoommended to apply this lllethodto the ,~xaJllples in 
Exercise XVI. 
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SYNTHETIC DIVISI.ON. 

63. The following is a still shorter method of division, 
and is peculiarly applicable when the first coefficient of the 
divisor is unity. It is frequently called" Horner's Method;" 
after the name of its inventor.* 

RULE.-.BfteT propeTly aTTanging di'viso)' and dividend, if the 
fiTSt coefficient of the divisoT be not unity, divide both dividend and 
divisoT by the first coefficient of the latter. Then set down the first 
term of the dividend fOI' first tmlt of the quotient . 

.Brrange the divisor in a vertical column to the left of the divi­
dend, and change the sign of every term in it except the first. 

Multiply all the terms of the divisoT, so changed, by the first 
teTm of the quotient, and arran~e the pToducts diagonally under the 
second and following veTtical columns of the dividend . 

.Bdd the terms in the second column and the sum· will be the 
second teT'ITI of the quotient. Multiply the changed teTms of the 
divisor by the second teT'ITI of the quotient, and arrange the products 
under the third and following veTtical columns of the dividend. 

Continue this process until the Temainillg vertical columns added 
give zero for rum, or until, in other cases, the division is caTried as 
far as desired. 

NOTE.-It is usual in synthetic division to perform the work by detached 
coefficients, remembering to place O~ for the :l.bsent terms in both divisor 
and dividend. -

Ex.1. Divide as - 3a4xz + 3wx4 - x' by a3 - 3n2x+ 3a$"-x3• 

OPERATION. 

1 1+0-3+0+3+0-1 . 
+3 3+9+9+3 
-3 -3-9-9-3 
+1 +1+3+3+1 

Quat. = 1 + 3 + 3 + 1 + 0 + 0 + 0 = a' + 3a2x + 3ax~ + X S 

" Synthetic division demands the attention of the student not on1Y on 
account ofib brevity and elegance, but also for its great nlue in many 0(' 

the bigher departments of research, such as in obtaining factors prepara­
tory to the integration of finite di1fer~nces, in constructing a recurring 
series, in tbe trelltment of'reciprocal equatiOJls, &c. . 
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EXPLANATION.-Using only the coefficients we write a 0 for each absent 
term, i. e.) for the terms involving a5x, a3x3, and aX. 

The first coef. of the divisor being unity, the first step of the rule i. not 
reqnired. 

We set down the divisor vertically on the right of the dividend, anoi 
change all its signs except the first. 

We place the first term of the dividend for first term of quotient. 
We multiply the changed terms of the divisor by the first terms of the 

quotient, and arrange the products, 3, -3, and I, diagonally as represented, 
so tbat the first is under the second term of the dividend, and so that each 
i8 horizontally opposite that term of the divisor from which it was obtained. 

We add the second column, and get + 3 for the second term of the 
quotient. 

We multiply the changed terms of divisor by this + 3, and arrange the 
products + 9, - 9, and + 3, diagonally, as represented. 

We ,add the third column, and thus get + 3 for the third term of the 
quotient, and so on. 

Lastly we attach the proper literal palt to each term. 

Ex. 2. Divide 60.4 ,,- a3 + 2az + 130. + 4 by 20.2 - 30. + 4. 

OPERATION. 

2 - 3 + 4 ) 6 - 1 + 2 + 13 + 4 

1 3 - ! + 1 + 6i + 2 
+ I! 

2 

Quot. 

+4H 6 + It 
-6-8 -2 

3 + 4 + 1 + 0 + () = 30.2 + 4a + 1. 

EXl'LANATION.-Here, as the first coefficient of the divisor is not unilf'; 
we divide both divisor ,and dividend by 2, the first coef. of the former. 
The rest oUhe process is similar to that in last example. 

Ex. 3. Divide as - 5a4x + 10a"xZ - 10a"x' + '1ax4 - lix' by aZ 

- 2ax + xZ• 

1 11 - 5 + 10 -10 + '1 - 5 
+2 +2-6+6-2 
-1 -1+3-3+1 

---- 2ax4 - 4x" 
Quot. = 1- 3 + 3 - 1 + 2 - 4 = a3 -3azx+ 3ax2 -x3 + -z---:;, 

.' . a -2ax+x 
EXPLANATION.-The'vertioal line is drawn in order to show where the 

remainder commences, and it will be observed that this is one less than as 
many oolumns from the extreme right as there are terms in the divisor. 

The student is recommended to apply this method to the, examples in 
Exercise XVI. 
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SECTION III. 
THEOREMS· .AND F .ACTORING. 

64. The following theorems shonld be thoroughly mas­
tered by the pupil ;-

65. THEOREM I.-Zero divided by any given q'uantity gives zero 
for quotient. 

·DEMONSTRATION.-The divisor. x quotient must = dividend, and 
consequently the smaller the dividend becomes, the divisor 
remaining unchanged, the smaller must the quotient be. Hence 
when the dividend becomes less than any assignable quantity, 

. i. e., = 0, the quotient also becomes = 0, that is 0 .;. a = O. 

66. THEOREM IL-A finite quantity divided by zero gives a<n in-
finitely large quantity for quotient. . 

DEMONSTRATION.-A finite quantity divided by itself gives 
unity for quotient, and as the divisor is decreased in magnitude 
(the dividend remaining unaltered), the quotient increases. 
Hence when the divisor becomes infinitely small, i. e. = 0, the 
quotient becomes infinitely large, i. e. = IXJ. Therefore a.;. 0 = oc. 

67. THEOREM IlL-A finite quanttty divided by a quantity infi­
nitely large, gives a quotient infinitely small, or in other. words 

gives zero for quotient. 

DEMONSTRATloN.-Since the divisor x quotient = dividend, it is 
evident that (the dividend remaining unchanged); the larger the 
divisor the smaller must be the other factor or quotient. When 
'then the divisor ,becomes infinitely great the quotient must 
become infinitely small. Hence a .;. IX = O. 

68. THEOREM IV.-Zero di·vided by zero gives any quantity what­
ever for quqtient. 

DEMON~.rRATION.~Since the divi$or x quotient", dividend, and 
the dif'idend and divisor are both zero, itI'ollows that the quo­
·tient may be any quantity whatever, or in other words, 0 .;. 0 
:'0, because 0 x 0 = O. . 

" An algebraic theorem is an algebraic property required to be demon­
strated. 
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69. THEOREM V.-The zero power of any quantity is egual to 
unity. 

DEMONSTRATION.-Since one power of a quantity is divided by 
another power of the same quantity by subtracting the exponent 
of the divisor from that of the dividend, it follows that a7 a= a1-1 

= ao; but any'quantity divided by itself equals unity, hence a 7 a 

0: 1. Since then a 7 a = aO and also = 1, it is evident that aO = 1. 

dor. Similarly it may be shown that * and a-I a1'eequiva-
1 aO 

lent expressions :-fo1' - = - = aO - 1 = (1- 1. 
,a a 

N OTE.-It follows from the foregoing theorems that a being any finite 
quantity whatever, -

0, ..2.. and' ~ are equivalent symbols, ench representing no quantity, or a oc 
the absence of quantity, or a quantity less than any assignable quantity. 

~ and oc are equivalent symbols, each representing a quantity greater 

than any assignable quantity. Hence also, zero and infinity are the recip· 
rocals of eaoh othor. , . ' 

aO, and ~ and 1 are equivalent symbols, each l'epresenting uuity. 
a 

..2.. is a sYJ,!lbol of indetermination, i. e. is employed to designate a o , 
quantity which admits of an infinite number of valuos, or, as we shall see 
hereafter, a quantity 'whose value depends upon its origin. 

70. THEOREM VI.-The sq'uare of the 8um of any t'lOO quan­
tities is equal to the sum of the 3qua1'es of the two quantities to­
gether with twice their pl·oduct. 

DIilMONSTlliA.TloN.-Let a and b be the two quantities; then 
a + b :; their sum, and {a + b)2 = the square of their sum. 

Now (a+b)';: (a+b) (a+b)= a'+2ab+b2
• 

71. ,T,HEOREM VII.-The square of the difference of any two quan­
ti/ies is flqual to the 3um of the squa1'es of the two q11antities 
d\;,;in~lhed by twice their prl!duct. 

DIiMONSTRA,TION.-Let a and b ,be the two quantities; then 
a - b = their difference, and (acr b)2 ",the square of their diffei·ence. 

Now (a_b)2:= (a- b)(a- b) = a"- 2ab + b". 
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72. THEORJ<J)! VUL-The pToduct of the sum of any two quan­
tities by the difference of the same two quantities is equal to the 

d~fference of the sqMTcs 0/ the twa quantUies. 

DlIMONS1·RATION.-Let a and b be the two quantities, a being 
the greater j then (a + b) = the sum, and (a - b) = the difference 
of the quantities, and 

(a + b) (a - b) = a" - b2 = diff. of their ~qnares. 

73. TaBoREM IX.-Tlw product af two binamiu/s ha'ving the same 
quantity fOT fint term but their secand terms unlike, is equal to, 
the square of the first tenn togetheT with the pToduct of the two 
second terms and also the pToduct of the first teTm by the sum of the 
twa second terms. 

DI!lMONSTRATlON.-Let (x + a) and (x - b) be the two binomials, 
then by actual multiplication (:v+a) (x-b) '" x 2 +(a-b)x-ab. 

Similarly if (x-a) and (x-b) are the two binomials, their 
product will be x2 + (-a - b)x + ab = x2 _ (a+b)x + abo 

74. THEOREM X.-The difference oj the nth pawers of two quan­
tities is always divisible by the difference ajthe limp Ie powers af the 
lame two quantitie~ whet/w' the exponent n be an odd number 01' 

an even number. 

DEMONSTRATION. We are to show that the two quantitie3 being 
a and x, and the difference of their nih powers being an-x', then 
u" - :c' is divisible by a - x wbether n be an odd number or an 
even number. 

a"'_xn a'l-Ix_X'! X(4n.-l_XX-·l) 
---= a"-1 +------= a.-1+-'-__ _ 
a-x a-x a-x 

Now it is evident that when a,I-1_ x·-1 is divisible by a-x 
then an _ xn must also be divisible by a-x. 

But when n = 2, n-l = 1, and it is manifest that a";'x is 
divisible by a -x, therefore a2 - x2 is divisible by a-x. 

Again if n = 3, n - 1 = 2, a.nd since a2 
- x 2 is divisible by II - x, 

then also a3 - x 3 is divisible by a - x, and hence aiSl) a'- x' is 
divisible by a - x, and hence also 0,'_ ~5 and so on. Therefore 
an - x' is exactly divisible by a - x, whelher n be an odd or an 
even number 
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75. THEORlilM XL-The sum afthe n~b powe'rs of any two quan­
tities ,is not d'it"isible by the difference of the quantities wheth.er n be 
an odd 01' am even number. 

a"+xll x(an - 1 +x1l - 1 ) 

DEMONSTRATION. ---' = a" 1 + ------
a-x a-x 

Now a" + x" is div. by a - x only when (8' • I + x" - 1 is div. by 
a-x. 'io 

.~ 

Takingn=2, n-l = 1, !tnd a"-J +x"- 1 = a+x, which is 
evidently notdiv. by a - x, and the.refore 11,2 + x2 is not div. by 
a-x. 

But when n'= 3, n - 1 = 2, and since 11,2 + x2 is not div. by c£- x, 
therefore C£3 +x3 is not div. by 11,- x. 

But when n = 4, n - 1 = 3, and since a3 + x 3 is not div. by 
a - x, therefore 11,4 + x, is not div. by a - x. 

And therefore 11,0 + x· is not div. by 11,- x, and therefore 11,6+ x 6 

is not div. by a - x, s.nd so on. 
Therefore whether n be even or odd, an + x' is not div. by a-x. 

7JY. THEOREM XII.-1'he dt:tJerence of the nth powers afany two 
q4t.antities u not divuible by the sum of the quantities when n ,is an 
odd num,ber. _ 

~a1i _ x1t x~(aA - 2_X~ -2) 
j}JJM.QNB.!l'R-ATION': --- = a" - 1 _ a" - 2 X + ---, --

a+x a+x 
Now'a,· -x" is div. by a + x only when a" - "- x" - 2 is div. by 

a + x. 
Taking n = 3, n-2 = 1, and a" 2 -x"-' = a - x, which is evi­

dently not div. by a + x, and therefore a:l - x 3 is not div. hy 
a +x. 

But when 11. = 5, n - 2 = 3, and since 11,:1 - x 3 is not div. by c£+x, 
therefore also a" - x" is not div. by 11,+ x. 

But when n = '1, n -'2 = 5, and since 11,5 ~ x 5 is not div. by 
a + x, therefore also 11,7 - x1 is not div. by c£ + x, and so on. 

Therefore when n is an odd number, ax:... x" is not div. by a +x. 

77. THEOREM XIII.-1'he sum of the nth powers of any two 
quantities is not divisible by the Bum of tfte quc£ntit~es when n is an 

el'mnuntber. 
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Now in order that an+ x" shall be div. by a + x, an - 1 _xn - 1 

must be div. by a + x, , 
When n = an even number, 11 - 1 must = an odd number; and 

we have shown (Theor. XII.) that the difference of the odd 
powers of two quantities is not div. by the sum of the quantities. 
Therefore when n is an eTen number, an -1 - x" -1 is not div. by 
a +x, and therefore an + x" is not div. by a + x when n is an 
even number. 

78. THEOREM XIV.-Tlte difference of the nth powers of any 
two quantities is exactly divisible by the sum of the quantities wMn 
n is an even number. 

an_x" x(a,,·1+ xn -1) 
DEMONSTRATION. --- = a" -1 - ---'------

a+x a +x 

Nowwhenan- 1 +xn - 1 is div. bya+x, thenalsoan-xn is 
div. bya+x. 

But when 11. = 2,11.-1 = 1, and a + x is evidently div. by a + x, 
therefore a2 - XZ is div. by a + x. 

And by first step of next theorem a3 + x 3 is div. by a + x, and 
therefore also a4 - X4 is div. by a + x, and so on. 

Therefore an + x" is divisible by a + x, when 11. is an even 
number. 

NOTE.-The several .teps of this and of the following demonstration 
mutually depeud upon one another. Thus, the 1st step of the following 
depends on the 1st step of this; 2nd step of this on 1st step of following; 
2nd step of following on and step of this; 3rd step of this on 2nd step of 
following; and so on. 

79. THl!lOREM XV.-The sum of the nth powers of any two 
quantities is diviiible by the sum of the quantities when n is an odd 
number. 

a"+x" 'x(an - 1 _ xn - 1) 
DElKONSTItATION. --" - = an -1 + ---'-____ ...c.... 

a+x a+ x 
Now an+xn is exactly div. by a + x when an - 1 _ x" 1 is div. 

bya+x. 

But when 11. = an odd number, 11. - 1 must = an even number, 
and an -1 - x" -1 expresses the difference of two even powers, and 
since (1st step of Theorem XIV.) a~ - x! is divisible by a+ x 
therefore also a3 + x 3 is divisible by a + x. ' 
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And since (2nd step of Theorem XIV.) ££4 - £' is divisible by 
{£+x, therefore also a5 + x 6 is divisible by a+ x j and so on. 

Therefore a"+x" is div. by a+x wben n = an odd number. 

80. The following is a recapitulation of the latter of 
these theorems:-

an - :lin is div. by a - x whon n is odd. 
a" - xn is div. by a - x when 'Ii is even. 
an + xn is div. by a + x when n is odd. 
a" - X" is div. by a + x when n is even. 
All other nth powers are indivisible by either a + x or 

a-x. 
ILLUSTRATIVE EXAMPLES. 

THEOREM VI. 

(2x + 3y2)2 = f2x)2 + 2(2x) (3y2) + (3y2)2 = 4x' + 12xy" + 9y'. 
(2ax + 5yz)' = (2'ax)2+ 2 (2ax) (5yz) + (5YZ)2 = 4a2x2+ 20axyz+25y"z". 
Conversely x2+2xy+y" = (x+y)(x+y) j a2HaxHx2= (a+2x)(a+2x)j 

9a'+ 6axy +X2y2 = (3a+ xy) (3a + xy) j 4X4 + 12x2y+ 
9yZ = (2X2 + 3y) (2x' + 3y). 

THEOREM VII: 

(m- 2x)' = m' - 2(m)(2x) +(2X)2 = ~- 4mx + 4x2 

(4ab-3i'y)2 = (4ab)'-2(4ab)(3xZY)+(3X'y)~ = 16a2b2-24abx'y+9x4y". 
Conversely m2_2my+y2= (m-y)(m-y) j 4x'y'-4acxy+a'c"= 

(2xy - ac) (Zxy - ac). 

TliEORI!IM VIII. 

(m -xy) (m + xy) = m2_ (xy)" = m2 -,x'y' 

(3a+ 'ly) (3a- 'ly) = (3a)"- ('ly)" = 9a2 -49y2, ' 
(4a'xy-3a3 b) (4a2xy+3a~b) = (4a2xy)2- (3a3 b)'= 16a4x'y'-9a6 b2• 

COI1"ersely x"- 4y'= x' - (2y)' = (x + 2y)(x - Zy) j x4y4 _m4b2 = 
(X2y")2".- (m"b)" ='(X"y2 + m2b) (x2y2_m2b). 

xi _a4 = (X2+ a2) (x'_a2) = (x2+a2) (x+a) (x-a). 
m16 _ a16b 16 = (mS + aSbS) (as _aSbS) = (mS + aSbS)(m i + a4b4 ) 

(m,4 _ a4b4) = (mS + a'Sb S) (m4 + a4b4) (m2+ a'b2) (m,2_ a2b") , . 

= (mS + aSb S) (11~4 +:a4b4 ) (m2+a2b2) (lIHab) (m-ab), 
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THEOREM IX, 

(x-'1) (x+9) =:x"+(9-'1)x-63=x"+2x-63. 

(x-3) (x - '1) =:x2_ (3+ '1)x+ 21 = x2-10x+21. 

Conversely. Find the factors of x2 + 14x + 33, Here since 14 
is the sum and 33 the product of the two last terms, we seek to 
find by inspection what numbers added will make 14 and multi- . 
plied together will make 33, Evidently 11 and 3. 

Therefore x2+ 14x + 33 =: (x + 11) (x +3) 

x2 + x _ 42 = (x + '1) (x - 6) '.' '1 +(- 6) == 1 and '1 x - 6 = - 42. 

x2 -9x+20=(x-5)(x-4) ',' -5+(-4)=-9 and-5x-4=+20. 

x2-x_156=(x-13) (x+l2) '.' -13+12=-1 and-13x 12 =-156. 

THEOREMS X., XIV., and XV.-By actual division, 

a4 _X4 a 4 _Xi 
___ = a:l +a"x+ax"+x" ; ---= a:3 _a2x+ax2 _x 3 • 
a-x a+x 

as _ XS as +X6 ___ = a4 +1l3x+a2x"+ax3+x1; ___ =a4_a3x+a2x"_ax 3+x<. 
a-x a+x 

81. In order to be enabled to write these and similar quotients 
without actually dividing, observe the following points:-

I. The number of terms in the quotient alwa.ys = the expo­
nent of a in the dividend 7- exponent of a in the divisor. 

II. The coef. of each term of the quotient is unity. 

III. The exponent of a decreases and that of x increases in 
the several terms of the quotient, by unity, or more generally by 
the exponent of the corresponding term of the divisor. 

IV. When the connecting sign of the divisor is minus, all the 
signs of the quotient are +, but when the connecting sign of 
the divisor is plus, the signs of the quotient are + and - alter­
nately. 

V. The sum of the exponents of each term = the difference 
between the exponent of a in the dividend 'and that of a in the 
divisor. 
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EnROlSE XVII. 

Find by inspection the value of:-

1. (a-3Y)"j (3a+2x)2; (3xy_7)2j (2ax2-3x)2j (2a+3a:;y2)2. 
2. (a-3x) (a+3x)j (2a+3y)(2a-3y); (3ab-xy)(xy+3ab)j 

(2m"-3xy3) (2m"+ 3xy3). 

3. (3a - 2xy) (2xy + 3a) j (2a - 7) (7+ 2a) j (x + 3) (3 - x) j 
(2+5ay)2 j (3a_4xZy3)2. I . 

4. (x-6) (x+ll) j (311.-2) (3a+5) j (x - 4) (x - 9) j (x + 3) 
(x-7)j (x-2)(x-I). 

5. (a'-x').;.(a-x)j (a 6 _x 6 ).;.(a+x)j (m"+a 6 ).;.(m+a)j 
(e 4+xi).;. (e+x). 

6. (all+xllyll).;. (a +xy) j (a 9 m 9 - r 9 ).;. (am-r) j (as+m"s8) 
.;. (a- ms) j (11. 4 _y4Z4) .,. (a - yz). 

7. (xz+ 9x + 20).;. (x + 5) j (xz+ 7x - 8).;. (x-I) j (6xz +5x -4) 
.;. (3x+ 4) j (6a4 x2+a3 x - a").;. (2ax+ 1). 

82. Theorem VIII. may sometimes enable us to find without 
actual multiJilication the product of two trinomials or quadri­
nomials, i. e., when we can write one of them as the sum of two 
quantities and the other as the difference of the same two quan­
tities. 

Ex. 1. (a - x + y) (a - x - y) '" {( a- x) + y} {( a - x) - y} :. 
(a_x)' _y2:= a2-2ax+x'- y2. 

Ex. 2. (2x-3y - 2z)( 2x+:3y - 2z)= {(2x - 2z)-3y} {(2x-2z)+3y} 
:= (2x - 2z)"- (3y)Z := 4x2_ 8xz+ 4zz - 9y2. 

Ex. 3. (11.- 2b + 3e) (11.+ 2b - 3e):= {a - (2b-,3e)H a+ (2b- 3c)} 
:= '11.2_ (2b - 3e)" = 11.2_ (4b2 - 12be + ge2):= a2 _ 4b2 + I2bc - 9c2• 

Ex. 4. (a + 2b +,3e - d) (a - 2b + 3e + d) 
:= {(a+3c)+~2b-d) H (a+ 3e) - (2b-d)} := (a+3e)" - (2b _d)2 
:= a2+6ac+9cZ- (4b2- 4bd +dZ

) = 11.2 +6ac+9c',- 4b"+4b,d,- dO. 

EXEROISE XVIII. 

Find the value of:-

1. (a-b+c)(a-b-c)j (a-b+c)(a+b-c)j (a+b+c)(a-b-c). 
2. (3a-2e+4) (4-3a+.2c)j (2a-x+3m~) (2at;l' . ..,3m') i 

(211. -3y + 2xy) (3y - 211. + 2xy). 
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3. (2a-3e+2x-3y)(3y -2x-3e+2a)j (a+2c+4m+3d) 
(a+3d- 2e- 4m). ~ 

4. (3a"': m' _ 2 + xy) (2 - m' + 3a -xy) j (1 +2a2 
- 3x2 +y") 

(2a' -1 - y' - 3x'). 
Sfmplify the following expressions, i. e. perform the opera­

tions indicated and reduce the result to its simplest form :-
5. (3a - 2b) (2a+ 3b) - (2a - 4b)2 - 4(3 - a) (a+ 3) :"4(2a-b)'. 
6. (4a- 3xy) (3xy - 4a) + 3 (2a+ xy)" -" '1 (3a + xy) (xy- 3a) + 

4(2a - 3xy)2. 
'1. (I-x) (l+x) (l+x"HI +X4 )(l+x8)(1 +XIB) .••• 8 terms. 
8. (a-xy) (a+xy) (a2 +xzyz) (a i +x4 yi) .••• to n terms.'" 

83. Although we have seen (Theor. XI and XII) that the sum 
of the even powers of any two quantities is not divisible either 
by the sum or the difference of the quantities, it sometimes happens 
that we can resolve the sum of two even powers into its compo­
nent factors. This occurs whenever the exponent n contains 
an odd factor, as for example when it is 6, or 10, or 12, or 14, &c. 

Ex. I.-Resolve a3 - x 3 y3 into ils elementary factors. 

Theor. x. a 3 _ x3y3 = a3 _ (xy)3 : (a-xy) (a2 + axy + x2y2). 

Ex. 2.-Resolve au - mU into its elementary factors. 

a6 - m5 is divisible by a.:.m, and therefore its factors are 
(a-In) (a 4 + a3m+ a2m2 +am3 +m4). 

Ex. 3.-What are the factors of x 7 + y14? 

x 7 +y14: X7+(y2) 7:(X+y2)(XS_X6 y2+X4y4_x 3yS + x2yS_x yl 0+y 12). 

" Observe here the exponents of x in the second factor decrease by the 
subtraction oUhat of x i.n the first factor, while the exponents of y in the 
second factor increase by the addition of that of 11 i!i the first factor. 

Ex. 4.-What are the factors of a16 _ m1SclS 1 
By Theor. VIII. alS - (me) 16 = { a.8 + (me)S } {as _ (me)S} and 

a 8 
- (me)8 = {a4 + (me)4} {a4 - (me)'} j and so on. Therefore 

.alS _m16c16 : (as +m8e8
) (a4+m4c4) (a2 + m2c2) (a+mc)(a-me) • 

. , Alloertain by inspection what power of 2 expresses the exponeht of 
each term of the product of the first two of these factors then of three 
Ilnd hence ofn factors. . " 
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Ex. 5.-What are the factors of 32'x· + 243y·? 

32~· + 2~3y6 = (2X)6 + (3y)" = (2x + 3y) {(2X)4 - (2X)3(3y) + 
(2x)Z(3y)'_ (2x)(3y)" + (3y)3} = (2x + 3y) (16x 4 - 24x3y + 36x'y"­

. 54xy~ + Sly4). 

Ex. 6.-ResolVe a12 + l1l' 2 into its two.elementary factors. 

aU +m1z = (a<)3 + (m4)", and since the sum of the cubes of 
two quantities is divisible by the sum of the quantities, 
(a~)3 + (m4)3 = (aA +mt) (as _a4m4 +mB). 

Ex. 'T.-Resolve '(1.0 _x' o into six elementary facters. 

a"O_x20 = (aID +x IO) (a" +x5 ) (a" _ x 5 ). 

a'~ +x'O = (a2)6 + (X')5 = (a"+x2) (as _a6xZ+a4x4_a2x6+xB), 
and resolving (a6 +X5) aud a5 - x 6into their factor's, we find that 
a' o _X' O '" (a'+ x") (as _ a6x'+a4:11' _a'x6 + XS) (a+x)(a4 _asx 
+a"x2_ax3 +X4) (a_x)(a4 +a3x+ a'x'+ ax" + x.t) • 

. Ex .. S.-Resolve m5 4_ Z6 4 into eight elementary factors. 

m5' _Z64,.= (m27 +Z'7) (m' 7 _Z27). . 
m27 + Z'7 = (m 9 ).3 + (z9)3 = (m 9 + z9) (mlS _ m9z9 + Zl 8) and 

m9 +z9 = (m3 )3 +(Z~).3 = (ms '+ ZZ) (m6 _m3z 3 + z6) and 
m 3 +z3 = (m+z) (m2 _mz+z'). 

Therefore 111027 +Z27 = (mIS _m9z 9 +Z18) (mS _ m 3z8 +Z6) (m2_ 

mz+zZ) (m+z). 

A.nd similarly m 27 _ Z'7 = (m 18 +m9z 9 +z'8)(m6 +m3z 3 + Z6) 

(1/t2+m~+z2) (m-z) •. 

Therefore m64 - Z64 = the above eight factors . 

.. EXlilROISE XIX. 

Resolve into eleIl).entary f~ctors:-

1.:a3 -m3 ; 2.U5+C5; 3.a4 +x4 ; 4.a6 -b6 ; 
5. a9 - x 9 ; 6. all.,. bll ; ~. a4 _ m4x. ; S. 32a5+ x,. ; 
9. Sl-16c4 ; 10. 243m6 -32c5 ; 11. /£2l.+X21; 12. a2 °4-m 20 ; 

13. c"4+X"4; 14. x 30 +m~o j 15 .. a48 _C48 ,if16• a96+m96 j 

H. a,d8_cI0"; IS. mUiLtcl44; 19. al~.+mlii 20.;(U1n,8'_p81. 
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EXERCISE XX. 

MISCELLANEOUS EXAMPLElS. 

1. Simplify a - x -{- (- a) - x } -{- ( -{- a - ( -{- ( - x -:- a) 
_a}-x)-a}-a)} 

2. Simplify 3(a-x) (a+x)-2(a-2x)'-(3a-2x) (2x-3a)-

4(3x-a) (a+3x). 
3.-Add together";3 + 2";6 + 3";5 -";x; 2";3 -3'1/5 - 4ax'-'>/x, 

2'1/5 - 31/x + u,zx2 - ,>/2; and 4";6 - 3a'x - 3,>/x. 
4. Multiply am +xP + • by a' - xm - P • 

5. Divide an - xn by a + x to 5 terms. 
6. What are the factors of x 2 - 14x - 51 ? 
'1. Divide 1 by 1 - 1, and express the value of the quotient. 
8. Resolve alB - x 18 into its six elementary factors. 
9. Divide a4x4m' - 4a2m'x·p + 4p'm2x' into its factors. 

10. If a = 2, b = 3, e = 4, d = 1, and m = 0, find the value of 

vcd(ab + bd) + ija2b2cdm _ ({a(b+c)-d}'+ab)-{bc(b+e)+'l} 
be-m cdm+'l/e(bc+d)-b-(a+b+d) 

11. Multiply by detached coeffictents X4 + 2xs + 3x2 + 2x + 1 by 
x. - 2x + 1, and also a2 - 2ah - 3h2 by as + 2a2h + 3ab2 + 4bB• 

12. Divide synthetically x4_ a2x' + bx2 _ cx' + ahx + acx - be by 
IiX + x' - c. 

13. Resolve a64 - m 6 4 into its elementary factors; 
14. Find by inspection the value of (a' + c') (a +,i:)(a,... c) 
(a~O _ a18 c' + a16e4 _ a14c6 + a"e" _ a

' 
0e l 0 + a"c" _ a6c'4 + a4e 16 

_ a"c ' " + e'O) (a 1 0 + a9c + aBc' + a7 c" + a6t4 + a"c5 + 'a4c6 + 'aac7 

+a2c' +ae 9 +c10)(a10 _ a9 c+(t"c2 _ a7 c' + a6c4 _aGc. +i4c6 

. _ aSc7 + a"c" - ac Y + c 'O ). 

15. If a = h and a + b + c = a + b '= 0, find the value of 
(b' - c2

){ h2 + c' - b(a - c)} 
16. Simplify a8 - bS 

- 3ah(a - b) + 3ab(a + b) + as + ha• 

1 '1. Simplify a' - m' + 3(a - m)2 - 2(2a - 3m)(3m + 2a)-
2m(!im + 3a) +6(a2 _m2) + 2m(!ia - 2m): 

lB. Ifm '= a + b + c, prove that 
m(m - 2a)(m - 2b) + m(m - 2b)(1I! - 2c) + me"t - 2c)(m '';-' 2(1) 
'= Babc + (m - 2a)(m' - 2b)(m - 2c). " 

'. 
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SECTION IV. 

GRlllAT·EST COMMON MEASURE AND LEAST COMMON 

MULTIPLE. 

GREATEST COMMON MEASURE. 

84. The greatest common measure of two or more 
algebraic quantities is the letter or quantity of highest 
dimensions that will go into each of them without a 
remainder. 

Thus, the greatest common measure (G. C. M.) of 4a 2xy and 6a2xo2 is 
2a2x; the G. C. M. of 3x 3 y -21x2y and 2abx -14ab is x-7 or 7-x. 

, . 
85. - The words greater and less are not generally applicable to 

algebraic' exp~essions, unless when speoific numerical values have been 
assigned to all the lettel's which occur in them. Thus, x - 7 is greater or 
less than 7 - x, according as we assign difi'erimt values to x. On this 
account· the term' Greatest Common Measure is incorrect as employed in 
Algebra, and, as we merely use the expression to indicate the common 
divisor of highest ilimensions,- it would be morc accurate to. call it the 
highest common 7lUJa8,we. . . 

86. THEOREM I.-If a qudntity measure another quantity it will 
also measure any multiple of that quantity. 

])EMO:NBTRATIOl't.-We are to show that ifm measure a then it will also 
Measure ta, any' niultiple of a. 

Let m be contai'ned n times in (t. Then a = '111m, and ta = tOO!. Now 
til evidently measures tnm, therefore it also measures its equal tao 

87 .'l'HEOREM n: ...... q one q.uantitYmei£sure two other quantities 
thin it will also measUre the sum 'or difference of any mUltiples of 
t~08e two quantities. 

DEMO:NBTRA-rI01!.-We are to shOw that if m measure a and also b, it 
will likewise measure· na ± pb. . \ ' . 

Since m measures a and b by hYl1othesiB) it also (Theol'. I) measures na 
and pb Let til be contp.lned t timeS'·in'na and s times in pb; then na = til/, andpb = "n.. Therefore 'Il.!' ± pb = tm ± 8m = (t ± s)m. That is, 
m is Ql>ntllined (t ± 8) tinle& in na :!:pband isthel'efore II measure ofna±pb, 

E 
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88. The G. C. l\i. of two or more quantities can oftcn 
be found by inspection or by the following :-

RULE.-Resolve each of the quantities into its component factors: 
then the product of those factors common to all the given quantities 
will be their G. C. M. 

Ex. 1. What is the G. C. 111. of 49a"b"c4 and 63a5 b"c" ? 

49a2b2c4 = '1a2b"e" x '1e and 63a5 b3ea = '1a"b 2c" x 9«"b, whence it 
is evident that the G. C. J\1. required is 'la2b2ca• 

Ex. 2. The G. C. M. ofm2(a2-7n2)2 and (a2m + am2 )3 ; 

that is, of m2(a2_m") (a2 _m2) and {am(a+m)}". 
that is, ofm2(a+m)(a-m)(n+m)(a-m)and aam3(a+m)(a+7n) 

(a+m) ; 
that is, of 7n2(a+m)" (a - m)" and 71t"(a + m)" (a + m) a3m is 

m"(a+m)2. 

Ex. 3.-The G. C. M. of 15(x2- 2ax - qa2) and 35(xa + aa). 

that is,of5 x 3 (x+a) (x-3a) and 5x'1 (x +a) (x2_ax+a2); 
that is, of 5(x +a) x 3(x - 3a) and 5(x +a) x '1 (x"- ax + a2) is 

5(x+a). . 

EXERCISE XXI. 

Find by factoring the G. C. M. of 

1. 18ab3m and 24a2b'?n3• 
2. 21a4 m2, 18a3m" and 15a2,n4. 
3. 8a2x2y + l'lamxy - 3a2m2x2y and 5xy + 3axy -14a2x2y. 
4. x2+2x- mx2

_ 2,lItx an~tx2+ 4x+4 +ax + 2a. 
5. 3a2 (a2_x2) and 4a2x2 (a-x)". 

6. 3mS(a3
_ln

a
) (a+m), 4m(a~-m3)" and 4m\a2 -m2 ) (a-In). 

!. x2 _ 4x- 21, x2-12x + 35 and x 2 +5x_ 84. 
Ii, (ax_a)2 and a2(x2-3x+2). 
,9. x +3x -4, x2 

- 2x+ 1 and x 2 _1. 

---
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89. To find the G. C. 1\'1. of'two polynomials:­

RULl:. 

59 

I. Strike out the greatest lIwn01nialfador (if there be any) which 
is common to all the terms of both polynomials, and reserve 
it. 

II. Reject from each of the polynomials any renLaining monomial' 
factor that may be common to all its tC1'7ns. 

III. Arrange the resulting polynomials asfor division, i.e., according 
to the powers of the same letter of refe?'ence, and make that 
one the divisor whose first term is of lowel', or of not higher 
dimensions, as to the letter of reference, than the first term 
of the other. 

IV. Multiply (if necessary) the dividend by the least mono;nial 
that will rende-I" its first term exactly divisible by the first 
term of the divisor. 

V. Divide the dividend by the diviso?' and continue the division 
until the ;Lighest exponent of the (etter of l'ejerence in the 
remainde?' is less than the exponent of the letter of reference 
in the first term of the divisor, observ'ing that if the coef. of 
the first tet'm of any partial rem. should happen not to be 
divisible by the coef. of the fi·rst term of the dilJisor, in 'order 
to avoid fractions, the rem. is to be multiplied by such' a 
number as will render the coef. 'of its first terrn exactly 
divisible by the coef. of the first term of the d·ivisor: 

VI. Reject from the remaillder its greatest morwmi(tl factor, and if 
its first term is negative, change all its signs: conside?' the 
l'esult as constituting a new divisor and the fonnel' di~isor 
a new divideiui: . pl'oceed as· befoTe,' rwd continue the opera­
tion until there is no remainder. 

V II. Multiply the l(tst divisor by the rese'rved monomial, if dnYj 
and the product will be the G. C. IJL of the given polynomials. 

PROOF.OF RULE.':"'The G. C.!lI. ~f two'qUlintities is evidently the product 
of all the factors common to both. Hence if we reject any monomial faotor 
common' to both (as we may do for the sake of convenience) we must 'still 
regard this factor as entering intQ'\he C;;:. C.M., ani! tller~forewe }'eserve 
it. - , .' " , 
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n.-Since the G. C. M. of two quantities·is the product of all the factors 
whlch are commo>. to both quantities, it is evident that a factor which 
belongs only to one of the two cannot form a part of their G. C. M., and 
therefore we may, for the sake of abbreviating the work, reject as directed 
in II. 

IV.-Having by II struck out every monomial that is a factor of either 
of the quantities, it is evident tbat if we multiply tbe dividend by any 
mon'omial in order to make its first exactly divisible by tbe first term of the 

, divisor, this monomial not being a factor of each of the terms oftbe divisor 
(though it is of the first term) cannot be a factor common to both dividend 
and divisor, and therefore cannot form part oftbeir G. C. M. 

III, V, VII.-Let the given polynomials whose G. C. l\<I. is required be 

b)a(p 
bp 

c)b(q 
cq 

mZna and m'fb, wbere 11", nand f are monomials. After 
striking out and reserving the common factor m', and 
rejecting from the remainders na and fb, the factors n 
andf which are not common to botb j then tbe reduced 
polynomialswbose G.C.l\<I. is sought are a and b. Suppose 
thesc being properly arranged, the leading letter of b is of 

cl) c (r lower or not higher dimensions than that of a. Then 
clr divide and suppose a -7- b gives a quotiimt.p with rem. c j 

also b -7- c gives quotient q and rem. cl j also c -7- d gives 
quotient r and no rem. Tben el is the G. C. M. of a and h. 

We shall first show that el is a common measure of a and b. 

Because el measures c, since it goes into it without a remainder, therefore 
(Theor. I) it measures qc a multiple of c. 

Because d measures el and also qc, therefore (Theor. II) it measures 
their sum, which is b. 

Because d measures b it also measures pb, a multiple of b. 

Because d measures po and also c it measures their sum which is 'a. 
Therefore d measures both b and a, and is a common measure of tIiem. 
Next we shall show that d being a common meaSUre is the gl'eatest 

common meaeure of a and o. 
For if d be not the G. C. M. of a and b let there De a greater as d'. 

Then because d' measures b it measures pb, a multiple of b. 

Because d! measUl'OS a and also pb, it measures (Theor. II) their diffel" 
ence, which i8 c. ' 

Because dJ measures c it also measures qt, a'lnultiple of c. 
Because d' measures b and also qc it measures their difference, which is d, 

Therefore d' meas11res d, that is, a greater quantity measUres a less; which 
is absurd. _ 

Therefore el' i8 not a common lneasUre of a and b j and in like manner 
It may be shown that no quantity greater than d is a common measure Qf 
« and b. Therefore d is th~ G. O. lI'I. of« and b, 
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V.-We may multiply any remainder by any number in order to make 
its1lret coef. exactly divisible by the first coef. of the divisor, because the 
G. C. M. of a and b is the same as the G. C. M. of any divisor b and rem. c. 
If now we multiply this rem. c by any mouomial nsf, the divisor b having 
no monomial factor, can have no factor in common with f, nor therefore 
any in· common withfc but what it may have in common with c. That is, 
the G. C. M. of band fc will be the same as the G. C. ~I. of band c, and 
therefore the same as the G. C. M. of a and b. 

Vl.-We r.eject the monoplial factor of the remainder before making it 
a divisor, because the former divisor, which has now become a dividend; 
contains no monomial factor, and therefore can contain no factor in com­
mon with the monemiai ~ejected from what now becomes the divisor, and 
therefore the G. C. M. ,of the dividend (last divisor) and the unreduced 
divisor (i. e. last rem.) is the same as the G. C. M. of the dividend and 
diviser reduced liS directed. 

We can change all 'the signs of the divisor because this is equivalent 
merely to dividing it by - I. 

Ex. 1. What is the G. C. M. of x' -lOx + 21 and x' - 2x - 35 ? 

OPERATION. 

XZ_ lOx + 21 ) x' - 2x - 35 ( 1 
xZ_lOx + 21 

8x - 56 = 8(x - 7) 

x - 7 ) X
Z 

- lOx + 21 ( x - 3 
XZ - 7x 

-:: 3x+21 
- 3x + 21 

•. G. C. M. '= x - 7. 

EXPLANATloN.-There is no monomial factor common to both, nor is 
there any monomial factor common to all the terms of either. Therefore 
we at once proceed to divide, x being taken as letter of reference; the first 
terlIlB of the given quantities are of the same dimensions, and consequently 
it makes no diffcr,ence which is taken liS divisor. 

After the first step of the division we obtain a remainder 8x - 56, and 
before using this for divisor we strike out its monomial faetor 8. Thi. 
gives us x ~ 7 for 2nd divisor. We make thc last divisor the llew divi­
dend, and finding that wp now obtllin llO reID., we COllclllde that the 
G.C,JIf.isx-7· ; 
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Ex. 2.-Find the G. C. M. of 2a4 + 3nsx - 9a2x2 and "Sa4x 
_ 17a3x2 + 14a2x3 _ 3ax4. 

OPERATION. 

Sa4x _ 17a3x2 + 14a2x3 _ 3a.x4 n x x(Sn3 - 17a2x + 14ax2 
- 3x") 

- --------------
2a4 '+ 3a"x _ 9a2x2 a x a(2a2 + 3ax - 9x2

) 

\la2 + 3ax - 9x2 ) Sa" - 17a2x + 14ax2 
- 3x" ( 3a - 13.'0 

Sas+ 9a2x _ 27ax' 

_ 2Sa2x + 41ax' - 3x" 
_ 26a2x _ 39ax' + 117x" 

80ax' - 120x3 = 40x2(2a - Sx) 

2a - 3x ) 2a2 + 3ax - 9X2 ( a + 3x 
2a2 - 3ax 

Sax - 9x' 
6ax - 9x2 

G. C. M. of the 'reduced polynomials = 2a- 3x and reserved 
common factor = a. 

Therefore G. C. M. of given quantities = a(2u - 3x). 

EXPLANATloN.-Here we strike out and reserve the monomial factor a, 
which is common to both quantities, and strike out and reject the monomial 
:(actor x of the second quantity and remaining monomial factor a of the 
first. 

We select the divisor as shown in the margin, because a2 , its first term, 
is oflower dimensions than a 3 , the first term of the other. Our first rem. 
is 80=2 -12Ox3 from which we reject its greatest monomial factor 4Ox2 
and this gives us 2a - 3x for a new divisor, the last divisor becoming th~ 
new dividend. ' 
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Ex. 3.-Find the G. C. M. of 6x" - :t3y_ 3X2y2 + 3xy8_ y4 and 
9x" - 3x~y - 2X2y2 + 3xy3 _ y4. 

OPERATION. 

6x4 - x"y - 3X2y2 + 3xy3 - y") 9x4 _ 3:t"'Y _ 2x2y2 + 3xy3 _ y4 ( 3 

2 

18x" - 6x"y - 4x2y2 + 6xy3 _ 2y4 
'18x! - 3x"y - 9X"y2 + 9xy3 _ 3y4 

• 
- 3x"y + llx2y2 _ 3xy3 + y4 

0::. _ y(3X3 _ 5x"y + 3xy2 _ y3) 

3x' - 5x2y + 3xy2 _ yS ) 6x" - x"v - 3X"y2 + 3~y3 _ y4 ( 2x + 3y 

6x" - 1 Ox3y + 6X2y2 _ 2xy3 

9x"y _ 9X"y2 + 5xy3 _ y4 

9x3y _ 15x2y2 + 9xy" _ 3y4 

6X2y2 _ 4xy3 + 2y4 

= 2y2(3x' _ 2xy + y') 

3x' _ 2xy + y' ) 3x' - 5x'y + 3xy' _ yS ( x _ Y 
3x" ..,. 2x"y + xy' 

_ 3x"y + 2xy' _ y" 

- 3x"y + 2xy' - y" 

Therefore G. C. !fL = 3x' - 2xy + y' 

EXPLANATION.-Here, after seeing that the terms are properly arranged 
and that there is no monomial factor to reject, we multiply the dividend 
by 2 in order to make Its first term exactly divisible by the first term of the 
divisor. 

Before making the rem. a div. we cast out its monomial factor y and 
change all its signs, or, what amouuts to the same thing, we cast out the 
monomial factor - y. 

Before making the next rcm. a new divisor we cast out its monomial 
factor 2y2. 

EXERCISE XXII. 
Find the G. C. M.of-

1. x' - 5x'- 14 and x' - xi: 6. 
2. x4 "" 8x"'+ 21x' - 20x + 4 and 2x· - 12x' + 2l.1' - 1_0 
;3. a' - ax - 'Ia + 'Ix 8.1!c1. a3 - 3a + 3x - a'x, 
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4. x3 + X Z _ 12x and X S + 4x2 + 5x + 20. 
5, aZ _ 3ab + 2b2 and aZ - ab - 2b2

• 

6. a3 _ (Pb + 3aba - 3b" and aZ - 5ab + 4b". 

[SlIOT, IV, 

"t. 30x4 - 18x3 + 94xz - 42x + 56 fl,nd 60xs - 36x" + 48x 'l­

_ 45x3 + 42xz - 45x + 12. 
8. Sa3b - SaZby - 2by3 + 2aby2 and 12azb + 3byz - 15aby. 
9. a" + 9a" + 2'Ta - 98 and aZ + 12a - 2S. 

10. 8a"bZ - 24azb3 + 24ab4 - Sb 6 and 12a4 - 24a3b + 12a"b2
• 

11. Sa" + 20a4 - 12a3 - 4Sa2 + 22a + 12 and as + 4a5 - 3a4 

- lSas + Uaz + 12a - 9. 
12. 2a3 - 2a2b - 16ab2 + 12b3 and 3a4 c - 9a"bc - 24azbzc + 54ab"c 

- 24b4c. 

90. To find the G. C. M. of three quantities :-Find 
the G. C. M. of two of them, and then of this G. C. M. 
and the third quantity. To find the G. C. M. of four 
quantities :-Find the G. C. M. of any two of them) and 
then the G. C. M. of the other two, and lastly the G.C.M. 
of the two greatest common measures thus found. 

LEAST COMMON MULTIPLE. 

91. The Least Common Multiple (1. c. m.) of two 
or more algebraic quantities is the quantity oflowest dimen­
sions, as to the letter or letters of reference, which exactly 
contains each of the given quantities. 

NOTE.-Of course there is the same objection to the use- of the word 
" least" here as to the word" greatest" in regard to common measures. 
It would be more correct to use the term lowest common multi pte. 

92. To find the 1. c. m. of two or more algebraic 
quantities :-

RULE.-Divide their product by their G. C. M. 
Or, Divide one oftl)e given quantities by their G. C. M., and 

multiply the quoNent and j'ema'ining quantity 01' quantities together 
for their I. c. m. 
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PaOOF OF RULJIi.~Let it be r~uire,d to -find the I. c. m. of IIny two 
quantities a and h, and let m be the G. C. M. of these quantities. 

Let a =pm-and h:;: qm, and m being the G. C. M. of a ,and b,.it follows 
of oourse that p and q have no common tactor. Thenpq = lelj.Btquanti~y 

. that contains bothp and q, and mpq = the least quantity that contains p, 
q, and m, and therefore = the I. 0, m. of a and h. Then I. o. m. = pqm 

pmxqm axb a b 
= -;n--- = ----;n- or = m X b or = a X m' 

Ex. 1. Find the 1. c. m. of 18a2x2y and 15ax"y2z . 

OPERATION. 

G. C. M. of 18a2x2y and 15axSy2z = l'.ax2y. 
ISa2x2y 

Then 3ax2y- x 15ax"y' = 6a x 1511xSy :: -90a'x2y2 :: 1. c. m. 
- -

Ex. 2. Findthe1.c.m.ofa"+3a"+5a+3-anda"+a"+a-3. 

OPERcATION. 

G. C. M. of a8 + 3az+ 5a+3 and as+w+a-3 :: a" + 2a + a. 
/i3+3a2 +5a+3 

a2 +2a+3 :: a+Iand(a3 +a2 +a_3) x (a,+I) = a4 +2a8 

+2a2 -:la-3 = 1. c. m. 

93. Very frequently the l. c. m. can be most easily obtained, 
by resolving all the given quantities into their prime factors, and 
multiplying together the highest powers of all the factors that occur 
.in order to form the l. c. m. 

Ex. 1. The I.c.m. of x"-x, x"-I and x"+ 1; that is, ofx(x'-l), 
xU-I,'and x3 +I; that ts x(x -I)(x + 1), (x-I)(x2+x +I)and 
(x + 1) (X2 - X + 1) = x(x - 1) (X2 + X + 1) (x + 1) (X2 - X + 1) 
= :vex' - 1) (x' + 1) = X(X6 - 1) = x 7 - X. . 

NOTE.-Of course the same taotor is only to be taken once in t)le I. c. m. 
although it may occur in each oftbe given quantities. 

Ex. 2.-The 1. c. m. of 4(x3 - xy'),20(x3 + x2y - xy"- y3), 

12(xy' + y3), 12(x:i+xy)' and S (x. -x"y) ; 
that is, of 4X(X2- y2); 201 (x"+ x"y) _(xy2+ y3)}; 12y'(x +y) i 

l2x2(X +y)2 and Sx'(x-y); 
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that is, of 4x(x + y)(x - y); 20 {x2(x+ y) - y2(X + y)}; 121tz 
(x+y); 12x2(x+y)2, and8x2(x-y); 

that is, of 4x(x + y) (x - y); 20(x+y) (X2_ y2); 12y2(x+y); 

12x2(x +y)2, and 8x2(x - y) ; 
that is, of 4x(x + y) (x - y) ; 20(x + y)' (x - y); 12y2(x+ y) ; 

12x2(x-t=y)2, and 8x2(x-y) is equal to 120x2y2(x+y? (x-y) 0; 

120x2y2( x3 + x2y _ xy2 _ y3) 

EXERCISE XXIII. 

Find the 1. co. m. of-

1. 2a2x, 3xy, 4ab2y, and - 3X2y2. 
2. 2ax2, 3xy",4yz", - 2a2.1:, and - 2x'y. 
3. (x-y); (X2_y)2, and (x _ y)". 
4. x'-y", x"-y', and x4_y4. 
5. (x _X2)2, (x" - 1), and 4(1 + x)x. 
6. 4(a-b)2, 6(aS-b"), 6(a"+b3), and 9(a6 - b6 ). 

7. (x2"':3x), (x2-10x +21), and x 2_ 'lx. 

,8. (as_x3), and (a2+x-ax-a). 
9. a3 .:.. 9a2 + 26a- 24, and a3 

- 8a2 + 19a -12. 
io. 3(a3 _b3 ), 4(a-b)", 5(a4 _b4), 6(a-b)", and (a2 -b")". 

SEOTION V. 

FRACTIONS. 

94. Algebraic fractions are i~ all essential respects simi­
lar to arithmetical fractions, and the rules for operating 
upon them are the same I}S those for common arithmetic, 
a-nd -are deduced in the same manner. 

95. Since the value of a fraction is the quotient,-which 
is obtained by dividing the numerator by the denominator, 
we infer the following principles, upon which the principal 
-rules are founded, ;-
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I. That multiplying the numerator, o1'dividtng the denominator 
of Ii fraction by any quantity, multiplies the fraction by that quan­
tity. 

" II. That dividing the numel'at01', 01' multiplying the denomina. 
tor, of any fraction by a quantity, divides the fraction by that 
quantity. 

'- III. That 7nultiplying 01' dividing both numemt01' and denomi'!a­
to'f of a fraction by the same quantity does not change its value. 

96. These principles are, however, susceptible of general 
proof, as follows :-

1. Let ~ be any fraction and m any integer, then WIn =!!:. X ".. For 

in each ofth'e fractions ~ and a;:, the unit is divide:into bbeqUal parts, 

and 711 times as many of these partg are indicated by the latter fraction 'as 
a WIn 

by the former. Conversely Ii = b ..;- m. 
'. a fr' . a a Agam, let -.::- ~e any actIon and 711 any mteger, then -b = ',_ X m. 

u,n. a a VI/" 

For in each of the fractions bm and b the same number of parts 

is taken; but each part of the former is .!.th of each part of the latter, 
, m 

therefore each part of the fatter fraction is m times larger than each part 
of the former; and since the same number of parts is taken of each, it 

follows that the latter fraction ~ is m times greater than the form:er frftC' 
a .. 

tion bin' 

II. The proof ofthis is simply the converse ofthe abo\·c. 
a'ln a a. 

That is, sllice -b- 'i= b X 711, conversely b = am 
b -'- m. 

ct 
And since b a X m, com'ersoly..!!:..- = !!:. ..;- m. b?1, b?1, b 

III. Since both multiplying and dividing any quantity by thy same 

number does not .change its 'Valtle~ if we both multiply and divide i by 711, 
. "a ann am 

its value will remain unaltered. But (I) b X 711 = b' and (II) -b-

..;- m =::: = F" i. e., althOu;l'!~ the parts in the former fraction ar~ 

elloh but'~th ofelloh ofthOSB in the latter, nt times moro of them aretRken. 
711 
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am am1m-1 amO a 
Or, Inn = --b- (Art.69, Cor.) = --b- = b because mO = 1. 

a b 
And since a -;.- 71t = in = am-1 and b -;.- m = m = bm - 1. Therefore 

a+m = am- 1 = amm
-) == amrO = ~ because 711,0 == 1. 

b-;.-m bm-1 b b b 

97. The following facts should be borne in mind by the 
student :-
" I. Any integer may be expressed as a fraction having 1 for 

a 
denominatOT. Thus, a = l' 
'- II. Any quantity divided by itself equals unity, 

b' 
Thus, b = 1. 

~ III. Any integral expresssion may be expressed as a fractign 
havin: a given denominator, the numerator being obtained by mul­
tiplying the given expression by the proposed denominator. 

Thus, let it be required to express a asa fraction with denominator b. 

(Art. 97, I). a = ~,multiPlY both numerator and denominator by 11, 

a all 
we get a = 1 = b' 

'IV. The signs of all the teT1M of both numerator and denomina­
tOT may be changed without altering the value of the expression, 
this being equivalent to merely multiplying both numerator and 
denominator by - 1. 

2a - 3b + 4cm - x' 3b - 2a - 4cm + x2 

Thus, ' 
3 + 2m - '}I2 - 3c 3c - 3 - 2m ' + y2 • 

V. All the 1'ules and formula!in fractions hold whether the letter 8 

employed represent integeral or fractional, positive or negative 
quantities. 

98. To reduce a 'fraction to its lowest terms: 
RULE.-Divide both numerator and denominator by their G.a. M. 

NOTE.-The atudentshould always endeavour to factor the numerator 
nnd denominator so as to find by inspection the G, C, M. when it can 
be so fonnd. Otherwise he must find the G. C. III. of the two terms by 
Art. 89. ' 



ARTS. 97, 98.] REDUCTION OF FRACTIONS. 69 

aZrnxy amx x ay ay 
Ex. 1. a=2 = amx x:; = ~ 

a2"+ 3a"x a2 (1 + 3x) 1 +3x 
Ex. 2. 

2a2 - 3a2m + aay2 = a2(2 _ 3m+ y2) = 2 -3m+:rl' 

Ex.3. 
a4 _x4 (a2+x2)(a+x)(a- x) (a2 + 3P)( a+x) 

=------ = a2 _ 2ax + x' 

aa+ a2x + ax" + x3 

a-x. 
a2 -6a-27 

Ex. 4. a" + Ba + 15 = 

(a - x)(a - x) 

(a+3)(a-9) _ a .... 9 

(a+3)(a+5) - a+5' 

x2-xy+mx-my x'(x-y)+m(x-y) 
Ex. 5. x'+xy +mx + my = x (x + y) +m(x +y) 

(x - y) (x + m) x - y 

a-x 

= (x + y) (x + m) = x + y' 

J;, x"-Bx+3 
Ex. 6""x 6 +3x6 +x+3' Here (Art. 89) the G. C. M. of the-

numerator and denominator is x + 3, and dividing both terms 
(x3-Bx+3) + (x+3) x2-3x+l 

by x + 3 we get ---------~- = . 
(x6+3x 5+ X +3)+(x+3) x"+1 

EXERCISE XXIV. 

lteduce the following fractions to their lowest terms :-

a2 -ab c + ac 
1. . 2. 

2am + m"x _m3 

3a2m + 1II,z 
abc' 

3.--. 
ax+ ay n+an 

5. ab +Tc~ 
a2b + a2b2 + a2bm 

4. mx + bx + x ." 
axay" 

6, a2x2m+axy+~2z~ 
21x\,2 _ 35x2y2 

'1. 
". a"-m 
8---". a~- m2 ' 

a" + bB a2_ 2ab+b2 

9. a' -63' 10. --a,s::ij8' 

a3 + bB a,6 ~6 '," a4 _ m4 

11. aB -"1"' ;12. :(a+m)(a-m)' 13. as _ aa m"' 

'1x2-21x+35 x2-11x+28 4x2 +12x+9 
14. llx' _ 33I1H-"5:5: 15. x2 _ 4x _ 21' 16. 2x2 ... 5; -12 

x. + 2x2y 1" 3x2jJ' ., aB .... 2a2b + 2a,b2 ... b3 

1'1. 2X4_31,;~y_51,;2y2 lB. ~+a2b2+b"-"-' 
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a,4 -1n4 ac + bd + ILd + be 
19. aa: aOm - urn" + 'm"' 

20. 
am + 2bp + 2ap +b1n 

x' + (a + b)x.+ ab 2x3 + x" -'Sx + 5 
21. x2 + (b + c)x + bc' 22. 7x" - 12x + 5 . 

(lL+m) (a+m+x) (a+m-x) a12 +X'Z 

23. 2a"nL"+2n2x'+2m"x2_n4_m4_x4' 24. ;;:20:-+"X20' 

99. To reduce a lll~xed quantity to a fractional form:­

RULEl.-lflultLply tiLe enti1'e part of the quantity by the denomina­
tor of the fraction, and to the product connect the numerator of the 
fractional part by its proper sign. Beneath the whole expression 
thus formed, write the denominatoT. 

£+y a2m-abm+(x+y) a2m-ab'm+x+y 
Ex.l.a-b+-- = --------- = --------. 

a1n am am 
3x - 2a1n 4a2y2 - SayS - (3x - 2a;m) 

Ex. 2. a2 - 2ay - -4y-" ------- ----
.4y" 

4a2y2 - Say3 - 3x + 2am 
:: -----4r-·--

EXER9ISEl XXV. 

Reduce the following mixed quantities to their equivalent 
fractions :- . 

3-2a 
1. 2ax-y+--. 

ax 

2a+xy 
4.3a+y---. x _yo 

2 
2. a2+a+l+ a-I' 

3a2 - 30 
3. 3a-y---. 

x+3 
2 3ax" + xy2 

5. 3ax-y +m ---.--. 
a+x 

xyz - z"m - 2m2z 
6. xy + mz + z + 2m 

a" - m2 

8. 1 - a2 + m2' 

100. To reduce a fraction to a mixed quantity :_ 
RULE.-Divide the numerator by the denominator, and place the 

remaindeT, if any, over the denominator for the fractional part. 
Connect the frMtion thus obtained to the entire part of the quotient 
by the sign plus. 
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Ex. 1. 

Ex. 2. 

31l" - 12ab + y - 9a. y ----sa--- = 1£ - ·16 - 3 + 3a' 

6x" - ax - 2.>: - a,x 2x + ax 
---= 3'"+----= 2x----. 

3.1:+1 3x+1 3.1:+1 

EXERCISE XXVI. 
Reduce the following fractions to mixed quantities :-

71 

20m' - 20m + 1 nZ + x" x"+ 2xy + y"+X"_y4 
1. -------. 2. 3. ----.----

5m n-x .>:+y 
5m"-5p" + 3 l-[t-ab+n"b m+ah+5mn 

4. ,---- 5. ------- 6. -----
. m-p nb-b m+6 

101. To reduce fractions to a common denominator:-
"RULE.-Find the I. c. m. of all the denominntors; then taking each 

fraction in succession, divide this I. e. m. t y the denominatm', and 
multiply both teTms by the quotient thlls obtained. 

1 b c 
Ex. 1. Reduce -;;., ;;;;;, and 'Illx to a com. denom. 

The 1. c'.m. of a, 'Ill, and mx = [t1llX. 
amx -I- it = mx = multiplier for both terms of 1st fraction, 
a7itX -I- 'Ill = ax = multiplier for both terms of 2nd fraction, 
amx -I- 'IllX = a = multiplier for both terms of 3rd fraction, 

1 x 'Illx' 'IllX b x ax abx c x a ae 
-- =--. 

axmx amx m-xax amx 
7/lX 

Hence the required fractions are amx' 

1 + a 1 + aZ 1 + a3 

;;;~ = amx' 
abx ac 
amx' and amx' 

Ex. 2. Reduce 1 _ a' I:. a2' and 1- a3 to equivalent fractions 

having a common denominator. 
OPERATION. 

The 1. c. m. of 1 - a, 1 - a", and 1 - a3 = (1 + i£) (1- as) = (1 + a) 
(I-a) (I+a+a2). 

lstmultiplier = 1. c. m. -I- (1- a) = (1 + a) (1 + a + ( 2) j 
2nd" "-I- (1- ( 2

) = 1 + a + a2 j and 
3rd" "-I- (1 - aO) = (1 + a). 
Using these multipliers the three given fractions become 

(I+a) (I+a) (1+a+n2) (l+n2)(l+n+a2) (I+aB)(l+a) 
(l-a)(l+a)(~I+--a-+~w~)j -(l-_-a-2)-(I-+-a-+-a-2),and-(I-_-a-~(I+a) 

(1 +a)" (I+a+a2) (l+w) (I+a+a2) (1+ag
) (I_a") 

=l+a-a~j --1+a_a3_~,andl+a_7-a~' 
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EXERQISN XXVII. 

Reduce the following fractions to others having a common 
denominator :--

abc x la b 2a m 
1. b' c' d' and rn 2. m' xy' alld mx' 3. 3a' 4b' and 2xy' 

l+m I-m x2_y2 x+y 
4. --. and·---. 5 -- and ---I-m l+m • X2+y' x"+xys' 

3x 4x + Y 2x - 3y 3a 4 - 2x 1 
6 --, --, and ---. 7. --, --, and 2a"' . x-y x2_y2 .2(x+y) 2+x 3m 

B. a, c:} (::~ ~) and (x + ~)-
11. 1 

9 -- ---' - and ----
. a (a+b)' aa2(a"-b") , 6aa(a+b)' 

102. To add or subtract algebraic fractions.~~ 

RULE.-Reduce them to a common denominator, dlen add or 
3uhtract the numerators, and beneath the sum or difference place the 
common denominator. ' 

I-a 1 a2 (i-a)' l+a a" 
Ex. 1. l+a +1_a+l_az::1-~+I_a2 + l=-a;; 
1 - 2a'+ a2 + 1 + a + a2 2 - a + 2az 

.,-- l_az-- = -1-a2 ' 

1 + x" 1 - x' (1 + x2)' (1 - XZ)" 1 + 2X2 + X4 
Ex. 2. l_xz - l+x2:: -1_x4 -1-x4 :: ~4 

1 - 2X2 + x4 1 + 2x + X4 - 1 + 2x - x4 4x 
- -1-~ :: l-x4 ,--- :: 1-x4,' 

a aZ a" a(l- a)" a2(1- a) 
Ex. a, -- - --. + -- :: ---:- - ---

I-a (I_IV)" (I_a)" (I_a)" (I_a)" 

. as _ a(l- a)2 ... aZ(l_a) + aB a(l- 2a 'I- a2) _(all_aS)+ a" 
'\- -- -------- :: -'-----'--. 

(1- a)3 (1- a)a . (1 _a)a 
lb- 2a2+ as _ a' + a"+ a~ a _'aa2 + 3aa 

:: --(i-:ar-- :: ~a)a . 
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(x' + yZ)" Y X x4 + 2x"y"+y4 y"(x _ y)" 
Ex 4 -'---- - -- 2 - - = ----- - ---. • xy(x _y)" x y xy(x - y)Z xy(x_y)Z 

2xy(x -y)' x'(x-y)' 

- xy(x-y)' - xy(x-:y)' 
X4 + 2xZy' + y4_ yZ (x" _ 2xy+yZ)-2xy(x' - 2x!i + yZ)_x~(x2_2xy+y2) 

xY(X_y)2, 
x4 +,2x'y" + y4_X"y2 + 2xy3_ y4_ 2x"y + 4X"y2- 2xy3_ x' + 2X"y-x2y' 

xy(x _ y)2 

EXERCISE XXVIII. 

Find the vaiue of:-

2a 3 c a-b a+o 
1. b + 2b -;. 

x 2 (a-b) 
2 -+---'y y2(x+3)' 3 -- ---. a+b a-b' 

...... 2x 5x x' Y xy 
4. 5x -"7 + 9. + x2

, 5, (X+y)3 + x +y - (x+y)z' 

a -,' ii' b _ e a - c 1l~ P 
6. -- + -- - -- '1. -- - --. 

ab be ae . m + p 1l~ - P 

3 4(1-5a) 'I x(16-x) 2x+3 2-3x 
8. I+2;i -, 4a2-1 - 2a-l' 9. -;;Z-4-+2-x -x+2' 

1 1 (x+y X- y) 
10. a(x+Y)+b(x+ y )- ~---b-' 

11 _m+p _ + __ p+x _ + ~~_,_ 
. (p-x)(x-m) (x-m)(m-p) (m-p)(p-x), 

a-b b-c 2ab-2ae 
12. -- + -- - ----' ----

a+b b+c b'(a+c)+c(a+b)-b(c-b)' 

1 1 3 3 
13. I-x - T+--; + 1- 2x - I+2x' 

m m m 
14. -'----. - + ----- + -, ----. 

a(a-b)(a- e) b(b-a)(b .... e) c(e- a)(e- b) . 

103. To multiply fractions together :-

RULE.-Muftipl1J all the n1llinerators togetherIor a new numel'a~ 
tor, and, all the denominators together for a new denominator, 

F 
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NO'l'E I.-If any of the given quantities are mixed fi'actions, .they must 
bo reduced to thc fractional form before multiplying. 

NOTE 2.-Before multiplying the student must, by attention to the prin­
ciples given in (Arts. 70, 80,) strike out all the factol's common to a nume­
rator and a denominator. 

PROOF OF 1tULE.-Lct it be required to multiply ~ by::.... 
b d 

a a a c . 
Lct b = x and a = y, then b X il = a'y. Also [t = bx and c = ely. 

Hencc etC = bdxy, and dividing each ofthese by bel we get :; = xy. 

But -': X -"- = JJ!I. Therefore 5!: X -"- = etc =prodnct q/'nume,·ettors. 
b ,i b cl bel product ofdenominettors 

1 - a et (1- et)a a - a" 
Ex. 1. x+y x b = (x+y)b = bx + by. 

x 5 - b2x" x" + bx x" - bx + b" 
Ex. 2. --- x -- x ----

x3 + b' x - b x" 
x"( x" - b") x x( x + b) x (X2 - b:1: + b2

) 

(x"+b3)(x_b)x2 
x"(x-b) (x+b) x x(x+b) x (X2_ bx+b") 

(x+b) (x"-bx+b2) x (x-b) X x" 
x2(x+b) = -1- = Xii + bx2

• 

EXEIWIS~ XXIX. 
Find the value of:-

a" -1 

a 

2x 3x 
1. [; x 2a' 

21n x" y" 
2. - x - x 2(a+b) x(a - b) 

3. -~·x---xy rny x xy 36+ 3a . 

x+1 x-1 a2 _ x 2 a".- b" a 4. 3a x x 
a+b' 

5. 
~+b x -- x --2a a+x x(a- x)' 

a2 _7Jl,2 ((" +in2 a2 _ X2 4ax· 
O. x 7. x --my in -a 3ax a+x 
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x2-13x+42 x"-9x+20 a b,c d m 
S. 

x"':' 5x .x -X"~ 6;- 9 -x-x-x-x­• by cy" dys f y4 j y6' 

aZ _ 4' aZ - 1 a - 2 
10. ;;Z-=t x 2a x 2 + a' 

x' - a2 x 2 + bx + ex + be 
11. x"+bx '::-;;;;:'-UI; x :;;'f-C;; + d-;'+cd' 

x2+x-12 x2+2x -35 
1~. x"-13x+40 x x"-'1x-44' 

1 1 
13. (1_a+a2 ) x (1+-+-;). 

, a a~ 

, 4~2_ 16m2 5a a + 2m 

14. a-2m x 20a2 +SOam+SOm2 x -;-. 

104. To divide one algebraic fraction by another :-

RULE.-Invert the divisor and pl'liceed as in multiplication. 

NOTE I.-If either of the given quantities be a mixed fraction it must be 
reduced to a fractional form before applying the rule. 

NOTE 2.-After having inverted the terms of the divisor, be careful to 
cancel as fiu as possible before multiplying. 

!'ROOF OF RqLE Fon DrvrsION.-Let it be required to divid,e ~ bY~, 

ace a c 
Put b -+ d = x; multiplying each ofthese by d we get b = x X d 

c; Again multiplying each of'these by d we get ~d = ex, therefore 

ad . a e a e ("I a d 
. x = bo' But x = b -+ d; therefore b -+ d = To = b X c 

= dividend X divisor with terms inverted. 

a2 _ b" , a" _ 2ab + b2 a" _ b" a4 _ b4 

Ex. 1. a2+b2 .;. ~~ = a2+b2 x a~-2ab+b2 
_ (a-b) (a.+b) x (a2 + b') (a-b) (a+b) , 2 

- (a2 +b2) (a-b) (a-b)' = (a+b) . 

a'+ y'. a2 _ ay + y2 a' + if' (a -y)" 
Ex. 2. -- '" --' -- = -- x -----a2 _y2' (a-y)2, a'_y2 a" _ ay +y" 

_ (a+y) (a2 _ay+y2) (a-y) (a-y) 
- "<a-y) (a+y) (a2_a'+y') = a-y, 
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EXEROIBE xxx. 
Find the value of:-

x y 

a+x x 
2. -a- "'" (1- ;;). 

I 
1. 

4. (a4 
- X4 :< y" - 4) 

2+y u-x 

a2 + x' 
3a 

6. C:b + a~b) 

a + b a2+ 2ab + b' 
3. a _ b "':. a2 _ 2ab + b" 

x - 3 x2 -15x + 56 
5.-- --

x - 9 .,. x" -17x + 72' 

( 
a6_x6 a+1x-) "'" (a'+aa_xx+x. x a

2
:-a

1
x+:l..

2
). 

7. i':2ax+x' x 

3(1"_ 3 

8. 2(I.£+b) 

(
a2 + b" a" _ b2

) 

'10. n"- 62 - (12 + b" 

105. To reduce complex algeQl'aic fractions to simpie 
fractions :-

RULEl.-Rerluce both numerator and denominator to simple fmc" 
lions, if they be nl)t simple already; then having tltUS nduc-ed the 

fraction 
whole expression to the form of fraction' multiply tlte extre1n'es 

together for n nwnerator, nnd tlte means logether for a denolltinator. 

Ex. 

Ex. 

3-x 
I_lx 3 

1. --"-- =:--­b-a y-4a 
4 

I 

l+n 

I 

4 (3 -=----:2 =: 

3(y - 4n) 

l+a 

12-4x, 

3Y~2!f • 

I-a 
2. " ""'27a (1+n)(2-a) I 

I + 
I-a I-a 

I-.a ---
~.i-a-a~ . 
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Ex. 3. 

COMPLEX FRACTIONS. 

a 

1 
1+-­

a- 1 
, a 

a 

a 

a-l-
a 

77 

{{- I 

a 
1 + ---1-~ 

a2 __ _ 
1 + ----;:--

2 1 

1 + ---~ 
a' - a 

a-I 

;" _-.;1:;".._ 
a2' 

a'-a 

a-1 
1--­

a 

(a - I)' 
----

a 

a --­
I 

a 

a2 _ 2a + 1 

a 

EXERCISE XXXI. 

Simplify the following co~plei\fractions :-

lea-b) a-~x 
1';-"b' '2. ;;a+ 5 3 

5. 

8. 

1-}-HX-rt) 
---~ 

~(a+x)~~ 

a"+b" 

b 
-It 

1 
T a 

a 

c 
b+ ,---

- __ e 
d+-

6. 

10., _-..,.",---.f,,-­
adJ-ac 

brJJ+be+rj 

1 + 2a 

1- 2a 
1- 2a 

1 +2a 

a3 +b" 
a2_ b" 

x 
3,---

-

+ 

2x 
1 +-­

a 

1- 2a 
--
1 + 2a 

c 1 + 2a 
--
1- 2a 

'T. 
l+a 
-i 
I-a 

1 + x2yZ , xy -
xy 

9. 
1 

1----
1 

1---
, 1 

1-_ 
xy 

I-a 
1 

+ -
l+a 
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106. THEORE}!.-If any two fractions are equal to one another, 
we may combine, in any manner whatever, by addition and subtrac­
tion, the numemtol' and denominator of the one, provided we at the 
same time similarJy combine the numerator and denominator of the 
other, and the resulting fractions will be equal. 

a c 
That is, if b = d' then 

a+b c+d 
'-b- = -d- (I) ; \ 

a - b c-d b d 
-d- (n) ; - (III) ; b a c 

a b a+b c+d a-b c-d 
d (IV); a 

(v) ; 
a c 

(VI) ; 

a+b c+d a cae 
a - b == c _ d (VII); a + b c + d (VIII); -a,---=-zi = c _ d (IX) ; 

a a+b (t+b 
;- = ~ ± d (x); c + d 

ma mc 
Also, nb = -:;;x (XII) ; 

ma ± nb me ± nd 
--b- = --d - (XIV) ; 

a-b 
c _ d (:XI) , &c., &c. 

ma± nb 
----.;J;-

ma ± nb 

pa ± qb 

me ± nd 
----:;;:a,- (XIII) ; 

me + nd 
= pc ± qd (XV), &0. 

Or, The above propositions hold with any multiples whatever of 
the two numerators, and also any multiples whatever of the two 
denominators, 

an en 
Also, b" = aft (XVI). That is, the above theorem is true of any 

similar combinations of the same powers of the numerator and 
denominator, 

DE11ONSTRATION. 

a c a: c a+bc+d 
(I), Since b = d'" b + 1 = d'+ 1 or -b- = -d-' 

a 
(II). Since b 

a 
(Ill). Since b 

b d 
that is, - = -, a t; 

c a 
d 

.. 
b 

c 

rl 
.. 1 

c a-b c-d 
- 1 = - - 1 or -b- = -d-d _ • 

a c b 
b or 1 x - I x d a 

d 
-
c 
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a c a b c . b a b 
(IV), Since b '= d ,', b x c '= d x c or cd' 

a+b c+d b d a, + b 
(v), Since (I) -b- '= -d- and (III) a=c"'-b- x 

b ·c+d d a+b c+d 
~ '= d- x c or --;::- '= -c-' 

a-b c-d b 
(VI), Since (II) -b- '= -d- and (III) '~ 

b c-d d a-b c-d 
x ~ '= -d- x c or a 

d a-b 

b 

a-b c-d b 
(VII), Since (II) -b- '= -d- ,', inverting by (m) -a:-b 

d a+b c+d a+b b c+d 
'= c _ d and also (I) -b- '= d "-b- x a - b '= d-

d a+b' c+d 
x--

c - d 
or 

a-b c - d' 
a+b c+d a c 

(VIII), Since (v) '= - - (III) 
a+b c + d' a c 

a-b c-d a c 
(IX), Since (VI) 

a c 
' , (m) 

a-b c - d' 
a c 

(x), Since (VIII) and (IX) at b '= c ± d ,', alternately by 
a atb --

(IV) - '= -=--d' 
c c± 

a+b a a-b a 
(XI), Since (x) c + d '= c and also c _ d '= c ,,(Ax, XI) 

a+b a-b 
c + d ~ e _ d or XI '= vII'taken alternately, 

a c a In c m ma l1LC 
(XII), Since b '" d ,', b x n '= d x n or nb '= nd' 

ma me 
(XIII, &c_) Since nb '= nd ,', all tbe above changes may be 

. made on these fractions, 
a c a ace a2 ' c2 

(XVI), Since b ., d ,', b x b '= d x d or fii. '= -;p.' 

And all the above cbanges 
an en. 

may be made on the equal fractions li" '= dn~ 
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107, THEoREM,-If there be any number of equal fractions, then 
we may combine in any manner whatever by addition or sulitraction 
the numerators, or any multiples of the numerators, provided we 

. similarly combine the denominators, or the same multiples of the 
denominators, and the resulting fractions will be equal to anyone 
of the given fractions and to one another, . 

ace 
That is, if t; ~ d = 7' 
Then ~ = a ± c ± e = met ± nc ± pe 

b b ± d ±f mb ± nd ±pf 

ace 
DEMONS1'RA l'ION, Let b- = d = J = x, ,', a = bx, c =- dx, 

and e = fx, ,', a ± c ± e = bx ± dx ±fx = (b ± d ±/)x, 

Dividing each of these equals by (b± d if) we get 
a+c4e a a a+c+e 

,r = b±d±]' butx= t; ,', t; = b±d±f' 

Again, since a = bx, c = dX, and e = fx, 
,', ma = mbx, nc = ndx, and pe = pfx, 
And ma ± nc ±pe = mbx ± ndx ±pfx = (mb ± nd ±pf) 

,', x = ma ± nc ± pe but x = a a ma ± nc ± pe 
mb±nd±pf b "'t;=mb±nd±pf 

. a C' e a"!' en en 
It follows that If -b = -d = -, then - = - = - and therefore 

. f bn dn fn' 
d" an ± c"± en an man ± nc" ±pe" ' 
b" b" + d" +f'" and therefore also b- = , 

_ _ n mb" ± ndn ± pf" 
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SECTION VI. 

SIkIPLE EQUATIONS. 

108. Au cqItation oonsists of two algebraic expressions 
oonneoted by the sign of equality. 

Thus, Sa + x = b _m2 ; x 3 -x, + 3= ± Vab-m; ax - b =O.are 
equations. 

NOTE.-The part that precedes the sign of equality is called tile first 
member or lift hand side of the equation; the part that follows tho sign of 
equality is called the seconel member, or right '~,d side of the equation. 

109. An identical equation, or an identity as it is 
termed, is an equation suoh that any v(tl1tes whateve1' may 
be substituted fo1'1>he letters it involves without destroying 
the equality of the two members. 

Thus, a
2 

- x2 = (a - x) (a + x) 1 ::tt!~~h~\i~~;t!~1~:ls~al~~ 
4(a + b) (a + b) = 4a2 + 8ab + 4b 2 }- may he assigned to a and x 

t )1 or to a and 0, the members 
!(a + x) + t ,a - xl. = a are equal to ono another. 

110. All other equations are called equations of condi­
tion, and the equality existing between the members holds 
~mly when partioular values are assigned to some particular 
letter or letters involved. 

111. The letter or letters for which such particulal.' 
values must be found, are called the unknown qltantities, 
and are generally represented by the last letters of the 
alphabet, x, y, z, W, &c. 

112. An equation is said to be satisfied by any value 
which may be substituted for the unknown quantity with­
out destroying the equality of the two members of the 
equation; 
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113. The solt/.tion of the equation is the process of 
finding such values for the unknown quantity or quantities 
as shall satisfy the equation. 

114. A 1'Oot of an equation is any value of the unknown 
quantity by which the equation is satisfied. 

Thus, 4 is the root of the equation x - 3 = 1. ' 
I} and - taro the roots of the oquation 25.,,2 - 20;c -12 = O. 
2,5, and -7, are the roots of tho equation x 3 - 39x = - 70. 

115. An equation which involves only one unknown 
quantity is said to be of as many dimensions as is indicated 
by the exponent of the highest power of the unknown 
quantity that occurs in it. 

, _ 1 } are equations of one elimension or s'imple 
rhus, 4x ~ 3 - 1 equations, or equations of tho forst 

2a(x-m)+x=b2 -m degree. 

6x' - x + 30 = 0 I. are equations of two cUmensions, or quadratic 
ex' + 2ax = b 5 equations, or equations of the seconel degree. 

4.,>:3 _ 112x' + 109x _ 27 = OJ are eq~ations?f three dime~sions: 
or c1!bw equations, or equatIOns of 

x 3 - 15x2 + 74x -120 = 0 the third <legree. 

x' -74x2+ 1225 = 0 } are equations offo!tl' dimensions, or 
biq.,adl·atic equations, or equations 

X4 -4x3 +6x' -4x -5=0 ofthefoltrth degree, 

116. It will be shown hereafter that an equation involv­
ing only one unknown, has as many roots as it has dim en: 
sions, and only as many. 

Thus, a simple equation has only onc root. 
a quadratic equation has only two roots. 
a cubic equation has only three roots, &c. 

117. The solution of simple equations involves the 
following principles :-

r. Any teTm may be calTied fl'om one' side oj' the equation to the 
othel', 01' TRANSPOSED, as it is termed, by changinll its sign. 

Thus, if 4x - a = 7 + m, then 4x = 7 + II! + a, this being equivalent to 
adding + a to each side of the equation (Ax. II). 

SO if2x - a = 4b + x, then 2x -'- x = 4b + a, this being equivalent to 
a\lflin!! + £I and - x to eagh sjdQ (Ax. !~). 
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II. The signs of all the ~el'ms of both mem.bers may be ciwnged 
without altering the equality of the two members. 

Thus, if3a- 4." + b = -7n + a.1: - C, 
Then.also, - 3a + 4.1: - b = In - a.1: + r. 

NOTE.-This is equivalent to transposing every term, or to multiplying 
both sides of the equation by - 1, which of course docs not affoct tho 
equality. 

III. .!ln equation, any of whose terms involve fractions, may be 
cleared of these fractiort-Y, i. e., converted into another equation not 
involving fractions, by multiplying each member by the I. c. m. of 
all the denominators of the fractions. 

Thus, if ":.. + ::.. + ":.. + ":.. = 20, and we multiply each side 
2 3 56 

by 80, which is the I. c. m. of the denominators, we get 15x + lOx + 6x 
+5x = 600. 

NOTE.-This Is merely multiplying both merobers of the equation by tho 
same quantity, and, of course (Ax. IV), does not destroy the equality. 

IV. Both'members of an equation may be divided by the same 
quantity without destroying the equality. Hence, having reduced an 
equation. by the foregoing principles, should the unknown quantity 
have a coefficient, we may divide each member by that coefficient. 

Thus, ifll:!: = 44, then div~ding ellch member by 11 we get x = 4. 

118. THEOREM.-J.l simple equation, or equation of the first 
degree, involving only one unknown, can have only one root. 

DEMONSTlU.TION.-By transposing all the known quantities to the right 
hand member, and the unknown quantities to the left hand member, every 
simple equation can be reduced to the form ax = b. 

If it be possible let ax = b, have two dissimilar roots ~ and y. 
Then af3 = b and also ay = b, and by subtraction af3 - ay = b - b = 0, 

that is, a(f3 - y) = 0, which is absurd, becauRe, by supposition, f3 - y does 
not = 0, nor does a = O. 

Therofore ax = b cannot have two roots. 

119. From Art. 117 w~ get the following rule for solving 
il simple equ.ation involving only one unknown quantity. 



-84 SIMPLE EQUA'l'IO~S. [SECT. VI. 

I. Clcu)' the equntion of jrnctions, nnd, if necessary, of brnckets 
also. 

II. TrnnsJlosc all the terms involving the unknown quantity to the 
left /wnd member of the equation, and lhe remaining terms 
to tlte right Iwnd member. 

III. Collect, by addition and subtretetion, as far as possible, the 
several terms of each member into one t~l'In, i. e., reduce each 
member to its simplest form. 

IV. Diuide each 'member by the coefficient of the un/mown quantity. 

Ex. 1. Given 8x + 7 = 2x + 43, to find the value of x. 

SOLUTION. 

8x + '1 = 2x + 43 
8x - 2x = 43 - 7 

6x = 36 

x=6 

x x x 

(I) 
(n) 

(m) 
(IV) 

(I) transposed. 
(n) collected. 
(III) + 6. 

Ex. 2. Given 2 + 3' = 4" + 14 to find the value. of x. 

SOLu'rION. 

x 
- + 14 
4 

6x + 4x = 3x + 168 

6x + 4x - 3x = 168 
'Ix = 168 

x ,= 24 

(I) 

(n) 
(m) 
(IV) 
(v) 

2x + 6 
'Ex. 3. Given 3x + ---

5 
ofx. 

(I) x 12, the I.C.ill. of 2,3,4. 
(n) transposed. 
(III) collected. 
(IVY+ 7. 

ux - 37 
5 + --' 2--- to ~nd t~e value 

SOLUTION. 

2x + 6 llx - 3'1 
3x + -5- = 5 + --2- (I) 

30x + 4x + 12 = 50 + 55x - 185 (iI) = (I) x10 (l.e.m. of2 and 5). 
30x + 4x - 55x = 50 - 185 - 12 (m) = (n) transposed. 

- 21x = - 14'1 (IV) :. (III) collected. 

:t: = 7 (V) = (IV! t - 2+. 
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2'7-9x 5x+2 
Ex. 4. Given x + --- - -- = !h~ -

4 6 

2x + 5 29+4x 

3 12 
to find the value of x. 

SOLUTION. 

2'7-9x 5x+2 2x+529+4x 
,x+-

4
---6 = 51\-- -3--~ (I). 

12x+81- 2'7x -lOx - 4" 61-Sx - 20-29-4x (II» :: (I) X 12. 
12x-2'7x-l0x+Sx+4x = 61-20-29+4-S1 (III) ::(n)transposed. 

- 13x :: - 65 (IV) :: (III) collected. 
x == 5 (v) :: (IV) .;. - 13 . 

.• NOTE.-The student must remember that the separating line ofa fra.c­
tion acts as a vinculum to the numerator, and that in clearing of fractions 
a minus sign before the fraction has the effect of chaugiug all the signs of 
the numerator. . ' 

6x + 1 2x - 1 2x - 4 
Ex. 5. GiVl'ln 15- - -5- :: 7x _ 16· 

SOLUTION. 

6x + 1 

15 

2x - 1 
--5-

2x - 4 

'7x-16 
30x - 60 

6x + 1 - 6x + 3 :: ~16 

30x - 60 
4" '7x _ 16 

.2Sx - 64 :: 30x - 60 
2Sx - 30x :: - 60 + 64 

- 2x:: 4 
x::-2 

(III) :: (1I) collected. 

(IV) :: (III) X ('7x - 16)· 
(v) (IV) transposed. 

(VI) :: (V) collected. 
(VII) = (VI) .;. - 2. 

1> NOTE.-When one of the denominators is It binomial or trinomial, iti. 
commonly best to first multiply each member by the I, c. m. of the other 
denominators, and reduce the resulting equation as much as possible before 
multiplying by this compound denominator. This is especially the case 
when one of the remaining denominators contains the oth'!,<'s, as in this 
example. . 

Ex. 6. Given t (x - ":) = ~(d: -~) ~ t(x - ~) to find the value 
of x, 
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S.OLUTION. 

t(x-i) = Hx-i)~-Hx-i) 
3(x-i) = 4(x-i)-6(x-i) 

3x - W = 4x - n - 6x + 2n 
3x -4x+ 6x = -n+ 2n+"i' 

5x = n +~ 

(I) 
(II) = (I) X 12. 
(III) = (II) cleared of brackets. 
(IV) = (III) transp0sed. 
(V) = (IV) collected. 

25x = 5n + 3n 
25x = Sn 

(VI) = (V) x 5. 

x = 2~n 

(VII) = (VI) collected. 
(VIII) = (VII) .;. 25 

abc d . 
E 7 GI'ven - + - + - + - =g,to find the value ofx. 

x. . bx ex dx fx 

SOLUTION. 

abc d 
bx + ex + dx + fx = g (I) 

aedf + b"df + be2j + bed2 
" bcdfgx 

acdf + b2df+ be2f + bcd2 

x = bcdfg 

(II) (I) x bcdfx 

(III) -= (II) .;. bcdfg 

(a + b)x x x + 1 
Ex. S. Given ~ + a2 _--p = a + b to find the value ofx. 

SOLUTION. 

(a+b)x x x+1 
-~::-b + a2 _hZ = a + b (I) 

(a+b)"x+x =- (a-b) (x+1) 
a'x + 2abx + bZx + x = ax - bx + a - b 
a2x + 2abx + b2x + X - ax + bx = a - b 

(aZ + 2ab +.b2 + 1 - a + b)x = a - b 
a-b 

(II) 
(m) 
(IV) 
(v) 

= (r)x (a"-b l ) 

= (II) expanded. 
= (III) transposed. 
= (IV) factored. 

x = a" +- 2-ab"--+-b""-+-1---a-+-bl (VI) = (v) + coef. of x. 

EXERcrSE XXXII. 

Solve the"following equations :_ 
x x 

1. x + 3 = 7 - 4' 
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x 
2. 2x - "5= x + 4. 

x x 3x - 11 
3. 2x - 3' + f = --4 - + x + 9. 

3x -1 x + S 
4. 2x - 7- + --- = -- - 2x. 

5 3 
x-5 x-7 

5. 2 - -'1- = 3 - -4' 
2x 3x + 1 

6. 4x - Sf = -2- + x + 6. 

7. 2x - 16! = :1l" + ~x. 
x+3 x+4 x+l 

S. -4- - -5- - 16 = - -3-' 

2x + 19 7x + 11 
9. 4x - -- = 15 - --. 

5 4 
7x 3!x - 7 

10. 9" + 3t" 21 --rt-. 
8x - 17 14x + 17 

11. -1-1--+ -W- = 3x -

4x+4 14-3x 
.12. -'-3- - x = 2 + --3-' -. 

31- x 

2 

4x-5 2-6x 3x+l 
13. 3x - '3- + gx = 1'1 + -4- + - S-· 
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x '3tx - 5 2jfx - 9 • 7!x - x + 2 ~ - 5~x 
14. 12 + -:-7-- - ~-= 1 - ---S'-- - -, -6-' 

x x '3(x - 7) 0 

15. x + 2" + ;r - -5-- = 2x - 2;r., 

5(x-l) 97-7x ',' 
16. 21 - a-~ -2-- ~ x - -h (3x .... 11) - 9. 

x x' x -x x '5x 
17. 2" + 3' + 4' + 5 + 6- = x + 12 + 4. 

20'-'- x 
IS. 2x - 6- +,10 = ~x 

36 + 20x 5x +20 
19. ---u;- - g,x = 3B·" 9x _ 16' 
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12 + 7x 9 + 5x 3x - 13 llx - 17 
20, 3iP--3x---- + --- = -- - -' --, 

1 U 9 10 16 8 
9x + 20 4x - 1-2 x 

21. 36 = 5x-4 + 4' 
22. !x +;}(x + 3) - !(x - 4) = -/,(X + 5) + 31t. 

7(x+2) 2(2x+l) 17-3x 
23. 6x ~ 3 = 5 + -3"-- - --5 -, 

2(5x2 -9) 6x+9 
24. 5x - 3 + 2x = 9 - 3+ 4x' 

2(x+2) 'lx-I3 6x+'l 
25. --3- - 3(1 + 2x) = -9-' 

26. ax + b = e. 
27. Sax - b2 = be - ~ax. 

28. 4bx - 3x = Ha - b" + 3ax). 
3a-x (a-b)x 

29. 2a"x - -t;- = x - -2a-' 

2x -I- a 4a - 3x ax - b 
30. 3a - b- = -c- - -5' 

ax ex 
31. x + b + d = f. 

bx + 4a a2 
- 3bx 5a" _ 6bx 

32, -"-- - --- - bx = ab2 - ---- + ax, 
4 a 2a 

b2x 
33. ax -" be '" b _ a' 

IIa - 3x 6a - 5x a -I- b 2x 
34. -U+b - --a--T =: a -b + a" _ b2; 

(a + X)2 
35. -'4 -- - abx == !X2: 

abe bx a2b2 

36. !(a-l-b) - ~ + (a+ b)" == 
b"x 2a -I- b 

3ex - - ."--
a (a-l-b)2' 

3'l. 3 + I'72x - 2'2Ix == '203x. 
. .. 

38. '3x + x(6 - a) == 3a - '23x. 

39, f(x -1) -I- ! { 1 - (x + n} - } {x - (1 + !x)l == x -I- 'x, 
8ax - b 5b 'Ie 

40, -- - - = 4 - b --
5 3 , 9' 

41. (a2 
- x) (b2 + x) - 3ab (1 - x) = ~x _ a) (e _ x), 
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PROBLEMS 
PRODUCING SIMPLE EQUATIONS INVOLVING ONLY ONE UNKNOWN 

QUANTITY. 

120. A Problem is a written statement of the relations 
existing between certain quantities whose values are given, 
and another quantity or other quantities whose values are 
to be found. The solution of problems consists of two 
distinct parts: 

I. The .!1lgebraic Statement, or briefly the statement. This 
consists in the translation of the problem into aigebraic language, 
i. e., in expressing the conditions of the· problem, the relationa 
between the given and the unknown quantities, by means of 
signs and symbols, so as 'to indicate the operations described in 
the problem.' 
. II. The solution of the resulting equatiotL. 

121. It is with the former of these parts, i. e., " the 
statement," that the student experiences the chief difficulty, 
the nature of problems being such that they admit of no 
general rule for their statement. The student must, there­
fore, be left very much to his own ingenuity, and he can 
expect to acquire facility in the operation only by long 
continuea practice. He will, however, be very much 
assisted in his efforts by attention to the follQwing generllol 
instructions for making:-

THE STATEMENT OF PROBLEMS. 

I. Read/over the problem carefully, until its conditions a!'~ clearlv 
apprehended, and it is distincth! understood what if given 
and what if'required. '.' 

II. Represent the unklWwn' quantity by x, and set down in alge­
braic language the tdatiqns' existing between it and the 
given quantities, cis described in the problem, or in other 
words, indicate upon x, by means of signs, the same opera­
tion that would be neceslfiryto verify its val"e in the equaticm 
if that value were already determined. 

. G 
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NOTE.-Before commencing the exercise the beginner is particularly 
directed to study carefully the solution of the preliminary problem's, in 
order to observe the modes of proceeding to make the statement; 

Ex. 1. What number is that from the double of which if 10 
be subtracted the remainder is 44 ? 

SOLUTION. 

Here we have given that a certain number is such that when 
its double is diminishlild by 10 thlil remaindlilr is 44. 

Llilt x = thlil number. 
Then 2x = its double, and 2x -10 = its double diminished by 10. 
Thliln, by the problem, 2x - 10 = 44, which is the required 

statement. 
2x = 54, by transposition. 
x = 21, by division. 

Therefore 21 is the number required. 

Verification. (21 x 2) - 10 = 44 
54 - 10 = 44 

44 = 44 

Ex. 2. Find a number such that one-half, one-third, and one­
fourth of it added together shall exceed the number itself by 4!. 

SOLUTION. 

Here we have given that! + ! + ! of a certain number> the 
number itself by 4!, or what amounts to the same thing, that 
! + ! + ! of a certain number = the number itself + 41. 

x x x 
Let x = the number; then 2' = i of it; 3 = t of it; and 4" = 

! of it. 
x x x 

And 2' + 3 + 4" = x + 4!, which is the statement required. 

6x + 4x + 3x = 12x + 54 (II) = (I) x 12. 
6x + 4x + 3x - 12x = 54 (m) = (II) transposed. 

x = 54 (IV) = (m) collected. 
Therefore 54 is the required number. 

54 54 54 
Vel·i(ication. '2 + '3 + 4" = 54 + 4~ 

2'7 + 18'+ 13l = 58! 
581 = 58 
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Ex. 3. Divide the nnmber 112 into two such parts that if 21 
be added to the less the sum shall be less than one-third of the 
greater by the third part of unity. 

SOLUTION. 

Here 112 is to be divided into two parts such that the less 
+ 21 shall be equal to (t of the greater) - t. 

Let x " the greater part; then since 112 is the sum of the two 
parts, 112 - x " the less. 

x 
(112 - x) + 21 is 21.added to the less, and 3 - t is t of unity 

less than t of greater. 
, x 

Then (112 - x) + 21 " 3 - h which is the statement. 

336 - 3x + 63 " x-I (II)" (I) X 3 
- 3x - x " - 1 - 63 - 336 (III)" (II) transposed. 

- 4x " - 400 (IV)" (III) collected. 
x " 100 " greater. 

112 - x " 112 - 100 " 12 " less. 
Verification. (H2 - 100) + 21 " l~.o. - t 

112 - 100 + 21 '" l%Q - t 
133 - 100 " 33t - -} 

33 " 33 

Ex. 4. What sum of money is that from which if $46'20 be 
subtracted, one-half the remainder shall exceed one-third of 
the remainder by $50. 

SOLUTION. 

Here the sum of money is such that 
HSum - $46'20) is > by $50 than t (Sum - $46'20). 
Let x " the sum of money. 
Then x - $46'20 is $46'20 subtracted from the sum. 

x - $46'20 x - $46'20 
--'2-- is half the rem., and --3--- is one-third of rem. 

x - $46'20 x - $46'20 
Then --2- - $50" --3--- (I). 

3x - $138'60 - $300 " 2x - $92'40 (II) (I) X 6. 
3x -'2x." - $92'40 + 138'60 + $300. 

x = $346'20 " sum required. 
NOTE.-The student should verify the result in every case, as is done in 

the three preceding problems. 
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Ex. 5. A certain number consists of two digits, such that the 
right hand digit exceeds the left hand digit by 2; and if ~he 
sum of the digits be increased by f of the number, the digits will 
be inverted. Required the number. 

SOLUTION. 

Let x = the left hand digit. 
Then x + 2 = the right hand digit. 

lOx + (x + 2) = the number." 
x + x + 2 = the sum of the digits. 
2x + 2 + f (lOx + x + 2) = the sum of the digits increaslld 

by t of the number. 
10(x + 2) + x 0= number with its digits inverted. 

Then 2x + 2 + f (lOx + x + 2) = 10(x + 2) + x. 
14x + 14 + 9(llx + 2) = 70(x + 2) + 'lx. 

14x + 14 +'99x + 18 = 'lOx + 140 + 'lx. 
99x + 14x - 'lOx - 'lx = 140 - 14 - 18. 

36x = 108. 
x = 3 = left hand digit. 

x + 2 = 5 = right hand digit. 
Therefore the number is 35. 

Ex. 6 . .8. can do a piece of work in 10 days, which .8. and B • 
can together finish in 6 days. In what time can B working 
alone do the work? 

SOLUTION. 

Let x = number of days B would require to do the work. 
Since.8. does whole work in 10 days, in 1 day he would do 

+0 of it. 
Since B does whole work in x days, in 1 day he would do 

;- of it. 

*NOTE.-If we tlJ,ke any number, as 6542, and represent its digits respec­
tivelyby the letters d, c, b, and a, then cZ + c + b + a will express, not 
the number, but merely the sum of its digits. In order to express the 
numbe.r wo must take into account the local as well as the absolute values 
ofthe:digits" i.e., we must remember that the first digit being-so many units, 
the second is so many tens, the third so many hundreds, &c. 

Hence d -Ii. c + b + a = 6 + 5 + 4 + 2 = 17 = sum of digits. 
And 100M -I- 100e + lOb + a = 6000 + 500 + 40 + 2 = 6542 = the number. 
And of course 1000a + 100b + 10c + cZ = 2000 + 400 + 50 + 6 = 2456 = 

number with its digits invorted. 
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Since.!l and B do the work in 6.days, in 1 day they would do 

~ of it. 
Then .!l's work for 1 day + B's work for 1 day =: work of hoth 

.!l and B for 1 day. 
- 1 

That is, T-o + ;; =: t (I). 

3x + 30 =: 5x 
3x,.. 5x '= - 30 

- 2x = - 30 
x =: 15 =: 

(II) =: (I) X 30x to clear of fractions. 
{III) = (II) transposed. 
(IV) =: (m) collected .. 

days B would require. 

Ex. '1. A person heing asked how many ducks and geese he 
had, replied that if he had 8 more of each he would have '1 geese 
for 8 ducks, but that if he "had S less of each he would only bave 
6 geese for 7 ducks. How many had he of each? 

SOLUTION. 

Let x =: the number of ducks he had. 

Then,,: + 8 =: number of ducks increased by 8. 

x+S 
-S- =: number of times he had '1 geese. 

x +S 
-8- x '1 =: number of geese he had when increased. by 8. 

x+8 
Hence number of geese =: S less than -8- x '1 =: 1(x + 8) - 8. 

Also x - 8 =: number of ducks diminished by 8. 

A(x + 8) - 16 =: number of geese diminished by 8; and by 
. x-8 Hx+8)-16 

the questIOn, 1- =: --6---' 

6(x - 8) =: 7 Ii (x + 8) - 16 }. 
6x - 48 = ¥ (x + 8) - 112. 

49x +392 
6x + 64. = 8 

48x .j. 512 = 49x + 392. 

x =: 120 = number of ducks. 

~ (120 + 8) - 8 =: (~ of 128) - 8 = (7 x 16) - 8 = 112 - 8 
= 104 =: number of geese.~. 
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Ex. B. A merchant has tea worth 48. 3d. and 58. 9d. per lh. 
Bow many lb8. of each must there be in a chest of 126 lbs., 
which shall be worth £30 ? 

SOLUTION. 

Let x = number of lbs. at 4s. 3d. or 17 threepences per lb. 

Then 120 - x = number oflbs. at 5s. 9d. or 23 threepences per lb. 

'17x = worth in threepences of x lbs. at 4s. 3d. per lb. 

23(120 - x) = worth in threepences of 120 - x lbs. at 5s. 9d. 
per lb. 

2400 = number of threepences in £30. 

Then 17x + 23(120 - x) = 2400.-
17x + 2760 - 23x = 2400. 

17x - 23x = 2400 - 2760. 
- 6x = - 360. 

x = 60 = lbs. at 4S. 3d. per lb. 
120 - 60 = 60 = lbs. at 58. iJd. per lb. 

Ex. 9. Divide the number 90 into four parts such that the 
first increased by 2, the second diminished by 2, the third 
divided by 2, and the fourth multiplied by 2, shall all be equal 
to ,the same quantity. 

SOLUTION. 

Let x = the quantity to which the 1st part is equal when 
increased by 2. 

Then x - 2 = 1st part j x + 2 = 2nd part j 
x x 2 = 3rd part j x + 2 = 4th part. , 

Then (x-2) + (x+2) + 2x+~ = 90. 
x - 2 + x + 2 + 2x + ~ = 9(). 

4x+i = 90. 
Bx+x = IBO. 

9x = 180. 
x = 20. ' 

x - 2 = 20 - 2 = 18 = 1st part j x + 2 = 20 + 2 == 22 = 2nd part. 

2x '" 20 x 2 = 40 = 3rd part; i = 2; = 10 = 4th part. 
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Ex. 10. A workman is engaged for n days, at p cents per day, 
upon condition that for every day that he is idle instead of 
receiving anything he shall forfeit q cents. At the end of the 
time agreed upon he received c cents. Required the number of 
days he worked, and the numbe).' of days he was idle. 

SOLUTION. 

Let x :: the number of days he worked. 
Then n - x :: the number of days on which he was idle. 

px :: number of cents he received for 'x days work. 
q(n-x) :: number of cents he forfeited for (n-x) days 

idleness. 
Thenpx - q(n - x):: C. 

px - qn + qx :: C. 

px + qx :: C + qn. 
(p + q)x :: C + qn. 

c + qn 
x:: p + q :: number of working days. 

n _ c+qn _ np+nq-c-nq 
p+q - p+q 

np - c 
p + q :: number of idle days 

EXERCISE XXXIII. 
1. Required two numbers whose sum is 47 and difference 13. 
2. There are two numbers, one of which is greater than the 

other ~y 21, and the quotient of their sum 'by the less is 3 ; 
what are the numbers? 

3. After paying away ~ and ~ of my mo~ey, I had $2'50 
remaining; how much had I at first? 

4. Find a number such that if 21 be tmken from it, lind the 
remainder divided by Sit, the quotient will be 5. 

5. Divide 54 i,nto three such parts that the first divided by 
2, tbe second by 3, and the third by 4, shall all give the same 
quotient. 

6. Paid ~:of my debts, and then paid ~ of the remainder, and 
afterwards .owe $192; how. much did lowe at first? 
. 7. A drove of cattle is disposed of as follows: -} to A, t to 

B, '} to 0, and the rematinder, which was 9, to D; how many 
cattle was there in the drove? 
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8. A farmer has twa flaeks of sheep, each containing the 
same number j but when he had sold 19 sheep from one flock 
and III from the other, the former now contained twice as many 
as the latter. Required the number originally in each flock. 

9. Find a number whose fourth part exceeds its seventh part 
~6. . 

10. What number is that the double of which exceeds ~ of its 
half by 25. 
- 11. Find a number.such that increased by one-half of itself 
the sum shall be 39. 

12. What number is that which exceeds the sum of its half 
and its third parts by 1'1? 

13. Find a number such that when 15 is taken from its double, 
and to half the remainder '1 is added, the sum is greater by 3 
than i of the original number. 

14. What number is that to which if n be added, two and 
a-half times the sum shall be 85. 

15. Find a number such that one-half, two-thirds, and three­
fourths of it added. together, shall exceed 1~ times the original 
number by 21. . 

16. A farmer sold a load containing a-certain number of. 
barrels of apples for $36, and he afterwards sold a second load 
at the same rate, but as it contained 5 barrels less than the 
former, he only received $21. What was the price per barrel, 
and what was the number of barrels in each load? 

17. A person starts to walk from Toronto fa Brampton atthe 
rate of 3! miles per· .. hour j precisely 28! minutesafterW'ards 
another person starts from Brampton to walk to Toronto at the 
rate of 4 miles per ho'llr; and they meet one another exactly half­
way between the two places. Required the distance from 'roronto 
to Brampton. 

18. In a certain grist-mill there are three runs 'of stones j the 
first of which can empty the granary in '12 hours, the second: in 
84 hours, and the third in 90 hours. Two teams ar~engaged 
drawing Wheat and storing it in the granary, and of these the 
first can fill it in 60 hours, and the second in '18 hours.N·ow if 
the gl'llnary be full, and both teams and all three runs of stones 
be ~et ill operation, ill what time will it be emptied..? 
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19. If from the number of the year in which all the slaves in 
Canada received their freedom, the number 1 '180 be taken, three 
times the remainder increased by 1620, ;ill give the year of the 
celebrated Indian massacre of Lachine, and if the two dates be 
added together, one-half their sum increased by 116 will give the 
year 1862. Required the date of the abolition of slavery in 
Canada, and also that of the massacre of Lachine? 

20. Divide $'1400 among A, B, and C, so that A shall have 
$120 more than B j and C $106 less than A. 

21. A pupil receives 24 music lessons and 32 drawing lessons 
in the quarter, and the former cost her $3 more than the fatter j 
if, however, she had received 32 music lessons and only 24 
drawing lesions, the latter would have cost her, at the same 
rate, $10 less than the former. Req'uired the price per lesson 
for music and drawing? 

22. A libra~y contains twice as many volumes on General 
Literature as on History, 1! times as many volumes on 'History 
as on Biography, as many volumes on Biography as on Travels, 
and three times as 'many volumes on Travels -as on the Scilln¢es, 
andtlie niunberof volumes on the Sciences is '10. Rfquired the 
number of volumes in the library? 

23. The Rideau Canal is six mile.s less than four times as long 
as the Niaigara River, and their combined lengtb doubled and 
decrease.d by 100 miles, exceeds the length of the Great Western 
Railway by one mile. The G. W. R. being 229 miles long, 
re<;(uir'ed. the len~th of tbe Rideau Canal, and also that of the 
Niagara Rive.r? . 

24. A can do-a piece of work in 12 day~, which B can finish 
in 15 da'y~, and C in 18 days. Now A and B work togetber at 
it for 1 day iB and C work together at it for two days: in what 
time will aU tbree finish the work remaining to be done? 

25. Divide a numbern into two parts, such that one may 
exceed ,the other by (a - c). 

26. What is tlie:fii'st hour after 12 o'clock at which the two 
hands of 9. watch are (I) together, (II) directly opposite, and 
(111) at right angles to one 1Jh0ther? 

2'1. A man owns two fiel<is a.nd a horse,.the latter being worth 
$9'0. He offers to seH tb,e first field with the horse in it for $25 
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more tlt!tll be asks for the second field alone, but for the second 
field wilh the borse in it be asks double as much'as for the first 
field "hlle, Required the price of each field?', . . 

28, A, B, ,md C can do a piece of work in 20'days, which A 
can do alone. in 50, and B alone in 65 days. C ;works at it for 
11 days, tben Band C togetber for 5 days. In ,,!,hat time can 
A and C finisb the remainder? 

29. Divide $'7189 among A, B, C, and D, so as to give to A 
as much as the otber three, to B $4.0 more thantwo-fifths of the 
sbares of C and D; and to D $25'40'less thanthre~sevenths of 
C's share. 

30, A piece of work can be finished· by 4, ;lIl,en: in' 9 days, or 
by 10 women in 7 days, or by 15 children in 8 da,ys. In what 
time can 1 man, 3 women, and 4. children finish the work? 

31. There is, a number consisting of two digits, whose sum is 
14 (ihe right hand digit being the greater), and three-seventeenths 
of the number is equal to three halves of the right hand digit. 
Required the number? 

32. A farmer sold his farm for $?600, and .considered that he 
had cleared a certain amount by the transaction, A note, how­
ever, for $640, which he had accepted in part payment, turned 
out to be worthless, and he found that, in consequence, he lost 
upon tbe whole transaction two-fifths as much as he would have 
gained had the note been good. What was the value of the 
property'? . 

33. There is a fish whose tail weighs 9 Ibs" bi~~ead weighs 
as much as his tail and half his body, and his :body weighs as 
much as his head and tail together. What is the weight of the 
fish? 

34. A merchant ,yearly increases his capital .by. one-third of 
itself, but takes away $1000 for current expenses. At the end 
of the third year after taking away the $1000 he finds that the 
original capital was doubled. What was his capital at starting? 

35. The fore-wheel of a waggon is a feet; and the hind-wheel 
b feet in circumference j through what distance must the wa.ggon 
pass ilil order that the fore-wheel shall have made'n revolution/! 
more than the hind-wheel? ... 

36. The hour and minute-hands of a watch are togllther at 
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noon. When and how often will they be together during the 
next twelve hours ? 

3'7. Divide the .number 96 into two such parts that when the 
greater is divided by '7 and the less multiplied by 3, tlie sum of 
the quotient and product shall be 30. 

38. Divide $2560 among A, B, and C, so that A shall have 
half as much again as B; and that C shall have h~lf as much 
again as A. 

39. A steamer makes the do1f!n trip from' the head of Lake 
Ontario to Montreal in 28 hours, the current being in its favor. 
When returning it is found that in ascending the St. Lawrence 
(three-sevenths of the entire trip) the rate of sailing is 5 miles 
per hour less than the average rate in its downward journey, 
but upon entering the lake it is enabled to increase its speed 
2 miles per hour, and agai,n. reaches Hamilton, at the head of 
the Lake, in t1 of the time it would have required had the rate 
been uniformly the same as when ascending the river. Required 
the distance between Montreal and Hamilton, and the rates of 
sailing? 

40. A gentleman bequeaths. his property as follows :-To his 
eldest child he leaves $1800 and t of the rest of his property; 
to the second twice $1800 and -~ of the part npw remaining; to 
the third three times $1800 arid i of the part now remaining, 
and so on. By ,this arrangement his property is divided equally 
among his children. How many children were· there, and what 
was the fortune of each? 

41. A certain number consists of two digits, whose difference 
is '7~the, right hand one being:the gr(jater. When the number 
is divided by the sum· of its digit~ it giv~s a quotient 2, with a 
remainder '7. Find the number. 

42. ,Divide $2100 among A, B; and C, so thatA· shall have 
$80 more than g of Band C's shares together, and th,at C shall 
have $20)ess than B . 

. 43. A nurserymen has an orchard to plant with a given 
nUlIlbe'r of tree's, and he finds that when he has as many row,s 
astFees in 'a, row there are '75 trees remaining, but if he ,pu_ts ,5 

" '~" . , , . ' 

trees less in a row, and increases the number of rows by 6, he 
then hll,s only 5 trees remaining. What was the lllunb"er of trails? 
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44. Divide the number a into two such parts that the one 
n 

shall be -ths of the other? 
1n 

45. What are the two parts of 60 .such that their product is 
equal to three times the square of the les~ ? 

46. Twelve oxen are turned into a field of grass containing 
3t acres, and by the end of 4 weeks have not only eaten all the 
grass on it when they were turned in, but also all that grew 
during the 4 weeks. Similarly in 9 weeks 21 oxen eat all the 
grass that grows on 10 acres during that time, together with 
what was on the field when they were turned in. Now assuming 
in all cases that the original quantity and quality per acre, and 
the g~owth per acre, is the same, how many oxen can in this 
way graze for 18 weeks on 24 acres? 

4'1. Divide the number a into three parts such that the second 
may be n times· and the third 1n times as great as the first. 

48. Divide the number ~ into three parts such that the second 
shall be 1n times the nth part of the first, and that the third shall 
be the qth part of p times the first. 

49. From the first of two mortars in a battery 36 shells are 
thrown before the second is ready for firing. Shells are then 
thrown from both in the proportion of 8 from the first to '1 from 
the second; the second mortar requiring as much powder for 3 
charges as, the first does for 4. How many balls must the second 
mortar throw in order that both may have consumed the same 
quantity of powder? 

SIMULTANEOUS EQUATIONS OF THE FIRST DEGREE, 
INVOL VING ONLY TWO UNKN0WN QUANTITIES. 

122. For the solution of- equations involving two or 
more unknown quantities, as many independent equations 
are required as there are unknown quantities involved. 

Thus, the equation x + u = 8 is called an incleterminate equation, beoause 
nn unlimited number of values may be assigned to x and y, so as to satisfy 
the equation. For example, we may take x = t, !, 1,2,3,4,5,6,7,8,0, &'c., 
'and'Y = 7i, 7t, 7, 6, 5, 4, 3, 2, 1, 0, 8, &c., and the equation will be satisfied 

. by auy p/tirof these values. . 
. But if we· take the equation x + y = 8, and limit it by another corres-
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ponding but independent equation, as for example, 2x - 3y = 1, we shall 
find that the two equations aro only satisfied" by the value x = 5 and 1/ = 3. 
An .equation of this kind is called a determinate equation. 

123. A set of two or more equations thus mutually 
limiting the values of the unknown quantities involved, 
form what is called a sim1i<ltaneous equation. 

124. As stated in Art. 122, in order that the equation 
may be determinate, there must be as many independent 
equations as there are unknown quantities involved. Now 
equations are said to be independe.nt -when they express 
dijJe:rent relations between the unkno-wn quantities. 

NOTE.--That is, the two or three equations given must not be derived 
from one another by mere multiplication, or division, or subtraction, or 
addition. Thus, if x + 1/ = 8 be one of the equations, it would be useless 
to associate with it 2x + 21/ =16, or +x + t1/ = It, 01' x + 21/ = 8 + 1/, 
1/ - 3x = 8 - 4x, &c., because these equations, though true in themselves, 
express no new relation between the unknown quantities, and are all 
reducible to the form of x + 11 = 8, having obviously been derived from 
it by mere addition, subtraction,. multiplication, or division. 

125. Simultaneous equations are solved by elimination, 
as it is termed, i. e., by so combining the given equations 
as to get rid of one of the unknown quantities, and thus 
to obtain from them a new equation involving only one 
unknown. 

12"6. There are three methods of eliminating one of the 
unknown quantities, and thus of solving shnultaneous equa-
tions. -

ELIMINATION BY ADDITION OR SUBTRACTION. 

RULE. 

127. I. If the coeificienfs of the quantity we desire to eliminate 
o/re not already the same in both equations, multiply 
lone or both equations by such multipliers as shall 
" ,ake tIle coefficients of that quantity similar. 

II. H~ving thus prepared the two equations, add them, 
member to member, if the s"igns of the quantity to be· 
eliminated are.,!£r1.~ike; s'tlbtract one eql~ation from 
the other ijthe signs in question are like. " 
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Ex. 1. Given 4x - 3y = 6 ( to find the values of x and y: 
4x + 7y = 26 5 

4x - 3y = <ii 

4x + 7y = 26 

lOy = 20 

Y = 2 

SOLUTION. 

(I) Here as the coef. of x is the same 
in both equations there is no 

(II) necessity of multiplying, and we 
accordingly subtract at once. 

(III) = (II) - (I). 

(IV) (Ill) 7 10. 

Then 4x-3y=4x-6" 6 (v) 
4x = 12 

(I) by substituting 2 for y. 

x = 3 
Therefore values are x = 3 and y = 2. 

Given 4x + 3y = 43 ( to find the values of x and y. 
3x - 2y = 11 S _ 

Ex. 2. 

4x + 3y = 43 (I) 
3x - 2y = 11 (II) 

8x + 6y = 86 
9x - 6y = 33 

1'7x = 119 

x = 7 
4x+3y = 28+3y = 43 

3y" 15 

Y = 5 

(III) 
(IV) 

(v) 

(VI) 
(VII) 

SOLUTION. 

(I) X 2. 
(II) X 3. 

(III) + (IV). We add because 
the signs are unlike. 

(v) 7 17. 
(I) with '1 substituted for x. 

Therefore values are x = 7 and y = 5. 
N OTE.-We can always prepare the equations for addition or subtraction 

by multiplying each by that coef. of the unknown to be eliminated, wIllch 
is given in the other equations. Sometimes, however, it is not necessary 
to multiply both [equations, but we can find by inspection a multiplier 
for one only, which will at once prepare the equation for elimination. 

Thus if 'Ix - 3y = 8 } " 
, 2x + 9y = 46 be the equation as gIven and we wish to elimi· 

nate x, we may multiply the lower equation by 4 and the upper by 2, and 
then subtract, but we may obviously attain the same end, in the elimina. 
tion of x, by simply multiplying the lower equation by 2, and then Bub. 
tracting. Similarly if we wish to eliminate the y, instead of multiplying the 
upper equation by 9, and the lower by 3, we may prepare the two equations 
tor addition by simply multiplying the upper by 3. 
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Ex. 3. Given ax + y = m t 
bx _ ay = 7! 5 to find the values of x and y. 

ax+y=m 
bx-ay = n 

a'x+ay-= am 
a'x + bx = am + n 

(a2 +b)x = am+n 
am+n 

x= a'+b 
U1n+n 

SOLUTION. 
(I) 
(n) 

(m) 
(IV) 
(v) 

= (I) X a. 
= (II) + (m). 
= (IV) factored. 

(VI) = (v) + a' +b. 

ax+y= a'+b xa+y = m (VII) = (I) with value of x substi­
tuted for x. 

a'm+an 
y= m - a'+b' 

y= 
a'm;l-bm-a'm - an 

a'+b 

b1n-an 
a2 + b • 

ELIMINATION BY SUBSTITUTION. 

RULE. 

128. I. Ftnd from one of the given equations the value of the 
unknown to be eliminated in terms of the other 
unknown quantity. 

II. Substitute this value in the remaining equation for the 
same unknown quantity, and there will result an 
equation containin~ only one unknown quantity. 

Ex. 4. Given 2x - y = 1 t to find the values of x and y. 
, 7a; + 9y = 16 5 

2x- Y = 1 
'1x+9y= 16 

y = 2x - 1 
7x+9(2x-1) = 16 

7x+18x-9 = 16 
25x = 25 

x = 1 
1/" 2x-l=2-1 = 1 

SOLUTION. 

(I) 
(n) 

(III) 
(IV) 
(V) 

(VI) 
(VII)' 
(VIII) 

= (I) triJ.nsposed. 
= (n) with 2x -1 substituted for y. 
= (IV) expanded. 
= (v) transposed and collected. 
= (VI) -7 25. 
= (III) with value ofx substituted. 
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4y-7x 
Gi ven 5x - --- = 8 } 

6 to find the' values 
4y 7x-2y ofxandY. 

Ex. 5. 

7x - U + -6-'=3y-8 

4y+ 7x 
5x - --6- = 8 

4y 7x - 2y , 
7x - 11 + --6- = 3y - 8 

23x -4y = 48 
539x - 244y= - 5~8 

SOLUT~ON. 

(I) 

(II) 

(ur) = (I) re,duced. 
(IV) = (II) reduced. 

48 + 4y 
x = --- (v) = (Ill) transp. and.;. 23. 

23 

(~+~) ~+~ 
539 ~ -244y=-528 (VI) = (IV) with ~ sub.forx. 

25872 + 2156y 
----- 244y = - 528 (VI!) = (VI) expanded. 

23 

3456y = 38016 

y = 11 
48 +4y 48+ 44 

x=~=;~=4 

(VIl!) =' (VII) reduced. 

(IX) = (VIII) + 3456. 

(x) = (v) with 11 substitut. for y. 

Therefore the required values are x :: 4 and y = 11. 

ELIMINATION BY COMPARISON. 

RULE. 

129. 1. Find from the first equation the value' of the quantity to 
be eliminated, in terms of the other unknown quantity ; 
and similarly find another value for the same quantity 
from the seconii equation. 

II. Place these values equal. to one another, i. e., form an 
equation by placing the sign of equality between them. 

Ex. 6, Given x +64y = 1552 ~ fi d to n the values of x and Y'. 
64x + y= 1048. 
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x + 64y = 1552 
64x + y = 1048 

x = 1552-64y 
1048 -y 

x= ----
M 

SOLUTION. 

(I) I 
(n) 

(m) == (I) transposed. 

(rv) = (n) transp. and -;- 64. 

1048-y ., ~ = 1552-64y (v) '.' first members of (III) 
and (IV) are = .'. also 
the second members are 
= (Ax. XI). 

1048 - Y = 99328 - 4096y (VI) = (II) x 64 to clear of 
fractions. 

4095y = 98280 

y = 24 
x = 1552 - 64y = 1552 -1536 = 16 

(VII) = (VI) transposed and 
collected. 

(VIII) = (VII) '" 4095. 
(IX) = (IlI) "\yith 24 substitut­

ed for y. 

NOTE.-.Illthough eithel' of these three methods may be employed, 
the student is recommended, as a l'ule, to use the fint, that being 
upon the whole the most convenient 

EXERCISE XXXIV. 

Find the values of x and y in the following eqnations ;-
1. '1x-3y=- 5; and 4x + y == 11. 
2. x + 3y = 23; and 6x - Y = 24. 
3. 3x - lly ';' 1 i and 5x - 7y = 64. 
4. 5x + 6y = 80 i and 9x - 5y == - 14. 
5. tx+y=4; and4x~ty=27. 
6. jJx - b = -11; and ~x +-loY = 37. 

2y+ 9x 3x 7.0 + l3y 
7. llx+y+ll =59- --2- + 2; and 11- --3-

8x -3y 
1/ - x - ---'- - (x + Y + D. , 4-

8. !ex + 3y) - tex -'2y) = 2 i and k(x - y) + tex + 5y) = If). 
9. 19x +- 18y = 147 i and 17(x +- y) - 16(x - y) = 168. 

10. 2x + 3y = a j and 5x - 2.11 = b. 
11. 3x + ay '" lit i and 4x + by = n. 

R 
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12. 1l.L - 2ay " "; and 20,2' --by = c. 

13. x - Y = II; and x" - y" = b. 

," Y x+y x-'y 
'4 - - - = /II • Rncl -- - -- = II, 
1. '"a C ' C rn 

))/, '/I. II q 
15, ;:- + Y = c!; and -;: - y - b. 

16. x + Y = 11; and x" - 'I" = 55. 
L(45x + 4y) 3.>' + 21/ y-5 

17. -,I -"-9- + 2 = II + 1 - +(~'1 + ,r -;l) ; fLnd 6- - -4-
'N 

llx + 152 31/ + 1 
-12-- -2-' 

x 1J C a 
18. a - ~ = p; and a=-x + c + 11 - o. 

x'- 6 
19. ~+ 

+(7x-y) 19+y Hllx+18). -
---- _ ---- , and 

42 55y 
4x + 7 
----

24 
12x-15y+li 93 -9x 

10y-=Sx + ~f\ = 6x - ~,i' 
(8a - 2b)ab , ab2c 

20. 3x + 5y = ---;;:;-:~ ; and n".1: - a+li + (n + b + c)by 

" b2x + (n + 2b)ab. 

SIMULTANEOUS EQUATIONS OF THE FIRST DEGHEE, 

INVOLVING MORE THAN Two UNKNOWN QUANTITIES. 

130. If we have three equations involving three un~ 
known quantities, we may obtain their values by the 
following :-

RULE.-Combinc by Arts. 137, 128, 129, the first and second of 
the given equations, so as to eliminate one of the unknown qunnti· 
ties. Also cOfltbine the first and thil'd, 01' the second and thint, so 
(ts to eZimilwte the same unknown ql~antUy. There will1'esult from 
this process two equations involving b'ut two unknown quant-ities 
the valucoS of which tnCty be obtctincd by the previous l'ules. 

Ex. Given 2x + 4y - 3z " 22 j and 4x - 2y + 5z = 18, and 
6x + 7y - z = 63, to find the values of x, Y, and z. 
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2x + 4y - 3z 0= 22 } 
4x - 2y + 5= = 18 

6x + 7y - z = 63 . 

4x + 8y - 6::: = 44 
lOy - 11== 26 

6x + 12y - 9::: = 66 

5y - 8= = 3 

lOy - l1i = 26 ~ 

5y - 8= = 3 5 
lay - 16z = 6 

5" = 20 
::: = 4 

5y - 8= = 5y - 32 = 3 
5y = 35 

y=7 

SOLUTION, 

(i) 

.. (n) 
(m) 

(IV) 
(V) 

(VI) 
(VII) 

(V) 
(VII) 

2x+4y - 3::: = 2x + 28 - 12 = 22 

(VIII) 
(IX) 
(x) 
(XI) 

(XII) 
(XIII) 

(XIV) 

2x 0= 6 
x0=3 

(XV) 
(XVI) 

= (I) X 2. 
= (IV) - (n), 

= (I) X 3, 

= (VI) - (m), 

= (vu) x 2 •. 

= (v) - (VIII), 

= (IX) .;. 5. 

= (VII) with 4 for z, 

= (XI) transposed. 
= (XII) + 5, 
=' (XIII) with 4 substituted 

for z and 7 for y. 
= (XIV) transposed. 
=(xv)+2. 

131. When there are more than three unknown quanti" 
ties, and consequently more than three' equations, we pro­
ceed in a similar manner, liO that for solving a set of n 
equations involving n 'unknown quantities, we use the 
following :-' 

RULE, 

I. Combine one of the given n equations with each of the others 
separately, eliminating the same unknown qUltntity; tlte1'e 
w,illl'esult n - 1 equ(ttions, involving n - 1 unknown quan­
tities. 

II. Combine one of these eq'uations with each of tlte others sepa­
rately, eliminating a second unknown quantity; there will 

. result n - 2 ~quations involving only n - 2 unknown quan-

,t~tie~. . . ' .. 
II!. Continue titus combining and eliminating untit an equation is 

obtained involving only one -unknown quantity. 
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IV. Having solved this equation and thus found the value of one 
unknown quantity; substitute this value in one of two pre~ 
ceding equations, and thus obtain the value of a second 
unknown quantity; then substiftde the values of these two 
unknown quantities in one of the three equations which 
involve only three unknowns, and thus determine the value 
of another, and so on, until all the values are found. 

Ex. Given v + x + y + z:: 14 } 

3v - 2x + 4y - 3z =: 5 to find the values of v, 
2v - 5x + 2y + 4z =: 24 x, y, and z. . 
4v + 3!' - 3y - 2z =: 3 

SOLUTION. 

11 + X + y + z = 14 
3'11 - 2x + 4y - 3z = 5 
2v - 5x + 2y + 4z = 24 
4v + 3x - 3y - 2% = 3 

3v + 3x + 3y + 3% :: 42 
2v + 2x + 2y + 2z = 28 
4v + 4x + 4y + 4% =. 56 

5x - Y + 6z:: 31 

7x - 2z:: 4 
x + 7y + 6% = 53 

35x - 7y + 42z :: 259 

36x + 48% :: 312 

3x + 4z = 26 
14x - 4z:: 8 

nx = 34 
x:: 2 

·3x + 4z :: 6 + 4z :: 26 
z:: 5 

5.1: - Y + 6z =: 10-y+30:: 37 

(I) 
(II) 
(III) 
(IV) 

(v) 
(VI) 
(VII) 

(VlII) 
(IX) 

(X) 

(XI) 

(xu) 

(XIII) 
(XIV) 

(xv) 
(XVI) 
(XVII) 

(XVIII) 
(XIX) 

=: (I) X 3. 
:: (I) x 2. 
:: (I) X 4. 

=: (v) - (II). 
:: (VI) - (III). 
:: (VIi) - (IV). 

:: (VIII) X 1. 

=: (x) + (Xl). 

:: (XII) -;. 12. 
= (IX) X 2 •. 

:: (XlII) + (XIV). 
= (xv) -;. 2. 
=: (XIII) with 2 for x. 
=: (XVII) transp. and -;. 4. 
= (VIII) with 2 8ubstit" 

uted for x.and 5 for z 
y = 3 (xx):: (XIX) transposed. 

w+x+y+z '" v+2+3+5 = 14 (XXI) = (I) with values of x, y, 
. v = 4 and % substituted. 

ThQrefoTII the r@quiredvl\ltJesllrev '" ~. x = 2 Y - 3 ftu' d ~ - 5 , , - }.. ..... -. , 
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EXEROISE XXXV. 

Find the values of the unknown quantities in the following 
equations 1-

L 2x - 3y + 4z :: 28 } 
Sx + 4y - 5% :: 26, 
4x - 5y - 6z :: 16 

S. x + y+ Z" 0 } 
2x+3y+4z::-4 
3x + 6y+ 7'%:: - 6 

5.x+ y+z+v=0} 
2x - 3y - z - 2v = 11 
x +2y-Sz + 5v =-1'7 

3x+2y-4z_ v=- 5 

'1. x+y = X Y } 
x + z = 2x% 

2(y + z) = 3yz 

9; ax + by = C } 

bx + cz = a 
cy+a%=b 

z. x + y + z = 5 } 
2x - Y - 3% = - 5 
x+2y- z::-1 

4. 3x - 2y - .:: = 12 } 
4x - 3y - 2% :: 17' 
5x - 5y - 3.:: = 21 

6. ~ +.1. = i } 
l.+Li 
[C z 

. ~+} ool. 

8. x + 3y + 2.:: = b } 
3x + 5y - 2£ = m 
4x- y+ z=n 

- v + y + z = 18 

11. 

10. v + x + y = 13 } 
V'l-x+zoo1'7 

x + y + z = 21 
x+y+.::=a+b+,c l 
b+~+ax=~+.+h~~+~+~5 

12. x + a(y + z) = m } 
y+a(x+.3) =n 
=+a(x+y) =p 

PROBLEMS 

PRODUOING SIMULTANEOUS EQUATIONS OF THE FIRIT DEGREE. 
f \,. • 

Ex. 1. What:f~a.ction is that whose numerator being doubled 
and denominator decreased by,uuity, the value becomes i. but 
the denominator being doubled, alld 1l11w,el'lttor inrreased hy 5, 
the value be~oiPeBp 
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SOLUTION. 

Let :.- = the fraction; then x = numerator and y = denominator. 
y 

_2~ = ~ } (I). 
y-l 
x+5 -- = -} (n). 

2y _ 

6x - 2y = - 2} (m) = (I) reduced. 

2x - 2y = - 10 (IV)"; (n) reduced. 

4x = 8 
x=2 

12 - 2y = - 2 
- 2y = - 14 

y='T 

Therefore the fraction is ~. 

Ex. 2. A certain field is rectangular in form, and its dimen­
sions are such that if it were 4 chains longer and 3 chains wider 
its area would be 103 cha,ins greater than at present, but if it 
were 2 chains shorter and 'T chains wider, its area would be 119 
chains greater than at present. Required its area. 

SOLUTION. 

Let x = its length and y = its breadth; hence xy '" its present 
area. 

Then x + 4 = its length when increased by 4 chains. 

y + 3 = its breadth when increased by 3 chains. 

(x + 4)(y + 3) = its area, which is greater than xy by 
103 chains. 

Also x - 2 = length when decreased by -2 chains .. 

y + 'T = breadth when increased by 'T chains. 

Tben (x - 2)(y + 7) = its area, which is greater than xy b! 
t 19 chains. lIence the two required equati9n$ Me 
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(x + 4) (y + 3) = xy + 103 t 
(x - 2)(y + '1) = xy + 119 f 

xy+3x+4y+12=xy+ 103 
xy+ '1x -2y-14= xy + 119 

3x + 4y = 91 

'lx - 2y = 133 

14x - 4y = 266 

- 1'1x=357 
x = 21 

3x + 4y = 63 + 4y = 91 
4y = 28 
y+'1 

(I) 
(n) 

(III) 
(IV) 

(V) 

(VI) 

(VII) 

(VIII) 
(IX) 

(X) 

'" (I) expanded: 
" (n) expanded. 

" (III) transposed and col­
lected. 

= (IV) transposed and col. 
lected. 

= (VI) x 2. 

= (v) + (VII). 
= (VIII) .,. 17. 
= (v) with 21 substituted 

for x. 

Hence the area" xy " 21 x '1 = 14'1 chains. 

Ex. 3. Two plugs are opened in the bottom of a cistern con­
taining 664 gallons of water; after 6 hours one of them becomes 
stopped, and the cistern is emptied by the other in 20 hours j 

but had 8 hours elapsed before the stoppage occurred, it would 
only have required 15h. 36m. more to empty it. Assnming th~ 
discharge to be uniform, how many gallons did each pIng hole' 
dischllrge pel' hour ? 

SOI.UTJON. 

Let. x and y " rates of discharge per hour of the two plug boles. 

Then 6x + 6y " No. of gals. discharged in 6 hours. 

And 20y = No. of gals. discharged by second in 20 houl's. 

Then 6x + 261i " 664 (I). 

Also 8x + 8y " No. of gals.discllarged in 8 hours by both. 
'18y . 

And 15b '" "5"" No. of gals. discharged by 2nd in] 5h. 36m, 

'1By 
Then 8x + 8y+ '"5" 664 • (n) 

40x + 118y'=; 3320 (III) "(II) reduced. 
120x + 520y = 13280 • (IV) = (I) X 20. 

~~Qx. t 354y = 9960 (v) "(Ill) X 3. 
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166y:: 3320 (VI) 
Y = 20 (VIl) 

6x 1- 26y = 6x + 520 = 664 (VII!) 
oX = 144 
x = 24 

= (IV) - (V). 
= (VI) + 166. 
= (I) with-20 ,substituted 

for y. 

Therefore rates of discharge are 2,4 and 20 gals. per hour. 

EXERCISE XXXVI. 

1. Find two numbers such that seven, times their Bum in­
creased by four times the less is equal to, 1iO~~nd twice their 
difference increased by three times the greater is equal to 16. 

2. Find two numbers whQse sum is equal to a, and such that 
b times the greater is equal to c times the smaller. 

3. Two tons of hay and 35 bushels of oats cost $44, but if 
oats were to fall in price 20 per cent. and hay were to rise in 
price 33~ per cent .. they would cost $51'20. Required the 
price of hay and oats. 

4. A rectangular garden is of such dimensions that were it 
20 yards longer and 24 yards wider it would contain 4i"SO square 
yards more than its present area, but if it were 24 yards longer 
and 20 yards wider, its present area would be increased by only 
3S60 square yard.s. Required its present area. 

5. Find two numbers such that the sum of one~half of the 
first and one-third of the second shall be 11 ; and one-third of 
the first shall be greater by unity than one-fifth of the -second. 

6. Divide the number 144 into two parts such that t of'the 
greater shall exceed ~ of the less by Ij. 

7. Divide the number 4S into two parts such that the greater 
shall contain 4 as divisor four times'as often as it contains the 
less as divisor. 

S. Find three numbers such that the first is equal to t of the 
other two, the second exceeds half the sum of the other two by 
6, while the third is less by 3 than t of the sum of the-first and 
Becond. . , 

9. In 4000 lbs. of gunpowder thei'e are 3240 Its. le:ss of sul­
rhnr thim of charcoal and saltpetre, ItIlq 3760"lQ8, less of Cbltl'I,lOIl,1 
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than of sulphur and saltpetre. H.ow many lbe. are there of 
each? 

10. Divide the number 12 into three such parts that l of. the 
first, t of the second, and ! of ·the thIrd shall all be equal to 
each other? 

11. A purse holds 16 shillings and 2~ ten ·cent pieces. Now 
I1·shillings and 13 ten cent pieces only fill i1r of it. How many 
will it hold of each? 

12. A work is printed 86 that each page contains a certain 
number of lines, and each line a certain number of letters. If 
the page had contained 3 lines more, and each line 4. letters 
more, then the page would have contained 224 letters more than 
it now contains, but if there had been 2 lines less on a page and 
3 letters less in each line, the page. would have contained fewer 
letters by J,45. How many lines. are there in a page, and how 
many letters in a line? 

13. A certain number of two· digits is such that when divided 
by 4 less than twice the sum of its digits the quotient is 3, but 
when divided by 5 more than the difference of its digits the 
quotient is 13. Required the number, the right hand digit being 
the greater. 

14. A sum .of$81·60 is to be paid in ten cent and twenty-five 
cent pieces, and 2! times the number· of twenty-five cent pieces 
exceeds 6 times the number of ten cent pieces by 4 ... Requir9d 
the number of each coin. 

15. A railway train running from Toronto to Kingston meets 
with an accident which diminishes its speed by }th of what it 
was before, and in consequence of this the train is b hours behind 
time. If, howevCI<, the accident·had happened c miles nearer to 
Kingston, the train would only have been d hours behind'time. 
Required the rate of the train pefore the accident. .. 

16. A stagl1·set- 9ut from Collingwood -toGode~ich with a 
certain nup1he~·ofi~sseng(m, 4 more being outside than inside. 
The fare of ~evenoutside passenge;s is half-a-dollar less than 
that.of 4inside 'pa~Sengers, and the whole fare received amounted 
.to $45. At ihe end .of palf the journey it took ul? three more 
outside. and one more insi!le passenger, in consequellce .Qf which 
the whole fare received was 11\ times what it was before. Wha ~ 
w"'~ the number of passen/1iers and the fare of each? 
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17. What .number oftwo digits is that which is equal to twice 
the product of its digits, or to four times their sum? 

18. There is a numb~r of three digits suoh that the middle 
digit is the arithmetical mean Qetween the others. If the num. 
bel' be divided by the sum of its,digits, the quotient is 48, and if 
198 be .tak~ from it, the digits are inverted. Required the 
pumber. 

19. A given pie'ce of metal which weighs Jl oz., loses a oz. ill 
water. It is, however, composed of two other metals, .11 and B, 
and we know that p oz. of .I110ge b oz. in water, and p oz. of B 
lose c oz. in water. How many oz. of each metal are there ill 
the ,piece? 

20. Five gamblers, .11, B, C, fl, E, throw dice upon condition 
that he who has the lowest throw shall give all the others the 
sum which they already have. Each loses in tnrn, commencing 
with .11, and at the end of the fifth game each has the" same sum, 
$32. How much had each at first? 

SECTION VII. 

INVOLUTION AND EVOLUTION. 

132. Jnvolution is t.he process of finding any proposed 
power of a quantity. 

133. If the quantity to be involved have a negl),tive 
sign, then the signs of all the even powers will be positive, 
and the signs of all the .odd powers, negative. 

Thus, ( - 0)2 = - a x _ a = + a2., 

( - a)" =' ( - a)2 x - a = + a2 x - a. = _ as. 
( - a)4 = ( _ a)2 x ( _ a)2 = + a2 x + a2 = + a4. 

(- a)" = (- a)4 x'- a = + a4 x - a = - a5, &c. 

134. If the quantity to be involved have a positive sign, 
then all its powers, both even a~d odd? will have the positive 
si8n~ . 
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NOTE I.-It follows tilat no even po,,,er of any quantity can be negative, 
and that all odd powers will have the sam'e sign as the quantity from which 
tiley are de~ived. 

NOTE 2.-Since (a- b)2 = a 2 - 2ab + b' is a positive quantity, it fol· 
lows that a 2 + Q2 > 2ab, as otherwise a 2 + b2 - 2ab would be negative. 
Hence the sum of the squares of alfY two quantities is greater than twio~ 
their product.' 

135. Sinoe (am)" = an, x a,n x am ......... to n factors, it 
follows (Art. '53) that (Q,m)" = am", and hence we find a 
required power of the given power of a qua~tity by ~ulti­
plying the exponent of the given power by that of the 
required power. 

136. The Involution of algebraic quantities may be 
divided into three cases-the invoiution of monomials, of 
binomials, and of polyno~ials. 

CASE I. 

INVOLUTION OF j}IONOMIALS. 

187. RULE.-Raise the coefficient to the required powei' by actual 
multiplication;. also raise the different letters to the, required power 
by multiplying the exponents, they already have by the exponent of 
the required power, and connect the two parts thug obtained so as to 
form one quantity. 

NOTE.-A fraction is raised to any power by involving both numerator 
and denominator separately to that power,-a mixed nnmber by involving 
the equivalent improper fraction. ' 

Ex. 1. (2a2xy3)4" 24 x (a2xy3)4 = 16 x a8 x4y12 = 16a8 x4y12. 
Ex. 2. (-3ax")" = (-3)" x (ax')" = - 27 x a3x 6 ,=' -27a"x 6 • 

EXERCISE XXXVIT. 

Write down the values of-

1. (2az)"; (3ab3)'; (~m')2; J3ab2C")1; 1'; (2a'y)O ; (3a'xy3) 

2. (- a")4; (_ 2a2bc2) 7 '; (_ !abcS)"; (- t xy3)2; (_ 2mx'YS) 5 • 

3, (a'x)O; (_ax2!f;4)8; (3a1l3~3; (_3ay")3; (3ay")4j <-3at!1: 
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INVOLUTION OF BINOMIALS. 

138. By actual multiplioation we find that-

(a+c)7 ::: a7 + 7a6c + 21a5 c2 + 35a4c"+ 35a~c4 + 21a2c5 + 7ac 6 + c1 • 

(a.., C)8 ::: a8 _ 8a7c + 28a6c2 _ 56a"c8 + 70a4c4 _ 56a8c5 + 28a~c6 
~ 8ac 7 + c8 • 

We here observe the following facts ,-

I. The first term of the expansion is found by raising the first 
term of the binomtal to the required power. 

II. The literal part of the second term of the expansion is obtained 
by prefixing the first term of the expansion with exponent 
decreased by 1mity to the simple power of the second term 
of the binomial. 

III. 1n the succeeding terms of the expansion the exponent of the 
first term of the bino;';ial constantly decreases, while thai 
of the second term of the binomial constantly increases by 
unity. 

IV. If we take the coefficient of any term and multiply it by the 
exponent of the first letter ef the same term and divide by 
the number of the term, the. quotient is the coefficient of 
the next succeeding tenn. 

V. When. the sign of the binomial is + all the signs of the expan. 
sion are +, but when the sign of the binomial is - the signa 
of the expansion are + and - alternately. 

Ex. 1. (x _ y)6 = x. - 5x4y + IOxSy2 - lOx2ys + 5xy4 _ y •• 

1X5 5x4 
Here -1-= 5 = coef. of 2nd term; -2- = 10 = coef. of 8rd term I 

10; 8 = 10 = coef. of" 4th tel'm, &c. 

N OTE.~It will be remarked by the student that in the5e expansions-
I. The number of terms = ,one more than the exponent of the l'equired 

power. . 
II. The sum of the exponents ot'· each term = the exponent of" the 

l'equired power. 
III. When the power is even th~re is only ane mid~le term, but when 

the power is odiithere are two terms in the Iniddle of the expansion having 
the same coefficient. 

IV. The terms following the middle term have the Bame coefficients' a< 
those preceding it b.ut are reversed in order. 
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Ex. 2. (2a - 3b)6 = (2a)6 - 6(2a)6(3b) + 15(2a)4(3b)"-
20(2a)"(3b)3 + 15(2a)2(3b)4 - 6(2a)(3b)" + (3b)6 

== 64a6 - 6(32a5 ) (3b) + 15(16a4 ) (9bZ
) - 20(SaB) (21bB

) + 
15(4a2)(Slb4) - 6(2a) (243b") + '129b 6 

= 64a6 - 5'16a"b + 21S0a4 b" - 4320a3bs + 4860a2b4 - 21B6ab 6 

+ '129b 6 • . 

Trinom'ia/s may be involved by w?'iting them as binomials and 
proceeding after a. manner similar to the Gbdve •• 

Ex. 3. (a-b-2c)4 = I (a-b) _2C}4 =: (a-b)4-4(a-b)S(2c) 
+ 6(a-b)" (2c)" - 4(a- b) (2c)" + (2C)4 

=: (a4 -4a3b+6a2b2 _ 4Gb3 + b4 - 4(2c)(a3.-3a2b + 3ab2 - b') + 
6(4c2)(a2 _ 2ab + b2) - 4(Sc3) (a-b) + 16c4 

=: a-l - 4a3b + 6a2b2 _ 4ab3+ b4 _ (8a3c - 24a2bc + 24ab2c - 8b'c) 
+ (24a2c2 _ 48abc2 + 24b2c2 ) - (32ac3 - 32bcS) + 16c4 

=: a4 - 4a"b + 6a"b2 - 4ab" + b4 - Sa"c + 24a2bc - 24ab2c + Sb"c + 24a"c' 
- 48abc2 + 24b2c2 - 32ac' + 32bc' + 16c4 • 

EXEROIliE XXXVIII. 

Write down the expansions of 

1. (a-b)9. '2. (C+:>:)4. 3. (X_y)lO. 
5. (2-a)4. 6. (X-3)5, '1. (2a+3)6. 
9. (3a-2y)6. 10. (2b-5c)s. 11. (3x-iy)4. 

13. (2ac-xyz)s. '14. (~+b_c)S. 
16. (2a+2b-3c)6. 1'1. (1+X_X2)4. 

CASE III. 

4. (a+m)l1. 
S. (3-2m)". 

12. (ab + 3c)". 
15. (2a-b-c)<. 
18. (a-b+2c)5. 

INVOLUTION OF POLYNOJ)IIALS. 

139. No general method can be given for involving 
polynomials to a gi,ven powe~ except by actual multiplica­
tion. The si!c(}nd power: of polynomials, however, may' be 
expeditiously obtained by the following:-
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RULE.- 'Write down tlte square of tlte first term and twice tlte 
product of tlte first term by each succeeding term of the polynomial. 

Under this set down tlte square of the second term and twice tlte 
ll1"oduct of the second teTln by each succeeding tenn. 

Siwilarly set down the square of the third tenn and twice the 
pl'oduct of the third term by each succeeding' term. .I1nd p)'oceed 
thu.s tltl'ottgh all th~ terms of the polynomial. 

Lastly, add the several results together for the complete squa1"e. 

Ex. 1. (a - c - d-f+ g - h)" = {/,C - 2ac - 2ad- 2af+ 2ag - 2ah 
+c2 +2cd+ 2cf-2cg+ 2ch 

+ d2 + 2df - 2dg + 2dlt 
+.f"- 2fg+ 2fh 

+g2_ 2glt 
+h2 

Here we crmnot adcl the quantities together since they are all 
unlike. 

Ex. 2. (1 - x+ x 2 - !x" + 2X4 - ~X6)" 

- 1 - 2x + 2x" - x 3 + 4X4 _ x 5 

+ x2 _ 2x3 + X4 _ 4x6 + x 6 

+ X4 _ x 5 + 4x 6 _ x7 

+ ~X6 - 2X7 - kXB 
+ 4x B _ 2x9 

- 1 - 2.>:: + 3x" - 3x3 + 6x4 - 6X5 + °4'X 6 - 3x7 + ix 8 _ 2x 9 +tx'O 

EXllltCISE XXXIX, 
I 

1. (2+!x_3x2 )2. 2. (X+X2_ X3)2. 3. (2x-3x2 _!X3)2. 
4. (1_!a+2a2_a3)2, 5. (1 +X_!X2_! X3+ X4)2. 
6. (2a - ax + 2ax2)2. 1. (1 + bx _ CX2)2. 

!l. (a - bx - ex2 + dxB)2, 9, (I-a + b2x2_ C3X B + d4x4)2, 
10. (a+b)6. Il.(a-c)B, 12. (ax-2)4. 
13. (2-3x+4x2_h"+}X4)". i4. (i-2x-X2+2x"_X4)2 
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E VO LU T ION. 

140. Evolution is the process of finding ahy required 
root of a quantity. 

141. Since (ta)" == +a2 and (_a)2 also == +(£2, the 
square root of a2 may be either + a or - a, and hence we 
always a~tach the double sign ± to the e1Jen .1'OOt8 of a 
quantity. 

Thus, Vx2y2 = ± xy; Vx 8 y12 = ± x"y"; &c. 

142. Since all even powers are positive, whether the 
root be negative or positive, it follows that a negative 
quantity can have no even root. 

NOTE.-Expressions indicating an even root of a negatiye quantity, such 

as V - a 2 , V -16m!, V -16aB, {j -a9",127.' s, &c., are called i",agil1d.;Y 
or impossible quantities. 

143. The root of a complete odd power has the same 
sign as the power. 

Thus, f/ - as = -aj {j-3Zd.' Ob 20 :; _Za2b5 ; f/Z7n 6mS = 3a2m. 

CASE 1. 

EVOLUTION OF MONOMIALS. 

. 144.' To extract any root of' a monomial :­
RULE.-Ext1'act the 1'equir-ed root of the numerical coefficient, and 

then extract the roilt of tlie literal paj't by dividing' the exponent of 
each letter by the index of the Toot to be extracted. 

NO'fE I.-We extract a required root of It fraction by taking the root of 
the numerator and denominator separately-of a mixed number by taking 
the root of the equivalont improper· fraction. 

Ex. Vl6a 8b12 = VI6 x a"b" =lla2ba j f/64a87J6 = f/64>{-:iP- = 4ab" • 

.I!i O'J'E 2.-When the exponent of tho litoral pai't is not eXactly divisible 
by the index of the root to be taken, ·we cannot obtain the root, and 
consequently we merely indiontc its extraction by lIsing the radical sign 
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and proper index, or by using a fractional exponent. Thus, we cannot find 
the cube root of a4 because 4, the exponent of a, is not exactly divisible by 
3, the index of the cube root; we therefore represent the root required by 
the expression ~ a4 or a1. Such quantities are called surds or irrational 
q1Lantities. 

EXEROISE XL. 

1. Find the square roots of a4 j x"y" j 4a"m4 j 64a" j ,121a6yB. 

2. Find the cube roots of-2'7a3 j 64a6 y9 j 125a3x 16 ; -8a6y 12z3. 
16a' 16az 144x4y Ul. 64a B 

3. Find the square roots of 25b4 j - 4m4 ;, 81a4b'-; 625m"x2' 

64a 12y S 8aZ4x'Byl! 34'3a3 b9 

4. Find the cube roots of --- . - ----
27m3 '216b 3c6 64m 6 y21' 

5.Find \16a4
• 132alOx~j 1'729mI2x 12

j 
Vb'2 ' ~ 243y6 0/ 64a12 

/a 14m21 
1 __ -. vx28 y42 

CASE II. 

EVOLUTION OF POLYNOMIALS. 

SQUARE ROOT. 

145. 1n order to investigate a method for extracting the square root of 
1\ polynomial, ~e take ,the quantity a+b and square it; this gives us 
a O + 2ab + b2 • Next we seek to find or to devise some process by which 
we can evolve from this latter quantity its square root, a + b. Arranging 

the square according to the powers of the 
a O + 2ab + b2 (a + b letter of reference, we readily see that we 

2ab + b-
2ab+ b2 

can get a, the first term of the root, by taking 
the square root of the first term of the 
arranged square. Subtraoting a 2 we have a 
remainder 2ab + b2. Now we endeavour to 
find some proqess by which we may use a, 

the first term of the root, as a divisor for finding the second term, and 
knowing that this second term is b, we see at once that we must use 2a for 
R trial divisor, beoause 2ab + 2a gives b, the second term. Finally, as the 
divisor multiplied by the last term put in the 'root, must cancel the remain­
ing part of the dividend, i.e., 2ab + b!, we observe that we must add b to 
the trial divisor in order to complete it. 

146. The several steps of the above process give us the 
following ;- ' 
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RULE, 

J. Having pl'opel'ly an'anged the given 'qual'e, we talee the square 
I'oot of its first term for the first term of the I'oot, and sub­
tract its squal'e from the given square. 

II. We double the PUj't of the root all'ea.dy f01tnd fOl' a /j'ial 
divisor. 

III. We asle how often this trial divisoT is contained in the fint 
teTm of the Temaindel', This gives us the second tel'm of the 
,'oat. 

IV. We place the second term both in the l'OOt and also in tit< 
trial divisor to complete it, 

V. We multiply the complete div.'isor thus obtained by the second 
term of the root, and subfract. 

VI. If there be a remainder we again double the pad of the l'Oot 
all'eady found, for a new trial divisor; again ask how often 
the first term of tM trial div~sor i. contained in the first 
term of the remainder; place the quantity answering this 
both in the root and in the dipisor; multiply the divisor thus 
completed by the last tel'm put in the root; a.nd so on. 

147. We are led to infer that the above rule will answer 
in all cases, from observing carefully the law by which any 
polynomial is raised to the second power, and that .the 
given method for extracting the square root is just the 
reversal of this prOcess. 

Thus, (a + b)" = a" + 2ab + bZ
• 

(a + b + c)" = aZ + 2ab + bZ + 2( a + b)c + c". 
(a+ b +c +d)"= a"+ 2ab + b"+ 2(a + b)c + c" + 

2(a +b + c)d + d2, 

(a + b + c + d + e)2 = a2 + 2ab + b2 + 2 (a + b)c + c" + 
2(a + b + c)d + d2 + 2(a + b + c + d)e + e'. 

That is to sa.y :-
• The squ(J;re of (J;n;y polynoHLial ,is eq·ual to the squal'c of the first 

term, plus twice the product of the first tenn by the second, plus the 
I 
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square of the second, plus twice the sum of the first two terms into 
the third, plus the square of the third term; plus t""'ice the sum of 
the first thTee terms into the fourth, plus the square of the fourth 
term,-and so on. 

148. Then also, finding upon trial that the rule bold 
in every case in wbich it is tested, we conclude that it is a 
general rule, and use it as such; and moreover, we derive 
the arithmetical rule from it.* 

Ex. 1 What is the square root of 25a4 - 30ab + 9bZ ? 

OPERATION. 

25a2 
- 30ab + 9b2 ( 5a - 3b = sq. root, 

25a2 

lOa - 3b ) - 30ab + 9b2 

- 30ab + 9b2 

Ex. 2. What is the square root of X4 - 4x8 + Sx + 4? 

OPERATION. 

X4 - 4x3 + 8x + 4 ( x 2 
- 2x - 2 = sq. root. 

X4 

2x' - 2x) - 4x3 + 8x + 4 

- 4x8 + 4x2 

-----
2x· - 4x - 2) - 4x2 + 8x + 4 

- 4x~ + 8x + 4 

Ex. 3, What is the square root of 4x6 + 12x 6 + 5x4 _ 2x' + 'ixl 
- 2x + 1 ? 

" .. See Author's National .Arlth~etic for the inveitigatioD of t~e .quare 
zoOl III! IIppUed to number!. 
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OPERATION. 

4x 6 + 12x5 + 5x4 -2x3 + 7x2 _ 2x+ 1 (2x 3+ 3X2_X + 1 

4x 6 

12x' + 5x4 

12x. +9x4 

4XS+6x2 -x) - 4x4 -2x3 + ''l'x' 
-4x4 -6x"+ x' 

4x· + 6x2 
- 2x + 1 

4x8 + 6xz - 2x+ 1 

NOTE I.-If the given quantity is not an exact square, it is an irrational 
quantity, and of course its exact square root cannot be extracted. 

NOTE 2.-In tbe a:bove oxamples, and in all others wbere an even root 
i8 extracted, all the terms of the root may have their signs changed, and 
the resulting expression will still be the root required. (See Art. 141). 

EXERCISE XLI. 

Extl"a~t the square roots of:-

1. 4a!' + 12ab + 9bz ; a" - 4ax + 4x'; 4a!'x2 ~ 28acx -1- 49c 
. 2. 9a2m' + 30amxy + 25x2y"; 16a2x 4 - Sab2c"x" + b4 e6 • 

3. 5x' + 1 - 6x + 12x' + 4X4. 
4. X4 - 2x'y' - 2x~ + y4 + Zy" + 1. 
5. a2 + 2ab - 2ae + b2 - 2bc + co. 

6. 12a" + 9a4 + 34a' + 20a + 25. 
7. a2 + 2ab + b2 + 2ac + 2~c + c' + 2ad + 2bd + 2ed + dO. 
S. x 6 -6x.y + 15x4y2 - 20X"y3 + 15x2y4 - 6xy' + y6. 

9. a4 - Basc + 24a2c' - 32ac' + 16c4 • 

10. 1 - 2y + 'zY' - 2y8 + 5y4 + 12y. + 4y6. 

11. 4a4 + 12a"x + 13a2x" -I- 6ax" + X4. 

12. (x - y)4 ~ 2(x'-I- y2)(x -; y)2 -I- 2(X4 + Y·
'
). 

13. a4 + b4 + c4 + d4 - 2a2(b2 + d2
) - 2b2(c2 - d') - 2c'('P _ a'). 

14. 1 + 2lx2 "" :Ix· + hx6 -ix - ~X3 + iX4. 

l5, (-=)2 _ yx -I- 1X4 _ 2 +:" + r. , 
• y • y x' 
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149. THEoREM.-In the arithmetical extraction of the square 
root, after n + 1 figures of the root have been obtained by the rule, 
n more. may be obtained by dividing tlte last remainde1' by the la$t 
t1'ial dlViso!·. 

DEMONSTRATION.-Lct N represent the number whose square root i8 
to be extracted; Jet a represent the part of the root already found, and let 
x represent the part of the root yet to be found. 

Then"; N = a + x .'. N = a 2 + 2ax + x 2 • 

N - a2 = the remainder after n + 1 figures have been tbund, and 2a i~ 
ihe trial divisor. 

N- a 2 2a",+ X2 x" 
Then -~ = - -z;;;- = x + 2,,' It now we can show 

that ~- is a pmper fmction, we shall ,;how that the integral part of 
2(, 

the quotient of the remainder -7- the trial divisor, under the given con· 
ditions, constitutes the remaining part of the root. By supposition x 
contains only n digits, therefore X2 cannot contain more than 2n digits, 
but a by hypothesis consists of the n + 1 left hand digits of the root, and 
must therefore, affixing the n ciphers which are understood, contain 2n + 1 

",2 
digits. Hence in the traction 2a the denOminator contains 2tt + 1 digits, 

willIe the numerator cannot consist of more than 21' digits, and therefore 
. x2 • f t· . d . t' . . N - a 2 
2a- IS a proper rac IOn, an reJec Ing It, we get ~ = x = the reo 

maining digits of the root. 

Ex. Find the square root of 12 to 11 places of decimals. 

Here we must obtain the first 6 dil¢ts by the ordinary rule; this gives us 
3'46410 and a rem. 111900, the last trial divisor being 692820. Then 111900 
-7- 692820 = 16151 = the l'emaining five digits of the reqnired root, which· 
is therefore = 3'4641016151. 

NOTE.-Ifthe given quantity be ,wt a complete square, then the approxi. 
mate square root thus found may possibly differ by a nnit of the lowest 
denomination, from the square root carried out to same nnmber of places 
by the ordinary rule. 

CUBE ROOT. 

150. In investigating a method f9r extracting the cube 
root of a polynomial, we proceed as follows :-

Taking a + b and cubing it, we get a 3 + 8a2b + 3ab 2. + b3 , and we 
endeavour to devise some process by which we can evolve from this latter 
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quantity its known cube root, a + b. Having arranged the given cube 
according to the powers of its 

a 3+3a2b+3ab2 +ba (a+b letter of reference, we see that 
a3 we can obtain a, the first term of 

Sa! -3ab+ b2)3a2b+3ab2 +03 
• 3a2b-l:.3ab2 + b3 

the root, by taking the cube root 
of a~, the first term of the cube. 
We subtract the cube of a from 
the whole expression, and bring 
down the remainder 3a2 b +3ab2 

+ b3. Next we observe that if we divide the 1st term of this rem. by three 
times the square of a (the part of root already found), the quotient is b, 
the required 2nd term of the root. Finally, as all the remainder must be 
cancelled by the product of the divisor by b, the last term put in the root, 
we see that we must increase 3a2, the trial divil!or, by Sab (i.e., three times 
the product of what was in the root by the term last put in), and b21i. e., 
the square of the term hlst put in the root). Upon multiplying the complete 
divisor aa2 + Sab + b2 by b, and subtracting, we lind that there is no 
remainder. 

151. The above process enables us to extract the cube 
root in this particular case, and as it holds good in every 
case in which it is t,ested, we conclude that it holds univer­
sally. Thus for the extraction of t.he cube root, we get .the 
following :-

RULE. 

I. .!1rr(lnge tlte given cube according to some lette1' of 1'efe1'ence. 
n. Take the cube root of the 1st tenlt of the a1Tanged, cube, 

and place it as the, 1st term of the 1'oot, 
III. Subtract the cube of the 1st term of the root from tlte given 

cube. 
rV. T/Jke three times the square of the pa.rt. of the Toot al1'eady 

found as a trial diviso1'. . 
V. Divide the 1st te1'm of the 1'emainde1' by the 1st term of the 

trial diviso1', and place the quotient as the 2nd t~1'm of lhe 
1'OOt. 

VI. Oomplete the trial divisor by adding to it, 
1st, Three times the product oj wha.t was ~n the root bY 

the term last put in the root; and 
2nd, The square oj llte term last put in the root. 

VII. Multiply tlte divisor thus completed by the last tenl! put in 
tlte root, and subt1'act the p)'~rluct front tlte pad ~f the 
given cube 1'emaining-. 
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VIII. .Ilgain finrl a trial divisor, as in (IV); divide the 1st term of 
last remainder by the 1st term of this trial divisor, and 
place the qltotient as 3rd term of the root. .Ilgain complete 
the trial divisoT as in VI, by making the two additions there 
described; multiply the complete divisor by the la~t term 
Pitt in the root, Sltbtract,-and so on. 

152. We may be led to infer this rule for extracting 
the cube root of a polynomial by reversing the process by 
which a polynomial is raised to the third power, as may be 
seen by an attentive ~xamination of the following:-

(Il + b)" :: a" + 3azb + 3ab" + b". 
(a + b + c)" :: a3 + 3a"b + 3ab2 + b3 + 3( a + b )2C + 3( a + b )c' + c". 
(rHb+c+d)" = a3 + 3a2b + 3ab2 + b3 + 3(a + b)2c + 3(a + b)c" 4- c'. 

+ 3(a + b + c)2d + 3(a + b + c)d 2 + tF. 

Whence it appears that :-

The tltbe of any polynomial is equal to the cube of the first term, 
plus thne times the square of the first term multiplied by the second, 
})lus thTee times the first term multiplied by the squan of the 
second, plus the cube of the sacond term, ~lus thTee times the square 
of the sum of the first two terrfts multiplied by the third, plus three 
f'i/)~es the sum of the first two terms multiplied 'by the sqlta)'e of the 
third, plus the cube of the third term, plus tMee times the square of 
the sum of the fiTSt three terms multiplied by the fourth, p1u.s 
thne times the sum of the fi)'st tMee terms multiplied by the squrn'e 
of the fourth, plus the cube of the fourth te)'m; and so on. 

Ex. 1. Find the cube root of 8a" - 84a2.~ + 294ax" - 343x3• 

OPERATION. 

8a3 
- 84a"x + 294ax" - 343x"(2a - 'Tx 

8a" 
3(2a)2 :: 12(1" - 84a"x + 294ax2 _ 343x 2 

3(2a)(-7x) = - 42ax 
(_7X)2:: + 49x" - 84a2x + 294ax" - 343x2 

12a2 
- 42ax + 49x" 

Ex. 2. What is the cube root of 27a6 - 54a 5 + 63aio' - 44a~ 
+ 21a2 - 6a + 1 ? 



OPERATION. 

2'7a6 - 54a5 + 63a4 - 44a' + 210,2 -t'la + 1 ( 3a2_ 20,+ 1 ::: rooi. 
2'7a6 

1st trial Divisor:: 3(3a2)2 = 270,4 1- 54a6 +63aL 44a8 = 1st Dividend. 
1st Increment = 3(3a") x (- 2a) = -18u' ' 
lind Increment = (- 2a)2 +4a" 

, ---'----'---- I 
1st complete Divisor =; 2'7a4- 18a"+ 4a2 1- 54a5 + 36a4 -8a"=-Productoflst compo Div. by- 2a. 

2nd'trialDiv. =3(3a2 -2a)2 =2'7a4-36a"+12a" _ I 27a4 -36a"+21a2-6a+1 = 2nd Dividend. 
1st Increment '" 3(3a2 

- 2a) x 1 = 9a2 - 6a 
2nd Increnient = 12 = + 1 

~nd complete-Divis-;---- = 2'7a4 -36a3 + 21a2 - 60,+ 1 I 2'70,4- 36a3 + 21a2 -6a + 1 = 2d compo Div.x+ 1 

F'?·st Column. 
3a2 

30,' 

6az 
3az 

9a" - 2a 
- 2a 

90," - 40, 
- 2a 

9a'~6a+l 

SAME QUESTION SOLVED BY HORNER'S METHOD. 

8ecO?!dCol"'lnn. 2'7a6 .,. 54a5 + 63a4 - 44ai + 210,' - 60, + 1 ( 3a2_ 20,+ 1 
9a4 2'7a-6 

18a4 -

2'7a4 

- 18a" + 4a2 

27a4 :'" 18a3 + 4a" 
_ 18a3 + 8a" 

2 '7a4 - 36a' + 12a2 

9a2 
- 6a + 1 

-------
27a4 - 36a" + 21a" - 6a + 1 

- 54a5 + 63a4 - 44(1,' 

- 54a6 + 36a4 - 8a' 

2'7a4 - 36a' + 21a' - 6a +,1 

27a4 - 36(,1 + 21a' - Sa + 1 

~ 
~ 

t!'I 
<I 
o 

§ 
o 
~ 

t-' 
to:> 
-:( 
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EXPLANJl.TION.-The foregoing is a second method of extracting the 
cube root, known as Horner's method. Upon careful examination it will 
be seen that the same trial divisors and complete divisors are used as in 
the other method, but that they are obtained somewhat differently. The 
several ,steps are as follows:-

J.t, Take the cube root of the first term and place it as first term of the 
root, also place it to the left of the arranged cube, under the head' 
First Colnmn. 

2nd, Multiply the first term of the first column by the first term of' the 
root, and place the product as first term of the second column; 

. also multiply the tlrst term of the .,Ilecond column by the tlrst term 
of the root, aud place it in the third coluIlln, i.e., under the given 
cube, and subtract. 

~rd, To the first term of the first column add the tlrst term of the root, 
multiply the sum by the first term of the root, and place the pro' 
duct as the second term of the second column. 

4th, Again add to the first column the first term of the root. 
6th, Add the first and second terms of the second column together for II 

trial divisor. Ascertain how often this goes in the tlrst term of the 
dividend, and place the quotient (-2") in the root, and also attach 
it to the 9a 2 in the first column. 

~th, Multiply the 9a 2 - 2a in the first column by - 2a, the last term put 
in the root, and place the product -1~a3 +4a2 under the 27ai in 
the second columu and add; this gives 27". - 18,,3 + 4a2 for com· 
plete divisor. 

7th, Multiply the complete divisor by - 2a, the term last put in the root, 
'aud place tp.e product in the third column. 

8th, Subtract and go again through the whole process as before, 

EXERCISE XLII. 

Extract the cube root of each of the following qua uti ties :-

1. 8'x" + 36x" + 54x + 27. 
2, a6 - 40u3 + 6aG + 96a .,. 64, 
3. 1 - 6a + 12a" - 8as• 
4, a6 - 6a" + 15a4 - 20a3 + 15a2 - 6a + 1. 
5. 8a"x3 

- 84a2bx4 + 294ab2x· - 343b3x 6 • 

6, 8x 6 - 36ax G + 102a2x4 - 171a3x 3 + 204a4 x2 - 144uGx + 64a 6 • 

'7. x 6 - 3x· + 6X4 - 7x3 + 6x· - 3x + 1. 
08, a3 + 3a2b + 3ub2 +b8 +3(a+b)2c+3(a+b)t?+t?+3(a+b+c)2d 

+ 3(a + b + c)d2 + dS + 3(a + b + c + d)2e + 3(a + b + c + d)e2 + e', 

NOTE.-In Ex. 8 endeavour to keep theqUlintities in brackets, and the 
labor of extracting the cube root will be materially lightened, 
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153. THEoREM.-In the extraction of the cube root of a number 
when n + 2 figures have been found by the o1'dina1-Y mle, n figures 
more may be found by dividing the nmainder by the last t1'ial 
divis01· .. 

DEMONS1lBATION . ....:.Let N represent the number whose cube root i. 
required; let a represent the n + 2 figures already found, and let x repre· 
sent the on remaining 'figures. 

Then{lN=a+x, .'. N= a" + Sa2x+Sax2 +x3 • . ~ 
N - a3 = the remainder after ,,+ 2 figurei of the root have heen found, 

and Sao = the trial divisor. 

N ~.: = 3a 2x.± Sax' + x 3 = X + X2 + ..:.:. 
3a2 3a2 a 3a 2 

xl! xl 
Now if we. can show that -"'- + 3'" is a preper fraction, we shall 

have proved that, neglecting the remainder arising from the division, we 
may obtain the next n figures of the root by dividing by the trial divisor, 
By hypothesis x contains only" digits, while it is manifest that 10" contains 
n + 1 digits; hence x < 10" and .'. X2 < 10211.. And since a contains the 
left haRd. " + 2 digits of the root, taking into account the position of these 
with reference to the decimal paint, a must contain 2" + 2 figures. And 
. . . x' 102n ... 
therefore a i. not less than 1021• t 1. Hence _ ~ -__ that is, ". 

a - zn+l u 

<-to· Sintilarly 
x 3 Ifr 

that is 1 
3a2 < 3 X 104nH ' < 3 X 10'''-2 

x2 ~3 1 
Hence - + 3a,2 < ";0 + 3 x IOn .... and.'. < unity. a 

Ex. Required the cube root of 10973936866941015122085048. 

Here Bince there are 26 figures in the cube there are 9 in the root. and 
we proceed to ·obtain the first 5 of these by the ordinary rule. The five 
digits thus obtained are 22222, with a remainder 329181893015122085048, 
and a trial divisor 148145135200. Then 329181893015122086048 -:- 148145185200 
= 2222 + = remaining four digits of the root, which is therefore = 
222222222. 

EXTRACTION OF ROOTS IN GENERAL. 

154. By observing the /?odeof writing the square, cube, 
&c., of polynomials, we can deduce the following general, 
rule for the extraction of any root of a polynomial: 
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RULE. 

r. .!1rrange the given polynomial according to a letter of reference. 
II. Extract the required root of the first term, this will be the 

first term of the rl!iot. 
III. Subtmct the power of this fint tenn of the root from the 

given polynomial. 
IV. Divide the first term of the remainder by twice the first term 

of the root for the square root, three times its square for the 
cube root, four times its cube for the fouTth ,"oot, five times 
its fourth power for the fifth 7'00t, and so on; the quotient 
will be the second,term of the root. 

V. Involve the whale of the TOot now found to the specified power, 
and subtract it from the given polynomial. -

VI. Divide the 1st teTm of the 7'emainder by the same divis07' as 
before, and the quotient will be the third term of the root • 
.lJgain involve the whole of the root now found to the speci­
fied power; subt1'act, and so on, 

NOTE.-It is manifest that the rule verifies itself. 

Ex. What is the fourth root of 16:>;B - 32:>;7 + 88x6 - 104:1'" 
+ 145x4 - 104x3 + 88x2 - 32x + 16 ? 

OPERATION. 
(root=: 2X2_X+2) 

16x 8- 32x 7 +88x 6-104x6 + 145x4-104x3+88xz-32x+l6 
(2X2)4 ,,16x B 

32x 6 ) -32x7 " 1st term. of rem. 
(2X2- x)4 -" 16xB-32x" +24x 6 _ax 6 +x4. 

32x 6 ) 64x 6 " 1st term. ofrem. 
(2X2_X+2)4" 16xB-32x 7 + 88x6_104x6+145x4-104x3+aaxz-32x+16 

Rem. - O. Rence 2xz -: x + 2 is the fourth root re'quired. 

SECTION VIII. 

THEORY OF INWCES. 

155. It has been stated (Art. 17) that when a frac­
tion!!.l index is employed, the numerator of the fraction 
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denotes the power to be taken, and the denominator indi­
cates the root to be extracted. We have now to add that 
a negative eXponent is sometimes employed for the purpose 
of denoting the 1'eciprocal of a quantity with the same 
exponent talee'll positively. 

Thus, a -m is used to denote 2... whether m be fractional or integral. 
am 

156. THEOREM I. If ill and n be any positive integral qaantities, 
then am x aU = alll +u. 

DEMONSTRATION. am = a x a x a ..•• to 1/l factors, and an = a 
x a x a ..•• to n factors. 

Therefore am x a" = a x a x a .... to m factors x a x a x a •... 
t~ n factors. 

= a x a •... to m + n factors'" am.+", which was to be proved. 

157. THEOREM II. Ifro and n be any positive integmlquantities, 
then (am)u = aUlD = (au)m. 

DEMONSTRATION. (am')" = a'" x a}" x a'" •••.•• to n factors = 
am+?11.+V1, ••.•. to n tet'ms =: q,mn. 

(a?t)'m, = an x a"ll.. x a?t •.•• to m factors:::: an + ?to + n ., •• to tn t~rmfl 

= anm. 

!3ut mn = mn .'. am" = a'f!!t, and since (a,,)m and (a''')'' are each 
= am" .'. (am)" = a"Wt = (a")'" which was to be proved. 

158. THEOREM III. If m and n be any positive integers, then the 
mth root of the nth power of a is equa~ to the nth power of the mth 
root of a. That is, ~(an) = (lifay'. 

DEMONSTRATIIilN. Let lif(a") = x" j raising both to th61/lth power 
we get an = (x")"" = (xm)n by the preceding theorem. 

Extracting the nth root of e.ach of these we get a = xm; and 
extracting the mth root of gach of these, we get lifa = x; and 
finally rai,sing each of these to the nth power we have (YJa)"=;c". 
But 'f/(a") ;, x'" .'. 'f/(a")= (YJa)", which was to be proved. 
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l5&. THEOREM IV. Both numerator and denominator of afrac­
tional exponent 7nay be multiplied by the swne quantity without 
altering the value of the whole expression, of which it forms part. 

That is, 'a· = a·'. 

DEMONSTRATION. Let a" = x. Then a'It = x"; also am, = x"'. 

Therefore extracting the nrth root of each, a,"' '" x; but an 

= x. 

Therefore a" a"', which was to be proved. 

160. THEOREM V. If -;- and -;- w'e any po,<itivefrad-ional qua7/. ... 
m , 

iilies, then aU x as ::: a-;- +-;-, 

DEMONSTRATION, By last theorem a" a'I' and a~ aliI. 

Therefore a" x a' = a'" x a'" 

a'" = (an,,) no and also an. = (an,)", . 

7ru+nr 1IIS Nr fl'l T -- . -+ - -+-= (aml+'Ilr)'ns = a ns = a'" n;' = an ',which was to be proved. 

Corollw·y. Similarly it may be proved that an.;- as = an 

ltH. THEOREM VI. (a~); = an'. 

DEMONSTRATION. ,;'et (a:): := x, then (a~ r:= <V', that is 
. m' 

(Art. 157), an := xS. Therefore amr := x"', and therefore extract-

. ( m)" ( m)' ing the nsth root of each, a"IS := x, but iii. ;; = x .'. an s:= 

/I,"S, which was to be proved. 

162. THEOREM VII. uP' x an = am .. n when 11< or n, or both m 
and n are negative quantities. 
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DEMONSTKATION. First, let either one of the exponents, as for 
instance n, be a negative quantity. 

. 1 am 
Thenamxa"'=a~'xa-"=aonx - = -=am-"=aon~(-,,). an an 
Next letboth m and n be negative quantities. 

1 1 1 
Then am x a" = a - ~, x a - " " - x - = __ = ft - on - n 

am an am+n 

-= a-m~(.""), which was to be proved. 

163. THEOREK VIII. (am)'''" am" when 1n or n or both 'Ill and' 
11 are negative quantities. 

DEMONSTRATION. First, let n be negative, then (~m)" = (am) -" 
1 1 = __ = _=a-mn=am.X(-~l.) 

(an')" amr; . 

Second, let m be negative. 

Then (an')" ~ (a-on)" = (~)n = _1_ = a~"m = a ,n"" 
am a mn 

Third, let both m and n be negative. 
1 1 

Then (am)" = (a - m) - " = --- = -- (by second part of (a . on)" a-",n 
demonstration) = a"'" = a- mx <-"l, which was to be proved. 

164. THEOREM IX. a'" x b" = (ab)". 
J. J. 

DEMONSTRATION. Let a" x b" = x, then (an x b")" = x'. 
. ~ J. 
that is, a x b = x" or ab = x" .'. (ab)" = x. 
But art x b" = x. Therefore also art x b'" = (ab)n. 
Corollary. (ab)'" = a'" x b". Similarly;:ja x ;:jb = ;:j(ab), and 

J. J 

conversely (abt = a" x b". 

165. THEOREM X. .8.ny factor may be transferred from one term 
of a fraction to the other by changing the sign of its exponent. 

am am b-" amxb-" arrtb-" 
DEMONSTRATION. b" bi>, x /)-1i = bmxb-" b"" 

a"'b -.. a,rrtb- n 

-be- = 
a1n a711.t a -ni, 

.Again, jjn = bn • x a-'ITt 

1 
bna -on' which was to be proved. 

aO 

b"a- m 
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166. By these Theorems it has been proved that whether m 
and n are positive or negative, integral or fractional, 

am 1 
am x an :: am + n. am.;. 'an:: - :: am x -:: am x a - n :: am - " , an an 

.L .L.L 
«(£m)n::amn::(an)mj a;::a;;j anx b":: (ab)"'j a."xbn::(Uh)" 

.L .L .L am 1 b - n 

(ab)n:: an x bn j (ab)" :: a" x b' . - :: -- :: --:: amb-n 
, ' bn a - mb'" a -'" 

That is;-

(I) Powers of the same quantitya:re multiplied together by adding 
their indices. 

(II) One power of a quantity is divided by anotJiel' power of the 
same by subtracting the index of the divisor from that of 
the dividend. 

(III) .8. power of a given power, or a root of a root, is obtained by 
multiplying together the two indices. 

(IV) Powers having unlike fractional indices may be reduced to 
equivalent expressions having fractional indices ~ith a 
common d@nominator. 

(V) .8. factor may be removed from one term of a fraction to the 
other by changing the sign of its exponent. 

(VI) The product of the same root or powe:r of two 01' lnore dis­
similar quantities is equivalent to the same root 01' power 
of their pl'oduct, and v'ice versa. 

ILLUSTRATlVE EXAMPLES. 

4711 
Ex. 1. 

5"ja 
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Ex. 4. a - Z x a - 8 = a - 5 j a- 3 x a4 = a j a - 7 X aD = a - 4 j a 8 x a - 4 

= a4
• 

Ex. 5. a~ x a1= a§-+L a-h+19~ = aHj ar x a- t = at+(-t) 

= at - Z=aH---P'=al 7;_ 

Ex. 6. a4 .;. a -. = a4 - ( -. ) ;:, a4 + •. = a6 j a -8 .;. a - 7 = a - 3- (- 7 ) 

=.a-8+7=a4 • 

Ex. 7. cit.;.at=at-!=a3-~ = at. a~.;. a-~ ='ai--C-D , 
= a1 +t= aU. 

Ex. 8 .(a2)8=a· X3 = a6 j (a- 2)" = a-" 2 = a- 4 'j (a-')-'=a- 3 '- 2 

13 )-3 _1.'31 -+-7 = a6 j (a = a a = a j (a ) = a. 

Ex. 9. {(at) - t r 6 = (at x - t) - 6 = (a - t r 6 = a - t x - 6 = a& 
= a'. 
Ex. 10. 1{1(a8b'{I{abc4 -VCai!!C3)})12= 1{/(a8b'{abc4(a- 1 b- 2 c-·)t}t)12 

[ {
_I. _.2. _ a}i] u. ( +.- 1. 4 -,~~ -,ll.. -,B-)·.u. = a.b' abc4 a 4b 1C •. 13= a3b2a"b 3 c.a -b 'c nr 13 

=(a8ata--bb'b1r12~cfc -11l
:j" )ti=(a"+t - -h b2Tt - ·h ct--fi)H 

=(aHbUcH)H = (a391126c13)""11f= aab"c. 

. t 1. -i " i !l. _l. 
Ex.ll. Dividea3 -a +2a3 -2-a +a-"bya +aJ-a ~ 

_a-i. 
OPERATION. 

at -~.,.~ +aLl-a-~ +a-' 

at +at -It -t -a -ll 
-a-~-l+a-Jt +a-: 

_1_a-t.f.a-1rf- +~ , 



136 'l'HEORY 01' INDICES. [SECT; VIU, 

EXERCISE XL UI.· 

1. Express y(/, • iVa2; o/a5 ; y(ab"c") ; iIj(abc)4; ~(a2bclO)8 

and J{f(amb"cs ), with fractional indices. 
I 2 3 J a . .1;) 3 '-.~ 

2. Express u''-; b"; c· ; a2b~ ; (ubc)" ; a7b7 ; (a"bSc)~, 
• 2 1 Z ~)':... 

(a'b4c6J)l.7) 6, and (a;b"cm m with the radical s-ign. 

3u 2 3a m" 3abm 2a!m~ 
3. Express b1n; a; m; at"; 4m"e"; 5cym 
I .1 .1 .1 

3a4 by (em") 1 a"b 3 c' 
---7' and ~l with negative' indices, 
iIj(ab2em4) m-flb a ci a'biljm 

so as to remove all the literal factors into the .numerators, 

b' 3mn 2a .1 3axy' 4ac 
4. Express 2a; - ; ~ ; -.-; ab2e3 ; -----a:!; - and 

c 'V c 3x y 2a 'V In 3mx 

5i1j(mn2x4) 
3{j (abx3) , with negative indices so as to remove all the literal 

factors into the denominators. 
3a%-3 b~3 2-- 1 a-"b- a 

5. Express a-I; 2a"b -" . ----. . 
) m- 1.- c- i' ,n - 3 , 

1 

a-lb-tc-hn-~ ; 

{(
a-1)-n}-m -

'/):2 with positive indices. 
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10. Multiply at -- 3abt + 3at b - bi by a~ - bi. 

11. MUltiply l- at:ct + :c! by at + atx! + :c~. 
12. Multiply 4x - 2xty-t +2x~zLy -l+y - tzt by 2x1-+y-t_zt. 

13. Divide 9x-Yy:- 4x-'y-l by - 3x -4y - 2x -3. 

14. Divide a+a}b-Laio-Lb-lbyat+a~b-t+a~b-i 
+a~b-i +aib- l +b -i. 

i5. Divide x - 1 + X - t - 1 + xl- + x by x -1- + xl + 1. 

16. Square at - a + a2L + 1 - a - ! - a -1 + a - ~. 
- 2. ~ _1. It 

1 'i. Extract the square root of £13 + 2a3 - 1 - 2a ~- + a - 3. 

\8. Extrac't the square root ofx l -4x+10xf - l6xt + i9. -

16x:- f + lOx-~ _ 4x -1 +x- 1. 
19. Extract the cube root of x -1 ya _ 3x - ty + 3xty -l_xy -3. 

2 O. Ext;act the cube ro~t of x· -- 6x1 yA + 2lxtyh - 44XY! 

+ 63x1-yt - 54x1-y~ + 2'iy. 

SURDS. 

167. A surd or an irrational quantity, is a quantity 
which cannot be represented without the aid of a fractional 
exponent or the radical sign. 

Thus, </3, </a, ~2, ~a2 or at, ~(a + b) or (a + b)t, &c., are 
Burds or irrational quantities. 

168. A rational quantity is one which does not neces· 
sarily involve the use of a radical sign or a fractional 
exponent. 

Thus, a, a'b, 3am, (a')~-' (SaB)t, (32m.6 x 10 )8-, &c.,.arerational 
quantities. 

NOTE 1. The last three of the quantities given above are written in the 
form of 8urds, but, the power b$lg such that the root indicated in each 
ease can be extraeted, the quantities are really rational. Thus, q2){ 0= aj 

<a(3)! =2a; (32m~~lO)t=2mx2. . 
It 
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NOTE 2. Tho terll1ll rati611l11 and irrational are used !imply to express 
the fact that the quantity haa or haa not some determinable ratio to unity, 
Thus, '12 is irrational, beoause, sinoe it ia equa.l to 1 + II deoimal which 
neither repeats nor termlIiates, we cannot oompare It with unity so as to 
sl\f that it contains unity, or that unity contains lta.nY definite number of 
times. 

169. Surds are either entire or ~ixed. An entire surd 
is one in which the whole expression is affected by the 
radical sign or fractional index. A mixed surd is one 
composed of two or more factors, one of which is not 
affected by the radical sign or fractional index. 

Thus, {iiI; ";T i (a + b - 7c)i-j (ab'c;3)t are entire surda. 

2bt j 4'-/5 j 3(ab)t; 4tJ27 i ab(acZ,1;a)t are mixed surds, 

170. In mised surds the part not affected by the 
radical sign or fractional index' is called the coefficient 0/ 
the lJurd, and the part affected by the radical sign or 
fractional index is called the surd factor. 

171. Surds are either similar or dissimilar, Similar 
'~urds are such as have, or may be made to have, the same 
~urd factor: all others are dissimilar surds. 

Thus, v2, 7v2, (a + b )V2, V8, which is equal to ~V!, &c., are 
;imilar surds. So also Rjabj m~ab; (a+m)(ab)t, 17x(ab)i, 
and pa!b! are similar Burds. 

172. A surd is said to be reduced to its simplest form 
when the Burd faotor is made as small as possible without 
putting it in the form of a fraction, 

NOTE.-A quadratic surd is one in whioh the fractional hidex ! is em­
ployed; a oubic surd is one in which the index i is employed, &0. 

173. To express a rational quantity in the form of a 
Iffird :-

HULE.-Raise it td the powe1' whose l'oot tlw surd eXprC$SiI$j arid 
place it beneath the radical sign, 
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Ex. I. 21£= (2a)~ = {(sa)"}! = (4aZ)! = </(41£2); 

Ex. 2. a"m = (a"m)f = (a6m3)t = 0/(a6inS). 

is!] 

174. To reduoe a mixed surd to an entire stlrd :­
RULE.-Raise the coefficient to the power indicated by the denom-

inator of the surd-index, and place beneath the radical sign the 
product of this power and, the given surd factor. 

Ex. 3. 4</2 = </16 x </2 = </16 x 2 = </32; a<,fm = </a"<jm = .[5. 

Ex. 4. 20/1 = 0/8 x {l1 = 0/ (8 x 1)-= 0/56; c2a!m! = o/c6 xo/(am) 

= 0/(ac6m). 

Ex. 5. 61£ 0/(3:) = 0/(216a') x o/(:a }= 0/ (216a
B x 3:) 

{I(12a'm). / 

175. To reduce an entire surd to a mixed surd:-

RULE.-Resolve the quantity under the radical sign into two 
factors, one of which is the greatest possible perfect power of the 
root indicated. Extract the root of this factor, and place it as 
coefficient of the remaining sW'd factor. 

Ex. 6. </n = </36 x 2 = </36 x </2 = 6</2; </20a8 =. </4aJx 5a = 

2a</5a. 

Ex. 7. 0/135 = {l27x5 '" 0/27 x {l5 = 30/5; o/Tx9~~ = 
i!jiiliT(xr;-::a~ '" axVX"::-aJ. 

176. To reduoe surds to their simplest form :­

RULE.-Reduce the entire surd to a mixed surd by last rule, and 
if the remaininjf surd factor be fractional, multiply both its numer­
rator and denominator by s'uch a quantity as will enable us to 
'emove the ·latter from under the radical sign. 

Ex. 8. {/432 =: i!jillX2 =: i!j216 x i!j2 = 6i!j2. 
, . 13x 5 '_ _ _ 

Ex. 9. </t ~ </ 5 x 5 =: </U :: .[liXT5= </ft x </15 = AV15. 
- 5 ~X25 5 18)(150 

Ex.IO. i{l91=H/Tf==2{1125=2i!j~" fr~-X 150 

il i {I·d.r )( {llCiO = % X t ~ {lisa ;;; ~lf!O~ 
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177. To compare dissimilar surds so as to determine 
which is the greater;-

RULE.-Ij mixed surds) reduce them to entire surds, then reduce 
their indice$ to a common denominatqr, a:n,d zaise each surd to the. 
power indicated by the nutnerator oj its surd-index when thus 
reduced. 

Ex. 11. Compare 3J!.j3, 4-./5, and i!J325 with one another, 

that is, {lBi; -./80- and i!J325; that is, (Sl)t, (SOjland (325)~, 
that is, (Sl)~, (so)i- and (325)J; that is (Sl Zl, (soa)"l' and 

(325)-1;, 

that is, (6561)t, (512000)! and (325)t, whence it is evident 

that 4>/5 is the greatest and i!J325 is the least. 

178. To add or subtract surds:-

RULE.-Reduce them to the same surd jactor, when similar, and 
then add or subtract their coefficients. Dissimilar surds al'e unlike 
'luantities, and we can only indicate their addition or subtraction by 
connecting tham by their proper signs. 

Ex. 12. 4</24 + 2</54 - </6 + 3 -./96 - 5</150 
:: S-./6 + 6</6 - </6 + 12</6 - 25</6 
== (S + 6 + 12)-./6 - (1 + 25)-./6 :: 26-./6 - 26-./6 :: 0</6 ;:; O. 

Ex. 13. 3</g - 2</'h + -'/i :: 3</U - 2-./Ho + -'/1f 
== t</10 - ~</10 + ! </10 :: t -./10 + ~ -./10 :: '1%-'/10. 

179. To multiply two or more simple surds:-:-

RULE.-Reduce them to the same surd index, then multiply the 
coefficients together for a new coefficient and the surdfactors together 
for a new surd factor. 

Ex. 14. 4..11 x 3-./14:: 3 x 4 x '1/7 x 14 " 12</49 x 2';:; 84..12. 
1 ~ a ~ 

Ex. 15. 2-./5 x 3i!J2:: 2(5)' )'( 3<2)3:: 2(5)6 X 3(2)6 =0 2i!J125 

x 3i!J4 =6\1500, 
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180. To divide one simple surd by another :­

RULE.-Reduce both to the sa.me surd index. Then divide coeffi. 
tient by coefficient and surd factor by surd factor. 

Ex. i6. 4y'U -1- 2</5 = !</v-= 2</H =1,</55. 

2ij2 31./3 'lV5 
Ex. 1 '1. (2ij2 - 31./3 + '1V5) -1- 5</2 = 5</2 - 5</2 + 5</2 

;: tVt- WH t V~ ;: 1,Vn - ~ 1./H + tV~ = <r x ! V32) -
a x ! V12) + (t x! V40) = tV32 - -lrr1./12 + -roV40. 

181. To find a multiplier which shall rationalize a 
binomial quadratic surd, and hence to rationalize the 
denominator of a fraction when it consists of a binomial 
quadratic surd. 

RULE -Change the connecting sign of the given binomial quad. • 
ratic surd, and the re~ulting expression will be the multiplier reo 
qUired. • 

Ex. 18. What multiplier will rati6nalize 2</2 - 3</3? ' 
. ,.!lns. 2</2 + 3</3. 

PROOF. (2</2 - 3V3) x (2</2 + 3</3) = 8 - 6</6 + 6</6 - 27 = 
8 - 27 ;: - 19. 

5</2"'</7 
]):1>. 19. Rationalize the denominator of the fraction 3</5 +j6' 

Here the multiplier is 3</5 - </6. 
5</2 - </'1 (5</2 - </7) (3</5 - </6) 

Then 3</5+l6 = (3</5+</6)(3</5-</6) 

15</10 - 3,,)35 - 10</3 + </42. 

45 - 6 

182. To find a .multiplier which shall rationalize a 
trinomial quadratic surd:-

RULE.-First use as multiplier the given trinomial quadratic 
surd with one of its connecting signs changed, the result will be a, 
binomial surd which can be ratWnalized by the last 1'ule. 

. 1 

J!i~, ~O. RatiqIlal\zll tl;lE;l 4~nolllinator of ~(5 _ "12 + 3y'4' 



142 SURDS. [SlIOT. VIll. 

Here the first multiplier = '1/5 - '1/2 - 3'1/3 or '1/5 + ,/2 + 3'1/a., 
Use either, say the former. 

1 '1/5 - {f2 - 3'1/3 
Then '1/5-'1/2+3'1/3 = {('l/5-'l/2)+3'1/3}{N5-'l/2)-3'1/3} 

_ '1/5 - '1/2 - 3'1/3 _ '1/5 - '1/2 - 3'1/3 '1/5 - '1/2 - ~'l/a 
- N5 - '1/2)2_ 27 (- (5 - 2 '1/10 + 2) - 27 -- 20 - 2 '1/10 

_ '1/2 - '1/5 +13'1/3 
- 20 + 2 '1/10 • 

Next multiply both terms of tliis by 20 - 2'1/10. 

'1/2 - '1/5 + 3'1/3 ('1/2 - '1/5 + 3'1/3)(20 - 2'1/10) 
Then ---w-+2"'1/10- = (20+2'1/10)(20 - 2'1/10) 

30'1/2 - 24'1/5 + 60'1/3 - 6'1/30 5'1/2 - 4'1/5 + 10'1/.3': '1/30 
',", ----400 - :;w---- = ---'-60--' --, 

I 
EXEROISE XLIV. 

2 3 4. !l,' _~, 2 _2 
1. Express 23 ; 7'2; 26'; (H)3; (30 If; 33 ; Na") 3,as 

equivalent surds with indices whose numerator is in each case 
+1. 

2. Reduce a; 3; 4!; 2a; 3a2b; 4X2y3, to equivalent surds 
hll-virig indices !, - t. and i. 

3. Reduce a2 ; '1/3; 2a2b3 ; ac2 ; 4g ;,3- 2 ; (Ii) - 3 and 
(x- 1 y-2 Z3)-1 to equivalent surds with indices -! and]. 

4. Reduce 4'1/3; 5'15; 2'1/31; 4'l/a; Hn t ; and }(~) - t to 

entire surds. 

5. Reduoe ~(~) i j r(~l; t(3!)! ;~mt, and 

-~ fiJOb) to their simplest form. 
1. 1.' _2 !I. 

6. Reduoe 3J1j4; 2J1ja; anp; a(c)4; Zaaa2) 3; Him)~ and 

(
am + pq)- i ' . , 

~am + pq) --- to entire surds. 
am-pq __ _ _' 1 (' lla )_1 

7. Reduce ~/135' '1/162 . Mao' 7M324· L/~. - __ , Ii 
, 'V', 'V , 'V , 2'V , 2 704m" 

/lnd (aSm6 - a6m8 + aBm6)1 to their simplest fQrml '" 



.MT •. 182.] SURDS • 143 

8. Reduce .1 (~). ~ .1 (C~rJt2). 'fJ (aJ'HI'x) aud 
V 6(a+x) ' b V· a~n ' • 

I{(a% ~ z~)2q( b + z)}. 
·Pi --c + z·-- to their simplest forms. 

9. Compare as to their magnitude 3</2 and 3{13 j 3{121, 2</11 
and 30/7. 

10. Simplify 41/18 + 3</32 - </2 - 41/8 + 5</98; also 8</! + </60 
-¥vi5+vi. ~..; 

11. Simplify </28 + {lSI + 2 </63 -2{124; also 3b2 ( a8~ yk + 

~ (a;cS)! _ C4(~) i . 

12. Simplify 1I)'2"'alnPTs lii'liin+1i + J{Y3Y'-:::'ffiii"'F1!~ ~ 1!fiN~(;'iifi'. 
13. Multiply 5</6 by 3</7; 3</40 by 2</5 j 7</S by 5</10; and 

a</ S by 4{lSO. 

14. Multiply {lIe by </S; 4a! by 7a: j 2</a by Vf2; and 
({/4 x 7{1S) by !{Iii. 

,ax by c'd 
15. Multiply together bc' </ax, cd {lby and a */CZ ; also 

:r - 'l/Xil + y by </x + </y. 

'IS. Multiply 4</3 + 3</'1 by 2</2 - 4;/5; and 2;/a + NR by 

3</2f - 41/3. 
17. Divide 3</2 by 4</a; 5</7 by 3</8; 2</1 by </g; and 2</21 

by 3-/31. • 
18. Divide 6</12 by 3{17; 3{14 by 2</5; 4</i by 3{1i and 4{1ax 

by 3</ax. 
19. Divide '1/2 + 3</1 by Wi ; 41/3 - 5{14 + 6V1 by 2*/3; and 

I aSd- 1 

VUJlIi=TC'Z by ~C'H b- 2 • 

20. Rationalize '1/7 + 6; 13 - </2; 41/3 - 6</21; ~</! + N2 and 
l</t - N~· 

. % 
21. Rationalize tbe qellOlPinators of -:~ ; 

2'1/3 + '1/11 . 'Y 3 + 2.y Ii 
B,nd rye - 8'(7' 
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3 aVm, - 7nVa 
22. Rationalize the ,deIi'ominators_of. '3 _ .1- j a.lm, + ="a 

2 + 3';l .., .., x .., "VV 
and --___ . 

N~ - j V~ ::2'7-- .r.:::r--
, . vx +x+ 1 - Vx - x-I 

23. Rationalize the denominator~of --=-.-=. 
VX2+X+ 1 + vx2-x-1 

, 1 1 - 3v2 
24. Rationalize the denominatOTs pf v 3 _ v 2 + l5; 1+3v 2 -';3 

and ~_3v3 . 
1 + 2 V3 - V2 THEOR:&,S. ' 

183. THEOREM I..!.... The produc/J:'ojtwo dissimila1' quadratic surds 
cannot be a ration(tl quantity. 

DE~roN8TRATION. Let va and vb be any two dissimilar Burds. 
Then va x vb-(jinnot be equal to 1', a rational quantity. For if 
it be possible"1et Va x Vb = r. Then" squaring, we get ab = 1'2 

r2 r2a 702 
.'. b = ;z = a2 = az a. Hence extracting the square root we get 

r ' "" vb'= ;zva; that is, vb may be made to have the same surd factor 

as va, and ther~ore va and vb are similar surds (Art. 171), but 
by hypothesis they are dissimilar, therefore they are both similar 
and dissimilar, which is impossible. Hence va x vb cannot be 
equal to a rational 9.uantity. 

184. THEOREM H.-A quadratic surd cannot be equal to the sum 
or difference of a rational quantity and a quadratic surd. 

DEMONSTRATION. For if it be possible let Va, a quadratic surd, 
be equal to the sum or difference ofr, a rational quantity, and vb, 
anotherfliliadratic surd, i.e., let Va = r ± vb. Then a = r2 ± 2rVb 

a-r2-b 
+ b .' ~ ±, 2rVb = a - r2 - b or ± vb = 2r ' that is, a quad-

ratic surd-;quals a rational quantity, which is impossible from 
the definition of a surd. 

185. 1'HEOREM I11.-A qltadratic surd cannot be equal to the 
sum or difference of two dissimilar quadratic surds. 

DEMONSTRATION. Fo~ if it be possible let va = ';b :!: '1m whel:'~ 
'ya, vb and vm are qissimilll.r quadratic su!,q~, ' , , 
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Then a = b ± 2</b x </m + m .'. t 2</b x </m :: b + 'm - a or 
b + m - a </b x 'l/m :: - ___ • 

±2 
That is, the product of two 'dissimilar 'Surds equals a rational 

quantity, which is impossible by Theor. 1. 

186. THEOREM IV.-In any equation consisting of rational 
quantities and quadratic surds the rational parts on each side are 
equal, and so also are the quadratic surds. 

DEMONSTRA.TION. Let a + 'l/b == x + </y, then a:: X and 'l/b :: </y. 
For since a + 'l/b = x t </y, then 'l/b = (x - a) + </y, hence if 

x - a does not = 0, that is, if x doe's not = a then we have 'l/b =, 
the sum of a rational quantity and a surd, 'which (Theor. II) is" 
impossible. Therefore x = a and consequently 'l/b = 'l/y. 

Cor. 1. Hence if a + </b = x + 'l/y theu alBO a - 'l/b = x - 'l/y. 
Cor. 2. Hence also if a +' </b = 0, then a = ° and also </b = 0, 

as otherwise we should have 'l/b = - a, i. e., a surd:: a rational 
quantity, which is Impossible. 

187. THEORElM V.-If the square root of a + </b = x + 'l/y, then 
the square root ;JT" - </b :: ~ - </y. 

DEMOMSTRA.TION. Since by hypothesis </(a + 'l/b) = x + </y, 
squaring these equals we get a + 'l/b :: x' + 2x</y + y, and .'. 
(Theor. IV) a = x' + y and </b '" 2x</y. Then, subtracting equals 
from equals, we have a - </b = x2 

- 2x</y + y', whence 'I/(a - </b) 
:: x -'l/y. ' 

Cor. Hence if </('I/a + </b) = </x + 'l/y, then. also 'I/('I/a '- 'l/b) 
:: 'l/x -'l/y. 

~88. Suppose it is required to extraot the square root 
of a binomial, one of whose terms is rational and the other 
a quadratic surd, we may proceed as follows :-

Let the given binomial whose square root is to be extracted 
be 9 + 4'1/5, and let<jx + 'l/y:: the required square root. 

Then '1/(9 + 4</5) :: ,-/x + ,-/y .'. 9 + 4'1/5 = x + 2</xy + y. 

Hence (Theor. IV) x + y :: 9, and 2,-/xy :: 4,-/5 or 4xy :: 80. 

~bel} ~x t 11?' = .1;2 t 2x'!j + t :; 8h Sqbt~a9tin!!, the e~ul\l~ 
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4xy and 80 from these equals, we get 1I~ - 2xy + y~ == 1, whenc:8 
x - y == 1, hut x + y == 9 .'. 2x == 10 and x == 5. Also 2y ::: 8 and 
y == 4. Henoe "Ix + </y:: </5 + </4:: </5 + 2 =; square root required. 

189. Instead, however, of working out ~he question 
thus in full, we can easily deduce a general rule for ex. 
tracting the square l'Oot of certain binomjals of the ldnd 
alluded to. 

Th~, let a oJ, </b repvesent the given bi~omiQ.I, and let</x t </y 
;;: the required square root. Thq.s we have 

</(a + </b) = </x + </y j then by Cor. Theor. v, 
</ (a - Vb) = "Ix - </Y j multiplying eql.lals by equals we get 
.,j(a2 

- b) = x - y; but by squaring the first equfl,tion we get 

a + </b = x + 2</:&y + Y j therefore by Tbeor. IV, 
x + y = a, and we have shown that x _ Y ;= </Ca2 - b), 
Hence by addition 2x :;: a + V(a~ - b) .'. x = ! {a + V (a2 - b)}, 
By subtraction 2y = a - </(a2 

- b) .'. y =·i { a - vCaz - b)}, 
And substituting these values for x ~lld y in the first equation 

we get the aqull-re root required. 
Ex. 1. Find tbe square root of 11 + 6"12, 

OfFlRATION. 

Let 'Ill + 6V2 == 'Ix + Vy 
'l'blln vu:.-6V2 ,,; vx - </y 

</121 - 72 = x - Y 
V49 = x - y 

. '. x - y = '1 
U + 6V2 = x + 2vxy t y 
.'. x + y = 11. 

But x - y = '1 

(1) 

(n) Theor. v Cor. 
-

(m) = 0) x (n). 
(IV) = (Ill) reduced . 
(v) 

(VI) = (1) squared. 
(vn) from (VI) by Theor. IV 

(v) 

.'. 2x " 18 and x == 9 (VIlI) ::: (VlI) + (v). 
Also 2y = 4 and y == 2 (IX) ::: (vn) - (v). 

'f!:eIlce "Ill + &:fi ::: </x + Vy " '19+ '12::: 3 + "12, 
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EXEROISE XLV, 

Find the square roots of:-
1. 6 + '/20. 2. 12 - ,/140. 

147 

3. 32 + </63. 

4. 23 - 2</22. 

'1. 2 +</3. 

5. 10 - </96. 

8. 43 - 15</8. 

6. 42 + 3.yI7F2, 

9. a -2</0::1. 

10. 2a+ 2</T-7JE". 11. 8 + </39. 
. a2 

12. 4 + ! b</a:r=V. 

190. It appears from Art. ·189 that when a2 
- b is not 

1J, perfect square, vx and Vy will be .complex surds, and the 
expression vx + Vy will be more complex than the given 
expression v(a + vb). Sometimes, however, the square 

. root may be similarly found of a binomial consisting of the 
sum or difference of two quadratic surds, Le., a binominal 
both of whose terms are quadrl!otic surds. This is evident 

from the fact that va2c ± vb may be written VC (a ± v~), 
and then, as above, if a2 -!!.. be a perfect square, the 

c 

square root of a ± v!!.. may be .represented by vx· ± vy. 
c 

Ex. Extract the square foot of </27 + 2</6. 

OPERA.TION. 

,/27 + 2,/6 = ,/91/3 + 2</2,/3 = </3('1/9 + 2,/2) = </3(3 + 2</2). 

Hence ,/(,/27 + 2,/6) '" </{,/3C3 + 2</2)} = */3{3+2V'2: 

Let </IT?;J2= </x + '/y, then ,/f'=7j;[2 = </x - ,/y. 

And </9 - 8 = x - y .'. x - y = 1. 

:But 3 + 2</2 " x + 2</xy + y .'. x + y = 3. 
lienee 2x = 4 and x= 2 ; 2y;: 2 and y = 1. 

Therefore </3+2V2 = </2 + 1, and */3 (</2 + 1) = V3 W4 + */1) 
;: 0/12,,+ 0/3. 

EXEIIOIBE XLYI. 
Find the square roots of:-

l, V.a~ - V2~:. 2 .. 3'{5 + ,{fo:·' 3, 3y~ + 2yH: 4· V18 ~ 41 
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IMAGINARY QUANTITIES. 

191. An imaginary quantity is an expression which 
represents an even root of a negative quantity. (See .Art. 
142). 

Thus, V-::r; V~; V~; V--::a; V-::::a, &c., are imaginary 
quantities. We can approximate to the value of surd quantities, 
but we cannot even indicate an approximation to the value of 
an imaginary quantity, which must therefore be regarded as a 
purely symbolical expression. Such expressions, however, often. 
0llcur in practice, and so far from being useless have lent tpeir 
aid in the solution of questions requiring the most skillful ani! 
delicate analysis. 

192. Imaginary quantities may be added, subtracted, 
multiplied, divided, &c., like ordinary surds, attention 
being paid to the few simple principles given in next para­
graph. 

193. I. Any imaginary quantity may be reduced so as to 
involve only the imaginary expression v-::J. ; because V _ aZ 

. ~ va2x -1 = vaz v~ = ± av---:::1• So also V -a=vaV -1 ; 
II. (v - aY =..:. a, that is V - a x V~ = - a. For 

though it is true that v-ax v~=v-a x- a=va2=±a, 
we say here that vaz = - a because we know that the aZ 

has arisen from squaring - (t. We only use the double 
sign ± where we wish to indicate that aZ might have arisen 
from squaring either + a 01' - a. 

III. (v-1)1=v-1; (v-lY=-~ (V~)3= (v---:::l)Z 
x v-I == - 1 x v- 1 = - v-I ; (v - 1)4 = H v-=1 Y I Z == 
(-1)2 = + 1, and, since every whole number may b~ ex­
pressed by .one of the four expressions 4n, 4n + 1, 4n + 2, 
4n + 3, according as when divided by 4 it leaves a remain­
d~r pf Q, tl 2/ ()r 31 altd (..; -1)41>+ 1 == ..;-:::-t.; (v-=-n4~t ~ 
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=:-1; (.,f-l){'H3==-.,f~1 and (.,f~1){n.== + 1, it fol­
lows that the formulre .,f -1, -1, -.,f -1, and + 1 express 
all the powers of .,f - 1. 

IV . .,f-=a x .,f---::-b == .,fa.,f-::} x .,fb .,f -1 == .,fab (;/---::-1 y 
== .,fab x - 1 == - .,fab. 

Ex. 1. The sum of";~ + '1/ -18 = '1/4'1/-:::2 + '1/9 '1/-=2'= 2'1/-::? 
+3'1/~=·5'1/~. 

Ex. 2. The sum of 3-'1/ -64 - (2 + '1/ -1) =: 3-'l/64'1/-::i - 2 
-'1/--::1 =3-8";~-2-'l/--::r = 1-9'1/-1. 

Ex. 3. (2'1/-2)(3'1/----::-3) = (2'1/2'1/-1)(3,,-/3'1/-1) = 6,,-/6N-1)2 

= (6'1/6) x-I = -6'1/6. 
Ex. 4. (1 + '1/-1)2 = 1+ 2'1/=-i + ('1/ _I)' = 1 + 2'1/-=1-1 = 2 '1/ -1. 

Ex. 5. (5+'1/-7)(5-'1/=-7)::: (5)2_('1/_7)2 = 25-(-7) '= 
25 + 7 = 32.-

. _ _ 2;/8 ,,-/--.::-:ro 2'1/4'1/2 
Ex~ 6~ 2'1/8 - V - 10 '" - '1/ - 2 ::: • - ---= = ----= 

-'1/-2 -'1/-2 -'1/-2 
v5v~ 4,,;2 'l/5'1/~ - '1/5 'I/~ 4,,;--::<i'l/-=-I 

'" -.-:; -- - ----" + 
- V :.. 2 - 'I/--::::Z - 'I/--::::Z - '1/ - 2 - 'I/--:::z. 
'l/6(-':;Q)· _ '1/-=-2 - -

::: ----+(4,,;-1) -=='l/5+4V-1(-1)=,,-/5--4'l/-1. 
-4-2' -'1/-2 

Ex. 7. Find the square root 2 + 4'1/ - 42. 
----

Let '1/2 + 4V - 42 ::: 'l/x + 'l/y. 

'l/2-4,,;~ ~ 'l/x - 'l/y. 

V4-Hlx-42 =: 44 + 672 =.,f6'f6 == 26= x - y. 

Also 2 + 4V - 42' =: x + y + 2'1/xy .'. 2 = x + y;. . I 

Rence x = 14 and y ::: - 12 and Vx + Vy = '1/14 +";--::-r.2 ::: 
.,f14 + 2V--:::-3. ---

EXERCISE XL VII. 
Find the value of:-

1. (4V~7) - (2'1/ -12) and also of (a + ",---:::b) + (a +,,;:c). 
2. The sum of '" ... 5j "'~ and "'-;;;U:: 
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3. The sqtlare root of 7 + 6'1 - 2. 

4. (4'1 - 3 + 7'1 - 2) x (4'1 - 3 - 7<1~). 
5. The square of ('I-:::? - 3>/~3). 

1 
6. _ with denominator rationalized. 

'12+'1-5 

7. (al-:::1)1'1:&; (.r:::l)72; ('I::i)77, and ('1-::1)26, 

8. The square of (a - >/ - a). 

9. The cube of >/2 - >/ - 4. 

10. The square root of - 2 .., 2>/ - 15. 

11. The square root of >/ - 1 and of - V - 1. 

12. The square root of 31 + 42 >/ - 2. 

13. (4 + >/ .., 2) divided by (2 - >/ - 2). 

14. 14 - >/15 - ('1>/3 + 2'15)>/--::-[ divided by 7 ~ >/ - 5, 

15. (a + b>/--:::)j multiplied by (a - b >/-::::J.) .• 

SECTION IX. 
QUA D RAT ICE QUA T ION S. 

194. A quadratic equation is one which involves the 
Ilecond power of the unknown quantity, but no higher 
power than the second. 

NOTE.-Quadratic etiuations, like Gquations of the first degree, may in' 
'volve only one unknown quantity, or they may involve two or ·more 
Unknown quantities. In the latter case they are called 3imultanelYl.l8 quad' 
ratic equations. 

195. Quadratic equations are of two kinds;­

I. Pure Quadratic Equations i and 
II .. Adfeeted Quadratic Equations. 

196. A Pwre Quadratic Equation is oue which involves; 
When reducedj only the flecond power of the unknown 
quantity. 
. . 

~ Tllia example ilItliclltlls Ii mode of resolving a2 + b~ into fllctors. 
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Thus, x'::: a; x' == 9; xi ::: (xt). ::: l~; xU = xt::: (x})' ::: 4 i 
ux· -l' b::: ex· - m, &c., are pure'quadratics. 

197. An Adfected Quadratic Equation is one which 
involves the fir8t power as well as the second poWer of the 
unknown quantity. 

Thus, x! +·6x = 2'1; ax'", bx ::: c, 4X~ - 3x =: 2x ~ x' + a, &c., 
areadfected quadratic equations. 

198.' Any equation may be solved as a quadratic if, 
when reduced by transposition, &c., the unknown quantity 
appears in but two terms and its exponent in one, is double 

that in the other. Thus xt 4- xft = 3, x - 5";x = 50; 
";x + 3 Vx == 9, a;4 - 2x' '" 8, &c" may be solved as quad­
ratios, but they are not properly speaking quadratio equa-
'tions. ' 

199. 'Equations involving surds are generally capable 'of 
being solved only by the methode employed for quadratic. 
equations, but they are frequently reducible to simple 
equations by the following :~ 

ItuLE.-Arrange the surd terms on one or both sides of the equa­
tion; al appears most convenient; square both sides oj the equatidn, 
transpose and reduce; again square if necessary, and 80 on. 

Ex.!. Given";'1 + V6 +vx = :l to find the talue of x. 

\ 

";7 + V6 ';';';x " 3 

t+Vmx::: 9 

V~x:::2 
(} +vx :: 4 

VX ::: - 2 
ill 5 ~ 

OPERATION. 

(I) 

(II) 

(Ill) 
(IV) 4 

(v) 
(v~) 

" (I) squared. 

= (II) transposed lind reduced. 
= (III) squ8.J,'ed. 
::: (IV) transposed .and reduced. 
;;; (v) ~qljaflild. 
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Ex. 2. Given'" {x + 2v'(ax+aZ)} - v'x = v'a to find the value 
Of x. 

OPERATION. 

v{x+ 2v'(ax+a2
)} - v'x:: v'a 

v'{x+ 2v'(ax + a2
)} ="';a + v'x 

x+2"';(ax+aZ) = a+2"';--U:X+x 
2"';(ax + aZ

) = a+ 2"';ax 
4ax +4az = aZ +4ayax +4ax 

4..,;ax = 3a 
16ax = 9a" 

x = -tsa 

(I) 
(II) 
(m) 
(IV) 

(V) 
(VI) 

(VII) 
(vm) 

= (I) transposed. 
= (II) squared. . 
= (III) transpo~ed. 
= (IV) squared. 
= (v) transp. and then + a. 
= (VI) squared. 
=: (VII) '" a and then" 16. 

Ex. 3. Given rJa + x = zrJXZ+5ax + 7jz to fi!ld the value of x; 

OPERATION. 

!!!Ia + x =. 2liJX2 + 5ax +liz 

a + x = t.(?'T5ax TIz 
a; + 2ax + x" = x 2 + 5ax + bZ 

3ax = aZ _ bZ 

aZ _ b2 

x=--
3a 

(I) 

(n) = (I) raised to the mlh power. 
(III) = (II) squ!tred. 
(IV) = (III) transp. and redriced. 

(v) = (IV) .;. 3a, 

. "';9x - 4 15 + "';9x . . 
Ex. 4. Given "'x + 2 = "';x + 40 to find the \'alull of x. 

OPERATION. 

v9x - 4 150+ ...;9'X 
";x + 2 = ";x + 40 (I) 

8x-4";x+40v'9x-160 ~ 
- (II) = (1) cleared offractlotlS .. . = 15";x+3x + 30 + 2v'9x 

'- 4..,;x+120"';x-15";x - 6"';x = 30+160 (m) = (II) transp. and red. 
95";x = 190 (IV) = (III) collected. 

"';x = 2 (v) = (IV) " 95. 
x :: 4 (VI) ...; (V) squared\ . 



ART, 200.J QUADRATIC EQUATIONS, 

EXEROISE XL VIII. 

Find the value of :5 in the following equations :~ 

1. y'f2+x = 2 + yx. 2. :l; - 2 = 2y:J; 
yx 3 

3. yx-::24 = yx - 2. 4. yx - yw1 ,= ya+7ii, 

5. JJ.;V-.;x + 123 + 4+ 5 + 6 + '; = 2. 

6. ya.+ '-Ix = vax: '1· 42x+Yx4 :'X"=X+2. 
yx + 28 38 + yx 

8 -.--- -.--
• 4 + yx - yx + 6 • 9. yx + yx + 2 = 4(2 + x) -! 

10; y~ + Va;:;;; = Vax~ 11. a + x = va" + xyb" + x"~ 

12. b + x + y(b2 + ax + X2) = a. 13. yx + 2a == 4a + yx 
~ +yx yx + 3b' 

H. Yx+Y4a+i=2a(l+x)-i. 15. YX-32 == 16-Yx. 

16. C:~)! + (a~x)i == (a2~:2)i 
.1'1. vx+y': - Vx-y~ ==: (x:yx)! 

18. yx+o, = c - yx + b. HI. x-l+a-~= va-2+y4(r23;-2+9x-~ 

20. vi:+(; + y~ =; m. 
';x+a - yx-a 

200. To solve pure quadratics we proceed by the fol­
lowing :-

RULE.-Having reduced the equation to the, form of x' == a, 
extract the square root of each side, and prefix th~ double sign ± to 
the right-hand member of the resulting equation. 

J!lJ!:. 1. Given x' = a to find the values of x. 

OPERATION. 

'

0 *' 
(I:) = 1 with square root extracted 

L 
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N oTE.-l'he young studont in 'Algebra Is sometimes at a loss to know wby 
the double sign ± is not also prefixed to the left:hand member, since ex­
tracting the square root of each side does really give ± x= ± a instead of x 
= ± a. The former of these expressions is, however, easily reducible to the 
Intter. Thus, if ± x = ± a, then + x = + a, or + x = - a, or - 'x == 
+ a, or - x = - a, but the last two of these expressions lire equivalent to 
the first two transposed. So that on the whole x = a or x = - a"that is, 
x = ± a. It appears from'this that when we extract the squnro root of 
the two members of an equation It is sufficient to put the double sign 
beforo the root of one oftho members. 

Ex. 2. Given 4X2 + 11 = x2 + 14, to find the values of x. 

OPERATIOW. 

4x2 + 11 = x"+ 14 (I), 
3X2 = 3 

x2 = 1 

x=±l 

(II) = (I) transposed a,nd collected. 
(III) = (II) + 3. 
(IV) = (III) with V of each member taken. 

x"+ 2 
Ex. 3. Given 3x2 

- 4 = 5xO to find the values of x. 

OPERATION. 
x" + 2 

x2-4=~ (1) 

15x2 ", 20 = x"+2 (II) = (I) X 5xo, i. e. x 5 since XO 1. 
14z2 = 22 (III) = (II) transpose'd. 

x" = .l,f (IV) -= (III) 7 14 

x = ± 'IV- = ± -In = ± ifJiXf7 = ± 1'177 
Za2 , 

lIlx.4. Given x + vT+7 = ,/~ to fiud the values of 3J 
'Va2'+ x' . 

OPERATION. 

Za" 
31 + vfi'E+7 = -= (I) 

"fa' + x· 
x..;ar+? + a2 + XZ = 2~2 (II) 

, x.;ar+7 = a' - x2 (III) 
a"x2 + X4 = a4 - 2a2x2 + X4 (IV) 

3a2x' = a4 (V) 
a2 

= (1) x {ii'I'"'R 

= (II) transposed. 
= (III) squared. 
= (IV) transpose~ 

x~" 3 (VI) = (V) 3ag~ 

'" =_±_UV! = ± a..;~ = ± !ibl/3~ 
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Ex. 5. Given V~ - V~b to find the value of;J;, 
, va2 -x" - vC'+x":: d 

OPERATION. 

";(jf:7-";~ b 
";a2_x"_";~::d (1) 

2~ ,b+d 
_ 2Vc' + x" :: b _ d (IT):: (I) taken as in Art. 106 (VII). 

aZ _ x 2 (b + d)' 
c" + x2 :: (b _ d)" (Ill) = (II) cancelled and then squared, 

a" - x" (b + d)' 
a2 + c2 :: 2(b2 + d2) (IV) :: (Ill) taken as in Art. 106 (VIII). 

2 2 (b + d)" Z Z 2 
a -x = 2(b"+ d")(a +c") (V) = (rv) x (a + c). 

(b + d)2 2a2 (b2 + dZ) -(b + d)ZaZ - (b + d)"c" 
x2=az-2(b2+dZ) (a2+c") =., - 2(b2 +d2 ) 

a2(2b2 + 2d'-b2 + 2bd- d') _c2 (b +d)' a2(b''':'2bd + dZ)-c'(b+d)2 
2(b' + dZ) 2(b2 + d2) 

a2(b _ d)' _ cZ(b + d)2 

2(b2 + dZ) 

KCTE.-In equations of the form of Ex. 5, in which the unknown qunn­
tity doos not enter into both sides, the principles deduced in Art. 106 may 
be used with much advantage, as is here illustrated. -

EXERCISE XLIX. 

Find the values Of x in the following equations :-
9 9 

1. 2X2 - 6 :: X
Z + 3. 2. 2 + 2x + 2= 2x = 25. 

2x XZ + 3 
3'3=~' 4. 4x' - 8x o = 1. 

5. (X-3)2= 13'-6x. 6. 3(x + 5)' - 7x = 23x. 

10x'+17 5x"-4 12x2+2 
7. --"'ls- - -9-- = 11xz-=-8' 

8. 24 - {9+'i? =_15.' 9. a + y(x - 3)[x + 3) " 4a. ' 

a 4a2-x~ x 
~O.;- + -' -x- "b' q. Va23]~'rfO'l-VOfX="Cfj'E"b. 
!~, ~~2 t b - 4 :: c.:t:-' - 5 i- d '" (!~~~ 
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16. lija + x + lija::::x = b. 

201. By transposition and reduction~ and change of 
signs, if necessary, every adfected quadratic equation may 
be reduced to the form 

X2 + px + q = 0 

where p and q are either positive or negative, integral or 
fractional. 

202. To investigate a rule for solving adfected quad­
ratic equations, we proceed as follows ;-

If we take any binomial, as x + a, and square it, we obtain 
x" + 2ax + a". Now we observe that (a") the last term of this, 
square is the square of half the coefficient of x in the second 
term, and we hence conclude that when we have reduced a 
given quadratic equation to the form x" + px = - p, we may 
regard the left-hand member as being composed of the first two 
terms of the square of a binomial, and that we may make the' 
1st member a complete square by addiug to it the square of half 
the coefficient of its second term, and of course adding this to 
one side we must also add it to the other, in order to preserve 
the equality of the members. Thus we get 

. pZ pZ 
x" + px + 4 = - q + 4' 

The first member of this equation is now a complete square, and 
we observe that by extracting the square root of each side we 
shall get rid of the second power of the unknown quantity, and 
thus reduce the quadratic to a simple equation. 'rhus, 

p J-" x+ z ::'± f-q· 
Whence by transposition x = - 1 p + JP

2 - q - 4 

That is, x '" Htw- 4q - p) 
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203. Hence for the solution of quadratic equations we 
have the following 

RULE.-By transpontion and reduction arrange the equation in 
such a manner that the two terms involving the unknown quantities 
shall be alone on the left-hand side, and the coefficient of x2 shall be 
+1. 

.11. .8.dd to each side of the equation the square of half the coe tfi­
cient of x. 

III. Extract the square root of both sides of the equation, and 
thence by transposition find the values of x. 

Ex. 1. Given x 2 + lOx = - 24 to find the values ofx. 

",2+ lOx = -24 
x2 + 10x+ 25 = 1 

OPERATION. 

(II) = (I) with (\Q)2 = 52 = 25 a,dded to 
each side. 

(I) I 
x + 5 = ± 1 (III) I = (II) with square root taken. 

x = ± 1- 5 = -4 or - 61 (IV) = (III) transpose'd. 
NOTE,-When we solved the general equatiou x 2+px+q=0, we obtained 

IX = H ± Vp2 - 4q - pl. Now we may use this as a formula for finding 
the value of x in a quadratic equation. Thus, in the lost example p = 10 
and q = 24'; thon 

x = !(±Vpr.:.Tq - p) = H±v100 -9"6 - 10) = i (±V4 - 10) 
-8 -12 

= H± 2 - 10) = 2' or -2- = - 4 or - 6. 

But although quadratic equations may thus be solved by formula, this 
method should be resorted to only by the advanced student, as the junior 
student requires all the praetice he can got in the solution of quadra· 
tics by completing the square, &c. 

x x + 1 13 
Ex. 2. Given x + 1 + ---;;- = 6' to find the values of x. 

OPERATION. 

x x + 1 13 I 
IX + 1 + -:-;;- = 6' (I) 

6X2+6(X + 1)2 = 13x(", + 1) I (II) = (I) cleared of fractions. 
6X2 + 6x· + 12x + 6 = 13x2 + l~x (III)' = (II) expanded. 

x' +. x = 6 (IV) = (III) transp. and red. 

x2 + x + ! = 6 +! = 2/ I (v) I = (IV) with! = (!)2 added. 
x + I = ± ~, (VI) = (V) with sq. root taken. 

x = ± i - t = 2 or - 3 (VII) = (VI) transposed and red. 
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'. 2x + 9 4x - 3 3x - 16 
Ex. 3. Given --- + --- =: 3 + --- to find the 

9 4x + 3 18 
values of x. 

OPERATION. 

2x+94x-3 3x-16 
-9-+ 4x+3=3+~ 

72x - 54 
4x+18+~=:54+3x-16 

72x - 54 
4x + 3 =: 20 - x. 

'12x - 54 =: 80x + 60 - 4x" - 3x 
4x' - 5x = 114 

x" -}x =: 1;\;" 
x2 - }x + H =: .lp + H =: 19.p 
X - t = .yl~_p =: ± -V 

x =: ± V, +"% =: 6 or - 4~ 

(I) 

(n) 

(In) 

(IV) 
(V) 
(VI) 

(VII) 

(VIII) 

(IX) 

a"x" 2ax -m" 

=: (1) x 18. 

=: (II) transp. and red. 

=: (III) x (4x + 3). 
= (IV) transp. and red: 
= (v) 7- 4. 
= (VI) with (D2 added. 
=: (VII) with square root of 

each side taken. 
=: (VIII) transp. and red. 

Ex. 4. Given -2 - - =: -2-' to find the value of x. 
m c c 

OPERATION. 

a2c2x" _ 2iLcm2x = _ m 4 (I) 

2m2 m4 
x' _ - x=:- - (II) =: I 7- a2e" 

ac a"c' 

x" _ 2m
2 

x + m
4 

=: 0 (III) = II with (1anc' )Zadde. d. 
ac <I"c' 

mZ 

x - ac =: 0 (IV) = III with sq. root not taken. 

m2 

x= -
ac 

(V) =: IV transposed. 

NOTE.-In this example we may conclude that the two roots of the 
equation are equal. 

EXEROISE L. 

Find-the values of x in the following equations :-

1. 2X2 + 8x - 20 =: 70. 2. x' - 19 =' 8x - 10. 

3. x2 - 8x =: 20. 4. x" - .29 =: 16 - 12x. 
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5. 2x'+x-15:: 70-x-x·. 
7. 118x- ix":: x" + 231. 

x a 2 

6. x, - U + 15 :: lOx - 2x". 
8. 4x' - 3x - 20 = 5x + 300. 

9. - + -::-. 
a x a 

3x x-I 
11.----=x-2t· 

x + 2 6 

10. x"+3x-'12 = 201-x-4x", 

x2+ 12 
12. 2- - 4x + ix = 0, 

13. x"-l: = ~x - 2. 14. aex" -I- bex = adx + bd. 
x + VX x' - x 

15. x _ Vx 4 16. x· - x - 40 == 170. 

x 3 :I: 4 11 x-2 x-3 x+4 x+2 
n. - + - = - + - - -. 18. -- - -- = -- - --

3 x 4 x 12 x+2 x+3 x-4 x-Z' 
19. (7x + 3)(3 + 7x) = lO!2(x - 1)(3 + x) - (3 + 2x)(x - 3»). 
20. ax" - bx + e =fx" + ex - b. 
21. (a_m+x)-1=a-1_m-1+x- 1. 
22. abx' - 2x(a + .b) vCifj = (a- b)2. 

204. Many of the foregoing equations when reduced 
assume the general form ax" + bx + C = 0, where a, band 
c may be any quantities whatever; now when we further 
reduce this to bring it under the rule (Art. 203) we get 

x' +' ~x == =-, and consequently we have the inconvenience 
a a 

of dealing with fractions throughout the entire process. 
To obviate this difficulty we may proceed as follows:-

Taking the equation ax" + bx = c, let us multiply every term 
by 4a, and then add b" to each side of the resulting equation, 
and we get 4a2xZ + 4'abx + bS = - 4ac + bS• The left hand mem­
ber is now a-complete square, and extracting the square root of 
each member we get 2ax + b = ± Vb" - 4ac -

, -b±V~ 
whence x:; 2a 

205. T·his operation translated gives us the following :­
RULE.-Having reduced the equation to the fo,m ax" + bx = c, 

multiply evef41 term by four "imes lhe coefficient of x", and to each 
member of the resulting equation add the square of the coefficient 
0/ the second term. 

Then extract the squlJ1:e:t'oot of both tel'ms, transpose and r~duce 
and thus obtain the i'alu8S of x. 
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Ex. 1. Given 3xz - 2x == 65, to find the values of x. 

OPERA.TION. 

(I) 3x" - 2x == 65 
36xz - 24x == '180 
36xz - 24x + 4 == '184 

6x- 2 == ± 28 

(n) = (I) X 12 i. e. 4 times 3, the coer. of xZ• 

(m) == (rr) with (2)2 == 4 added to each side: 
(IV) == (m) with square root extracted. 

6x== 2 ±28 (v) == (IV) transposed. 
6x == 30 or - 26 

x == 5 or-4! 
(VI) == (V) reduced. 
(vn) == (v) + 6. 

3x - '1 4x - 10 
Ex. 2. Given --x- + x + 5 == 3i to find the valnes of x. 

OPERA.TION. 

3x-'14x-l0 
-x-+"X+5== 3! (I) 

'1x'- 39x == '70 (n) == (I) X 2x (x + 5) and red. 
196x'-1092x== 1960 (III) == (n) x 28 i. e. 4 times '1. 
196x'-1092x+ (39)2= 1960 + 1521 (IV) == (m) + (39)2 
14x - 39 == y'3481 == ± 59 (v) == y'1V 
14x==39±59==98or-20 (VI) == (V) transposed. 
,'. x == '7 or - 1~ (VII) == (VI) .;. 14. 

Ex. 3. Given (3a' + bZ)(x" - x + 1) == (3bZ + a2 )(x' + x + 1) to 
find the values of x. ' 

(3a2+bZ)(xZ_ x +1) 

== (3bZ + a2)( x· +' x + 1) 
x' - x + 1 3bz + a2 

x' + x + 1 == 3a' + bZ 

2x" + 2 4bz + 4az 

~ == 2bz _2az 

XZ + 1 2bz + 2a2 

OPERATION. 

(I) 

(n) == (I) +(3az+ b2)(xz+x + 1). 

(m) == (n) as in Art. 106 (VIl). 

_ x bZ _ aZ (IV) == (III) reduced. 

(bZ _aZ)x2+b2_a'== _2(b2+a2)x (v) == (IV) cleared offriJoctions. 
(bZ _ aZ)x'+ 2(b2+ aZ)x == a"- bZ (VI) = (V) transposed. 
4(bZ_ILZ)ZXz+S(b4_ a4 )x+4(bz+az)" == 4(aZ_bZ)(bZ_aZ)+4(b2+aZ)Z (VII) 

4(bZ 
- a')2x Z + 8(b4 - a4 )x + 4(b2 + a2)" == 16a2bz (VII!) 
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2(b2 _ a2)x + 2 (b2 + a2) = ± 4ab (IX) 
(b3 - a')x + (b2 + a2) = ± 2ab 

(b2 _ a2)x = _ (b' + a2) ± 2ab = _ a" ± 2ab _ b2 

(a2 _ b')x = a2 + 2ab + b2 

(a-b)2 (U+b)2 
<11 = a2 _ b2 or a2 _ b2 

a-b a+b 
• '. x = a + b or a _ b 
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("vu) = (vl) x 4 times coef. of X2, i. e. x 4(b' - a2) and then each 
side increased by the sq. of 2(b2 + a2), the coef. of the 2nd term. 
(VIII) = (VII) with right-hand member reduced. (IX) = -.jVIII. 

EXEROISE LI. 
Find the value of x in the following equations ;-

1. 3x' - 9 = 76 - 2x. 2. x2 - X = 210. 
x 5 

3. 4x2 
- 3x = 85. 4. rr + ;- = 5.,\-. 

5. 4X2+6x = 2X_X2+273. 6. 3x' + 8x + 11 = 32 - x~. 

2 'T 
'1. 5!--:-;-" x+ l' 8. a2x" + abx = acx + be. 

9. !x"+5=!x+5g-. 10. '1x'-2=-(2--.j3)x+4x'<'/3. 

11. x2 + 6ax = bZ
• 

5-x x 7+4x 
12. 3+x - '3 = ~x - -1-9-' 

x m 5 
13. - + -- = --. 

m x m 14. mx' + mn = 2mx-.jn + nx2• 

THEORY OF QUADRATIC EQUATIONS. 

206. We ha.ve seen (Art. 204) that the roots of the 
general equa.tion ax2 + £:» + c = 0 are 

-b±<./b2 -4ac 
-------~ 

a 
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Now from this it appears that 

1. The two roots are real and different in value if 
bZ >4ctc. 

II. The two roots are real and equal in value if bZ = 4ac. 

III. The two roots are impossible or imaginary if b2 < 4ac. 

Hence if any equation be expressed in the form ofaxz + bx + p ± 0, 
its roots are RElAL and DIFFERENT, REAL and EQUAL, or IMAGINARY, 
according as b2 >, = or < 4ac; and similarly if the equation be of 
the form x2 + px + q = 0, its roots are REAL and DIFFERENT, REAL 
and EQUAL, or IMAGINARY, according ~s pz >, =, or < 4q. 

207. THEOREM I.-A quadratic equation cannot have l1wre than 
two roots. 

DEMONSTRATION. For if it be possible let the quadratic equa­
tion axZ + bx + c have three roots as /3, ')' and~. Then 

a/32 + b/3 + c = 0 (1) 

aY + b')' + c = 0 (II) 
ail" + bo + c = 0 (III) 

a(/3Z -y)+b(/3-')') = 0 (IV) 
a(/3z - 32

) + b(/3 - 0) = 0 (v) 
= (1) - (II). 
= (I) - (III), 

a(/3 - ')') + b = 0 (VI) = (IV) -;. (/3 - ')') which is not = 0, 
'.' by hypothesis /3 is not = ')'. 

a(/3 - 0) + b " 0 I VII) I = (v) + (/3 - 0) which is not = 0, 
--------- '.' by hypo /3 is not = o. 
a(')' - 3) = 0 (VIII) "(VII) -{VI). 

Now a is not = 0, otherwise ax' + bx + c = 0 would become 
bx + c = 0, which is not a quadratic equation i therefore (')' _ Il) 
must = 0, and therefore,), = ~ i but by hypothesis 'Y is not = 0, 
which is absurd. Hence a quadratic equation cannot have three 
roots. 

208. THEOREM II.- In any quai,ratic equation reduced to the 
form" ~f x' + px + q" 0, the coefficient of the 2nd term is equal, 
when its sign is changed, to the sum of the roots, lind the 3rd fe1'm 
is equal to the product of the roo!s. 
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DXMONSTRATION.- Let the two roots of the equation x" + px 
+q=Obe.8and')'. Then-!p+-./(!p2_ q)=.B. 

And -!p-';(ipZ_q)=')' 
By addition - p = .8 + ')' = Bum of the roots. 

By multiplication {- ! p +';(! p2_ q)}{ - ! p -.; (!p"- q)} ::: .8')'. 
That is, ! p2_(!p'_ q) which is = q'" /3,), = product 2frootB. 
Cor. If.8 and')' are the roots of the equation ax" + bx + c = 0, 

- b e 
then .8 +')' = -0: and.8')' = 0:' 

209. THEOREM III.-.if.8and ')' are the roots a/the equation x2 + 
ilx + q = 0, then (x -.8) (x - ')') = x' + px + q. 

DEMONSTRATION. (x -/3)(x - ')') = xO- (.8 + ')') x +.8')' . 
. But (.8 + ')') = - p and .8')' = q. (By Art. 208.) 

.'. (x-.8)(x-')') = x2_(_p)x+q= x'+px + q. 

Cor. 1f.8, ')' are the roots of the equation ax' + bx + e = 0, 
be. 

that is, of the equation a(x' + ; x + ;) = 0. Then we have 

ax2 + bx + c = ° = a (x - .8)('X - ')'). 

Cor. 2. Ifax" + bx' + ex + d = ° be a cubic equation, and if its 
roo,ts be .8, ,)" 8; then (x - .8)(x - ')')(x - ~) = ax8 + bx' + ex + d. 

ILLUBT-RATIVE EXAMPLES. 

Ex. 1. Form the equatIon whose roots are - 3 and 4. 

OPERATION. 

Since x:: -3, x + 3 = 0, and since x == 4, x-4 = o. 
Then (x + 3)(x - 4) =0, that is x, - x - 12 '" 0. 

Ex. 2. Form the equation whose roots are 2, - 2, 3 and 0. 

OPERATION. 

X - 2 = 0, x + 2 = 0, x - 3 = 0, x = O. Then we have 
(x - 2)(x + 2)(X - 3)x = (XZ_ 4)(x' - 3x) = x4 - 3xs - 4x' + 12x = O. 

Ex. 3. Form the equation whose roots are I, - 1, 3, - 2, and 
2 ± .;>t. 

OPERATION. 

x-I = O,X + 1 ::: 0, X - 3 ::: 0, X + 2 ::: 0, X - 2 - V'l ::: 0; and 
x - 2 +';7 = o. . 

Then (x - l)(x + 1)(x - 3)(X + 2)(x - 2 - ';7)(x - 2 + ';'1) = 0, 
that is, (x' - 1)(x' - x - 6)(X2 - 4x + 4 - -7)' = 0, 
that is, xU - !\xG - 6x4 + 32xs + 23x. - 27x - 18 =: O. 
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Ex. 4. Find, without solvi~g the equation, the sum, difference, 

and product of the roots of x' .:. 42x + 117 = o. 
OPERATION. 

Let /3 and l' be the roots, then Art. 208/3 + l' = 42 and ,81'= 117. 
Then by inspection find two numbers whose sum = 42 and 

product = 117, and they are evidently 3 and 39, and hence the 
difference of the roots = 36. 

Ex. 5. For what value of c2m will the equation 3x2 + 7x + tfkm 
= 0 have equal roots? 

OPERATION. 

From Art. 206 it appears that in the equation ax2 + bx + c = 0 

the roots will be real and equal when b2 = 4ac, that is, in this 
equation when 72 = 4 x 3 x c"m, or when 12c2m = 49, or c"m = 41]-, 

Ex. 6. If /3 and l' be the roots of the equation x2 - px + q = 0, 

find the value in terms of p and q of ~ + !:., and of /33 + 1'8. 
l' /3 

OPERATION. 

Art. 208. ,8 + I' ::: P and ,81' = q. 
/3 I' ,82 + I'" /32 + I'" /32 + 2/31' + I'" 

Then - + - = -- = --- + 2 - 2 = ----- 2 
I' /3 /3')',81' /31' 

(,8 + 1')" p' p2 - 2q 
:::----2= --2=--

,81' q 2' 
And ,83 + 'Ys = 83 + 3,821' + 3/31'" + 1'3 - (3,821' + 3/31'") = (/3 + 1')8 

- 3,81'(,8 + 1') = pa - 3qp = p(p2 - 3q). 

EXEROISE LII. 

1. Form the equation whose roots are - 2, and - 7. 
2. Form the equation whose roots are 4, - 2, 1, and O. 
3. Form the equation wholle roots are 2, - 2, 3, - 3, and O. 
4. Form the equation whose roots are 5, - 5,2, - 2, and 3 ± '>12. 
5. Form the equation whose roots are 1, 2, 3, 4, and 5 ± '>16. 
6. Form the equation whose roots are 5, 4, 1, 0, and 2 ± '>I - 3. 
7. Given 5 and - 2, two roots of the equation X4 - 6x3 + ox2 

+ 12x =: 60, to find the other roots. 
8. Given 1 ± '>I - 6, two roots of the equation X4 - 4x" + 8x. 

- 8.: ::: 21, to find the other roots. 
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9. Given 14, oile root of the equation x" + 6X2 - 3920 " 0, to 
find the other roots. 

10. Given 2, onB root of the equation X4 - 6x" + 13x2 - lOx" 0 
to find the other roots. 

11. Given 3 and - 4, two roots of the equation x 6 - 2X4 - 25x~ 
+ 26x 2 + 120x " 0, to find the other roots. 

12. Given ± </~, two roots of the equation x' - X4 + 2x~ 
- 4x " 0, to find the other roots. 

13. For what value of c will the equation 2x~ + 4x + c " ° have 
equal roots. 

14. If {3 and 'Y be the roots of the equation ,ax2 + bx + c" 0, 

form the equation whose roots are the reciprocals of these. 
15. If {3 and 'Y be the roots. of the equation x2 + px + q " 0, find 

1 1 
the value of {32 + y, of ({3 - 'Y)2; of {32 - y; of - + - and of 

{3 'Y 

EQUATIONS WHICH MAY BE SOLVED LIKE 
QUADRATICS. 

210. There are many equations which though not quad. 
ratics in reality may be solved by the rules for quadratics . 

. Such, among others, are equations which come under one 
.:l ~ 

or other of the general forms ax2B + bx" + C = 0 or ax" + bxn 
+ C = 0, in which n is any integral number, and a, b, Cj 

positive or negative, integral or fractional. 
~ 

Ex. 1. Given x + 6x' " - 8 to find the values of x. 

OPERATION. 

x+6xI " - 8 (I) 

x+6xi +9" 1 (II) " (I) with square completed by adding 9 
to each sid1l. 

~ 
(III) " (II) with square root J)xtracted, x' + 3" ± 1 

xl = ± 1 - 3 (IV) = (III).transposed. 

xl =-2 or-4 (v) = (IV) reduced. 

'/: = 4 or 16 (VI) = (V) squared. 
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Ex. 2. Given flJx 2 + 22f1Jx = 23 to find the values of x. 

OPERATION. 

x~ + 22x; = 23 (I) 

x~ + 22x! + 121 = 144 (rr) = (I) with (11)2 added to each side. 

x!r + 11 = ± 12 (rn) = (rr) with square root extracted. 

xt = 1 or - 23 (IV) = (rn) transposed and reduced. 

x = 1 or - 12167 (v) = (IV) cubed. 

Ex. 3. Given ifX+l2 + vx+12 = 6 to find the values of x. 

OPERATION. 

!I. .1. 
(x + 12)1 + (x + 12)4 = 6 (I) 

(x + 12)f + (x + izy!-+ t = !I.,f (n) = (I) with! added to each side 

(rn) = (rr) with sq. root taken. 

(IV) = (rn) transposed and reduced. 
(v) = (IV) raised to 4th power. 
(VI) = (v) transposed and reduced. 

l. 
(x + 12)4 H = ± i 

l-
(x + 12)4 = 2 or - 3 
x + 12 = 16 or 81 
x = 4 or 69 

Ex. 4. Given x 6 - 35x3 = - 216 to find the values of x. 

x 6 -35x3 = - 216 

4x 6 - 140x' + 1225 = 361 
2x3 

- 35 = ± 19 
2x" = 54 or 16 

x3 = 2'1 or 8 
x = 3 or 2 

OPERATION. 

(I) 
(rr) = (I) X 4 and (35)2 added. 
(rn) = (rr) with sq. root taken. 
(IV) = (m) transposed and reduced. 
(v) = (IV) .;- 2. 
(VI) = (V) with fIJ taken. 

Ex. 5. Given 5"';(X2 + 5x + 28) = x' + 5x + 4 to find the value~ 
of x. ' 

OPERATION. 

x2 + 5x + 4- 5"';(X2+ 5x+ 28) = 0 (I) 

(x2+5x+28)-5(x'+5X+28}=24 (rr) 

(x'+5X+28)-5(x'+5X+28)!+~=.l.~.l. (rn) 

~xz+5x + 28)~ -.i = ±.l.l (IV) 

= (I) with 24 added to 
each side. 

= (rr) with (D' added. 

= (m) with i take!}r 



ART. 210.] QUADRATIC EQUATIONS. 167 

(x" + 5x t 28) ~ == 8 or - 3 
x' + 5x + 28 == 64 Of 9 
x" + 5x ::: 36 or - 19 
;>;2 + 5x + 2;- = Ip_ or _ ~.l 

x + % '" ± 123 or ± ~V- 51 

;l::;40r~9j orfi(-5 ±V-5I) 

(v) ==. (IV) transp. and red. 
(VI) =: (V) squared. 
('I'll) == (VI) transp. and red. 

(VIII) = ('I'll) with (tr)" added to 

(IX) = (vIII)with sq. root taken. 

(x) = (IX) transp. and red. 

NOTE.-Jn tWs example we should find by trio.! that only the firat two 
roots. i. e. 4 and - 9 are roots oftheP),"opoaed ~quation. the other two boing 
roots of the equation x2 + Sa: + 4 + 5'1 (a:o + 5", + 28) = O. 

(5X4 + 10x"+ 1)(5a4 + lOa" + 1) • 
Ell:. 6. Given (x4+ 10x2 + -5) (a. + 10a~ + 5 = ax to find th€i 

-values of x. 
OPERATlON. 

(5X4+ 10x"+I) (5a4+ 10a'+ 1) 
(x*+IOx2+5)(a4!!-IOa'+ 5) = ax 

5X4 + IOx2 + 1 _ af + IOa3+ 5a 
x 6 + I.Ox3+ 5x - 5a4 + 10a2 + I 

(I) 

(II) 

x 6 + 5X4 + lOx' + 10x2 + 5x + 1 I 
x 6 _ 5x. + lOx' - lOx' + 5x - 1 ( ) 

1_ + 5a + IOa2 + lOa" + 5a4 + a6 III 
" 1 - 5a + lOa' _ lOa" + 5a4 _ a6 

(x+ 1)6 (1 + a)6 
(x _1)6 (1 _ a)6 (IV) 

x+1 l+a 
x':'l = I-a 

2x 2 

2" = 2a 

1 
x=-­

a 

(V) 

(VI) 

I (vn) 

1 a4 + lOa" + 5 
= (I)X;- x 5a4 +IOa2 +1 

= (n) taken thus: 
Den. + Num. Den. + Num. 
Den. - Num. = Den. - Num, 

== (m) bracketed. 

= (IV) with 0/ taken. 

= (v)taken as in(m)above 

I = (VI) cancelled. 

Ex. 7. Given x 6 - 1 = 0 to find the values of x. 

x 6 - 1 = 0 (I) 
(x" + 1)(x3-I) = 0 (n) 

x3 + 1 =- 0 (Ill) 

rd =91(lY) 

OPERATION. 

= (I) factored. 

) 

Iilquation (II) is satisfied by taking 
either x~-l = 0 or x"+ 1 = 0, and there. 
fore we consider x"-1 = one root and 
x~+ 1 = other root, and we get sepo. • 

. ~ately x3+ 1 = 0 and x3 -1 = O. 
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(x+1)(XZ-x+1) == 0 (v) == (m) factored. 
(x-l)(x2+x+1) = 0 (VI) == (IV) factored. 

x + 1 == 0 (vn) = one factor of (v). 
x· - x + 1 == 0 (VIII) == other faetor of (v). 

x-I = 0 (IX) = one factor of (VI). 
x2 + X + 1 == 0 (x) I == other factor of (VI) . 

. '. x=: 1, x == -1, x == HI ±1-:::a) and x = H-l ± 1- 3). 

NOTE.-Nos. (VII) and (IX) give us by transposition x = -1 and x = 1, 
and solving the quadratic equations (VIII) and (x) we get the other four 
roots x = 1(1 ±1-::-3) and x = t (-1 ±1-::B). 

The above is of course eqUivalent to finding the six,sixth roots of unity. 

Ex. 8. Given x4 + x8 - 4x' + x + 1 == 0 to find the values of x. 

OPERATION. 

X4 + x3 
- 4x2 + X + 1 == 0 (I) 

1 1 
x2+x-4+- + - == 0 , X x2 (n) = (I) '" x2. . 

1 1 
x2+-+x +-=4 x 2 x (m) == (n) transposed and arranged. 

(X2+2+ :2)+ (x+ ~ )= 6 (IV) = (III) with 2 added to each side. 

(x + ~)"+ {x + ~ ) = 6 (v) = (IV) differently expressed. 

(x + ~ Y+ '(x + ~ ) +!=~l (VI) = (V) with sq. completed by 
adding! to each side. 

(x+~) + 1 = +" (VII) = (VI) with 1 taken. x ! -"2" 

1 
x + - = 2 or - 3 (VIII) = (VII) transposed and reduced. x 
Thus we get two distinct quadratic equations :_ 

1 
I. x + x = 2 or x' - 2x = - 1 whence x == 1 j 

1 
II. x + x = - 3 or x2 + 3x = - 1 whence x ~ !(- 3 ± 15) . 

. Ex. 9. Given x8 + 3x == 14, to find the values of x. 
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OPERATION. 

= (I) X X. 

x"+3x = 14 
x4 +3x" = 14x 

x4+ 7x" = 4x" + 14x 
X4+ 7"'"+':!f- = 4x"+ 14x + 4.l· 

(I) 
(n) 
(Ill) 
(IV) 

" .(n), 4:c" added to each side. 
= (m) with sq. completed by 

adding ~l- to each side. 

x" + t = ± (2x + D (V) = (IV) with "j taken. 

This gives us two separate quadratic equations :-

I. x 2 +t= 2x+} or x'- 3x = 0 whence x.= 2 or 0; and 
II. X2+t =-2x - ~ or x" + 2x = -7 whence x =-1 ±"j-::s. 

49x' 48 6 
Ex. 10. Give~ ~ + XZ - 49 = 9 + x to find the values ofx. 

OPERATION. 

4~X2 48 6 
--4- + XZ - 49 = 9 + 7 (I) 

4!)x2 48 6 '-r - 49 + X" = X + 9 (n) = (I) arrangp.d. 

49x' 49 1 6 1 
- - - 49 + -- " - + - + 9 

4 x"x' x (m) I =- (n) Wit~_ x2 added. 

!=_.2.=+ (2.+ 3 ) 2 x - x (Iv)1 = (m) with "j take~. 

This also gives uB two distinct quadratic equations :~ 
7x . 7 1 

I. 2" - x = 7+ 3 or7x"-6x=16whencex=20r-:-1-~-;and 

'lx 7 1 
II. 2' - x = - x:- 3 or 'lx' + 6x= 12 w~ence x=t(-3 ±V93). 

EXERCISE LIII 

Find the values of x in the following equations :-

1. x -6"jx '" 16. 2. x~ - 4x! = - 3. 

3. x4+20=14x2'-20. 4. x8 + 7"jx3 =: 1107 - 'lx~. 

5. x-3"jxTI = 2 -"jx.f. 6. 6. 2X4 - x' =: 496. 

7. x 6 - 8x" = 513. 8. x + 5 = 6 + "jx + 5. 

M 
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'l/4x+2 4 - 'l/x 
9. 'I/? + 'l/X'. ;, 6'1/x. 10. 4 + '1/-; := ~. 

11. {Ix + 21 = 12-'l/x+21 .. 12. 'l/x3 -2'1/x-x=0. 
x 5 + x4 + 2 X S + x" - 2 

13. ~_X4 = x"-0" 
54-9'1/x 7x"-3x+4 :33x-46'1/x 

14 = ----- + ----
. x+2'1/x (6+'l/X)(X+2'1/x) 6+'l/x " 

15. x" - 3x2 + 3x = 9. 

16. 'I/(x -l)(x - 2) + 'I/(x - 3)(x;" 4) = '1/2. 
17. x3 

- 3x + 2 = O. 

18. 'l/x" + ax + b + '1/;;2 - ax + b = c. 
x x b 

19. + = -. 
Vx + 'l/a- x vx - 'l/a - x V x 

__ :;:2- 2VX3 + 60x" + 9x + 540 + 89 
20. VI + 60 + VX + 9 = .. . 
21. X

12 = l. 
22. x 3 

- 6xz + llx = 6. 

23. x 3 
- 4x" + x + 6 = 6. 

24. x" - 8x2 + llx = - 20 .. 

? _ X + a _ (2X + a + c ) 2 

~o. X + b - 2x + b + c . 

26. 3x" - 14x2 + 21x = 10. 

27. x + a + 3~abx = b. 

'l/x+60 + 'l/x"+9 

28. 9x - 4X~+ (-lx' - 9x + ll)! = 5. 
1 , 

29. (x + 6)2 + 2X2(X + 6) = 138 + 'l/x. 
30. x4 - 4x' + 6x' - 4x = 5. 

31. 2xV1 - X4 = a(l + x4 ). 

32. I(x - 2)2 - xl2 - (x - 2)2 = 88 - (x - :J). 
33. ax4 + bx" + ex" + bx + a." O. 

34. '1/ (x" -::) + '1/ ( a' ~ ~) = ~. 
12x - 8 

35. 'I/(2x + 4) - 2V(2 - x) = V(9x2 + 16) . 

2X2 + 1 + XV(4X2 + :1) 
36. 2x".+ 3 + xV(4x' = 

[SECT. IX 
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37. (x - 1)(x - 2)(x - 3)(x - 4) == 8. 
38. (x - 1) (x - 2) (x - 3) (x - 4) (x - 5) (x - 6) (x - 7) (x - 8) 

== (x' - 9x) (Hx' - 153x + 230) + 401. . 
39. (x - J) (x - 2) (x - 3) == (x + 1) (x + 2) (x + 3). 

40. (yx+ 1- 2)(yx + 1- 3) + 5y{yx+l(y'x + 1-6) +yXtl-l} =: o. 
41. 8x4- 16x3+4x2-x - 2(2x2_ 2x+ 1)y4x~ -8X 3_ 4x2+ 3x - 1 == o. 

2(a+x)(a2c- 1 x2_b) bcx 
42. abx- 2 + ax =:c- 1(Xa--;;-2-+ a3). 

43. 8x3 + 22x2 + 24x + 9 ==' 0: 

44. 3x4 - 4xs + 17x2 - 6x == - 5. 

45 x 2 + 2x(y'3 - y5) - i y135 + 8 _ x2-2x(y3-y5)-y'2( y30-y''d2) 
. . x -y3 + y5 x + y3 - y5 

== x 2 
- 8 - y15 .. 

SIMULTANEOUS EQUATIONS OF THE SECOND DEGREE. 

211. No general rule can be given for the solution of 
q~adratic equations involving more than one unknown 
quantity. In dealing with these therefore the student 
must bc left very much to his own ingenuity. Very often 
by attentively considering the question an artifice will 
suggest itself, by means of wb,ich the roots may be easily 
found. The following solutions afford illustrations of thc 

, employment of artifices which are very frequently used 
with much advantage. 

Ex. 1. Given x 2 
_ y' == 51} 

to find the values of x and y. 
x+y==17 

OPERATION. 

x' - y' == 51 (I) 
x+y==17 (n) 
---'-
x-y== 3 (III). == (I) -:- (n). 
-----

2x.20 (IV) = (n) + (III). 
X == 10 (v) == (IV) 7 2. 

2y == 14 (VI) = (II) - (III). 

Y'" 7 (VII) =: (v) 7 2. 
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Ex. 2. Given x' + yZ = '14} , 
to find the values of x and y. 

x + y = 12 

OPERATION. 

-"2 + y" = 74/ 
x + y = 12 

x" + 2xy + yZ-= 144 
2xy = 70 

x 2 _ 2xy + y2 = 4 

Or ihus:-

x - Y = 2, 
2x = 14.'. x = '1 
2y = 10 .'. y = 5 

XZ+yZ= '14 (I) 

(I) 

(II) 

(m) 
(IV) 
(V) 
(VI) 
(VII) 

(VIII) 

'" (II) squared. 
= (m) - (I). 
= (I) - (IV). 
= (v) with V taken. 

I 
= (II) + (VI). 
= (n) - (VI). 

x + y = 12 (n) 

x = 12 - Y 
x 2 = (12 _ y)Z 

(12 _ y)2 + y2 = '14 
144-24y +y2+it"= 74 

2y2 - 24y = - 70 
, y"-12y=-35 
y2 _ 12y + 36 = 1 

(m) = (II) transposed. 
(IV) = (III) squared. 
(v) = (I) with (12 - y)2 subs. for x'. 
(VI) = (V) expanded. 
(vII) = (VI) transposed. 
(vm) = (VII) .;- 2. 

(IX) = (VIII) with sq. eompletedby 
adding 36 to each side. 

y - 6 = ± 1 (x) = (IX) with V taken. 
y = '1 or 5 (XI) = (x) transposed. 

Then x = 12 - Y '= 12 - '101' 12 - 5 ';' 5 or '1. 

Ex, 3. Given x + y = 33 } 
to find the values of x and y. 

xy = 266 
OPERATION. 

x + y = 33 I 
xy = 266 

x' + 2xy + y2 = 1089 I 
4xy = 1064 . 

x2 _ 2xy + y' = 25 

x-Y=±5 

2x = 38 or 28 .'. x = 19 or 14 
2y=28 or 38 .·.y=140r 19 

(I) 
(rr) 

(III) '. = (I) squared. 
(IV) = (II) X 4. 

(v) = (lI!) - (11'). 
(VI) = (v) with V 'taken. 

(VII) = (I) + (VI). 
=(1) - (VI). 
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aT thus: 
x + y = 33 

xy = 206 

x" 33 - Y 
y(33-y) = 266 

y' - 33y = - 266 
4y' - 132y + (33)2 = 25 

2y - 33 = ± 5 
2y = 38 or,28 
y = 19 or 14 

(I) 
. (n) 

(III) 
(IV) 

(V) 
(VI) 

(vn) 
('1m) 
(IX) 

= (I) transposed. 
= (n) with 33 -y sub. for x. 
= (IV) expanded and x-I. 

"(v) x 4 and with 1089 
added to each side. 

= (VI) with -.J taken. 
= ('In) transposed. 
", ('1m) + 2. 

Ex. 4. Given 2X2+ 3xy +y'= 20") . 

f
l to find the valnes of x. 

5.1:2 + 4y2= 41 

OPERA.TION. 

In equations like this, in which either or both of the equations 
are homogeneous in all those terms which involve these quan­
tities, put x = vy, then.x 2 = v 2y2, and xy =, vy2, and the solution 
will be much facilitated. 

2X2 + 3xy + y' = 20 I 
5x2 + 4y2 = 41 ) 

2V'y2 + 3vy2 + y' = 20 
5v2y2 + 4y" = 41 

(2v' + 3v + l)y' = 20 
(5v' + 4)y' = 41 

20 • 
y" = 2V2+ 3v + 1 

(I) 
(n) 
(III) 
(IV) 
(V) 
(VI) 

('In) 

= (I) with vy written for x. 
= (n) with vy snbs. for 1.'. 

= (III) factored. 
= (IV) factored. 

= (v) + (2V2 + 3v + 1). 

41 
Y"=5V2 +4 (VIII) = (VI) + (5v2 + 4). 

20 /, 41 
(IX) 

6v2 .,...41v=-13 (x) 
v ='l or II (XI) 

= right hand memhers of 
('In) and (VIII) equated 
to one another (Ax. XI). 

= (IX) rednced. 
=. (x)solved by ordinary rule 

41 41 41 
y2 = ov" + 4 = 5(t)"+ 4 or 5(123)" + 4 '" 9 or '21-' Hence y = 3 or 

-.J .. \. = -l-,--.J21. 



174 SiMULTANEOUS QUADRATICS. [SECT. IX. 

Ex. 5. Given X
S + yS = 189} 

to find 'the valu'ls of x and y. 
x"y + xy2 = 180 

OPERATION. 

In order to show that several different pians may generally be 
adopted in dealing with simultaneous quadratics, so as to evolve 
the values of x and y, we shall give two or three different solu­
tions of this problem. 

1ST METHOD. 

x" + yS = 189 
x"y + xy2 = 180 

___ 3x"y + 3xy",,= 540 

x' + 3x2y + 3xy2 + yS = 729 

x+y=9 
xy(x + y) = 180 

x'y = 20 

(I) 
(n) 
(m) 

(IV) 
(V) 
(VI) 
(VII) 

(II) x 3. 

= (I) + (III). 
= (IV) with {j taken. 
= (n) factored. 
= (VI) 7 (v). 

Hence x = 9 - Y j xy = y(9 - y) = 20 or y2 - 9y = - 20, whence 
y = 5 or 4 and x = 4 or 5. 

2ND METHOD. 

XS + y" = 189 (I) 
x"y + xy2 = ISO (II) 

xy (x + y) "180 (m) = (n) factorerr. 
180 

x + y = xy (IV) = (m) 7 xy. 

1803 

.1'" + 3x2y + 3xy2 + y. ~ -;;-. 
. ,X"y 

180· 
<> " +" 2 189 "x Y .... xy = x.y. -

5832000-189x3y3 
3xy(x+y)= .3 xy 

1944000 - 63x"y" 
xy(x + y) = x"y' 

1944000 - 63x"y" 
180 = " 8 xy 

180x"y" = 1944000 -63x"y" 
243x3y" = 1944000 

x·y" = 8000 

xy.= 20 

(V) 

(VI) 

(vn) 

(I'm) 

(IX) 

(X) 
(XI) 
(XII) 

(XIII) 

= (IV) raised to 3rd ,power. 

= (v) - (I). 

= (VI) sim pli~ed. 

. 
= (VII) 7 3. 

= (I'm) with 180 substitnted 
for xy (x + y). 

'= (IX) cleared of fractions. 
= (x) transposed. 
= (in) 7243. 

'" (J..'1I) with {j taken. 
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Then, as before, since xy(x + y) = 180 and xy = 20 .'. :<: + y = 9 
and x .. 9 - y, whence y(9 - y) = 20 or yZ - 9y =. - 20, wherefore 
y = 5 or 4 and x = 4 or 5. • 

3RD METHOD. 

:t3 + y" = 189 
x"y + xy2 = 180 

(v + z)" + (v - Z)3 = 189 

2V(V2 _ z") = 180 

2v' + 6vz2 = 189 
2v3 

- 2vz' -' 180 
6v' - 6vz" = 540 

(I) 
(II) 
(m) 

(IV) 

(V) 

(VI) 

(VII) 

= (n) with (v + z) written 
for x and (v - z) for y. 

= (III) written thus, xy(x+y) 
and then (v + z) and v - z, 
substituted for x and y. 

= (III) expanded and red. 
= (IV) expanded. 
= (VI) X 3. 

8'v"," 729 or 2v= 9 orv = t . 
8vzz~ 9 or 8z"x¥· = 9 orz= ± 1 

(VIII) = (V) + (VII). 

(IX) = (V) - (VI). 

Hence x = v + z = ~ ± ~ = 5 or 4. 
y = v - = = ~. - (± 4) ;, ~ + ~ = 4 or 5. 

4TH METHOD. 

(I) 
(n) 

x" + y" = 189 
x2y + xy2 = 180 

xy(x + y) = 180 
180 

x+y=xy 

(III) = (II) factored. 

(IV) = ([II) .;. :"'1. 

189xy 
,1'2 - xy + 1/2 :; :t8O (v) ~ ([) .;. (n'). 

, 189vy2 

v"y' - vy' + y2 =:t80 (VI) 

180;2y2-18~vy2+l80y2= 189vy" (VII) 

20v2 - 41v + 20 = 0, (VIII) 

20v2 - 41v = - 20' which' 

180 
V"y3 + vys = 180 or y3= v" t:v (IX) 

180 180 . 
Hence y" = H + t or H + t= 64 

and x", 5 or 4. 

= (V) with 'vy 811bs. for x. ' 

=: (IV) x 180. 
= (VII) trans. and.;. 9y2. 

is a quadrp.tic equation, 
whence v = t or t. 

= (II) with vy subs. for x. 

or 125 whence y = 4 0\' 5 
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In order to save figures, the second method is better applied 
by letting x + y = s .and xy = p, then 

x"+y3=189 (1) 

xZy + xy" = 180 (n) 
s" - 3sp = 189 (rn) ',' x"+ y"=(x+y)"- 3xy(x+y). 

;.' x2y + xy2 =xy(x + y). sp = 180 (IV) 

180 
-, 

s = p (V) = (III) .;. p. \ 

1803 

S3= -3 
}J 

(VI) = (v) cubed. 

180" 
3sp = - - - 189 (vII) = (v) - (III). 

p" 
180" 

540 = -"- - 189 (VIII) = (IV) X 3 and subs. for left-
P hand member. 

180" 
729 = -"- (IX) = (YIn) transposed. 

P 
180 

9 = - (x) = (IX) with {j taken, p 

p = 20 (XI) = (x) x p and.;. 9. 
sp = 180 .'. s = 9' (xn) = (IV) with value of p. subs. 

Hence p = ;r:y = 20, and s = x + Y 7 9, &c. 

EXERCISE LIV. 

Find the values of x and y in the following equations :_ 

1. x2 - y27' 45/ 2. x" - y2 = 105 1 3. x2 + y2 = 41 
x-y= 5) x+y= 2q x+y= 9 

4. x" + y" " 1131 5. x" + y2 = 89 1 6. X Z _ yZ = 55 

x-Y= 15) xY= 40) 3xy= 72 

7. x2+3y2 = 1481 8. 3x~-2y2= 1151 9. 4x2+ 3y2 = 511l 

2x + y = 24) 2x - 3y = 2) 3x +, 2y = 2'1'5 

10. x
3 

- if" = 26 1 11. x + y = 4 I 12: VX + V,y = 3i 
x - Y '= 2 ) X3+ r=(X+y)2) ~Ixy = 25 

13. x + 4y = 14 1 14. 2X2 + xy - 5y2 = 20 l 
y" + 4x = 2y + 11 S 2x - 3y = 1 ) 

9x+ 5y 
15. -4-" XY} 

x-y=2 

16. xZyz + 4xy = 96 1 
x+y= 6~ 
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x' 4x ) 
17. _+_=J"";' 

y2. Y 9 r 
x-y=2 ) 

19. x' + xy = 661 
X2 _ y2=;1l) 

21. x 5 + y5 = 3368 1 
x+y=8 ) 

23. X4+y4= 97 1 
x-y= 1) 

18. x 2 +xy = 771 
xy - y' = 12) 

x 2 y" 
20. - + - '- 18} Y x 

x + y = 12 

22. x'+y"=1331 
x+y= 7 I 

y 

24. x' + y. = 91l 
x2y + xy" = 84 

177 

25. x+ y = ~ } 
xy , 4 

26. ~y + x-y = 2/.1 
x-y x+y \ 

x + Y - 13 = 13 _ x 2 _ y2 

27. x + y = x" 1 
7y - 2x = 36) 

29. x2+2y2= 74-xy 1 
2xy + y2 = 73 _ 2X2) 

31. 3x2 +2xy - 4y" = 1081 

x 2 
- 3xy - 7y' = - 81) 

X Z + y2 = ~2} 

28. x4 + y4 = 14x'y21 , 
x+y=m I 

30. X4 _ x2 + y4 _ y2 = 84 1 
x' + 2x2y' + y2 = 85) 

32. y2 - x 2 
- Y - x = 12l 

(y_ X)2(y+ x) = 48 

33. 11 + ---::rY = 20 - -y 34. x 3 + y. = 35 1 x 2 2x + y y2+ X} 

x" + y2 = 13'1 
x + 8 = 4y 

35. ,\!,(y2+1)+1_ ,\!,(x+9)+31 36. X4+y4=X/ 
,\!,(y2+ 1)-1 - ,\!,(x+9)- 3 ~ x" + y3:. I) 
x (y + 1)2 = 36(y3 + ID J 

37. (x 6 + l)y = (y" + l)x3 I 
-Cy6 + l)x = 9(X2 + l)y3) 

x 2
, 'y x 27 Y2} 

38. - + - + - = - - .-­
- y2 X Y 4:c2 

x-y=2 
39. ,\!,(5,\!,x + 5,\!,y) + ,\!,y = 10 - ,\!,x 

,\!,x· + ,\!,y. = 27.5 
40. x' + y" = x - y 1 

x' + y2 = axy ) " 

41. xy + a(x - y) = a2 I 
x+y2+ a"=0 I 
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42. x" + y" + a'-= 0 1 
X4 + y4 + a4 + x"(3y" + a") = 0 ) 

43. x 2 + 3y + a3 = 0 ~ 
x6 _ 3y3 + a6 + x 2y(3.'l:2 _ y) = a3x2(x2 + 2») 

44. x - Y = a ~ 
X4 + y4 = b4 ) 

4:'. x 2 - xy + y2 = a2 I 
x4_x'y2+y4=b4 j 

(SECT. IX. 

46. 3x6 - 12x4 + 18x2 = 2y6 - lly4 + 52y2 + 27 ~ to find x and y 

x4 _ y4 _ 3 + 2x2(a-l) = 2a(y2-1) + 2y2(x2_1) j independentofa 

47. (y2_ x 2) (y2_X2+4)+5 = 2.y 4(y 6 -x 6 )_( 5x2+l2x2y2_5y2) (y2_X 2) ~ 

y4 _ 3y2 -1 = 5x" - 8x(1- .yx" - 2x + 5) + 4 ) 

48. (X2 _ y")(X2 + y2 _ 4) = 4(X2 - 3) ~ 

x2y" + 7(X2 _ y2) = 6xy.yy" _ x" ) 

PROBLEMS PRODUOING QUADRATIC EQUATIONS. 

1. What two numbers are those whose difference is 5 and th" 
product of whose sum by the greater is 228? 

SOLUTION. 

Let .'l: = the greater, then x - 5 = the less. 

x -I- x - 5 = 2x - 5 = their sum. 

Then x(2x - 5) = 228 (I) 
2x2 - 5x = 228 (II) 

l6x2 - 40x -I- 25 = 1849 (III) = (II) X 8, then sq. completed. 
4x - 5 = ± 43 (IV) ,,(m) with .y taken. 
4x = 48 or - 38 

.'. x = 12 or - 9~ = the grcilter. 

x - 5 = 7 or - 14! = the less. 

2. A poulterer bought 15 ducks and 12 turkeys for 105 
shillings, at tbe rate of 2 ducks more for lR shillings than of 
turkeys for 20 shillings. What was the price ~f each? . 
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SOLUTION. 

Let x = price of a duck in shilliugs and y = price of a turkey. 

,Then 15x -I- 12y = 105 (I) 
18 20 - = - -I- 2 (II) 
X Y 
5x -I- 4y = 35. 

9y - lOx, = xy 

lOx -I- 8y = 70 
17y = xy -I- 70 

(III) 
(IV) 
(V) 

(VI) 

= (I) reduced. 
= (II) reduced. 
= (III) X 2. 

= (IV) -I- (V). 
35 - 4y 

x = --5- (VII) = (III) transposed a'nd reduced. 

7y _ y ( 35 ~ 4y ) '" 70 (VIII) "(VI) with 35 ~~ subs. for x. 

_2y2 -I- 25y = 175 

6y" -I- 200y + 625 = 2025 
4y -I- 25 = ± 45. 

(IX) 

(X) 
= (VIII) reduced. 

= (IX) X 8 and sq. complete. 

4y = 20 or - 70 whence y = 5s. 
35 - 4y 35 - 20 

5 = --5- = 3s. x= 

NOTE.-The negative value -17s. 6d. for the price ofa turkey is not taken 
lto account here, as althongh -17} is undoubtedly it root ,of the equation 
y2 + 25y = 175, yct -17s, 6d. as the price ofa turk~JI does not satisfy the 
ouditions of the problem as given aud must therefore be neglected, 

3. Find a number s.uch that the sum of its square and its cube 
hall be nine times the next higher number. 

SpLUTIOX. 

Let x = the number, then x" = its square, and .1"" = its c,nbe ; 
,Iso x -I- 1 = the next higher number. 

Then x3 -I- xz = 9(x -I- i) 
x"(x -I- 1) = 9(x + 1) 

x" = 9 
x=±3 

. (I) 
(n) = (I) factored. 
(III) = (II) .;. X -I- 1. 

(IV) = (III) with V taken. 

Verification. Take + 3; then 27 + 9'= 36 = 9(3 + 1). 

Take - 3; then - 27 -1-9 =: -18 =: 9(- 3 +1)= 9x-2. 
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4. A person at play won, at the first game, as much money as 
he had in his pocket; at the second game he won 5 shillings 
more than the square root of what he then had; at the third 
game he won the square of all that he then bad, and he found 
that he then possessed £1l2 16s. What had he at first? 

SOLUTION. 

Let x '" the shillings he had at first. 

Then 2x '" the shillings he had at the end of the 1st game. 

y2X + 5 '" sum won at the 2nd game. 

2x + y2x + 5 '" sum at end of 2nd game. 

(2x + y2x + 5)2 '" sum won at 3rd game. 

(2x + y2x + 5)2 + 2x + y2x + 5) '" sum at the end of the 3rd 
game. Then 

(2x +y2x + 5)2 + (2x+y2x + 5) '" 2256 (I) 

(2x+y2X+5? + (2x+y2x+5) + i '" 'J.S1..gb (II) '" (I) with! added. 

(2x +y2x +5) + ~ '" ± 1!li (Ill) '" (II) witlt y taken. 

2x + y2x = 42 or - 53 (IV) '" (m) transposed. 
- Rejecting the negative result we have 

(2x) + y2x '" 42 (v) 

(2x) +y2x +! '" L!)V (VI) '" (v) with sq.com,p, 

y2a + ~ '" ± J.l (VII) =0 (VI) with y taken 
y2x '" 6 or - 7 (VIII) '" (VII) t~~nsposed. 

2x '" 36 or 49 (IX) '" (VIII). squared. 
x'" IBs. (x) -:: (IX) .;. 2. 

NOTE.-The 24} which wo get here as oue value of x is not admissible as 
an answer to the problem, simply becanse it does not answer the conditions 
of the problem as given, ancl it obviously arises from the fact that the 
yii may be either ±. It becomes an answer of the problem if we under, 
stand that at the 2nd game he lost a sum which was 5 shillings less than 
the square root of what he then had. 

5. What number is that which being divided by the product 
of its digits, the quotient is 2, and if ~7 be added to the number, 
the digits will be inverted? 
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SOLUTION. 

Let x and y = the digits, x being the left-hand one. 
Then lOx + y = the number, aud xy = the product o'f the digits 

lOx + y' } -----xv = 2 (I) 

10x+y+27= lOy+x . (II) 

X = Y - 3 (Ill) 
lOx + y = 2xy (IV) 

10(y-3)+y=2y(y-3) (V) 
2y2 - 17y = _ 30 (VI) 

16y2_ 136?j + (17)2= 4? I (VII) 
4y - 17 = ± 7 ('I'm) 

= (n) reduced and transposed. 
= (I) X xy. 
= (IV) wi;;h y - '3 suhs. for x. 

= (v) reduced and transposed. 
= (VI) X 8 and'with sq. complete. 
= (VII) with V taken. 

4y = 24; Y = 6 ; x = y - 3 = 6 - 3 = 3 

Hence the required number is 36. 

NOTE.-Thc second value ofy is obviously not admissible here . 

. 6. A and B travelled on the same road and at the same rate 
to London. At the 50th milestone from Lond'on A overtook a 
flock of geese, which travelled at the rate of 3 miles in 2 honrs, 
and 2 hours afterwards he met a waggon which . travelled (It 
the rate of 9 'miles in 4 ~ours. B overtook the flock of geese at 
the 45th milestone from London, and met the waggon 40 minutes 
beforfi he came to the 31st milestone. 'Where was B when A 
reached London? 

SOLUTION. 

A and B travel in the same direction, at the saJlle rate, and on 
the sanie road, and consequently the distance between them is 
always the same. 

Let x = rate per hour of travelling. 
The places-where A and B overtook the geese are 5 miles apart, 

aud as the geese travel at the rate of .~ of a mile per hour, to 
travel over 5 miles they would require 5 '" ~. = laQ hours. But in 

lOx 
l1Q hours A has moved on '3 miles, while the geese have moved 

'on only 5 miles.. --
,I lOx 

',I'herefore dis~ance in miles between .Il and B = '3 - - 5. 
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• Again, .11 met tbe waggon 50 - 2x miles from London, 
2x 

while B met it 31 +"3 miles from London, consequently as tbe 

waggon was travelling from London, tbe distance in miles 

travelled by tbe waggon between tbe two meeting was (31 + 2;) 
8x - 57 

- (50 - 2x) = -~3- miles. And since tbewaggon travelled at 
8x ~ 5'7 32x ~ 228 

tbe rate of t miles per bour, -~3- +~ = ~-- = time in 

bours wbicb elapsed between tbe meeting. 
33r - 228 

But in -27· bours .11 bas moved toward London 

(
32X - :l28) 
----z7-.~ x miles wbile the waggon has gone in tbe opposite 

( 
8x - 5'7) 

direction 3 miles. 

Tberefore distance in miles between .11 and B = 
8x -57 

+ -~3-' 

32x' - 228x 

27 

And since distance between.l1 and B is always the same, 

32.1:2
- 228x· 8x ~ 57 lOx I 
2'7 +-3-= 3- 5 (I) 

16x2 - 123x = 189 (II) = (I) reduced. 
1024x"-7872x+ (123)'=27225 (m) = (II) x 64 and ,vith sq. 

then completed. 
32x - 123 = 165 (IV) = (III) with V taken. 

165 + 123 
x = 32 = 9 = rate per hour of travelling. 

lOx 
. Distance of B from .11 = 3 - 5 = ~p - 5 = 25 miles = distance 

of B from London when .11 arrives there. 

EXERCISE LV. 

1. Divide the number 19 into two parts such tbat tbeir pro­
duct shall be 84. 

2. What two numbers are those whose sum = 1 '7, and the 
product of whose difference by the greater is 30. 
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3. There is a rectangular field whose area is 2080 rods, and 
its length exceeds its breadth by'12 rods. Required its 'dimen­
sions. 

4. What two numbers are those whose difference is 9, and 
,the sum of whose squares is 353 ? 

5. Divide the 16 into two parts such that their product added 
to the sum of their squares shall be 208. 

6. A commission merchant sold a quantity of wheat for $171, 
and gained as much per cent. as the wheat cost him. What 
was the pl.·ice of the wheat? 

7.A person bought- a number of sheep for $80, and found 
that if he had bought 4 more for the same sum they would haye 
each cost $1 less. How many did he buy? 

8. A certain number consisting of three digits is such that 
the sum of the squares of the digits, without considering their 
position, is 104, and the square of the middle digit exceeds twice 
the product of the other two by 4; also if 594 be subtracted 
from the number its digits will be inverted. Required the' 
number. 

9. A farmer paid $240 for a certain number of sheep, out of 
which he reserved 15, and sold the remainder for $21,6, gaining 
40 cents a-head on those he sold. How many sheep did he buy, 
and what was the price of each? 

10. What two numbers are th'ose whose sum is 10, and the 
snm of whose cubes is 2801 

11. What are the two parts of 24 whose product is equal to 
35 times their difference. 

12. Find two numbers such that their snm, their product, and 
the difference of their squares are all equal to one another. 

13. The fore-wheel of a carriage makes 6 revolutions more 
ihan the hind-wh~el in going 129 yards, but if the circumference 
of each had been increased one yard, the fore-wheel would have 
made only 4 revolutions more than the hind-wheel in going the 
same distance. What is the circumference of each wheel? 

14. The sum of. two fractions is It} and the sum of their 
reciprocals is 2·l2 •· What are the tW8 fractions? 
, 15 A person' dies leaving $46800 to be divided equally among 

his children. It chances, however, that im~ediately after the 
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qeath of the father two of his children also die, and in co~se­
quence of this each remaining' child receives $1950 more than it 
was entitled to by the father's will. How many children were 
there? 

16. During the time that the shadow ,of a sun-dial which 
shows true time, moves from one o'clock to five, a clock which 
is too fast by a certain number of hours and minutes, strikes a 
number of strokes, which is equal to that number of hours and 
minutes, and it is observed that the number of minutes is less by' 
41 than the square of the number which the clock strikes at the 
last tim,e of s~riking. The clock does not strike 13 during the 
time. How much is it too fast? 

11. Two locomotives commen'ce running at the same time 
from the two extremities of a railroad 324 miles in length; one 
travelling 3 miles an hour faster than the' other, and they meet 
after having travelled as many hours as the slower travelled 
miles per hour. Reqllircd the distance travelled by each. 

18. A person ordered $144 to be distributed among some poor 
people; but, before the money was divided there came in two 
claimants more by which means the share of each was $1 ~elow 
what it would otherwise have been. What was the number at 
first? 

19. Find a number such that, being divided by the product of 
its two digits the quotient is 2; and 27 being added to the 
number its digits are inverted. 

20.A grocer sold 60 Ib~. of coffee and 80 Ibs. of sugar for 
$25, but he sold 24 Ibs. more of sugar for $8 than he did of 
coffee for $10. What was the price of a lb. of each? 

21. A and B engage to cradle a field of grain for $36, and as 
A alone could cradle it in 18 days, they promise to complete it 
in 10 days. They found however that they ~ere obliged to call 
in C, an inferior workman, to assist them for the last four days, 
in consequence of which B received $1'50 less than he would 
otherwise have done. In what time cClUld B or C separately 
reap the field? 

22. A rectangular va~ 5 feet deep holds, when filled to the 
depth of 4 feet, less than when completely filled by a number of 
cubic feet equal to 80, together with half the number of feet in' 
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the perimeter of the base. It is also observed that the length of 
a pole, which reaches from one of the corners of the top to the' 
opposite corner of the bottom of the vat, is equal to ,olo of the 
n~lmber of feet in the square inscribed on the diagonal of the 
bottom. Required the dimensions of the,vat. 

23. Two persons set ont at the same time to travel on feot, A 
from Toronto to Cobourg, aud B fro"w. Cobourg to Toronto. When 
they meet it is found that A has travelled 15 miles more than B, 
and that A will reach Cobourg in 2 hours j and B, Toronto in 
4~ hours after they have met. Find the distance between Toronto 
and Cobourg and the rate of travelling of each. 

24. Find two numbers snch that their product sqall be equal 
to the difference of their squares, and the sum of their squares 
equal to the difference of their cubes. 

25. Bacqhus caught Silenus asleep by the side of a full cask, 
and seized the opportunity of drinking, which he continued for 
* of the time that Silenus would have taken to empty the 
whole cask. Silenus then awoke and drank what Bacchus had 
left. Had they drank both together it would have been emptied 
two hours sooner, and Bacchus would have drank only half 
what he left Silenus. How,long wonld it h[we taken each to 
empty the cask separa.tely ? 

SECTION X. 

RATIO, PROPORTION, AND VARIATION. 

RATIO. 

212. Ratio is the relation one quantity bears to another 
in regard to magnitude, the comparison being made by 
considering what mUltiple or fraction the first is of the 
second. 

NOTE.-It will be seen from this definition that the term ratio is equiva­
lent to the common arithmetical term quotient, 

N' 
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213. The ratio of one quantity to another is expressed 
by placing a colon between them or by writing them in the 
form of a fraction. 

a 
Thus, the ratio of a to b is written a : b or more commonly b 

214. Ratio can exist, of course, only between quantities 
of the same kind, because it is only between such quanti­
ties that any comparison as to magnitude can be instituted. 

215. Quantities are of the same kind when one can be 
multiplied so as to exceed the other. 

Thus, a ratio can exist between a cent and £100, Or between a square" 
nch and an acre, or between a grain troy and a cwt., because in each case 

the one can be multiplied so as to exceed the other, or, in other words the 
quantities entering into the ratio are of the same kind; but no ratio can 
exist between a linear inch and an acre, because the former cannot bo 
multiplied so as to exceed tho latter. 

216. The term of the ratio which precedes the sign: 
or which is written as numerator of the fraction is called 
the antecedent of the ratio, the remaining term, the conseque;nt. 

217 . .A ratio is said to be a mtio of greate1' inequality, 
a ratio of equality, or a ratio of less inequality, according 
as the antecedent is >, ==, or < the consequent. 

21S.If the antecedents of any ratios be multipled to­
gether and also the consequents, there is formed a new 
ratio which is said to be compounded of the former ratios. 

Thus, the ratio ace: bdfis said to be compounded of tho ratios a: b, c: a, 
and e :f. 

219 . .A ratio compounded of two ratios is called the 
sum of these ratios, thus, when the ratio a: b is com_ 
pounded with itself the resulting ratio- a2 : b2 is called the 
double of the ratio a : b or more commonly the duplicat 
ratio of a : b; also the ratio a3 : li is called the triple 0 
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the ratio a b or more commonly thc triplicate ratio of 
a : b. 

~oTE.-Similarly the ratio va : Vb is called the subchlp/ica:e, the ratio . ~ 

RJa: RJb, the subtriplidate; a 2 : b"; the sesquiplicato oftbe ratio a : h; &c. 

220. Problems upon ratios are solved by writing the 
,ratios as fractions and treating these fractions by the ordi­
nary rules. Ratios are compared with one another as to' 
magnitude by writing them as fractions, reducing these 
fractions to a common denominator and comparing the 
nunierators. 

221. THEOREM 1.-.11 ratio of greater inequality is d'iminished, 
and a'ratio of less inequality increased by adding the same qUll1!tity 
to both its terms. 

DEMONSTR1TION.-Let a : b 'be [t ratio of inequality, and let x be addetl 
to each term. 

• 
Then" ~ ><' a + x as ab + ax ~ ab + bx, or as ax >< bx or as a ><b. Tbat 

b b+ x "-

is if a > b then ax> bx and ab + ax> "b + bx and ~ > a + x ; but it 
b b+x 

a a+x 
a < b then ax < bx and ab + ax < ab + b.1J and b < b + x. 

a a+x 
"Read b is greater than or less than b + x according as, &c. 

222. THEOREM 11.-.11 ratio of greater inequality is increased, 
and a ratio of less inequality diminished by subtmcting the same 
quantity from both its terms.· 

DEMONSTRATION.-Let a : b be a ratio of inequality, and let x be sub. 
tracted from each term. 

a> a-x > .... > 
Then b < l)::'X' as ab --ax < ab - bx; or as bx <: ax or as b < a. 

*'fhe quantity subtracted must howeve~ be less than eitber of the terms. 
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223 . .'1 1'Ittio is increased or diminished by being compounded 
with another ?'atio .according as the latter is a mtio oj gTeateT"or 

less inequality. 

DE~[oNSTRATloN.-Let the ratio a : b be compouuded with the ratio 
m : n, the latter being a ratio of inequality. 

a <am .« . Then b > bn' accorchl1g as alYn > aum, or as?~ > nt, or as 'In : n. IS a 

ratio of greater or less inequality. 

EXERCISE LVI. 

1. Find the ratio compounded of a : b ; c : a'; and ab : cd., 
2. Compound together the ratios a."- b2 

: a" + 6"; (a_b)" : a 
anda2 -ab+b2 : (a_b)". 

3. Compound together the ratios x" - 2x - 15 : x2 
- 3x - 10 ; 

x 2 + X - 2 : x" + 8x + 15 and x 2 + 12x + 35 : x 2 
- 1. 

4. Which is the greater ratio that of a" + b' : a" + 62 01' 

a" + b2 : a + b. , 
5. Which is the greater ratio that of 'x2 + y" : x 2 

- y2 or 
(x + y)4 : x' _ x:! y + x2 yZ _ xy3 + yi ; x i{j5 being> y i{j'1. 

6. W[mt quantity must be subtracted from each term of the 
mtio a : b in order to make it equal to the ratio c : d. 

'1. What quantity must be added to each term of the ratio 
111 : n in order to convert it into a ratio of equality. 

8. If a : b be a ratio of greater inequality, what is the ratio 
c.ompounded of the ratio of a + b : a - b, the difference of the 
duplicate ratios of a : a and a : b, and the triplicate ratio of 
b : a + b. 

9. Prove that the ratio a : b is the duplicate of the ratio of 
a + c to b + c, if c be a mean proportional between a and b. 

10. Prove that a2 - b2 : a2 + b2 is greater or" less than the ratio 
of a - b : a + b according as a : b is a ratio of greater or less 
inequality. 

PROPORTION. 

224 . . Proportion consists in an equality between two 
ratios, the two equal ratios being connected by the sign .. 
or by the ordinary sign of equality. 

\ 
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For example, if a, b, c, and d be four proportional quantitio.; the pro. 
portion existing between them is expressed by writing them thus, 
a: b: : e : d. 

NOTE I.-The first and fourth of such proportional quantities arc called 
the extremes,. and the second and third, the means. 

NOTE 2.-When three quantities a, band c, are proportional., so that 
a : b : : b : c ; the second tCl'm, b is said to be a mertn propo1·tional 
between the other two, and the third term c is called a third pl'oportionrt/ 
to the other two. 

225. THEOREM I.-If four quantities be proportionals, the product 
of the ext1'emes is equal to the product of the means. 

DEMONSTRATION.-Let a : b : : c : d, then ad = be. 
a e 

For b = d and multiplying each of these by bd we have ael = be. 

COR. Hence if throe terms of a proportion are given, tbe fonrth may bo 
be ad ad be 

readily found. Thn" a= -; b = -; c=-; <1=-
<I c b a 

226. THEOREM n.-If the product of any two quantities be 
equal to the product of any two othe1's, the four m'e pTopo1'lionals 
-the factors of either pr.oduct being made the extremes, and the 
factors of the other product the means. 

DEMONSTRATION.-Lct ad = be, then dividing each of these by bd and wo 
a e 

have - = - that is a : b : : c : £I, 
b <I 

227. Since the two ratios composing. a proportion may be 
written as two equal fractions, it follows that all the results ob­
tained in Art. 106 may be applied to proportional quantities, or 
in other words, we may combine together in any manner what •. 
ever by addition or subtraction the first and second terms of a 
proportion, provided we similarly combine the third and fourth 
terms. So also we may proceed with /Lny multiples whatever 
of the first and third, ·and any multiples whatever of the second 
and fourth terms. Similarly we may cOll?bine any powers or 
roots of the first and·second terms, prov'ided we also combine 
the same powers or roots of the third and fourth. (See the 
demonstrations in Art. 106 (I-XVI). 
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228. In solving problems in proportion the student must 
carefully bear the last proposition (22'1) in mind, and also 
that:-

I. Any proportion may be converted into an equation by 
taking the product of the extremes equal to the pro­
duct of the means. 

II. Any proportion may be converted into an equation, by 
writing the first term divided by the second =- the third 
term divided by the fourth. 

Ex. 1. If a : b :: e : d prove that (a + b) (e + d) 
b 

=- d (a + b)2. 

a c be ad 
Here b =- d .'. a =- d and c =- b 

bc 
Tn the expression (a+b)(e + d) substitute d for a, and we 

'hb!l.ve (a+b) (e+d)b=- (~ +b) (c+d)=- ee ;bd) (c+d) = 
-(c+d) (c+d)=-_(c+d)2 
d -, d 

Similarly in the expression (a + o)(c + d) substitute ~ for c. 

This gives us (a + b) (e + d) =- (a + b) (~ + ~ ) =- (a + b) 

(
ad + bd) d d 
,-b- =- (a, + b) (a + b) b =- b (a + b)2. 

Ex. 2.-Given x3 + y3 : x3 - y3 : : 559 : 127 and x2y =- 294 to 
find the values of x and y. ' 

OPERATION. 

12'1x3 + 12'1y3 =- 559x3- 559y3 or 686y3 =- 432x3 or 3{3y3 =- 216x" 
or 7y =- 6x .'. Y =- !i-x. Substitute this value of y in the second 
equation and we have . 

2 . 6x3 x 3 
X Y =- 294 or x 2 x ~ X =- 294 or - =- 294 or-

7' '1 
49; or x" 

=- 343 ; or x =- 7, whence y =- 6. 
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Ex. 3.-If a : b: c: a and also m : n : : p .: q. 

Prove that ma + nb : ma - nb : : pc + qd : pc - qd. 

191 

Sl'nce a b d d a c : :: c: an 'lit: n : : p : q, then b = d and 

11t P a 'lit 
n q Multiplying these equals together, we have b x n 

c p ma pc ma + nb pc + qd 
=-rl x - or

nb 
= qd' Then, Art. 106 (vii), ---nb- = --

q nUL - pc - qd 

that is rna +nb : ma - nb : : pc + qd : pc - qd. 

EXERCISE LVII. 

1. If a, b, c, d be any four quantities whatever, find what 
quantity added to each will make them proportionals. 

2. If four numbers be proportionals show that there is no 
number which, being added to each will leave the resulting four 
numbers proportionals. 

3. If a : b : _: c : d and m : n : : p : q prove that ma2 - 2nb2 : 

pc2 .,. 2qd2 : : mao ~ 2nb2 : pc2 + 2qd2• 

4. There are two numbers whose product is 24, and the dif­
f~rence of their cubes is to the cnbe of their difference as 19 t() 
~. What ar.e the nnmbers? 

5. The nnmber 20 is divided into two parts, which are tCl 
ea:ch other in the duplicate ratio of 3 to 1. What is the mean 
Proportional between these parts? 

.6. If x : y: : a3 
: b3 and a : b : : ~ c + x : ~ d + Y prove that 

d:J; = cy. . 
'7. If(a+b+c+d)(a-b-c+d)=(a-b+c-d)(a+b-c-d) 

prove that a ; b : : c : d. 
8. What two nnmbers· are those whose sum, difference and 

product are as the numbers s, d and p respectively. 
~. A person in. a rail way ell-rriage observes that another train 

running on a parallel line in the opposite direction occupies 
two seconds in passing him; but, if the two trains had been 

.proceeding in the same direction, it would have required 30 
seconds to pass him; ctmpare the rates of the two trains.~ 

10. A and B speculate in trade with different sums of mouey. 
A ~ains $150 and B lose~ !jP50, an,d now A's stop~ i$ tq B's as 



192 VARIATION. [S~CT. X. 

~ : ~, but had A lost $50 and B gained $100, A's stock would 
have been to B's as 5 : 9. Wbat was the stock of each? 

11. Ifb=,yacprovethata+b+c: (a+b+c)2;: a-b+c: 

a2 + b2 + c2
• 

12. Ifb=,yac provethata: c:: (ct+b)(a-b): (b+c)(b-c). 
13. What number is that to which if 3, 8 and 17 be severally 

added, the first sum shall be to the second as the second sum is 
to the third. 

14. If m shillings in a row reach as far as n sovereigns, and a 
pile of p shillings be as high as a pile of q sovereigns, compare 
the values of equal bulks of gold and silver. 

'42a + ll~b 
15. If ct : b :; c : d prove that 4ct _ 5b 

'42c + lltd 
4c - 5d -

16. If a, b, c, and d are in continued proportion, express (a +6) 

(c - d) in terms of a and c, and prove that a ; Va.: : b ; Vd. 

VARIATION. 

229. Variation is an abridged method of Indicating 
proportion, and is conveniently used in investigating the 
relation which varying but dependent quantities bear to 
one another. 

The two terms of a variation are the two antecedents of the correspond­
ing proportion-the consequents not being expressed. Thus, when we 
say the interest varies as the principal, we mean that if P and p be any 
two principals and I and i, the corresponding interests at a given rate and 
time, then . 

I : i : : P : p or briefly, omitting the conseqnents, 1 a: P. 

230. The sign c:; is called the sign of variation and is 
read varies as. 

Thus, loc P is read, I vW'ies as P. 

231. One quantity is said to ~ary directly as another 
when the two quantities depend upon each other, so that 
if one be changed in any manner the other must also be 
changed in the same propo:tion. 
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Thus, leaving time and rate per cent. out of consideration, the interest 
(1) varies directly as the principal (P), f~r if 1 is changed to i, P must alBa 
be changed to p in such a manner that I : i : : P : p. 

NOTE.-When we simply say that one quantity varies as another, wc are 
always understood to mcan that the one varies directly as the other. 

232. One quantity is said to va1'!! 'inversely as another 
when the first cannot be changed in any manner, but 
the reciprocal of the second is changed in the same pro­
portion. 

I 
Thus, .A oc - (.4. varies inversely as B), if, when.A is changed to a, B 

B 1 1 
must be changed to b, so that A : a : : B : b :: b : B. 

For example, if the area of a triangle be given the base varies inversely 
as the altitude, for if .A. and a be the altitudes and Band b the bas~s of two 

1 1 
equf triangles, then.AB = ab .' . .A : a : : b : B or A : a : : B : b or A 

oc -
B 

233. One quantity is said to vary as two others Jointly, 
if when the first is changed in any manner the prodlOct of 
the other two is changed in the ~ame proportion, 

That is.A oc BO (A varies as Band C jointly) when if A be changed to a 
the product B 0 must be changed to bc in such a way that.A : a : : BC : bc. 

Thus,the area of a triangle varies as the base and altitude jointly; for if 
A, B ancl P represent the area, base and altitude of any triangle, and 
a, b, p the area, base and altitude of any other triangle, th,en .A = k BP 

and a = 2. bp ,', ~ = BP ,'. A : a : : BP : bp .'. A oc BP. 
2 a bp 

234. One quantity is said to vary d'i1'ectly as a second 
and inversely as a third, when the first cannot be changed 
in any manner, but the quotient of the second by the 
thir,d is changed in the same proportion. 

, 
E 

That is A oc (j (A varies cliPectly as B and inversely as 0), when, if A be 

B . b. B b 
changed to a, G must be changed to -;; so thnt A : a : : G : 'c 
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Thus, the base of a triangle varies directly as the area and inversely as 
BP A 

the altitude; for taking A, B, P; a, band p as in last article -b = a' 
p B ~ A a P 

multiplying both - we get - P .'. B: b 
A a P Ab aP p 

.. or' B a: 
P p P 

THEORE~fS. 

235. THEOREM I.-if one quantity vary as another, it is equal 
10 some constant multiple oj that other. That is, if A oc B then 
A = mB where m is a constant quantity. 

DEMONSTRATION.-For if A oc B then A : a :: B : b, alternately 
A a a A 

A : B :: a : b .'. Ii = "b-' let b = m, then Ii = m .'. A = mB 

where m is a constant quantity. 

NOTE 1.-This principle enables us to convert a variation into an equa· 
tion and is therefore'made use of in almost every problem and theorem 
in variation. 

NOTE 2.-Hence ifmis a constant quantity and A= mB then A a: B, L e 

A varies as B; also if A = 'II>- then A oc ~ L e. A varies inversely as B; also 
B B,· .. 

niB B 
if A = C then A oc C i. e. varies directly as B and inversely as C. 

Also, if A = mBC, then A oc BO i. e. A varies as Band C Jointly. 

236. THEOREM llI.-if .11 0:: Band B oc C, then.l1 oc C. 

DEMONSTRATION.-By Theorem I, A = mB and B = nO where m and 
n are constants, then A = mnC, that is A oc C. because both m and n 
being constant, mn their product is also constant. 

NOTE.-Also if A a: Band B oc ~ then A a: L 
C C 

237. THEOREM IlL-if .11 oc C ((117, B oc C then .11 ± B oc C and 
Y(.I1B) oc C. 

DEMONSTRATION.-By Theorem I, A = mC and B= nC where m and n 
are constants. Then A ± B = m G ± n G = (m ± n) G .'. A ± B oc C, 
because m ± n is a constant quantity. 

Also V (AB)=V (mGxnC) = V(mnC 2 ) = V (mn)C.·. VABoc G. 

. .11 .11 
238. THEOREM. IV.-IJ.I1 oc BO, tlte'/), B oc C and 0 oc Jj' 

. . 
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DE:M:ONSTRATION.-By Theorem I, A = mBO, 
A A 1 A 

.'. B oc C and 0 = mB = iii;"B :. 0 oc 

then B = ~ = ~,~ 
A mC m C 

Ii 
239. THl'JOREM V.-If .!l cc B and C oc D, then.l1C cc BD. 

DEMONSTRATloN,-ByTheorem I, A = mB and 0 =nD, then AO= 
mnBD and.', AO oc BD. 

240.' THEOREM VI.-If .!l cc B then .11'" cc B"', 

DE:M:ONSTRATION.-By Theorem I, A = rnB, then A'" = rn'" B"', but ,n 
is a constant quantity,'. A" oc Bn. 

NOTE.-SO also if A oc B then J{jA cc J{jB. 

241. THEOREM VrI.-If .!l cc Band P be any other quantity 
.1/ B 

. then .I1P cc BP and p cc p 

DEMONSTRATION,-By Theorem I, A = mB hence PA = mPB 
.· .. PA'" PB. 

AmB BAB 
Also A=rnB "'p=p=mp "'p'" p 

, A 
NOTE.-Hence - is constant, for if A oc B dividing both by B, we have 

'.A B B 
BocB""l. 

242. THEORE!! VIII.-When three quantities are so j'elated that 
the increase or decrease of one depends upon the increase or der:rease 
of the other two, in such a way that if either of these latter be 
invariable the first varies as the other, then when both vary the first 
varies Js their product, That is, if .!l cc B when C is constant 
and.!l CC C when B i,~ constant, then.!l cc BC when both .B and C 
are variable, 

DEMONSTRATION.-The variations of A depends upon the variations of 
two other quantities Band 0; let the variations of these take place separ, 
ately, and when B is changed to b let A be changed to a, and when 0 is 
changed to e let a be cbanged to a', Then 
A:a::B:b;and 
a : a' : : 0 : C and by compounding these we have 
A : a' : : BO: be.'. (Art. 2i!9)1 A oc BO. , 

NOTE.-In a similar way it may be shown that when there is any num­
ber of quantities, A, B, 0, D ~c" such that A varies as each oCthe others 
when the rest are constant-then, when they are all changed, A. varies IlS 
their product. 
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Ex. 1. If x 0:; y:;z and 2, 3 and 5 be contemporaneous values 
of x, y and z, expres,s x in terms of'l/z. 

OPERATION. 

Since x 0:; yz2 .'. X = myz2 and when x = 2, Y = 3 and z = 5, then 
substituting those values we have 2 == 1n x 3 x 52 == 75m .'. m = 

-./');-. Then x = myz" or x == -l5 yz2. 

Ex. 2. Given that a 0:; b and that wheiI a == 2, b == 1, find the 
value of a when b == 5. 

OPERATION. 

Since a 0:; b .'. a == mb or 2 = m, because a == 2 and b == 1. 

Then when b == 5 we have a = mb == 3 1x 5 == 10. 

Ex. 3. Given that x 0:; yz, and that x == 2 when y == z = 2, find 
the value of x when y == z;;: 3. 

OPERATION. 

Since x 0:; yz .'. x == myz, that is 2 ;;: 1n X 2 x 2 == 41n •. m == ~ 

Then x = myz == -~ x 3 x 3 == '1;;: 4} wlien y == z == Jo. 

Ex. 4. If 4y + 3:; 0:; 5y + 4z, shew that y 0:; z. 

OPERATION. 

4y + 3z 0:; 5y + 4z or 4y + 3z == m (5y + 4z) == 5my + 4mz 

.'. 4y - 5my = 4mz - 3= or (4 - 5m)y == (4m-3)= or y == (44:5-
3)= 

4m- 3 m 
or y ~ z multiplied by the' constant quantity -4-:-- 5m ... yo:; z. 

Ex. 5. If y = the sum of three quantities (·r which tfe first 
0:; x", the second 0:; x, and the third is CUll; t>tnt, and when 
.c == 1, 2, S, Y == 6, ll, 18 respectively, express y ,n terms of x. 

OPERATION. 

The first quantity 0:; X Z and is ... == 1I!X2, similarly the second 
quantity 0:; x and is therefore;;: nx, and the third quantity is 
constant, and is .'. = p, say. Then y being == the sum of these 
we have y;;: mxz + nx + p, and taking x == 1, 2,3 and- y ;;: 6,11, 
18, we get the three equations :-

6==m+n+p' ~ 
11;;: 4m + 2n + p 
18 == 9m + 3n + p 

which when solved give m == 1 j n;;: 2, andp == 3, and substituting 
these in tho equation y == 1/Ix' + nx + p we have y ;;: x 2 + ::Ix + 3. 
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EXERCISE LVIII. 

1. If 1nX2 + Y cc ex' - dy shew that x cc y: 
2. Given that x cc y and that when x = '7, Y = 3 find the 

eqnation between x and y. 
3. Given that x = the sum of two quantities whereof one is 

constant and the other varies inversely as y, and when y = 3, 
x = 1 when y = 1, x = 2, find the value of x when y = 15. 

4. Given that x' cc y3 and x = 2 when y = 4 find the equa­
tion between x and y. 

5. If x = the sum of two quantities whereof one is constant 
and the other cc xy, and when X= 2, Y = 3, when x = 3, Y = - 3, 
express x in terms of y. 

6. If y = the .sum of three quantities, of which the first is 
constant, the second cc x, and the third cc x'; and when x = 3, 
5, '7, y = 0, - 12 - 32 respectively; find the equation between 
xand~ . 

'7. Given that y = the sum of two quantities one of which 
varies as the square of x, while the other varies as x inversely, 
and that when x = 5, Y = '7 and when x = 9, Y = 5 find the equa­
tion betwe~n x'and y. 

8. Given that y cc (b 2 + X2), and when x = V Ca' - b2), 
a2 ~. 

y = - find the equatIOn between x and y. 
b 

9. If x, y, z be all variable quantities such that z - x - y is 
constant, and (x + y + z)(x - y - z) cc yz, prove that x - y + z 
cc yz. 

10. A locomotive engine without a train, can go 24 miles per 
hour, and its speed is diminished by a quantity which .varies as 
the square root of the number of cars attached. With 4 cars 
its speed is 20 miles per hour. Find the greatest number of cars 
the engine can move. 



198 ARITHMETICAL PROGRESSION. (SECT. XI. 

SEOTION XI. 

PROGRESSIONS, PERMUTATIONS, AND COMBINATIONS. 

ARITHMETICAL PROGRESSION. 

243. Quantities are said to be in Arithmetical Progres­
sion when they increase or decrease by a common difference. 

Thus, 4, 6, 8, 10, 12, &c., arc in arithmetical progression, the common 
diflorence being 2. 

2la, l8a, loa, l2a, 9a, 6a, &c., are in arithmetical progres., the common 
diflorence being - 3a. 

3a + 5a + 7a + 9a, &c., are in arith. progress., the common difference 
being 2a. ' 

244. In every progression the first and last terms are 
called the extremes, and the intermediate terms the means, 

245. In arithmetical pmgnssion there are five things 
to bc considered: 

1. The first term. 

2. The last term. 

3. The common difference. 

4. The number of terms. 

5. The SU1n of the series. 

These qnantities are so relatod to one another that any three of them 
being given, the other two can be fo'und, and hence there are 20 distinct 
.cases arising from these combinations. 

246. If we represent these five quantities by letters, thus, 

a = the first term, l = the last term, d = the common difference, 

n = the number of terms, s = the sum of the series, 
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the general expression for an arithmetical senes will 
become 

a+ (a + d)+ (a + 2d) +(a + 3d) + (a + 4d) + (a+ 5d)+, &c., 

where the coefficient of d is always one less than the nU7llheT of the 
teTm. Thus, in the third term the coefficient of d is 2, which is 
1 less than the number of the term; in the fifth term the coeffi­
cieut of dis 4, which is 1 less thau the uumber of. the term; &c. 

Hence I" a + (n - l)d; that is, the last term of au arithmetical 
series is equal to the fint term added to the product of the com­

. mon difference by one less than the number of terms. 

247. Since the sum of the series is equal to the sum of 
all the terms taken in any order whatever, we have 

s = a+la+d+la+2d+la+3d+I".1-3d+ll-2d+ll-d+ll 
. Also s= l+ l-d+il-2d+I-3d+ ... a+3d+a+2d+(Hd+a 

Hence 2s= (a+l) + (a+l)+(a+l) +(a+l) + .... tonterms. 
But (a + I) + (a + I) .... to n terms" (a + l)n. 

Therefore 2s = (a + l)7I, and dividing these equals by 2, we 
n 

have 8 = (a + I )"2' That is, the sum of the series is fouud by 

adding together the first and last teTms, and multiplying theu' 

sum by half the number of terms. 

248. From the formula obtained in Art. 247, we find 
by transposing the terms 

I = a + (n - l)d 

a=l-(n-l)i! 

1- a 
d=n_l 

1- a 
dn=-d-+ 1 

and slrbstituting these values of l, a, d, and n in the formula 

obtained in Art. 247, we find 
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n 
s={2a+(n-l)d}"2 

n 
s = {2l - (n - l)d} --

2 

,(l-a)(l+a) l+a 
s = --'-2d-- + -2-' 

We thus obtain the five fundamental formulas from which the 
other fifteen, are derived, by transposing the terms, &c. Thus, 

I = a + (n - l)d gives formulas for I, a, n, d = 4 

" 
n 

s = {2a + (n - l)d} "2 

n 
s ~ {21 - (n - l)d}-

2 

" 

" 

" 
(l+a)(l-a) l+a 

s=--2d-+ -2-" 

s, a" I, n = 4 

s, a, n, d = 4 

s, 1, n, d = 4 

s, u, I, d = 4 

Total 20 

249. By means of these equations when any three of 
the quantities a, d, l, n, s, are given, we may find a fourth, 
and may moreover proceed to the solution of many prob­
lems which without their aid would, be difficult or even im­
possible. The student is recommended to carefully study 
the following examples :-

Ex. 1. Find the sum of the first 50 terms of the series 4a + 6(£ 
+ Sa + lOa + &c. 

OPERATION. 
n 

s = {2a + (n - l)d}"2 = {Sa + (50 -1)2a} ,\Q = (S(£ + 49 x 2a)25 

= (Sa + 9Sa)25 = l06a x 25 = 2650a. 

Ex. 2. Given 3, the first term, and 55; the last tet'm, of a series 
consisting of 2'1 terms, to find the common difference. 

OPERATION. 

1 - a 
I =: a + (n - l)d or (n - l)d = 1 - a.'. d -= --' 

n - 1 
,55-3 52, . 

d=:-----2 27 - 1 -. 26 - . 
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Ex. 3. Insert' 5 arithmetical means between 1 and 23. 

OPERATION. 

Sin.ce there are five means and two extremes, there are in all 
, 7 terms, and we must find the common difference of an arith­
metical series of 7 terms whose first term is 1 and last. term 23. 

l- a 23 - 1 22 
d = n _ 1 = ~ = 6' = 3i. 

Hence the series is 1, 4~, Bt, 12, 15h 19!, 23. 

Ex. 4. How many terms of the series 6 + B~ + 10~, &c., make 
up 3795? 

OPERA'l;IOlf. 

n n 
s = {2a+ (n - l)d} 2" i 3195 = {l2 + (n -1)2t } 2" 

7590", 12n +(n2_ n)2! i 22770 = 36n + 7n2 -7n i 7n 2 +29n= 22770 

n2 +z.p.n + (H)" = np.!!.+ Ht = li\Bg\Q.l. i n + it = ± 1-f.(l 
+ 799 - 29 

n = =---u- = 7.1f = 55. 

NOTE,-The negative value - 57~ doos not satisfy the conditions of the 
question, and is therefore inadmissible, 

Ex. 5. The sum of four numbers in arithmetical progression 
is 32, and the sum of their squares is 276. Required the numbers. 

OPERATION. 

Let x = the second number and y = the com. difl:'. 
Then x - y, x, x + y, and x + 2y is the series . 
. '. x - y + x + x + y + x + 2y = 4x + 2y = 32 or 2x + y = 16. 
Also (x _ iJ)2 + x 2 + (x + y)2 + (x + 2y)S = 4xy + 4x' + 6y2 

= 276 or 2X2 + 2xy + 3y2 = 13B. 
And y = 16 - 2x .', 2X2 + 2x(16 - 2x) + 3(16 - 2X)2 = 138. 
That is, 2x' + 32x - 4x" + 768 - 192x + 12x2 ~ 138. 
That is, lOx' - 160x = - 630 i x 2 -16x = - 63 i x2-16x + 64 = 1. 
x - 8 = ± 1 or x = 9 or 7. 
y = 16 - 2x = 16 - 18 = - 2, or 16 - 14 = 2. 
Hence taking x = 9 and y = - 2 we have the series 11, 9, 7, 5 i 

taking x = 7 and y = 2 we have 5, 7, D, 11. 

o 
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Otherwise, let x - 3y, x - y, x + y, and x + 3y represent the 
number, where 2y = the common difference. 

Then x - 3y + x - y + x + y + x + 3y = 4x :: 32 .'. x :: 8. 
(x _ 3y)" + (x _ y)" + (x + y)2 + (x + 3y)2:: 4x" + 20y":: 276 

or 20y" :: 276 - 256 :: 20. 
y":: 1, Y :: ± 1. Hence x - 3y " 8 + 3 :: 5 or ll, &c. 

EXERCISE LIX. 

Sum tl;!e following series: 

1. 63, 65, 67, &c., to 31 terms and also to n terms. 
2. _ 200, -188, - 176, - 164, - &c., to 22 terms and to n terms. 
3. 2, 3~, 5, &c., to 1 f terms and also to 2m + p terms. 
4. i, 0, - i,. - I!, &c., to 11 terms. 
Find the 17th and 28th and nth terms of the series: 

5. 2, 5, 8, &c. 
6. 3, - 2, - 7, &c. 
7. 2~, 31

3", 3H, &c. 
8. Insert 3 arithmetical means between 3 and 33. 
9. Insert 4 arithmetical means between 9 and - 66. 

10. Insert 7 arithmetical means between - 1 and 100. 
n. Find the sum of 73 terms of the series 1, 2, 3, 4, &c. 
12. What is the nth term of the series, 1, 3, 5, 7, &c. 
13. Prove that the sum of n terms of the series 1, 3, 5, 7, &c., is 

equal to n".· 
14. If a body falling to the earth descends a feet the first 

second, 3a feet the second, 5a feet the third, and so on; 40w 
far will it fall in t seconds? 
i 15. How far will the body (Question 14) fall during the 20th 
second and during the t th second. 
16. There are four numbers in arithmetical progression, of 

which the sum of the squares of the extremes is 200, and the 
sum of the squares of the means is 136. Find the numbers. 

17. There are four uumbers iu arithmetical progression whose 
continued product is 1680 and common difference 4. Wljat are 
the numbers? 
18. There are five numbers in arithmetical progression whose 

sum is 25 and continued product 945. What are the numbers? 
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19. A man borrowed $60 at 6 per cent. simple interest, per 
year of 360 days. How much must he pay daily to cancel the 
debt, principal, and interest, in 60 days? 

20. Prove that the sum of n terms of the natural numbers 1, 2, 
.n(n+1) 

3, &c., IS --2- . 

21. Prove that the sum of the squares of the first n natural 
. n(n + 1)(2n + 1) 

numbers IS ----6---. 

22. How many terms of the series 2, ll, 20, &c., ~re required 
to make up 517? 
23. Find the arithmetical series the last three terms of which 

amount to 96, and the preceding four terms of which added 
together make up 86. 

24. Find the arithmetical series of which the 5th and 7th terms 
are respectively 7 and 5. 

25. Given s the sum of an arithmetical series" bn + en2 for all 
values of n, find the t th term of the series. 

26. Prove that the sum of the (m - n)th and (m + n)th terms 
of an arithmetical series is double the mth term. 
27. In an arithmetical progression if the (p + q)th term" m, 

and the (p - q)th term " n, prove that the qth term of the 
. . ) p 

serres IS " m - (m - n 2q. 

28. Sum to n terms the arithmetisal progressiou whose pth 

term is 7 - L. 
2 

29. There are three numbers in arithmetical progression, such 
that the square of the first added to the product of the other two 
is 1.6 j the square of the second added to the product of the other 
two is 14. What are the numbers? 

30. The sum of four whole numbers in arithmetical prog-ression 
is 20, and the sum of their r~ciprocal, is H. Required the 
numbers. 
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GEOMETRICAL PROGRESSION. 

250. Quantities are said to be in geometrical progres­
sion when they increase or decrease by a common multiplier. 

Thus, 2, 4, 8, 16, 32, &c., are in geometrical progression, the common 
multiplier belng 2. 

5a, - 15(t", 45a", - 135a'\ &c., are in geometrical progression the common 
multiplier being - 3ct. 

251. In geornet1'ical ]Jj'ognssion there are five things to 
be considel:ed : 

1. The first term. 
2. The last term. 
3. The common ratio. 
4. The number of terms. 
5. The sum of the seTies. 

As in arithmetical progression, those five qnantities are SO related that 
any three of them being given the other two can be fonnd, and hence there 
are 20 distinct cases arisiug from their combination. 

252. Representing these five quantities by letters, thus, 

a " the first tenn, I " the last term, T" the common ratio, 
n" the mtmber of terms, s" the sum of the se-ries, 

the general expression for a geometrical series becomes 

a + (11' + ar" + aT3 + ar4 + ar" + &c., 

where the index of r is always one LeoSs than the number of the 
term. 

Thus, in the third term the, index of T is 2, which is one less 
than the number of the term; in t4e fifth term the index of r is 
4, which is one less, th(m the number of the term, &c.· 

Hence I" wrn - 1
; that is, the last term is equal to the first 

term multiplied by the common ratio raised to tha t power which 
is indicated by one less than the number of terms. 

253. Since the sum of the series i:s equal to the sum of 
all the terms, 
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s = a+a1' + Qj"+ •• " +a1''' - 2+ ar"- \ multiplying by 1', we get 
s1' = a1' + a1" + , . , . + ai'" - , + ai,n - 1 + ar", 

Hence sr - s = al'''-a; or s (1' - 1) = a (rn - 1), and therefore 
a(r" - 1) 

s=----, 
1'-1 

254, From the formula obtained in Art, 252 we get by 
transposing the terms, &c., 

a=--­rn - 1 

And substituting these values 
obtained in Art, 254, we find 

1'1- a 
oS = l' _ 1 

l(l'n - 1) 
s = (1'_1)1'71-1 

l' = (~)n~1 
log, I-log, a, 

n=----- +1 
log, r 

of 1, a, 1', n, in the formula 

n " 
Zf! - 1 _ a-;;-:] 

S:"::' 1 1 

l~ - a-;;--:-] 

and these together with the two formulas obtained in Arts, 252 
and 253, 

a(r".-l) , 
s=----

1'-1 

l = arn - 1 

are the fundamental formulas of geometrical progression from 
which the other fifteen are derived by reduction, Thus, 

1'l- a 
s = -- gives formulas for s, 1', I, and a, = 4 

l' - 1 

l(rn-I) 
" s, r, l, and n, = 4 s=------

(1' - 1)1,71-1 

l;;-:-r _ a'L~ 
" s, l, n, and a" = 4 s= 

I 

lTi - 1 _ an - 1 

a(rn-I) 
" s, 1', a, and n, = 4 ·s= ---

r-1 
1 = U1'''-l l, a, 1', and n, = 4 

Total 20 
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255. When the common ratio of a geometrical series is 
a proper fraction, the series is a descending one, and if the 
nnmber of terms is infinitely great, 1'" b~comes infinitely. 
small; i. e., r" becomes = 0; hence ar" in formula 
ar" - a 
~ becomes equal to zero, and the formula for finding 

- a a . a 
the sum becomes·- == --. The expressIOn --

1'-1 1-1' 1-1' 

properly speaking, however, represents the limit of the sum 
of the infinite series rather 'than the sum itself. 

256. By means of these formulas many problems in 
geometrical progression may be solved, but as a rule ques­
tions in which the value of n is sought are incapable of 
solution except by the higher analysis. 

Ex. 1. Find the last term and the sum of the series 3, 6, 12, 
&0., to 11 terms. 

OPERATION. 

l = ar"-1 = 3 x 2 '0 =: 3 x.I024 = 3072 

a(T" - 1). 3(211 - 1) 
s = -;:-=-1 = -z.:-1- = 3(2048 - 1) = 3 x 2047 = 6141. 

Ex. 2. Find the limit to the sum of the series 8 + 4 + 2 + 1 + 
&c., ad infinitum. 

OPERATION. 

a 8 8 
s = -- = -- = - = 16. 

1-1' 1-~ ! 
Ex. 3. Find the 7th term and the sum of 8 terms of the series 

~-,~, t!f· 
OPERATION. 

The common ratio is always = 2nd term 7 1st term. 
Hence in this question l' = n- 7 .~ = ~ = ~ 
l = aI·"-l = (.~)(~)6 = tr x N9 = -ll\~f 

s= a(rn-!l = H(l)' -1) HNl'i-=-~ 1W' :~-;7'28) 
,'-1 j-1 -~ k. 

::: ~ (~q.g.~ ) == LJ'}-7Uf- = 2~1!!~· 
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Ex. 4. Insert three geometrical means between 4 and 324, 

OPERATION. 
l 

1 = ar"-1 .'. rn - 1 = -. , a 
And since there are here 3 means and 2 extremes there are in 

all 5 terms, then r" -1 = ll~~, r4 = 81, whence r is evidently = 3, 
and the series is 4, 12, 36, 108, 324. 

Ex. 5. Find six numbers in geometrical progression such that 
the sum of the extremes is 99, and the sum of the other four 
terms, 90. OPERATION. 

-The sum of the six terms is evidently 99 + 90 = 189. 
Let x = the first term and y = the common ratio. 
Then x, xy, xy', xy", xy\ xy", represent the terms 

lr-a ' xy6- x x(y6-I) 
$ = 189 = -- = --- = --'---

r-I y-I y-I 

, _ 189(y - 1) 
, , x - --YS:-l' 

99 
But xY" + x = x(y5 + 1) = 99 .'. x ;:; -5-

y +1 

189(Y - 1) 99 21(y2_1) 11 
•• y6 _ 1 = y. + 1; y6 _ 1 = y4 _ y' + y2 - Y + 1 

21 11 
.'. y4+y2+ 1 = y4 _ y3 + y2 _ Y + 1 

.'. 21y4 - 21g' + 21y2 - 2Iy + 21 = 11y4 + 11y2 + 11 
10y~ + 10y2 + 10 -= 21g' + 2Iy 
IO(y4+y2+ 1) = 2Iy(y2+ 1) 
10(y4 + 2y2 + 1 _ y2) = 2Iy(y2 + 1) 
IO(y2 + 1)2 _ IOy2 = 21y(y2 + 1) 
IO(y2 + If - 2Iy(y2 + 1) = IOy2 

21y (2Iy)2 441y2 400y2 - 84Iy2 

(y2 + I)2- 1O(y2+ 1) + 20 = 400 + 400 = 400 
2Iy 29y 

y2+ 1 - 20 =±-iQ 
2 _ ny ± 29y 50y 5y 

Y + 1 - 20 = 20 = '2 
2'}J2 - 5y = - 2; 16y2 - 40y + 25 = -16 + 25 = 9 

- 4y - 5 = ± 3; 4y = 5 + 3 = 8 ,'. y:; 2 
-99 -

x = ?T+'T = n = 3. 

Therefore the series is 3, 6, 12, -24, 48, 96. 
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Ex. 6. The sum of four numbers in geometrical prQgression is 
equal to the common ratio + 1, and the first term is n. Required 
the numbers. 

OPERATION. 

Let r = ihe common ratio. 
1 r r2 r3 

Then the numbers are 17' 17' 17' and 17' 

Then 1 + r = 
1 +1"+r2(1+r) 
--1-7--

1 +r2 
. 1 = -- or 1,2 + 1 = 1'T . r2 = 16 .'. r = + 4 .. 17 ,,- , 

and the numbers are f7, )i" H, N-, 
or 1~-' - 11f , H. - H. 

EXEROISE LX. 

Find the last term and the sum of: 

(1+1')(1+r2) 

1'T 

1. 3+9+27+&c. to 6 terms. 2.1+2+4+&c.to9terms. 
3. ~+t+t+&c,to 7 terms. 4.3-6+12-&c.to12terms. 
5. 4 - 5 + 6* - &c. to 6 terms. 6. 30-15 + 7~ - &c. to 8 terms. 

Find the limit to the sum of the infinite series: 

7. - 11 + ~ - -H + &c. 8. l + 1\ + 'l-.- + &c. 
9. 7 - 3! + Il - &c. 10. 64 - 32 + 16 - &c. 

11. '623, 

13. '976. 

Sum the following series: 
15. 1 +3 + 9 + &c. to n terms. 
16. 2 - ! + 255 - &c. to n terms. 

12. '7. 

14. '86232. 

17. 2 + '1/8 + 4 + &c. to 10 terms. 
18. aP + ap +q + aP+zq + &c. to n terms. 
19. Insert three geometrical means b~een 1 and H-. 
20: Insert seven geometrical means between 2 and 13122. 
21. Insert three geometrical means between 9 and ~. 
22. The sum of the first and third of four numbers in G, P. is 

148, and the sum of the second and fourth is 888.' What are 
the numbers? 
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23. The sum of the first and second of fonr numbers in G. P, 
is 15, and the snm of the third and fourth is 60. Reqnired the 
nnmbers. 

24. Tbe snm of $315 was divided among three persons in snch 
II way that the first received $135 more than the last. The three 
shares being in G. P., reqnired what they were. Interpret the 
negative resnlt obtained in the solntion. 

25. There,are five whole numbers, the first three of which are 
in G. P.; the last three in A. P.; the second number being the 
common difference of these three terms. The sum of the last 
four is 40, a~d the product of the second and last is 64. Required 
the numbers. 

26. Prove that the. sum of n terms of the series a + (a + b)'I" 
+ (a + 2b)r2 + (a + 3b)r3 + &c., 

a - {a + (n -l)b I j'" br(I_j·n-I) 
" 1 - r + (1 - r)' 

~7. Tf a, b, c,. d, are four quantities in G. P., prove that aZ + b2 

+ c' > (a - b + C)2, and that (a + b + c + d)2 "(a + b)2 + (c + d)2 
~ 2(b + C)2. 

28. In a G. P. if the (p + q)th term" m, and the (p - q)th 

term ~ n, show that the pth term" Vmn, and also that the gth term 

=m,(~)~. 
29. The sum of three numbers in G. P. is 35, and the mean 

term is to the difference of the extremes as 2 : 3. Required the 
numbers. 

30. There is a number consisting of three digits, the first of 
which is to the second as the second is to the third; the number 
itself is to the sum of its digits as 124 : 7, and if 594 be added to 
it, its digits will be inverted. Required the nuinber. 

HARMONICAL PROGRESSION. 

257. Quantities are said to be in harmonical progression 
when their reciprocals are in arithmCftical progression, or 
when of any three consecutive terms the first is to the third 
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as the difference between the first and second is to the 
difference between the second and third. 

Thus. a, b, and c are said to be in H. P. when a : c :: a - b : b - c. Also, 
since 3, 7, 11, &c., are A. P., their reciprocals !, +, fl' &c., are in H. 'Po 

258. It may be easily proved that the reciprocals of a 
series of quantities in H. P. are in A. P., as follows:­

Let a, b, e be in H. P. Then a : c :: a - b : b - c or a(b - c) 
= c(a - b), or ab - de = ae - be, and dividing each of these by 

1 1 1 1 
abc we have c - Ii = Ii - a' But when the difference between 

the first and second is the same as the difference between the 
second and third, the three quantities are said to be in A. P. 

259. No general rule can be given for finding the sum 
of a series of terms in H. P., but, by inverting the given 
terms so as to form a series in A. P., many useful problems 
may be solved. 

Ex. 1. Continue the H. series 2!, n, Ii, three terms each 
way. 

OPERATION. 

Since~,~,~, are in H. P., their reciprocals,~,~, t, are in A. 
P., and their common difference =;}. Hence - ;}. ~, }, t, ~, ~, t, 
JI-, k, is the continued A. series, and these terms inverted give us 
for the required H. series - 5, ee, 5, 2!, l~, 1,]:, 1, %, t. . 

NOTE--The second term of the A. P. is ~, which inverted gives us ~ 
wbich = OC. (See Art. 66.) 

Ex. 2. Insert four H. means between 2 and 6. 

OPERATION. 

Insert four A, means between t and t. t-t Here d=--
t 

= - 5= --hi· 
6 - 1 

Hence the A series is t, !tt, :Hr, ,Po, ,:la, -lio, 
.'. H. series is 2, 21

1., 2-,~, 3t, 4t, 6. 
Ex. 3. Insert three H. means betwe.en 10 and 30. 

OPERATION. 

Insert 3 A. means between -L Rnd ojLu• Here d = io -1
1
0'=_ +. 

TIT, 5-1 4 
- - fo, and the A. series is 110, i'D, my, flail', /0' Hence the H. 
series = 10, 12, 15, 20, 30. 
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Ex. 4. Find the nth term of the H. series 1~, 1, ~; &c. 

OPERATION. 

The nth term of the A. series~, 1, :}, &c., = a+(n-l)d=!l +(n-IH 
2 n lIn n+1 

"'"3 + "3 - "3 = "3 + "3 = -3- .'. the nth term of the given 

3 
H series is 

n+ 1" 

260. Let a and b be any two quantities, and let A be 
their arithmetical mean, G their geometrical mean, and H 
their harmonical mean. Then, . 

I. .I1-a=b-.I1 or2.11=atb .' . .I1=i(atb). Art. 243. 

II. a : G :: G: b or G2 = ab .'. G = yQb. Arts. 224 and 250. 
2ab 

III. a: b::a - H: H-b or aHtbH= 2ab .'. H= -b- Art. 257. 
at 

261. Hence the .11. mean between two quantities is equal to half 
thei?' sum, the G. mean between two quantit'ies is equal to the square 
l'oot of their product, and the H. mean between two quantities ,is 
equal to twice their product divided by their sum. 

262. THEOREM 1.-Taking A, G, and H, as in last article, G is 
ihe geometrical mean between A and H. 

2ab 
DEMONSTRATION. Since.l1 = Ha + b) and H= ~+b .· . .I1H c; 

a + b 2ab 
-- x -- = ab but G" = ab .'. G" = .I1H. Extracting the 

2 a+.b' , 

square root of both, we hav-e G = Y.l1H, that is, G is the geomet- . 
rica! mean between .11 and H. 

263. THEOREM n.-Taking A, G, and H as in Art. 260, then of 
the three A is the greatest and H the least in magnitude. 

DEMONSTRATION. Because, (Art. 134) a2 + b2 > ~ ab, a2 + 2ab +. b2 

4ab a + b 2ab a t b . > 4ab, and a + b > --, and -- > --b' but -2- =.11, and 
2ab a + b" 2 a + 

a'+. b = H, .' . .11 > H. And G being the geometrical mean be-

tween Jillnd H is of intermediate magnitude, i. e., is greater than 

H and less than .11, .: • .11 > G > H. 
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264, TFlID()Il~"! II r.- Three quanl ilies, a, b, c, are in .!l. p, 01' 

a-b a a a 
H. p" or G. p" accoTding b _ c =' a 01' b or c' 

a - b a 
DEMONSTRATION I. -- = - = 1 ,', a-b = b - cor b = !(a+c). 

b - c (t 

a - b a _ 
II. b=c = 11 .'. ab - b2 = ab - ac 0'1' b2 = ac ,', b = Vac , 

a - b a 
III. b _ c = c'" a : c :: a - b-: b - c, 

Ex. 5, Find the .!l. G. and H, means between Ill- and 10. 

OPERATION • 

.!l = Ha + b) = HIt + 10) = ! x 11} = ! x Iii- = H " 5-,1"., 

G = Vab = V1G- x 10 = V16 = 4. 
2ab 2xl-~xl0 32 

H--- - = 2t~, - a + b - l~ + 10 - lli-

Ex, 6. The difference of the A. and H. means, between two 
numbers is It; find the numbers, one being fonr times as great 
as the other. 

OPERATION. 

2ab a + b 2ab 
.!l=!(a+b)andH=a+b . .!l-H=-2- -a+b 

it" + 2ab + b2 - 4itb 

2(a+b) 

(4b - b)2 = (3b)" 
2 (4b + b) 2 x 5b 

it = 4b = 8. 

(a-b)2 . 
= 2(a+b) =~ .'. smce a = 4b we have 

9b z ' 9b 9 b 
} or b 2 and 

EXERCISE LXI. 

1. Continue ~hree terms each way the R. series, (I) t, i" ~l 
(II) -h, orr, fo:; (III) t, t, t; (IV) 14, 1~, H; (v) -rr, Ii, - H 
(VI) - !, ee, !. 

2. Insert three H. means between 2 and 3; between 5 and '7 
between 11 and 3 ; between 2* and 3t; between 6 and - ll. 

3, Find the 5th, 11th, and nth terms of the H. series 2!, 1, t.' 
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4. Find -the 6th, lOth, and last term of the H. series 41, 6!, 13. 
5. Find the 4th.and 8th terms of the H. series },j, },,' -,-i". 
6. Find the unknown terms of a H. series whose first term is 

4 and fourth term 1. 
7. Find the 8th term and the nth terms of a H. series whose 

first term is a and second term b. 
1 1 

8. Find the H. mean between m + nand m _ n" 

9. Find the A. G. and H. means between 4 and 9." 
10. Find the A. G. and H. means between 6 and 4"k. 
11. If a, b, c, be tbree quantities in H. P., prove that a" + c" 

> 2b", if a and c are both positive or both negative. 
12. Ha, b, c, are in A. P., and a, mb, c, in G. P., prove that 

{t, m2b, c, are in H. P. 
13. From each oUhree quantities in H. P. what quantity must 

be taken away in order that the three resulting quantities may 
be in G. P. ? 

14. The sum and difference of the A. and G. means between 
two qnantities are 16 and 4 respect"ively. Required the numbers, 

15. The A. mean between two numbers is 2; of the H. mean, 
and one of the numbers is 2. Required the other. 

16. Find two numbers whose sum is 30 and H. mean 13~. 
17. Find two numbers whose difference is 16! and the G. mean 

'between the H. and A. means of which is 9. 

PERMUTATIONS, V ARIA'fIONS, COMBlN ATIONS. 

265. The diffel'ent orders in which any given number 
of quantities can be arranged are called their peT1m~tations 
or var·icttions. 

" Thus, the permutations of a, b, c, taken three together, are 
abc, acb, bac, bca, cab, cba; taken two together, they are lib, ba, 

ac, ca, .be, cb. " 

NOTE.-Some writers make a distinction betwcn" permutations and 
variations-limiting the application of the lormcr term to those cases in 
which all the quantities are taken togother, and calling others variations. 
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266. The combinations of any given number of things 
are the different collections that can be formed out of them 
without taking into consideration the order in which the 
quantities are placed. 

Thus, the combinations that can be formed out of three things, 
a, b, e, are three in number, viz., ab, ae, and be. 

267. THEOREM I.-The nun\ber of variations of n things .taken 
p togethe1' is n(n- 1){n - 2) .... (n- p + 1). 

DEMONS'fRATJON. Let there be n different things a, b, e, d, &c. 
Then the number of variations which can be formed out of 

these n different things taken one at a time is manifestly" n. 
From the n things a, b, c, d, &c., let us remove a, then there 

will remain n - 1 things b; c, d, and the number of variations of 
these n - 1 things taken singly will of course be = n - 1. Now 
if we place a before each of these n - 1 variations there will 
n - 1 variations of a, b, e, d, ~c., taken two and two together, in 
which a stands first. Similarly there will be n - 1 such varia­
tions in which b stands first, and so of the rest. Therefore there 
are upon the whole n(n - 1) varjations of n things taken two and 
two together. 

Hence of (n - 1) things b, c, d, &c., taken two and two to­
gether, there are (n - 1)(n - 2) variations, and placing a before 
each of these it appears there are (n - l)(n - 2) variations of n 
things a, b, c, &c., taken three and three together, in which a 
stands first, and as the same may be said of b, c, d, &c., there are 
upon the whole n(n-1)(n - 2) variations of n things taken three 
and three together. 

Similarly the number of variations of n things taken four and 
four together, may be shown to be n(n - l)(n - 2)(n - 3), and 
five and five together, n(n - 1)(n - 2)(n - 3)(n - 4), and so on. 
Now it has been shown that variations of n things taken 
2 together = n(n -1) or n(n- 2 + 1) 
3 "=n(n-l)(n-2) o1'n(n-1)(n-3+1) 
4 " =n(n-1)(n-2)(n-3) orn(n~1)(n-2)(n:"4+1) 
and so on. Hence the variations of n things taken p together 
= n(n - 1)(n - 2) .... (n - p + 1). . 
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Oar. 1. If p = n, that is, if the quantities are taken all 
together, the variations or permutations of n things is n(n-l) 
(n- 2) .••. (n - n + 1) = n(n - 1) (n - 2) .... 3.2.1, or, reversing 
the order of these terms we have permutations of n things 
;= 1.2.3.4 .•. . n. 

0(;1'. 2. Hence denoting the variations of n things taken 
1,2,3,4, &c., p together by V" V2 , V3 , Vi' &c., Vp we have 
VJ=nj V2=n(n-l)j V3=n(n-l)(n-2)j V.=n(n-l) 
(n -2)(n-3) ; &c. j Vp = n(n - 1)(n - 2)(n- 3) .... (n - p+ 1). 

NOTE.-For the sake of brevity n(n-l)(n - 2) .... 3.2.lis frequeutly indio 
cated by In (readfactorialn.) accordingly, In denotes the continned pro. 
dnet of then at ural numbers from 1 to n inclusive. 

268. THEOREM II. - The number of permutations of n things 
taken all together, whereofp are n's, q aTe b's, and rare c's, is 

In 

DEMONSTRATION.-Let N denote the number of permutations 
under the given co~ditions. Then if we suppose that in anyone 
of these N permutations we change the p a's into letters differ­
ing from all of the rest, we could from this single permutation 
produce Ip different permutations, and as the same would be 
true for each of the·N permutations, it appears that if the p a's 
are changed to letters differing from all the others, there will be 
Nip permutations ofn letters, whereof there are still q b's and 
l' c'S: 

If now the q b's were changed to letters differing from all the 
rest, it may be shown by similar reasoning that we should have 
N lllR variations of n things,whereof there still remain l' c's. 

Similarly, if the l' c's are changed to letters differing from all 
the rest, we shall find that the number of permutations of n differ­
ent things = Nip Iq 11'. But the permutations ofn different things 
is~. ---

Hence Nip Iq 11' = In, and dividing both sides of the equation 
- - - - In • 

by IE Ii 11' we have N =---=--
- . JE~t 
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Ex. 1. How many variations can be made of 10 things taken 

3, 5, 8, and 10 at a time? 
OPERATION. 

Va = n(n -1)(n - 2) = 10.9.8 = '120 
Yo =- n(n - l)(n - 2)(n - 3) (n - 4) = 10.9.8.7'.6 = 30240 
V8 = n(n - 1)(n - 2)(n - 3)(n - 4)(n - 5)(n - 6)(n - '1) 

= 10.9.8.'1.6.5.4.3= 1814400 
V!fl = 1.2.3.4 .••. n = 1.2.3.4.5.6.7.8.9.10 = 3628800. 

Ex. 2. How many different words can be made with all the 
letters in the expression a4bc"de 5 • 

OPERATION. 

We are to find the permutation of 13 letters, of which 4 are 
a's, 2 are c's, and 5 are e's. 

In 1.2.3.4.5.6.7.8.9.10.11.12.13 
N = --- = -----:---;:---:::-:--~~-:;-c~----;-i.E I~I::.. 1.2.3.4 x 1.2 x 1.2.3.4.5 

= 7 x 9 x 10 x 11 x 12 x 13 = 1081080. 
Ex. 3. The number of variations of n - 2 things 3 together: 

number of variations of n things 3 togeth.er :: 5 : 12. Find 
the value of n. 

OPERATION. 

(n - 2)(n - 3)(n - 4) n(n - 1)(n - 2) .. 5 : 12 
12(n - 2)(n - 3)(n - 4) = 5n(n - 1)(n - 2) 
12(n - 3)(n - 4) = 5n(n - 1) 
12(n2 - 7n + 12) = 5n" - 5n 

12n" - 84n + 144 = 5n2 - 5n or 'In" - 79n = - 144 
196n2 - 2212n + 6241 = - 4032 + 6241 = 2209 
14n - 79 = ± 47.'. 14n = 126, or n = 9. 

Ex. 4. The variations of a certain number of' things taken 3 
together is 20 times as great as the number of variations of half 
as many things taken 3 together. Find the number of things. 

OPERATION. 

n(n - 1)(n - 2) = 20 x 2nOn - 1)Gn - 2) 

n(n-1)(n-2) = 10nC~ 2)(n~ 4) 

n(n - 1)(n - 2) = ~ n(n - 2)(n - 4) 

and dividing both by n(n - 2) we have n - 1 = ~(n - 4) whence 
n = 6. ' 
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EXERCISE LXII. 

1. In how many different ways can six different counters be 
arranged? 

2. How many variations can be formed out of 8 things taken 
(I) 4 together, (II) 6 together, and (nr) all together. 

3. How many different words can be formed out of the expres­
sion a5 b4c"d ? 

4. Assuming that sixteen changes can be rung per minute, 
and that the bells are rung 10 hours each day, how long would 
it require to ring all the changes that can be rung on 12 bells? 

5. If the number of permutations of n things 5 together is six 
times as great as the number 3 together, find n. 

6. A landl()rd agrees to board a company of 10 persons as 
many days as they can sit' in different positions at table, for 
$5000. Assuming that the board of each is worth $5 per week, 
how much does he lose by the transaction? What is his loss if 
the $5000 is paid at once and placed at simple interest at 6 per 
cent. per annum till the close of the term of agreement? 

~. The number of variations of 15 things taken n together is 
ten times as great as the number taken (n -I) togQther. Find 
the value of n. 

8. How many different words may be made of all the letters 
in the words Oonstantinople, divisibility, octoroon, commemoration. 

9. How many different permutations can be formed with the 
letters in the words algebra, demonstration, Toronto. 

10. The variations of in things taken 3 togetber : variations 
of! n things taken 3 together :: 145 : 2. Find n 

26,9. THEOREM III.-The number of combinations of n things 
. n(n - l)(n - 2)(n - 3) ..•. (n - p + 1) 

takenp together 'IS 1. 2.3.4 .• , . P 

DEMONSTRA.TION. The number of combinations of n things two 
and two togeth~r is evidently only half as great as the number 
of variations of n things two together. Since each combination 
ab gives two variations, ab, ba, hence the combinations of n 

. n(n - 1) 
thIngS two together is ---. . 2 

P 



218 COMBINATIONS. [SEOT. XI. 

Again, since there are n(n - 1)(n - 2) variations of n things 
truken thre'e together, and each combination of three things 
admits of 1. 2.3 variations, it is evident that there are 1. 2.3 
times as many variations of n things taken three together as 
of combinations taken three together, and consequently the 

n(n - 1)(n - 2) 
number of combinations is 1.2.3 

Similarly, the variations of n things taken p together is 
n'(n - 1)(n - 2) .••. (n - p + 1), and every combination ofp things 
will make 1.2.3 .... pvariations. Renee thete are 1.2.3 .... p 
times as many variations as combinations of n things taken 
p together, and consequently the number of combinations is 
n(n ~ 1)(n-2) .... (n -p + 1) 

l.2.3 ... . p 

270. THEOREM IV.~The nmnber of combinations of n things 
taken n ~ p at a time is equal to the number of the1n 'taken p at a 
t'ime. 

DEMONSTRATION. It has been shown by last theorem that the 
number of combillations of n things taken p together is 
n(n - 1)(n - 2) .... (n - p + 1) 

1.2.3 .... p , and multiplying both numera-

tor and denominator of this expression by 1.2.3 .... (n - p) we 
. n(n-l)(n-2) ...... (n-p+l)x(n-p) ...... 3.2.1 

find that It = ' , 
1.2.3 ....•. p x 1.!l.3 ...... (n -p) 

n(n-l)(n-2) ....... 3.2.1 In 
l£ In - p IE In - p 

Now putting n - p for p in this result, as 'may evidently bl! 
done, since the expression holds for all values of p which ara 
less than n, we have n - p = n - n + p = p and consequently 

~ ~. 
C - - - - C 

p - l..P In - p - In - p lE - - n - p 

that is, the Cp of n things = Cit _ p 01' the Bame n things. 

Hence ifp >~n, the numberi)fcombinations is moi'e easily fouud 
by the ,supplemental formula, i. e., taken C"_p instead of Cf!. 
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NOTE.-The truth of this principle is also evident from the fact that if, fi'om 
n thingsp be taken, (n - p) things will always romain, and hence for overy 
different set containingp things, there will be a different sot left containing 
n - p things, and consequently the number of tho formor equals the number 
of the latter. 

Cor. 1. Hence representing combinations of n things, 1,2,3, 
&c., p together, by Cli C2j C3 , &c., Cp we have 

n n(n-l) n(n-l)(n-2) 
C1 =1' C2 = 1.2 'C3 = 1.2.3 ,&c. 

COT. 2. To find the sum of all the combinations that C!Ln be' 
made of n things t!Lken 1, 2, 3, &c., n together, we proceed as 
foHows :-

, n n(n-1) n(n-l)(n-2) 
It will be shown hereafter that l' 1. 2 1. 2.3 

&0., are the coefficients in the expansion of the binomial (1+.1:)",­

so that (1 + x)" = 1 + C,x +C2x" + C3X
3 + &0. + C"x". 

Now writing 1 for x we have 
(1 + 1)" = 2" = 1 + C 1 + C2, + C3 + &c. + C". 

Rence 2" - 1 = C 1 + C. + C3 + &c. + C", or the sum of all the' 
combinations which can be made of n things taken 1, 2, 3, &0., 
n together = 2" - 1. 

Ex. 1. Required the number of combinations of 22 things taken 
6 together. 

OPERATION. 

Here n = 22 and p = 5 
n(n - l)(n - 2)(n ~ 3)(n - 4) 

C6 = 1.2.3.4.5 

'= 22.21.19.3 = 26334. 

22.21.20.19.18 
1.2.3.4.5 

,Ex. 2. How maily combinations' can be made out of 23 things' 
taken 19 together? 

9PERATION. 

Here n = 23 and p =; 19, and consequently n ~ p = 4 
23.22.21.20 

Cp = C"-2) or C1L= C~ = ------ ?855. 
1.2.3.4 
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Ex. 3. What is the sum of all the combinations which can be 
mn,de out of 10 things taken 1, 2, 3, &c., 10 at a time. 

OPERATION. 

0 1 + Co + 0" + Ct + &c. + C, 0 = 2'0 - 1 = 1024 -1 =' 1023. 

Ex. 4. Ont of 10 consonants and 3 vowels how mfwy words 
each containing two vowels and four consonants can be fouud 7 

OPERATION. 
10;9.8.7 

10 consonants combined together 4 aud 4 will give 1. 2. 'J. 4 

- 210 combinations; and similarly the combination of three 
3.2 

vowels two together = '1.2 = 3. Hence \ the combinations of 

the 10 consonants and 3 vowels = 210 x 3 = 630. 
But each of these combinations of 6 letters will furnish 

1.2.3.4.5.6 = 720 permntations each, forming a different word. 
Hence the entire number of words formed will be 630 x 720 
= 453600. 

Ex. 5. How often maya different gnard of 4 men be posted 
ant of 50? On how many occasions wonld a given man be 
selected 7 

50.49.48.47 
C'l=~~ 

OPERATION. 

230300 

Taking away one man there remains 49, and the question now 
becomes, how many combinations may be formed of 49 men 
taken three together. 

49.48.47 
C" = 1. 2.3 "18424; to each of which the reserved man 

inay be attached. 
EXERCISE LXIII. 

1. Row many combinations may be made of 10 tllings taken 
3 together ~ How many 5 together 7 How many 8 together 7 

2. How many combinations can be formed out of 15 things 5 
together? Row many 't together 7 How many 12 together 7 

3. How many different classes of 5 children can he formed 
Qut of a school containing 12 children? ' 
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4. The whole Iiumbel' of combinations of 2n things is 513 times 
the whole number of combinations of n things; find n. 

5. From a company of 36 policemen 5 are taken every night 
for special duty. On how many differeut nights maya different 
selection be made; and in how many of these will any particular 
man be engaged ? 

6. How many words' of 1 letters can be made out of the 20 
letters of the alphabet, with three out of the five vowels in every 
word? 

7. In how many ways can 10 persons be seated at a rounil 
table so that all shall not have the same neighbours in any two 
arrangements? 

8. If the permutations of n things 3 together: combinations 
of n things 4 together :: 6 : 1. Find n. 

9. The nnmber of permutations of n things p together is 10 
times as great as their number taken p - 1 together, and the 
number of combinations p together : number p - 1 together 
:; 5: 3. 'Findn·andp. 

10. In how many ways mayn persons be arranged in a circle? 
11. With ten flags representing the 10 numerals, how many 

signals can be formed, each representing a number, and not 
consisting of more than five flags? 

12. How many different sums can be formed with a guinea, a 
half guinea, a crown, a half-crown, a shilling, a sixpence, a 
penny, 'a halfpenny, and a farthing'? 

SEOTION XII. 

BINOMIAL THEOREM. 

27f. The Binomial Theorem is - a general formula 
invented by Sir Isaac Newton, for the purpose of expedi­
tionsly involving any binomial to any power. The formula 
is expressed as follows: 

n n(n-l) n(n-l)(n-2) 
(a+x}"=a"+ -a"-lx+-.-- a"-2x~+ ___ -,-- an '3X3 

. 1 1.2 , 1.2.3 

n(n-l)(n- 2) ... (n-r+1) 
+~c.?tlte<r+n th termbeing--~3 .... r--a"-"x"~, 
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Where (a + x) is the given binomial, n, the exponent of the 
required power may be any quantity positive or negative, integ­
ral or fractional, and 7' any positive integer whatever. 

NO'rE I.-The (1' + l)th term as above is commonly caIleel the general 
. te1'm of the expansion. 

NOTE 2.-The coefficiCl1tsof",. x2
, ",3 &c., ",T in the above expansion are, 

-when n is a positivc integcr, merely the general expressions for the number 
of combinations of n tilings taken 1,2, 3, &c., r together (See Art. 269), 
and we shall therefore nse the expressions C" C

2
, (':3 &c., Cz to repre· 

sent these coefficients, so that the formula given above may be written 
(a + x)" = an + c, a~ -1 '" + C2 an - 2 ",2 + &c., + CT an - T ",T + &0. 

27a. .Bince in the formnla (a+ x)n = an+ C' an -1 x + C2 a" - 2X2 

+ &'C., a. and x represent any quantities whatever, we may write 
·-·X i.11 !place of x and we thus obtain;-

(a - x)n = an + C, an -1 (_ x) + C2 an - 2 (- X)2 + &C" 

= an _ c, a:~-' x + C2 a"-2 x 2 - &C. 

'rhe terms being alternately plus and 7ninus. 

C07". If a = 1, (a ± x)n = (1 ± x)" = 1 ± c, x + C. x 2 ± C3 x3 

+ C; X4 ±&c. 

273. THEOREM I.-The Binomial Theorern is true in (tll cases 
. when n is positive and integral. 

DEMONSTRAXION.-By actual multiplication it appears that;­
(x + a)(x + b) = x" + (a + b) x + abo 

(x + a)(x + b)(x + c) = x3 + (a + b + c) x 2 + (ab + ac + be) x + abc. 
,(x +.a)(x + b)(x + c)(x + d) = x4 + (a + b + c + d) x 3 + (ab + ac 

+ bc + ad + bd + cd) x 2 + (abc + acd +' bed + abd) x + abcd. 
Now it is evident that in these results the following laws 

.hold ;-

1. The numbcT of teTms in the. right hand side, is one rng'l'e than 
the number of binomial factors which are. multiplied 
togetheT. 

II. The exponent of x in the 1st term = the number of binomial 
factors, and it decreases by unity in each succeeding term. 

III. The coefs. of 1st terms = unity; (:pefs. of 2nd terms = sum of 
- 2nd terms of aU the binomial factors; coefs. of 3rd ter7l~s 

= the sttm of all the P7'Otlucts of the 2nd terms of the bino-
1niaZ fu,ctQq tal~~'fIt twg (d q. ti7!te; coefs, of 4th terms = 
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SU1l.! oj all the products of sa?ne second terms taken three at 
a time and so on; the last te1'm is the product of all the 
second terms of the binomial factol's taken all together. 

Let us aSSUI)le then that these laws of formation in the pro­
duct hold for n -1 biuomial factors (X + a), (x + b), (x + c), &c. 

So that (x + a)(x + b)(x + c) &c ...•.. (x + k) 
'" x" - ~ + .11. x" - 2 + B x" - a + Cx" - 4 + & c. • .• +](. 

where .11. = a + b + e + ...... k ; B '" ab + ac + be + &c. 
C = abe + acd + &c. 
&c. = &c. 

]( = abed .••• k. 
then introducing a new factor x + I we have: 

(x+a)(x+b)&c . •.•.•. (x+k) (x+l) '" x" + (.11.+1) a," - 1 + 
(B+ 1.11.) x" -2 + &c ....... + ](1. 

Whe~efore .11. + I '" a + b + e .•.••• + k + I 
B + l.I1. ';' ab + ac + be t ...... + al + bl t ...... kl. 

&.c. '" ~c. 
Kl '" abed • • , •.• kl, 

'j:'hat ~s .11. +'1 '" sum ~f all tile second terms of the binomia~ 
factors. 

B t 1.11. = sUIll of all t~e products of the second terms a, 
b, c, .....• l taken two at a tilJle. And so 
on, and 

](1= product of the second terms ;when ta1!:epall togetj1er. 

Hence if the laws indicated hold good when n..,. 1 factors ar,e 
mu.ltiplied together, they hold good also whe!). n factors are 
multiplied together. But we have snown that they hold go04 
when 4 factors are multiplied together, therefore they hold whe!). 
5 fac,t!Jrs are multiplied together, and therefore also 'for 6 and so 
on, and hence generally for any number wbateveF. 

Now let a '" b '" c '" d '" &c. 

+~en .11. '" a + a + a + ...... to n terms'" na. 
II = a2 + a-' + ...... &c., to a number of terms = to th,e 

is' o. of combinations of n things taken t}Vo to," 
n(n-l) 2 . 

"ether = - ,.... a. 
p , 1.2, 
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C = aB + aB + &c., to a number of terms = to the No .. 
of combinations of n things taken three together 

= n(n - l)(n - 2) aB. And so on. 
1.2.3 

K = a. a. a. a to n factors = an. 

Also, (x + a) (x + b)(x + c) ... ... &c., becomes (x + a)(x + a) 
•..... n terms = (x + a)". 

n n(n-l)., n(n-l)(n-2) 
.'. (x + a)'" = :i"+-aX"-1+----a"xn - 2 +------

a3x"'-3+ ...... +an.1 1.2 1.2.3 

274. THIiJOREM n.-The BinQmial Theorem, holds for all values 
of n either positive or negative, integral or fractional. 

DIiJMONSTRATION. (EULliJR'S.) It has been already shewn that 
when nand m are positive integers, 

. .f'. rn m(m-l) , m(rn-l)(m-2) , 
(I.) (l+x)m=J (m)=l+lx+-1-.

2
-x"+ 1.2.3 x· 

+ &c. 

f n n(n~l) n(n-l)(n-2) 
(n.) (l+x)?I= (n)=l+ -1 x + -1-- x· + 1 2 3 xB 

+&0., .2· . 

wherej(m) andj(n) are syJ;llbols used to denote the series, 

m rn(m - 1) n • n(n - 1) 
1 + - x + ---- xZ+&c. and 1+- x + x2 + &c. 

1 1.2 1 1.2 

Hence whatever may be the values of lit and 11, 

{I + T x + m(~t.~ 1) X2~ &C}{l+ ~ x /(~.~~X2+&C} 
=j(m) xj(n). 

But the product of these two series will evidently be a series 
of the form of 1 + ax + bx2 + cx' + &c., ascending regularly by 
the integral powers of 3<, the letters a, b, c, &c., being used to 
represent the coefficients, found by addition, of xI x 2, x 3

1 
&c. 
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Now it is evident~ that the product of these two series must 
be of the same fOTm whether m and n are positive or negative, 
integral or fractional. Whatever therefore be the f01'ms assumed 

, by a, b, c, &c., when m and n are positive integers, they will 
remain the same when m and n become fractional or negative. 

But when m and n are positive and integral we have seen that 
by multiplying I and II together we get 

/(m)'x /(n) = (1 + x)~' x (1 + x)" = (1 + x)m+n = 1 + ax + bx2 

+ cxs + &c. 
m + n (m+n)(m+n-l) (m+n)(1n+n-l)(m+n-2) 

= 1 + -1-x+ 1.2 x 2+ 1.2.3 x3 

+ &c. 

= /(m + n) by the notatiou adopted. 

(m) .. '. GenerallY/ (m) x/ (n) = /(711 +n) for all values 
of m and n. I 

And since this is true for all values of m and n, for n we, may 

wE!te n+r, then/em + n + 1') =/ (n;- 1') x/(m)=j(m) x/en) 

xj(1'). '. 

Similarly/(m;-n+T;-s;-...... ) =/ (m) x/en) xj (r) 

x /(8) x .....• i. e. the product of two or more such series as 

that denoted by /(m) produces another series of precisely the 
samefoTm. p 

Now let m = n = T = S =- &c., = - where p and q are positive 
, - q 

integers, and suppose the nnmber of terms to be q. 

T~en f (%;- f + ~ + &c., to q terms») =1 (~)x f(J;)x 
f (;1) x ••..•. to q factors . 

• The product of two algebraic factors is not altered inform by any varia­
tioninthevalue or nature oftil'efactors. Thus (x + a) (x + b) = ",';- (a+b}x 
+ ab for all values of x, a and b. So in the abo~e, although by changing 
the values of m and'n we alter the values of b, c, &c., yet their forms, i.e. 
~11~ IlIl!nn~r i~ W1!iqb m illla .. ~lIter the series~ reml\in tile same: 
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",j(P) = V(!!...) } q,' But since p is a positive integer, 

j(P) = (l + x)P /(1 + x)P = V(%)} q ,', (1 + x)~ =/(%) 
P !..-(!..--1) !..-(!..--1) (!..--2) 

P - 'If] 'It] q 
or (1 + x)q= 1 +-Z.. x +----x2+--------x·t&c, 

1 1.2 1.2,3 

by the notation adopted. 

Thus the Theorem is proved for a fractional index, 

Again in (III) put m = -n, 

Then fen) x /(- n) =fin- n) =/(0)= 1 ,', the assumed seriee 

becomes 1 when m = o. 

And sincefin) x /(- n) = 1 dividing each by fin) 

. 1 1 fi"" n) =/(n) '" 0+ x )'1 since n is po~itive. 
, 1 

And (1 + x)" = (1 + x) -?tby Art. +65 .'. (l+x)-'It 

fi (-:-n) (-n)(-n-1) -"(-n-1)(_n...,2) 
= (- n) = 1 + - x + ------- x' + -------

1 1.2 1.2.3 
x· + &c. -, 

Thus the theorem is also proved when n is any negative quan­
tity. 

275. From this theorem then it appears that:-

. n n(n-l) n(n - 1)(n - 2) 
I. (1±x)n=1±lx+~x2± 1.2.3 x3 +&c. 

-n -n(-n-1) -n(-n-1)(-n-2) -
II. (1+ x)- n = 1 + -- x + ----- x 2 + X S 

- - 1 1.2 - 1.2.3 

+ &c. 
_ n n(n + 1) _ n(n + l)(n + 2) 

= 1 + 1 x + 1. 2' x' + 1. 2.3 x3 + &c. 

III. (1 ± x) -%- = 1 ± i x + -%-( -%- - 1) XZ ± -%-( -%- - 1) (f - 2) x3 
1 1.2 ~.2.il 

+ &9. 
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p p-q 1) p-q p-2q 

= 1 + ~ x t -;;. " x" - -;;. q . -;;- X3 t &c 
- q 1.2 1.2.3 . 

~ 1 t P x t pep - q) 2 + pcp - q)(p - 2q) 3 & - -q , 1.2.q2 - 1.2.3.q3 X t c. 
p 

I' -~(-~-1) -~( -~-1) (-2:.-2) 
.3. __ " __ x2 + q q q X S 

1.2 1.2.3 
IV. (l±x) --; '" 1 ± i-
t &c. 

_ _ P pcp t q) 2 _ pep t q)(p t 2q) 3 & 
- 1 + - x t 1 2 2 X t 1 2 3"'" x t c. q • • q ... y 

And these reduced general expressions should be carefully 
noticed by the student, and used as formulaJ for the expansion of 
binomials according as n is positive or negative, integral or frac­
tional. 

NOTE.-No examples with n integral and positiv~ are givon, as thoro are 
a number such in Exercise XXXVIII. 

~ 10 10.9 10.9.8 10.9.8.'1 
Ex. 1. (1 t x)'o = 1 t - x t -- x" t --' - x 2 t ---

• 1 1.2 1.2.3 1.2.3.4 
X4 t &c. 

= 1 t lOx t 45x2 t 120x3 t 210x4 t &0. 
5 5.6 5.6.'1 5.6.7.8 

Ex. 2. (1tx)- 6 = 1-- x t - x"--- x 3 t --~ 
1 1.2 1.2.;l 1.2.3.4 

x4 + &c. 

Ex.3. 

t ~c. 

= 1 - 5x t 15x2 - 35x3 t '10x4 - &c. 
1 1.2 1.2.3 1.2.3.4 

(l,...x) -~ = 1 t":" x t-x2 t--x3 t ----- X4 
11.2 1.2.3 1.2.3.4 

'", 1 txt x' t x3 t X4 + &0.' 

NOlfE.-Hence it al'pears that in all cases when n is int{)gral if the sign 
of the exponent and that connecting the terms of the binomial are both 
like, i. e. either boW'phis or both mi"'Is, the signs of the expansion are all 
plus, but if unlike, the signs of the expansion are plus and minus alter· 
nately. 

~ 3 3(3 - 5) 2 3(3 - 5)(3 - 10) 3 

Ex. 4. (ltx) =1t5xt""l:"2."25"x t 1.2.3.125 x t 

3(3-5)(3-10)(3-15) 4· & 
, 1.2.3.4.625 x t c. 

3 3 X - 2 3x-2x-'1 3x-2x-'1x-12 
=lt5xtl.~.25xz+l.2Y.P5x~t ~,2.3.4.6~1i x4+&C, 
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3 3 7 21 = 1 + - - _X2+_X3 __ X4 + &c. 
5 25 125 625 

_~ 3 3(3 + 2) 3(3+2)(3+4) 3 

Ex. 5. (1 - x) 2 = 1 + 2 x + 1.2.""4 x 2 + IT.3~ x 

3(3 + 2)(3 + 4.)(3 + 6) 4 

4- 1.2.3.4.16 x + &c. 

3 3.5" 3.5.7 3 3.5.7.9 
'" 1 + - x + --- X" + --- x + :c4 + &0. 

2 1.2.4 1.2.3.8 1.2.3.4.16 
3 15 35 315 

'" 1 + - x + - x" + - x 3 + -- X4 + &c. 
2 8 16 128 

Ex. 6. (a+2xt 2 = {a (1 + :X)} -2 =a-2(1 t2a-1x)-" 

2 2.3 2.3.4 2.3.4.5 
"'a- 2 { 1--(2a-1 x)+-1 2 (2a-lx)2-~1 2 ,,(2a- 1 x)"+-1 2 34 
(2 a- 1 x)4 1 . . . .., ... 

'" a- 2 {1 - 4a- 1x + 12u- zx2 _ 32a- 3x3 + 80a- 4 x 4 - &c.} 
= a-" - 4a- 3X + 12u- 4X2 - 32a- °x3 + 80a- 6X4 - &c. 

Ex. 7. (a" + x 2 ) - ~ = { a2 (1 + a - 2 x 2 )} - ~ = a - ~ (1 + a - "X2) - £ 
= - ~ {l- 2 ( -2 2) + 3.7 (-2 ")2 _ 3.7. II '( -2 2)3 

a 4 a x 1-:2.16 a x 1.2.3.64 a x 

3.7.11.15 ., 2 4 

+ 1.2.3.4.256 (a-"x) 

~ 
.:: a-2{1-~a-2x2+Ha-4x4-1;;z. .. a-6x6+H~~a-~x8+&c.} 

_J _72 1 -1.1.4 _lli.. _1.9 = a 2-ia 2X +%ya "x --ll-sa 2-xo+HH-a 2X 8 

- &c. 
EXEl~OISE LXIV. 

Expand to five terms each of the following eXl'l'essions :-

1. (1+X)-3 

2. (1 + x) -" 

3. (1-2x)-1 

4. (1- ~X)-Ii 

5. (1 + 3x) - 2 

1 
6. (1-2x)6 

1 

7. (l~x!~ 

1 
8. (1 - 4X)2 

9. (1 + x) - :i 

i.' 
10. (1 - ~X)6 

11. (1 + ~x)~ 
, 1 

] 2. 

1 1 
15. (a 2 _x:T)-Z 

16. (a4_x3)~ 
-4 

17. (a3 + x- Z) 

1 1 1 
18. (a5'_x-5)-~ 

1 q 

19. (a2nL-x') - ~ 

1 
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276. THEOREM IlL-In tlte expansion of (1 + x)u there are only 
ll, + 1 tenlts, when the exponent is positive and integral. 

DEMONSTRATION.-The coefficient of the (1' + l)th term is C, = 
n(n-l)(n-2)(n-3) ..... (n-r+l). . 

I~ . Now If r be such that 

n - l' + 1 = 0, then the (1' + 1) th and all following terms vftnish; 
and the series will terminate with the rth term. But if n - 1'+ 1 

" 0; l' = n+ t and the (n+ l)th term is the last term of the series. 

NOTE.-If n is negative or fractional, the series never onds, but may be 
continued to an infinite number of terms, since as r is necessarily integral 
and positive, we can then find no value for T which will render n - T + 1 
=0: 

277. THEOREM IV.-In the expansion of (1 +'x)n when n i,~ 

po.ntive and integral, the coefficients of terms equally du;tant Fom 
beginning and e~d are tlte same. 

DEMoNsTRATION.-The (1' + 1)th term from the end having l' 

ierms after it is the same as the {en + 1) - r } th term from the 
beginning, i. e., is the same as the (n - l' + 1)th term from the 
beginning. And since, Art. 271, the coef. of the (1'+ 1)th term 
is C, writing n - l' for l' the coef. of the (n - r,'+ l)th term will 
be Cn _,. 

But it has already been shown (Art. 270) that 

° "n(n-1)(n-2) ..... (n-r+1)= In = In =C,,_,. 
,- 1.2.3 .... ·r 12:.ln-1· In-:L~ 

that is the coef. of the (1' + 1) from the beginning = coef. of 
(1' + 1) term from the end. 

278. To find the general term of the expansion of (a + x)n. 

In writing down any term of the expansion of (1 + x)", say 

the 5th term, so as to exhibit the factors of the coefficient thus, 

n . ~ . n - 2. • n - 3 a"-4 x4 we observ~ 
2 3 4 ' 

1. The numerator added to denominator of each factor = n+ 1. 
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II. The number of such factors is one less than the number of 
the term. 

III. The exponent of x is equal to the denom. of last factor. 
IV. The exponent of a = n - (the exponent of x). 
Hence the (j' + l)th or the general term of the expansion = 

n(n-1)(n- 2) .. .. (n-T+ 1) . 
--'-_--"-C'---~_-'--__ _' an - r xT. 

1.2.3 .... 1' 

279. The stndent mnst note the following points with respect to 
this general term:-

r. The gen. term of (1 + x)" when n is a positive integer, is as 
above. 

II. When n is positive, the gen. term of (1 - x)" = Or (- x)' 
n(n-1)(n- 2) .. . (n-1"+ 1) = Or(-lrx"=(-lyO~T=(-ll( [1' XT) 

where (- I)'" will of course be positive or negative according as 
l' is even or odd, that is, according as l' + 1, the number of the 
term, is odd or even. 

III. Ifn be negative, the general term of (1 + x)-n = 
-n(-n-1) .... -{n-(1'+1} n(n+1) .... (n+1'-1) 

~ = (-1)" ( ~ x") 

IV. If n is negative, the general term of (1 ~ x) -" = ( - 1)" x 

0r( _ x)r = (_l)T (-1)'" c(n+ l)(n + 2~~ . ... (n + l' -l»)xT 

11(n + l)(n + 2) ..... (n + l' - 1) 
= [ l' xr. Since (- 1)' x ( - 1)'" 

= ( - 1)2" = + 1. -

When the exponent is fractional, the sign of the general term 
is snbject to the same laws, and Or miLY be written as in III and 
IV on pages 226, 22'7. Thus the general term of 

V )~ pep - q)(p - 2q) . ... {p - (1' ~ 1) q } 
. (1 + x • = I " x" 

• ~q 

VI. (1_X)-.;-=(_1)'·(P(P+q)(P+2q) .... {P+(T-1)q} r\ 
Ij'XqT xl . - ) 

VII. (1 +x) -.;- =P(PH)(P+ 2q) .... {p + (1' -1)q 1 x
T . !2" x g" 
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VIII. (1 _ x)7 = (-1)' (P( P - q)(p ~ 2q) .... ! p ~ (1' -l)q I X")" 
: . . ~xif 

Ex. 1. Find the general terms in the expansions of (1 + X)8 j 

1 - :\ 
(l_x")-Z, (a2 _x2)-'; (1+3x)-2. 

8.'7.6 .... (8-1'+1). 8.'7 ... (9-1') 
G.T.of(l+x)s:+ 1.2.3 .... 1' x'=+ L2:. x, 

I 1.3.5 .... {1+(1·-1)2} 
G. T. of (1- x2

) - Z = +. I l' X 2" (x')" 
1.3.5 ... , (21' - 1) -

= + L1.: x 2' x" 

\ _l! _;} _.J. 
G. T. of (a2 _ X2) 4 = a 2 (1 _ a - 2 X2) 4 = 
_~{3"T.11. .. {3+(1'-1,)4} , + a . (a-Zx")r = l.!' x 4' 

B 3. '7.11 ..... (41'- 1) 
'I- a~ a z,. x2r . 

L1.: x 4" . 

(
2.3.4 .... (2 + l' - 1») 

G. T. of (1 + 3X)-2 = (-1)" l..?: (3x)"=( -1)" 

(
2.3.4 ..... (1' + 1») . t. 3r xr=(_lY(1'+1)3r xr. Since~in 

den. cancels 1.2.3 .•. ~ r =.l..!: in the numerator. 
, 6 

Ex. 2. Find the general term in the expansion of (1 + x)" 
~ 5.2. -1. -4 .... {5-(1'-1)3} 

G. T.of (l+X)3 =. I l' X 3' xr 

{5.2.1.4 .... (31'-8IT . 
'" ( - 1)" xr L.!_ x 3r 

NOTE.-In the above expression for the general term it will be observed 
that we change all the negative signs in the nnmerator, and then prefix a 
powerof( -1). Now if all the iactors-in the numerator are negative, (-1{ 
is the prefix, andif any even numbers of negative factors are changod to 
pOSitive, (-It is still the prefix, but if any odd number oftbcm is cllanged, 
the sign of the product ofthew'hole, i. e. ofthegcneral term, is altCI'ed, and 

p 

becomes ( -It + 1. In the expansion of (1 + x)" therefore tbe sign of the 
general term is ( - 1)" or ( -It + 1, according as the number of positive 
factors ·i8 even or odd. 
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p 

In the expansion of (1- X)'- the generalterm will of itself involve (-lr. 
and this taken in connection with theabov61'endersthe Bignofthe general 
term ( - 1)2r = lor ( - 1)"" + 1 = _ 1 according as the number of positive 
factors i8 even or odd. 

REMARK.-In the above paragraph the general term merely expresses 
any term after negative factors begin to appear in the numerator. 

;t 

Ex. 3. Find the general term of (1 - x)" 
;t 3·-2·-'7 .... {3-(r-1)5} 

G. T. of (1 - x)" =: I..! x 5" x" 

3·2·'7 ..... (51'-8) . 
= x~ l.! x 5" 

Ex. 4. Find the 8th term of the expansion of (1 + X)-4 

Since the general term =: (1' + l)th term =: 8th term, r =: '7 
• (4.5.6.7.8.9.10.11) 

Formula II. 8th term =: (_1)7 1.2.3.4.5.6.'7 x" 

'= - 1320x 8 

Ex. 5. Find the 5th term of the expansion of (1 - x) - ~ 
Formula VII. 5thterm=: 1.3.5 .... {1+(4-1)2} 4 

I 4 X 24' x 
1.3.5.'7 35 --

=: 1.2.3.4x 16
x4 =: fi8 x4 

Ex. 6. Find the 7th term of the expansion of (1 - !x)l1 
11.10.9.8.'7.6 

Formula II. 7th term =: (- l)B (tx)B 
1.2.3.4.5.6 

x B 462 154 
=: + 462 x-=: ·-xB =: - x B 

'729 729 243 

Ex. '7. Find the 6th term of the expansion of <1- x)t 

F 1 VIII 
7.2.-3 .• {'7-(5-1)5} '7.2.3 ... {(4x5)-'1~ 

ormu a. I x 5 =: ---- ----- x 6 
_5 x 5· . 13 X 5' 

7.2.3.8.13 182 
=: + 1.2.3.4.5 x 6125 x

5
", + 30625 x

5 

Since there are two positive factors in the first expression 
The sign is ( - 1) ",. =: + 1, see note ahove. 1 

Ex. B. Find the lIth term of the expansion of (a -i + x2/.l 
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(a - t + x2y"-.l = {a - t (1 + a1X2)} Y-=a -.1.,.1 (1 + at x"Yi' 

Then by formula v the 11th term. 

_\.1.{1l. 7.3. -1.-5 .... {11_ (10 - 1)4}} 1 =a , ~X4'0 '(a2
x2)10 

= a -.1.;'x (_1)11 (11.7.3.1.5 ... :~36 -11)) as x 20 
~X4~ . 

_ll 11.'7.3.1.5.9.13.1'7.21.25 
;:: a 8 x - 1.~.3.4.5.6.7.8.9.10.1048576 as x 20 

_ _ \1 85085 S 20 _ 85085 !l.9 

- a x - 268435456 a x - - 268435456 a 8 x 20 

280. To find the sum of all the coefficients of (1 + x)n. 
. n n0-D 
The Theorem (1 + x)" = 1 + T x + -r:-2- x' + &c., is true 

for all values of x. Let x " 1. 
n . n(n - 1) n(n -1)(n - 2) 

Then(1+1)"=2%=I+ T +-W-+ 1.2.3 +&0 . 

. '. 2" = sum of all the coefficient of (1 + x)". 

2.81. THEOREM V.-The sum of thiJ coefficients of the odd terms 
in the expansion of (1 + x)n is equal to the sum of the coefficients 
of the even terms. 

DEMONSTRATION.-Put x = - 1 in the expansion of (1 + x)". 

n(n-l) n(n-l)(n-2) 
Then(l-I)"=O"=O=l-n+---- +&c. \ 1.2 1.2.3 

Sumofcoeffici~nts of odd terms -sum of coef. of even terms = o . 
. '. Sum of coefficient of odd terms = sum of coefficients of 

even terms. 

COR.-Since the sums are equal, each sum is evidently half 

, 2"., 
of 2n, Art. 280, and is therefore;:: '2 = 2'" - 1 

282. To find the greatest ~erm in the expansion of (a + x)( 

. n(n-l)(n-2) •••• (n-r+l) 
The (r + l)th term = ' I r a,,-r xr 

Q 
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The rth term = n (n -l)(n - 2) .... (n -r+ 2) a"'· T+1XT-1. 

I r - 1 

Hence the (r + l)th term is obtained from the rth by multiply­
n-r+1 x 

ing the latter by --r---' (i' Consequently the rth term will 

n-r+1 x 
be the greatest as soon as r . a becomes < 1. 

That is as soon as (n - r + 1) x < ar or rea + x) > (n + I) x. 
x 

That is as soon as r > (n + 1) a + x" 
x 

r therefore must be the first whole number"> (n + 1) a + x· 
x 

If (n+ 1) a + x is a whole number, then two terms are equal, 

and each is greater thau any other term. 
If n is negative, r is the first whole number equal to or next 

x_ 
greater than (n - 1) 0:-=-;;' 

Ex. 9. What is the sum of all the coefficients of (1 + x)~. 
Here Art. 280, 2" = 29 = 512. 

Ex. 10. What is the sum of all the odd coef. of (1 + x) 16. 

Here Art. 281,21'-1 = 2'6 -1 = 214 = 16384. 
Ex. 11. Which is the greatest term in the expansion of (1 +x) 1 a 

when x = ·3. 
Here r is the whole number equal to or first greater than 

·3 3 42 
(13 + 1) 1-3 or 14 x 13 or 13 which is 4, therefore the 4th term 

is the greatest. 

EXERCISEI LXV. 

Find the general term and the 6th term of:-

1. (1 - x)-3 2. (1 + X)-4 3. (1- xH 4. (1 - x)l-
_L _~_ 

5. (1 + x) 2 6. (1 +x) 3 7. (a-x)-l 

Fmd the general term and the 5th term of:-

9. (1 - 2x)-" 10. (1 + ~X2)-t' 
11, (a-2 + x-})-t 12. (a-§-x-D'2, 
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Find the sum of all the coeffic:ents of:-
13. (l+x)IO 14. (I+x)7 15. (1-x)13 16. (I+x)lz. 

17. Find the greatest term in the expansion of (1 + X)4 when 
x = 2. 

18. Find the greatest term in the expansion of (1 + x) - 5 

when x =!. 
19. Find the greatest term in the expansion of (2a + X)2 U 

when a = tx = 1. 
20. Find the greatest term in the expansion 'of (1 + x) - 7 

when x =~. 

SECTION XIII. 

NOTATION AND PROPERTIES OF NUMBERS. 

283 . .Ilny number N may be expressed in the form of dn r" + 
dn - l rn- l + &c. + ds r

S + d" r2 + d l rl + dO where r is a posit-ive 

integer, and the coefficient .• dO, d l , &c., dn - l , dn , a·re also in­

tegers.alliess than r, the radix of the scale. 

For let' N be divided by the greatest power of r it con­
tains, and let the quotient be dn , less of course than r, and let 

the remainder be N , . Then N = dn rn + N). 

Similarly let N, be divided by the greatest power' of r it con­
tains, and let the quotient be dn - 1 with remainder N z. Then 
N, = dn . 1 rn - 1 + N z . 

Similarly N z = dn _ 2 rn - Z + N 3 , and so on, and continuing 

the process until the remainder becomes < r = say do we have 
N= dn rn,+ dn _l rn - l + ..•. &c. +d. r2 + d l rl + do. 

Where any of the coefficients dn , dn_l> &c., d3 , d 2 , d ll do, 

may vanish, i. e., become = 0, but none can be> or = r. In 
other words, these coefficients" or digits as they ::tre called, may 
have any value from ° to r - 1 inclusive, and consequently in 
any scale r there occur r digits, including zero. (See National 
ArithlUetio.) 
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284. To express any number in any proposed scale :-

Let N be the number and let r the radix of the proposed scale. 
Then by last Art., the given number may be written as = 

an rn + d;"-l rn - 1 + &c. + d. rZ + d, rl+ do. 

Dividing t4is by T we get a complete quotient with remainder 
d~, the right digit of the number in the proposed scale. 

Dividing this complete·quotient by r, we get another complete 
quotient with rem. dl> which is the second digit of the number. 

And proceeding thus as long as we get a quotient divisible by 
r, we obtain as remainders the successive digits of the number. 
(See Arithmetic.) 

285. To prove the rule for reducing a pure repetend to its equi­
valent vulgar fraction. 

Let R = the given repetend, and let it contain r digits, and 
let V = its value. 

Then Voo ·RR &c. (I). Multiplying each by 10' we have 
10T Voo R·RR &0. (II). Subtracting (I) from (II) 

R 
10'V-V=R ... V(10r-l)=R ... VOOI0'_1. 

But since r = the number of digits in the repetend, 10' - 1 will 
be as many 9's as there are digits in the repetend. 

Repetend 
... V = As many 9's as there are digits in repetend . 

286. To prove the rule for reducing a mixed repetend to its 
equivalent vulgar fraction. 

Let V = the value of a mixed repetend in which F represents 
the finite part and R the repetend, and let F and R contain 
respectively f and r digits. 

Then V = . FRR &c. Multiplying these by 10 1 + r we have 
10 1 +rV= FR·RR &c. (I). Also multiplying them by 10', 
10 1 V = F-RR &c. (II). Subtracting II from I, 

(10/+>"-10/)VooFR-F Thatis V- FR-F 
. ,- 10 / (10'_1) 

But 10 1 is unity followed by as many ciphers as there are 
units in f, i. e., as many ciphers as there are digits in F, the 



,UT. 2S4-289.] PROPERTIES OF NUMBERS. 237 

finite part, and 10'- 1 is as many 9's as there are units in r, i.e., 
as many 9's as there are digits in R, the repetend. 

Whole repetend minus the finite part . 
. '. V = As many 9's as figures in repetend followed by as many D's 

as figures in finite part. 

287. THEOREM I.-If from any number the sum of its digits be 
subtracted, the remaindel·. is divisible by the radix of the scale 
dec'reased by unity. 

DEMONSTRATloN.-Let r be the radix of the scale, and 
let a + br + cr2 + drs + &c. be the number. 

Subtract a + b + c + d + &c. the sum of the digits. 

Then the rem. = br-b+cr2 -c+dr"-d+ &c.=b(r-l)+c(r"-I) 
+ d(r" - 1) + &c., which (Art. 80) is evidently divisible by r - 1 
i.e., by the radix decreased by unity. . 

288. THEOREM n.-If the sum of the digits of any number is 
divisible (r - 1), that is by the radix decreased by unity, then the 
number itself is divisible by one less than the radix. 

DEMONSTRATloN.-For let N = the number and S = the sum of 
its digits, and since S is by hypothesi; divisible by (r - 1) let S 
= mer - 1). Then Theorem I, N - S is also divisible by r - 1, 
.'. let N - S = p(r - 1). 

Then by substitution we have N.- m (r - 1) = P (r - 1) 
.'. N = per - 1) + mer - 1) = (r - 1)(p + m), and since the 

right-hand member is evidently divisible by r - 1 .'. also the left­
hand member N is divisible by r - 1. 

Oor. In any scale such that r - 1 is divisible by 3, if the sum 
of the digits of any number be divisible by 3, the number itself is 
divisible by 3. . For let Nand S represent the number and the 
sum of its digits, and let S = 3m and r - 1 = 3q. 

Then N - S =p(r -1) = 3pq .'. N-3m= 3pq .'. N= 3(pq+m), 
That is, N is divisible by 3. 
Hence in the common scale a number is divisible by 3 or by 9, 

according as the sum of its digits is divisible by 3 or by 9. 

289. TIIEOREMIII.-If from any number the sum of the digits 
stom.ding in the odd places be subtracted, and to it the sum of the 



238 PROPERTIES OF NUMBERS. [SEOT. XI.tI. 

digits standing in the even places be added, then the result is div~s­
ible by the mdix increased by unity. 

DEMONSTRA'flON.-Let l' be the radix and let the number be 
a + br + cr2 + drB + er4 + &c. 

Add - a + b - c + d - e + &c. 

The result is br + b + cr" - c + dr"+ d + er4 - e + &c., which is equal 
to b(r + 1) + C(T" - 1) + d(r" + 1) + e(T4 - 1) + &c. 

But l' + 1, 1'2 - 1, r" + I, 1'4 - 1, &c., are all (Art. 80) divisible 
by l' + 1, .'. b(r + 1) + c(r2 + 1) + d(T3 + 1) + &c. is divisible by 
l' + 1. 

Cor. Hence in the common scale any number answering the 
conditions given above is divisible by 11. 

290. THEOREM IV.-Ifinany number the sum of the digits stand­
ing in the even places be equal to the sum of the digits standing in 
the odd places, then the number is divisible by the mdix increased 
by unity. 

Let N = the number, S = the sum of digits in the even places, 
and S 1 the sum of the C\y;its in the odd places. 

Theu Theorem III, N + S - S, is divisible by T + 1. But since 
by hypothesis S = S]) it follows that S - S 1 = 0 .'. N is divisi­
ble by l' + 1. 

291. To prove the common Tule faT testing the accumcy of 1nul­
tiplication by casting out the 9's. 

DEMONSTRATlON.-It follows from Theorem n. that any 
number in the common scale will leave the same remainder when 
divided',by 9 that the sum of its digits will leave when divided 
by 9. Let then 9a + c be the multiplicand and 9b + d be the mul­
tiplier. Then Slab + 9bc + 9ad + cd will be the product. Now if 
the sum of the digits inthe multiplicand be divided by 9, the rem. 
is c, if the sum of the digits in the multiplier is divided by 9 the 
rem. is d, and if the sum of the digits in the product be divided 
by 9, the rem. is evidently the same as the rem. obtaine¢l by 
dividing cd by 9. 

292. THEOREM V.-The product of any three consecutive numbers 
in the scale of 10 is divisible by 1.2.3, i.e., by 6. 
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DEMONSTRATloN.-Every number must be of the form of 3m 

or 3m. + 1, or 3m + 2, because every number when divided by 3 
must leave 0 or 1 or 2 as remainder . 

. '. The product of any three consecutive numbers may be 
represented by 3m(3m + 1)(3m + 2). But 3m is a multiple of 3 
and of the other factors 3m + 1 or 3m + 2 one must be even, and 
must therefore be divisible by 2, .·.3m(3m + l)(3m + 2) must be 
divisible by 1.2.3, i.e., by 6. 

293. THEOREM VI.-The product of any r consecutive numbers 
is divisible by 1. 2 . 3 .... r. 

DEMONSTRATION.-Let n be the least of the n'umbers, and let 
n(n + 1) (n + 2) .... (n + r - 1) 
---1-:-2-:il-:4:-:-:-:r--- be represented by "Pr for all 

values of nand r. 
n(n+l) .... (n+r-2) n+r-l (n-l) 

Then.Pr~ ~ .... (r-l) . -r--="Pr-
' 

-r- + 1 

n-l (n-1)n(n+l)(n+ 2) ... • (n + r - 2) 
=,Pr.,x-r- + .Pr .• = -----1.2.3 .... r + 

P1'-l = a_IF .. + l1Pr- I" 

Now if we assume that "P r • t is an integer, or in other words 
that the product of any (r - 1) consecutive integers is divisible 
by 1.2.3 .. .• r. 

Then since as above shown .Pr = •. ,P T + "PT -1 we have 
'Pr = ".,Pr + int., an integer for all values ofn and r, and writing 
in sllccession n - 1, n - 2 •..• 3.2 for n we obtain 

n-1P~== n-"Pr + int., 
"'Pr = •. aPr + into 

&c. = &c. 

aPr = 2Pr + into 
'Pr = IPr + into Adding these equals and cancelling, we 

1.2.3.4 .... r 
have 'Pr='Pr + sum of integers, but I P, = 1:2.3.4.~ = 1. 

.' . • Pr = 1 + sum of integers.~ an integer. 
Hence if .Pr •

l 
is an integer, then also .Pr is an integer. But 

it has been shown Theorem V that "Pa is an integer therefore 
also .p. is an integer, and therefore !J.lso .p, and so on, .' . • P r is 
an integer, that is n(n+ 1)(n+2) .... (n+r-1) is divisible by 
1.2.3 .... r. 
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SECTION XIV, 

!NEQUALITIES, VANISHING FRACTIONS, INDETER­
MINATE EQUATIONS, 

INEQUALITIES, 

294. In addition to the axioms given on pages 16, 17, 
the student will find it advantageous to remember the fol­
lowing propositions: 

I. If the same quantity be added to or subtracted from two un­
equals, the sums or differences are unequal, 

Thus if a> b then a ± c > b ± c, 

II. If two unequals be both multiplied, 01' both divided by the same 
positive quantity, the p1'oducts aTe unequal, as also a1'e the 
quotients, 

Thus, if a> b,_a - b is positive, and if m be positive then 
111so 1u(a - b) is positive, and ,', 17W> mb; similarly 
1 a b 

1n (a - b) is positive, ,', m > m 

ItL If the terms of an inequality be multiplied 01' dit'ided by any 
negati1Je quantity, 01' if the signs oj all the terms be changed, 
the sign of inequality must be reversed, 

'I:hus, if a > b then a - b > 0 or - b> - a, or - a < - b ; so .also 
if a> band - m be any negative quantity, a - b is 
positive ,', m(a - b) is negative, .', m(b - a) is positive 

1 
,', mb > ma or ma < mb, Similarly m (b - a)is pos, 

b a a b ,', - > - that is - < -
1U m m m 

IV. If any number of inequalities, all having the same sign of 
inequality, i,e, all> 01' all <, be all multiplied together, 
left-hand membe1's -byleft-hfmd membe1's, and right by 1'ight, 
then the Tesulting p:roducts will form an inequality with the 
same $ign, 
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-Thus, if a > b, c > d, e > f, then ace> bdf. 
V. If a, band n be positive quantities, and a> b, then an> bn and 

J!ja> J!jb. 
Thus, a> b, .'. last article, a2 > bZ, .'. a3> b3, and so OUI 

.'. an > bn j similarly J!ja> J!jb 
VI. If any numbeT of inequalities having the same sign be added 

togetheT, the sum is an inequality of the same kind. 

Thus, if a > b, c > d and e > J, then a + c + e > b + d + f. 
NOTE.-It does not, howeyer, follow that if one inequality be sub­

tracted from another, the difference is an inequality of the same 
kind. -Thus,if a>b and c>d it docs not always follow that a - c>b - d, 
since a may be nearer in magnitude to ethan b to d; for example, although 
7> 5 and 6> 2, 7 - 6, is not greater than 5 - 2, i. e. 1 is not greater than 3. 
VII. If the same quantity 01' two equal quantities be divided by 

each side of an inequality, the sign of inequality will be 
?"evened. 

15 15 
Thus 5 > 3 but '5 < 3' i.e. 3 < 5 j so also if a > b then by 

m m 
dividing m by each we have a < b' 

a-b aZ _ b" 
Ex. 1. Shew that if a be pos. and b > a then a + b > aZ + bZ 

Since 2 > 0 multiplying hy ab we have 2ab > 0 .'. also aZ + 2ab 
+ b2 > a2 + b2 and dividing each by (a2 + bZ

) (a +. b) which is 
1 a+b 

positive since a and b are both positive, we have a + b < aZ + b2 

and multiplying each of these by a - b which is negative, because 
a- b aZ - b2 

b > a we have, proposition III, a + b > a2 + bZ' 

XS + yS 
Ex. 2. Shewthatx2+ yZ < x4-::-x"y + x2y' _ xy3 + y4' 

Because (Art. 134) 2xy < x2 + yZ, multiplying each each by , 
xy we have 2x'Yz < xay + xt, 

And adding x)'- ~"y_ x!iJ.z-JP!l +)P' to each we have X4 _xay 
, 1>./ ~~- -~ X4 _ xOy' + y4 

+ X"y2 - xy8 + y4 < x4 _ x"yz + y4 .'. 1 < X4 _. x'y + xZy' _ xy3 + y4 

and multiplying each of these unequals by x2 + y2 we have 
XS + yS 

X2+yz , < x"_x8y +. x"yZ_ xy3 +y4' 
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Ex. 3. Given 3x - 4 < x + 6 I 
5x + 7 > 3x + 13) to find x in whole numbers. 

-,. F;om 1st inequality, 2x<10.·. x<5. From 2nd inequality, 2:r>6 
.'. x:> 3 .'. x is > 3 and < 5, i.e. is any whole number between 3 
and 5~ Hence x = 4. 

EXERCISE LXVI. 
Find the limit to the value of x in the following inequations: 

1. 'Ix - 13 < 22. 

3.7x-l<3x+l1. 

x x x x x 
2. "2+3"+"4+"6+ 12- 7>9. 

1 
4.2x+5>"2 x - 10 . 

ax a" bx 6" 5. Given5"+bx-ab>5"and 7 -ax+a6<"7 to find the 
limits of x. 

6. Prove that as + 1 is eqnal to or greater than a" + a accord-
ing as a = 1 or a > 1. 

7. Prove that a3 + 1 > aZ + a when a is negative and numeri­
cally < 1. 

a b 
8. Prove that b + a > 2 when a and 6 are both positive or 

both negative. 
9. Given !(x+ 2) + tx < Hx - 4) + 3 and !(x + 2) + !x 

>! (x + 1) + ! to find the value of x in whole numbers. 
10. Shew that aZ + b" + eZ > ab + ae + be unless a", b = e. 
11. Shew that abc> (a + b - e)(a + e - b)(6 + e - a) assuming 

that a, band care unequa'l. 
12. Shew that (1 + a + aZ)Z < 3(1 + aZ+ a4) unless a = 1. 
13. Shew that ab (a + b) + be (b + c) + ea (e + a) > Babe and < 2(a3 + b8 + e8

) when a, band e are positive quantities. 
14. If X Z 

=: aZ + bZ and y" = eZ + cJJ shew that xy > ae + bd. 

15. If a:> b shew that v(a + b)(a - 6) + vb(2a - b) > a. 
16. Shew that (a + b + e)3 > 27abe and < 9(a8 + 63 + eS). 
17. Prove that (a + b)(b + e)(e + a) > Sabe. 

XZ + 34x - 71 18. If x be real prove that x2+2~'1- can have no value 
betwen 5 and 9. 

nZ - n + 1 
19. Shew that n2Tn""+i lies betwen 3 and! for all real values 

~~ 
. 
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V A N ISH I N G F RAe T ION S. 

295. A vanishing fraction is one which assumes the 

form of ~ when some particular value is given to some 

p~ticular letter in both numerator and denominator. 
a2 _ b2 

Thus, a _ b- is a vanishing fraction when b = a, because then 

o 
it becomes = o. 

296. Now it will be readily seen that in the above ex­
ample, and indeed in all others, the peculiarity arises from 
both numerator and denominator having a cornmon factor, 
which factor = 0 under the assumed conditions. Thus, in 

. (a+b)(a-b) 
the example glVEln above we have ----b--' and 

a-
striking out the common factor C~ - b which'= 0 when b =.a 
the expression becomes a + b or 2a since b = a. 

297. In order therefore to find the value of the fraction 
or more properly·the limit to its value, we endeavour to 
find out the common factor involved, and casting it out, the 
result required is obtained by a simple reduction. 

X4 _ a4 

Ex. 1. Find the value of x _ a when x = a. 

OPERATION. 

x4 - a4 (x - a)(x + a)(x2 + a") ). 2) 
Here x _ a ~ ---X-a--- = (x + a (x + a . 

Now making x = a we have thus = 2a x 2a" = 4a". 

xm_am 
Ex. 2. Find the value of"-- when x = a. ;' x-a 

OPERATION. 
x'm _ a'" 

Here --- = x'" -1 + ax'" - 2 + a" x'" - 3 + a3 x'" - 4 + &c., to 1n 
x-a 
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terms and when x = a this expression becomes = am- 1 + am
-

1 
+ 

am -1 + am-1 + &c. , •. , to rn terms = mam - 1• 

x - a + </2ax - 2az 
Ex 3 Find the value of when x = a . • , • </x2 _ a2 

OPERATION. 

x - a + </2a (x - a) </~ {</x - a + </2O,} 
Here --~-= = __ 

</(x-a)(:c+a) yx-a</x+a 

;;~a+</2a </a-a+y2O, y2a ---- ---- ---- = I. 
yx +a ya+a y2U 

EXERCISE LXVII. 

Evaluate the following vanishing fractions: 
l_xn x" _ a" 

1. I-x whenx= 1. 2. xi~2whenxo=a. 

x - a!x! 
3. ~whenx=a. 

x 2 +~:c - g 
5. -z-,-+ 1 when x = !. x -2X 

ax' + ac2 
- 2acx 

x 2 + 2x - 35 
4. x 2 -2x-=-15 whenx= 5. 

x" + bx - ax2 - ab 
6 . .1;2_ ax+b2x-ab" whenx=a. 

7. -bx'- 2bcx + be" when x = c. 

ax _ x' 
8. a4 _ 2a3x + 2aX3 _ X4 when x = a. 

x" + 2ax' - a"x - 2a" 
9. ~13a'x + l2U3 when x = a. 

INDETERMINATE EQUATIONS. 

298. It has been already stated, Art. 122, that when 
there are two or more unknown quantities involved in a 
single equation, the Dumber of solutions is unlimited, 
and the equation is indeterminate. 
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Thus, 8x + 2y = 11 is an indeterminate equation because the number 
of valua. whioh may be assigned to x and y is indefinite. This number 
may, however. be decreased: 1st by rejeoting all fractional values; 2nd, 
by rejecting all negative values; 3rd, by rejecting all numbers that are 
squares or cubes, &0. 

299. THEOREM I.-The indeterminate equation ax ± by = c 
. admits of at least one solution when a is pl"'ime to b. 

-b 
DEMONSTRATION.-ax ± by = c .'. x = C +a y ; and substituting in 

succession 0, 1, 2, 3 ••.. (a - 1) for y, a being prime to b, 
the several remainders must necessarily be different. For if any 
two values ofy asv and v' give the same remainderr, q andq'being 

. the quotients, then c ± bv = aq + rand c ± bv' = aq' + r. There­
fore ± bv + bv' = a(q - q'), that is b(v - v') = a(q - q') or 
b (v' - v) = a (q :.. q'); that is b (v - v') and b (v' - v) are 
divisible by a without a remainder. But by hypothesis b is 
prime to a .'. v - v' is divisible by a which is impossible, since 
v and v' are both by hypothesis less than a, and consequently 
v - v' and v' - v are less than a. Hence the remainders are all 
different and their number = a and each is a positive integer less 
than a, consequently one of them must = 0, .'. x is an integral 
number for a certain integral value of y less than a, and these 
integral values of x and y satisfy the equation ax ± by = c. 

Ex. 1. Find integral values of x and y which satisfy the 
equation 5x + 23y = 1 '10. 

SOLUTION. 
1'10 - 23y • 

Here x = 5 and substituting in successIOn 1, 2, 3, &c., 

for y and we find that 5 will do. 
1'10 -115 55 

Thus, 5 = 5" = 11 = x .'. x = 11 and y = 5. 

300. THEOREM 11.-The equations ax ± by = c cannot be solved 
in positive integers 1/ a and b have a divisor which does not also 
divide c. ' 

DEMONSTRATloN.-For if it be possible let a and b have a com· 
mon measure m which is not also a measure of c, and let a con­
tain m, p times, and let b contain m, q times. Then ax ± by = c is 
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c 
equivalent to pm:x ± qmy = c, or px ± qy =);. And since bothp 

c • 
and q are integers, and - is a fraction, it follows tbat x and y 

1n 
cannot both be integral. 

NOTE.-If a, band c have a common measure the equatiou may be 
divided through by this, and thus a may be made prime to b. In the fol· 
lowing articles this is always assumed to be done. 

301. Give'n o,ne solution of the equation ax ± by = c in positive 
integen to find the general solution. 

Let x = f3 and y = y be one solution of tbe eqnation ax + by = c, 
, a y-y 

Tben af3 + by= c = ax + by.'. a (f3-x) =b (y-,,),) .'. b'= f3-x' 
a 

Now since b' is in its lowest terms, a being prime to b; 

.'. wbatever multiple y - y is of a tbe same multiple is f3 - x of 
b. Let y - y = at, tben f3 - x = bt where t is an integer, since we 
are only to obtain integral values. 

Therefore y = y + at and x = f3 - bt is the general solution. 
Similarly writing - b for b we obtain for the geneml solution: 

of ax - by = c, x = f3 + bt and y = y + at. 
Hence if one integral solutiqn of the equation ax ± by = c can 

be' detected, the others can be readily found by giving different 
integral values to t in the equations x = f3 + bt; Y = ")' + at. 

Ex. 2. Given 3x + 4y = 39 to find the positive integral values 
ofx and y. 

SOLUTION. 

Here x = 1 and y = 9 is evidently one solution. 
Then x = 1 - 4t and y ::: 9 + 3t. Now let t = - I, then x::: 5, 

y = 6, let t = - 2 then x = 9, Y = 3. 

NOTE.-Since the values of x and y may be found by snbstituting for t 
in the general solution x == f3 + bt, y = Y + at, successively the values 0, 
± 1, ± 2, ± 3, &c., it follows that the values of x and y taken in order 
constitute two arithmetical series, and consequently that as soon as two 
contiguous values of each are determined, the rest may be written at once. 

302. TREoREM.-The number of positive integral solutions is 
limited for ax + by = c, but unlimited for !!ox - by = c. 
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DEMONSTRATION.-I. By Art. 301 it appears for ax + by c = the 
general solution is x = fl - bt and y = I' + at where x = fl and 
y = I' is one solution and t is any integer positive or negative. 
Now since by hypothesis x and yare both to be positive, it is 
manifest that fl - bt must be positive, that is bt must be less 
than fl, that is t is limited to integral values which are less than 
fl 
b' Hence the number of positive integral solutions of ax + by 

= c is restricted. 

II. Similarly in the general solution of ax - by = c we have 
x = fl + ht and y = I' + at where x = fl, y = I' is one solution and t 
is any integer positive or negative. Now since by hypothesis x 
and yare to be positive, fl + bt and I' + at must be positive and 
since fl, b and I' are positive it is manifest that t may be any 
negative integer such that bt <fl and at <I' and that t may be any 
positive integer whatever. Therefore the number of positive 
integral solutions of ax - by = c is unlimited. 

303. In addition to the method indicated in Arts. 299, 
301, for finding the values of the unknown quantities in a.n 
indeterminate equation, the following method may be 
studied with advantage. 

Ex. 3. Solve 4x + 13y = 123 in positive integers. 

SOLUTION. 
Divide by the least coefficient, which in this case is 4, then 

x + 3y + ! = 30 +~. And since x and yare to be integral 

x + 3y - 30 is integral and.'. 3: y which is the equal of 

x + 3y - 30 is integral. 
3-y 

Let 4 = t, an integer, then 3 - Y = 4t .'. y = 3 - 4t. 

Substitute this in the given equation for y, and 4x = 123 -

13 (3-4t) .'. x = 123 ~9 + 52t = 84 + 52t = 21 + 13t. 
4 '. 4 

Hence x = 21 + 13q 
y=3-4t 5 

Take t = 0 j then x = 21 + 0 = 21, Y = 3 - 0 = 3. 
Take t '" - 1 j then x = 21 - 13 = 8, Y'" 3 + 4 = 7. 
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NOTE.--Thcse are the only positive integral solutions, because as y is to 
be a positive integer, 3 - 4t must be a pos. into .'. 4t < 3 .'. t < il that is t 
may be any positive integer which is less than j, but 0 is the only positive 
integer less than}.'. t cannot be a positive integer greater than 0, Similarly 
since x must be a positive integer 21 + 13t must bo a pos. integ., i.e. t may 
be any negative iuteger which will not make 21 + 13t neg-ative, i.e. 13t 
'!f11 or t <H, i.e. t when taken negatively must be an integer less than 
~ 3 or in other words oan only be - 1. 

E::>. 4. Solve 3x - 17y = 20 in positive integers •. 

SOLUTION. 

2y 2 
Divide by the least coefficient, 3. Then x - 5y - "3 =.; 6 + 3' 
2 + 2y. . " 4 + 4y .. 

. '. --3- IS Integral, .'. multIplYIng by 2, -3-- IS Integral, 

l+y l+y 
or 1 + y + -3- is integral, .'. '-3-- is integral = t, say, 

Then 1 + y = 3t and y = 3t - 1. Substitute this in the given 
20 - 17 + 51t 

equation and 3x = 20 + 17 (3t - 1) .'. x = --3--:;; 17t + 1. 

Hence x : 17t + 1/ .'. x ~ 18, 35, 52, 69, 86, &c. 
y - 3t - 1 S Y - 2, 5, 8, 11, 14, &c. 

According as t = 1, 2, 3, 4, 5, &0. 

NOTE.--We multiply here by 2 in order to render the coefficient ofy 
divisible by the denominator with a remainder 1, and this we seek to do in 
all cases .. 

Ex. 5. Solve in positive integers 5x + 19y = 207. 
SOLUTION. 

. . . 4y 4y - 2 
Here dIvIdrng by 5 we have x + 3y + 5' = 41 + t ,'. -5- is 

16y - 8 
integral, .'. multiplying by 4 we have --5- integ.,,·, 3y - 1 

y-3. . y-3 .. 
+ -5- IS Integ., .'. -5- IS Integ. 

y-3 
Let ~5- = t then y - 3 = 5t 

and y = 5t + 3. Substitute this value of y in the given equation and 
we get 5x = 207 - 19 (5t + 3) = 207 - 57 - 19 x 5t, 

.. , x = 30 - 19q 

Y = 5t + 3 J 
Now when t = 0 we have x = 30, Y = 3. 
When t = 1 we have X= 11, Y = 8, 
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.'. The pos. into solutions are x = 30 or 11 and y = 3 or 8. 
Ex. 6. Solve in positive integers 41x + 68y = 2789. 

SOLUTION. 

249 

. 2~ 2~-1 
Dividin'g by 41 we have x + y + 41 = 68 + n, .'. - 4T- is 

. .. 81y-3 81y-3 
Int. ; mnltiplYIng by 3 we have ~ iot .. '. 2y - -41 is into 

82y - 81y + 3 . Y + 3..' Y + 3 
.... --41' --, that IS 41- IS Int. Let 4l=tthen1l:=4lt-3. 

Suhstitute this value of y in the given equation and 
41x = 2789 - 68 (4lt - 3) = 2789 + 204 - 68 x 41t. 

2993 - 68 x 41t 
.'. x = ---4i-- = 73 - 68t. 

Hence x = 73 - 68t I . x = 5! _ 
. y = 41t _ 3 ! .. y = 38. (when t - 1 

It is evident that this is the only into pos. solution, for 
73 :- 68t must be pos. int., so also must 4lt - 3 .'. 68t < 73 or 

t < H ; also 4lt> 3 or t > if and the only positive integer 
between H, and ,h is 1. 

NOTE.-The student will not fail to observe the artifice made use of, in 
the 2nd line of the solution, to avoid using a large multiplier, and the 
trouble of searching for it, since it must be such as to render the coeffi­
cient of y divisible by 41 with a 'remainder l. 

E 6 G' 3x - 7y + z ,,16 { to find the positive integral 
. x. . Iven 5x + 3y _ 4z = - 4 5· values of x, y, and·z. 

SOLUTION. 

Multiplying the upper equation oy 4 and adding the two 
'together we.have 

• 8y 9 
17x - 25y = 60, and dividing by 17 we get x - y - i. 7=3+ 17 

" '. 8y +9 is integral. 
17 

16y + 18 . 
So also is 1~'::. ~, and so also is y -. --1-7-- Integral. 

17 
.. , y ~ 18 is integral'" t, say, then y = 17t + 18. 

17 
"TheI! 17x '" 60 + 25y '" 60 + 25 x 17t + 450 = 510 + 25 x at. 

", x:: 30 + 25t and y:: 17t + 18. 

R 
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Hence x =: 5, 30, 55, &c., and y =: 1, 18, 35, &c. 
Bnt z also has to be positive and integral, and therefore the 

only values of x and y which are admissible are x=:5 and y = Ii 

and consequently z =: 8. 
Ex. '1. What is the least number wbich when divided by 4, 6' 

and '1 shall leave remainders 1, 3 and 5 ? 

SOLUTION. 

Let the number::: 4x + 1 =: 6y + 3 = '1z + 5. Then 4x - 6y = 2'. 

Y y+l 
". (r) 2x - 3y =: 1 .'. x - y - 2- =: ! .'. 2- is into = m, say 

Then y = 2'm - l. 

Also (II) 6y -' '1z =: 2, that is 12m - 6 - 7z = 2 .'. 12m - '1z = 8 

5m 1 5m - 1 15m - 3 
.". m - z + '1 = 1 +7 ... --7- is into .'. --'1-is into 

m-3 
.'. -7-- is into = t, say, then m = '1t + 3. 

Hence y =: 2m - 1 = 14t + 6 - 1 =: 1M + 5. 
6y + 2 3 1 42t + 15 1 

x = -- =: - y + - -' + - = 2It + 8. 
4 2 2 2 2 , 

6y - 2 84t + 30 - 2 
Andz=--'1-=---7--=: 12t+4. 

Consequently x = 8, Y =: 5, and z = 4. 
And the required number = 4x + 1 = 33. 

Ex. 8. In how many ways can,£80 be paid in sovereigns and' 
guineas? 

SOLUTION. 

Let x == number of sovereigns and y =: number of guineas. 

Theni, n shillings 20 x + 21 y = 1600 .'. x + y +.!!. == 80 
20 . 

• '. Y = 20t. And 20x = 1600 - 2Iy:.: 1600 - 21 x 20t . 
. '. x = 80 - 2It., ' 

Then I ince 80 - ZIt must be pos. and into .'. 80 must be 

greater han 2 It, and since 2It < 80, t <~ and .". cannot exceed 
21 

.B; and consequently there are only three ways of payment. 
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EXERCISE LXVIII. 

Solve in positive integers. 

1. 4x + 3y = 11 
4. 5x + lly= 26 
7. 12x-41y=-1'1 

10. 7x + 25y = 171 

2. 5x - l3y = 11 
5. 9x - 17y = 2 
8. 37x + 43y = 357 

11. 99x - 160y = 335 

3. 2x + 7y = 59 
6. 13x + 21y = 89 
9. 22x - 43y = 6 

12. 17x,- 4y = 22. 

Find a positive integral solution of the following: 

13. 2x, + 3y + 4z = 29 { 
3x + 5y - 3z = 9 5 

14. 4x - 5y - 6z = 17 ( 
2x +y+ llz= 47 5 

15. In how many ways can the sum of $1397 he made up hy 
bank notes of the respective vahle of $3 and $5? 

16. In how many ways can $27.30 be paid in twenty-five cent 
and ten- cen,t pieces? 

17. What is the simplest way for a person who has only 
gnineas to pay £7 lOs. 6d, to another who has only half 
crowns? 

18. Find two integral sqnare numbers whose sum is a square. 
19. Find two integral square numbers wbose difference is a 

, square. 
20. A basket of apples is known to contain between 90 and 

100, and it is found that when they are conn ted four at a'time, 
tbere are. two over, ~nd whei:). cou'nted 8i~ at a time there are 
alsQ two over. How many are there in the basket? . 

21. Find the least integer which when divided by 6, 8 and 
10 respectively shall leave remainders 1, 5 and 3. 

22. How many fractions are there with denominators 10 and 
15, whose sum is H? 
. 23. A person bough t 50 barrels of fruit, 'consisting of apples, 
pears, and cranberries, for $250 i the apples cost $2 per barrel, 
the pears $5 and the cranberries $4, how many barrels were 
there of each? 

24. H.ow can a debt of £!,OO be paid with £5 notes, £1 note 
and crown pieces? 

25. Divide 25 into two parts, one of which may be divisible 
by 2, a)J.d the Qthe~ by 3; ~ 

26. Divide 24 into three such parts that if the first be multi- · 
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plied by 36, the second by 24, and the third by 8, the sum of 
the three products may be 516. 

27. Find a perfect number, i. e. one which is exactly equal to 
the sum of all its divisors. 

28. What is the least odd integer which divided 10, 12, 14 
shall leave remainders 7, 9 and 11 respectively? 

29. A person buys 100 head of cattle of three different kinds 
for $500. For.the first he gives $50 a head, for the second $30, 
and for the third $2, how many were there of each kind? 

MISCELLANEOUS EXERCISES. 

"J.. Simplify i {W - a)} - ~ Of! e9a - 6) D. 
-.,2. Prove that (X2 + 1 ~X-2)Z - ex2 - 1 - X -Z)2 = 4 (XZ _x- 2). 

-..3. Find the G. C. M. of aZ + 2ab + bZ, a3 + b3
, a" - bZ and 

a~ + 2u2b + 2ab2 + b3• 

x-b x-a b2 

~. Find the value of -a - -b- where x = b _ a' 

5. Given x + y + z " 3 (x + z - y) = 5 (z - x - y) = 15 to find 
the values of x, y and z. 

6. Find the value of 5{1135 - 3{140 + 2{1625 - 4{1;l20' 
'1. Given X4 + 1 = 0 to find the values of x. 
8. If a: b,-:b:c, and b:c::c:d, show that 

a + b: b + c:: b + c: c + d. . 

~. Shew that if a: c:; 2a - b: 2b - c, then will a, ,b 'and !c be 
in harznonic progression. 

10. In the series a + a (1 -; ) ~ + a (1- ~ ) ! 

+ a (1 - ~ ) ! + &c., the sum to 'infinity is p times, the sum of 

the first n terms. 
3n 3n 

- xl+a!,Ti+a! 
11 Reduce x 2 -_x 2 d -;;-_-:-~~ . an '1 I I • to their simplest 

form. 
u n x'+a"x"+u" 

x2_x 2 

'12. FiRd the cube root of 343x6 - 441x5 y + 771x4-zj2 _ 531x3yH 
+ 444x2y4; - 144xy" + 64y6, 
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13 S · lif 2m-n . ab . Imp Y X X xzn-p X x"p-m, and also - x p - q 

be ea • e , 
x Ii x Q

-
7 

X b x7
-

p • 

14. Findthe product of 2xz+ y + !x-ZyZ into 2x2_ y + !X-2y2 j 
of x' + ax + b2 into x" - ax + b2, and of x"" + yP into x" + yq. 

15 S' l'fy 3-/5 - 2-/3 2-/5 - 3-/3 . Imp 1 + 
3-/5 + 2-/3 3-/5 - 2v3' 

16. Fjnd the value of ---.----=-1-
2x+---

1 
• 

3x + 4x 

17. Find the value of 
1 1 1 2x + 1 

4 (2x -1) - 4 (2x + 1) +2'("2x - 1)(4x2+ 1). 

'18. Find the values of x in the equations 
a e a _ e 

(r) X+lt - X+C = ~. 

(1r) -/(x - 1)(x - 2) + Vex - 3)(x - 4) = 2. 
, 1 1 1 
(rn) x2 _ 2,',1: _ 15 + x' + 2x - 35 - x 2 - 13x - 48 "Q, 

b+e 
19. If n = 6-=:C' and b be the G. mean between a and e, 

~-~ 1 
then -'2-- will be the H. meall between n arid -. 

,a + b2 n 

2b . .Jl. and B can together perforlIl a piece of work in a days, 
which .Jl. and C can finish in b days, alld Band C ill e days. 
Find the time in which each can perform it separately. 

! 
2,1. Find the values of 

a2 b2 e2 

(a - b)(a - c) - (~- b)(b :... a) (b - e)(c - a)' 

, (a2 + 4&2 _ 9C2
) ~ 

2/v.Shew that a2 
- 4b = 

(a + 2& + 3c)(a + 2b - ,3c)(a -:- 2b + 3c)(2b - at 3c) 
16bz 
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23. Find the two factors of a4 + b4, and the two factors of 

x 2 

x+y+y 
24. Simplify y2 

x+y+X-

25. Find the I. c. m. and also the G. C. M. of x 2 + 3xy - 28y2, 
x 2 _ 2xy - Sy' and x2 - 5xy + 4y2. 

26. Find the general expression for the sum of a geum~trical 
series when r = ± 1. 

27. If by the notation at we represent t4e tth term of a series; 
then in an .11. series (p - q)(am - an) =- (m - n)(ap - -uq) and in 

(rt)P-q (u)m-n a G. series u~ =:. . Required proof. 

2S. In comparing the rates of a watch and a clock, it was 
observed that one mo-ruing when it was 12h. by the clock, it­
was llh. 59m. 49s. by the watch, and two mornings after when 

• it was 9h. by the clock it was Sh. 59m. 5Ss. by the watch. The 
clock is known to gain one tenth of a second in 24 hours. Find 
the gaining rate of the watch. 
·29. Sum to 12 terms the series S + 12-+ IS + &c., and find 

the series both.l1 and G, whose 3rel term is 4, and 6th term ~~. 
30. The receiving reservoir at Yorkville is a rectangle 60 

yds longer thau it is broad, and its area is 5500 square yds. 
What are its dimensions? 
~. Divide (1) x 6 - 2x"y" + y6 by x" - 2xy + y2 by the method of 

factoring. 
(.nJ 7x 8 + 5x' - 4x" + 3x + 9 by x3 + 2x - 1 by 

Horner's method. 
(III) x'" - x - '" by x - X -1 to five terms. A.lso find 

the rth term, and if m be an even integer, 
prove that the complete quotient can be 
separated into two parts of whicb one is x'" 
times the other. 

32. Find the square root of 37+20.y3,andof4x+2-V'4x2 _L 
33. Find the fifth term of the expansion of (u4 _ x-4t 3. 
34. In how maDY way.s can a party of seven men be formed 

out a company of 2S ? 
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35. Find the square root of x4 - 4x' + 9x - 4 _ 12x - 2 10 by 
inspection. . 

36. Find the three cube roots of unity, and show that their 
sum is equal to the sum of their squares. 

37. Find the values of x and y in the equations: 
x' y' x -a y_ b 

(I) a-+-z;-'" 1 = -b- +-a' 

(II) x 2 = 6x + 4y 1 
y2 = 4x + 6y j 

38 . .Il and B sold 130 yards of calico, (of which 40 yards 
were .Il's and 90 yards B's) for $42. Now.ll sold for $1, one­
third of a yard more than B sold for the same sum. How many. 
yards did each sell for $1 ? 

39. Insert five H. means oetween ! an.d ~" 

40. What is the difference between an identity and an equa­
tion, and to which of the two does 

a+c b+c x+c 
.. (a _ ?)(x - a) - (a _ b)(x - b) = (x _ a)(~ _ b) belons-? 

41. Solve the equation *./x2 + 1 + Vx = 1. 
42. Simplify ab - [(a + c) b - 3ac - lab - 2c (a - b)JJ. 
43. Simplify 
ix' - §xy - 13(jy2 - mx t ny ± 0lx2 + xy..,. -f-6y2 + px -qy), 

(X2..,. 2x - 48)(X2 + 3x - 28). . 
44. Reduce (X2 + 2x _ 24)(x2 _ 3x _ 40) to ats lowest terms, 

45. Find the va:lue of x in the equations 
x a b 1 

(I) (x _ a)(x - b) + (a _ b)(a - x) + (b - a)(b - x) = a - b' 

(II) ! (4 +~) ..,. t (2x - !) = H. 
46. Find the value of x,y and z iu the equations 
. x 3 + xy + y2 = 37 j y2 f yz + Z2 ~_ 28, and:z2 + zx + x 2 = 19, 
47. Find the least possible value of 2a2 + 2a2b + a2b2 

- 2abx 
+ b2x2 for all real values of x. , 

48. Find the square root of x 6P + 9x - 6P - 4x4P + 4(~2P-3X -2P)it-6 

by inspection. 
49. Sum to 8 terms each of the series 3~ + 6~ + 9t + &c., and 

8l:1P'- 54x10y + 36xBy2 - &c: A~so find the SUin of the I,atte!." 
§eri~s to inji/nity when x = 2y = 1. 
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50. Find a geometrical series stlch that the sum of any three 
consecutive terms may be 'h: that of the succeeding six terms. 

51. Simplify x",!n-p). xnrp-m). x prm - n). 

X4 + x S + 2x" + x + 1 
52. Reduce x4 _ x. + 2x" _ x + 1 to its lowest terms. 

53. Solve with respect to x the equation x 2 -' 2ax - 2bx - 3a2 

+ 10ab - 3b2 = O. 

54. Given ..;ii - ";y - x = ";20 - x, and also ";y .:. x : ";20--; 
;; 2 : 2 to find the value of x and y. 

55. Find by inspection the produot of (X2 - 2x + 3) by 
;J 3 3) 3 

(X2 + 2x + 1), and (X4+ 2x2y2 + Y by (X4 _ 2x2y' + y3). 

56. Solve the equation x" + yB = as, and x"y + xy2 = b3. 

57. A company at a tavern had $35 to pay i but before the 
bill was paid, two of them left, and in consequence of this the 
remainder had each $2 more to pay. How many were there in 
the company at first? 

58. Find the ninth term in the expansion of (a~ + b~)4. 
59. Find by inspection the coefficients of x 8 and XU in the 

expansion of (1 + ax - ~ax2 - 2a2x 4 - x 5 + jax 6 _ 3ax 7 )"? . 
60. Find two numbers such that the' greater shall be to the 

less as their sum to a, and their difference to b. 

1 (X22+ 1) (X_2+ x '.+_2) 61. Reduce 2 + 1 and also 
3 + ___ x-I x· + x - 3 

4+ __ 1 _ 
to simple quantities. x-I 

62. Find the value of the expre8sion 

x+6 x-4 x+2 

x' + 2x - 35 + x 2 + lOx + 21 - x· - 2x - 15' 

63. Find the square root of :::. + ~ - (..:. + .!!.) + 2! by inspec-
y x· Y x 

tion, and also of x4 - 2x· + ~X2 - -} X + )16"' 

64. Multip~y (x'" - 2yn) by (x'" - yn), and also (X",2 + ax'" _ b) 
by (xm2 _ axm +.b). 

65. Divide (12x4 - 192) by (3x - 6), and (20a4b6 _ 22asb7 

+ lla2
bB 

- 3I1b 9), by (4a2bB 
- 2ab4 + b5). The former by factor~ 

ing, and the latter by the method of deta()h~d coefl:iciep.ts. 
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66. If four quantities are in continued proportion, tbe first 
bas to the fourtb. the triplicate ratio which it has to the second 

67. Find the integral values of x which satisfy the inequality 
x'<10x - 16. 

I3-2'1/x-5 
68. Given '" "'i\ to find the value of x. 

13 + 2'1/x - 5 
a 

69. If b be any fraction whatever the sum of it and its recip-

rocal is greater than 2 •• 

'10. Shew tbat the sum of the cubes of any three consecutive 
numbers'is divisible by three times the middle number. 

71. Divide (a 6 - 4a4 + 7a' - 5a + 6) by a" + 5a - 4 syntlie­
tically. Also divide (x~ + x· 6 - 2) by (X2 + x- 2 - 2) by inspec­
tion. 

'12. Find the continl\ed product of 

{xCD"-l _iD?H }(x~ +a!) (xi +a*) .... &c., to n factors. 
. . 13 '7. x - 4 
73. Simplify 12(2x _ 3) - 12(2x + 3) - 4x' + 9' 

74. Find the product of (ax" + !xy + ty2) iuto (ix" - !xy + ~y2), 
and of (2xl+3Y!)(2xi-3Y!)(4x!+6x!y!+9Y~) into the 

quantity (4x~ _ 6xiyi + 9yl ). 

'15. Given 2x'l/3 - 3yV 2 = 6 and 3x'l/ 2 - 2yV 3 = 5'16 to find 
the values of x and y. 

'16. Prove that if the series 1 + 3 + 5 + 7 + &c., be continued 
to any even number of terms, the sum of the latter half is three 
times the sum of the'former half. 

a b 
'17. If the .11. mean between two quantities be b + U + 2, 

a b a b 
and th_e H. mean be b + a - 2, then tbe G. mean will be b - u·· 

78. If a, b, c, be in H. progression, then will 
1 1 1 1 
u + c = b - a + !)::C' 

x 
79. Ifr + s + t =v, whereris constantands oc -and t oc xy2, . y 

and when x= y = I, v = 0, and when x " y = 3, v = 8, and when 
if = 0, v " 1/ f4J.d v in tllqns. qf x aJld ~: 
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80. Solve with respect to x the equations 
(r) {(a+b)x+a-b}{(a+b)x+b-a}=4ab. 

ax b b 
(II) b - ~ = x + ax' 

81. Find the continued product of (a -:- b) (a + b) (a2 + b2
) + &c. 

to n + 1 factors. 
82. Divide x4 - (a + b + p)x" +(ap + bp - c + q)X2 - (aq + bq­

cp)x - qc by x2 - px + q synthetically. 
83. Find the square root of a2X6 + 2ab.x4 + (b2+ 2n.c)x2+ c2x-" 

+ 2bc. 
84. Simplify 

{(X + a)\x - b) + (x _ a)l(x + b)}+ {(x+a~(x+b) +(x- a)l(X_b)} 

--- 85. Find the G. C. M. of X4 + p2X2+ p4 and X4+ 2pX"+_p2X"_p4. 
86. Find thc-l. c. 1n. of 2!(:x2 + ,,; - 20), 3Hx2 - X - 30) and 

4i(X2 - lOx + 24). 
8~. S61 ve with respect to x the equation 

(a2 _ 1)x2 - 2(ab + l)x + b2 - 1 '" O. 

88. Simplify the following expression 
x 3 +x-"+2(x+x-1) (X2_1)~ 
x3 _x'"_2(x_x-1)' x 2 +1 

89. Prove that if to any square number there be added the 
square of half the number immediately preceding it, the sum will 
be a complete square; viz., the square of half the numberimme­
diately following it. 

90. A cistern is furnished with two supply pipes .11 and B, 
and a discharge pipe C. ·If.ll aHd C be left open together for 
three hours, and C be then closed, the cis tern will be filled in 4 
an hour more; if Band C be left open together for five hours and 
C be then closed, the cistern will be filled in Ii hours more j 
or it can be filled by le.aving .11 open for l~ hours, and B ~ hour. 
In what time can the cistern be fii'ted or emptied by .11, B, and 
C, separately. • 

91. Find the G. C. M. of 2x5 + 2X4 - 5x" + 4x2 - 9, and 3x4; 
+ 3X 3 - 10x2 - X + 3. 

92. Find the 1. C. nt. of 
apx" + (aq + -bp) x + bq, and aqx2 - (ap - bq) x c bp. 

~lsoof (X2-:-X¥)j \xt ':"yt) and (xytyZ). 
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93. Solve the equations 
x - 2a 2x + Ga x + 2a 

(I) -3- = -7- - -1-3-

x-I x+I 3 2_ 
(n) -2- - -3- = x+l - x - i 
(m) ";x + 4 + ";2x + G = ";3x + 34 
(IV) X2(y - 1) + 3y(x2 - 1) =..;iz + 3y and x 2y = 5 

94. Form the equation whose roots are 2, 3 and - 2 ± ..;~ 
95. Simplify a- (a - m) --{ - (- {-a- (-m-{ - (m-a»))))} 
96. Resolve as + bB into its component factors. 
97. If .11., G. and H. be the arith., geom, and harm. means 

between two quantities a and b, then will 
H (H - a)(H - b) 
.11 = 1 + ---G-2-- . 

9S. Find the time between two successive transits of the minute_ 
hand over the hour-hand of a common clock. 

99. 'The opposite sides of a rectangle are each increased by a 
units in len!1;th, and tbe other two sides decreased by b units, 
and tbe area is found to be unaltered; but if tbese cbanges in 
the sides had been respectively e and d units, tbe area would 
have been diminisbed by e square units. Find the sides and 
examine the nature of the problem wben ad = be, and be + e = cd 

. 100. Given (:=;)3= :=~~:!, to find x. 

101. Divide 5x· ..;. 3x' + 1 by x 2 - 2x + 3 by Horner's metbod, 
exhibiting both-the complete remainder, and the continuation 
oftbe quotient in descending powers of x. 

102. Find the G. C. M. of x2y + xy2 - 3x2 + 3y2 - 9x + 9y - 2y3, 

and x2y + 2xy2 + x2 + 4xy _ 5y2 + 2x - 2y - 3y3, and examine what 
the result becomes when y = 1. 

103. If a oc ";b and c2 oc b3 shew that ac oc b". 

104. Resolve a12 + m12 into four eleme1ltary factors. 
. '. m2_ (11 _ q)2 p2 _ (q- m)2 gZ_ (m _ p)" 

105. Reduce (m + q)2 _ p2 + (m + p)2 _ Ii + (p + q)2 _ 1/12 to 

its simplest form. 

106. Given ~ • .,: ~ + ~. = SO to fil!d x. 
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107. If x be real, prove -that x 2 - 8x + 22 can never be less 
than 6. 

108. If a ex; d2; b3 ex; d4 and c3 ex; inversely as d, shew that the 
product abc varies as if each of the three varied directly as d. 

109. Shew that the sum of'll consecutive odd numbe':s begin­
ning with 211l + 1 exceeds the sum of the first n odd numbers 
beginning with unity by twice the product of 1n and n. 

110. If the roots of the equation ax2 + bx + c = 0 are in the 
b2 (m+n)2 

ratio m:n, shew that ac = ------:;n;;:-. 
a4 (b2 _ c2 ) + b4 (c2 _ a") + c4 (a2 _ b2) 

Ill. Prove that a2 (b _ c) + b2 (c _ a)+ c2 (;l-:'~ = 
(a + b)(b + c)(a + c) 

. 112. Every square number is either divisible by 3 or becomes 
so by the addition of 2, and the product of any three consecutive 
integers, the middle one of which is odd, is divisible by 24. 

113. Prove that { n (n + 1) }2 - { (n _ 1) n }2 = 4n3 •• 

(ab + 1) (X2+ 1) 
114. Find the value of (xy + 1) (a" + 1) 

I+a l+b 
x = 1 _ a and y = 1 - b 

x+I 
- y+I when 

115. Divide synthetically 7x~ + 21x4y + 35x"y2 + 35x2y. 
+ 21xy4 + 7y5 by x + y, and the result by x 2 + xy + y2. 

116. Employ the method of detaehed coefficients to find the 
G. C. M. of 18x4 + 9x' - 17x2 - 41: + 4, and 8x4 + 4x' _ 6x2_ 
x+l. 

117. Resolve the quanties given in the last qllf'ition into their 
elemen tary factors. 

118. Reduce to a single fraction 
3' 3 1 I-x 

+ + -----
4(I-x)2 8(l-x) 8(l+x) 4(1 + x2) 

119. Is the following expression an identity or an equation 

(x + 5
2
a) (x - 3;) + ax = (x + 5a) (x - 3a) t. lli? 

~f a = 1, how tpell ? 
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ab ac 
120. If a, band e be in H. progression then will--

b
-,-­

a+ a +e 

261 

be b + e e + a a + b 
and b + e also be in H. progression and --a- , -b" and -;;-

will be in.l1. progression. 
121. If a cc band e cc d then will ad cc be . 

. 122. If there are two circles each of radins 3, and four others of 
radii 4,' 5, 6, and 7 respectively, shew that they can all be 
made into a single circle ofrac1ins 12, assuming that the area of 
a circle varies as the square of its radius. 

123. Given the first term of an .11. series = 11,' and that the sum 
of the first 3 terms = the sum of the first 9 terms, to find the 
series. 

124. Given any two terms of a G. series to construct it. 
125. Find the G. series whose 1st term = 3, 5th term = H, 

and sum of first five terms = 2,}-,-. . 
126. Prove tbat the latter half of 2n terms of an .!l. series i~ 

one-third of the SUIP. of 3n terms of the s'ame series. 
127. If 8 1 denote the S\lm ofn terms of the series 1 + 5 + 9 + &c. 

and 8 2 denote the sum to en - ,1) or to 11 terms of the series 
3 + 7 + 11,+ &c., prove that 8, + 8. = (S, - 82 )z. 

128. Find the 7th, the lOth and the general term in the 
2 

expansion of (1 + x-Z) -,. 

129. Form the equation whose roots are 1, - 1, 2, - 2 and 
3±";-::':-;;;. . 

130. Assuming that -1, 1 and 1 are three roots of the equation 
x' + 2X4 - 3xs .:.. 3xz + 2x + 1 = 0 to find the other two roots .. 

131. Find what quil.ntity must be added to each term .of the 
ratio a : bin (Jrder to make it four times as great as the ratio e : d. 

(2 -..; 3)* ";2 
132. Shew that \ ~,:r3 = 1+ ";3 

133. Given 2x + 3y + 43z :.289 ( to find x,y,z in positive integers.' 
x - 2y + Z - 5 

•• • xn+l _ y7l+1 
134. Find the value of the vamshmg fractIon .....,.....,.-(--). . xy x-y 

when x = y. 
135. The sum of two nl:mbers is 45, and their l, c. ?n, is 168, 

wbltt p,re tbe llumbers? 
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. . 1 S (x+l)(x-3) ( 1 (x+3)(x-5) 
136. GlvenT «X"+-2Y(x-":'"4f 5 +'9' (x+4)(x - 6) -

2 (x + 5) (x - 7) 92 
,l3'(x + 6) (x _ 8)'" 585 to find x. 

137. Given 2XYx;' ~y:z~ X;6'" 4 ~ to find the values of x and y. 

138. Prove that the fraction -h on beIng converted into a 
decimal will continually produce, snccessively in order, the 
digits 0, 1,2 .... 9 inclusive with the exception of 8. 

139. Prove that the roots ofaxz - bx = aZ.7: - ab are rational. 
140. Solve the equation (a + x)(b + x) '" nab. 

141. Find the value of x in the equation 1 + yx " 6x. 

142. Given yx + yx - 1 '" -Ix+! to find x. 
143. Solve with respect to x, y and z the equations 

aZ b" eZ 

x+y+z=;"'y=-;-

144. If a number be multiplied by 4, and the same number 
reversed be multiplied by 5, the sum of the products is exattly 
divisible by 9. 

Prove ,this, and infer the general proposition of which it is a 
particular case. 

145. Simplify (a + b) (b + e) - (a + 1) (c + 1) - (a + e) (b -1). 
146. Find, without actually multiplying, the product of 

(
X'yz ) (XY \ 
-9- -xy + 9 into ~. + 3 ) 

147. Find, without actually dfviding, the quotient of (ax + by)" 
+ (ex + dy)Z + (ay - bx)Z + (ey _ dX)2 by x2 + y". 

148. Extract the square root of a2 (X2+ 4) - 2a (x + 2)+ 4a2x + 1 
by inspection. 

149. Find the G. C. M. of a2 + b2 - c2 + 2ab, and a2 _ b2 _ c2 + 
2be by factoring. 

150. Divide synthetically 4x4 + 5xz + 1 by XS + 2x - 1 obtain­
ing the exact remainder, and also fonr term~ of the remainder 
-expressed in descending powers of x. 

1 
15l. Expand 1 ~ x + x2 in ascending powers of x. 
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152. Simplify (a:b+ a~b) x (a:b - a~b) 
153. Divide (_a __ -b b ) by (-b C _ _ C_) a+e +c +c a+e 
154. Reduce to a siugle fraction in its lowest terms 

. 3(x - 2) , I I I 

(x - 1)(x - 3) - x-I - ~ - 2) - x - 3 

155. Prove that 
(xy + 1 + 2x)(xy + 1 + 2y) + (x - y)2 (x + 1)(y + 1) 

x2y2 + I _ x2 - y2 (x - 1)(y - 1) 

156. Find the conditions necessary in order that the equations 
ax' + bx + c = 0 and a1x' + b1x + c1 = 0 may have 

(I) Onll root common. 
(n) Roots eqnal in magnitude, bnt of contrary signs. 

x + 1 2x - 1 3x + 4 5x - 6 
157. Solve the equation -- _ '-- = --- - --

, 2 3 4 3 

(x - l)(x + 4) (3 + x)(2 - x) 
158. Given (x + 3) = 1 _ x to find the value 

ofx. 
159. Find the valu'e of x in the equa'tion 

1 + 2x 1 + x + .y 1 +2x 

1 - 2x = 1- l' .:. ~1 - 2x 

160. Find x in the equation 
(x - I)' (n - 1)2 + 4n 
(x + 1)2 (n-1)2+ 4n =P. 

and shew that if n be positive and x real, the v/l-Iue of the left 
hand members al wayslies between nand .;; 

16i. Find the .11., G. and H. means between ~ and *. 
162. If H. be the harmonic mean between a and b, prove 

that it'is also the H. mean between (H - a) and (H - b) 
163. Find the 37th term" of the series 6 + 366 + V + &c., and 

also the snm of the sums of the first 31 terms and 42 terms . 
. 164. Find the sum of n terms of the series 3! + 2 + It + &c. 
1651 Find the sum of n terms of the series 1 - 0'4 + 0,·16 .... 

0'64,+ &c., and also the difference between the sum to infinity 
and the Bum to n terms. 
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166. There are p arithmetical series, each continued to n terms; 
their first terms are the natural numbers 1, 2, 3, &c., and their' 
common differences are the successive pdd numbers 1, 3, 5, &c. 
Prove that the sum of all of them is the same as if there were' 
n such series each continued to p terms. 

167. Find the continued product of x-Vxy+y, x+:yxy+y 
lind x" - xy + y2. 

l ~ 

168. Find the value of y (X2 - 3y)2 + X (X2 + 3y)' when x = 5 
and y = 8. . 

169. Extract the 4th root of 16a4 - 96a8b + 216a2b" - 216ab3 + 
81b4 • 

170. If a : b :: e: d shew that 

~ - 2
1
b - 3

1
e + 4

1
d = :d (: - : - ~ + d) 

2x + 3 4x + 5 3x + 3 
Solve the equation --' ~ -- + --- giving the 

x+1 4x+4 3x+l 
171. 

rule and reason for each step of the operation. 
172. 

173. 

Solve with respect.to x the equation 
. 1 111 

-+--=-+-­x x +b a a+b 
a+l. ab+a x+y-l 

When x.= -- and y = --- reduce ----
ab + 1 ab + 1 x + y + 1 

lowest terms. 

to its, 

il'14. Shew that 2(x - y)(x - z) + 2(y - z) (y - x) + 2(z - x) 
(z - y) can be resolved into the sum of three squares. 

175. Divide a4 + b4 - e4 - 2a2b" + 4abe" by (a + b)2 _ e", 
.,1 '16. Find the G. C. M. of X S - 1 and x lO + x 9 + x 8 + 2x7 + .. 

2x4 + 2x8 + x" + x + 1. 

2x + 3 x + 2 x - 7 
177. Reduce --_.- - - ------ to a' 

(x+5)(X+l) x2+1 (X+5)(X-l) 

simple quantity. 

• a+bV~ a-bV~ 
178. Reduce ----==: + ----= to a simple quantity. 

a-bV-l a+bV-1 
179. If four positive quantities be in .11. Progression, the sum' 

of the extremes is equal to the sum of the means; but if in G. 
or H. Progression the former sum is the greater. Required:' 
prQof. 
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180. Shew that in an ascending .11. series if the least term be 
the common differenoe, the sum of (~n • l) terIIlS is n times tll~ 
ifeate~t term. 

. a Va"- x'- x 
l8I. So~ve wlth respect to x the equil-tion - + --' - =: T. 

T X X " 

t ~ 
182. Given 3x + x '" 3104 to find the values of :c, 
183. Find the value of x in the equation 

x+a x-a b+x b-x 
x:-;;: - x + a "- b--':-; - b + x 

184. Given x + V {x2 + V$2 + 96j =: 11 to filld the values or" x. 
185, Find a number of two digits, such that when divided by 

the differenoe of the digits, the quotient is 21 j ,and when divided 
by the sum of the digits and the quotient increased by 11, 
the digits are inverted. 

186. Two horses .11 and B, trot twice round a course two miles 
long. B passes the post the first time 2' before .11, but in the 
second round .11 increases and B slackens his pace by 2 miles 
per hour, and .11 does the round in 2' less than B. Find their 
rates and which horse wins. 

181. With any five consecutive integers, the oontinued Pl'O. 
duct of the first, middle, and last, added to the oubes of the othel' 
two is equal to the product of the middle numher by the Sum of 
the squares of the middle three. Required proof. 

188. Prove that X4+y4+ (x + y)4~ 2(x' + xy+y2)", 
189., Multiply x" + y" + x2y + xy2 by xB - yB - x2y + xyz. 

190. Find the value of ax' - ! X4 when x = (a+b)! ± (a - b)( 
191. Divide ax" + 2exyz + by. + ax2(y + z) + byZ(x, +z) + 

2cxy (x + y) by ; + y + z, synthetically.' . 
192. What is the quotient of X,,2 - 1 divided by xl'\ - 1, 
193. Simplify 1 - {1- (1 -x)} + 2x - (3 - 5x) + 2- (- 4 + 5x). 
194. Express a(b + c)~ + b(e + a)2 + e(a + b)2 - {(a - b)(a - c) 

(bt e) + (b - e)(b - a)(c +~) + (c - a)(o..,. b)(a + b)} in'its sim. 
j?lest form. 
I J9~ Express in the simplest form the sum of 

(b + c- a)x + (c + a- b)y + (a+ b -c)a 
(c + a - b)x + (a + b - c)y + (b + c - a).1I 
(a + b - c)x + (b,+ c - a)y + (c + a - b).1I 

iii . 
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196. Find thEl p~o,duct of (XS + 6x2y + 12a:Y~ + ay.B) by 

(xB - 6x"y + 12xy" - 8y8) also of (a + b ,i"~ 1) (a .:.. b </ "-I). 
197. Find the value of (a+b + e)(b + c- a)(e + a- b)(a+ b -c) 

.A,.l~o the product of (x' + 1 + x"l ) by (x" - 1 + x"l ). 

, 198. Divide (2x' _ 3x.y + 4x2y2 - 5xys + 6y4) by 6x2y2 j and 
MSO (X4 + 4x + 3) by (x" + 2x + 1). 

199. Find by inspection the quotient of (ax - yO) -;. (x! -b) 
and of (XB _ apx· + a"px - as) -;. (x - a). 

200. Find by factoring the G. C. M. of 
, (I) x 2 - 3x - 4, X2 _ 2x - 8 and x· + x - 20. 

(n) 3XB + 4x" - 3x - 4 and 2x4 - 7x2 + 5 
(III) (xm + am)~x" _ a") and (x" + a")(x"J _ am). 

:Z01. Find the l. e. m. of 
(I) x' - ax - 2a2, x 3 + ax' and ax' _/u3 

(II) x· _ x"y _ a2x + a2y and x B + a;>::2 _ xy2 _ ay· 

202. Find the value of 
(a+b_e)2_d2 (b+e-a)2-dz (c+a-b)2-d2 

(a+b)"-(e+d)2 + (b+e)2_(a+d)"+ (c+a)2-(b+d? 

x" + y2 _ Z2+ 2xy 
203. Reduce 2' 2 2 + 2 to its lowest terms ' x - y - z yz . 

.. .' as + a"b a (a - b) 2ab 
204. Slmphfy the expresslOn -2--' - -'--~ _ -'-' 

ab-b~ (a+b)b a"_b2 

205. RednQe (a+ ~_) (a- ~) -;. (a+ x, + a- X) 
a - x, a -1: x a - x a + x 

to a. sUnple qua,ntity. 
. x + 2a x + 2b 4ab 

206. Fmd the value of --' + -- when x=--'-
x - 2a x - 2b a + b 

207. Find by inspection the square roots of 
(1) X4 - 4xB + ax + 4 

(11) 4x4" - 1x'" + ]XE" 

a2, b" e2 a e b 
(m) b2 + '7 + '7 - 2- - 2- + 2-e a c b a 

208. If a2x" + bx + be + b2 be a perfect square shew tha.t 
1 e I 

'iiI-b' 1 
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209. S.olve with respect tD x the equatiDns 
(I) mnx + amn '" n'x + am" 

8·- x 2x - 11 x - 2 
(II) ~ - -;;-:. 3 '", ~ 

210. Find the values .of x iu the. equations 

I '1x~ '" ~(~!) 
() 6!-3x ·3 x-j 

(II) x" - 2ax - 2bx - 3a" + 10ab - 3b2 '" 0 
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211. Fi.nd the values .of x, y and z which satisfy the equations 
x-ay ax+y 

(I) '-b - '" 1 ""-c-

(u)x"-I- xy +y2 '" 3'1 and x + y '" 1. 
212. SDlve the simultaneDus equation 

z (x+ y) '" a2 + b2
; X (y + z) '" b" -I- c'; !f(z + x) '" c".,. a" 

213. 'fhe difi'e~ence between the ages of.l1 and B is twice as 
great as the difference between the ages of Band C, and the 
sum .of the ages of .11 and B is half as much again as the age 
of 0; six years ago It was only one-third more. Find their 
ages. 

214. Sum the fDllDWiug series: 
(I) l! + 3 + 4i tD 12 terms. 

(n) Ij + 2;} + 3-}t to n terms. 
(m) </2 -I- j-/3 + 1</'}, tD infinity. 

," h '11 215. Ifa t .a2 .a3 .... a. '" at t en WI 

a,zn_l 
a j + az + ai + .... a. '" at. ~2~1' Required proof. 

216. Given (x -I- 5)(x + 1) '" 4</2x + 1 (x - 1) to find x. 
217. Find the value of x in the equation 

(3x - 4)(5x - 1)(1 - 2xZ) '" 4. 
218. Find to 411, 41£ -I- I, 411 -I- 2 and 411 + 3 terms the sum .of 

the follDWil!g series .. 
1 -I- 1 + 2 - 2 -I- 3 + 4 + 4 - 8 -I- 5 + 16 -I- &c. 

219. The nnmber of matches in the side Dfa certainl'ectangular 
bui;lCh is> 10 but < 20., while the number in the end is < 10. 

When the digit expressing the number. in th,e end is written to 
the left of thll.expres~io!l fDr the nllmber in the side, the num.ber 
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so formed is to the whole number of matches in the bunch as a 
certain number a is to 2; but if this digit is written to the 
right of the expression for the number in the side, the number 
thus formed is the whole number of matches as a - 10 : 4. 
Also a second bunch similar in form to the first, and con­
taining as many matches in its perimeter as there are matches 
in the first bunch, contains four times as many matches as the 
the first bunch. Find the whole number of matches in the 
bunch. 

220. Shew that, in the preceding problem, if the last condi. 
tion had not been given, the solution found above would have 
been the only integral solution of the problem. 

221. A person travels by railway from Stratford to'Toronto and 
back. In coming down he finds that when he travels by eJl:press he 
is as many hours on the way as his fare is cents per mile, but when 
he travels by the accommodation train he is half as many hour~ 
on the way as there are units in the square of the number of 
cents in his fare per mile, the fare being the same by both trains. 
In returning, the express by which he travels goes slower than 
the eJl:press by which he came down by an average (including 
stoppages in both cases) of as many miles per hour as there are 
cents in his fare per mile, the fare being the same as in coming 
down. He now calculates that if the fare had varied as the 
speed of the trains, he would have gained a cent a mile by taking 
the accommodation train to Toronto-the fare on the express to 
Toronto remaining the same-and in returning he would have 
gained as many cents as there were miles in the average speed 
(including stoppages) of the train. Find the distance from 
Toronto to Stratford, and the fare between them. 

222. Given yx2 + 25 {X2(X2 + 9) (yx2 + 25 - .1) - 45} '= 5X2 + 225 
to find the values of x. 

223. Two persons engage to dig a trench 100 y~s. long for 
$100, but one end being more difficult to dig than the othe!.' 
it is agreed that the one digging the harder end shall receive 
$1'25 per yard, while the other receives but $0'75 per yard, 
At the termination of the job it is found that they e~ch feceive 
$50. How many yds. did each dig? 

Shew algebriiically that tbis problem is impossible. 
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224. A square and a rectangle are (r) equal in area, (II) equal 
ih periine.ter. The number of square inches in the area of the 
square is m· times the number of linear units in its perimeter, and 
the number of square units in the area of the rectangle is 11 

times the number of linear units in its perimeter. Find the 
length of the sides of the rectangle. 

225. Two boys find upon trial that the distances to which 
they can respectively throw a stone are in proportion to their 
ages, and that the throw of the elder is 24 feet longer than that 
of the younger. After the lapse of a year they try again with 
the same stone and find that the elder can throw it but 22 feet 
farther than the younger, and that the gain of each is in the 
same ratio to the age of the other. Also the H. mean between 
their ages at the -Jatter trial is equal to the quotient obtained by 
dividing the length of the longest throw made. by the difference 
between the .11. mean of the 1st throws and that of the 2nd 
tbrows; and iftbe antecedent of the ratio compounded of the ratio 
Of the throw of one to his age in the first instance and the ratio of 
his gain to the age of the otber on the second trial, be multi­
plied by t of the product of their ages on the second trial the 
ratio of which the resulting 'ratio is the duplicate, will be the 
the same as the ratio compounded of the ratio of the throw of 
one to his age at the first trial, and the reciprocal of the ratio of 
his gain to the age of the other at the second trial. Find their 
ages and the distance to which they throw the stone. 



ANSWERS TO EXERCISES. 

EXERCISE IV. 

1. 0 2. 18 3. 14 4. 2 
5. 3 6. 0 7. 48 8. IG 
::I. 48 10. 0 11. 24 12. 2700 

14. 5 < 6 15. each = 0 16. 6>5 17. each = 10 
18. each ~ 2 19. 2 20. 44 2l. 19 
22. - 112 23. -3 24. 22 25. 8 

EXERCISE V. 

I. 43a. 2. - 26ab". 
1. 

3. 19(a + b _ c2 ). 4. 27a(x _ y2) J. 

5.2111,-13;1+23. 6. 16(x+y)+28a-20abc. 
7. 6(a + b)x - 19(c + d)y - 23(d + J)z. 

8. 15a2b3x* + 12a3b2x" - 13a2b*x3 _ I7a3bt.x2. 

EXERCISE VI. 

1. 3a + 3c j a + 3c j 4a + 4b - 7e. 2. 8ab - tay + 13ed. 

3. - a2x~ - 7(a + b) - I 2x;y- 20. 4. 2a - 2b. 
5. 5xy + 14ab + 17. 6. 5 + 8a- 5b +8e. 
7.6ab+6xy-5ed-m+16c-. 8. 17-25m2x+20xy. 

9Jm!fn~. 10. 18,ya-8{f3+1W4 + 6t'a+ 19t'c. 
11. 20xy - 10ay + 2yx + 25{f!/. 

12. 4(ax {- by - cz)i + 12,ylu+n + 16(x _ y). 

EXERCISE VII. 

1. It {- b {- e {- m, ~~ 3p {- x + y. ;" 2. - 3xz -5e" 
3.7e + 4x2 + '2 (x - y). 4. IOx2y - a2b + 7 
5.6a+15b+5ab-3m"n+5x ty. 6.6,yx-5,ya+y+18 
7. 4x' - 2y"+3 y2+2y. 8. 3{fxz+xiJ-yz +mu _7a2y + x 2y_m8• 

'-.' 



E XERCrSE VIIf. 

1. a1y2z - llxy" + llaz2 + 4xy + 20m. 

2. 14a - 14e - 13ya - b2 + 4xy2 + mO. 

3. 2ed - 3(a + b)il/X·~. 
1 J, I 

4. 4(xy + y" - Z3)5 + 14aJ x' - 14ijm. 

5. 16 + 7t.jS - 23y - 9ya - b. 
6. 6m - 2e - lle - 25x + 12y + abcd. 

EXERCISE IX. 

1. 14-m-5c-e. 2.2a-2b-2c. 3. x-'oa-2 
4. S+m. 
7. 2 

5. lla-3e-5d+m. 6.2a·-c"-m". 
S. '5a2+ 7x+3m"+ 2x" 9. sa,2bc - 2m. 
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10. a. + 1 11. a - Sb - 6c. 12. - a -5am ~2c ~l'l 

EXERCISE X. 

1. (a- b) + (c-d) - (e-m) - U+r) - (.'-11) + (w + x) 
2. (a - b + c) - (d + e - m) - (f + r + s) + (11 + w + x) 
3. (a - b + c - d) - (e - m + f + r) - (s - 11 - W - x) 
4. (a- b + .. c.- d - e +m) - Cf+ r+ s- 11 -w -x) 
5. {a-(b - c)}- {d + (e -m)} -{f+(r+ s)}+{ v+ (u. +x)} 
6. {(a-b)+c}-{(d+e)-m}-{(/+r)+s}+{(1I+w)+x} 
7. {a-(b-c+d) j- {e- (m-!-r) }-{s-(v+w+x)} 
S. {(a- b+c)-d}-{Ce-m+t)+r}-{ (s-1I-w)-x} 
9. fa- (b - c) -d}- {e- (m - f) +rJ- {s- (11 +w)-x} 

10. {a - b + c - (d + e - m) } - {f + r + s - (11 + 11' + x)} 
11. {(a - b + ~ - d) - e + 1/l,} - {(f + r + s - v) - W - x} 
12,. {a._,(b - c) - d.,.. (e - m)} - if +(r + s) - 11 - (in + x) I 

EXERJlISE XI. 

1. 3a-3b; 4ait +4b"x - 4~3; 3jh - ~bp2X - 3C7h. 
2. am - b2m + m2p + x" _ 3ax' - bx2 - 3m"x' + bm'x~ +·m~~I. 
a. 7 + ax + say - 4bx + 4xy - ae' -'3c"y- m"l!. 
4. a'm - a"n' - 2acp + 2ac-q - c'm + c·n. . . 

"x' y "c d m 
5.a-b--- _.1- __ -_ , 

ZB z!" z·, z· Z' 
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abc d 
6. 111 .~ - ~ - + - + -. 

xyz xyz xyz xy:::. 
6a, m 3p 

7. amx~axy~a2c-abc+ay--- + -2- - -2-' 
Za-c a-c a-c 

Zc 3m 4p 
8. 3bed - 3abd + 3bfm, ~ 3bfn - 5x' - iix' + 5x 2 

EXERCISE XII. 
i. 5am + (1 + 9a)x + (3 + 15a - Zm)y. 
2. (4 + m)a + (2m + 3a)x + (3x - 4 + m + 3a)y, 
3.5(2a-x-be)+Z(b-Zc)-3m. 
4. (Za + m)x - (3am - Ze + a)xy + (3a - 2em - b - f)y •• 
5. {3(a+ b + c) - (6m - e)a}y - {c + 2(1+3a)m}x-c(2-d)Z. 
6. {1l(a+b)m+3(cy+a)}y-{3(a -b +c)+ 2(a+3)c}xy+ 

3(m + a)c - 2acp. 

EXERCISE XIII. 

1. a4 _ 4a3y+7a2 y2_ 6ay8+2y4 j a' -a4b _ 2a3b2+ 2a2ba+ 2ab4 - b". 
Z. Za3ma + 10a2 m2xy - 3amx2y' _ 9x3y" j 9a4x4 _ 3a'x" _ 3a2x 

- 9a"x 5 + 3ax'" + 3ax'. 
3. a5 + m 5 j 2a4 - 2as:ry - 2a~x + 4a2 y' + 2a 2x2y _ Zaxy2 _ 2axy' 

+ 2y4. 
4. x3 - 7x 2 + 5x + 28 as _ a2 • 

5£,' - 4a"b 2 + 4a2 b3 - 17ab4 _ 12b fi • 

6W~b2 - a 2c2, + 2abc2 _ b2c2. 

7. a 6 - 6a4b2 - 10a3b" - 6a2b4 + b'. 
8. 3x' + 4abx· - 6a2b2x - 4a"b3 ; X4 + XS - 4x 2 + 5x - 3. 
9. x 8 + 2x 6 + 3x4 + Zx 2 + 1. 

10. 6y 6 - 5X2y5 - 6x4y4 + 21x2y3 + x4y2 + 15x4 j a"a" + a"'b'flt 
+ ambn + bm +". 

11. 30a5 - 5a4 _ 207a3 - 178a2 + 78a + 7Z. 
12. a2x' + a( b + c)xy + bey2; a.m +1_ a'" +lb" _ a"'b" - P + a'" +lcP 

+ b2",-p _ bn-pcp• 

13. 'a'" +2 - a'cP + a2q' - a"'m3 + cPm3 - m3q' + a"'Xa_ cpx"+ q'X' 
14. a5 - 2a4x + 3aax2 _ 3a'xa + 2ax4 _ x". 

15. {6ac (2c - m) - 3bc (2c - 12a + 3b - m)- 9b(Za - m)}m 
+ {2am(c + 3b) + 4ac(c- 3b)+ 2bc(C+3b) - bm-(c + 3b)}x. 
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EXERCISE XIV, 

i. 5bc i 6x~y; 3a; - xyz" 

2, - 2bcm; - ax' i 9mxy j 3x lo 

3b'c 17bx 3axy b5 

3 --' ---' --'---. 5xy' 11m' fi:4 , 16x' 

EXERCISE XV, 

3y! 27be 3xy 2m 
1.----+---

c 4x c a; 

3y 11 2x 'ly 
2. - - -- + - --

5a 35xy 5a. 5o.r. 

. 3. 4a2 + m _ 3a + 5mxy 
2 2a 2 

abc a'c' 4ay 5a2 

4. - -- - -- + - + -
4mxy 3mxy 3m 2xy 

EXERCISJi1 XVI. 

1. x - y; a2 + 2ab + b7. 
2. m2 + 2mx + x2 

3. 9x4 - lOx' + 5x~ - 30x 
4. a' + 4ab + b2 ; x'lf + xy + 1 
5. X4 + 2x" + x' - 4x - 11 
6. as _ a4 m. - am4 + m 5 

213 

'1. 1- a + a2 - as + &c. j a + a' + a" + &c. j I - 2'111 + 2m2 - 2m~ 
+ &c.; and 1 - 3x + 7x' - lOx" + 1 'lx4 - &c 

8. 2a2 _ 6am + 4m2 . 

9. 2a3 _ 3ab' + 5b3 

10. a + b + c 
11. 36x3 - 2'lx"y - IGxy' + 12y3 

12. 2an, - 3b 

EXERCISE XVII. 

1. a2 - Gay + 9y2 j 9a2 + 12ax+ 4x' i 9x·y' - 42xy + 49 i 4a2
x4 

~ 12axB + 9x' ; 4a2 + 12a'xy' + g'ttoIlx~y4 
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3. nO _ 9X2; 4a' - 9y' ; 9a 2 b' - x·y' j 4m4 - 9x'y". 
3. 9a' - 4x'y'; 4a' - 49 j 9 -' x'; 4 of 20ay + 25a'ly2; 9a' 

- 24ax'y3 + 16x4y ti. 

4. x'+5x-66j 9a'+9a-IOj x'-i3x+36j x2-4x-2Ij 
x 2 - 3x + 2. 

5. a6+a"x+a4x'+a"x3+a2x4+ax"+x6; a5 -a4x+a"x'-a2x" 
+ax4 _xo ; m4 -m.'a+m'a2 _ma.3+ a4 j c4 + x4 is r:ot div. by 

c + x. (See Theorem XIII.) . 
6. a' 0_ a9 xy+ a' X"y2_ a' x3y" + a6x4y4 _ a5 x 5y"+ a4x"y6 _ aax ' y7 

+ a'x8y' _ ax 9y9 + x' 0y' 0 j a'ms + a'm7r + a6m6r' + a.57/161'" + 
a4 nt4r4 + a"m"r5 + a'm'r6 + amr7 + 1" j a' + m's' is not div. by 
a - ms (see Theorem XI) j (t" + a'y::; + ay2::;' + y3Z3. 

7. x+4j x+Sj 2x-Ij 3a3x-a.'. 

EXERCISE XVIII. 

1. a' - 2ab + b2 - c'; a' - b' + 2bc - c' ; a' - b' - 2bc _ c •. 
2. 16-9p;'+I~ac-4~'; 4a'-x'+6m'x-9-m4 ; 4x"y'-4a' 

+ 12ay - 9y'. 
3. 4a,2 - 12ac + 9c' - 4x' + 12xy - 9y2 j a 2 + 6ad + 9d' _ 4c2 

-16cllt-16m'. 

4. 9a· - 6mn' + m4 - 4 + 4xy - x2y2 j 4a4 - 12a'x' + 9x' _ 1 
_ 2y' _ y4. 

5. 37ab - lOa' - 26b' - 36 
6. 75a' - 12a,xy + 23x 2y' 
7. I_x '2 ' 

S. an- 1 _ X"-l y"-1 

EXERCISE XIX. 
1. (a-m)(a 2 +am+m') 
2. (a + c)(a4 - aSc + a'c' - ac" + c4) 
3. Not resolvable. 

4. (a
s

+b3 )(a3 _b") (a+b) (a-b) (a'-ab+b') (a'.+ab+b') 
5. (a - x) (a' + ax + x') (a 6. + a3x 3 + x6) 
6. Ca -b)(a ' 0 + a9b + a'b2 + a7Q!+ a fi b4 + aobs + a4b6 + aSb' + a2b8 

+ab 9 +b'O 

7. (a';- m'x2)(a + mx)(n - mx) 
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a. (2a + x)(16a4 - Sa"x + 4a2x2_ 2ax" + x 4) 

fl. (9 +'4c2)(3 + 2c)(3 - 2c) 

10. (3m- 2c) (Slm4+ 54m"c + 36in2c' + 24mc"+ 16c4) 

2'75 

11. (a+x) (a 6_·a' x + a4x2 _ a3x3 +a2x 4-ax' + x6)(a14 _ a7 x T + X 14 ) 
12. (a4+m4)(a 16 _a12m4ta8m8 _a4m12+mI6) 

13. (c' + x")(C 16 _ c'x s +XI6) 
. 14. (x2+m2)(x8~x6m2+x4m4_x2m6 +mS)(x20 _xlOm 10 + m 20 ) 

15. (a - c)(a + c)(a2+c2 )(a4 + c4)(a B + c8 ) (a2 + ac + c2
) (a' - ac 

+ c2)~a4 _ a"c2 + c4)(izS _ a4c4 + CS) (a l 6 _ aSc' + Ci6 ) 

16. (a32+ m32)(aG4 _ a32m32 + m 64 ) 

17. (a+c)(a-c)(a2+c2)(a2 _ ac + ·c2)(a2 + ac + c2)(a4 _ a2c2 + c4 ) 

(a6 _a"c3 +c6) (a6+a'c" +cG)(a12_a6c6+ C12) (a IS _ a"c"+c 18 ) 

(alB +a9c9+cl')(a36 _aIBcl' +C36) 
18. (m 16 + c 16)(m32 _m I 6c 16 +c32)(m9 6 _ m He" + c9 6) 

19. (a2 +m')(a12 _a
' 

0m"+ aS m4 _a Rm 6 +a4mS _ a"m 10 + m") 

20. (am - p) (a2m" + amp + p2) (aRm6 + a3mSp' + p6) (a"m l ' + 
a9m9p9 + p18)(a64m64 + a27m27p27 + pH) 

EXERCISE XX. 

1. a - 2x 
2. 14a2 - 43x2 - 4ax 
3. 3y3 + 6y6 + 2y5 - Syx - y2 - 4a,x2 + a2x2 - 3a2x 
4. ac+m+acxP+Q_amx1n-p_xm+Q 

an - () x5 + xn 
5. a"-1_a"-2 x + a"-"x2 _a"-4 x' + a"- 6 X 4_ --a-~-

6. (x - 17)(x + 3) 
7. 1 + 1 + 1 + 1 + 1 + &c., to infinity, =cc 
S. (a - x)(a + x) (a" + ax 1- x 2) (a" - ax 1- x 2

) (a 6 .J;.aBx' + X s) 
(a 6 _aax' + x 6) . 

9. x 2m"(a'x - 2p)" 

. 10. - 89! 
11. x 6 - 2x" 1- 1 and a6 - 4aBb2 - Sa"b3 

- 17ab4 - 12b5 

12. x 2 - ax + b 
13, (liB2+mB2)(a 16 + mf6 )(aB +mB)(a4 + m4)(a2+ m2)(a+m') (a - m) 
14. 'U44 - c« 15, -t 16. 2a(a' + 3h2) 17. 2a(a '-m) 
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1. 6ab~m 
2. 3a'm" 
3. xy 

1. x + 2 
2. x - 2 
3. a - x 
4. x + 4 

EXERCISE XXI. 
4. x + 2 
5. a2(a - x) 
6. m"(a2 

- m") 

EXERCISE xxn. 
5. 0,- 2b 
6. a - b 
'1. 5x" -3x+ 4 
8. ab - by 

EXERCISE XXIII. 

'1. x - 'i 
8.' a2(x - 1) 
9. x-I 

9. 0,-2 
10. 4(a-b)2 
11. a" +0, 2 -5a + 3 
12. aZ + 2ab - 2b 2 

1. 12 a"b2x2y' 
2. 12o,2x 2y'z' 

6. 360," _36a6 b - 36o,b 6 + 36b' 
'1. x" - lOx' + 21x 

3. (X3 _ x"y _ xy + y")' 
4. xfi+X" y+ x 4Y'_x'y4_x y"_y6 
5. 4x'< _4x4 _4x"+4x2 

8. 0,4 _ 0,3 _ ax" + x 8 

9. 0,4 -100,3+ 35a'-50a + 24 
10. 60(a 'O +a9 b - a 8 b2 _ 2a. 7 b"_ 

2a6b4+ 2a4b6 + 2a3b7 + a.2b8 

_ab 9 _b LO ) 

EXERCISE XXIV. 
a-b 

1.--
x-y 
2a+m.- 7n" 

2. 
3a2 + m 

c 
3. -

n 
a"b 

4.­
x 

a2 -ab+b" 
9. a-v 

a-a 
10. 0,2 + ab + b" 

a" + b" 
11. as _ b" 

1 
ac' 0,2 + m" 5. ~ 13. ~ 

axy· 7 
6. a2x7TI+o,y+x'y2z• 14. U 

.3 - 5x x - 4 '1.-- 15.--x x + 3 
1 

8. a+m 
2x + 3 

16.~ 

x + 2y + 3y' 
1 '1. 2x"-3xy-5y' 

a-b 
18. a2+ ab + b" 

c+d 
20. 'In + 2p 

, x + a 21. ._-­
x+c 
2X2 + 3x - 5 

22. '1x _ 5 

a+'In 
23. x'- a2 + 2a1n _ m'). 

0,8 _ a4x4 + x 8 
24. aJ ti_a1'x4+a8x8_ a4x12+x I6 



ANSWERS TO EXERCISES. 

EXEROISE XXV. 
2a"x2 _ axy + 3 - 2a 2xy(z + m) 

1. ax 6. z + 2m 

a" + 1 2b(3a2 + b2) 
2. a-I 7. a + b 

3ax + 9a - yx - 3y - 3a2 + 30 
3. x + 3 

3ax _ 3ay _ 2a _ y2 
4. -----='------='­

x-y 

3a2x ~ ay' - 2xy2 + am + mx 
5. a + x . 

EXERCISE XXVI. 

2m2 
8. a} + In" 

2ax 
9. a2 + x2 • 
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1 
1. Mil, - 4 + 5m 

3 
4.5m2+5mp+ 5p2+-m.:p 

2X2 
2. a + x + a-x 

y"(l+Y) 
3. X+y+x2_xy+y2_ --­

x+y 

1 
5. a-b 

b(4a+1} 
6. 1 + 5a - ----m+b 

EXERCISE XXVII. 

aedm b2dm bc2m bedx 
1 --' --' --'--

· bedm ' bedm ' bcdm' bednt 

xy . am by 
2------

· mxy' =y' mxy' 

8bxy 3a2xy 6abm 
3 --- ----

• 12abxy' 12abxy' 12abxy 

(1+~)2 (1_m)2, 
4. 1 _ m2 ' 1 _ m' 

x(x. - y2) X + y 
5. x(x2 + y2)' X(X2 + y2) 

6x2 + 6xy 8x + 2y 2x2 - 5xy + 3y' 
6, 2(x2':'y2)' 2(x2_y2)' ~2_y2) 

IBa"m 16a2- 4a'x' . 6m i" 3mJ: 

7, 6a2m(2 +x)' 6a2m(2+x)' 6a2m(2 + x) 



278 ANSWERS TO EXERCISES. 

3ux' - 3a 4x" - 4x 3x2 + 3 3x" + 2X2 - 3x - 2 
S. 3(X2 _ 1)' 3(x2-1)' 3(x2-1) and 3(x~ ~ 1) 

6ILa - 6a2b 2a a - b 
9. 6a"(a2 _ b2)' 6a"(a~ _ b2)' and 6a"(a2 _ 62) 

EXERCISE XXVIII. 
4am+3m- 2bc 

1. --2b:;;-- 6. 0 11. 0 

x2y+ 3xy + 2a~ 2b 
2 ---"---

m2 _ 2mp_p2 2ac - 2bc 
7 12 ----. xy 2 .r3y2 . m2_p" • ab+bc+uc+b2 

4ab 14-12a 14x - 20,x8 
3. b2 _ a2 8. 1- 4a2 13. 1 _ 5xz + 4x4 

332x + 63x 2 1 
4. ------ti-- 9. 2+-;; 

x3+ xy2 + y3 
5. (X+y)3 

2x 
10. T 

2. 2 

2a- 2b 
3.--

3y 

3x"- 3 
4.' 2a+2b 

a(a-b) 
5. --­

x 

1. Y2 
X 

a+x 
2.--

a-x 

EXERCISE XXIX. 

a"+a2m+am2 +m" 
6. -

my 

4ax - 4x" 
7. --3--' 

x 2 _ 11x + 28 
8. --,x8--

am 
9. f"y16 

10. 
(a - 2)2 

2a 

EXEROISE XXX. 
a-b 

3. a + b 

4. 3a'ly - 6a'+ 3axy - 6ax 

14. abc 

x+a 
11. x + d 

x2+4x-21 
12. :;;2-19x + 88 

a4 +a2 +1 
13. --,.-

a" 

14. 1 . 

x-3 
5. x _ 7 

6. 1 
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'1, 1 

~ 511, - 56 
1 ----

• 1011, -t{ 9b 

7a- 2x 
2. -2-1-

ax, 
3.-'-'-' 

11,+ 2x 

63 - 36x 

311,3 - 311, 
8, x 2_1 9. 1 

EXERCISE XXXI. 

45 -18x+ 1811, 

5. 20a+20x-12 

4a 

6. 1 + 411,2 

'1. - a 

4. 30x-lO 8. a 

EXERCISE XXXII. 

1. 4}<j 8. 41 11>. 8 
2.. 5 9. 3 16. 9 
3. 105 10. 17Nr 17. 120 
4.2-h 11. 9 18. - 10 

5. 19 12. 4 19. 4 

c. 7 13. 5 20. 15 

I 
9. -----.---.-­x-y 

df+ c 
10.~ 

1 + 4m2 

11. 4m 3 _m 

22. 80 
23. 4 
24. 0 
25. 4 

c-b 
26. --

a 

3b(b+c). 
2.7. ~--

. 1111, 
.11,- b2 

2.79 

7. 16} 14. 12 21. 8 28.---
8b- 311,- 6 

611,2 

29. 4a3b+2a-ab-b2 

bdf 
31. bd+ ai"+"br: 

b2+ 19ab-4a2 

34.-----
2a+8b-2 

37.4Nf 

180 + 39b - 35e 
40. --' -'----, . 72(6 

20ab + b¥e + 5ae - 15abe 
30. --15b+abc-l0e--

lOa - 4ab2 be(b - a) 
32. 3'b+~ 33. ab_a2_b2 

a 
35. 2(2b =1) 

29711, 
38. 650 _ 9911, . 

3ab - ae,- a2b2 

ab 
36. -b ,11,+ 

39. t 

41 -----­
• a,2+3ab-b 2 -e-a 
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EXERCISE XXXIII. 
1. 30 j 1'1 5. 12 j 18 j 24 9. 56 
2. 21 j 42 6. $560 10. 14 

3. $52'50 7. 30 11. 26 

4. 64 8. 163 12. 102 
11. 26t miles 18. 134H hours 
20. A = $2542 j B = $2422 j C = $~436 
21. Music $0'55"b:f j drawing $0'32+ 

13. 14 
14. 23 
15. 38H 
16. $3 j 12, '{ 

19. 1803 j 1689 

22. 10 vol. Science j 210 vol. Travels j 210 vol. Biography j 
315 vol. History j 630 vol. General Literature. 

23. Niagara river, 34t miles j Rideau canal, 130t miles. 
24. 2~~ days. 

n+a-c n-a+c 
25. --- and ---

:l 2 
26. (1) 1 h. 5l'r m. j (u) 12 h. 32ls! m.; (Ill) 12 h. 16"jir m. 
21. $155 and $220 
28. 19H days. 
29. A, $3594-50 j B, $1055'5'I-~; C, $1195'03; D, $743'89f 
30. 9}ir days. 31. 68 
32. $8142'85t 33. 72 lbs. 

abn 
34. $11100 35. b _ a feet. 

36. ll·times, viz.: 1 h. 5,!i,m.j 2 h. 10H- m.; 3 h. 161"'1' m.; &c. 
3'1. 90}o and 5'lo 
38. A's = $808'42l-"j B's = $538'94H; C's = $1212.63l!i 
39,. 820 miles; 15 m. per h. down j 10 m. and 12 m. per h. up. 
40. 5 j $9000 41. 18 
42 . .A's = $65,{'14~; B's $131'4:!¥- j C's = $'111'42~ 

na ma 
43. 2575 44. m + nand m + n 45. 15 and 45 

a na ma 
46.36 weeks.' 4'1. ---- j----. and ---_ 

1+11~+n 1+1n+n' l+m+n 
anq amq anp' 

48. nq + mq + np; nq+mq+ np and -;q+ mq + np 49. 189 

1. x=2; y=3 
4. x=4; y='lO 

EXERCISE XXXIV. 
2. x = 5 j Y = 6 
5. x = 7 j '!I:;;; 3 

3. x =,20i j y = 5~ 

6. x = 24 i '!I = SQ 
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7. x = 2tH ; y = 3N" B. x = 12; y = 0 9. x = 3; 11 = 5 
. 2a + 3b 5a ~ 2b 

.10. x=19- i Y = -1-9-
an .,..bm 4m-3n 

11. x = 4a _ 3b ; 11 = ~ 

2ac - b2 ac - 2b2 

12. x = 3aiJ } Y = ----aa!J 
a2 +b b-a' 

13. x=2/L; '!I = ~ 
ame(a + e + m) aem.(2e - m) 

14. x = me + ma _ ae + c2; Y = em + am _ ae + e' 

mq+ bn bn +mq 
15. x = aq + bn; Y = ab _ bm 

16. x = B ; Y = 3 . 
17. x =,B; Y = 9 

a(e2p _ a2 _ c2) e(a2p _ c2 _ a2) 

lB. x= c2-a" ; Y = ~~ 
19. x = 9 ; Y'" 7 

ab ab 
20.x=~;y",~ 

EXERCISE XXXV. 

1. x=l1j y=2; .1:=3 

3. x = 1; Y" 2 ; z = - 3 
5. x'= li!;Y = -2 j z'=2; v=-I~ 
7. x = I}; Y =,4; z= ~ 

2. x'" 2 ; Y" 0; z =: 3 
4. x = 4; Y = 1; z =: - 2 
.6. X" 2; Y -: 3 j z:: 4 

5m+16n-3b 
8. x - 76 ; Y'" 

lIb + '1m~Bn 
'16 

CS _ b2c + a2b 2bc _ aZ 

.9. x =ab2 + ac'---; .y:: b2 + c" z = 

10. V" 2; x :: 5 ; Y = 6 j z:: 10 

23b + 4n - 13m 
z = 76 

ab" + ac" 

11. x:;:b+c-aj y=a+c:...b; z=:a+b-c 
·,ap.-am+an-m am-n+ap-an mn-cip+an-p 

12. x=: 20" _ a-I ; y = 2a" _ a-I ; %.= 2a2 - a-I -

-"--

EXE1WISE XXXVI. 
1. 4 and 2 

ac ab 
~. i/+Cand b + c' 
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3. $15 and $0'40 
4. 1251D.[ yds. long and 401~ yds. wide. 
5. 12 and 15 
6. 84 and 60 
'1. 32 and 16 
8. - 7 j - i and - 5~ 
9. 380 sulphur j 620 charcoal i and 3000 saltpetre. 

10. 16 j 24 j and 32 
11. 40H shillings, or 44! ten cent pieces. 
12. 29 lines and 32 letters. 13. 78 
14. 116 ten and 280 twenty-five cent pieces. 

c 
15. (a _ 1)(b - d) 

16. 5 inside and 9 outside passengers j $41 and $21 
17.36 18.432 

(e-a)p (a-b)p 
19. ~b and --;;:b 
20. $81, $41, $11, $21, $11 and $6 

EXERCISE XXXVII. 

1. BaG j 9a2b6 j 16m4 j 3ab2e" j 1 j 1; 3a2xy" 
2. al2 ; _128a14b'el4 j -iasb3e9; ~x'y6j _32m5x 10 y 15 
3. 1 j a8x lB y24za2 j 27a8y 9 j - 27a3 y 9 j 81a4yl2 j 81a4y12 

EXERCISE XXXVIII. 

i. a 9 - 9asb + 36a'b" - 84a6 b"3 + 126a6 b4 - 126a4b6 + 84asb6 

-36a2b' +9ab 8 _b 9 

2. c4 + 4e3x + 6e2x' + 4cxa + x4 
3'. x lO -10x9 y + 45x 8y"-120x' y3 + 210x6 y4 - 252x5y5 + 210x4y6 

_ 120x.y' + 45x'y8 _ 10xy 9 + yl 0 

4. all + Ual om + 55all.m2 + 165a8m" + 330a7m4 + 462a6m5 + 
462a'm6 + 330a4m" + 165a8

nL
8 + 55a'm9 + 11am] ° + mll 

5. 16 - 32a + 24a2 - 8aB + a4 

6. x· - 15x4 + 90x3 - 270x" + 405x '';'' 243 

7. 64a6 + 576a5 + 2160a4 + 4320a8 + 4860a" + 2916a + 729 
'8. 243 - 810m + l080m" - 720m" + 240m4 - 32'm6 
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9. 243a6 
- 810a4y + 1080a3y" - 720a2y3 + 240ay4 - 32y" 

10. Sbs - 60b2c + 150bcZ - 125c' 

11. SIx4 - 432x3y + SS4x"y' - 7S8xy3 + 256y{ 

12. a'b" + 15a4b4c + 90a3b3c' + 270a2bZc" + 405abc4 + 243c· 
i3. Sa3c3 _ 12a2c"X1Jz + SacX"y2Z ' _ X3Y'Z3 
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14. as + 3a2b + 3ab2 + bS - 3a'c _ 6abc _ 3b'c + 3ac' + 3bc' - c3 

15. lSa4 - 32a3b - 32a3c + 24a2b' + 4Sa"bc + 24a"c2 
- 8ab" - 24ab'c 

.;. 24abc' - 8ac. + b4 + 4b3c + Sb"e" + 4bc' + c4 

IS. 32a" + lS0a4b + 320a3b' + 320a"b" + IS0ab4 + 32b" - 240a4c 

:. 960a3bc - 1440a2b"c - 9S0ab3c - 240b4c + '720a3c" + 21S0a.2bc" 

+ 21S0ab"c' + 720b3c" - 10S0a"c. - 21S0abc3 - 10SOb2c3 + SlOac4 

+ 810bc4 - 243c· 

1'7. 1 + 4x + 2x'- 8x3 - 5X4+ 8X5 + 2x6 - 4x' + x' 
IS. a5 - 5a4b + 10a3b" _ 10a'b3 + 5ab4 - b5 + IOa4c - 40a3bc 

+ 60a"b'c - 40ab3c + 10b4c + 40a'c" - 120a2bc' + 120ab2c2 
- 40b3c2 

+ SOaae" - lS0abc" + SOb"c3 + 80ac'" - 80bc4 + 32c· 

EXERCISE XXXIX. 

1. 4'+ 2x - ll~x' - 3x' + 9x4 

2. x' + 2x3 _ x4 - 2x' + x 6 

3. 4x' - 12x" + '7x4 + 3x· + ;lx 6 

4. 1 - a + 4!a2 - 4aB + 5a4 _ 4a6 + a B 

5. 1 + 2x - 2x3 + 1cX4 + ~X5 - jx6 - x' + x' 

6. 4a2 ":' 4a"x + 9a'x2 
- 4a2x" + 4a2x 4 

7. _1 + 2bx + (b2_ 2C)"X2 - 2bcx' + C2X4 

S. a2 _ 2abx _ (2ac - b2)x' + (2ad + 2bc)xS- (2bd - C2)X4 - 2cdxG 

+ d"x 6 

9. 1 ~.2a+ a2 + 2b2x2(1_ a) - 2c3x'(1 - a) + (2d4- 2ad4 +b4)x4 
~ 2b2e"x. + (2b 2d4 + c6)i.6 _ 2c3d4x 7 + d"x· 

10. a6 +.6a6 b + 15a4b2 + 20a3b" + 15a"b4 + Sab G + b6 

11. a" ~ S~, c + 2Sa Bc2 - 56a5 c" + '70a4c4 - 5Sa"c" + 28a2cB - Sac' 

+ c" 
i2. a4x4 - 8a"x' + 24a"x' - 32ax + 16 
13.4 _ 12x + 25x' - 26x. + li}x4 - 6x. + -Mx6 - !x' + ~X8 
14. 1 - 4x + 2X2 + 8x' - 9x4 + 6x B - 4x' + x 8 
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EXERCISI!I XL. 

1. ± a"; ± xy; ± 2am"; ± Sa; :!- lla"y4 
2. - 3a; 4a"yS; 5ax" ; - 2a"y4z. 

4a 12x2y9 Su4 

3. ± 5b" ; .; ± ~; ± 25mx 

4a4y' 2a8x 6y4 7abs 

4.~;~; - 4m'y7 

2a 2a'x4 3m'x" a"m" 
5. tv; 3y-; ±~; - X4y6 

EXI!IROISI!I XLI. 
1. 2a+3b; a-2x; 2ax-7c 9. a" - 4ac + 4c" 
2. 3am + 5xy j 4ax' - b"cS 10. 1 - Y + 3y2 + 2y3 

3. 2x' + 3x - 1 11. 2a' + 3ax + x 2 

4. :1'" _ y" - 1 12. x' + y" 
5. a + b - c 13. a" - b' + c' - d2 

6. 3a" + 2a + 5 14. 1 - !x + x' - tX' 
'1. a+b+c+d 

x y 

S. XS _ 3x'y + 3xy' - if 
15. !x· + - -­

y x 

EXEROISI!I XLII. 
1. 2x + 3 4. a" - 2a + 1 7. x' - x + 1 
2. a' + 2a - 4 5. 2ax - 7bx" S. a + b + c + d + e 
3. 1 - 2a 6. 2X2 - 3ax + 4a' 

EXI!IRCISI!I XLIII. 

2. ~a; '}jQ2; J,;?; "Fibs j 9jabc ; 'VUJ53; */(a6 o'JC7; '}j(a-'59m7>"; 

Y'Wu7{jfi2 J(Ycr')r 

3. 2ab- l m- l
; 2a- l ; 3am- l i m2a- l e-'; ~ab1n-lc-3; Satr. 1; 

_7 ! i -t -~ -t -f,- ( ') t 1 • 3a i em; a b' c m 2 or ab"cin4 - ; a' m - 2 or 

(am - 1)! 

.. See Art. 142. 
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4 5 

C
S -~ 

7. ~j a 

8. a17 b" 6c' 
9. XmtT(1-Q;+s(nt+ pr) y4r';Q -1) - 1(4" + 78; 

10. a2 _ 4a~b! + 6ab _ 4a! b~+b 2 

11. al + a~xj +x1 
, at 1 _1 .l ,) _3 5:!. _1 ~ 
12. 8xZ_4x~y1+6x·y·za+2y-lz·_y 2_2x z3_V'za 

13. 2£4!/,,1 _ 3£6 

14. aL atb-t + a~b-! - b-~ 

15. x-} - x-}+I-xs+ xi 

16. a3 _ 2a% +3a2 _ 3a+ 2a! + 3 -6a-! + a-1 + 4u -~ - u-"- 2u-~ + a-s 

11. a! + 1 - a-! 

~ J- -!-~ 18. x, - 2x + a - 2x + x . 

19. x-C:!y _ x~y 1 

20. x§ .". 2X!Y~ + 3yt 

EXEROISI!l XLIV. 

l~ t!j 3~3~; l6t ; (~-}~-; U6;Y; 9a; C6)A 
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2. (a~)ij 9~j (8:)ij(4aZ)lj(9aib~y~j (16X4,y6)~j (~3 )-! 
( 1 ) _t (8) -} (1 ) -} ( 1 ) -~ ( I ) -! 

2"7 "j 729 ; 8iL3 j 27a6b' j 64a fi y9 ; 

J "l (6561)l J" t 1. (ai )'; (81)4 j -fti 4 j (16a4 )4 j (81a 8b4)4 a,nd (256x 8y12)4 

(
1 )-! (1 )-! ( I )-! ( I )-! (25 )-! 

3. a4 ; 3" ;" 4£.4b6 ; aZc4- j 484 ; 

(81) . -- >!. -,-' . (a 6)". (,/27)' 3, (8a 6b9 )3. 1 (117649) '" ( z6 )-} J - 1 1. 
'4096 'X"y4 , ,'V, , 

86 t. (10648)~". (_1 )t.(~6~~4~)L (X3y6)t 
(u c), 125 '729 '40353607 ' z9 

4 ,'48' ./125' "124' ·'I6a -"",_3 _ __ _ _ (3)' (bZ)l 
• 'V ,'V , 'V "V'S 'Sai 

2 - a 1 _ 4 - 3a_ 
5. 9'y3ab; 2b Kj6; 3" y14; ~~20; 4;b~4b 

, 
am( m8 _ a" + a311~3) l 

b c'm 
S. 6«(H x) y!6a(a +x)}; bn yn; a.J\j(a'l'x) 

oZ( a Z)2 
~ - J!j !(b + z)(c + z)HJ 

c+z , 

9. 3~3 is the greater; 2yU is the greatest, and 3~2t" the 
~e~st. 

10. 50y2; 4y3 + 2Y15. 
c4 _ 

11. 8y7 - ~3 j (3ab 2 +2az-7J)-/ac 

12. (ZuJ'bn + 3a3-"b - c2)JVa8b5 

13. 15y42 j 60y2 j 70y15 j 24{fi2"i50 

14. 4{f32; 28at'a; 2t'~94;4 j 7.yT5-
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,- . n·~ ~ 
1~. xy (a6b4cBx 6y4Z 3) j x + y 

Iii· 4'1/'6 + 6'1/'14 - 16;/15 - 12'1/'35; 3.y30 + '1/'6 - 24-H'I/'5 

17.1'1/'6; -1.'1/'14 j 1'1/'10 j 'ld130 

-- ---4-
18. f.t!64827 j 13o{l2000; ;W96; 3ax 'l/'a·x· 
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-- -_ 1 
19. 10; 2t'3 - 11 '{/5038848 + '{/964467; a {/(a3bn-3 cnt1d) 

20. - 29; 1 ; - 42 ; 2.h; - n"OiT 

21. lY (4'1/'5 _ 2'1/'3); 2'1/'10 + 6'1/'3 + 2'1/'15 + 9'1/'2 ; ; 
-34 

14'1/'6 + 8'1/'21 + 7'1/'22 + 4'1/' 7'i 
-28 

22. 3'1/' 3 + 3'1/'x . a - 2 'l/'am +m 30'1/'2 + 24 '1/'15 + 30'1/'3 + 36'1/'10 
3-x '~-m--j -19 

.23. x' - 'l/'X4- x' - 2x - 1 

x+l 

~4. 2'1/'3 + '1/'30 ...: 3'1/'2 . 26'1/'3 - 27'1/'6 + 51.y5 - 136 
12 ' 92 

136 - 3'1/'3 + 25'1/'6 - 14'1/'2 
-~---

EXERCISE XL V. 

1. 1 +'1/'5 5. '1/'6 - 2 9. 'l/'a-l - 1 

2. '1/'7-'1/'5 6.2'1/'7+'1/'14 10. ,'I/'a+b+'I/'a-b 

o~. !'I/'i26 + ~.y2 7.~ ('I/'6+.y2) 11. +('1/'26+'1/'3) 

4 . ..;2:2-1 

EXEROlSE XL VI. 
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EXERCISE XL VII. 

1. 8y-3; 2a+(yb+yc)y~ 9.-4Y~-10Y2 

2. (.Y5:+ y'l + yu) y-l 10."j 3 - y-::5 
3. 3+y-2. 
4. 50 
Ii. -29- 6y6 

6. Hy2 - y~5) 

11. ~y2 + f/.::2; SY2-!"j-'i. 
12. 'l+3"j~ 
13. 1+ Ii - 2 

14. 2 - "j::3 
1. - a1'I:Jy":' 1; + 1 j y-::I ; - 1 

8. a2 
- 2a y::-a - a 

15. a~ + b" 

1. 4 

2. 6 

3. 49 
ya 

4. 2 + ya 

I Ii. 21 
a 

6. (ya _ 1)2 

1·Hy-T 

EXERCISE XL VIII. 
8. 4 15. 81 

a(b + c) 
9 ~ 16. ~ 

.fa 
10. ~2 +-4 

b2 _4a 
11. -4lt 

a2 _ 2ab 
.12. 3a _ 2b 

a2b' 
13. (a- b)2 

(a - 1)2 
14. 2a _ 1 

17. i~ 

(c. + b - a)2 
18. 2c - b 

19. 2a 

a (m' + 1) 
20.---

2m 

EXERCISE XLIX. 
- 2a .1_ 

1. ± 3 6. ± 5y - 1 11. ± 51)" "V J 

2. H 7. ± 2 12. +(d-b-l)!-
- 3a - c 

3.±3 8.±6. 130 ±(;2;a:) 4 

4. ± i 9 ±3</a2+1 14. ± (c -1) b 
y2c -1 

Ii. ± 2 10. ± </2;'b - b" Hi. ± 9V2 

~6. ± V a-2-_-("b" -;~b 2a) a 



r. 5 or - 9 
2. 9 or - 1 

3.10or-2 
4. 3 or - 15 

ANSWERS TO EXERCISES. 

EXERCISE L. 

8. 10 or - 8 16. 15 or - 14 
9.1±y'l-a2 11.1or-12 

10. 7or-7t 18. 0 or ± 2'11'15 - 8 
I 1. 4 or - It 19. 1 or - .JI 

289 

5. 5 or - 5 j ./b+c (b+Cj" b+c 
12.4 or 3 20. tv ---+ --- ---

- / - a 2/ - 2a, 2f - 2a 
6. 3 or 1~ 13. 3 or t 21. m or - a 

7. 47 or t d b a + b t y'2'--('--U';;-2 -+--;-b2"") 
14. - or - - 22. __ -----';='--__ 

C a y'ab 

15. 40r 1 or i (-3 ±y'-:::7) orO. 

I. 5 or - 5:t 
2. 15 or -14 

3. 5 or - 4! 

4. 25 or 1 

5 '1 or - '1t 

EXERCISE LI. 

6; H or - 3} 11. ± y'9u2 + b2 
- 3a 

7. 1 or -lr 12. 3 or - 8-?o 

c b 
8. -or-­

a a 

y'mn y'mn 
9. i (4 ±y'61) 14. y'm _ y'n or y'm + y'n 

1 2 
10. 2 _ '11'3 or y'3-::::Z 15. i (a ± y'a2 

- 4) 

16. 2 or - 2/3' 

EXERCISE LII. 

1. ;£. + 9x + 14 = 0 
2. ;£4 _ 3xB _ 6x· + 8x = 0 

3. ;r;" -13;£·+ 3'6x = 0 
4. x 6 _ 6x· - 22x4 + 174x· -103x2 - 600x + 700 = 0 
5. x 6 _ 20x6 + 154x4 _ 590x8 + 1189x' - 1190x + 456 = 0 

6. x 6 - 14x· + '16x4 - 206x· + ,283x2 
- 140x = O. 

7.H3±y'-15) 10.0or2±y'-1 

8. 3 or - 1 11. 0 or 5 or - 2 

P, -lO ± 6'1 - 5 12. 0 Of 2 or - l 
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13.e=2. 14. ex" + bx +a:..O 
---- p ----

15. p2 _ 2q j p2 _ 4q; t p (yp 2 _ 4q) j _ q j (p2 - q) yp. - 4q 

EXERCISE LUI. 

1. 64 or 4 

3. ± 2 or ± ';10 

5. 10 or - 2 

7. 3 or ~ - 19 
9. 2 or - 3 

11. 60 or 235 

13. 1, 0 or ±.;--:::1 
15. 3 or ± y----::S 

17. 1, 1 or - 2 

2. Bl or 1 

4. 9 or ~ 16Bl 

6. ± 4 or ± ~y-6i 
B. 4 or - 1 

10. 4 or 7} 
12. 4 or 1 

14. 5 or - 2-h 
16. 3 or 2 

e ./e2 _ 4b2 

lB. ±""2 V c2 _ a2 

19. t (b ±yb2 _ 2ab) 20.4 or - 5 

21. ±y~j-lj±YH1±y-3)j 1; {(l±y-=--3)j H-l±y:S) 
22. 3, 2, or 1 23. 0 or 2 ± y3 

c8 _ ab 
24. 4, 5 or - 1 25. a+b - 2c 

26. l~, 1, or 2 27. Wb - ~a)8 

2B. 2, i, or k (9 ± If - 31) 29. 4,9, or! (- 33 + Y -67) 

30.1 ± V ±is 1 - -- 1 
31. ± -a{(Vl+a2-1)(yl-a2+l)} 

32. 6, - 1, or ~ (5 ± 3 Y - 3) 

33. ±y~~ - b±V -Ba'+2b2-4aCt2by'8a2+bC"4ac 

4a 

34. ± a y ~ (1 ± y5) 

35. %, T ~ .; 2 or - B ± a y-'::4 
3a - 1 

36. ±--=== 
. y(l-a)(Va-U 



ANSWERS TO EXERCISES. 

31. t (5 ± ";17) or H5 ± ";-::-'1) 

38. i(9 ± V 21 ± 2"; - 35) Of t (9 ± V 15 ± 2";253») 

39. ±,,; - 1 

<100. 18 ± ~ {v'-=3 t V 51 ± ~ ,,;-:'a} 
<101. -J-. (7±</-47) 

_ a - 2 +,,;~. 
42. ± a-~";bc, - a, or2" (3 ±V 5) 411. -~ or 2--

. 44. HI ±,,; -19) or HI ±,,; -11) 

<105. ± V 3a ±a"; a" + 2a + 9 where a = ";3 - '1/5 

EJrEIIOJSE LIV. 

1.x=7iy=2 
2. x = 13 i Y = 8 
3. x = 5 or 4 i Y = 4 or 5 
<10. x = 8 or 7 ; Y = - 1 or - 8 
5. x = ± 5 or ± 8 i Y =, ± 8 or ± 5 

6. x = ± 8 or t 3 ,,;.:Ii Y = ± 3 or ± B.y-=! 
7. x = 12!;; or 10 i Y = - i~:r or 4 
8.x = 1 or - 'f a i Y = 4 or - 5 r~ 
9. x = 11 or H; Y = 131:f or - 3 

10, x = 11 or.,. 1 ; Y = 1 or ,... il 
11. x = 2 i Y = 2 
12. x = 256 or 1 i Y = 1 or 256 
13. x = .2 or - 46 i Y = 3 or 15 . 

it. x = 5 or - 9! i Y =.3 or - 6! 
15. x = 5 or Ii Y = 3 or - ~ 

16. x = 2, 4, or 3 +..;2i. i Y = 4, 2, or 3 ± ,,; 2~ 
17. x=50r1i

7
6 ; l/=30r-l~ 

18. x = ± 7 or :p.~L ";2 i Y = ± 4 or t ~ ,,;~ 
19. x = ± 6 i Y = ± 5 
~O~ x = 4 Of 8 i¥ = 8 qr 4 

291 
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21. x=30rlor2i</-=-33; y=lor30r2t</-=-i3 
22. x = 2 or 5; Y = 5 or 2. 

23. x = 3 or - 2 or ~ (1 i V=3i); y '- 2 or - 3 or ~ ( - 1 ± V-3l ) 

24. x = 3 or 4; Y = 4 or 3. 

25. x = 2 or 4 or i- ( - 13 f v3i'i); y = 4 or 2 or H - 13 i V377) 

26. x = i 6; y = ± 4. 
21. x = 3 or -It; y = 6 or 4g 

28. x = 1~( 1 ± V- 3) or ~ (1 i !...j3) ; y = ~ (1 + ";3) 

or ~ (1 t ;l- V3 ) 

29. x = i 3 or t 8; y = ± 5 
30. x = ± 2 or ± 3; y = ± 3 or ± 2 

31. x = ± 6; t 4-,83 ; ± 18V 3; or t 60</ 3; y = ± 3 or ± 39</3 
32. x = 5; Y = 7. 
33. x", 8 or 152 t 64 V6 ; Y = 4 or 40 + 16 y" 
34. x 7' ± 3 or ± H7 + </23) or ± H2 + .)22); Y " ± 2 or 

± ~(1- </-23) or ± H</22 - 2) 

35. x = i (19 ± vlo5) or H -13 i</ - 87); Y =i(3±v 105) 

or ~(3 ± V - 87.) 
36. x = 1 orH!4; y = 0 or -H/4 

37. x = ± V =-1 or ± H </3 + J!ja + </ 1}3 - 1 J; y = ± V =-i or 

± ! {~3 + aJ!j9 + </3J!j9 - I} 

38. x=4,-2,orl±-r-d33; y=2,-40r-l±l';</3i 

- -13 W=-5i - 13 f </ =-51 
39. x = 9, 4, or ----- ., y = 4 9 or ----__ 

2 ' , 2-

40. x =±ivb(</a+2 ±Va-2); Y-HVb (</a+2+ya~2), where 

\! a- 2 

b = a + 2 

a",+ 
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t .. -.--
41. x = a or - a2 (a+ 1),'y=-a or±a V - (a' + 1) 

42. x=±atl±2; y=±av(-I±V2) 

43. x = ± ll.r V { 17(a' - 9 ± 3v9-=-i:5a3+2~1 ; 

y = - fr { 6a" - 3 ± V9 - 15 a" + 2a 6 ) 

m+a m-a __ _ 
44. x = 2- ; y = -2-' where m = ± V( ± 2 V 2a4 + 2b4 - 3a') 

45. x = ± ~ (va' - i" ± va2 +3c") ; y = ± ~ (Va' - c' t va2 ;3-;;') 

a2 + V3a4 - 2b 4 

where c2 = --- . 2---

46. x = ± V14 or ± VU------;± V - 1~; 
Y=±V15or±VW ±V-=19) 

47. x = 1 or 1 ± v-=-4; Y = ± V6 or ± V 2 ± 4 V-=~ 
48. x'= 1 ±v-::fif, 1 ±,T-=-i:, 52 ±V2410 or 4 ± VlO 

y' ~ -1 ± V =97, - 1 ± V-::-1, - 46 + V2410 or 2 t VlO 

EXEROISE LV. 
1. 12 and '1 2. 10 and 7 3. 52 and 40 rods 
4. 17 and 8 or - 8 and -17 5. 12 and 4 6. $90 
7. 16 8. 862 9. 75; $3-20 

10. 6 and 4 11. 10 and 14, or 84 and - 60 
12. HI ± V5) and ~ (3 ± V5) 13.' 4 yds. and 5 yds 
14. i- and ~ 15. 8 16. 3h. 23m 
17. 144 miles and 180 miles 18. 16 
19. 36 20. Coffee 12!c., Sugar 2.5c 
21. B. 30 days, C. 36 days 22. 10 x 10 x 5 
23. 75 m.; .11, 15 m. per hou;; B, 10 m. per hour , 
24 .. i V5 and! (1 ± V5) 25. Bacchus 6h. and Silenus 3h 

EXIiiROISE LVI. 
1. 1: i 2. 1 : a 3. x + 7 : x + 1 

be -ad 
5. The latter 6. --d­

c-
. '1. oc 

4. The former 

8.b;a+·b 
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be - ad 
1. a-b-e+d 

2p 2p 
8. 8 _ d and s + d 

13. 3i 

2. x = ~y 
36 

5. x =--
15 + y 

x 2 

8.y = b + b 

1. 2883; n (710 + 62) 

EXERGl8E LVII. 

4. ± 6 and ± 4 

9. 8: 7 

14. 20n2q : m2p 

EXERctSE LVIII. 

5; 6 

io. $300 and $350 

i6. e2(a - c) 

3. i 4. x = ~ y tr/y 
5x2 9945 

6. y=3+2x-x2 7. y=~ + 302x 

10. 143 

EXERCISE LIX. 

3. 238 j ~(21n + p) + i(2m + p)2 
5. 50 j 83; 3n - 1 

2. - 1628; n(6n - 206) 
4. - 29! 
6. - 77; - 132; 8 - 5n 
8. 3 + 10! + 18 + 25! + 33 7. 13-f. j 21\t; -h (5 + 2n) 

9_ 9-6-21-36-51-66 

10. - 1 + 11% + 24t + 36~ + 494+ 62t+ 74~ +87~+ 100 
11. 2701 12_ 2n - 1 
14. at2 15. 39a; a(2t - 1) 

16. ± 14, ± 10, ± 6, ± 2 17. ± 14, ± 10, ± 6, ± 2 
18. 1; 3, 5, 7, 9, or 9, 7, 5, 3, 1 19. $1'001Vo 22. 11 
23. 2,5,8,11,14,17,20,23,26,29,32,35 24. 11, 10,9,8; 7,6, 5 

n 
25. b - e + 2ct 28. 4 (2'1 - n) 

30. 2; 4, 6 and 8, or 8, 6, 4 and \i 

1. 729; 1092 
4. - 6144; - 4095 

.7. -! 8. It 
12. ~ 13. tH 

EXERCISE LX. 

2. 256 j 511 3. 18t j 36~ 
5. - 12·l';;".r j - 5clo 6. - H j lDH 
9. 4i 10. 421 11. na 

14. H~b 15. H3n - 1) " 
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,16. l.p. {1 .:. ( - D"} 17. 62 (1 + '1/2) 18. 

19. 1+ *+t+h+H 
20, 2+6+ 18 + 54+ 162 +486+ 1458 +43'14 + 13122 
21. 9 + 3 + 1 + :\- + t 22 .. 4, 24; 144 and 864 
23.5; 10j 20and 40 or - 15, 30, - 60 and 120 
24. $180, $90 and $45, or $3'15, - $300 and $240 
~5. 2,4, 8, 12 and i6 29. 5, 10, and 20; or 46}, - 23} ahd Iii 
30. 248 

1. 

2. 

EXERCISE L-S:I. 
(I) 11~, Tn ~t t, .t; ~, I, - 1; -1 

(u) .Iu. -h, ft, 11,,; +., +0; t, to - i 
(IiI) - i, - !, a; !, i, i, t, To, n 
(IV) - th - H, - 2, 14, l~j tf, ~H, H, and H 
(v) "fi", !i -ts, -tn I·;\-; - 1~, - 1, - -Pr, _.f.; 
(VI) - t; - ~, - t, - j, ex: , j, t, t and :l­
(I) 2 + 2-h + 2~ + 21 + 3 
(II) 5 + 5t\ + 5t- + 6fl + 'I 
(III) 11 + 6g + 4t + 3t + 3 
(IV) 2! + 2N'!i + 2-('+'f + 2Ht + 3t 
(V) 6 ~ 2 - ~ ~ -h - ~ 

5 
a. f.;;l jh, and-

3 
1 . n-

13 
4. 1§; In and n+2 

5. n andi. 6. 2 and It 
ab ab 

7 ----. -------
. '1a - 6b' 6(2 -n) +a(n-l) 

9. 6! ; 6; 5l:r 
14. 18 and 2 

17. 201 and 4 

10. 51~; 5; 4%t 
15. 14 or t 

1 
8. -m 

13. Half of the middle term 
16. 20 and 10 

EXERCISE LXII. 
1. 720 2. (I) 1680; (II) 20160 j (III) 40320 
a. 360360 4. 136"yrs. 222 days 5. 11 = 6 
6. Loss = $25465000 when the money is not paid till the end of 

the period;· 
LOBS = $225362,15 when the $5000 is paid down and placed 

at interest fo~ the whole period 
7. 11 = 6 8. 3634108800; 39916800; 1680 j 1729728 
9. 2520 i 778371600 j 420 10. 11 = 12 
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EXEROISE LXIII. 

1. 120, 252 ; 45 2. 3003 ; 6435 ; 435 3. 79~. 4. n =.fl 
5. 439824; 52360 6. 30164400 
7. 362880 or 181440 according as B, A, 0 and 0, A, Bare 

regarded as giving A different or the the 8ame neighbours 
8. n = 7 9. 15 and 6 

10. l n - 1 or ~ l n - 1 (See Ans. 7) 11. 637 12. 511 

EiX:E-ROISE LXIV. 

1. 1 - 3x + 6X2 - lOx" + i5x4 - &c 
2. 1 - 2x + 3x2 _ 4x' + 5x4 - &c 

3. 1 + 2x + 4x2 + 8x' + 16x4 + &c 
4. 1 + fr x + l4h x' + .at- x· + as"- X4 + &" 
5. 1 - 6x + 27x2 - 108x' + 405x4 - &c 
6. 1 + lOx + 60x' + 280x· + 1120x4 + &c 
7. 1 + 4x + lOx· + 20x· + 35a4 + &c 

8. 1 - 2x - 2x' - 4x" - 10x4 - &c 
9. 1 - ~ x + % x' - t~ x' + H~X4 - &c 

10. 1 - gx - yhX2
,- yMux' - nNrf-6ux4 - &0 

11. 1 + §x - -chx2 + ¥lhx' - T~~hx4 + &c 
12. 1 + gX + -Hx' + -fiJx" + ~nx4 + &0 
13. a-' + 3a-ax' + 6a-4x4 + 10a-' x 6 + 15a- 6x· + &0 
14. a-2 

- a-4x" + a- 6 x 6 - a-'x 9 + a- lU x '2 _ &0 

15. a-I + 2a-~d + 3a-2x! + 4a4x + 5a-"xg +&c 
~ - ~ - ~Ii 6 -2f' 9 {Q 1.2 

16. a· - ~ a 'xB 
- t a x - sir a x - orl3 a- 3 x _ &c 

7 -~ -If -2 _u -H _jJl 
1 . a - 4a x + lOa 3 x 4 - 20a 3 x- 6 + 35a :, X-8 _ &c 

18 --fa -, -l -!- ~ c7_"!l. _' 3. _L3 "-.U l +~a Irx +9albx;+tta~x~ + 'll6" a ,oX-o +&c 
-1 -~ LQ _Ii 1 l6 

19. a m + * a-11m "x~+tra 3m"1-x+ H a..23~m-V:t~ + 
-211. -14 

H-ga :j'ln 3 x2 

20. a~ + i a-gx-s - "23" a-tx6 +~. a-1,Px9 _ i2e" a· l!' X'2 + &c-

21. a-I + i a-t.bx + i1 a4 b2x2 +fta-ib"x8 + -f{'€ a-~ b4x4 +-&c 
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EXERCISl!l LXV. 
a.4.5. r •• (2 +r) 

1. [.' x' and 21x' 

(
4.5.6, •• , (3+r») 

2. (-1)' ---z--- x' and - 56x· 

a. (-1)' ------ xrand---x. (
2.5.8 .... (3r - 1») a08 

[.X a' 729.4il1 

(
4.1. - 2 .... (7 - ar») .-="8 

4. (-1)' a' x·and-x· i2:. x 729 

• ('1.9.n .... (5 t 2r») 9009 
D. (-1)' ------- xrand- --z" 

l!: x 2' 256 

6. (-1)' x' and - - - x' (
8.11 .... (5+3r») 10472 

. l!:X3' 729 

7. (J, -(r+ 1)02;' and a - 6 11:' 

297 

8. (_1)r(6.1.4 .... (5r-U») ~-r r _63 __ \'J. 6 
!! x 10' a x and- 250000 a x 

9. (r + 1) 2r xr a.nd 160x~ 

1 (
5 .7 ...• (a + 2r») 385 8 

O. (-1)' --. - x2r and -:z: 
l!: x3r 216 

2.'7 .... (5r~3) ~. 119 u 8. 11. (_I)' x --- -- azr +"3:Z: - ar . and -- (1,3- Z-lf r. lC 5' '625 

r+ 2 ,. 

12. (r + 1) a-2- x - ... j and 5a" x-~. 
13. 1024 14. 128 15. 0 16. 4096 
17. The 4th term = 32 18. The 4th = the 5th = 4l. 

19702683 
19. 13th term 20. 9th = l(lth = 390625-

1. :z: < 5 
4. x >-10 

EXEnOIsm LXVI. 

2. x>12 
6. z> a a.nd < b 

U 

3. z<3 
9. z = /; 
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EXERorslil LXVII. 
3a 

l.n 2. '2 3. ! 4. It t>. -21 

x' + b a 3a 

6. x + b2 7. b 8. oc 9. a- 6 

EXERCISE LXVIII. 

1. x = 2, y = 1 
{x = 10, 23, 36, 49, &0 

2. ~y = 3, 8, 13, 18, &c 

{x. = 26, 19, 12 or 5 4. x = 3 and y = 1 
3. lY = 1,3, 5 or 7 

{x = 4., 21, 38, 55, &c 
5. h = 2, 11, 20, 29, &c 6. x = 2 and y = 3 

{

X = 2, 43, 84,125, &c d 
7' 8. x = 5 an y = 4 
• Y = 1, 13, 25, 37, &c 

lx = 12, 55, 98, &c 
9 10. x'" 11 and y = 4 • Y = 6, 28, 50, &c 

{x = 5, 165, 325, &c {x = 2, 6,10,14, &c 
11. I y = I, 100, 199, &c 12. ~ Y = 3, 20, 3'l, 54, &c 
13. x = 2, Y = 3, z = 4 14. x = ll, Y = 3, z = 2 
15. 45 16. 54 
17. He pays 8 guineas and receives back 'f half-crowns 
18. x = 2n and y = n2 - 1 where n may be assumed at pleasure ., 

any integral number; and it will be found that x' + y' 
is a square 

n2 + 1 
19. x = -2-n _'y where nand y may be assumed at pleasure 

and it will be found that x' - y2 is a square 
20. 98. 21. 109. 
22. No two fractions with denominators 10 and 15 added to. 

gether will make t\l-. Prove this. 
23. The problem is impossible Prove this. 
24. 3, 6, 9, 12 or 15 £5 notes j 81, 62, 43, 24 or 5 £1 notes j 

16, 32, 48, 64 or 80 crown-pieees. 
25. 22 and 3; 16 and 9; 10 and 15; or 4 and 21 
26. 3, 15 and 6 ; 7, 8 and 9; or 11, 1 and 12 

28. 2" x (2" + 1_ 1) where n may Ii 0 assumed = to any integral 
number. 

~9. 410r ao. 1 at $50, 9 at $80, and 90 at $2. 
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MISCELLANEOUS EXEROISES. 

a i 7 - :ila 
1. 36 3. a+ b 4. 

6 
5. x = I, Y =.5, z = 9 

6. 3{13 7. ± 1 ±;/-=-1 
-~ 

~ !! ! 
11. x" + 1 + r"; x - a x +a 

12. 'Tx' ~ 3xy + 4y2 13. xln + n + P; abc 
14. 4x4 + y' + i X-4y4; X4 + bolo + 2b'.x2- a2x'; x" + !t + xmyq + x"'yP 

+ yp+q 

15. f..r (69 - 1'1 ;/15) 
12x2 + 1 4x2 + 2x + 1 

16. 12x8 +6x 1 'T. ----r6x'4.::"l 18. x = -!a; (1/) x has no pos-

sible rOQt,g (III) x = 12 ± ;/269. 
2abe 2abe 2abc 

.20. x=ac+be_ab; y= be-ac+ab;z= ab+ae-bc 

21. 1. 23. (a2+abV2+b2)(a2 - ab;/2 + b2) i (a 2 + ab ;/3+b2) 

(a' - ab'-./3 + b2) 
x 

24. -. 25.· G. C. M. = x - 4y i 1. e. m. = X4 + 4x"y - 27x2yz 
Y 

- 34xy' + 56y4 
26. S. = na or S;=- 0 or a according as r = + 1 or - 1, and n 

an even or odd number . 

27. 4'98 per day 29. {I) 2059tH- i (II) 5H + 4H +4 + &c 
(m) 9, 6, 4, 2:\·, &c \ 

30. 110 x 50 31. (I) X4 + 2x3y + 3X"y2 + 2xy3 + yolo i 
59x" - 100x + 23 

(ll) 7x 5 
- 14x8 + 'Ix' + 33x - 32 - x. + 2x _ 1 

(III) xm - 1 + xm - 8 + X m - 6 + X m -7. + &c., rth term = x m - 2r + 
_ __ ___ -28 -16 

32. (I) 5 + 2'-./3 i (n) '-./2x + 1 + ;/2x -1 33. 15a x 
34. U84040 35.:1;2 - 2 + 3.f - 2 36. I or, (- 1 ±;/ - 3) 

a' b2 

3'1. (1) x = --' y = -- . 
. a-b' b-a' 

(II) x == 0, 10, 4 or - 2 i Y = 0, 10 - 2 or 4 
38. 3 and 3t 39. ~ + f.r + 1a[ + ~ + ·to + '36'( + } 
40. An identity 
,41. 0 or t (1 ± 3;/-;:-;;) 42. ab + be + ac 
43. H x" + t xy - H y2 + (p - m) x + (n - q) Y, 01' 

n-X2 - ixy - iify~- (m + p)x + ~n + q)y 
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x+T b 0 i3 44. x _ 5 45. (1) X = a or ; (II) X = 'i 46. X = or 

± } y3; Y = ± 4 or ± J.l y3 i Z = ± 2 or H- y3 47. a" (b + 1)' 
6561x14 - 256x-"y8 

48. x sp - 2xP + 3x-'P 49_ 1071 ; - 81x' + 54y ; 601 

x' +x + 1 
50. Any series having l' = 2 51. 1 52. x' _ x + 1 

53. x = 3a - b or 3b - a 54. x = l~; Y = 20 
~ 

55. x'+ 4x + 3 ; .0 8 _ 4xy2 + 3yC, 

56 .. r = ~ (a" + 3b3)! (1 ± las - b
3

) 

ya" + 3b" 

y = l (a' + 3b3) lr (1 + i ao - b") 
ya" + 3b3 

! ~ 
57.7 58. 4a b 59. (4a4-? a2); (12a3 -a) 

(a + b)" <lOx - 23 . . x (x' + 2-L 
60. x=2(a_b)i y=~ (a+b) 61. 13x-l0 'xs-2x4+2xz-l 

x2 - 9x + 24 x 1 Y 2 

62. x"+5x2 -29x-l05 63. y-z+-;;;x -x+! 

64. (1) xzm _ 3xm y" + 2yzn (II) x zm' _ a" xZ1lt + 2abx'"' + b' 

65. 4xs + 8x' + 16x + 32 ; 5a" b" - 3ab4 67. 3, 4, 5, 6, or '1 

68. 30 H. (r) a4 - 5a' + 25a2 - 138a + 790 

(1I) x4 + 2X2 + 3 + 2x-2 + X -4. 

4507a - 3166 

a2 + 5a - 4 

72. x - a 
3Gx" + 18x + 29 

73. 16x. _ 81 

.a. 1 ] !i 
74. i lSX4 +.\ y4 i 64x' - 16xy2 + 36x'y - 729y2 
'i5. x = 3y3 ; y = 2y2 

117x 4 b .,----
79. v = 1 - - + -xy2 80.x = ± l;x: (b +"V b2 +4a"- 4ab) 

13y 13 2a (a _ b) 

81. a"n_ b," 82. x2 - (a + b) x - c 83. ax8+bx + cx-1 
x" - ab 

84. x" + ab 85. x 2 + px + pZ 86. V'- (XS - 5x' - 26x + 120) 

b -1 X S - 1 
87. a + 1 88. xG+l 90. By A in 2, B in 3, and C in 

4 hours 91._x"+x-3 

92.-apqx
S + (aqZ-+ bpq - ap") x' --(apq + bp' -bq2) X-:, bpq 

I) ~8y - xyl . 
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93. (I) 11a; (n) ± ";7; (iII) 5 or - 12 ; . (IV) X = 1 or ± ..;T5, 
!i = 5 or t 

94. x 4 -x'-7x2 -11x+42=0 95. m 96. (a4 +ab";2+b) 
«(14, _ a2 b2 ";2 + b4) 

a(cd - e - be) 
9B. 1h 5fr'Tn 99. x = bc _ ad 

Problem indeterminate. 

b (cd - e - ad) 
y-~~; 

61:r - 70 
100. 1 (a+ b) 101. 5x' + 10x2 + 5x - 23 - x2 _ 2x +3 

or 5x' + 10x2 + 5x - 23 - 61.x-1 - 52x-2 + 79x-3 + &0 
102. x - y.; if y = 1 the G. C. M. is x" + 4x - 5 
104. (a2 + am";2 + m2) (a2_am";~ + m") «(14 + a2 m"";3 + m4 ) 

(m4 _ u" m" ";3 + m4) 
105. 1 106. 3 

114. 0 115. 7x2 + txy + 7y2 116. 2x' + x-I 

117. (2x-l) (x + 1) (3x+2) (3x-2) and (2x-l) (x+1) 
(2x of 1) (2x - 1) 

1 + x + x 2 

lIB. 1 _ x _ X4 + x5 119. An indeterminate equation; 
an identity 

123. ll, 9, 7, 5, &0 125. 3 - 2 + * -~ + H - &0 
261B -12 391391 -18 2.5.B ... (3r-1) -2r 

128. 6561 x ;-1594323 x ; (-IYx 't..X3T x 

129. x 6 - 6x" + 6x4 + 30x' - 51x' - 24x + 44 = 0 

4bc - ad 
130. i (- 3 ± ";5)- 131. d-~ 

n+l 
,133. x = 2, Y = 3, z = 4 134. X" 

135. 21 and 24 136., 1 ± ";19 137. x =10, y:: B 

140. ~ {±";4nab+(a-b)2_(a+b)J 141.! or·~ 142. ~";3 
, ~ ~ ~ 

143. X" ± ";a2+b2 +cZ ; ,Y" ± ";a"+b2 +c'; z = ± ";a2+b"+c" 

X'y8 
145. b2 _ 1. 146. 27 + 2'7. 147. a2 + b2 + c2 + d2• 

148. ± f a (x + 2) - IJ. 149. a + b - c. 
3x2 -4x-l 

150. 4x - ------ j 4x -3x-1 + 4X~2 + 7x· 8 - 11x-4 ..... &0 r+ 2x - 1 



302 ANSWERS TO EXEROISES, 

151. 1 + x _ x' _ X4 + X 6 + ,r' - X 9 - ]; 10 + &c 

a4 + 2a2b2 + b4 1 
1"2 ------ 153. 1 154 -----.----
". a~ - 2a"6Z + 64 • (x - 1) (x - 2) (x - 3) 

156. I. They must have a common measure; II. The coeffi­
cients of x must be= but of opposite signs, and the coefficients of x' 

must be =, and also those of x" must be = 
157. 2~ 158. 1 ± 2y3 159. ± t y3, or 0 

1 + P 2 ______ ~_ 

160. x = 1=- P ~ en _ i)(l _ P) y(Pn -.1) (n - P) 

161. .11.11'1.=17,,; G.M.=-I; H.M.=H 163.0; 217 
25 3"" 1 

164. '3 - ~2' 165. 'f II - (- Dn}; '~(_ })n, 

167. x4+x2y2+y4 168. 43 169. 2a - 3b. I'll. 5. 

b (a + b) 
172. a 01' - 2 o. + 6 

a 
173. a + ab+i 175. (11- b)2+c2 

14x-4x" + 14 2 (a 2_bZ
) 

176. x+1 177. (x+5)-(x4 -=--!:) 178. ---a"+b2' 

181. ± yb(2 a - b) 183. G·l or ~,} f:j7857 183. ± yab 

184. 5 or 6(l3 185. 43 

186, A's rate 1st round is 10 miles pel' hour, 2nd rouud 12 
miles per hour; .B's rate; 1'2' miles per honr first round, and 10 
miles per hour second. Neither wins 

189. x" +x4y2_x2y4_y6 190. b" 191. (1,];2+ 2cy,ct+ by" 

192. xn + 1 193. x + 4 194. 12abc 

195, (a+b+c)(x+y+z) 196. x 6 -12x4y2+48x2y4_64y6; 

a"+b' 197. 2a"b2+2a"c2+2b2c2_a4;-b4._c4; x"+I+x-2 

198. ,\X2y-2 -~ xy -1 + ~ _ ~x-1y -i- x-'y"; x" - 2x + 3 

199. 8x* + 4x:r y + 2y"; x" + (1 - p)ax + a" 

200. x -4; x" - 1 j x2p 
- ct2p where p is tl1g.~ G. C. M. of m 

and n 
201. 

202. 

ax" - 2.!!~ x' - a"x' + 2a4x" X4 _ x'y' ~ a"x" + a"-y' 
_ J & . 

2d x + y + z - - 3a 
1 + ----- 203. ---- 204--

ct+b+c+d x-y+z . a+b 
a4 

205. 2(a2 + x 2 ) 206. 2 207. x, - 2x - 2 ; 2xZtt --rxon 

(J, b c 
1"-7-(1' 



ANSWERS 'l'o EkERCISES. 303 

am 
209. -;-; 6 or i 210. 2'14or-O'4?; 3d~bor3b-a 

ae+b c-ab 
211. x = 1 + a2 Y = 1 + w; x = 4 or 3, Y = 3 or 4 

be ae ab 
212. x= ±a-;Y=±T' Z = ±-;;- 213. A; 15; B, 21; C,24 

214.111; i{n(n+l)+4-0>"}; 3y2+2y3 216.5±2Y'1 
211. 0,1, llG' (4 ± ! Y754). 
218. 2n( 4n + 1) +-i(1-16"); (2n + 1) (4n + 1) + !J-{1- (_:2)4n+ Ij; 

(4n + 3)(2n+l) + tCl-42n+I); 2 (n +)')(4n + 3)+ 
i {l- (- 2)4n+B} 

219. 72 22l. 90 miles; $2''10 

222. x = 0, or}( V 10'11'5 - 70) or{( V 10v29-46)or±3v=l 

4m ___ 4m ---
224. I --;:;(m ± ym:-n") and--;:;(m + Vm2 - n2

) 

IT 4(m ± Vm2 - mn) and 4 (m + "fm" - mn) 
225. Ages at first trial = 11 and 15 

Throws at first trial = 66 and 90 feet, 
And at second trial = 74 and 96 feet. 

THE END.-


